
Conformal Special Relativity

M.D.Maia
Universidade de Braśılia, 2006

It is shown that the information loss/recovery theorem based on the ADS/CFT correspondence is
not consistent with the stability of the Schwarzschild or Reissner-Nordstrom black holes. Nonethe-
less, the conformal invariance of Yang-Mills theory points to new relativity principle compatible
with quantum unitarity near those black holes.

In 1974 S. Hawking proved his well known theorem on black hole evaporation: Virtual particle pairs are formed
in the vicinity of a black hole. While one of the particles falls inside the black hole horizon, the other escapes to
infinity, resulting in a black body-like radiation of the black hole. During this process the correlation between the spin
states of the particles pair is lost, so that the unitarity of quantum mechanics does not hold [1]. Recently, Hawking
presented a new version of his theorem, based on the conformal covariance of the Yang-Mills equations in Minkowski’s
space-time, using the ADS/CFT correspondence. Furthermore, it was assumed that the black holes in question are
charged (like for example, the Reissner-Nordstrom black hole), so that after the evaporation they would leave a stable
remnant in which the information are stored and could be eventually retrieved [2].

To understand the role of the conformal group in the new theorem, consider the four-dimensional space-time AdS4.
This is a hypersurface with negative constant curvature embedded in the five dimensional flat space M5(3, 2) with
maximal isometry SO(3, 2) [3, 5]. Adding one extra spatial dimension, we obtain the five-dimensional AdS5 as a
negative sphere embedded in M6(4, 2), with maximal isometry SO(4, 2).

As it is well known, the group SO(4, 2) is isomorphic to the 15-parameter conformal group Co defined in Minkowski’s
space-time, acting as a symmetry for the whole Yang-Mills theory. Consequently, this isomorphism establishes a
correspondence between the conformal covariant Yang-Mills field in M4 and isometric invariant Yang-Mills theory in
the AdS5 space, which is the basis of the so called ADS/CFT correspondence. The corresponding fields may also
be defined in the vicinity of a four-dimensional black hole. This can be obtained by the isometric embedding of a
four-dimensional Schwarzschild or Reissner-Nordstrom black hole V4 in the AdD5 bulk. The derivative map of such
embedding map provides the necessary correspondence of fields defined in each of those spaces, as summarized in the
diagram

M4
conform⇐= Co ∼ S0(4, 2) isometric=⇒ AdS5

embedding
←↩ V4

l
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l
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Since the Yang-Mills fields are quantizable, this correspondence implies that a unitary quantum theory exists near
the mentioned black holes.

Therefore it is relevant to determine the embedding of four-dimensional black holes in the AdS5 bulk. In certain
applications this is greatly simplified by admitting that the four-dimensional space is rigidly embedded as a D-brane,
like in the Randall-Sundrum brane-world model [6]. However, Hawking’s theorem requires that the four-dimensional
black holes have a dynamical evaporation, so that the embedding cannot be rigid. Therefore, we need to examine the
integrability equations for the embedding of a V4 into the AdS5 bulk, which as a space with constant curvature has
the Riemann tensor given by

5RABCD =
Λ∗

6
(GACGBD − GADGBC), A,B = 1...5

For one such embedding space, the metric gµν and the extrinsic curvature kµν of the embedded space-times must
satisfy the Gauss-Codazzi equations [3]:

Rαβγδ = (kαγkβδ − kαδkβγ) +
Λ∗

6
(gαγgβδ − gαδgβγ) (1)

kα[β;γ] = 0, (2)

From which we derive the dynamics of the embedded V4 [4]

Rαβ −
1
2
Rgαβ + Λ ∗ gαβ = 8πGTαβ + Qαβ (3)

where we have denoted Qαβ = (kρ
αkρβ − hkαβ)− (K2 − h2)/2 gαβ , with h = gµνkµν .
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It is relatively simple to see that not all four-dimensional solutions of Einstein’s equations satisfy these equations
without being constrained by the bulk geometry. The simplest example is Minkowski’s space-time M4 itself, regarded
as a subspace embedded in the AdS5. In this case, the left hand side of (1) vanishes, so that, together with (2) we
obtain the general solution for the extrinsic curvature kµν =

√
Λ∗/6 ηµν . The presence of such nonzero extrinsic

curvature kµν means that although M4 is flat it is also warped, like for example a cylinder, a cone or a helicoid. The
main consequence of this is that the Poincaré symmetry for such embedded M4 is necessarily broken.

On the other hand, assuming that the four-dimensional subspace embedded in AdS5 is a Schwarzschild or a Reissner-
Nordstrom black hole, their metric and extrinsic curvatures must also satisfy (1) and (2). Starting with a spherically
symmetric diagonal metric, the general solution of (2) is kµν = α0gµν , where α0 is an integration constant. Replacing
these in the equations of motion, instead of the usual Schwarzschild’s solution we obtain the Schwarzschild-anti-deSitter
solution
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r
+ (3α2
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r
+ (3α2

0−Λ∗)r2)dt2

and instead of the usual Reissner-Nordstrom solution, we obtain the Reissner-Nordstrom-anti-de Sitter solution

ds2=(1− 2m

r
+

q
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As it can be seen, due to the presence of the r2 term, both gravitational fields grow indefinitely with r, creating an
unstable situation. This instability is a consequence of geometry of the AdS5 bulk which imposes restrictions to the
geometry of the embedded geometries.

The most immediate concern is the planned production of a mini-black holes by a proton-proton collision in the
laboratory. From what we have just seen, it cannot be explained as a dynamically evolving geometry inside the
AdS5 bulk, based on the ADS/CFT correspondence. Also, since not all Poincaré translations are present, the mass
parameters of the colliding particles would require a new definition by the AdS5 symmetry. At the end of this
dynamical process we would not obtain a stable Reissner-Nordstrom black hole, acting as an information storage.

Such restrictions would not exist in Conformal Special Relativity. That is, the special relativity theory determined
by the conformal group instead of the usual Lorentz/Poincaré group and by M6(4, 2) instead of Minkowski’s space-time
M4. Since M6(4, 2) has the same group of isometries as the AdS5, all arguments of the ADS/CFT correspondence
which depend only on the Lie group properties, can be extended without loss of generality to the six dimensional flat
space. By the same argument used in the ADS/CFT correspondence, the quantum unitarity of the Yang-Mills fields
is maintained in M6(4, 2).

The advantage of using M6(4, 2) over AdS5 is that the former contains the true Schwarzschild and the Reissner-
Nordstrom black holes as embedded subspaces, without the r2 terms [5]. The new correspondence can be summarized
as [7]

M4
conform⇐= Co ∼ S0(4, 2) isometric=⇒ M6(4, 2)

embedding
←↩ V4

l
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The bulk space M6(4, 2) replaces Minkowski’s space-time and the Lorentz/Poincaré symmetry of the electromagnetic
field is replaced by the homogeneous group SO(4, 2). It embodies the ADS/CFT and its extended correspondence,
ensuring quantum unitarity near the black hole subspaces. In particular, the eventual production of mini black holes
in the laboratory will be consistent with the known particle physics defined in the Minkowski’s subspaces containing
the usual Poincaré symmetry. Unlike the situation described in the AdS5 bulk, at the end of the experiment mini
black holes with stable Reissner-Nordstrom remnants may result in the new bulk space.
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