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A Comment on the Infra-Red Problem
in the AdS/CFT Correspondence

Hanno Gottschalk and Horst Thaler

Abstract. In this note we report on some recent progress in proving the
AdS/CFT correspondence for quantum fields using rigorously defined Eu-
clidean path integrals. We also comment on the infra-red problem in the
AdS/CFT correspondence and argue that it is different from the usual IR
problem in constructive quantum field theory. To illustrate this, a triviality
proof based on hypercontractivity estimates is given for the case of an ultra-
violet regularized potential of type : φ4 :. We also give a brief discussion on
possible renormalization strategies and the specific problems that arise in this
context.
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1. Introduction

Often, the AdS/CFT correspondence between string theory or some other theory
including quantized gravity on bulk AdS and super-symmetric Yang-Mills theory
on its conformal boundary [12, 17] is formulated in terms of Euclidean path in-
tegrals. In the absence of mathematically rigorous approaches to path integrals
of string type (see however [1]) or even gravity, it seems to be reasonable to use
the well-established theory of constructive quantum field theory (QFT) [5] as a
testing lab for some aspects of the more complex original AdS/CFT conjecture.
That such simplified versions of the AdS/CFT correspondence are in fact possible
was already noted by Witten [17] (see also [8]) and further elaborated by [4]. In
[6] we give a mathematically rigorous version of the latter work (in [9] one finds
some related ideas), leaving however the infra-red (IR) problem open. In this note
we come back to the IR problem and we show how the difference between the IR
problem in the AdS/CFT correspondence as compared with the usual IR problem
in constructive QFT leads to somewhat unexpected results.



2 Gottschalk and Thaler

The authors would like to underline that, in contrast to [6], the present article
is rather focused on ideas and thus leaves space for the interpretation of the validity
of the results. We will comment on that in several places.

The article is organized as follows: In the following section we introduce the
mathematical framework of AdS/CFT correspondence and define rigorous proba-
bilistic path integrals on AdS. In Section 3 we recall the main results from [4, 6],
i.e. that the generating functional that is obtained from imposing certain boundary
conditions at the conformal boundary (which is the way generating functionals are
defined in string theory) can in fact be written as a usual generating functional of
some other field theory. From the latter form it is then easy to extract structural
properties, e.g. reflection positivity of the functional, in the usual way. Somewhat
unexpectedly, it is not clear whether a functional integral can be associated to
the boundary theories. These statements hold for all sorts of interactions with a
IR-cut-off. In Section 4 the IR-problem in this version of the AdS/CFT corre-
spondence is discussed on a heuristic level. We also sketch the proof of triviality
of the generating functional of the conformally invariant theory on the conformal
boundary of AdS for the case of an UV-regularized : φ4 : interaction. We briefly
survey strategies that might be candidates to overcome the triviality obstacle at a
non-rigorous level and we comment on specific problems with such strategies. The
final section gives some preliminary conclusions and an outlook on open research
problems in understanding further the mathematical basis of AdS/CFT.

2. Functional integrals on AdS

Let us consider the d+2 dimensional ambient space Rd,2 = Rd+2 with inner product
of signature (−,+, . . . ,+,−), i.e. ζ2 = −ζ2

1 +ζ2
2 + · · ·+ζ2

d+1−ζ2
d+2 where ζ ∈ Rd,2.

Then the submanifold defined by {ζ ∈ Rd,2 : ζ2 = −1} is a d + 1 dimensional
Lorentz manifold with metric induced by the ambient metric. It is called the d+1
dimensional Anti de Sitter (AdS) space. Formal Wick rotation ζ1 → iζ1 converts
the ambient space into the space Rd+1,1 with signature (+, . . . ,+,−). Under Wick
rotation, the AdS space is converted to the Hyperbolic space Hd+1 : {ζ ∈ Rd+2 :
ζ2 = −1, ζd+2 > 0}, which is a Riemannian submanifold of the ambient d + 2
dimensional Minkowski space. We call Hd+1 the Euclidean AdS space.

It has been established with full mathematical rigor that Euclidean random
fields that fulfill the axioms of invariance, ergodicity and reflection positivity give
rise, via an Osterwalder–Schrader reconstruction theorem, to local quantum field
theories on the universal covering of the relativistic AdS, cf. [3, 10] justifying
the above sketched formal Wick rotation. Hence a constructive approach with
reflection positive Euclidean functional integrals is viable.

It is convenient to work in the so called half-space model of Euclidean AdS
(henceforth the word Euclidean will be dropped). This coordinate system is ob-
tained via the change of variables ζi = xi/z, i = 1, . . . , d, ζd+1 = −(z2+x2−1)/2z,

ζd+2 = (z2 + x2 + 1)/2z which maps R
d+1
+ = {(z, x) ∈ Rd+1 : z > 0} to Hd+1.
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We will use the notation x for (z, x1, . . . , xd) ∈ R
d+1
+ . The metric on R

d+1
+ is given

by g = (dz2 + dx2
1 + · · · + dx2

d)/z
2 which implies that the canonical volume form

is dgx = z−d−1dz ∧ dx1 ∧ · · · ∧ dxd. The conformal boundary of Hd+1 then is the
d-dimensional Euclidean space Rd with metric ds2 = dx2

1 + · · · + dx2
d which is

obtained via the limit z → 0 and a conformal transformation of the AdS metric.
Of course, the upshot of the AdS/CFT correspondence is that the action of the
Lorentz group on the AdS space Hd+1 gives rise to an action of the conformal group
transformations on the conformal boundary. One thus expects an AdS symmetric
QFT (or string/quantum gravity. . . theory) on the bulk Hd+1 to give, if properly
restricted to the conformal boundary, a conformally invariant theory on Rd.

