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ABSTRACT 
   The problem under consideration are related to wave propagation in 
microstructured materials, characterized by higher-order nonlinear 
and higher-order dispersive effects; particularly, the wave propagation 
in dilatant granular materials. In the present paper the model equation 
is solved analytically by exact method called Jacobi elliptic method. 
The types of solutions are defined and discussed over a wide range of 
material parameters (two dispersion parameters and one 
microstructure parameter). The dispersion properties and the relation 
between group and phase velocities of the model equation are studied. 
The diagrams are drawn to illustrate the physical properties of the 
exact solutions. 

Keywords: Granular material/ HKdV/ Solitons/ Jacobi elliptic method/ dispersion 
relation. 

INTRODUCTION 
A granular material is a substance made of grains, i.e. macroscopic particles with 

a spatial extension that ranges from microns to the centimeters. Over the recent decade 
granular materials (sand, sugar, crushed coal, pills, cereals, concretes, etc) have found 
wide application in many fields of contemporary engineering, the manufacture of 
ceramics and pharmaceuticals; the problem of diffusion of fluids through densely packed 
granular materials (earths) is vital for the industry of natural combustibles; the study of 
ripples formations in the sand under shallow sea water can solve important emergencies 
on many coasts of the world. Rough estimates of the losses suffered in the world 
economy due to granular problems amount to many billions of dollars a year. 

In the present paper we study the wave propagation in granular materials. The 
corresponding model equation of motion in the case of compressible grains is derived by 
Giovine and Oliveri (1) 

 
where  is the excitation,  and  are the space coordinate and time, respectively,  
and  are dispersion parameters for macro level and micro level, respectively and  is 
the microstructure parameter involving the ratio of the grain size to the wavelength. The  
 
 



 
Eq. (1) consists of two KdV equations: the first describes the influence of the macro level 
and the second (in the brackets) describes the influence of the micro level. According to 
that kind of two level descriptions, this equation is clearly hierarchical in the Whitham 
sense (2), so that Eq. (1) could be called Hierarchical Korteweg de-Vries like (HKdV) 
equation. 

The study of exact solutions of the nonlinear partial differential equations has 
become one of most important topics in mathematical physics. In the past decades, 
various powerful methods like the Inverse scattering method, Tanh method, variable 
separation approach and Homogeneous balance method were used. But, in recent years, 
much research works has been concentrated on the Jacobi elliptic method, Schwarzian 
derivative method, Adomian method, the various extensions of the Tanh-function 
method, extended Tanh-function method, the modified extended Tanh and the complex 
Tanh-function methods (3-6). 

The main goals of the present study are: (i) to give the statement of the problem; 
(ii) to solve the model equation analytically by using the Jacobi elliptic method; (iii) to 
describe, analyze and characterize the behavior of the various solutions over wide range 
of material parameters; (iv) to clarify the main properties of the solution types. 

The most important point in this context is the possibility of emerging of solitary 
waves, i.e., localized wave that propagates along one space direction only, with 
undeformed shape and solitons, i.e., localized waves that propagate without change of its 
shape and velocity properties due to the balance between the nonlinearity and the linear 
dispersion. 
 

Mathematical Model 
 

The HKdV type evolution equation (1) which describes the wave propagation in 
dilatant granular material that obtained from a Hamiltonian variational principle of local 
type in the conservative case can be written in a generic form as follows: 

 
here  and  where  
contains the odd derivatives of  

 
For the given nonlinear PDF (2) of the form 

 
we would like to seek for the following traveling wave solution: 

 
where and  are the wave number and angular frequency, respectively, we use this 
transformation into the nonlinear PDF (3) that will be converted to an equivalent 
nonlinear Ordinary Differential Equation 

 
 
 



 
where the primes denote differentiation w.r.t.   
    

According to the above method, we can reduce Eq. (1) to an ordinary differential 
equation of the form 

 
with 

 
    

The nondispersive nature of the soliton solutions arises not because the effects of 
dispersion are absent but because they are balanced by nonlinearities in the system. 
Eliminating the nonlinear terms in the 1D HKdV equation yields the linearized version 

 
    

The main method for solving the type of linear problems is the Fourier transform, 
or Fourier series. Using this method, we attempt to construct the solution of the equation 
as a linear superposition of modes of the form   

 
typically, Eq. (8) will impose a condition expressing  as a function of  such as 

 this is the linear dispersion relation, which for the HKdV equation it takes the 
following formula 

 
for frequency  and wave number , which gives the phase and group velocities that will 
be discussed in details in the last section. 
    

From a numerical study in (7), they found that the HKdV equation is carried out in 
the range of parameters ,  and ; now 
we try to find the exact solutions of Eq.(6) by using the following analytical method. 
 

Jacobi Elliptic Function Expansion Method 
 
For a given nonlinear wave equation 

 
we seek its wave solutions of the following form: 

 
where  and  are the wave number and wave speed, respectively. By the Jacobi elliptic 
function expansion method,  can be expressed as a finite series of Jacobi elliptic 
functions of the form 
 
 
 



 

 
where ,  and  are the Jacobi elliptic sine function, Jacobi elliptic cosine 
function and the Jacobi elliptic function of the third kind, respectively; which possess 
properties of triangular functions(8), 

 
with the modulus m . Since 

 
    

The parameter n can be found by balancing the highest-order linear term with the 
nonlinear term, where the highest degree of the linear term  is taken as 

 
and the nonlinear term   is taken as 

 
 

 
 
The main steps read briefly as follows 

Step 1 Determine the values of n by balancing the highest-order partial 
derivative term and the nonlinear term in Eq. (11). 

