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ABSTRACT 

Plasma in a 1-dimensional diode is studied theoretically and the computer simulations 
are used for verification of the theoretical model. When collector in the diode is biased 
positively, a double-layer is created in the system and consequently, we are able to observe 
oscillations of the potential, density and other plasma parameters. When external periodic 
forcing is applied, spectra of these oscillations are changed and effects of synchronisation and 
periodic pulling can be observed. Both of these effects are of non-linear nature and a good 
explanation is found using the analogy with Van der Pol oscillators. Following [1] and [2] 
approximate analytical solutions are found and then compared with computer simulations 
obtained using a 1-dimensional particle-in-cell code XPDP1 [3].  

1 INTRODUCTION 

One of the main properties of a plasma is quasi-neutrality, i.e. that despite of the fact, 
that a plasma consists of charged particles, total electric charge of a plasma as a whole is zero. 
Otherwise small deviations would result in strong electric fields. However, this quasi-
neutrality must hold just on larger time and space scales and small deviations on micro-scales 
are “allowed”. Small perturbations give rise to electric fields, which are trying to restore state 
of quasi-neutrality. Through this mechanism many types of plasma waves and instabilities 
arise. There are many effects through which instability can be driven. In our interest is 
Potential Relaxation Instability (PRI), which arises in one dimensional diode [4]. The scheme 
of a one dimensional plasma diode is in Figure 1. 

Plasma is injected into the system from the source at left side and then recombines at 
collector. Positive bias VC on the collector will cause a flow of electrons to the collector.  
Electrons which are considerably lighter are much more mobile than heavier ions, so whole  
process of a flow of electrons to the collector will be very fast.  In the plasma a deficit of 
electrons will be created, what will increase the plasma potential. 
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Figure 1: Schema of a one dimensional plasma diode. Plasma is injected into the system from the source at left 
side and then recombines at the collector. Positive bias VC on the collector will cause a flow of electrons to the 
collector, what is mechanism which gives rise to potential relaxation instability. 
 

Plasma is always trying to be in state with minimal energy, so reaction of ions to 
increase of potential, will be their drift to the source. Corresponding time of this process is 
approximately equal to time diffusion of ions [4] from the collector to the source tA≈ L/vi, 
where vi is ion acoustic velocity vi=(kTe /mi)1/2, Te is electron temperature, k is Boltzmann 
constant and mi is ion mass. 

Because of diffusion of ions to the source, plasma density decreases. But the source 
produces new plasma constantly and so the system is being refilled by “new” dense plasma 
with potential close to zero (potential of source is zero). Between “old” high potential plasma 
and “new” low potential dense plasma is transition region with steep increase of potential. 
Such structure is strongly nonlinear and is arising always when two plasma of different 
physical properties are interacting, it is so called double layer (DL).Consequently DL is 
moving through a system to collector with ambipolar diffusion speed vad ≈ 2vi.  So, it will take 
tB ≈ L/2vB i to propagate through whole system. When DL arrives to collector, system is again 
filled with ions and our system is in same situation as it was at origin. Electrons can again 
flow to collector, current will increase and whole cycle will repeat again.  
Characteristic time of whole cycle is given by  
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Evolution of electric current is of our main interest. We will pick up this parameter for 
investigating nonlinear effects in system. Alternatively, we could choose, for example, time 
evolution of plasma density, which has similar properties. 
If our system is fullfiling some necessary conditions [5], time evolution of electric current can 
be Fourier analyzed. Thus, we will find main frequencies, so-called modes, at which system is 
oscillating. Our task to understand current evolution in system can be then redefined to task of 
understanding properties of particular modes and their mutual interactions. 

2 VAN DER POL OSCILLATOR 

When we are dealing with description of time development of one unstable mode, 
model of classical harmonic oscillator is not appropriate, because it cannot describe sustained 
oscillations. This is caused by damping term, which in real physical system is always non-
zero. In case of negative damping coefficient all modes would be suppressed in finite time 
and there will be no oscillations at all. But, this is in contradiction with our observations, 
because we know that amplitude of such mode is stable. Case of positive damping coefficient 
is also inappropriate, because it will give rise to infinite amplitudes. 
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Solution of this problem was proposed in 20s by Van der Pol, when he was 
investigating oscillations in vacuum tubes. He proposed solution in form of 

( ) 022
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=+−+ x
dt
dxx

dt
xd

oωβα ,           (2) 

which turned to be very successful in description of various oscillatory processes, ranging 
from electrical engineering and plasma physics to biophysics and chemistry. 
 