We will now make this precise. On the hyperbolic space Hd+1 one has two
invariant Green’s functions (“bulk-to-bulk propagators”) for the operator −∆g +
m2, with ∆g the Laplacian and m2 a real number suitably bounded from below,
that differ by scaling properties towards the conformal boundary

G±(z, x; z′, x′) = γ±(2u)−∆±F (∆±,∆± + 1−d
2 ; 2∆± + 1 − d;−2u−1) (2.1)

Here F is the hypergeometric function, u = (z−z′)2+(x−x′)2

2zz′ , ∆± = d
2± 1

2

√
d2 + 4m2

=: d2 ± ν, ν > 0 and γ± = Γ(∆±)

2πd/2Γ(∆±+1− d
2 )

[4, 6]. Taking pointwise scaling limits

for z → 0 in one or two of the arguments, the bulk-to-boundary and boundary-to-
boundary propagators are obtained

H±(z, x;x′) = lim
z′→0

z′−∆±G±(z, x; z′, x′) = γ±

(

z

z2 + (x− x′)2

)∆±

(2.2)

and

α±(x, x′) = lim
z→0

z−∆±H±(z, x;x′) = γ±(x − x′)−2∆± . (2.3)

If (2.2) or (2.3) do not define locally integrable functions, the expressions on the
right hand side are defined via analytic continuation in the weights ∆±. An im-
portant relation between G+, G−, H+ and α− is the covariance splitting formula
for G− given by

G−(x, x′) = G+(x, x′) +

∫

Rd

∫

Rd

H+(x, y)c2α−(y, y′)H+(x′, y′)dydy′, (2.4)

with c = 2ν.

We now pass on to the description of mathematically well-defined functional
integrals. Let D = D(Hd+1,R) be the infinitely differentiable, compactly sup-
ported functions on Hd+1 endowed with the topology of compact convergence.
The propagator G+ is the resolvent function to the Laplacian ∆g with Dirichlet
boundary conditions at conformal infinity, from which it follows thatG+ is stochas-
tically positive, 〈f, f〉−1 = G+(f̄ , f) =

∫

Hd+1×Hd+1 G+(x, x′)f̄(x)f(x′) dgxdgx
′ ≥ 0

∀f ∈ D, and reflection positive as long as m2 > − d2

4 . The latter value is de-

termined by the lower bound of the spectrum of ∆g on Hd+1. In explicit, if
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θ : (z, x1, x2, . . . , xd) → (z,−x1, x2, . . . , xd) is the reflection in x1-direction, then
for any f ∈ D+ = {h ∈ D : h(x) = 0 if x1 ≤ 0} we have

∫

Hd+1×Hd+1

G+(x, x′)f̄θ(x)f(x′) dgxdgx
′ ≥ 0,

cf. [5]. Here, fu(x) = f(u−1x) for u ∈ Iso(Hd+1).
Consequently, via application of Minlos theorem, there exists a unique prob-

ability measure µG+ on the measurable space (D′,B), where D′ is the topo-
logical dual space of D and B the associated Borel sigma algebra, such that
∫

D′ e
〈φ,f〉dµG+(φ) = e

1
2 〈f,f〉−1 . By setting ϕ(f)(φ) = φ(f) we define the canon-

ical random field associated with µG+ , i.e. a random variable valued distribution.
In the following we omit the distinction between ϕ and φ and write φ for both.

Let BΛ, Λ ⊆ Hd+1 be the smallest sigma algebra generated by the functions
D′ ∋ φ → 〈φ, f〉, suppf ∈ Λ and M(Λ) be the functions that are BΛ-measurable.
We use the special abbreviations B+ = B{x∈Hd+1:x1>0} and M+ = M(B+). Then
µG+ is reflection positive, i.e.

∫

D′

ΘF̄ (φ)F (φ) dµG+(φ) ≥ 0, ∀F ∈M+. (2.5)

The reflection ΘF (φ) is defined as F (φθ) with 〈φu, f〉 = 〈φ, fu−1〉 ∀φ ∈ D′, f ∈
D and u ∈ Iso(Hd+1). 〈 . , . 〉 is the duality between D′ and D induced by the
L2(Hd+1, dgx) inner product.

