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ABSTRACT 

An autoregressive moving average (ARMA) model of the neutron fluctuations with large 
measurement noise is derived from the Langevin stochastic equations and validated using time series, 
data obtained during the prompt neutron decay constant measurements at the zero power reactor RB 
in Vinca, Model parameters are estimated using the maximum likelihood (ML) off-line algorithm and 
an adaptive pole estimation algorithm based on the recursive prediction error method (RPE). The results 
show that stibcritieality can be accurately determined from real data with high measurement noise using 
much shorter-statistical sample then in standard methods. 

INTRODUCTION 

Time series modeling of nuclear reactor noise has been receiving attention recently1"3 since it 
requires shorter statistical samples than the FFT. Thus time series based algorithms are convenient for 
on-line determination of dynamic characteristics of nuclear systems. The autoregressive (AR) models 
are more popular, due to the very efficient estimation algorithms and the possibilities of physical 
interpretation based on the signal transmission path (STP) analysis1-2. The autoregressive moving 
average models (ARMA) are more general and parsimonious, but the estimation algorithms are 
nonlinear and less efficient. The improvements in ARMA estimation algorithms4-6 and the recent 
generalization of STP for ARMA models3 are the new elements that can be taken into account in model 
selection. In this paper both theoretical rind experimental ARMA modeling of reactor noise is considered 
and applied to subcriticality measurements. 



The work of Yamada et aJ78 has pointed out to some important relations between tk-
fundamental stochastic theory of reactor noise and experimentally derived models of time series TK 
same general approach based on the Langevin equations is adopted in this work and extended usine th 
concept of neutron and detector field interaction developed by Akcasu and Stolle9'0. 

Time series data obtained during the experimental determination of the prompt neutron deca • 
constant at the zero power RB reactor in Vinca" were used for theoretically based time series modeling 
Measurement noise was veiy strong, due to the spontaneous fission of 238U and the attempts to estimate 
parameters using standard methods were not very successful. Similar problems in subcriticalitv 
determination were reported by Yamada et al8. It is well known in signal processing that ARMA 
parameter estimation with large noise presents a difficult problem without universally acceptable 
solution5,12. So, although the time series modeling of reactor noise is conceptually simple, the accuracy 
of parameter estimation should be improved for practical implementation. 

We improved parameter estimates both by good initial values obtained from a revised 
theoretical model and by the "selection of the appropriate algorithms. It was found that-practicallv none 
of standard ARMA estimation algorithms5,6 met our requirements for accuracy in prompt neutron decay 
constant determination. The occasional divergence was also observed. We concluded that the direct pole 
estimation could improve the accuracy of the prompt neutron decay constant determination and chose 
for the application a recently proposed version of the recursive prediction error method (RPE)" for the 
adaptive pole estimation. We also included explicitly the special structure and the physical constraints 
of our mode! and achieved better parameter accuracy and convergence. 

A REVISED THEORETICAL ARMA (2,2) MODEL 

The theoretical treatment of coupled neutron-detector field using Langevin formalism is 
proposed by Akcasu and StoHe9,10 for prompt neutrons only. Here we extended the approach 
introducing the noise equivalent source (NES) for both prompt and delayed neutrons. Source modeling 
is based on the Wiener (or Brownian) process14"16, rather than the Gaussian white noise, usually assumed 
in reactor noise theory. This is more convenient for discrete model development, using formalism of 
stochastic calculus ,5'16. The properties of the Wiener process and the relationship with the Gaussian 
process is discussed elsewhere16. 

Langevin equations can be written in the form of the following three coupled stochastic 
differential equations, the detection process also being described by a stochastic differential equation 

dbC{Q=2£bN{f)dt-X6C(f)dt+dwJft (2) 

d&D(i) ~rn&N(f)dt+dwM) 
(3) 

Here N(t) is the number of neutrons at the moment t, C(t) is the number of delayed neutron 
precursors, D(t) is the accumulated number of counts in the time interval (0,t) ; wN, w c and wD are the 
Wiener processes and the stochastic equations are written for the random departures 5N, SC and 5D 
from the equilibrium conditions determined by the ordinary kinetic equations for the mean values. The 
probability of neutron detection per unit time is denoted by rD. 
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The joint incremental covariance matrix of the Wiener processes can be written as 

dwN] 

dwt 

dw, 

[đ*'K dw'c AV
T

D] = 

RtfN RNC RM> 

Ra* Rcc ° 

* 
Dtf " RĐD 

dt (4) 

