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1 Introduction

For several years conformal field theories and their underlying Virasoro algebra [1] have played

a pioneering role in the study of string theory [2], critical phenomena in certain statistical-

mechanical models [3] and integrable systems [4]. The conformal symmetry is generated by

the stress energy momentum tensor of conformal spin 2 whose short-distance operator product

expansion (OPE) is given by

T (z)T (ω) =
c/2

(z − ω)4
+

2T (ω)

(z − ω)2
+

∂T (ω)

(z − ω)
+ ... (1)

Some years ago, Zamolodchikov opened a new issue of possible extensions of the Virasoro algebra

to higher conformal spins. Among his results, was the discovery of the W3 algebra involving, be-

sides the usual spin-2 energy momentum tensor T (z), a conformal spin-3 conserved current [5, 6].

W3-symmetry is an infinite dimensional algebra extending the conformal invariance (Virasoro

algebra) by adding to the energy momentum operator, T (z) ≡ W2, a set of conserved currents

Ws(z) of conformal spin s > 2 with some composite operators necessary for the closure of the

algebra.

In the language of 2d conformal field theory, the above mentioned spin-3 currents of the W3-

symmetry are taken in general as primary satisfying the short-distance operator product expan-

sion (OPE) [5, 6]

T (z)W (ω) = 3W (ω)
(z−ω)2 + ∂W (ω)

(z−ω) ,

W (z)W (ω) = c/3
(z−ω)6 + 2T (ω)

(z−ω)4 + ∂T (ω)
(z−ω)3 + 1

(z−ω)2 [2βΛ(ω) + 3
10∂

2T (ω)]

+ 1
(z−ω) [β∂Λ(ω) + 1

15∂
3T (ω)]

(2)

where Λ(ω) = (TT )(ω) − 3
10∂

2T (ω) and β = 16
22+5c . This symmetry which initially was identified

as the symmetry of the critical three Potts model, has also been realized as the gauge symmetry of

the so-called W3 gravity [7]. Since then higher spin extensions of the conformal algebra have been

studied intensively by using different methods: field theoretical [8, 9, 10], Lie algebraic [11] or

geometrical approach [12]. W3-algebras are also known to arise from the Gelfand-Dickey bracket

(second Hamiltonian structure) of the generalized Korteweg-de Vries (KdV) hierarchy [13, 14, 15].

In this context, the correspondence is achieved naturally in terms of pseudo-differential Lax op-

erators, Ln =
∑
un−j∂

j , allowing both positive as well as nonlocal powers of the differential

∂j where the spin-j currents uj are satisfying integrable non linear differential equations. The

integrability of these equations can be traced to the fact that KdV hierarchy’s equations are

associated to higher conformal spin symmetries through the Gelfand-Dickey Poisson bracket.
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Another kind of higher conformal spin symmetries deals with the Frappat et al. algebra [16]

on the bidimensional torus T 2. This is generated by the infinite dimensional basis set of mode

operators Lk,l, k, l ∈ Z verifying the classical commutation relations

[Lk,l, Lr,s] = [m0(k − r) − n0(l − s)]Lk+r,l+s (3)

where n0 and m0 are two arbitrary parameters. The above algebra has the property of offering

a unified definition of several extensions of the two dimensional conformal algebra. In fact it’s

shown that the standard Virasoro algebra as well as the Antoniadis et al. algebras [17] are spe-

cial cases of eq.(3). Later on, a W3-extended conformal symmetry going beyond the Frappat et

al. algebra, on the torus T 2, is proposed in [18] by adding the spin-3 currents. These several

extended conformal symmetries are important as they are associated to higher diffeomorphisms

namely diff(T 2) extending the standard diffeomorphisms, diff(S1), involved in the 2d conformal

invariance.

Note by the way that, contrary to the case of fractional superconformal symmetries, the Frappat

et al. symmetries as well as their W3 extensions consist in replacing the manifold S1 by a higher

dimensional compact manifold M. This can offer a large framework for studying more general

extensions of 2d-conformal symmetries including fractional superconformal symmetries and their

generalizations [19].

The principal goal of this work concerns the study of some non standard properties of higher

conformal spin symmetries in the bidimensional torus T 2. This is motivated, on one hand, by

the increasingly important role that the infinite-dimensional Lie algebras play in the development

of theoretical physics. Best known examples are given by the Virasoro algebra, which underlies

the physics of 2d conformal field theories (CFT) and its Wk-extensions. On the other hand,

it’s well recognized today that 2d conformal symmetry and it’s Wk higher spin extensions are

intimately related to the algebra of diff(S1) and diff(T 2) respectively. Therefore, we know that

2d-conformal symmetry and the KdV integrable model are intimately related in the standard

diff(S1) framework. Such relation is shown to arise from the second Hamiltonian structure of the

KdV integrable system reproducing then the classical form of the Virasoro algebra.

One wonders whether the area preserving diffeomorphisms on T 2 can be related to integrable

hierarchy systems in the same spirit. In this context, and after a set-up of our conventional

notations and basic definitions, we develop a systematic analysis leading to an explicit derivation

of the Gelfand-Dickey Poisson bracket. This is based on the theory of pseudo-differentials oper-

ators characterized by the following diff(T 2)-non standard Lax differential operators {logH, }n +
n−2∑
i=0

un−i(z, ω){logH, }i, where the derivation is given by the Hamiltonian vector field ξH ≡

{logH, } playing in diff(T 2) the same role of the derivation ∂z in diff(S1). The particular KdV-
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like Lax differential operator ξ2H + u2 associated to the KdV equation is compatible with the

conformal-invariant Liouville-like differential equation {logK̄, {logH, φ}} = eφ. The compati-

bility is assured once the current u2(z, ω), shown to satisfy the following KdV-like non linear

differential equation ∂u2
∂t3

= 3
2u2{logH, u2} − 3

4{logH, u2}
(3), behaves under a bicomplex change

of coordinates like the stress energy momentum tensor on the bidimensional torus T 2 namely

T (z, ω) = −{logH, φ}(2) − {logH, φ}2. Several important properties are discussed with some

concluding remarks at the end.

