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ABSTRACT 
 
In its classical formulation, the Dancoff factor for a perfectly absorbing fuel rod is defined as the relative 
reduction in the incurrent of resonance neutrons into the rod in the presence of neighboring rods, as compared to 
the incurrent into a single fuel rod immersed in an infinite moderator. Alternatively, this factor can be viewed as 
the probability that a neutron emerging from the surface of a fuel rod will enter another fuel rod without any 
collision in the moderator or cladding. For perfectly absorbing fuel these definitions are equivalent. 
In the last years, several works appeared in literature reporting improvements in the calculation of Dancoff 
factors, using both the classical and the collision probability definitions. So far, collision probabilities have been 
determined in the WIMS (Winfrith Improved Multi-group Scheme) code by numerical integration of the third 
order Bickley functions, for cells with both cylindrical and square outer boundaries. In this work, we step further 
reporting Dancoff factors for perfectly absorbing (Black) and partially absorbing (Grey) fuel rods calculated by 
the collision probability method, in cluster cells with square outer boundaries. In order to validate the results, 
comparisons are made with the equivalent cylindricalized cell in hypothetical test cases. The calculation is 
performed considering specularly reflecting boundary conditions for the square lattice and diffusive reflecting 
boundary conditions for the cylindrical geometry. The results show the expected asymptotic behavior of the 
solution with increasing cell sizes. 
 
 

1. INTRODUCTION 
 
In a recent work [3], a method for computing direct-type Grey Dancoff factors in cluster cells 
with cylindrical outer boundaries was proposed for the WIMSD [2] code. The method, based 
on the concept of collision probabilities, was incorporated to the PIJM module of WIMSD 
with excellent results. It uses collision probabilities obtained from a general and efficient in-
plane integration scheme of the third order Bickley functions described in an earlier work [6], 
in suitably cylindricalized cells subject to either free or diffusive reflecting (“white”) 
boundary conditions (Wigner-Seitz approximation). In that scheme, individual meshes are 
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constructed for each region separately over which the radial and azimuthal integrations are 
carried out, based on the calculation of straight-line distances traveled by the neutron across 
the cell. 

 
Further development of PIJM offers accurate first-flight collision matrices in lattice cells with 
square outer boundaries and specular reflection [7]. In that work, the tracking routine of PIJM 
was adapted to explicitly consider reflection of the primary (i.e. before reflection) and 
reflected neutron tracks. These data are used in the present work to compute Black and Grey 
Dancoff factors for those cells. Numerical and graphical results are presented for a 
hypothetical cell with specularly reflective square outer boundary and comparison with 
Dancoff factors from its equivalent cylindricalized cell are reported, illustrating the expected 
asymptotic behavior of the solution with increasing cell sizes. 
 
 

2. THE SQUARE BOUNDARY CELL 
 
In the Wigner-Seitz approximation the unit cell, usually of square or hexagonal boundary, is 
replaced by an equivalent cylindrical cell of same volume and uniform white boundary 
condition. This approximation, although widely accepted in most reactor physics applications 
may, in some situations, represent a considerable deviation from reality, since it decreases the 
mean neutron distance to the fuel and does not consider adequately cell non homogeneities. 
In cells with an absorbing material mixed to the moderator, for example, the reduction in the 
mean neutron distances result in underestimating the neutron absorption in those regions and 
overestimating the moderator-to-fuel flux ratio. Also, in cluster cells containing corner pins 
or interlattice tubes, the smearing of those pins or tubes into peripheral annuli in the 
equivalent cylindrical model usually leads to very poor results on the calculated resonant 
absorption. For this reason, a square boundary option is available in the WIMSD code to 
properly treat such problems. 
 
