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Abstract. In the last decade, papers appeared in the literature discussing
a shortcoming of the basic equations of hydrodynamics: the Navier-Stokes
equations do not meet the Onsager symmetry relations. Recently R. Streater
wrote about the topic. The basic problem is that the solution to the Boltz-
mann equation f(r,v, t) depends on seven variable, nevertheless the solution
of the Navier-Stokes equation yields T (r, t),v(r, t) and ρ(r, t)-the tempera-
ture, velocity and density distribution, altogether five functions. Clearly, the
solution class of the Boltzmann equation is a broader class than the solution
class of the Navier-Stokes equation. What is the importance of that question?
Are the results of CFD codes questionable ones or, the contradiction can be
resolved by some ignored terms of second order?

1. Introduction

It is well known that using conservation laws, one can derive the equations of
the hydraulics from the Boltzmann transport equation, see Chapter II. in [6], [5].
In this way, one obtains equations for the density ρ(r, t), the velocity field u(r, t)
and the temperature T (r, t), r = (x1, x2, x3). That achievement has been one of
the first clear connection between the micro world (the solution to the Boltzmann
equation) and the macro world (the equations of hydrodynamics) [1].

A paramount result has been the derivation of the basic equations of fluid me-
chanics (the so-called Navier-Stokes equations, see below in Section 2.1) from the
solution f(r,v, t) of the Boltzmann equation. That derivation has set up also a cor-
respondence between f(r,v, t) and the solutions to the hydrodynamics equations.
The possible f(r,v, t) functions span a six dimensional space, whereas there are
only five solutions to the hydrodynamics equations.

As early as in 1969 [11], Truesdell, criticizing some results of kinetics theory,
made sarcastic remarks on kinetics theory: ”results of this kind are described by
kinetic theorists as corrections to hydrodynamics”. This has inspired R. F. Streater
to publish manuscripts under the title ”Corrections to Hydrodynamics” [8], [10].
The subject of the discussion is the thermodiffusion in a one component gas. Balian
[1], the world widely renown Landau-Lifsitz [6], de Groot and Mazur [4] denied the
existence of thermodiffusion in a one component gas. Furthermore, Chapman as
early as in 1912 said: [3]: ”No really satisfactory simple theory of this thermal
diffusion can be given. The reason is that thermal diffusion is an interaction phe-
nomenon. Similar remarks apply to the inverse ’diffusion thermo-effect’.”

The mentioned cross-effects are closely related to the equilibrium of thermody-
namic processes. If in a volume the intensive parameters (pressure, temperature,
chemical potential) are not uniformly distributed, a current of the extensive param-
eters is observed. Denote Xi and Ji the thermodynamic force Xi and the current
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of the ith extensive variable, then

(1.1) Ji =
∑

j

LijXj .

It is a basic relations of thermodynamics that the matrix L is symmetric: Lkj =
Ljk, for all k, j. As a consequence, mass current can be observed in the presence
of a temperature gradient, and heat current in the presence chemical potential
difference. One of the problems is with the hydrodynamics equations is that they
are short of the mentioned effect.

One of the most widely used numerical solution methods for studying heat and
mass transfer phenomena is the CFD family [12]. The Navier-Stokes equations
play a key role in CFD, therefore, it is vital to clarify if there are limitations on the
applicability of the Navier-Stokes equations.

The derivation of the hydrodynamics equations shows that they immediately
follow from the Boltzmann equation and the quantities preserved in the molecu-
lar collisions. If so, one would expect a one-to-one relation between the solution
f(r,v, t) to the Boltzmann equation and the solutions to the hydrodynamics equa-
tions. But there are six functionally independent f(r,v, t) solutions of the Boltz-
mann equation and only five independent solutions (ρ(r, t), u(r, t), and T (r, t)) to
the hydrodynamics equations.

Our efforts are exercised to resolve that two contradictions.