It has been proven by Saito13 that the power spectral density of the neutron NES satisfies the 
following form of Schottky formula 

v 
RNN RNC 

RffC RCC 

vZfN0 

<v0(v0-l)> <v0v,> 

<v0v1> <v,(v -1)> 
+ BE0 * E„B 

(5) 

where E0 is the diagonal matrix of the stationary values N0 and C0 of the neutron and the precursor 
concentrations, S is the mean value of the stationary neutron source, {3 is the delayed neutron fraction, 
k is the effective multiplication constant and B is the matrix operator of the point kinetics equations 
with one prompt and one delayed neutron group. V/e will rewrite here for completeness the more 
explicit formulas given by Yamada et als for the spectral density of the neutron field NES and Akcasu 
and Stolle9 for the detector - neutron field interaction 

*«* = uo <<v0v0>-2<v0>) " o + 5 + i V " o 

RNC = RNC = U0 ( < V 0 V » > - < V i > ) W < T " l 

RCC = M 0 < V 1 V 1 > W 0 + U 1 

•AID ~ RDN " " r i A c 

RDD s r A 

(6) 

(7) 

(8) 

(9) 

(10) 

All other auxiliary variables are defined by Yamada et al9 ; v0 is the number of prompt neutrons 
and V! the number of delayed neutrons emitted in a fission, while bracketing denotes statistical averages. 

The stochastic state equations can be transformed in the vector form using the state vector x 
with two components SN and 5C and the vector source with components wN. and wc 

dx = A xdt+dv 

dy - C xdt+de 

( ID 

(12) 

where redefined vector Wiener processes have the joint incremental covariance 

dv 

de 
[ &7 <£T ] = dt 

(13) 



with Rl being the square matrix of order 2 determined by the equation (5) and 

T _ V - <-Vo °> 
* » = * . ĐD 

C = (rD 0) 

The discrete form of the equations (II) and (12) is obtained by stochastic integration1516 

(14| 

(15) 

(16) 

*&,•,) * * % • , ; # * ( ) + v ^ 
07) 

%-i 

#*w> - 5*9 *jfč{Syi(^đs) ^.) + «,<*,) (18) 

( M 

v/y = /*(W*)*<0 
' i 

ey(tf) = fč(s)f&(s;t)đkt)đs + | ^ ( 5 ) 

(19) 

(20) 

T, 

where 2x2 matrix <I> is the solution of the matrix differential equation 

* ( « . A o * w ^ ^ (21) 
4t 

• ( V i ) = / 
(22) 

Here { ey (t;) } and { vx(t;) } are the sequences of independent normal variables with zero mean 
and covafiances given by 

'i-i 

EyJLQv/iQ) = Rfi) = f ^{tM^)Rfi)iT(tMVs)ds 
(23) 

*M 

&y£)e,TW = *«&> = /*aM^)(*i(s)5r(^i»)+ieu»)'fe 
(24) 

&$/?&<!» - *i<Q = fW^&R^it^ds (25) 

'i.i 
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'M 

®<W0 = J <w *<*©<& 
(26) 
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After straightforward, but tedious integrations, the covariance matrices of the equivalent discrete 
NES are obtained in closed analytical form. The considered processes are stationary and coefficients 
of the discrete equations and corresponding covariance matrices are constant in time, depending only 
on the sampling interval At = t^t - tj. 

Using the Kalman filter6 the formulated discrete stochastic equations are transformed into an 
input-output model, where a relation is found between the observable measured quantity (the detector 
output) and an equivalent white noise source with the variance to be determined. The form of the 
Kalman filter with nonzero covariance between the state and the measurement equations is applied. 
Thus the Kalman filter equations have the form 

_ - _ _ (27) 
X((n+l)\YnJ = QJCOilYJ * G(n+l)a(n+l) 

_ _ _ " (28) 
y(n+l) - eX(*|y„) + _(«+!) 