2 Bianalytic fields on the torus T
2

In this section we give the general setting of the basic properties of the algebra of bianalytic fields

defined on the bidimensional torus T 2.

1) We start first by noting that the ring R of conformal fields defined on the bidimensional

torus T 2, and transforming as primary fields under a special subalgebra of diff(T 2) , can be

thought of as a generalization of the ring of the Virasoro primary fields of the 2d real space

R2 ≈ C. The two dimensional torus T 2 is viewed as a submanifold of the 4d real space R4 ≈ C2.

It is parametrized by two independent complex variables z and ω and their conjugates z̄ and

ω̄ satisfying the constraint equation zz̄ = ωω̄ = 1. Solutions of these equations are given by

z = einθ, ω = eimψ where n and m are two integers and where θ and ψ are two real parameters.

2) We identify the ring R of bianalytic fields on T 2 to be R ≡ Σ̂(0,0) the tensor algebra of

bianalytic fields of arbitrary conformal spin. This is an infinite dimensional SO(4) Lorentz rep-

resentation that can be written as

Σ̂(0,0) = ⊕k∈ZΣ̂
(0,0)
(k,k) (4)

where the Σ̂
(0,0)
(k,k)’s are one dimensional SO(4) irreducible modules corresponding to functions of

bianalytic conformal spin (k, k). The upper indices (0, 0) carried by the spaces figuring in eq.(4)

are special values of general indices (p, q) to be introduced later on. The generators of Σ̂
(0,0)
(k,l)

are biperiodic arbitrary functions that we generally indicate by f(z, ω). These are bianalytic

functions expanded in Fourier series as

f(z, ω) =
∑

n,m∈Z

fnmz
nωm, ∂z̄f = ∂ω̄f = 0 (5)

where the constants fnm are the Fourier modes of f . This is nothing but a generalization of the

usual Laurent expansion of conformal fields on the complex plane C. Note by the way that the

integers n and m carried by the Fourier modes fnm are nothing but the U(1) × U(1) Cartan

charges of the SO(4) ≈ SU(2) × SU(2) Lorentz group of the Euclidean space R4. Bianalytic
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functions on C2 carrying U(1) × U(1) charges r and s as follows

f(r,s)(z, ω) =
∑

n,m∈Z

fnmz
n−rωm−s; , r, s ∈ Z, (6)

such that eq.(5) appears as a particular example of eq.(6). Note also that we can define the

constants on R as being f(0,0) such that

∂z,z̄f0,0 = 0 = ∂ω,ω̄f(0,0). (7)

The coefficients fnm are given by

fmn =

∮

c1

dz

2iπ
z−n−l+r

∮

c2

dω

2iπ
ω−m+−l+sf(r,s)(z, ω), (8)

where c1 × c2 is the contour surrounding the singularity (z, ω) = (0, 0) in the complex space.

3) The special subset Σ̂
(0,0)
(k,k) ⊂ R is generated by bianalytic functions f(k,k), k ≥ 2. They

can be thought of as the higher spin currents involved in the construction of the W -algebra on

T 2 [18]. As an example, the following fields

W(2,2) = u(2,2)(z, ω)

W(3,3) = u(3,3)(z, ω) − 1
2{logH, u(2,2)}

(9)

are shown to play the same role of the spin-2 and spin-3 conserved currents of the Zamolodchikov

W3 algebra [5, 6]. Next we will denote, for simplicity, the fields u(k,k)(z, ω) of conformal spin

(k, k), k ∈ Z simply as uk(z, ω). The function log(H) will also be described later.

4) The Poisson bracket on T 2 is defined as follows

{f, g} = ∂zf∂ωg − ∂zg∂ωf (10)

with {z, ω} = 1. We denote {f, .} = ξf and ξf .g = {f, .}.g = {f, g} + g{f, .} equivalently this

shows how the Poisson bracket on the torus can play the role of a derivation. For convenience

we will adopt the following notation ξH ≡ ξlogH as being the Hamiltonian vector field operator

associated to the arbitrary function H. This Hamiltonian operator is shown, in the present

context of T 2, to replace the standard derivation ∂z describing the basis of differential operators

on the circle S1. We also have

{logH, .} ◦ f ≡ ξH .f = {logH, f} + fξH (11)

showing a striking resemblance with action of S1-differential operators ,

∂f = f ′ + f∂; f ′ ≡ (∂f) (12)

Later on the differential operators that will be used are simply integer powers of ξH subject to

the following rule

[ξf , ξg] = ξ[f,g] (13)
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5) We introduce a new form of the differential operators associated to the symmetry of T 2. Before

that we have to consider the following convention notations [15]:

a) Σ̂
(r,s)
n : This is the space of differential operators of conformal weight (n, n) and degrees (r, s)

with r ≤ s. Typical operators of this space are given by

s∑

k=r

un−k(z, ω)ξkH (14)

This is the analogue of diff(S1) operators

s∑

k=r

un−k∂
k (15)

b) Σ̂
(0,0)
n ⊂ R: This space describes the conserved currents un(z, ω).

c) Σ̂
(k,k)
n : Is the space of differential operators type,

un−k(z, ω)ξkH . (16)

d) The residue operation: Res

Res(fξ−1
H ) = f. (17)

6. To summarize, we give here below a table containing the essential properties of the mathe-

matical objects involved in diff(T 2)-higher conformal spin symmetries analysis.
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Objects O The conformal weight |O|

z, ω, ∂z, ∂ω |z| = (−1, 0), |ω| = (0,−1), |∂z| = (1, 0), |∂ω| = (0, 1)

Lk,l |Lk,l| = (−k,−l)

T (z, ω) ≡W2(z, ω) |T (z, ω)| = (2, 2)

Ws(z, ω), s = 2, 3, ... |Ws(z, ω)| = (s, s)

