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ABSTRACT 

In this paper, a procedure for Dancoff factors calculation based on equivalence 
principle and its application in the SCALE-4.3 code system is described. This 
procedure is founded on principle of conservation of neutron absorption for resolved 
resonance range in a heterogeneous medium and an equivalent medium consisted of an 
infinite array of two-region pin cells, where the presence of other fuel rods is taken into 
account through a Dancoff factor. The neutron absorption in both media is obtained 
using a fine-group elastic slowing-down calculation. This procedure is implemented in 
a design oriented lattice physics code, which is applicable for any geometry where the 
method of collision probability is possible to apply to get a flux solution. Proposed 
procedure was benchmarked for recent exercise that represents a system with a fuel 
double heterogeneity, i.e., fuel in solid form (pellets) surrounded by fissile material in 
solution, and for a 5x5 irregular pressurised water reactor assembly, which requires 
different Dancoff factors. 
Keywords: Nordheim method, Dancoff correction, equivalence principle, slowing-
down, effective Dancoff factor 

1. INTRODUCTION 

The most usual step in reactor criticality calculations is to start with an elementary cell of the 
lattice, in which the neutron slowing down and thermalization problems can be treated with optical 
reflecting or isotropic reflecting (white boundary condition). However, even this is too complicated in the 
resonance energy range. 

As a first approximation in the resonance self-shielding calculations, a single fuel lump 
(usually a fuel rod) in an infinite moderator is considered, and the presence of other fuel rods is taken 
into account by applying a certain correction, generally called the Dancoff correction [1]. The theory 
has been known for a long time, and several analytical [2] and numerical [3-6] methods and 
algorithms are widely used. Recently it has been suggested [7] that the accuracy of computing the 
Dancoff factor has not improved sufficiently, particularly in the case of complicated and irregular 
geometries, while the accuracy of modern reactor physics code system has become much better than it 
was some two decades ago. An additional complication is that present-day reactor physics codes 
generally provide for the automatic calculation of the Dancoff correction, and the user is not always 
aware of the degree of approximation involved. 

One method commonly used for solving the neutron slowing-down equation is based on two-
region (fuel and moderator) collision probability representation of a heterogeneous lattice cell. Several 
analytical methods have been proposed to account for a detailed variation of the neutron flux across 
the energy range of each resonance in this two-region model, the most rigorous of which is the 
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Nordheim Integral Technique [8]. This technique is implemented in the NITAWL-II code [9], which is 
applied in all SCALE-4.3 code system analytical sequences [10] that include problem-dependent 
cross-section processing. 

In the Nordheim method, the Breit-Wigner single-level model is used for the cross section 
processing, and the slowing-down source in the fuel region, due to neutron scatter with resonance 
nuclide as well as with two admixed moderator (non-absorbing) nuclides, is calculated explicitly over 
a fine mesh in the lethargy variable. The moderator region is assumed to contain a non-absorbing 
moderator with an associated 1/E variation of the slowing-down flux. Finally, the first-flight collision 
probabilities, used for spatial transport, are modified for lattice-cell geometry by Dancoff factor that 
accounts for transmission from the fuel region (F) through the moderator (M) to neighboring 
absorbers. The Dancoff factor, in this context, is the probability that a neutron emerging from the 
surface of one fuel lump will enter another absorber lump without any collision in the moderator. This 
definition is also used in other numerical and Monte Carlo methods for calculation of Dancoff 
factor [3-7]. For the most widely used arrangements, such as regular square or hexagonal lattices, the 
NITAWL-II code provides Dancoff factors, however, in the more complex geometries, the Dancoff 
factors are to be supplied as input by the user. In most other calculation schemes [11,12], the Dancoff 
correction plays a similar role. 