 
 

 
 

Figure.1. Primary track specular 
reflection in a square cell. 
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The problem description as described elsewhere [4, 7] is briefly reviewed here. Details on the 
cell geometry, its divisions and the tracking scheme for the determination of optical distances 
across the cell can be found in those references. Fig. 1 represents a hypothetical cell with a 
square outer boundary. The x-y coordinate system is such that the x-axis, lying over one of 
the square diagonals, is taken as the reference direction. An arbitrary number of concentric 
annuli about the origin divide the cell. One array of rods is superimposed onto this system, 
each one independently divided radially and azimuthally about their centers. Only regions 
containing materials are numbered. 
 
The geometric distances traveled by the neutron, from the left to the right and vice versa, are 
evaluated by a tracking routine of the WIMSD code. This module links these distances to the 
corresponding region number and material. For each primary track, a number of reflected 
tracks (default=2) are evaluated in both neutron directions, Fig. 1. In the tracking routine, 
geometric distances are calculated only once and stored for use in the determination of optical 
thicknesses at all energy groups. The regions crossed by the primary track are assumed as 
source or sink regions, while the regions crossed by the reflected tracks are assumed as sink 
regions only. 
 
 

3. DANCOFF FACTORS 
 
The Dancoff factor [1], in its original definition for perfectly absorbing material, is 
interpreted as a reduction in the effective surface of the fuel due to the presence of adjacent 
rods. In this model, the in-current of resonance neutrons into the fuel rod (I) is reduced as 
compared to the in-current into a single fuel rod in an infinite moderator (I0), according to [8] 
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where C is the Dancoff factor, r is the rod radius, τ are optical distances, y and ξ are, 
respectively, the linear and azimuthal coordinates of the track smallest distance to the cell 
center and Ki3(τ) are Bickley functions of order three, given by 
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Alternatively, this factor can be expressed in terms of collision and escape probabilities [5], 
as  

0
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where FP  is the probability that a neutron originating in the fuel region will make its next 

collision in the moderator region, and 0P  is the escape probability from the fuel.  

Defining abP  as the probability of a neutron, escaping isotropically from rod a make its next 

collision in a fuel b, aaP′  as the self collision probability in rod a, and aaP , the collision 

probability in any rod type a, the Dancoff factor (3) can be written as 



INAC 2009, Rio de Janeiro, RJ, Brazil. 

 

´1

´)(

aa

aa
b

ab

a P

PP

C
−

−
=
∑

 (4) 

 
where the sum extends over all types of fuels in the cell. For partially absorbing rods, 
Dancoff factors will be computed by the above method. By increasing artificially the fuel 
total cross section, we obtain the Black Dancoff factors. 
 
 

4. COMPARISONS BETWEEN THE SQUARE AND EQUIVALENT 
CYLINDRICAL CELLS 

 
Consideration is given to the cell of Fig. 2 containing five UO2 rods with gap and clad. The 
central annulus contains a Gd2O3 burnable poison surrounded by two coolant regions, the 
innermost with 7.6 cm radius. One array with four rods is superimposed onto this system. The 
four rods are symmetrically placed at angles 0, π/2, π and 3π/2 and distant 13.5 cm from the 
center. These angles are measured in anticlockwise order with respect to the reference 
direction. Regions composed of the same material receive the same number, e.g. regions 5 
and 6, in Fig. 1. The cell characteristics are given in Table 1. 
 
 
 

 
 

Figure 2.  Sample cell with five UO2 rods, one 
at the center with burnable poison. 
 
 
 

Black and Grey Dancoff factors for this cell were computed by the collision probability 
definition and compared with those from the equivalent cylindrical cell, for several values of 
the coolant macroscopic cross section and a fixed cladding cross section of 0.25 cm-1. As for 
the fuel, macroscopic cross sections of 0.20 cm-1 and 25.0 cm-1 were used for the Grey and 
Black Dancoff factors, respectively. In addition, specular and diffusive reflecting boundary 
conditions were considered for the square and equivalent cylindrical cells. 
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Table 1.  Test case lattice characteristics 
 