Let {VΛ} : D′ → R be a set of interaction potentials indexed by the net of
bounded, measurable subsets Λ in Hd+1. In particular these sets have finite volume
|Λ| =

∫

Λ
dgx. We require that the following conditions hold:

(i) Integrability: e−VΛ ∈ L1(D′, dµG+) ∀Λ;
(ii) Locality: VΛ ∈M(BΛ);
(iii) Invariance: VΛ(φu) = Vu−1Λ(φ) µG+–almost surely (a.s.).
(iv) Additivity: VΛ + VΛ′ = VΛ∪Λ′ for Λ ∩ Λ′ = ∅.
(v) Non-degeneracy: VΛ = 0 µG+–a.s. if |Λ| = 0.

Then, using (i), we obtain a family of interacting measures on (D′,B), indexed
by the net {Λ}, by setting dµG+,Λ = e−VΛdµG+/ZΛ with ZΛ =

∫

D′ e
−VΛ dµG+ .

Furthermore, using (ii)–(v) we get whenever θΛ = Λ
∫

D′

ΘF̄F dµG+,Λ =
1

ZΛ

∫

D′

Θ
(

F̄ e−VΛ+

)(

Fe−VΛ+

)

dµG+ ≥ 0, ∀F ∈M+, (2.6)

where Λ+ = Λ ∩ {x ∈ Hd+1 : x1 > 0}. Hence reflection positivity is preserved
under the perturbation. Furthermore, from the invariance of µG+ under Iso(Hd+1)

we get that u∗µG+,Λ = µG+,uΛ. Here u ∈ Iso(Hd+1) induces an action on D′ via
φ → φu and u∗ is the pushforward under this action. Consequently, if the limit
(in distribution) µG+,Hd+1 = limΛրHd+1 µG+,Λ exists and is unique, the limiting

measure is invariant under Iso(Hd+1) and reflection positive. Invariance follows
from the equivalence of the nets {Λ} and {gΛ} and the postulated uniqueness of
the limit over the net {Λ}.
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Let us next consider functional integrals associated with the Green’s function
G−. In the case when 2ν < d (⇔ m2 < 0) we get that α− is stochastically positive

since α−(f̄ , f) =
∫

Rd×Rd α−(x, x′)f̄(x)f(x′) dxdx′ = C−ν

∫

Rd |k|−2ν |f̂(k)|2 dk ≥ 0.

f̂ denotes the fourier transform of f wrt x, f̂(k) = (2π)−d/2
∫

Rd e
ik·xf(x) dx. Fur-

thermore, α− is reflection positive in x1-direction (in the usual sense, cf. [5]) if and
only if −ν > −1, which is also known as the unitarity bound. It is clear from the de-
composition (2.4) that G− is stochastically positive if G+ and α− are both stochas-
tically positive. The reflection positivity of G− does not follow from the reflection
positivity ofG+ and α− due to the non-local effect ofH+. We will however not need
it here. We thus conclude that for sup spec(∆g) < m2 < 0 a unique probability

measure µG−
on (D′,B) with Laplace transform

∫

D′ e
〈φ,f〉dµG−

(φ) = e
1
2 〈f,f〉−1,−

exists. Here 〈f, f〉−1,− = G−(f, f). The perturbation of µG−
with an interaction

can now be discussed in analogy with the above case – where however the reflec-
tion positivity for the perturbed measure remains open, as reflection positivity of
the free measure does not necessarily hold.

3. Two Generating Functionals

On the string theory side of the AdS/CFT correspondence, generating functionals
for the boundary theory are calculated fixing boundary conditions at the confor-
mal boundary (so called Dirichlet boundary conditions). Little is known about the
mathematical properties of such kinds of generating functionals. E.g. their sto-
chastic and reflection positivity is far from obvious, leaving the linkage to path
integrals and relativistic physics open. It was noticed by Dütsch and Rehren [4]
that such kinds of generating functionals can however be re-written in terms of
ordinary generating functionals, from which the structural properties can be read
off in the usual way. These ideas in [6] have been made fully rigorous in the context
of constructive QFT. We will now briefly review these results.

The generating functional Z(f)/Z(0), f ∈ S(Rd,R), the space of Schwartz
functions, in the AdS/CFT correspondence from a string theoretic point of view
can be described as follows: Let φ be some scalar quantum field that is included
in the theory (e.g. the dilaton field) and let VΛ be the (IR and eventually UV-
regularized) effective potential for that field obtained via integrating out the re-
maining degrees of freedom (leaving open the question how such an “integral”
can be defined). To simplify the model and for the sake of concreteness we will
sometimes assume that VΛ is of polynomial type. Formally,

Z(f) =

∫

φ0=φ|
∂Hd+1=f

e−S0(φ)−VΛ(φ) dφ =

∫

δ(φ0 − f)e−S0(φ)−VΛ(φ) dφ (3.1)

where S0 = |∇φ|2 + m2φ2, φ0 = φ|∂Hd+1 are suitably rescaled boundary values
of the field φ and dφ is the heuristic flat measure on the space of all field con-
figurations. The first step in making this formal expression rigorous is to replace
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e−S0(φ) dφ with a well-defined probabilistic path integral. It turns out that dµG−
(φ)

is the right candidate and hence for the moment restriction to m2 < 0 is necessary.
In a second step we have to make sense out of the boundary condition

φ0 = f or the functional delta distribution on the boundary values of the field,
respectively. Using the covariance splitting formula (2.4) we obtain the splitting
φ−(x) = φ+(x) +

∫

Rd H+(x, x′)φα−
(x′) dx′, where φ± are the canonical random

fields associated with G± and φα−
is the canonical random field associated to

the functional measure µα−
, i.e. the Gaussian measure with generating functional

e
1
2α−(f,f) living on the conformal boundary of Hd+1.