In order to provide a solution for any geometry for which a flux solution by collision 
probability method is possible, and to include resonance interference and overlap effects in the 
SCALE-4.3 code system, a procedure based on the equivalence principle is proposed for effective 
Dancoff factor calculation. This procedure equalizes the absorption self-shielded cross section in the 
chosen energy range of a heterogeneous medium to an equivalent medium containing the single fuel 
lump with considering resonant nuclide where the presence of other fuel regions are taken into account 
by applying the effective Dancoff factor. The neutron absorption in both media is calculated using a 
fine-group elastic slowing-down calculation. This procedure is implemented in the VEGA2DAN 
sequence of the VEGA2 design oriented lattice physics code [13]. The physical principles and 
mathematical methods used in the proposed procedure and the verification results are described in 
subsequent sections. 

2. EFFECTIVE DANCOFF FACTOR CALCULATION 

The proposed procedure is based on an idea that is possible to include the collision probability 
definition and resonance interference effects in the Dancoff correction theory by preserving the 
absorption self-shielded cross section for chosen energy range in a heterogeneous medium and an 
equivalent one characterised with effective Dancoff factor. There are two reasons for selecting the 
energy range with lower boundary El = 1 eV and upper boundary Eu = 300 eV for thermal reactor 
applications. The first reason is connected with characteristics of the ENDF/B-V compilation, which 
includes all resolved resonances of 235U and 239Pu in this range. This compilation was chosen for 
generating the 238- and 44-group Criticality Safety Reference Libraries [14] used in the SCALE-4.3 
code system. The second reason is that more than 90% of resonant absorption by 238U in thermal 
reactors takes place in selected energy range. 

To obtain a very detailed solution versus the neutron energy, the slowing-down module CESD 
[13] from the VEGA2 code is used. This module solves the multigroup slowing-down equation for a 
heterogeneous geometry with the collision probability method. The energy mesh was chosen to obtain 
a very good representation of the heavy nuclide cross sections. 

The fine-group elastic slowing-down calculation 

In general case with any number of resonant nuclides (0), non-resonant nuclides (1), and zones 
(a zone is a volume small enough for flat-flux approximation), the collision-probability approach leads 
to the neutron slowing-down equation, 
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zti (EHi (E ) V i = I P ji (E )[ k R kj (E)+Q j (E)] V j , (1) 
j=1 =1 

where it is assumed that the medium is perfectly reflected and the scattering is isotropic. Here Xtj is 

the total cross section, 0 i i s the energy-dependent flux in zone i, Pijis the first-flight collision 

probability from zone i to zone j , R k is the elastic slowing-down operator for nuclide k in zone j , 

and Qj is the neutron source in zone j . 
Since the resonance interference effects were studied only for resolved resonances, that cause 

the largest effect for thermal reactors (i.e., for E<300 eV), the neutron source in Eq. (1) is 
approximated as a lethargy-independent source between Els = 2.25 keV and Eus =3.35 keV. Also, it 
is assumed that the neutrons are uniformly and isotropically emitted in the whole moderator (i e M), 

f7\/E,Els<E<Eus,ieM 
Qi ( )= 1 E<Els,E>Eus,^M . (2) 

The elastic slowing-down operator R k for nuclide k in zone j is defined as 

R 
E kN kak s (E'Ki (E')dE' 

k = E j (1-a k)E> , 

where Ek =min(E/ak,Esu), ak =((Ak -1)/(Ak+1)) 2 and Ak is the atomic mass of nuclide k. 

