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Abstract

The dynamics of the idealized Laplacian growth (or the Hele-Shaw problem) can be approxi-

mated by the Poiselle flow which in appropriate units takes the form of the Darcy law.

In this paper we account for the liquid inertia in the Hele-Shaw problem at zero surface tension

limit. The Laplace dynamics for the pressure is extended here with one more for the velocity

potential for which we call this growth process the Double Laplacian. The application of the

conformal mappings technique leads to doubled dynamics for both the conformal map and the

complex potential, which is presented in the paper for the radial and the planar growth. We

apply the stability analysis and discuss the integrability for the stated problem.
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1 Laplacian Growth

To fix notations let us recall the basic facts about an exterior Laplacian growth or a free boundary

Hele-Shaw flow. The Hele-Shaw flow is a quasi-stationary flow of viscous incompressible liquid

in a narrow gap between two parallel plates, such that the variation of the fluid velocity in the

direction across the gap (i.e. perpendicular to the plates) exceeds significantly its local variation

in two other dimensions. Therefore one can consider the local motion of the fluid as a Poiselle

flow, and in appropriate units one can write that

v = −∇p, (1)

where v = (vx(x, y), vy(x, y)) is the two-dimensional (averaged over the gap) velocity of the liquid,

p = p(x, y) is the pressure and ∇ = (∂/∂x, ∂/∂y) is the two-dimensional gradient. Equation (1)

is known as Darcy’s law.

Since the liquid is incompressible, the flow is divergence free

(∇ · v) = 0 (2)

and from (1) we get

∆p = 0 (3)

The Laplacian growth is the free-boundary Hele-Shaw problem, i.e. the problem of motion of

the interface between the above viscous liquid and inviscid liquid. We denote the viscous liquid

domain as Ω. Since Ω is surrounded by inviscid liquid, the pressure must be constant along the

boundary ∂Ω, i.e.

p(z ∈ ∂Ω) = 0 (4)

Here and in the sequel we use the complex notations

z = x+ iy, z̄ = x− iy

It then follows from (1) that the normal velocity of the boundary equals the gradient of the

pressure. Since the pressure satisfies Laplace equation (3), such an interface motion is called

Laplacian growth. Since p is harmonic in Ω it must have singularities to be nonzero, i.e. the

interface is driven by sources in Ω.

The simplest version of the Laplacian growth is an exterior radial Laplacian growth, where

Ω is an infinite exterior domain surrounding its bounded simply connected interior complement

and the source is situated at infinity, so that

p→ − log |z|, as z → ∞ (5)

Equations (1),(3),(4),(5) determine the time evolution of domain Ω = Ω(t) (or equally the inter-

face ∂Ω(t)), provided the initial condition Ω(t = 0) is given.
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Another simple version of the Laplacian growth is planar growth, where interface divides the

plane in two infinite parts and asymptotic (5) is replaced by

p→ −y, as y → −∞ (6)

Equations (1),(3),(4),(6) determine interface evolution in the planar Laplacian growth.

To solve the Laplacian growth problem one introduces the time dependent conformal mapping

z = z(w, t) from the reference domain in the “mathematical” complex complex plane w to the

physical plane z.

For the radial growth it is convenient to choose an exterior of the unit circle

w = eil, 0 < l ≤ 2π (7)

as a reference domain, while in the planar case the reference domain is a lower half-plane bounded

by the real axis

w = l + i0, −∞ < l <∞ (8)

Since the pressure is a harmonic function, it can be considered as a real part of analytic function

Ψ̃(z, t) = p(x, y, t) + iq(x, y, t)

and

v̄ = vx − ivy = −∂Ψ̃

∂z
(9)

That is Ψ̃ plays the role of a complex velocity potential. Rewriting this potential in variables of

mathematical plane we introduce

Ψ(w, t) = Ψ̃(z(w, t), t) (10)

Then it follows from (4), (5), (6) that

Ψ = −il =
− logw radial
−iw planar

(11)

where the natural parameter l from (7), (8) is considered as a complex variable.

The normal velocity of the interface is expressed through the mapping z(w, t) as

(v · n) = Im(z̄tzl)/|zl| (12)

where subscripts denote partial differentiation and n denotes the normal vector to the interface.

On the other hand it follows from (4), (9), (10) that at the interface

(v · n) = |v| = −Im(Ψl)/|zl|

Comparing the two last equations we get the celebrated Galin-Polubarinova [1], [4] Laplacian

growth equation

Im(z̄tzl) = 1
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or
Re(wz̄tzw) = 1 radial
Im(z̄tzw) = 1 planar

(13)

The most interesting solutions to (13) are multi-finger solutions. The simplest one-finger solution

in the planar case

z(w, t) = z0(w, t) = − it
λ

+ (2λ− 1)w − 2i(1 − λ) log(eiw + 1) (14)

is a traveling wave solution describing penetration of the inviscid finger of width 2πλ in a channel

of width 2π. This solution is known in connection with finger selection problem, since only fingers

with λ = 1/2 are observed in experiments, while the above Laplacian growth theory permits any

λ between 0 and 1.