The following step is to construct a finite dimensional approximation ψα−
of

the boundary field φα−
by projecting it via a basis expansion to Rn. Thereafter,

one can implement the delta distribution as a delta distribution on Rn. Finally
one can remove the finite dimensional approximation via a limit n → ∞. It turns
out that this limit exists and is unique up to a diverging multiplicative constant.
This constant however drops out in the quotient Z(f)/Z(0). With the projection
to the first n terms of the basis expansion denoted by pn and η a linear mapping
from this space to Rn we get

CA−

∫

Rn

∫

D′

δ(ψα−
− ηpnf)e−VΛ(φ++cH+(η−1ψα−

))dµG+(φ+)e−
1
2 (ψα−

,A−ψα−
)dψα−

= CA−
e−

1
2 (f,(pnα−pn)−1f)

∫

D′

e−VΛ(φ++cH+(pnf))dµG+(φ+) =: Zn(f), (3.2)

where A− := (ηpnα−pnη
−1)−1 and CA−

= |detA−|
1
2

(2π)
d
2

. One can then show that

Z(f)/Z(0) := lim
n→∞

Zn(f)/Zn(0) = e−
1
2 (f,α−1

−
f)

∫

D′ e
−VΛ(φ++cH+f)dµG+(φ+)

∫

D′ e−VΛ(φ+)dµG+(φ+)
(3.3)

converges under rather weak continuity requirements on VΛ that are fulfilled e.g. for
UV-regularized potentials in arbitrary dimension and for P (φ)2 potentials without
UV cut-offs in d+1 = 2. Obviously, the limit does not depend on the details of the
finite dimensional approximation. For the details we refer to [6]. We now realize
that the right hand side of (3.3) also makes sense for m2 ≥ 0 and we adopt (3.3)
as a definition of (3.1).

At this point one would like to associate a boundary field theory to the
generating functional C(f) = Z(f)/Z(0). In order to obtain a functional inte-
gral associated to C : S = S(Rd,R) → R we have to verify that C is continu-
ous wrt the Schwartz topology, normalized, C(0) = 1 and stochastically positive,
∑n

j,l=1 z̄jzlC(fj + fl) ≥ 0 ∀ n ∈ N, fj ∈ S, zj ∈ C. Furthermore, in order to
have a well defined passage from Euclidean time to real time QFT one requires
reflection positivity

∑n
j,l=1 z̄jzlC(fj,θ + fl) ≥ 0 ∀ n ∈ N, fj ∈ S+, zj ∈ C. Here

S+ = {f ∈ S : suppf ⊆ {x ∈ Rd : x1 > 0}}. Finally, the theory obtained at the
boundary should be conformally invariant, provided the IR cut-off Λ is removed
from VΛ via taking the limit of the generating functionals wrt the net {Λ}.
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It has been pointed out in [4, 11, 16] that an alternative representation of the
functional (3.3) answers a number of the questions raised above. Let φ(x) = φ(z, x)
be the canonical random field associated with the measure µG+ . The idea is to

smear φ(z, x) in the x-variable with a test function f ∈ D(Rd,R) and then scale
z → 0. In the light of (2.1), one has to multiply φ(z, f) = 〈φ, δz ⊗ f〉 with a factor
z−∆+ in order to obtain a finite result in the limit. We set

Yz(f) =

∫

D′

e〈φ,z
−∆+δz⊗f〉e−VΛ(φ) dµG+(φ). (3.4)

Clearly, under the conditions on VΛ given in the preceding section and for Λ = θΛ,
Yz(f)/Yz(0) defines a continuous, normalized, stochastically positive and reflection
positive generating functional for all z > 0. Using the fact that G+(δz ⊗ f) is in
the Cameron-Martin space of the measure µG+ , one gets with fz = z−∆+δz ⊗ f ,
cf. [6],

Yz(f)/Yz(0) = e
1
2G+(fz,fz)

∫

D′

e−VΛ(φ+G+fz)dµG+(φ)/Yz(0). (3.5)

We now want to take the limit z → 0. Using (2.2) one can show under rather
weak continuity requirements on VΛ that the functional integral on the rhs of (3.5)
converges to

∫

D′ e
−VΛ(φ+H+f)dµG+(φ). The prefactor however diverges. The reason

is that the limit in (2.3) is only a pointwise limit for x 6= x′ and not a limit in the
sense of tempered distributions. One can however show that [6]

∫

Rd

∫

Rd

α+(x, y)f(x)f(y)dxdy =

lim
z→0

z−2∆+

∫

Rd

∫

Rd

G+(z, x; z, y)f(x)f(y)dxdy−

1

(2π)
d
2

(

21−ν

√
πΓ(ν + 1

2 )

)2 [ν]
∑

j=0

z−2(ν−j)(−1)jaj

∫

Rd

|f̂(k)|2|k|2jdk.