2. The Problem

In the first subsection, we formulate the Navier-Stokes equations, its relation to
the Boltzmann equation as it can be found in standard textbooks [4], [5], [6]. In
the second subsection, the thermodynamics notation as used throughout the sequel
is presented. In the third subsection, we formulate the Onsager symmetry as it is
given in standard textbooks [4], [7], [2].

2.1. The Navier-Stokes Equations. In a volume V , we are interested in a sta-
tistical system S, which is described by a distribution function f(r,v, t) satisfying
the Boltzmann equation:

(2.1)
(

∂

∂t
+ v

∂

∂r
+ F/m

∂

∂v

)
f(r,v, t) =

∫
d3v2

∫
dΩσ(Ω)|v1−v2|(f ′1f ′2−f1f2).

The right hand side of Eq. (2.1) is the collision integral:

Q(f, f) =
∫

d3v2

∫
dΩσ(Ω)|v1 − v2|(f ′1f ′2 − f1f2).

S consists of identical particles of mass m. The particles in S collide, the collisions
are assumed to preserve the mass, the momentum, and the energy. The particles
are considered as mass points. The number of particles in an infinitesimal volume
d3r is

(2.2) n(r, t)d3r = d3r

∫
f(r,v, t)d3v,

the material density is

(2.3) ρ(r, t) = mn(r, t).
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The average particle velocity is

(2.4) u(r, t) =
∫

d3vvf(r,v, t).

From the conservation laws immediately follows [5] the following set of equations,
known as Navier-Stokes equations1:

(2.5)
∂ρ

∂t
+∇(ρu) = 0,

(2.6)
(

∂

∂t
+ u∇

)
u =

F
m
− 1

ρ
∇

(
P − µv

3
∇u

)
+

µv

ρ
∇2u.

Here µv is the viscosity, P is the pressure, F is the external force.

(2.7)
(

∂

∂t
+ u∇

)
T +

1
cV

(∇u)T =
K

ρcV
T.

Here cv is the specific heat at constant volume, K is the heat conductivity. Equa-
tions (2.5)-(2.7) are standard, describe the motion of a gas or a liquid. The mass
ρ(r, t) moves at speed u(r, t). Usually Eqs. (2.5)-(2.7) are supplemented by an
equation of state, e.g.

(2.8) P = P (ρ, T ),

which allows for eliminating P from equations (2.5)-(2.7), which form the basis for
a number of numerical procedures, including the CFD commercial program family.

Furthermore, we assume that S is describable by the variables of the thermo-
dynamics and all the thermodynamic state variables occurring in the first law of
thermodynamics can be determined from f(r,v, t) in the following fashion:

(2.9) U(r, t) =
∫

d3vf(r,v, t)1/2mv2 internal energy.

(2.10) S(r, t) = −k

∫
d3vf(r,v, t) ln f(r,v, t), entropy

where k is the Boltzmann constant,

(2.11) θ(r, t) ≡ −kT (r, t) =
1
n

m

3

∫
d3vf(r,v, t)|v − u|2 temperature.

(2.12)

Pij(r, t) =
ρ

n

∫
d3v(vi − ui)(vj − uj)f(r,v, t), pressure tensor, 1 ≤ i, j ≤ 3.

2.2. Thermodynamics. Let U be the internal energy of S, n the number of
particles, V the volume occupied by S, T the temperature, P the pressure (i.e. we
write the pressure tensor as

(2.13) Pij = Pδij + P ′ij ,

where P ′ii = 0, for i = 1, 2, 3), finally µ is the chemical potential. Then, the internal
energy is given by

(2.14) U = TS − PV + µn.

1Some textbooks, including [5], call Eq.(2.6) as the Navier-Stokes equation.
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In accordance with the first law of thermodynamics, we have

(2.15) dU = TdS − PdV + µdn,

and in accordance with the Gibbs-Duhem relation the variations of the intensive
variables are related as

(2.16) dp = SdT + ndµ.