The quantity to be preserved Eai, is 
K 

Žai = i Nkčkai , (4) 
k=1 

where 
Eu 

c a i = El . (5) 

E N kok a(E)^(E)dE 

k l E 

u i(E)dE 
El 

The value of absorption cross section ok for nuclide k in zone i, and reference values of 

absorption cross section aafor nuclide k as a function of dilution cross section o0, are used in the 

VEGA2DAN sequence to determine the effective dilution cross section o k. for each nuclide k in each 
zone i. For this purpose the Segev interpolation scheme [15] is applied. Application of these dilution 
cross sections in the NITAWL-II code enables to include the resonance interference effects between 
different nuclides and spatial variation of the shielded cross sections. On the other hand, the 
macroscopic value of absorption cross section Eai is used for effective Dancoff factor (ci) 
calculation in zone i. This Dancoff factor is convinient for utilisation in all SCALE-4.3 system 
sequences, which include problem dependent cross section processing. Finally, the macroscopic value 

of absorption cross section N kok is applied in VEGA2DAN sequence for calculation of effective 



Dancoff factor (c k ) in zone i containing the mixture of resonant nuclide k and one or two admixed 

moderator nuclides (defined in accordance with the Nordheim treatment). In this case, Dancoff factor c k 

is favourable for the stand-alone utilisation of the NITAWL-II code. 

The equivalence principle 

Using the Nordheim model for the elastic slowing-down, the equivalent neutron flux m(E) 

in fuel zone i is approximated with 

* ( E ) = ti ( E ) Ri ( E ) 5 E , (6) 

where Pi (E) is probability that a neutron originating in the fuel zone i will make its next collision in 

the moderator zones and Ri (E) is elastic slowing-down operator in zone i. In general case, the elastic 

slowing-down operator Ri (E) is defined as 

KiEkN i k s (E') i (E')dE' Ri(E)= i N i s i ) dE , (7) 

In deriving Eq. (6), the flux in the moderator zones is normalised to 1 above resonances, and a 
reciprocity relation is used to eliminate the escape probability from the moderator zones. In the simple 
case of one fuel rod in an infinite moderator, Pi (E) is equivalent to the escape probability from the 
fuel P0i (E). If the fuel zone is more complicated, as in the most practical case of fuel lattices, and if 
the fuel zone is not totally black, i.e., some neutrons will pass through fuel zone without collision, the 
escape probability has to be modified by a Dancoff correction 

Pi ( E^1-[1- P 0 i ( (Efii P 0 i ( E )]ci (8) 

where li is the average chord length in the fuel zone i. The escape probability P0i (E) is function of 

geometry type and size as represented by a characteristic dimension li. Also, it is explicit function of 

macroscopic total cross section in the fuel zone Zti(E). The analytic expressions for escape 

probability P0i(E) were developed by Case, deHoffman and Placzek [16] in slab, cylindrical and 

spherical geometry, and by Smith and Murray [17] for spherical shell (with central black zone). For 

cylindrical shell from ri_1 to ri (also, with central black zone) this probability is calculated using 

Gauss-Jacobi integration of expression 

f ri"I * 1 
2 f [ Ki3(0)-Ki3(x1) ] dy+ i [ Ki3(0)-Ki3(x2)dy, (9) 

0 ri_1 
P 0 i = 

2 

where Ki 3 is the third order Bickley function [18], 

Ki3(x) = 7t0 sin 2eexp(- x )de, 

and where T1 and x2 denote optical path length 
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*1=*ti 

and 

2 2 - 2 7 2 

x2=2Lti\r 2 -y 2 . 

An iterative strategy, in which the equivalent neutron flux cpi (E), obtained for Dancoff factor 

ci from previously iteration, is used to determine the new value of Dancoff factor by preserving the 

”exact” value of shielded absorption cross section (Eai), is based on the following equation, 

cpi (E) = cpi (E)[1 - Eti (EftiP 0 i (E)]ci + [1 - P0i (E)]Ri ( E ) + 

r ) 1 /?• (E) 

[ ti (E i P 0 i (E) + P 0i (E) - \ - E Ci . 