=: lim
z→0

z−2∆+

∫

Rd

∫

Rd

G+(z, x; z, y)f(x)f(y)dxdy − (Corr(z)f, f). (3.6)

Here aj =
∫ ∞

0
(
∫ 1

0
cos(ωt)(1− t2)ν−

1
2 dt)2ω2(ν−j)−1dω. Thus, the right hand side of

(3.5) multiplied with e−
1
2 (Corr(z)f,f) converges and we obtain the limiting functional

C̃(f) = lim
z→0

e−
1
2 (Corr(z)f,f) (Yz(f)/Yz(0))

= lim
z→0

e
1
2 [G+(fz,fz)−(Corr(z)f,f)]

∫

D′

e−VΛ(φ+G+fz)dµG+(φ)/Yz(0)

= e
1
2α+(f,f)

∫

D′ e
−VΛ(φ+H+f)dµG+(φ)

∫

D′ e−VΛ(φ)dµG+(φ)
(3.7)

This, together with α−1
− = −c2α+, establishes the crucial identity [4, 6]

C(f) = C̃(cf), ∀f ∈ S(Rd,R). (3.8)
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Let us now investigate the structural properties of the generating functional C :
S → R. If there were not the correction factor (Corr(z)f, f), C would be stochas-
tically positive and reflection positive as the limit of functionals with that prop-
erty, since we can combine (3.7) and (3.8) for a representation of C. However,

due to the signs in (3.6) S ∋ f → e−
1
2 (Corr(z)f,f) ∈ R is not stochastically posi-

tive and consequently the stochastic positivity of e−
1
2 (Corr(z)f,f) (Yz(f)/Yz(0)) is

at least unclear. Hence we do not have any reason to believe that the limiting
functional C is stochastically positive and can be associated with a probabilistic
functional integral. An exception is the case where VΛ ≡ 0 where we can dwell
on the fact that S ∋ f → e

1
2α+(f,f) ∈ R is manifestly stochastically positive since

α̂(k) = C−ν

(

|k|
2

)2ν

∈ R with C−ν > 0. It is therefore questionable if one can

use the AdS/CFT correspondence to generate conformally invariant models in
statistical mechanics.

We next investigate the question of reflection positivity. Since the correlation
length of the distributional kernels of Corr(z) is zero, we get that (Corr(z)(fj,θ +
fl), (fj,θ+fl)) = (Corr(z)fj,θ, fj,θ)+(Corr(z)fl, fl) = (Corr(z)fj , fj)+(Corr(z)fl, fl)
for fj ∈ S+. Consequently, ∀fj ∈ S+, z1, . . . , zn ∈ C and Λ such that θΛ = Λ we
get

n
∑

j,l=1

C(fj,θ + fl)z̄jzl = lim
z→0

n
∑

j,l=1

(Yz(cfj,θ + cfl)/Yz(0)) z̄′jz
′
l ≥ 0 (3.9)

with z′j = zje
− 1

2 (Corr(z)cfj ,cfj). For a proof that the reflection positivity of gener-
ating functionals implies the reflection positivity of Schwinger functions [5] also
in the absence of stochastic positivity, cf. [7]. As in [4, 6, 16], we thus come to
the conclusion that the crucial property for the existence of a relativistic theory is
preserved in the AdS/CFT correspondence.

Finally we address the invariance properties of the limiting generating func-
tional C. For being the generating functional of a CFT, we require invariance under
conformal transformations, i.e. C(f) = C(λ−1

u fu) ∀f ∈ S where u is an element of
the conformal group on Rd and

λu(x) =

∣

∣

∣

∣

det

(

∂u(x)

∂x

)∣

∣

∣

∣

−
∆+

d

. (3.10)

Certainly, as long as an interaction with IR cut-off is included in the definition of
C = CΛ, conformal invariance can not hold. Using the identification of Iso(Hd+1)
and the conformal group on Rd, we get that H+ intertwines the respective repre-
sentations on function spaces, i.e. [6]

H+(u(z, x);x′) =

∣

∣

∣

∣

det

(

∂u−1(x′)

∂x′

)∣

∣

∣

∣

∆+
d

H+(z, x;u−1(x′)). (3.11)
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Combining this, the conformal invariance of α+ under the given representation of
the conformal group and (3.3) we obtain

CΛ(λ−1
u fu) = CuΛ(f) ∀f ∈ S. (3.12)

Hence, if the generating functionals {CΛ} have a unique limit C wrt the net {Λ},
then C is reflection positive and conformally invariant and hence is the generating
functional of a boundary CFT.

4. The Infra-Red Problem and Triviality

In this section we investigate the net limit of {CΛ} which is needed to establish
the full AdS/CFT correspondence. This problem has been left open in [6] and we
will show that this kind of IR problem behaves somewhat weird.