Step 2 With the aid of Mathematica software, substituting (13) along 
with the properties (14) and (15) into Eq. (5) and collecting the 
coefficient of the same power 

; set each of the obtained 
coefficients to zero to get an over-determined system of nonlinear 
algebraic equation w.r.t. the unknown variables  

Step 3 We solve the above algebraic equations in step 2, which yields the 
values of  

Step 4 The solutions of Eq. (6) are found by substituting these values into 
(13). 

    
In this section, we study the nonlinear 1D HKdV equation (1) by using the above 

method, we can deduce from (14) and (15) into (1) that , so the HKdV equation (1) 
may have the following form of a traveling wave solution: 

  
 
 
 



 
we take (  instead of , respectively). Substituting (18) into 
(6) and with the aid of Mathematica or Maple yields an algebraic system for 

, the solutions to this algebraic equations can be derived and give eight 
cases as follows: 
Case1.

 

            

Positive KdV ensemble
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Figure 1.  



Positive KdV ensemble is dominating
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Figure 2.  

Positive EA ensemble is dominating
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Figure 3.  

 
We find that the solutions of the HKdV equation (1) in Figs. 1-3 are a train of 

positive solitons forms, and the wave profile is stretched in the positive direction. The 
basic feature in this case is the existence of two main types of soliton form: the first type  

 
 



 
is a train of n-solitons (named as KdV ensemble), while the second one is a train 

of near equal amplitude (named as EA ensemble). 
• In Fig. 1 we find that a positive KdV ensemble only emerges. 
• In Fig. 2 we find that KdV ensemble and EA ensemble emerges simultaneously 

but the KdV ensemble is dominating. 
• In Fig. 3 we find that KdV ensemble and EA ensemble emerges but the EA 

ensemble is dominating.   It is clear that the combination between the dispersion 
parameters  and  play an important role in the solution. 
   For certain values of parameters  and , the EA ensemble is suppressed as in Figs. 1 
and 2 and for certain values it is amplified. Furthermore, the amplification of the EA 
ensemble can be strong that it starts to dominate over the KdV ensemble as in Fig. 3; the 
whole structure changes and the KdV ensemble is hardly recognizable. 
Case 2.  

              

Case 3.  

              

Case 4.  

              

Case 5.  

              

Case 6.  

              

Case 7.  

             

Case 8.  

                

We find that the cases from 2 to 8 will give the same behavior as in case 1 and the 
same shapes in Figs. 1-3, but the scale for  is different.  
Remark. The Jacobi elliptic function expansion method is more general than the 
hyperbolic tangent function expansion method and the sine-cosine method, such that 
when the modulus   and  degenerate as  and , 
respectively, while when   and  degenerate as  and , 
respectively. 

 



 

The Symmetric Propertie 
The dominant behavior of the exact solutions of the HKdV equation is that they 

have symmetry in the plane of parameters  as following 
 

The result of this property for the HKdV equation in the Jacobi elliptic method is 
displayed in the following figure 
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Figure 4.The symmetry property at  and  

 
 
The Dispersion Relationshipand its Consequences 
 

The dispersion relation is a very handy algebraic description of a linear system as 
in Eq. (8) since it contains all the characteristics of the original differential equation and 
in Eq. (10) for any given wave number  it gives the allowed frequency . Two 
important concepts connected with the dispersion relation are the phase velocity 

, which measures how fast a point of constant phase (fixed phase angle) is 
moving and the group velocity  which measures how fast the 
energy of the wave (overall shape) moves. The waves described by Eq. (8) are said to be 
dispersive because a wave with large  will have larger phase and group velocities than a 
wave with small  (9, 10) 
   The relation between  and  in dispersive medium is given by 

, where  is the wavelength; this relation gives three 
types of dispersion character, these three types which, determined from the relation 
between  and  in Fig. 5. In particular, we obtain the following result: the dispersion  
 



 
can be normal as well as anomalous in different regions of different values of  such that 
for small wave numbers the dispersion is normal while for large wave numbers the 
dispersion is anomalous. Moreover, we find that both situations occur for a train of 
solitons 
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Figure 5. The relationship between the angular frequency  and wave number  for 
the normal and anomalous dispersion. 

 
For the dispersion relation given by Eq. (10) 
 

 
For the comparison, the usual KdV equation  yields 

. In Fig. 6 phase and group velocities for the HKdV 
equation together with corresponding KdV equation dependencies are plotted against . 
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Figure 6. Phase and group velocities for our model HKdV equation and the KdV 

equation, also  is illustrated. 
 

 
 
The zeros of phase and group velocities for the HKdV equation are 
 

 
Dispersion relation (10) describes normal dispersion at  in a certain 

interval  at long waves (larger wavelengths), while it describes anomalous 
dispersion at  at short waves (smaller wavelengths). The interval can be 
determined from the nondispersive condition , which satisfied only at 

, that means that the wavelength  corresponds to the normal 
dispersion and the wavelength  corresponds to the anomalous dispersion. 

CONCLUSIONS 
 

In this work, we have derived exact solutions for the HKdV equation, which 
describe the wave propagation in granular materials by using the Jacobi elliptic method 
function expansion method, the solutions are analyzed and drawn over wide range of 
dispersion parameters  and microstructure parameter . 
   After drawing the solution, good agreement was found with the numerical solutions on 
microstructured materials; the symmetry property in the  plane is detected and 
discussed to illustrate the behavior of the system. In future work, we will also seeking for 
new numerical solutions of the HKdV evolution equation. 



    
 
 
 
 
Finally, we estimated the dispersion relation for the linear theory of the HKdV equation 
to illustrate the dispersive kinds and figures are drawn to illustrate the relation between 
phase and group velocities and make a comparison with the normal dispersion of the 
original KdV equation. 
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