Now we introduce the specific extensive variables as

(2.17) u =
U

n
, s =

S

n
, v =

V

n
,

which are the internal energy, entropy, volume per particle, respectively. That
expression should be used to relate time derivatives as

(2.18)
du

dt
= T

ds

dt
− P

dv

dt

or space derivatives as

(2.19)
du

dr
= T

ds

dr
− P

dv

dr
.

The mass density is

(2.20) ρ =
mn

V
,

and an extensive variable per unit volume is determined as (on the example of the
internal energy):

(2.21)
U

V
=

U

n

nm

V
= umρ,

where um is the internal energy per unit mass. Analogous expressions hold [4],
(chapter II) for the entropy S, and the total energy Etot = Ekin + Epot + U . Here
Ekin, Epot are the kinetic and potential energy, respectively.

2.3. The Onsager Principle. Let us consider a system S, which is in a state close
to the equilibrium. We assume non-zero gradients of the intensive parameters but
assume the gradients to be small enough to neglect higher derivatives and higher
powers. The description here is also available in textbooks [6], [4], [2].

We introduce the densities of the extensive thermodynamic variables by the
following relations:

(2.22) ρu(r, t) =
U(r, t)

V
; ρs(r, t) =

S(r, t)
V

; ρ(r, t) =
mn(r, t)

V
,

the density of the internal energy, entropy and mass, respectively. The internal
energy is a function of the other densities:

(2.23) ρu(r, T ) = ρu(ρs(r, T ), ρ(r, T )).

Let us order the extensive parameters as i = 1 : entropy; i = 2 : internal energy;
i = 3 : mass. For each extensive parameter, the continuity equation holds:

(2.24)
∂ρi(r, T )

∂t
+ div

(
j(a)
i (r, T ) + j(b)i (r, T )

)
= qi(r, T ),
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where j(a)
i (r, t) = ρi(r, t)u(r, t) and j(b)i (r, t) is the convective and conductive cur-

rent of extensive variable i, respectively. (Here u is the velocity of the convective
current.) We introduce the entropic intensive variables by the definition:

(2.25)
∂ρs

∂ρu
= ϕ1(r, t) =

1
T (r, t)

,

(2.26)
∂ρs

∂ρ
= ϕ2(r, t) =

−µ(r, t)
T (r, t)

,

and the thermodynamic forces

(2.27) Xi(r, t) = ∇ϕi(r, t); i = 1, 2.

The thermodynamic forces and the conductive currents are related as

(2.28) j(b)i (r, t) =
2∑

k=1

Lik∇ϕk(r, t),

where Lik is the so called conductance matrix possessing the following features:

(2.29) Lik = Lki,

2∑

i,k=1

LikXiXk > 0.

In thermodynamic equilibrium X1 = X2 = 0.
Here is a debated point. Some authors [6], [4] say that cross-currents exist only

in a mixture of at least two components, in a one component system the cross-effect
does not exist.

Now we investigate the entropy balance more closely. Because of (2.23), the first
term in Eq. (2.24) is:

(2.30)
∂ρs

∂t
=

∂ρs

∂ρ

∂ρ

∂t
+

∂ρs

∂ρu

∂ρu

∂t
= ϕ1

∂ρ

∂t
+ ϕ2

∂ρu

∂t
.

Using the material and internal energy balance, we get
(2.31)
∂ρs(r, t)

∂t
+div

(
ρs(r, t)u(r, t) + j(b)s (r, t)

)
=

2∑

i=1

ϕiqi(r, t)+divu(r, t)+
2∑

i,k=1

Lik∇ϕi(r, t)∇ϕk(r, t).

The presence of a gradient indicates the lack of equilibrium. In such a state the
entropy is not minimal, when it approaches the equilibrium, the entropy increases
by the so called entropy production [4]:

(2.32) σ(r, t) =
∑

i,k

Lki∇ϕi(r, t)∇ϕk(r, t).