2 Accounting for the liquid inertia

The Darcy’s law (1) is an approximation of the local flow by the Poiselle one. This describes

dynamics of the idealized Hele-Shaw flows. There are many possibilities for the Hele-Shaw theory

corrections, e.g. accounting for the interface surface tension or three-dimensional effects across

the gap. The above possibilities lead to strong complication of the above theory.

Here we consider another modification of the theory, which accounts for the liquid inertia and

leads to “Double Laplacian Growth” equations.

Let us return to Darcy’s law (1). It states that the friction force, which is proportional to the

fluid velocity v is compensated by the pressure force ∇p. This statement is valid for the weightless

liquid, where disbalance in friction and pressure forces would lead to infinite acceleration of the

flow. Now we suppose that the liquid has a small density ρ→ 0 but it is not completely weightless.

By the second Newton law

ρ
dv

dt
= −v −∇p

or

ρ

(

∂v

∂t
+ (v · ∇)v)

)

= −v −∇p

Consider now the slowly varying in space flows where convective term may be neglected. We then

come to the following equation

ρ
∂v

∂t
+ v + ∇p = 0 (15)

which replaces Darcy’s law (1). Strictly speaking in the majority of realistic situations the (v∇)v

term dominates ∂v
∂t . Nevertheless, we will consider (15) as it may regularize Laplacian growth. For

the interfaces close to the planar ones we may replace (v∇)v with (u∇)v, where u is a constant

velocity of interface propagation. In such cases instead of (15) we have

ρ

(

∂v

∂t
+ (u∇)v

)

+ v + ∇p = 0 (16)
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Since we consider incompressible flow (2), then taking the divergence of Equation (15), we

see that as in the Laplacian growth case, the pressure p is also harmonic, i.e. (3) holds and this

growth process is also Laplacian.

However, unlike from the Hele-Shaw free boundary problem, the domain evolution now is not

determined by the boundary alone. Indeed, from (15) it is seen that the initial condition should

include the shape of the domain as well as velocity values in the whole domain. But as we will

see now it is not a problem when the liquid is almost weightless. To this end take the curl of

(15). We get

ρ
∂ω

∂t
+ ω = 0

where ω = curl(v) is vorticity.

From the last equation we see that ω(x, y, t) = ω(x, y, 0)e−t/ρ and vorticity vanishes instantly

when ρ→ 0. That is whatever (reasonable) are the initial conditions, the flow becomes potential

in time of order ρ → 0. Since the flow becomes potential, the velocities in whole domain are

determined by the ones on the boundary, and evolution of the boundary is determined by its

shape and boundary values of velocity only. Similar reasoning can be applied to (16) as well.

Now we can introduce the velocity potential φ(x, y, t)

v = ∇φ. (17)

By the incompressibility of the flow (2) we see that

∆φ = 0 (18)

Thus, the problem now involves two harmonic functions, pressure p and potential φ, that is we

call such growth process the Double Laplacian Growth.

Therefore our initial value problem has the following formulation: Given initial conditions

(initial shape of interface and initial value of φ at the interface):

∂Ω0 = ∂Ω(t = 0), φ0 = φ(z ∈ ∂Ω0, t = 0)

find

Ω(t), φ(z ∈ ∂Ω(t), t)

provided Equations (15) or (16),(18),( 3),(4) as well as asymptotic (5) or (6) hold.

Let us now reformulate our problem in terms of analytic functions and conformal maps. For

this we introduce the complex velocity potential

Φ̃(z, t) = φ(x, y, t) + iψ(x, y, t),

so that

v̄ = vx − ivy =
∂Φ̃

∂z
(19)
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Again we use conformal mapping z(w, t) from circular or half-plane domain mathematical plane

w to physical domain Ω(t) and rewrite the analytic potential in terms of w

Φ(w, t) = Φ̃(z(w, t), t) (20)

From Eqs.(19),(20) it follows that v̄ = Φw/zw = Φl/zl (where l is a complexified natural parameter

o Eqs.(7) or (8)) and from kinematic considerations we get that

(v · n) = Im(Φl)/|zl|

On the other hand (12) holds and therefore we get

Im(Φl − z̄tzl) = 0 (21)

Now we substitute (17) into (15) getting

∇ (ρφt + φ+ p) = 0

It follows that expression in brackets is a function of time only. Since φ is determined up to an

arbitrary function of t, without loss of generality we write

ρφt + φ+ p = 0

Rewriting the last equation in terms of complex potentials Φ and Ψ = −il, using (20) we get

ρ

(

Φt −
Φwzt
zw

)

+ Φ − il = 0

We can now summarize: the Double Laplacian growth is governed by the system of two

equations
{

ρ
(

Φt − Φwzt

zw

)

+ Φ − logw = 0

Re(wΦw − wz̄tzw) = 0
(22)

for the radial growth and
{

ρ
(

Φt − Φwzt

zw

)

+ Φ − iw = 0

Im(Φw − z̄tzw) = 0
(23)

for the planar growth respectively.