In this iterative procedure the new value of effective Dancoff factor ci is calculated from the 

expression (that forces the shielded absorption cross section Eai to be preserved) 

a2i+a4i-žai(b2i+b4i) 
ci = 

where 

- a 1 i-a3i+a4i+Eai(b 1 i+b 3 i-b 4 i) 
, 

fa 1 i 
b1 i 

b2i 

b bl\ 

Eu 
JEai (E)<pi (E)[1 - Eti (E)~£iP0i (E) ] dE 

El 

E E (E) [ 1 - P 0 i(E )] Ri(E ) dE 

E" z a i ( E ) [ ti ( E ) P 7 ( E ) + P 0i ( E ) - 1 R (E)dE 

ti ( 

Eu 

= 
El 

E 

E(pi (E) [ 1-Eti ( E ) ^ i 0 i (E)dE 

Eu 1 
[Eti (E)iiP0 i (E) + P0i (E) - 1] Ri (E ) dE 

P 0 i(E) dE 

El 
E 

. 

(11) 

(12) 
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As pointed out previously, the CESD algorithm is applied in the VEGA2DAN sequence of the 
VEGA2 code for the solution of a fixed-source slowing-down equation (1) in an arbitrary geometry, 
using 20000 microgroups in the resolved energy domain. Recent work [19] has shown that this 
solution leads to acceptable agreement with Monte Carlo results. To calculate integrals in Eq. (12), the 
so-called formalism of Riemann integration is used. This integration is performed using the same 
20000-group cross sections stored on an auxiliary data library that could be accessed by VEGA2DAN 
during its calculation. This data library was generated form the ENDF/B-VI.4 compilation with Pre-
Processing codes RECENT and SIGMA1 [20]. 

Convergence of Dancoff factor iteration to fine criteria (0.0001) may take as many as 10 
iterations. In order to simplify the first-flight collision probability calculations, particularly in 
complicated two-dimensional geometries, an approximate option based on the N-term rational 
representations of collision probabilities is implemented in the VEGA2DAN sequence. In this option, 
the assumption that the fuel compositions are identical in all fuel zones is used. Here, as in the case of 
non-overlapping resonances, the collision probabilities are function of only a single variable, namely, 
the total cross section of the fuel. 

3. RESULTS 

The proposed procedure was benchmarked for recent exercise that represents the systems with 
a fuel double heterogeneity, i.e., fuel in solid form (pellets) surrounded by fissile material in solution. 
The need for this type of analysis arises in several situations as are the dissolution of fuel elements in 
acid and TMI-2 type reactor accidents. Complementary reference calculations confirm that the major 
source of dispersion in the standard design-oriented method is the incorrect determination of effective 
resonance absorption by 238U. The largest discrepancies are showed for the benchmark problem 20. 
This problem represents spherical pellets (with diameter of 1 cm) of UO2 (2.5% enriched uranium) 
dissolving continuously in a borated water solution (1500 ppm) at several pellet packing densities. The 
problem illustrated in Fig. 1, shows comparison of calculated reactivity loss as function of fuel pellet 
solution, for a packing fraction (PF=Vfuel/Vcell) equal to 0.4. These results were obtained by various 
international contributors [21]. Reference results are acquired by using continuous-energy Monte 
Carlo MCNP-4A code [22] and neutron cross sections generated from ENDF/B-IV compilation. The 
analysis of results obtained with standard design-oriented method (NITAWL code coupled with the 
XSDRNPM code from the SCALE code system [23] and APOLLO code [24]) is emphasised the 
inadequacy to account for 238U resonance mutual self-shielding effect in the pellet-fissile liquor 
interaction. Results obtained with energy-pointwise slowing-down treatment (ROLAIDS/XSDRNPM 
code [25]), the generalised Livolant-Jeanpierre formalism (APOLLO-II code [26]), the subgroup 
correlation procedure (WIMSE code [27]) and with VEGA2 subgroup procedure [13], are in close 
agreement on the rate of reactivity loss. 