{f, g}(k) = {f, {f, ...{f︸ ︷︷ ︸
k

, g} |{f, g}(k)| = (k, k) + k|f | + |g|

{f, g}k = {f, g}...{f, g}︸ ︷︷ ︸
k

|{f, g}k| = (k, k) + k|f | + k|g|

{f, g} = ∂zf∂ωg − ∂zg∂ωf |{f, g}| = (1, 1) + |f | + |g|

ξH = {logH, .} |ξH | = (1, 1)

Res |Res| = (1, 1)

(18)

3 Higher conformal spin symmetries on T
2

3.1 The Frappat et al. conformal symmetry

This is the algebra generated by the infinite dimensional basis set of mode operators Lk,l, k, l ∈ Z

satisfying the classical commutation relations (without central extension)

[Lk,l, Lr,s] = [m0(k − r) − n0(l − s)]Lk+r,l+s (19)

where n0 and m0 are two arbitrary parameters. The above algebra has the property of offering

a unified definition of several extensions of the 2d conformal algebra. Here with some particular

examples:

1. The Virasoro algebra

Setting for instance m0 = 1 and n0 = l = s = 0, we get the classical Virasoro algebra

[Lk, Lr] = Lk+r +
c

12
k(k − 1)δk+r,0 (20)

for vanishing central charge c = 0.
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2. The Antoniadis et al. algebra

Setting now m0 = s and n0 = r one recovers the Antoniadis et al. algebra given by

[Lk,l, Lr,s] = [ks− lr]Lk+r,l+s (21)

3.2 The W3 generalization

Since the Frappat et al. algebra is relevant in describing geometrically special diffeomorphisms

of the two dimensional torus T 2 and extend successfully the known symmetries, namely the

Virasoro and the Antoniadis ones, we focussed in previous works [18] to go beyond this extension

and improve it much more. In fact the central charge as well as the W3-extension of the Frappat

et al. algebra on T 2 are built. The first important contribution of [18] consists in computing the

missing central charge of the Frappat et al. algebra, we find

c(k, l,m0, n0) =
c

12

∏

j=0,±

[m0(k − j) − n0(l − j)]δk+rδl+s (22)

The second important contribution deals with the derivation of the W3-extension of the Frappat

et al. algebra. This is generated by the mode operators Lk,l and Wk,l and reads as

[Lk,l,Wr,s] = [m0(2r − k) − n0(2s− l)]Wk+r,l+s

[Wk,l,Wr,s] = [m0(k − r) − n0(l − s)](αLk+r,l+s + βΛk+r,l+s)
+ c

360

∏
j=0,±1[m0(k − j) − n0(l − j)]δk+rδl+s

(23)

where β = 16
22+5c and α = α1 + α2 with

α1 = 1
12 [m0(k + r + 3) − n0(l + s+ 3)][m0(k + r + 2) − n0(l + s+ 2)],

α2 = −1
6 [m0(k + 2) − n0(l + 2)][m0(r + 2) − n0(s+ 2)],

(24)

and where Λk+r,l+s is a composite operator given by

Λk+r,l+s =
∑

i,j∈Z

(: Li,jLk+r−i,l+s−j : −
3

10
α1Lk+r,l+s) (25)

The important remark at this level is that this derived diff(T 2) extended W3-algebra contains the

well-known diff(S1) Zamolodchikov W3 algebra [5] as a special subalgebra obtained by setting

n0 = 0 and m0 = 1. This new symmetry eqs.(23)-(25) which extend also the Antoniadis et al.

algebra eq.(21) offers moreover a unified definition of several generalizations of the two dimen-

sional W3 algebra exactly as do the Frappat et al. algebra with respect to the Virasoro symmetry.

In the OPE language, we introduce a bianalytic conserved current T (z, ω) defined on the bi-

complex space C2 parametrized by the complex variables z and ω and their conjugates z̄ and ω̄.

The particular field T (z, ω), generalizing the 2d energy momentum tensor expands in Laurent

series as

T (z, ω) =
∑

k,l∈Z

z−k−2ω−l−2Lk,l; ∂z̄T = ∂ω̄T = 0 (26)
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or equivalently

Lm,n =

∮

c1

dz

2iπ
zm+1

∮

c2

dω

2iπ
ωn+1T (z, ω), (27)

where c1 × c2 is a contour surrounding the singularity (z, ω) = (0, 0) in the complex space. The

OPE analogue of the extended Virasoro algebra eqs.(19) and (22) is given by [18]

T (1)T (2) =
c

12

{
LogH,

1

ω12z12

}(3)

+ 2

{
LogH,

1

ω12z12

}
T (2) + {LogH,T (2)}

1

ω12z12
(28)

where we have set T (k) = T (zk, ωk) for short and where H = H(z, ω) is an arbitrary bianalytic

function in C2. A particular choice of this arbitrary function leading to eqs.(19) and (22) is given

by H(z, ω) = z−n0ω−m0 .

Note that the symbol {,} appearing in eq.(28) is the usual Poisson bracket defined, for any

pair of bianalytic functions f(z, ω) and g(z, ω), as

{f, g} = ∂zf∂ωg − ∂ωf∂zg (29)

with the following property

{f, g}(3) = {f, {f, {f, g}}}, (30)

Note moreover that in establishing eqs.(19) and (22) from the OPE eq.(28) one finds the following

expression
[Lk,l, Lr,s] = ((s− l)∂logH∂logz − ∂logH

∂logω (r − k))Lk+r,l+s

+ c
12

∏
j=0,±((k − j)∂logH∂logz − (l − j)∂logH∂logω )

(31)

The W3 extended symmetry is generated by a conserved current W (z, ω) of conformal weight

hz,ω = (3, 3). This is simply seen at the level of the energy-momentum tensor T (z, ω) who

transforms under the bianalytic coordinate change in C2

z → τ(z, ω), ω → σ(z, ω) (32)

as follows

T (z, ω) = (∂zτ)
2(∂ωσ)2T̃ (z, ω) +

c

12
S(z, ω, τ, σ) (33)

where S(z, ω, τ, σ) is the Schwartzian derivative given by

S(z, ω, τ, σ) = {logH, log(∂zτ∂ωσ)}(2) −
1

2
[{logH, log(∂zτ∂ωσ)}]2 (34)

One easily observes that the conformal current T exhibits a conformal weight hz,ω = (2, 2).

