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INTRODUCTION 

It is quite well known that a bubble at ambient conditions 

may exhibit high-frequency isotropic oscillations in the so-
called fundamental radial mode. Minnaert [1] named this 

oscillation mode the breathing mode. Its radian frequency, 

ωRP, depends on surface tension, σ, ambient pressure, mass 

density of the liquid, ρL, and initial radius, Ro. It is also well 
known that a free bubble may exhibit nonlinear, axisymmetric 

shape oscillations corresponding to the n
th

 Legendre 

polynomial, Pn, with an angular frequency, ωn, that depends 

on the same σ, ρL, Ro, but also on n [2]. An arbitrary shape 
deformation can be decomposed into various fundamental 

oscillations. Reversely, an interesting question is whether a 
large-amplitude oscillation could exist that depends on a 

single fundamental mode, with n for example equal to 3. 
Longuet-Higgins [3] assumed this to be true for a free bubble 

and showed that an initial bubble radius could then be selected 
in such a way that the amplitude of the fundamental radian 

mode is inversely proportional to (ωRP
2
 – 4ωn

2) during a period 

of time; this is a case of resonance in which sound production 

is high. For boiling bubbles resonance would occur for R0 ≈ 

14 σ/pL, which is about 6 µm at ambient pressure. The 
continuous growth of boiling bubbles makes the resonance 

case of less interest. However, the boiling bubble shape close 
to detachment was found to deviate from that of a truncated 

sphere [4]. Deformation due to fluid stresses, gravity and 
Marangoni convection obviously plays a role. It is therefore 

important to increase our knowledge and understanding of 
deforming bubbles with a foot at the wall. 

No experiments have been found in the literature that report 
large amplitude oscillations of a bubble attached to a wall 

during many oscillation cycles. Growth of injected or 

vaporized bubbles under normal conditions is that fast that 
detachment occurs in a time typically of the order of 1 ms [5]. 

In the present study it is investigated whether large-amplitude 
oscillation of a boiling bubble with a foot at a plane wall can 

be realized in practice, and whether such oscillation could 

have features similar to that of a fundamental mode of a free 
bubble. An analytical Lagrange-Hamilton approach has been 

applied to facilitate interpretation of the results and in 
particular the effects of finite amplitude oscillation and the 

proximity of the wall.  

EXPERIMENTAL 

Demineralized and degassed water is pumped through a 

closed tubing system of stainless steel piping with an inner 
diameter of 38.7 mm. A reservoir on top of the test rig 

contains a stratified pool of liquid with a moist air mixture on 
top that can be vented to the ambient. Slightly subcooled 

water flows from this reservoir to the vertical test section via a 
preheater, a firerod submersion heater. At the measuring 

location, absolute pressure is around 1.3 bar and liquid 
temperature, TL, is at saturation or very close. Upstream of the 

measuring section a flow straightener is used to minimize 
swirling and secondary motion in the downward pipe flow. In 

the center of a transparent piece of test section (quartz) with 
the same inner cross-section as the other tubing a bubble 

generator is located, see the schematic of Fig. 1. This 
generator has a flat circular top end of 10.0 mm with a hole in 

its center. The diameter of this hole, a cavity mouth, is 40 µm, 

and this hole leads to a cavity that is filled with gas. An area 
of around 1 mm2 around the mouth is heated with Joule’s 
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heating of a thin (150 µm) metal strip that constitutes part of 
the top of the bubble generator.  

 
 

gg

 

Figure 1. Schematic of stagnation flow onto the bubble 

generator with artificial cavity. 
 

The velocity field that approaches the bubble generator in 
stagnation flow has been measured with LDA. The mean mass 

flow rate is continuously measured with a Coriolis-meter. 

Reynolds number has been in the range 5600 – 22400 
corresponding to mean velocities of 4.3 to 17.0 cm/s at 100 
o
C. Static pressure and temperature at the measuring location 

are measured with accuracies of 1 % and 0.1 
o
C, respectively.  

The quartz section is equipped with four flat surfaces, 
facets, to minimize optical distortion. A high-speed video 

camera (PCO 1200 hs), a microscope lens and diffuse 
background illumination with a 250 W cooled halogen lamp 

have been used to observe growth and detachment at a frame 
rate of 3500 Hz and a resolution of 220 x 200 pixels

2
. 

Typically, a resolution of 10 µm per pixel was applied. 

Distances have been calibrated with the aid of a small plate 
with 10 holes (1.0 mm diameter) positioned at known location 

above the bubble generator. Image processing with subpixel-
accuracy is used to analyze recordings. Stereoscopic 

recordings proved the bubbles generated to be axisymmetric. 
Subsequent recording have therefore been side-views only.  