The new results obtained with the proposed procedure, implemented in the sequence based on 
the utilisation of VEGA2DAN, NITAWL-II and XSDRNPM-S [28] codes, are presented in Fig. 2. In 
this sequence, the VEGA2DAN code was used to calculate the effective Dancoff factors in the fuel 
zones (characterised with spherical and spherical shell geometry). This stage enables to account for 
238U resonance mutual self-shielding effect in the pellet-fissile liquor interaction. The NITAWL-II 
code was used for preparation of shielded cross sections in the resolved resonance domain (using the 
Dancoff factors obtained with VEGA2DAN code). Finally, the effective multiplication factor ( k∞ ) 
for the pellet-fissile liquor cell with the white boundary condition was obtained with XSDRNPM-S 
code, performing one-dimensional discrete ordinates S16(P3) calculation. These results are compared 
with reference results obtained with the MCNP-4B code [29] and continuous-energy library VMCCS 
[30], generated from ENDF/B-VI.4 compilation. As can be seen in Fig. 2, the precision of proposed 
procedure, as well as the VEGA2 code based on the subgroup procedure and multigroup library (also, 
generated from ENDF/B-VI.4), is similar to the more demanding calculation based on the MCNP-4B 
code and ENDF/B-VI.4 library. 
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Fig. 1. Comparison of the reactivity loss with pellet dissolution for the benchmark problem 20 
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Fig. 2. Comparison of the reactivity loss with pellet dissolution for the benchmark problem 20 

The second benchmark [31] is defined in Fig. 3. It represents a simplified 5 x 5 pressurised 
water reactor (PWR) assembly featuring a water hole surrounded by square and rectangular fuel cells 
that include clad fuel rods of different diameters. The small fuel rod radii are 0.41 cm and 0.455 cm, 
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and the larger fuel rod radii are 0.51 cm and 0.55 cm. The mixture composition of this assembly is 
given in Table I. It is quite obvious that this example with different fuel rods requires different 
Dancoff factors. In the SCALE-4.3 sequence with the KENO V.a code [32], the Dancoff factors for 
this benchmark were calculated with the VEGA2DAN code, and shielded cross sections for each fuel 
rods were prepared with NITAWL-II code. A comparison of results obtained with this sequence and 
MCNP-4B code is presented in Table II. From this comparison, it can be seen that proposed procedure 
consistently improves agreement of SCALE-4.3 sequences that use Dancoff factors with more 
accurate Monte Carlo code MCNP-4B. 

Fig. 3. Geometry of a 5 x 5 PWR assembly 

TABLE I. Mixture Composition of 5 x 5 PWR Assembly 

Mixture 

Fuel 

Clad 

Moderator 

Nuclide 

235U 

238U 

O 
Cr 
Mn 
Fe 
Ni 
H 
O 

Atom Density 
(1024 atom/cm3) 

7.50·10-4 

2.20·10-2 

4.55·10-2 

1.48·10-2 

9.00·10-4 

5.30 10-2 

6.90·10-3 

5.00·10-2 

2.50·10-2 

4. CONCLUSION 

This paper shows that procedure for Dancoff factor calculation based on equivalence principle 
between a heterogeneous medium and an equivalent medium consisted of an infinite array of simple 
pin cells, can provide to account for resonance interference and overlap effects. The superiority of this 
procedure is apparent in complicated, irregular geometries where the other methods are not applicable, 
and where the flux solution by collision probability method is possible. The increase in computation 
time is not significant with today’s computers, and more important, the time spent on computation 
Dancoff factors is still only a fraction of the time needed to run criticality problems. 
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Table I I. Simplified 5 x 5 PWR Assembly (Zero Leakage) k∞ Values 

Code 

MCNP-4B 

MCNP-4B 

VEGA2DAN 
+NITAWL-II 
+KENO V.a 

NeutronCross 
Section Library 
ENDF/B-VI.4 

(VMCCS) 
ENDF/B-V 
(RMCCS) 
ENDF/B-V 

(44-Groupndf5) 

k»±1o 

1.29968 
±0.00077 

1.29834 
±0.00070 

1.29628 
±0.00056 
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