In the OPE language, the W3 extension of the FRSTH algebra reads in addition to the eq.(28)
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as
T (1)W (2) = 3

{
logH, 1

ω12z12

}
W (2) + {logH,W (2)} 1

ω12z12
,

W (1)W (2) = c
360

{
logH, 1

ω12z12

}(5)
+ 1

3

{
logH, 1

ω12z12

}(3)
T (2)

+ 1
15ω12z12

{logH,T (2)}(3) + 1
3

{
logH, 1

ω12z12

}(2)
{logH,T (2)}

+ 3
10

{
logH, 1

ω12z12

}
{logH,T (2)}(2)

+2β
{
logH, 1

ω12z12

}
Λ(2) + β {logH,Λ(2)} 1

ω12z12
,

(35)

where
W (z, ω) =

∑
k,l∈Z z

−k−3ω−l−3Wk,l;

Λ(z, ω) =
∑
k,l∈Z z

−k−4ω−l−4Λk,l;
(36)

3.3 Diff(T 2) Conformal transformations

Consider an arbitrary finite and bianalytic coordinate change:

z → z̃ = σ(z, ω)
ω → ω̃ = τ(z, ω)

(37)

Under this symmetry, the functions f(r,s)(z, ω) transform as:

f(r,s)(z, ω) = (∂zσ)r(∂ωτ)
sf̃(r,s)(σ, τ) (38)

For an infinitesimal variation
z̃ = z −B
ω̃ = ω +A

(39)

where A(z, ω) and B(z, ω) are two arbitrary bianalytic functions of the U(1) × U(1) charges

(0,−1) and (−1, 0) the same as ω and z respectively, we have

δf(r,s)(z, ω) = V (A,B)f(r,s) + (s∂ωA− r∂zB)f(r,s) (40)

where the vector field V (A,B) = A∂ω − B∂z, obeys the Lie algebra of diffeomorphisms diff(T 2)

namely

[V (A1, B1), V (A2, B2)] = V (A,B) (41)

with
A = (A1∂ωA2 −B1∂zB2) − (1 ↔ 2)
B = (A1∂ωB2 −B1∂zA2) − (1 ↔ 2)

(42)

In the case of diff(S1), corresponding to set A = 0 and B 6= 0 (resp. B = 0 and A 6= 0) the

functions f(r,s) behaves as a two dimensional conformal objects of weight h = r ( resp. h = s).

However the situation, in which both A and B are non vanishing independent bianalytic functions,

leads to see f(r,s) as a conformal field of diff(S1)× diff(S1). Note however that diff(T 2) is a special

case of diff(S1)× diff(S1) corresponding for example to set r = s at the level of eq.(40) and chooses

the functions A and B to transform as

A = Ã(∂zH
H )

B = Ã(∂ωH
H )

(43)
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where Ã and H(z, ω) are respectively arbitrary bianalytic functions of U(1) × U(1) charges

(−1,−1) and (n0,m0) with n0,m0 ∈ Z. Note by the way that setting Ã = H, one discovers

the area preserving diffeomorphisms algebra of the torus studied in [17, 20]. Further, by impos-

ing the constraint

∂ωH = 0 but ∂zH 6= 0, (44)

and vice versa ∂ωH 6= 0 but ∂zH = 0, the equations reduce to a conformal variation of one of the

two Diff(S1) subgroups of diff(T2). We shall consider hereafter the case (∂zH)(∂ωH) 6= 0. With

the choice eq.(40), eq.(43) takes the following remarkable form:

δfr = Ã {logH, fr} + r
{
logH, Ã

}
fr, (45)

where we have set fr = f(r,r) for short and where we have used the Poisson bracket defined as:

{logH,G} = (∂z logH)∂ωG− (∂ω logH)∂zG. (46)

It is interesting to note here that eq.(45) exhibits a striking resemblance with the conformal

transformation of a two-dimensional primary field of conformal weight h = r. This is why we

refer to the set R of bianalytic functions transforming like eq.(45) as being the ring of conformal

fields on the torus T2. Elements of this ring are then primary fields on C2 defining highest weight

representations of the conformal algebra on the torus.

4 Higher spin symmetries from the Gelfand-Dickey analysis

We describe here the basic features of the algebra of arbitrary differential operators, referred

hereafter to as Σ̂, acting on the ring R of analytic functions on T 2. We show in particular that

any such differential operator is completely specified by a conformal weight2 (n, n), n ∈ Z, two

integers r and s with s = r + i, i ≥ 0 defining the lowest and the highest degrees, respectively,

and finally (1 + r − s) = i + 1 analytic fields uj(z, ω). It is obtained by summing over all the

allowed values of spin (conformal weight) and degrees in the following way:

Σ̂ = ⊕r≤s ⊕n∈Z Σ̂(r,s)
n . (47)

with Σ̂(n,n) ≡ Σ̂n. Note that the space Σ̂ is an infinite dimensional algebra which is closed under

the Lie bracket without any condition. A remarkable property of this space is the possibility to

introduce six infinite dimensional classes of sub-algebras related to each other by special duality

relations. These classes of algebras are given by Σ̂±
s , with s = 0,+,− describing respectively

the different values of the conformal spin which can be zero, positive or negative. The ± upper

indices stand for the sign (positive or negative) of the degrees quantum numbers, for more details

see [15].

2For a matter of simplicity we denote objects X(n,n) of conformal weight |X(n,n)| = (n, n) simply as Xn
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4.1 Setup of the GD integrable analysis on T
2

4.1.1 The space Σ̂
(r,s)
n

To start let’s precise that the space Σ̂
(r,s)
n contains differential operators of fixed conformal spin

(n, n) and degrees (r,s), type

L(r,s)
n (u) =

s∑

i=r

un−i(z, ω) ◦ ξiH , (48)

These are ξH ’s polynomial differential operators extending the Hamiltonian field ξH = {logH, }.