The experiments reported in the present paper have all been 
performed (by Peukert and van de Berg) with the same 

condition of water during one day. In this way reproducibility 
and comparison of the results have not been an issue. Far 

more data of the similar type have been performed (by 
Thijssen, Kovacevic and Radewski) in 2006, with the same 

bubble generator although it was mounted in a different 
manner in the test rig at the time. The findings of both 

experiments are essentially the same, but only the recent ones 
have been analyzed. 

EXPERIMENTAL RESULTS 

High-speed recordings revealed the shape history during 

the time of attachment on the wall, td. Three length scales are 
defined for each bubble shape recorded: the radius of 

curvature of the top of the bubble, R, the radius of the bubble 
foot, rfoot, and the distance of the center of the bubble to the 

bubble generator, h. The accuracy in h in each picture is 

typically 20 µm, that in R better than 20 µm and that in the 

foot radius 50 µm at least because of difficulty in discerning 
the foot. The bubble volume could have been reconstructed 

from the images, but attention in the present study has been 
focused on shape deformation. 

The main process conditions varied are: 

� The mean velocity of the approaching flow, vL. 

� The bulk temperature of the approaching flow, TL, or 

equivalently its sub-cooling TL–Tsat with Tsat the 
saturation temperature of the local system pressure, 

0.13 MPa. 

� The power to the bubble generator, P, or the super-

heating of the wall, Tw – Tsat.  

Table 1 shows the ranges in which these conditions have 

been varied. The average number of bubbles analyzed for 
each of the conditions of this table is 30. The time of 

attachment has typically been in the range 60 – 180 ms and 

was largest with the largest standard deviation, σt, for the 
lowest velocity and the lowest heating power: 0.66 ± 0.51 s 

(σt equal to 0.51 s). At the highest vL, the liquid sub-cooling 

has been 3.5 ± 0.75 K, with standard deviation σT = 0.75 

measured over a period of 2 seconds, typically. The σT  at the 

lowest velocity has been 0.25 K, that at medium velocity 0.5 
K.  

Figure 2 shows typical histories of the main length scales of 

the bubble attached to a plane wall. The inserts are pictures of 
the bubble shape at the times indicated with black dots. 

Axisymmetric elongation in the direction away from the wall 
is observed. The frequency of oscillation is strongly 

dependent on time, as is R. All bubbles analyzed in this paper 
exhibited a similar continued shape oscillation. 

A dedicated frequency analysis of the shape oscillation has 
been performed in the following way. The total growth time is 

divided into time periods, named windows, of the order of 
about 2.8 oscillation cycles. The window changes size in the 

course of time. Fourier analysis with Hanning windowing and 
zero’s padding to increase accuracy is applied to each 

individual window. The program has been validated with 
constructed test cases with known input frequencies and 

random numbers. 
 

Table 1 Process conditions, R-range measured, exponent 

m fitted and error in m. 

# p  
[W] 

TL 
[

o
C] 

v 
[cm/s] 

∆R 

[mm] 

m 
[s/m] 

∆m 

[ms/m] 

1 
2 

3 
4 

5 
6 

7 
8 

9 

18.99 
28.16 

12.81 
18.98 

28.48 
12.81 

18.98 
28.48 

12.41 

103.5 
103.5 

103.0 
104.0 

104.5 
104.5 

102.5 
102.8 

102.8 

8.5 
8.5 

8.5 
4.25 

4.25 
4.25 

12.8 
12.8 

12.8 

0.602 
0.585 

0.461 
0.688 

0.708 
0.356 

0.664 
0.649 

0.423 

1.684 
1.618 

1.338 
1.510 

1.413 
1.297 

1.433 
1.597 

1.377 

7 
12 

15 
13 

21 
18 

8 
16 

10 

ANALYSIS 

The deformation of an arbitrarily deforming axisymmetric, 

convex bubble can be described as the sum of deforming so-
called fundamental modes. Each of these modes correspond to 

a Legendre polynomial, Pm(cos(θ )), where θ is polar angle in 

a coordinate system centered at the bubble, P0 = 1, P1 = 

cos(θ ), … The Euler-Lagrange approach is used in which 



 

each coefficients bm(t) in the expansion of the function R(θ,t) 
that describes the interface: 

R(θ, t) = ∑m bm(t) Pm-1(cosθ )             (1) 

is a generalized coordinates. If the deformation is symmetric 

with respect to a plane through the center that is parallel to the 

wall, each even numbered coefficient b4, b6, … equals zero. 