_ _ _ _ _ _ _ _ (29) 
G(«+l) = (pP(n)B + Ru)(&P(n)&T + l y - 1 

_ _ _ _ (30) 
P(/j+l) - ®P(n)<l>T(n) - GCn+l)(9J°(n)$r + RT^ + R: 

where X(n|Yn) represents the estimate of the state x at the time t„ given the set of measurements Yn 

= { Yi» y2» • ••» yn }• Here the observable variable y(n) is a scalar quantity for one detector output. 

The difference equations (29) and (30) for the Kalman gain are solved numerically 
independently of the data and in the following equations the stable asymptotic solution is inserted. 
Eliminating the state-space estimates, which are not needed for our purpose, we obtain the input-output-
model 

_ , _ (31) 
y(n+l) - (9(2 / - $ ) - 1 G - 1) a(n + l) = H(z)a(n+1) 

where the so called innovation a (n) is the white noise process with variance 

E(n+1) - 0 P 9 r + ^ 

The transfer function H(z) can be written as 

(32) 

ZT(Z) = Q adjjzl-®) G + det(_T-Q) (33) 
det(_T-$) 

or in the pole-zero representation as an ARMA (2,2) model 

(34) 

The poles are related to the decay constants by 
(35) 

pt - exp(_,Ar) 1=1,2 
The parameters of the theoretical model are calculated for the RB reactor standard configuration 

with variable heavy water level ( 52 fuel elements of 2% enriched uranium in the square lattice with 
11.3cm pitch n ; heavy water critical level is 122.17 cm ) and are given in Table 1. 
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Table 1. The theoretical ARMA(2.2) parameters 

h(cm) 

116 

117 

118 

119 

0.99978 

0.99979 

0.99981 

0.99984 

P2 

0.85586 

0.86186 

0.88063 

0.89241 

0.99844 

0.99851 

0.99835 

0.99831 

0.74689 

0.76627 

0.75965 

0.76649 

wnv 

2.065 

2.747 

3.112 

4.067 

120 

121 

0.99988 

0.99993 

0.91115 0.99818 

0.92419 0.99805 

0.76023 

0.74286 

6.167 

9.856 

THE PARAMETER ESTIMATION FROM THE EXPERIMENTAL DATA 

The theoretical poles are sear the unit circle, especially the delayed neutron pole. Since the 
measurement noise is high, the same holds for the zeros. It is known5,6 that the parameter estimates of 
such systems are very sensitive to input data and most estimation algorithms are unstable12 . 

The maximum likelihood (ML) algorithm of Box and Jenkins17 theoretically gives the 
asymptotically unbiased estimates but is unstable for ARMA zeros near the unit circle and is very 
sensitive to initial values. With good initial values, based on our theoretical model, we obtained 
parameter convergence in most cases. But, since the transformation from ARMA parameters to poles 
and zeros is ill conditioned, we often obtained complex poles instead of real ones even with rather good 
parameter estimates. Therefore it is more convenient to use the direct pole-zero parainetrization. 

We selected for implementation an adaptive pole estimation algorithm based on the recursive 
prediction error (RPE) method. The estimates of ARMA model poles and zeros (denoted here by vector 
9) are obtained by recursive minimization of the sum of the weighted prediction errors 

n Mi) i ̂ (W) 
j*k+l j 

(36) 

and the recursive updating of parameter estimates is obtained by 

e(f) = y(t)-aT(t-l) <p(r) 

Ut) = Pit) W) 

(37) 

(38) 

*.T. w(t) - &(t) P(r-1) *(f) 

Pit) = [ P(t-i) - W <M*> W - l ) I / Ht) 

6(0 = [8(t-l) + Ut) e®}D 

9tt+l) = [ ~y{t) -><f-l) ] T 

1K*+l) = WT(t}fdS(t}} <p(r+l) 

(39) 

(40) 

(41) 

(42) 

394 



The weight factors w(t) are known as forgetting factors and their choice is particularly important 
in tracking applications. Other parameters are defined by Nehorai and Starer1*. We used the S&ndarft 
procedure recommended there, with some improvements in numerical stability obtained by regularized 
computation of the gain P(t)19. We also simplified procedure and restricted area of parameter 
improvement, using a priori knowledge about real poles and zeros. Thus we accelerated convergence 
and eliminated the possibility of complex poles and zeros encountered in ML estimation algorithm. 