Elements L
(r,s)
n (u) of Σ̂

(r,s)
n are a generalization to T 2 of the well-known 2nd order Lax differential

operator ∂2
z + u2(z) involved in the analysis of the so-called KdV hierarchies and in 2d integrable

systems on the circle S1. The second order example of eq.(48) reads as

L2 = ξ2H + u2, (49)

and is suspected to describe, in a natural way, the analogue of the KdV equation on T 2. Moreover,

eq.(48) which is well defined for s ≥ r ≥ 0 may be extended to negative integers by introducing

pseudo-differential operators of the type ξ−kH , k > 1, whose action on the fields us(z, ω) is given

by the Leibnitz rule. It is now important to precise how the operators L
(r,s)
n (u) act on arbitrary

functions f(z, ω) via the Hamiltonian operators ξkH .

A striking resemblance with the standard case [14, 15] leads us to write the following Leibnitz

rules for the local and non local differential operators in ξH

ξnHf(z, ω) =
n∑

s=0

csn{logH, f}
(s)ξn−sH , (50)

and

ξ−nH f(z, ω) =
∞∑

s=0

(−)scsn+s−1{logH, f}
(s)ξ−n−sH (51)

where the kth-order derivative {logH, f}(k) = {logH, {logH, ...{logH,︸ ︷︷ ︸
k times

f}...}} on the torus T 2 is

the analogue of f (k) = ∂kf
∂zk , the kth derivative of f in the standard case. Special examples are

given by

ξH ◦ f = {logH, f} + fξH

ξ2H ◦ f = {logH, f}(2) + 2{logH, f}ξH + fξ2H

ξ3H ◦ f = {logH, f}(3) + 3{logH, f}(2)ξH + 3{logH, f}ξ2H + fξ3H

ξ4H ◦ f = {logH, f}(4) + 4{logH, f}(3)ξH + 6{logH, f}(2)ξ2H + 4{logH, f}ξ3H + fξ4H

(52)
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and
ξ−1
H ◦ f = fξ−1

H − {logH, f}ξ−2 + {logH, f}(2)ξ−3 − {logH, f}(3)ξ−4 + ..

ξ−2
H ◦ f = fξ−2

H − 2{logH, f}ξ−3 + 3{logH, f}(2)ξ−4 + ...

ξ−3
H ◦ f = fξ−3

H − 3{logH, f}ξ−4 + ...

ξ−4
H ◦ f = fξ−4

H + ...

(53)

As can be checked by using the Leibnitz rule, one has the expected property

ξnH .ξ
−n
H f(z, ω) = f(z, ω) (54)

A natural representation basis of non linear pseudo-differential operators of spin n reads as

P(p,q)
n [u] =

q∑

i=p

un−i(z, ω)ξiH , p ≤ q ≤ −1 (55)

This configuration, which is a direct extension of the local Lax operators L
(r,s)
n (u) eq.(48), de-

scribes non-local differential operators. Later on, we will use another representation of pseudo-

differential operators, namely, the Volterra representation. The latter is convenient in the deriva-

tion of the Gelfand–Dickey (second Hamiltonian structure) of higher conformal spin integrable

systems. Note by the way that the non local Leibnitz rule eq.(51) is a special example of the

Volterra pseudo-operators as we will show in the forthcoming sections.

4.1.2 The algebra of differential operators Σ̂

This is the algebra of differential operators of arbitrary spins and arbitrary degrees. It is obtained

from Σ̂
(r,s)
n by summing over all allowed degrees (r, s) and conformal weight (spin) n in the

following way

Σ̂ = ⊕r≤s ⊕n∈Z Σ̂(r,s)
n . (56)

Σ̂ is an infinite dimensional algebra which is closed under the Lie bracket without any condition.

A remarkable property of this space is the possibility to split it into six infinite dimensional

classes of sub-algebras given by Σ̂±
s , with s = 0,+,−. These classes of algebras are describing

respectively the different values of the conformal spin which can be zero, positive or negative.

The ± upper indices stand for the sign (positive or negative) of the degrees quantum numbers.

They are related to each other by conjugation of the spin and degrees. Indeed, given two integers

s ≥ r, it’s not difficult to see that the spaces Σ̂(r,s) and Σ̂(−1−r,−1−s) are dual with respect to the

pairing product (., .) defined as

(L(r,s),P(p,q)) = δ1+r+q,0δ1+s+p,0Res[L
(r,s) ◦ P(p,q)] (57)

where the residue operation Res is given by

Res[ujξ
j
H ] = u−1(z, ω) (58)
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As signaled previously, the residue operation Res carries a conformal weight (−1,−1).

Note by the way that the uj ’s currents should satisfy a conformal spin’s duality with respect the

following “scalar” product

< uk, ul >= δk+l,1

∫
dzdωu1−k(z, ω)uk(z, ω) (59)

By virtue of this product the one dimensional spaces Σ̂
(0,0)
k and Σ̂

(0,0)
1−k are dual to each other.