In the case of planar interface propagation with governing equation (16) we get

{

ρ
(

Φt + Φw(u−zt)
zw

)

+ Φ − iw = 0

Im(Φw − z̄tzw) = 0
(24)

One may now try to find traveling wave one-finger solution of (23) using ansatz

z(w, t) = −i t
λ

+ if(w), Φ(w, t) = iw − iρg(w) + h(t),

where

f̄(w) = f(−w), ḡ(w) = −g(−w),
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and conjugation is applied to the functions but not the argument. Then from (23) we get

Im

(

− 1

λ2g
+

(

i+
1

λ2g

)

ρg′
)

= 1, f ′ =
1 − ρg′

λg

In case of simple Laplacian growth ρ = 0 we have solution (14) with

f(w) = f0(w) = −i(2λ− 1)w + 2(1 − λ) log(eiw + 1)

g(w) = g0(w) = i
λ

eiw+1
2λ−1+eiw

3 Stability analysis

Let us perform linear stability analysis for the radial case (22).

Take the circular solution

z(w, t) = r(t)w, r(t) =
√

2t, Φ(w, t) = log(w) + h(t) (25)

where h(t) is a function of t.

Now, let us introduce the perturbation to (25) analytic at w → ∞

z(w, t) = r(t)w + ǫa(t)w−n, Φ(w, t) = log(w) + ǫb(t)w−n−1 + h(t) (26)

where ǫ is a small parameter and, due to periodicity of the radial problem, n is a non-negative

integer.

Substituting (26) into (22) in the first order of ǫ we get

{ 1
r2

da
dr − n

r3a+ n+1
r2 b = 0

2
r2

da
dr − 1

r
db
dr − 1

ρb = 0
(27)

Let us first analyze the above system when r2/ρ → ∞. This limit also describes the planar case

as well as simple Laplacian growth ρ = 0. In this limit b = 0 and we get

a ∝ rn = (2t)n/2, if r2/ρ→ ∞

Because n > 0, the growth process is unstable when the interface curvature is small compared

to
√
ρ. Note that in simple Laplacian growth this situation takes place for any curvature since

ρ = 0 there.

Now, let us turn our attention to the case of large curvature r2/ρ → 0. In this limit the

system (27) becomes
{

1
r2

da
dr − n

r3a+ n+1
r2 b = 0

2
r2

da
dr − 1

r
db
dr = 0

This system has two nontrivial solutions such that

a ∝ r−n ∝ t−n/2, b ∝ r−n−1 ∝ t−(n+1)/2
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for the first solution and

a ∝ 1/r ∝ 1/
√
t, b ∝ 1/r2 ∝ 1/t

for the second one.

The above two solutions vanish with time and the growth process is stable as radius r is small

compared to
√
ρ.

We see that the double Laplacian growth is qualitatively different from simple Laplacian

growth. Unlike the latter, the former turns out to be stable against formation of singularities and

therefore is well-posed when the radius of curvature is small.

4 Integrability and perturbation expansion

In contrast to the Laplacian growth, which is an integrable [3] process possessing an infinite

number of integrals of motion, the Double Laplacian growth seems not to be integrable. The

main argument in favor of this statement is that equations governing the double Laplacian growth

admits less symmetries than the ones of simple Laplacian growth. Indeed for the latter (see Eq.

(13)) there exists the scaling symmetry t→ α2t, z → αz, while the former is not invariant under

such transformations. In other words, as in a generic continuous classical integrable system, the

simple Laplacian growth does not possess any intrinsic scale, while, due to competition between

the inertia and friction forces, we have such a scale in the double Laplacian growth.

5 Conclusion

In this article we have posed the new problem which extends the idealized Laplacian growth

problem by the accounting for the liquid inertia and leads to double dynamics in terms of both

time-dependent conformal map and the complex potential.

We consider to be less like that its solution may expand the domain of the known integrable

systems. In our opinion it will rather exhibit some confines where the integrability breaks partially

or completely because of introduction of more physics into the idealized hydrodynamical model.

From the other side, the stability analysis of the problem leads to hopeful conclusions about

possible regularization of the Laplacian growth.
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