As wee seen from Eq. (2.31), the source term in the entropy balance has three
components. The first component is linear in the source terms of the material bal-
ance and of the internal energy balance. The second term is zero in incompressible
fluids, the third term is bilinear in the gradient of the entropic intensive variables.
In most cases only the last term remains.

In Eq. (2.31), the sum of the conductive and convective current is encountered.
The convective term is usually neglected saying that in a coordinte system in which
the fluid is at rest, that term is zero. It is well known that the Botzmann equation
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accounts properly for the Onsager relation [7], paragraph 9. This concludes the
needed thermodynamic relationships.

3. The Corrections

In order to reconciliate the Navier-Stokes equations and the Onsager principle,
we need modifications discussed below. We assume that we can use the terms in
Onsager’s theory. For the sake of simplicity we assume that only one phase is
present in S thus we may consider µ(r, t) as constant. When boiling is present we
may encounter large gradient of µ(r, t) at specific loci.

In the first subsection we summarize the derivation of the conservation laws, in
the second we formulate the balance equations based on the conservation laws, in
the third subsection we point out a restriction on the distribution arising from the
assumption that S obeys the first law of thermodynamics.

3.1. Conservation laws. It is discussed in most textbooks [4], [5], [6] how one
obtains equations for the macroscopic variables from the variables preserved in the
collisions. Let χ be a variable conserved in a collision. The < χ > average value of
χ is

(3.1) < χ(r, t >=
∫

d3vχf(r,v, t)∫
d3vf(r,v, t)

.

This immediately yields the following equations for macroscopic variables:

(3.2)
∂ < nχ >

∂t
+∇ < nuχ > −n < u∇χ > − n

m
< F

∂χ

∂v
> − n

m
<

∂F
∂v

χ >= 0.

The following five variables are preserved in a collision: m, mv, and 1/2m|v−u|2.

3.2. Phenomenological balance equations. Based on Eq. (3.2), the following
balance equations are derived, see [4], [5], [6]:

(3.3)
∂ρ(r, t)

∂t
+ divJm(r, t) = Qm(r, t),

the second is the energy balance:

(3.4)
∂eρ(r, t)

∂t
+ divJe(r, t) = Qe(r, t),

the third is the equation of motion, also called the momentum balance:

(3.5) ρ
∂u(r, t)

∂t
+ ρ(u∇)u(r, t) =

1
m

ρ(r, t)F−
∑

j

∂Pij(r, t)
∂xj

.

Comparing Eqs. (3.3), (3.4), and (3.5) with Eqs. (2.5)-(2.7), the Jm,Je currents
and the Qm, Qe sources can be readily identified.

Finally, we derive a sixth balance from the Boltzmann equation (2.1). We multi-
ply (2.1) by ln f(r,v, t) and integrate for v furthermore use the following identities:

(3.6) ln f(r,v, t)
∂f(r,v, t)

∂t
=

∂ [f(r,v, t) ln f(r,v, t)]
∂t

− ∂f(r,v, t)
∂t

,

(3.7) ln f(r,v, t)∇(vf(r,v, t)) = ∇ [f(r,v, t)v ln f(r,v, t)]−∇(vf(r,v, t)),

(3.8) < Q(f(r,v, t), f(r,v, t)) >= 0.
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We introduce S(r, t) =< f(r,v, t) ln f(r,v, t) > and using the above identities we
get the following equations:

(3.9)
∂S

∂t
+∇(vS) =< Q(f(r,v, t), f(r,v, t)) + ln f(r,v, t) >,

The right hand side of Eq. (3.9) is just the entropy production. Hence, the entropy
balance is an immediate consequence of the Boltzmann equation (2.1). Therefore,
we have six macroscopic equations.

3.3. Restrictions on f(r,v, t). Finally, we mention a usually neglected fact. When
we use the terms of thermodynamics, we also accept restrictions on the distribu-
tion function f(r,v, t). The reason is that the temperature, the pressure and the
other terms refer to a state close to equilibrium. At the same time the distribution
function f(r,v, t) is apparently almost arbitrary.

