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Abstract 

We study the evolution of an anisotropic fluid with self-similarity of the 
second kind. We found a class of solution to the Einstein field equations 
by assuming an equation of state where the radial pressure of the fluid 
is proportional to its energy density (pr = cop) and that the fluid moves 
along time-like geodesies. The equation of state and the anisotropy with 
self-similarity of second kind imply co = —1. The energy conditions, ge
ometrical and physical properties of the solutions are studied. We have 
found that for the parameter a = — ^, it may represent a Big Rip cosmo
logical model. 

1 Introduction 

Over the past decade, one of the most remarkable discoveries is tha t our 
universe is currently accelerating. This was first observed from high redshift 
supernovae la [33, 34, 31, 6], and confirmed later by cross checks from the 
cosmic microwave background radiation [7, 9, 39] and large scale structure [41, 
1, 2, 3, 21, 43]. In Einstein's theory of general relativity, to account for such 
an expansion, one needs to introduce a component to the mat te r fields of the 
universe with a large negative pressure, which is dubbed as dark energy. Recent 
astronomical observations indicate tha t our universe is flat and currently consists 
of approximately 70% dark energy, 25% dark matter , and 5% baryon mat te r and 
radiation. The nature of dark energy is unknown, and many radically different 
models have been proposed, such as, quintessence [48, 29, 32, 18, 42, 12, 25, 40], 
Chaplygin gas [24], phantom [13], and dark energy in brane worlds [37, 11, 49], 
among many others (See the review articles [35, 15, 30, 28, 36], and references 
therein). Recently the type la supernovas da ta seemingly indicate that the 
equation of state parameter w might just have crossed w = — 1 at z = 0.2 
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from above to below [4, 5, 23, 44]. Some dark energy models which contain 
a negative-kinetic scalar field and a normal scalar field have been considered 
[17, 16, 22, 19, 50], in which crossing the border w = —1 can be realized. 

The dark energy is characterized by the violation of the strong energy con
dition (LÜ < —1/3). The phantom energy is identified when the weak energy is 
violated, which corresponds to to < — 1 in the equation of s tate (p = cup), and 
one remarkable feature of the phantom is tha t the universe will end its life with 
a "Big Rip" (future singularity) within a finite time. Tha t is, for a phantom 
dominated universe, its total lifetime is finite. Before the death of the universe, 
the phantom dark energy will rip apart all bound structures like the Milky Way, 
solar system, Earth , and ultimately the molecules, atoms, nuclei, and nucleons of 
which we are composed [14, 27]. For details, we refer to [35, 15, 30, 28, 36]. The 
isotropy of the cosmological models is assumed because of the isotropy of the 
cosmic microwave background radiation (CMBR) [7, 9, 39, 38, 8]. Nevertheless, 
observational da ta have shown tha t the Universe came from a de-accelerated 
phase to an accelerated stage of evolution in recent times. This transition can 
be due to the domination of the dark energy over other kinds of mat te r fields, 
determining the recent acceleration of the Universe. In this scenario it might be 
important to consider the anisotropy of the Universe because the information 
carried by the radiation is associated with the recombination time, when the 
dark energy was negligible. 

Cosmological observations of the isotropy of the microwave background tell 
us tha t the universe is expanding almost isotropically. Therefore we can expect 
to employ the high isotropy of the microwave background to constrain the pos
sible density of any relic anisotropic mat te r fields in the universe. A general 
analysis is possible, largely independent of the specific identity of the physical 
field in question, which leads to strong physical field in question, which leads 
to strong limits on the existence of homogeneous mat te r fields with anisotropic 
pressures, irrespective of initial conditions in many cases. This analysis exhibits 
a number of interesting features of the general behavior of small deviations 
from isotropy in expanding universes in the presence and absence of a period of 
inflation. 