2.1 Forced Van der Pol oscillator 

In order to prove that modes of our system can be described by Van der Pol equation, it 
seems to be much easier to investigate a case, when plasma, in diode from Figure 1, is being 
forced by external force. In this case we find two phenomena characteristic for Van der Pol 
oscillators and observation of these two phenomena in experiment or computer simulations is 
a proof that our modelling of modes of the system by Van der Pol oscillators is correct. 

In the case of linear oscillators, external forcing will cause, that all modes would be 
suppressed and whole system will start to oscillate at frequency of applied force. But, effects 
of nonlinear interactions between plasma modes and applied frequency cause that precise 
description is much more complicated. When applied frequency will be sufficiently close to 
mode frequency, interaction between them will cause that frequency of mode will be pulled 
towards applied frequency - periodic pulling. What is most interesting on this process is that 
magnitude of pulling depends on amplitude of applied signal, what is the result which cannot 
be obtained in linear dynamics. When amplitude of applied signal is sufficiently large, plasma 
will starts to oscillate at applied frequency, and it will be like “locked” at this frequency. 
Therefore we call this effect mode locking or synchronization. 
 
2.2 Synchronization  

First, we consider a case, when frequency of applied force is sufficiently close to the 
frequency of unperturbed oscillator ωο.  As it was written in the previous section of this 
chapter, in this case the original frequency will be completely suppressed and just oscillation 
of the applied frequency will be observed. However, we want to find out what exactly means 
“sufficiently close”. This situation can be precisely described by equation for harmonically 
forced Van der Pol oscillator 

( ) ( tAx
dt
dxx

dt
xd

eoo ωωωβα cos222
2

2

=+−+ ) ,     (3) 

where ωο is frequency of unperturbed oscillator and ωe is the frequency of external force. 
When the applied frequency will be smaller than certain frequency ω1 both frequencies will 
be observed. When ωe will be between ω1 and certain ω2 synchronization will occur and when 
ωe will exceed ω2 two frequencies will appear again. Quantity Δω=ω1-ω2 is called 
synchronization region and its magnitude can be found by solving equation (13). 
According to [1], [2] we can guess solution of (13) to be of form  

)cos()sin( 21 tbtbx ee ωω += ,      (4) 
After the substitution of this ansatz to (3) and comparing coefficients in front of cos(ωet) and 
sin(ωet), we  find    
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is related to original amplitude of mode without external force. According to [2] equation (5) 
has two roots 
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what are boundaries of synchronization region. Width of synchronization is given by 

 n
A

oωωωω =−=Δ 12 .            (8) 

2.3 Periodic pulling 

When applied frequency lies outside, but sufficiently close, to the synchronization 
region both oscillators start to interact. In the case of linear oscillators resulting wave will be 
modulated with the beat frequency Ωo' =|ωe – ωo|, but in the case of  Van der Pol oscillators, 
nonlinear interactions between modes will cause beat frequency Ωo to be smaller. When this 
modulated signal is Fourier analyzed we find that ωo apparently moves towards the frequency 
of the external force. This process is called periodic pulling and can be explained by studying 
the forced Van der Pol oscillator. 

According to [2],[6] solution should be of form 
( ) ( ))(sin)()(sin)( ttbtttbx e Ψ=Φ−= ω ,     (9) 

where b(t), Ψ(t) are slowly varying functions of time, what means that their second 
derivatives can be neglected. The ansatz (9) is inserted into the Van der Pol equation (3) and 
the expression for the beat frequency is then found [2]:  
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Term under the square root in the equation for the beat frequency (10) describes the shift of 
the internal frequency towards the forcing frequency: 

oeo Ω−=ωω '      (11) 

3 RESULTS 

To verify our assumption that the modes of the potential relaxation oscillations (PRO) 
can be described by the Van der Pol equation, we decided to make simulation of process 
closely described in Introduction. For computer simulations we have used the program 
XPDP1. This is a computer code developed for simulation of bounded one dimensional 
plasma systems, which uses so-called particle-in-cell (PIC) method of computation [3]. 

In simulations we have used positive particles 200 times heavier than electrons. This 
choice was just because of technical reasons - from equation (1) we can see that characteristic 
time of PRO is proportional to square root of mass of positive particles.  So, in case of using 
real ions (protons, He2+,...) we would need much longer time to get the spectra of the same 
quality.  