Lattice geometry Square 

Temperature [deg. K] 293 

Fuel radius [cm] 4.00 

Gap thickness [cm] 0.10 

Clad thickness [cm] 0.70 

Radius of square inscribed circle [cm] 20.00 

Material Compositions [atoms/(b.cm)]  

a)  Central element: fuel with  

     burnable poison 
(Gd2O3 + UO2) 

 

U–235  7.70523(-4) 

U–238  2.11010(-2) 

O–16  4.52489(-2) 

Gd–155  1.47878(-4) 

Gd–157  1.56371(-4) 

b)  Fuel rods (UO2)  

U–235  7.29527(-4) 

U–238  2.18600(-2) 

O–16  4.51791(-2) 

c)  Cladding (Zr)  

Zr–91  4.32411(-2) 

d)  Coolant (H2O)  

H–1  6.67633(-2) 

O–16  3.33817(-2) 

 
 
 

 
 

Figure 3.  Equivalent cylindrical cell. 
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The results for pin position number 1 are presented in Table 2 and show fairly good 
agreement between the cells of Figs. 2 and 3. Relative differences in the range 0.00% to 
1.39% between Black Dancoff factors, and 0.00% to 1.50% between Grey Dancoff factors 
were found. 
 
 
 

Table 2.  Dancoff factors at pin position 1, as a function of 
the coolant macroscopic cross section 

 

 Equivalent Cylindrical Square Cell 

Σc (cm-1) Black Grey Black Grey 

0.20 0.077482 0.057644 0.078562 0.058508 

0.30 0.046215 0.034430 0.046309 0.034507 

0.40 0.027858 0.020806 0.027867 0.020814 

0.60 0.010372 0.007798 0.010373 0.007798 

0.80 0.003959 0.002998 0.003959 0.002998 

1.00 0.001540 0.001175 0.001540 0.001175 

1.20 0.000608 0.000468 0.000608 0.000468 
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Figure 4.  Black and Grey Dancoff factors at pin position number 1. 
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The small relative difference between the results can also be observed in Fig. 4, as well as the 
behavior of C with increasing values of Σc. 
 
 
 

Table 3.  Dancoff factors at pin position 2, as a function of 
the coolant macroscopic cross section 

 

 Equivalent Cylindrical Square Cell 

Σc (cm-1) Black Grey Black Grey 

0.20 0.026899 0.020262 0.032613 0.024506 

0.30 0.014005 0.010532 0.015364 0.011531 

0.40 0.007778 0.005850 0.008132 0.006110 

0.60 0.002687 0.002027 0.002714 0.002047 

0.80 0.001001 0.000759 0.001003 0.000761 

1.00 0.000386 0.000295 0.000387 0,000295 

1.20 0.000152 0.000117 0.000152 0.000117 
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Figure 5.  Black and Grey Dancoff factors at pin position number 2. 
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Table 3 and Fig. 5 show the same results for pin position number 2. It can be seen, in this 
case, that Black and Grey Dancoff factors of the cylindrical cell asymptotically approaches 
those of the square cell as Σc increases. For Σc greater than 0.40 cm-1, relative differences in 
the range 0.01% to 1.01% between Black Dancoff factors, and 0.01% to 0.99% between Grey 
Dancoff factors were observed, showing that agreement have already been achieved for this 
range of values of the coolant cross section.  
 
 

5. CONCLUSIONS  
 
In this work, Dancoff factors for both perfectly and partially absorbing fuel rods were 
computed by the collision probability method, in cluster cells with square outer boundaries. 
In order to validate the method, a hypothetical square cell was chosen and tested against its 
equivalent cylindricalized cell. The calculation was performed considering specularly 
reflecting boundary for the square lattice and diffusive reflecting boundary for the cylindrical 
one, and for several values of the coolant macroscopic cross section. The comparison is 
justified since there are no such results available in the literature for the square geometry. The 
results show the expected asymptotic behavior of both Black and Grey Dancoff factors with 
increasing cell optical sizes. 
 
This work continues towards the evaluation of the effects in the calculated cell effective 
multiplication factor, due to the above described improvements in the WIMS code. 
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