Polynomial P2 corresponds to motion of the bubble as a 

whole; this motion is here described by component U normal 
to the plane wall and by distance h of the center point. Hence 

b2 is redundant as a generalized coordinate and is absent even 
if no plane-symmetry occurs. The isotropic deformation, 

expansion and contraction of the spherical part, corresponding 

to b1 is usually called the ‘breathing’ mode. The main 
deformation mode is described by b3 and corresponds to 

elongation normal to the wall, as shown by the results of Fig. 
1 for an initial spherical bubble with only initial velocity 

db3/dt unequal to zero. The Euler-Lagrange equations 
constitute a set of coupled equations with the accelerations 

d
2
bm/dt

2
 unknown. This set is algebraically solved, giving a 

closed solution, whereupon the time gradients are integrated, 

the only numerical step. The full solution, named BEL, yields 
results as shown in Fig. 3 and is more fully described in ref. 

[6]. 

 

 

Figure 2. Typical histories of three main lengths of a boiling bubble in downward stagnation flow. 

The constitutive equation adopted is of the form 

pb V
γ
  ≡ constant,            (2) 

with the polytropic constant γ either given by 1, cp/cv,or 
another constant. Here V is the bubble volume and pb the 

pressure in the bubble. Let g = R0/(2 h) be the dimensionless 
distance halved. 

The governing equation for b3 can be simplified to: 

b1 d
2
b3/dt

2
  + (2/7) b1

2
 (db3/dt)

2
 (1 + 29(b3/b1)/14)  =  

– 12 σ (b3/b1) / (R0 ρL) – U2/4 – U db3/dt g
2
/2         (3) 

from which the dominant frequency ωL = √{12 σ / (R0
3 ρL) } 

easily follows. Similarly, for mode 5 the frequency ωL,5 = 

√{90 σ / (R0
3 ρL) } is derived; for higher modes the frequen-

cies are higher still. It is noted that under standard ambient 
conditions of water and air the frequency that occurs mainly 

in the breathing mode, corresponding to b1, and is given by 

ωRP
2 = 3 γ pL/( ρLR0

2
) + (3γ – 1)2σ/( ρLR0

3
) exceeds ωL by a 

factor 20 or more. It is furthermore noted that the analysis 

shows that a dimensionless time, τ, is conveniently defined 

by t √{σ / (ρL R0
3
)}. 

In actual simulations with BEL, the frequency of a freely 

deforming bubble far away from the wall is only given by ωL 

if the maximum amplitude, β/R0, is far less than 1. If this 

amplitude is around 0.1, for example, an oscillatory changing 
b3 is found with dimensionless radian frequencies of about 

3.4285 rather than √12 ≈ 3.4641. This is a well-known 

dependency of frequency on amplitude [7] that is due to 

effects of higher order in β/R0. The frequency of b3 is found 
to vary in time, slightly, although apparently the bubble is 

oscillating. 



 
Closer to the wall, the deformation induces a non-zero 

velocity U that also affects the main radian frequency. For 
the breathing mode, for example, the main frequency is 

found to be given by 

ω 
 = ωRP

2
 / {1 + g0 – 3 g0

4
/(4 α)}            (4) 
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Figure 3. Bubble shape at equidistant dimensionless time instants for We = R0 ρL (db3/dt|0)

2
/σ = 0.12. The wall is indicated by a set 

of straight, parallel lines. The dimensionless times indicated are given by t √{σ / (ρL R0
3)}, with R0 the initial radius. Initial velocity, 

U0, is zero, h0/R0 = 1.1 (g0 = 1/ 2.2) and γ = 1.4. 

with the added mass coefficient α about 0.7 and g0 the 
initial distance. The substantial frequency decrease given by 

this equation is well confirmed by BEL computations.  
Various fundamental mode oscillations close to the wall 

have been studied with BEL simulations. For β/R0 = 0.1 and 

g0 = 1/ 2.2 the radian frequency is typically found to be 10 % 
less than that of a free bubble with the same initial 

deformation. 
For this reason it is to be anticipated that a bubble 

attached to a plane wall and that executes an oscillatory 
deformation motion with main component b3 has a main 

frequency well below ω3. This is investigated for steam 

bubbles in downward stagnation flow by the dedicated 
Fourier analysis described in the previous section. The 

results are the following. 

Table 2 Coefficient C fitted and error in C. 

# C [s] ∆C [s] 

1 

2 
3 

4 
5 

6 
7 

8 
9 

6.05 

6.06 
6.09 

6.19 
6.12 

6.31 
6.03 

6.03 
6.10 

0.06 

0.08 
0.12 

0.09 
0.15 

0.13 
0.06 

0.12 
0.08 

 

The period of oscillation, T, during many experiments is 
found to correlate very well with R. The parameters C and m 

in the defining equation 

T = C R
m √ (ρL/σ)           (5) 

have been determined by fitting to data of more than 100 
bubbles. For each operating condition, the same values of C 

and m have been found. The value of m is 1.49 ± 0.02, while 
the period of oscillation of a free bubble deforming in a 

fundamental mode is proportional to R
3/2 √(ρL/σ) as well. 