This leads then to a splitting of the tensor algebra Σ̂(0,0) into two semi-infinite tensor subalgebras

Σ̂
(0,0)
+ and Σ̂

(0,0)
− , respectively characterized by positive and negative conformal weights as shown

here below
Σ̂

(0,0)
+ = ⊕k>0Σ̂

(0,0)
k

Σ̂
(0,0)
− = ⊕k>0Σ̂

(0,0)
1−k

(60)

We learn in particular that Σ̂
(0,0)
0 is the dual of Σ̂

(0,0)
1 . The previous properties shows that

the operation <,> carries a conformal weight | <,> | = (−1,−1), consequently this is not a

convenient Lorentz scalar product. We need then to introduce a combined Lorentz scalar product

<<,>> built out of <,> eq.(59) and the pairing product (, ) eq.(57) such that | <<,>> | = (0, 0)

as follows

<< D(r,s)
m ,D(p,q)

n >>= δn+m,0δ1+r+q,0δ1+s+p,0

∫
dzRes[D(r,s)

m ×D
(−1−s,−1−r)
−m ] (61)

With respect to this combined scalar product, one easily sees that the subspaces Σ̂++, Σ̂0+ and

Σ̂−+ are dual to Σ̂−−, Σ̂0− and Σ̂+−, respectively. The symbol Σ̂+− corresponds for example to

Lax operators on T 2 with positive conformal spin and negative degrees while Σ̂0+ corresponds to

Lorentz scalar operators of positive degrees. We conclude this section by making the following

remarks:

1. Σ̂++ is the space of local differential operators with positive definite conformal weight and

positive degrees.

2. Σ̂−− is the Lie algebra of non local differential operators with negative definite conformal

weight and negative degrees.

3. These two subalgebras Σ̂±± are used to built the Gelfand–Dickey second Hamiltonian structure

of integrable systems on the Torus T 2.

4.2 Wn symmetries from the Σ++ ⊕ Σ−− algebras on T
2

4.2.1 The Σ−− algebra in the Volterra basis

The Lie algebra Σ−− discussed previously is in fact isomorphic to the maximal algebra of arbitrary

negative definite conformal spin and pure non local pseudo-differential operators Σ
(−∞,−1)
− . In

the Volterra representation a generic element of this algebra is given by

Γ(−∞,−1)(v) =
∞∑

m=0

α(m)Γ
(−∞,−1)
−m (v), (62)

14



where only a finite number of the coefficients α(m) is non vanishing and where

Γ
(−∞,−1)
−m [v] =

∞∑

j=1

ξ−jH ◦ vj−m(z, ω) (63)

More generally, given two integers r and s with r ≥ s ≥ 0, one can build new kinds of coset

subalgebras Σ
(−r,−s)
− whose generators basis are given in the Volterra representation as

Γ
(−r,−s)
−m [v] =

r∑

j=s

ξ−jH ◦ vj−m(z, ω) (64)

The number of independent fields vj(z, ω) involved in the above relation is equal to (1+r−s) and

corresponds then to the dimension of Σ̂
(−r,−s)
−m . Note moreover that with respect to the combined

scalar product <<,>> eq.(61), the subspace Σ
(−r,−s)
− is nothing but the dual of Σ

(s+1,r+1)
+ .

Now, given two differential operators L
(p,q)
m [u] and Γ

(−1−q,−1−p)
−n [v] belonging to Σ̂

(p,q)
m and

Σ̂
(−1−q,−1−p)
−n respectively, their residue pairing reads as

Res[L(p,q)
m ◦ Γ

(−1−q,−1−p)
−n ] =

q∑

i=p

um−i(z, ω)vi+1−n(z, ω) (65)

The conformal weight of the r.h.s. of the previous equation is (1 +m− n, 1 +m− n) where the

values m and (−n) are the contributions of the operators L
(p,q)
m [u] and Γ

(−1−q,−1−p)
−n [v].

4.2.2 The Gelfand-Dickey algebra on T 2

We show in this section how one can derive the algebra of higher spin currents from the so-called

Gelfand-Dickey algebra on the torus T 2. This can be done following the same lines of the standard

sln-GD algebra on the circle S1 [14, 15]. The first step concerns the use of the algebra Σ++ with

the particular differential operators

L(0,n)
n [u] =

n∑

i=0

un−iξ
i
H (66)

We then consider the (n + 1) fields uj(z, ω) of conformal weight (j, j), 0 ≤ j ≤ n, involved in

this equation as the coordinates of a (n+ 1) dimensional manifold Mn+1. Let’s denote by F the

space of differentiable functions on Mn+1 of arbitrary positive conformal spin. We have

F = ⊕k∈NFk (67)

Note that elements Fk of Fk, for k a positive integer, depend on the uj(z, ω)’s and carry, in

general, a conformal spin index k

Fk[u] = Fk[u0(z, ω), ..., un(z, ω)] (68)

The functional variation of these objects reads as

δFk[u(z, ω)] =

∫
dz′dω′

n∑

j=0

{δuj(z
′, ω′)

δFk [u(z, ω)]

δuj(z′, ω′)
} (69)
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A special example consists in setting Fk[u(z, ω)] = uk(z, ω), with 0 ≤ k ≤ n, we get

δuk(z, ω) =

∫
dz′dω′

n∑

j=0

{δjkδ(z − z′)δ(ω − ω′)δuj(z
′, ω′)} (70)

showing among others that
δFk[u(z, ω)]

δuj(z′, ω′)
(71)

behaves as a (k + 1 − j, k + 1 − j) conformal weight object. Since we are focusing to derive Wn

symmetries with (n − 1) independent conserved currents on the torus T 2 associated formally to

an sln-Lie algebra, one has to impose strong constraints on the spin-(0, 0) and spin-(1, 1) fields

u0 and u1 . This leads then to a reduction of the (n + 1) dimensional manifold M(n+1) to an

(n− 1)-dimensional submanifold M(n−1). Consistency gives

u = 1, u1 = 0 (72)

The Lax operator eq.(66) reduces then to

L(0,n)
n [u] = ξnH +

n−2∑

i=0

un−iξ
i
H (73)

Consider next the residue dual of the Lax differential operator eq.(73). This is a pseudo-differential

operator which has degrees (−1−n, 1) but unfixed conformal spin, say (k−n, k) an integer. These

pseudo-operators read in terms of the functions Fk[u(z, ω)] as

Γ
(−1−n,−1)
k−n [F ] =

n+1∑

j=1

ξ−jH ◦ vk+j−n(z, ω) (74)

where the vk+j−n(z, ω)’s with 1 ≤ j ≤ n− 1 are realized as

vk+j−n(z, ω) =
δFk[u(z, ω)]

δu2+n−j(z′, ω′)
(75)