In this work, we have studied general solutions of the Einstein's equations for 
a second kind self-similar anisotropic fluid. We have analyzed a particular case, 
a = — 2", which gives us a Big Rip cosmological model and a case of phantom 
fluid with a equation of state pt = —p, which also leads to a Big Rip cosmological 
model. The cases where a = | and a = 1, which represent a black hole and a 
naked singularity, respectively, will be analyzed and presented in a future work 
[10]. In this paper we analyzed only the cosmological model. 

2 The Field Equations 

The general metric of spacetimes with spherical symmetry can be cast in the 
form, 

i \e2<è^rUt2 - e^^dr2 - r2S2(t, r)dil2} , dsz 
(1) 

where dil2 = dQ2 + s i n 9d<p2, and r\ is a constant with the dimension of length. 
Then, we can see tha t the coordinates t, r, 6 and 0, as well as the functions $ , ^> 
and S are all dimensionless. 
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Self-similar solutions of the second kind are given by 

$ ( t , r) = $ ( x ) , * ( i , r ) = * ( x ) , S( i , r ) = 5 (x ) , (2) 

where 

In 
( - t ) ! / « (3) 

and a is a dimensionless constant. The general energy-momentum tensor of an 
anisotropic fluid can be cast in the form 

(4) 

where v? denotes the four-velocity of the fluid and na is a unit spacelike vector 
orthogonal to ua, while 0„ and <^ denote the unit vectors in the tangential 
directions. Then, we can see tha t p is the energy density of the fluid measured 
by observers comoving with the fluid, pt and pr are respectively the tangential 
and radial pressures. In the comoving coordinates, we have 

0„ = rS(x)6% <j>li = rS(x)am06+. (5) 

Defining 

y=f , (6) 
where the symbol dot over the variable denotes differentiation with respect to 
x. 

From the non-null components of the Einstein tensor in the coordinates 
t, r, 0, (j) and setting r\ = 1, we find tha t the Einstein field equations G^ = T^ 
can be written as 

P ~ 2 + ~j~2 ' 

_ PP(x) P?\X) 

Pt 
P^(x) , Pf\x) 

and 

r2 t2 ' 

y-(l + y)(Í>-y)-yÒ = Q1 (Gtr = 0). (8) 

3 Geodesic Model with Equation of State 

We study now the solutions of anisotropic fluid with self-similarity in a 
geodesic model, tha t is, a situation in which the acceleration $ = 0, and in 
particular we made $ = 0. Thus, we can write equations (7) as 

V^(x) = -L-e-™(l+yf, (9) 

V™(x) = \y[y + 2Íf], (10) 
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f\x) = 

#\x) = 

f\x) = 
f\x) = 

- -j-2+e-™(l + yf 

-- -^-[2y + 2ay + 3y2 

or 

-- o, 

= -\[(a-l)y+(2y 

Assuming the equation of s tate in the form 

VT = up, 

(11) 

(12) 

(13) 

(14) 

(15) 

where LU is constant, we solve the field equations and find the solution. Then 
the metric takes the following form 

ds2 = dt2 - e2*° U - ^ J dr2 - b2(y0r
a - t)idil2, (16) 

where b0 is an arbitrary integration constant and the geometric radius is given 

by 

R = b0(y0r
a - í ) í (17) 

Using the equation above and the expression for outgoing and ingoing null 
geodesies [26, 46, 45, 47] 

and 

we obtain 

9l = -?-(e-*Rt + e-iS'Rr), rb 

rb 

rb \ a 
(y0r

a - t ) ^ + ay0e-*° 

and 

On — 
9 fSi 

rb \ a 
(y0r

a - t) <* - ay0e - * o 

(18) 

(19) 

(20) 

(21) 

where / and g are positive functions and the comma mean partial differentiation. 
Hereinafter we will analyze the expansions without the factors -^ and -^ since 
these quantities are always positive for reasonable physical system. 