The reason is the following: When we identified the generating functionals CΛ

and C̃Λ, we have seen from the latter functional that it originated from a usual QFT
generating functional with z−∆+δz ⊗ f giving rise to a source term which needs
to be considered in the limit z → 0. As (3.6) shows, this source term corresponds
to an interaction of an “exterior field” with the quantum field φ which, already
for the free field, has zero expectation but infinite fluctuations in the limit z → 0.
Without any correction term, this would have led to a generating functional which
converges to zero for any f 6= 0. We already then needed an ultra-local correction
term to deal with the prescribed infinite energy fluctuations.

If we now switch on the interaction, a shift term H+f in the bulk theory is
generated, cf. (3.7). If we e.g. restrict to polynomial interactions, this shift leads
to re-defined f -dependent couplings that diverge towards the conformal boundary.
This again leads to an an infinite energy transfer and it is probable that this
infinite amount of energy plays havoc with the generating functional. Here we will
show that in some situations this indeed happens.

Let us first investigate the behavior of the shift H+f towards the conformal
boundary. Let f ∈ S be such that f(0) 6= 0. Choosing spherical coordinates, we
denote by frad(r) the integral of f(x) over the angular coordinates. We get from
(2.2) via a change of coordinates

H+f(z, 0) = γ+z
−∆++d

∫ ∞

0

(

1

1 + r2

)∆+

frad(zr)rd−1dr (4.1)

and we see that the integral on the rhs converges to f(0)
∫ ∞

0

(

1
1+r2

)∆+

rd−1dr =

f(0) × Γ(∆+ − d/2)Γ(d/2)/2Γ(∆+), hence H+f(z, x) ∼ z−∆++d if f(x) 6= 0 by
translation invariance.

Let us now work with the generating functional as defined by (3.7). The
prefactor on the rhs is independent of Λ, hence we have to investigate the behavior
of

C′
Λ(f) =

∫

D′ e
−VΛ(φ+H+f)dµG+(φ)

∫

D′ e−VΛ(φ)dµG+(φ)
. (4.2)



10 Gottschalk and Thaler

We restrict ourselves to the simplest possible case - an ultra-violet regularized φ4

potential in arbitrary dimensions d+ 1

VΛ(φ) = λ

∫

Λ

: φ4
κ : (x) dgx (4.3)

where φκ denotes the random field φ with UV-cut off κ. Due to this cut-off,
the locality axiom in Section 2 will in general be violated. This however does
not matter in the following discussion. We furthermore require that Gκ+(x, x′) =
E[φκ(x)φκ(x

′)] is a bounded function in x and x′. E stands for the expectation
wrt µG+ . The Wick ordering in (4.3) is taken wrt G+, for simplicity. The shifted
potential then is given by

VΛ(φ+H+f) = λ

∫

Λ

4
∑

j=0

(

4

j

)

: φjκ : (x)(H+f)4−j(x) dgx. (4.4)

Taking the expected value of the shifted potential wrt µG+ , one obtains λ×
×

∫

Λ(H+f)4dgx which in the light of (4.1) clearly diverges as Λ ր Hd+1 whenever
f 6= 0.

Let us now focus on a specific class of cut-offs of the form Λ(z0) = Λ(z0, l) =
[z0, A] × [−l, l]×d where we keep l > 0, A > 0 arbitrarily large but fixed. Let
V (z0, f)(φ) = VΛ(z0)(φ +H+f). Since dgx = z−d−1dzdx we obtain the scaling of
the expected shifted interaction energy

E(z0, f) = E[V (z0, f)] = λ

∫

[z0,A]

∫

[−l,l]×d

(H+f)4(z, x) dxz−d−1dz

∼ z
−d−4(∆+−d)
0 as z0 → 0. (4.5)

Let us next investigate the fluctuations in the shifted energy as z0 → 0. Denoting
the standard deviation of V (z0, f) with σ(z0, f), we obtain using (4.4) and E[: φaκ :
(x) : φbκ : (y)] = a! δa,bG

κ
+(x, y)a, a, b ∈ N,

σ(z0, f) =

[

24

∫

Λ(z0)×2

Gκ+(x, y)4dgxdgy

+ 96

∫

Λ(z0)×2

H+f(x)H+f(y)Gκ+(x, y)3dgxdgy

+ 72

∫

Λ(z0)×2

(H+f)2(x)(H+f)2(y)Gκ+(x, y)2dgxdgy

+ 16

∫

Λ(z0)×2

(H+f)3(x)(H+f)3(y)Gκ+(x, y)dgxdgy

]1/2

(4.6)

∼ z
−d−3(∆+−d)
0 or slower as z0 → 0,

where we took the factors Gκ+ out of the integral and replaced them with a ma-
jorizing constant in order to obtain an upper bound on the scaling. Apparently, the
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quotient γ(z0, f) = 2σ(z0, f)/E(z0, f) ∼ z
∆+−d
0 scales down to zero if m2 > 0. Us-

ing the Chebychev inequality µG+(|V (z0, f) − E(z0, f)| ≤ E(z0, f)/2) ≤ γ(z0, f)2

we see from this that V (z0, f) → ∞ µG+ -a.s..