In the equation (40) the projection in ARMA stability region is performed, usually heuristically. 
The proper selection of projection methods is studied here to some extent, but requires more thorough 
theoretical analysis of algorithmic stability 19 that is outside the scope of this paper. 

We investigated two projection methods: the reduction of poles and zeros by a constant pole 
contraction factor (PCF) in the case of instability detection and an asymptotic form of the PCF, 
originally proposed for a notch filter20. Both methods give rather accurate estimates but converge 
slowly. The algorithm with constant PCF is more stable. The estimates of the prompt neutron pole 
obtained with PCF of .99 are presented in Figure 1 for three different heavy water levels. These results 
are very close to the theoretical ARMA model parameters and the experimental values obtained using 
standard Feynman variance-to-mean method11 with much longer statistical sample of 120000 points aod 
are presented for comparison in Table 2. The accuracy and the convergence of our pole estimates 
obtained by RPE adaptive pole estimation algorithm is much better then the corresponding results of 
some standard recursive parameter estimation algorithms3 . 

Figure 1. The convergence of the prompt neutron pole estimate 
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Table 2. The estimated and the calculated prompt neutron decay constants 

h (cm) 

116 

117 

118 

119 

120 

121 

ARMA-ML 

29.45±0.49 

26.97+0.53 

21.62±0.69 

15.85+0.46 

12.97±0.48 

12.31±0.27.. 

ARMA-RPE 

30.53 

30.45 

25.15 

20.19 

18.64 

13.78 

ARMA-TH 

31.13 

29.73 

25.42 

22.77 

18.61 

15.77 

Feynman 

31.45±0.66 

29.27±0.86 

25.58±0.47 

23.49+0.43 

18.33+0.38 

15.74±0.29 

CONCLUSIONS 

We developed an ARMA(2,2) model of the neutron stochastic processes in large measurement 
noise based on the Langevin equations for the coupled neutron-detector field. We included both the 
delayed neutrons and the detector stochastic equation, combining two recently proposed models in a 
more general model. Using the formalism of stochastic calculus we discretisized stochastic equations. 
Finally we applied the general form of Kalman filter with nonzero covariance matrix between input and 
output noises and derived a revised ARMA(2,2) model of zero power reactor noise. We calculated the 
theoretical model parameters for the zero power reactor RB in Vinca and compared them with 
estimated values from experimental time series data. 

The estimation was performed both by off-Une and on-line algorithms. The maximum likelihood 
method was selected for off-line estimation since it gives asymptotically the minimum variance 
unbiased estimate. The agreement in ARMA(2„2) parameters was very good, but the poles obtained 
from the estimated parameters were not accurate enough, having sometimes even complex values 
instead of real ones expected for subcritical systems. Since the prompt neutron decay constant, and 
hence reactivity, is determined directly from the poles, the accuracy must be improved if this modeling 
is to be used for reactivity estimations. Similar problems are reported in literature and resolved by 
estimating reactivity from the power spectral density rather then from the ARMA parameters. We have 
found that the direct pole estimation can give estimates with acceptable accuracy. 

We implemented a recursive estimation algorithm, since we are planning to apply the proposed 
method for on-line reactivity determination. We investigated procedures for stability control in the 
process of recursive parameter improvement and found that the algorithm with constant contraction 
factor very near unity gave accurate and stable estimates. Therefore we can recommend this algorithm 
for on-line reactivity estimation. 

It should be noted that the procedure for reactivity determination based on the ARMA modeling 
suffers from the common disadvantage of many kinetic measurements: it requires knowledge of 
criticality conditions. The accuracy of modeling is expected to be low for large subcriticality, although 
very sensitive detectors and a careful selection of the external neutron source can improve situation. 
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In the present paper we considered the parameter estimation problem only. The developed 
ARMA model based recursive prediction error algorithm seems to be suitable to follow transients. For 
this application the optimal tracking performance should be determined, depending on the selection of 
the forgetting factor and the pole contraction factor. This is not a trivial problem and should be treated 
in a separate paper. 
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