The expansion scalars can be rewritten as 

S? 
0i=[-r)[Rl-a-RAHa], (22) 

S/? 
8n=[-?-)[R1-a+R1

A-Ha] (23) 
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where 

R AH (-aSo ay0e -^0\1-c (24) 

Using the metric potential from (16) and equations (9) and (10) then the 
energy density, equation (7), can be written as 

P o 2 
^ 0 

y2
0e-2*"-

(y0r
a-t)i 

3 -2a 

a2 J (y0r
a - t)2 (25) 

Since the general case with arbitrary value for a is mathematically compli
cated, we have decided to study particular values for a. In particular, for a = | 
we have found a solution tha t there is no physical meaning. We can also note 
tha t if a = | and e*° = S2y2 then p = 0, this implies tha t spacetime is flat, 
i.e., a Minkowski spacetime. The case a = | and e*° ^ S2y2 gives us a black 
hole and a = 1 represents a naked singularity [10]. Let us now analyze the case 
of a = — | . 

C a s e : a = — h 

In this case the density is given by 

16r 
P 

(yo-V^ty 

then the singularity is at the time 

yo 

(26) 

(27) 

The geometrical radius give us 

R = SQ 
(yo - t^y 

(28) 

thus So > 0 since R > 0. 
The time differentiation of the geometrical radius can be written as 

R, 
2S0r2 

(yo tr 
which is positive and then suggests an expansion of the universe. 

The expansions are 

and 

0i — — 2SV) 

0n — —2SQ 

1 

(yo - v ^ t)3 

(yo - V^ t)3 

:yoe 
, - * o 

;yoe 
„ - * o 

(29) 

(30) 

(31) 

Assuming tha t yo > 0 and observing equations (30) and (31), we can see tha t 
01 > 0 until the time when the singularity is formed. Then we have a Big Rip 
cosmological model. 
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The density, radial pressure and tangential pressure can be rewritten as 

16 J? , x 

/ ° = - 5 - . (32) 

Vr = -P = --£-, (33) 

and 
3 / x 

Pt = ^Pr- (34) 

Then we can not neglect the anisotropy in this cosmological model. 
The conditions p + pt > 0 and p + pr + 2pt > 0 are not fulfilled, since 

P+Pt = ~lÍ andp + pr + 2pt = -^§f. 
As we can see, all the energy conditions, weak, dominant and strong, are 

violated indicating tha t we have a phantom fluid. Recent papers have shown 
tha t the Universe may evolve to a Big Rip cosmological model with LU < — 1. 
Note tha t we have a Big Rip cosmological model, although LU = — 1. We believe 
tha t it is a consequence of the anisotropy of our model since the former results is 
based on isotropic hypothesis. In order to compare our results with these models 
we can consider an effective equation of state given by (pr + 2pt)/3 = u)effp. In 
this case we obtain tha t uJeff = — 4 / 3 , which is in agreement with the isotropic 
cosmological models. 

The spatial isotropy of the cosmological models is assumed because of the 
isotropy of the primordial cosmic microwave radiation. Recent observational 
da ta have shown tha t the Universe came from a de-accelerated phase to an 
accelerated stage of evolution in recent times. Some authors believe tha t this 
transition can be due to the domination of the dark energy over other kinds of 
mat te r fields determining recent acceleration of the Universe. In this scenario 
may be important to consider the pressure anisotropy of the Universe because 
the information carried by the radiation is associated with the recombination 
time, when the dark energy was negligible. Today we know tha t the dark energy 
dominates the dynamical evolution. If this kind of mat te r was anisotropic, this 
would not be revealed by the cosmic microwave background radiation. 

4 Conclusion 
In this work we have studied the evolution of an anisotropic fluid with self-

similarity of the second kind, in order to build a cosmological model. We have 
found a class of solution to the Einstein field equations by assuming an equa
tion of s tate where the radial pressure of the fluid is proportional to its energy 
density and tha t the fluid moves along time-like geodesies. The LU = — 1 is not 
assumed ad-hoc but implied by the self-similar equations. The energy condi
tions, geometrical and physical properties of the solutions were studied. We 
have found tha t a = — ^ represents a Big Rip cosmological model. The energy 
conditions have shown tha t the Big Rip cosmological model does not satisfy any 
of the three energy conditions, characterizing a phantom fluid. 
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