To determine the behavior of C′
Λ(z0)

(f) for f 6= 0 we however need an argu-

ment based on the hypercontractivity estimate ‖F‖p ≤ (p − 1)n/2‖F‖2 ∀F that
are in the Lp(D′,B, µG+)-closure of the span of Wick monomials : φ(f1) · · ·φ(fs) :
with s ≤ n. Applying this to V (z0, f) = VΛ(z0)(φ+H+f) with n = 4 one obtains

µG+

(

V (z0, f) ≤ E(z0, f)

2

)

≤ µG+

(

|V (z0, f) − E(z0, f)| ≥ E(z0, f)

2

)

≤ 2p

E(z0, f)p
‖V (z0, f) − E(z0, f)‖pp

≤ 2p

E(z0, f)p
(p− 1)2p ‖V (z0, f) − E(z0, f)‖p2

= γ(z0, f)p(p− 1)2p. (4.7)

The next step is to optimize this estimate wrt p for z0 → 0. Equivalently, one
can ask for the minimum of the logarithm of the rhs wrt to p. Taking the p-

derivative of this expression and setting it zero yields 0 = log γ(z0, f) + 2p(z0)
p(z0)−1 +

2 log(p(z0) − 1) with p(z0) the optimal p. Apparently, p(z0) → ∞ as z0 → 0 and
thus 2p(z0)/(p(z0) − 1) → 2, hence p(z0) scales as

p(z0) ∼ e−1 × γ(z0, f)−1/2 ∼ Ce−1 × z
−(∆+−d)/2
0 . (4.8)

Combining (4.7) and (4.8) yields

µG+

(

V (z0, f) <
E(z0, f)

2

)

≤

γ(z0, f)e
−1×γ(z0,f)−1/2

(

e−1 × γ(z0, f)−1/2 − 1
)2e−1×γ(z0,f)−1/2

∼ e−2e−1×γ(z0,f)−1/2

∼ e−2Ce−1×z
(d−∆+)/2

0 (4.9)

We have thus seen that the portion of space where V (z0, f) does not get large as
z0 → 0 has a rapidly falling probability. We need an estimate that controls the
negative values on this exceptional set. The ultra-violet cut-off implies : φ4

κ : (x) ≥
−Bc2κ, B independent of κ, cκ = supx,y |Gκ(x, y)|, µG+ -a.s., which provides us

with a pointwise lower bound for V (z0, f) that is depending on z0 as

V (z0, f) ≥ −λBc2κ|Λ(z0)| = −[λBc2κ(2l)
d] × (z−d0 −A−d)/d µG+ − a.s. (4.10)

Combination of (4.9) and (4.10) gives for z0 sufficiently large

E

[

e−V (z0,f)
]

≤ e−
1
2E(z0,f)+e[λBc

2
κ(2l)d]×(z−d

0 −A−d)/d−2Ce−1×z
(d−∆+)/2

0 → 0 (4.11)
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if ∆+ > 3d⇔ m2 > 6d2. Furthermore, by Jensen’s inequality and E[V (z0, 0)] = 0,

E[e−V (z0,0)] ≥ e−E[V (z0,0)] = 1, (4.12)

which implies that for m2 sufficiently large

C′
Λ(z0)

(f) =
E[e−V (z0,f)]

E[e−V (z0,0)]
→ 0 as z0 → 0, (4.13)

We have thus obtained the following result:

Theorem 4.1. If the the generating functional C(f) = limΛ CΛ(f) exists for the
UV-regularized : φ4 :-interaction and is unique (as required in order to obtain
conformal invariance from AdS-invariance) it is also trivial (C(f) = 0 if f 6= 0)
provided m2 ≥ 6d2.

The above triviality result relies on three crucial assumptions.

(i) The potential is quartic, cf. (4.3);
(ii) There is a UV-cut-off;
(iii) The mass is sufficiently large.

In order to assess the relevance of the triviality result for the general case, let us
give some short comments on the role of each of these assumptions:

(i) At the cost of a more restrictive mass bound, assumption (i) can easily
be relaxed from quartic to polynomial interactions. For non-polynomial interac-
tions, however, the hypercontractivity estimate can not be used. This might be of
relevance, if we consider V as an effective potential, which in general will be non
polynomial.

(ii) The fact that there is a UV-cut-off enters our triviality argument via
(4.10). When removing the UV-cut-off at least in dimension d+1 = 2, we therefore
have to modify the triviality argument. It turns out that the bound obtained from
the hypercontractivity estimate [5, 6] for the UV-problem is not good enough to
reproduce the above argument. It seems to be necessary to combine UV and IR -
hypercontractivity bounds in a single estimate in order to obtain triviality without
cut-offs in d+ 1 dimensions. We will come back to this point elsewhere.

(iii) The mass bound to us rather seems to be a technical consequence of
the methods used and not so much a true necessity for the onset of triviality.
Different methods, e.g. based on decoupling via Dirichlet- and Neumann boundary
conditions on a partition of Hd+1 [5] e.g. combined with large deviation methods
might very well lead to less restrictive mass bounds or eliminate them completely.