First the simulations without external force were made and we obtained current profile 
plotted in Figure 2. From this figure, we can measure a length of one period, approximately. 
We found a length of one period to be about 4. 10-7 s, from where we found the characteristic 
frequency of PRO ωo ≈ 2,5 MHz, which is in good agreement with prediction of equation (1) 
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Fig. 2: Time development of electric current in 1 dimensional diode, obtained from computer simulations. For 
better  orientation, graph is divided to 8 parts, labeled by letters.  Density and potential profiles at beginning of 
each part are plotted in figure 3. 

Fig. 3.: On figure 3 pairs of graphs are shown. Every line, labeled by capital letter A)-H),consists from two 
graphs. On left side is plasma density profile and on right one is potential profile in our diode. Every line is 
showing both profiles at different occassions of one PRO period. For better orientation, on Figure 2 are mo-
ments when diagnosis was measured, labeled by corresponding letter. 
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3.1 Synchronization 

To observe the synchronization, the amplitude of applied signal was chosen to be 0,2 V. 
We have started with forcing at resonance frequency and then we increased the forcing 
frequency in steps of 60 kHz which is about 3 units of our spectral resolution. At this 
amplitude of the externally applied signal, six simulations were made, ranging with external 
frequency from 2,46 MHz to 2,76 MHz.  

Figure 4:  Forcing at resonant frequency is on A) graph. On B)-F) frequency of the external signal is increased 
every time by three spectral resolutions - 60 kHz. Amplitude of the applied signal is 0,2 V, ωo is first harmonic.  
 

At first 4 graphs, only one spectral line can be observed, which means that 
synchronization occurs. With increasing the external frequency the situation changes and 
oscillation at two frequencies reappears. Same situation was observed when external force 
frequency was decreasing. From these graphs we can read the width of the synchronization 
region: Δω=0,36(±0,06) MHz.   

Totally, five sets of simulations for different amplitudes of external force signal were 
made. Dependence of Δω on amplitude of external force is plotted on Figure 5, we can see 
that Δω is showing linear dependence on amplitude, as it has been predicted by equation (8).  

Figure 5: Dependency of Δω on amplitude. Solid line is linear fit, demonstrating that results of these simulations 
agree with prediction of linear dependence from equation   (8). However, when we are looking on this graph, we 
should keep in  mind that  Δω  is measured with uncertainty of 0,06 MHz.  
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3.2 Periodic pulling 

For observing the periodic pulling the external frequency 3,2 MHz, was chosen. We 
were increasing amplitude of external force by 0,1 V. In Figure 6 graphs of forcing with 
increasing amplitude are plotted, where we can clearly see how internal frequency is pulled 
towards forcing frequency.  

Figure 6:  Oscillator is being forced by external signal with frequency 3,2  MHz and increasing amplitude. Amp-
litudes in graphs on figure are A) 0,2V ,B) 0,3 V ,C)0,4 V ,D) 0,5 V. We can observe here, how original 
amplitude of signal is being pulled to frequency of forcing signal    
 

Dependence of the pulled frequency ωo' on the amplitude of the forcing signal is plotted 
in Figure 7. We can see that measurements from computer simulations are in good agreement 

Figure 7: Dependence of the pulled frequency on t

with theoretical predictions of equation (6) 

he amplitude of the forcing signal. Solid line is theoretical 
curve according to equations (11) and (10), we can see good agreement with dates from computer simulations. 
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4 CONCLUSION 

In this paper we have studied potential relaxation oscillations (PRO) in a one 
dimensional plasma diode. When electric current is driven through the diode by applying a 
positive bias to the collector, electric current and other plasma parameters start to oscillate. By 
Fourier analysis we found spectra of these oscillations, where we could see that there exist 
some main frequencies, so-called modes. We assumed that Van der Pol oscillator can be taken 
as a model for explanation of behaviour of particular modes and that oscillating plasma in our 
plasma diode can be described as an ensemble of Van der Pol oscillators. We investigated the 
case of harmonically forced Van der Pol oscillator, where two approximate solutions, 
synchronization and periodic pulling, were given.  

Then we simulated the plasma diode, with a positive DC bias with superimposed 
harmonic potential applied to the collector, using the XPDP1 code. Both, synchronization and 
periodic pulling, phenomena were observed. These phenomena are very characteristic for the 
forced Van der Pol oscillator and their observation in computer simulations is a confirmation 
that our idea to describe the plasma in a one dimensional diode as an ensemble of Van der Pol 
oscillators was correct.  
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