Note that the fields vk+1 and vk define the residue conjugates of u0 and u1 respectively. The

explicit determination of the pair of v’s fields requires the solving of the following constraint

equations

Res[L
(0,n)
n ◦ Γ

(−1−n,−1)
k−n ] =

n−2∑
i=0

un−i(z, ω)vi+k+1−n(z, ω)

Res[L
(0,n)
n ◦ Γ

(−1−n,−1)
1−n [G]] = 0

(76)

Algebraic computations lead to

vk+1 = 0

vk = 1
n

n∑
j=1

n−2∑
l=0

H(j − i− 1)(−1)j+1cij [un−j ×
δFk

δun−i
](j−i−1),

(77)
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as a solution of eqs.(76) respectively, where H(j) is the Heaviside function defined as

H(j) = {
1, if j ≥ 0
0, elsewhere

(78)

Now given two functionals Fk[u] and Gl[u] depending on the currents u0, ..., un with u0 = 1

and u1 = 0 as well as corresponding pseudo-differential operators in the Volterra representation

Γ
(−1−n,−1)
k−n [F ] and Γ

(−1−n,−1)
l−n [G]. With these data, the Gelfand–Dickey bracket reproducing the

second Hamiltonian structure of integrable systems is given as follows

{Fk[1], Gl[2]}L(0,n)
n

=

∫
dzdωRes[V

(0,2n−1)
k+n (L,Γ) ◦ Γ

(−1−n,−1)
1−n ] (79)

where we have used the following notation Fk[u(z1, ω1) ≡ Fk[1] and Gl[u(z2, ω2) ≡ Gl[2] with the

definition

V
(0,2n−1)
k+n (L,Γ) = L(0,n)

n ◦ (Γ
(−1−n,−1)
k−n ◦ L(0,n)

n )+ − (L(0,n)
n ◦ Γ

(−1−n,−1)
k−n )+ ◦ L(0,n)

n (80)

As usual, the suffix (+) stands for the restriction to the local part of the considered operation

(positive powers of ξjH). One shows after a straightforward, but lengthy computation, that the

previous Gelfand–Dickey bracket reduces to the following important form

{Fk[1], Gl[2]}GD =
n−2∑

i,j=0

∫
dzdω[

δFk[1]

δun−i(z′, ω′)
D(n, i, j, z′, ω′, u)

δGl[2]

δun−j(z′, ω′)
] (81)

where the operator D(n, i, j, z′, ω′, u) is a nonlinear local differential operator of conformal weight

|D| = (2n − 1 − i − j, 2n − 1 − i − j). The knowledge of this operator is a central step towards

computing the Gelfand–Dickey bracket. It’s explicit determination is a tedious work and we will

avoid the presentation of all our calculus and restrict ourselves to the global forms leading to the

extended higher conformal spins symmetries on the torus T 2.

First of all, we have to underline the important situation for which we can set Fk = uk and

Gl = ul with 2 ≤ k, l ≤ n. The basic Gelfand–Dickey brackets associated to the higher spin sym-

metries (conformal and W-extensions) expressed in terms of the canonical fields uj, 2 ≤ j ≤ n are

given as follows

{uk[1], ul[2]}GD = D(n, n− k, n− l, u)δ(z1 − z2)δ(ω1 − ω2) (82)

It is easily seen that D(n, n− k, n − l, u) is a nonlinear differential operator of conformal weight

|D(n, n − k, n − l, u)| = (k + l − 1, k + l − 1). The particular examples that we are interested in

concern the conformal and W3 symmetries associated respectively to the restriction of the order

of the Lax operators to n = 2 and 3. For n = 2, we have k = l = 2, the unique Poisson bracket

corresponding to the classical version of the conformal symmetry in T 2 is given by

{u2[1], u2[2]}GD = D(2, 0, 0, u)δ(z1 − z2)δ(ω1 − ω2) (83)
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and the differential operator D(2, 0, 0, u) takes the following form

D(2, 0, 0, u) =
1

2
ξ3H + 2u2(z, ω)ξH + {logH, u2} (84)

This is a third order differential operator extending the one appearing in the classical version of

the Virasoro symmetry. For the nearest values of z and z′, the conformal algebra eqs.(83)-(84)

reads as

{u2[1], u2[2]}GD = [u2(z, ω)+u2(z
′, ω′)]{logH, δ(z−z′)δ(ω−ω′)}+

1

2
{logH, δ(z−z′)δ(ω−ω′)}(3)

(85)

where {logH, δ(z−z′)δ(ω−ω′)}(3) = {logH, {logH, {logH, δ(z−z′)δ(ω−ω′)}}} is the third order

derivation of δ(z − z′)δ(ω− ω′). Eq.(85) corresponds then to the classical version of the Virasoro

algebra on T 2. Remark that the central charge corresponding to this algebra is c = 6, this is

inherited from the simple choice of u0 = 1. If one chooses the Lax operator to be

L(0,n)
n [u] =

c

6
ξnH +

n−2∑

i=0

un−iξ
i
H , with u0 =

c

6
(86)

in this case the bianalytic Virasoro algebra becomes

{u2[1], u2[2]} = [u2 + u2′ ]{logH, δ(z − z′)δ(ω − ω′)} +
c

12
{logH, δ(z − z′)δ(ω − ω′)}(3) (87)

Similarly, the W3-extension of the Frappat et al. symmetry on T 2 is obtained from the

generalized Gelfand–Dickey bracket eq.(82) and gives for n = 3 three brackets associated to the

fields u2 and u3 as follows

{u2[1], u2[2]}GD = D(3, 1, 1, u)δ(z1 − z2)δ(ω1 − ω2)

{u2[1], u3[2]}GD = D(3, 1, 0, u)δ(z1 − z2)δ(ω1 − ω2)

{u3[1], u3[2]}GD = D(3, 0, 0, u)δ(z1 − z2)δ(ω1 − ω2)