Constant C exceeds the proportionality constant of the free 
bubble oscillation, for which R is the radius of the volume-

equivalent sphere, R0, and C is √12 for P3 and √90 for P5, see 
above. The motion definitely is not described by P4 since the 

top of the bubble remains constant in shape while for P4-type 
of oscillation this top at some times would experience the 



 
widening that the bottom part of the bubble is found to 

experience. For attached boiling bubbles C is found to 
amount 1.9√12, an increase by 90 % with respect to the third 

fundamental mode of a free bubble. The difference is easily 
explained from the continuous growth (R changes 

continuously whereas R0 is constant), difference in definition 
(R is here the radius of curvature of the top, not the volume-

equivalent radius), finite amplitude oscillation and proximity 
of the wall (as explained in the above). 

 
Although the shape oscillation is mechanistically explained 

as a kind of eigenmode, the effects of flow and heat transfer 

must account for the energy required for the continuous 
deformation. Turbulent fluctuations occur at various scales 

and provide a continuous source of energy. The bubble 
deformation being nearly perfectly axisymmetric it is 

unlikely that eddies on the scale of the bubble diameter play 
a role, but smaller scale eddies could in principle affect 

bubble deformation. The smallest Reynolds number of the 
approaching flow has been 1600. Another driving force 

stems from heat transfer. The bubble receives heat from the 
hot plate below and is cooled by the liquid flow on top. 

Marangoni convection is bound to occur, resulting in a liquid 
jet up into the flow from the top of the bubble. If part of the 

heat collected in the contraction phase, when contact with the 
hot wall is intens, is discarded by Marangoni currents and 

condensaton in the expansions phase (when distance h is at 
maximum) a kind of resonance could occur in the process of 

combined flow and heat transfer. The solution of this 
interesting problem is beyond the scope of the present 

investigation, however. 

CONCLUSIONS 

A dedicated experiment has been designed  in 

which a single boiling bubble is made on an artificial site and 

water impinges in downflow on the bubble generator and 
creates a stagnation flow above the cavity. Stable 

axisymmetric elongation in the direction away from the wall 
and multiple shape oscillation cycles are observed. The time 

of growth and detachment is typically of the order of 250 ms.  

Amongst the length scales that characterize the 

bubble shape is the radius of curvature of the upper part of 
the bubble, R. The period of oscillation, T, is strongly 

dependent on time, as is R. The parameters C and m in the 
defining equation 

T = C Rm √(ρL/σ) 

have been determined by fitting to data of more than 100 
bubbles. For each operating condition, the same values of C 

and m have been found. The value of m is 1.49 ± 0.02, which 
is explained from the continuous growth of the bubble and 

from the relation to the period of oscillation of a free bubble 

deforming in the fundamental mode corresponding tot the 3
th

 
Legendre Polynomial. For the latter, R is the radius of the 

volume-equivalent sphere, R0, and C is √12, while for 
attached boiling bubbles C is found to amount 1.9√12. The 

difference is easily explained from the continuous growth, 
difference in definition, finite amplitude oscillation and 

proximity of the wall. 
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NOMENCLATURE 

A area of bubble surface, m
2
 

bm coefficients in expansion for R, see Eq. (1), m. 

C coefficient, to be fitted. 
g R0/h 

h distance of the center to the wall, m. 

m exponent, to be fitted. 
p pressure, Pa. 

pb pressure inside the bubble, Pa. 
Pm Legendre polynomial 

R0 initial amplitude of the isotropic breathing mode: b1(t = 
0), m. 

t time, s. 
T period of oscillation, s. 

Tw temperature of the wall, 
o
C. 

Tsat saturation temperature, 
o
C. 

U velocity component normal to the wall, m/s 
v bulk velocity, m/s 

V bubble volume, m
3
. 

 

β initial dimensionless amplitude of the anisotropic 

deformation mode: b3(t = 0)/R0 

γ polytropic exponent, or ratio of specific heats, cp/cv 

ρL mass density of the liquid, kg/m
3
 

σ surface tension coefficient, N/m 

ω radian frequency.ωL
2
 = 12 σ/(ρL R0

3
); ωRP

2
 = 3 γ pL/( 

ρLR0
2
) + (3γ – 1)2σ/( ρLR0

3
), 1/s. 

 

  

 