On a heuristic level, the problem that expectation and variance of the shifted
potential and the non shifted potential will have different scalings under the limit
Λ ր H

d+1 prevails for a large class of polynomial and non-polynomial interactions
with and without cut-offs. Thus, in our eyes, the three assumptions (i)–(iii) are not
essential but rather technical. The result above therefore should be taken rather as
an example of what can happen in the AdS/CFT correspondence than a definite
mathematical statement. Of course, at the present and very preliminary state of
the affair, everybody is free to think differently.
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5. Conclusions and Outlook

In this section we give an essentially non-technical discussion on repair strategies
that would cure the obstacle of triviality.

(i) coupling constant renormalization: The simplest way to deal with the di-
vergences in the potential energy V (z0, f) would be to make λ a z0-dependent
quantity. In fact, a naive guess at the scaling behavior suggests that λ(z0) ∼
z
d+4(∆+−d)
0 would compensate for the increase in the expected value of the inter-

action energy V (z0, f) such that with the modified coupling limz0→0 E[V (z0, f)] =

λC
∫

Rd f
4 dx converges to a constant with C = (γ+Γ(∆+ − d/2)Γ(d/2)/2Γ(∆+))4,

cf. (4.1) and the paragraph thereafter. Furthermore, one can expect that the sub-
leading terms (j = 1 . . . 4 in (4.4)) converge to zero and do not affect the generating
functional. It thus seems reasonable that with this renormalization the generating
functional gives in the limit z0 → 0

C(f) = e
1
2α+(f,f)−λC

∫

Rd f
4 dx (5.1)

which is reflection positive as a limit of reflection positive functionals (it is man-
ifestly not stochastically positive for all λ > 0 and hence gives a nice illustration
for the destruction of stochastic positivity due to the correction term in (3.6) and
(3.7). The problem with this functional however is that the additional term in the
interaction is an ultra local term and hence does not influence the corresponding
real time CFT – which is a free theory determined by the analytic continuation of
α+. Hence this sort of renormalization only trades in another kind of triviality for
the triviality observed in Section 4.

(ii) bulk counterterms: Such terms can simply be added to the (formal) La-
grangian. The problem to use this method in the AdS/CFT correspondence is
twofold: Firstly, the infra-red divergences that are occurring in V (z0, f) are f -
dependent. If we however want to cure them with f -dependent counterterms,
the renormalization description of CΛ(z0) becomes f -dependent. Bulk countert-
erms however only preserve the structural properties of stochastic and reflection
positivity, if the same renormalization prescription is chosen for all f . Hence, f -
dependent counterterms would lead to a limiting functional, for which it is not
known, whether it is reflection positive or not. The situation is worsened from the
observation that, unlike in other IR problems, in the AdS/CFT correspondence
the divergences in the numerator and denominator scale differently - as seen in our
triviality result. This means for bulk counterterms, that, if they are working out
fine for the numerator, they probably create new divergences in the denominator.
Different renormalizations for the potential in the numerator and in the denom-
inator in the limit might lead to a non normalizable vacuum for the boundary
theory, which does not make sense.

(iii) boundary counterterms: The problems described above for bulk countert-
erms also have to be taken into account for boundary counterterms. Furthermore,
while bulk counterterms, at least if they are not f -dependent, do not spoil the
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conformal invariance of the boundary theory, boundary counterterms theoreti-
cally might do so. Hence one needs a separate argument to show that they don’t.
But there is still another problem with boundary counterterms. We have seen that
we can not take it for granted that a limiting functional measure exists for the
boundary theory. But if the boundary theory is not described by a functional inte-
gral µbd., it is not clear how to define boundary counterterms on a mathematical
basis: recall that a counterterm (at a finite value of the cut-off z0 is defined by

dµbd.,ren,z0(ϕ) = e−Lren(z0,ϕ)dµbd.(ϕ)/
∫

D′(Rd) e
−Lren(z0,ϕ

′)dµbd.(ϕ
′) and it is not

obvious how this can be defined if µbd. is not a measure.
(iv) giving up generating functionals: The triviality result of Section 4 relied

on the scaling behavior of the expected value of V (z0, f) under the limit z0 → 0.
This expected value can be associated with the Witten graph

⊗

which gives rise

to the first order contribution to the four point function
∫

Hd+1

∏4
l=1H+(x, fl) dgx

which is converging as long as suppfj ∩ suppfl = ∅ if j 6= l, cf (2.2) and (4.1)
(see also [11] for concrete calculations). One may thus hope that the triviality
result of Section 4 is an artefact of using generating functionals which makes
it necessary to evaluate Schwinger functions at unphysical coinciding points. A
reasonable approach to the infra-red problem in AdS/CFT would thus be to use
(3.7) to define reflection positive Schwinger functions with cut off and then remove
the cut-off for the Schwinger functions at physical (non coinciding) points, only.
This might then work out without further renormalization along the lines of [5],
as divergences might only occur on the diagonal. If this is true, triviality does only
occur on the level of generating functionals – which are reminiscent of the Laplace
transform of a functional measure for the boundary theory that might not exist in
the present context.
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