(88)

where

D(3, 1, 1, u) = 2ξ3H + 2u2ξH + {logH, u2}

D(3, 1, 0, u) = −ξ4H − u2ξ
2
H + (3u3 − 2{logH, u2})ξH + 2{logH, u3} − {logH, u2}

(2),

D(3, 0, 0, u) = −2
3ξ

5
H − 4

3u2ξ
3
H − 3{logH, u2}ξ

2
H + (2{logH, u3} − 2{logH, u2}

(2) − 2
3u2u2)ξH

+ ({logH, u3}
(2) − 2

3{logH, u2}
(3) − 2

3u2{logH, u2})
(89)
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5 Concluding Remarks

We presented in this paper some important aspects of higher conformal spin symmetries on the

bidimensional torus T 2. These symmetries, generalizing the Frappat et al. conformal symmetries

by adding currents of conformal spin 3 in a non standard way, are also shown to be derived, in

their semi-classical form, from the Gelfand–Dickey bracket that we are computing explicitly.

We underline at this level that the obtained W3 extension of the Frappat et al. conformal

symmetry on T 2 exhibits many remarkable features. The first one concerns the introduction of a

new kind of derivation inherited from diff(T 2) and that takes the following form ξH ≡ {logH, .} =

∂zlogH∂ω − ∂ωlogH∂z for arbitrary bianalytic function H(z, ω). These logarithmic derivatives,

corresponding to Hamiltonian vector fields, are central in the present study as they are assuring

a consistent description of diff(T 2) symmetries. Besides its diff(T 2) invariance origin, the vector

field ξH is very useful as it can join in a compact form the bi-complex derivatives ∂z and ∂ω.

Note that for functions H living on a n-dimensional torus T n, the logarithmic derivative can be

written as

{logH, } =
n∑

i,j=1

Ωij∂i logH∂j (90)

where H = H(z1, ..., zn, ω1, ..., ωn) and Ωij = - Ωji is the usual n× n antisymmetric matrix.

The second crucial remark concerning the derived Gelfand-Dickey algebra is that the nth or-

der local differential operator used is of the form

L(0,n)
n [u] = ξnH +

n−2∑

i=0

un−iξ
i
H (91)

This is a Lax operator belonging formally to the A-series of simple Lie algebra and having (n−1)

coordinates functions {uk, k = 2, 3, ...n}, where we have set u0 = 1 and u1 = 0. This is a natural

generalization of the well-known differential sl2-Lax operator LKdV = ξ2H + u2 associated to the

diff(T 2)-KdV integrable hierarchy that we will discuss later [22].

We have to underline that the sln-Lax operators play a central role in the study of integrable

models and more particularly in deriving higher conformal spin algebras (Wk-algebras) from the

extended Gelfand–Dickey second Hamiltonian structure [21, 23]. Since they are also important in

recovering 2d conformal field theories via the Miura transformation, we are convinced about the

possibility to extend this property, in a natural way, to diff(T 2) and consider the T 2-analogues

of the well-known 2d conformal models namely: the sl2-Liouville field theory and its sln-Toda

extension and also the Wess-Zumino-Novikov-Witten conformal model. For instance, consider

the KdV Lax operator that we can write by virtue of the Miura transformation as

LKdV = ξ2H + u2(z, ω) = (ξH + {logH, φ}) × (ξH − {logH, φ}) (92)
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where φ is a Lorentz scalar field. As a result we have

u2 = −{logH, φ}(2) − {logH, φ}2 (93)

which should describe the classical version of the stress energy momentum tensor of conformal

field theory on the torus T 2. Using C× C bicomplex coordinates language, we can write

T (z, ω) ≡ u2(z, ω) = −{logH, φ}(2) − {logH, φ}2 (94)

where {logH, φ}(2) is the second order derivative of the Lorentz scalar field φ with respect to the

T 2 symmetry. The conservation for this bianalytic conformal current T (z, ω), leads to write the

following differential equation

{logK̄, {logH, φ}} = e2φ (95)

where K̄ = K(z̄, ω̄) is an arbitrary bianalytic function of z̄ and ω̄ carrying, in general, an (n̄0, m̄0)

U(1) × U(1) charge. Note also that K̄ is not necessarily the complex conjugate of the func-

tion H considered earlier. Our experience with conformal field theory and integrable systems

leads to conclude that the latter “second order” differential equation is nothing but the con-

formal Liouville-like equation of motion on the Torus T 2. This equation of motion is known

to appear in this context as a compatibility relation with the conservation of the stress energy

momentum tensor T (z, ω) namely {logK̄,T (z, ω)} = 0 or equivalently {logK̄, {logH, φ}(2)} +

2{logH, φ}{logK̄ , {logH, φ}} = 0.

We end this discussion by noting the possibility to interpret the obtained diff(T 2)-Gelfand-Dickey

symmetries equations corresponding to the nth-order Lax differential operator eq.(91) as being

the classical form of the Wn symmetries behind the {sln}-Toda-like conformal field theory, gen-

eralizing the diff(S1) Toda field theory [21] and whose action is assumed to have the following

form

S[φ] =

∫
d2zd2ω{

1

2
{logH, φ}.{logK̄ , φ} − (

m

β
)2
n−1∑

i=1

exp(βαi.φ)} (96)

In this bosonic Toda field theory on T 2, the Cartan subalgebra-valued scalar field φ is given by

φ =
n−1∑
i=1

αiφi where φi is an n−component scalar field and {αi, i = 1, 2, ..., n−1} are (n−1)-simple

roots for the underlying Lie algebra G. The parameters m and β are coupling constants. The

derivatives of the scalar field φ in the kinetic term are {logH, φ} and {logH̃, φ} giving then the

extension of diff(S1)-derivatives ∂zφ and ∂̄zφ. The equations of motion that we can derive from

the Toda action eq.(96) are summarized as follows

β{logK̄, {logH, φ}} +m2
n−1∑

i=1

αiexp(βαi.φ)} = 0 (97)

A particular example is given by the {sl2} conformal Liouville model eq.(95).
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