Let the volume of the system under consideration be fixed. Then, according to
the first law (2.15) in a system with constant volume

(3.10) dU(r, t) = T (r, t)dS(r, t)

showing that the functions (2.9) and (2.10) are functionally dependent hence their
Wronski determinant must be zero:

(3.11)
∣∣∣∣
∇U ∂tU
∇S ∂tS

∣∣∣∣ = 0.

From this, we obtain the following condition:

(3.12)
∇U

∂tU
=
∇S

∂tS
,

which is satisfied provided f(r,v, t) is such that

(3.13) ∇f(r,v, t) = C(r, t)∂tf(r,v, t),

is met, where the vector C should not depend on v. Eq. (3.13) is a parabolic
differential equation, its discretized form in used in magnetohydrodynamics [13].
Let us assume that the second derivatives of f(r,v, t) exist. Then we can derivate
Eq. (3.12) first with respect to t giving

(3.14) ∂t∇f = ∂tC(r, t)∂tf + C(r, t)∂2
t f,

then with respect to the space variable r resulting in:

(3.15) ∇∇f = ∇C(r, t)∂tf + C∇∂tf(r,v, t).

From the last two equations we eliminate the mixed second derivative to get:

(3.16) ∇∇f(r,v, t)−C2(r, t)∂2
t f − [∇C(r, t) + C(r, t)∂tC(r, t)] ∂tf.

The conclusion is that when f(r,v, t) is associated with such an S that obeys the
first law, then f(r,v, t) meets Eq. (3.16), an equation similar to the wave and
telegraph equations. The gradient and time derivative of f(r,v, t) are proportional
to each other, their ratio is in the order of the speed of sound as it is seen from
the considerations below. ∇f ∼ λ ∼ 10−8 cm and ∂tf ∼ τ ∼ 10−12 sec, hence
|C| ∼ 104cm/s. Here λ is the mean free path and τ is the average time between
two collisions. This sets a limit to the speed of change in the distribution function.
At the same time it should be emphasized that from the smoothness of functions
S(r, t) and U(r, t) does not follow the smoothness of f(r,v, t).
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4. Concluding Remarks

The fundamental equations of the hydrodynamics are four equations: the equa-
tion of motion, the mass, energy, and entropy balances. Altogether six equations
for the three components of the streaming velocity u(r, t), mass density ρ(r, t),
energy u(r, t) and entropy s(r, t). As we see, there are at most six independent
solutions just as with the Boltzmann equation. It is true that the equations of
the hydrodynamics are compatible only with a subclass of the possible solutions to
the Boltzmann equation because when S obeys the first law of thermodynamics
the distribution function f(r,v, t) may not be arbitrary, for example the too fast
variations of the distribution function are excluded.

It is an important conclusion that the basic equations of hydrodynamics are
correct. The Onsager symmetry deals only with the conductive current, which
presumably plays a minor role in streaming problems. At the same time the en-
tropy balance (2.31) needs modification, the order of the modification needs further
investigations.

The reader may expect some evaluation concerning the validity of computations
with the numerical tools based on the Navier-Stokes equations. However, it seems
rather difficult to give such an evaluation. Notwithstanding it is seen that

• There are situations when the cross currents in the Onsager relation play
an important role, just recall Bénard’s convection as mentioned in [6], para-
graph 56.

• The entropy production term (2.32) assumes that the equilibrium is reached,
however in a complex streaming problem there always remain gradients.
This makes the entropy production rather hard to be estimated.

• As suggested by Sreater [8], the corrections could be verified experimen-
tally. The paramount importance of hydrodynamics would justify such
experiments even if they would lead to a negative outcome.

• The entropy production term involves the gradient of the chemical potential
as well. In a two phase flow, the chemical potential may change dramatically
in a short distance, which indicates that the correction may be of note in
some cases.
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