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Abstract. In this paper we generalize the construction of generally covariant quantum theories given in
[BFV03] to encompass the conformal covariant case. After introducing the abstract framework, we discuss
the massless conformally coupled Klein Gordon field theory, showing that its quantization corresponds
to a functor between two certain categories. At the abstract level, the ordinary fields, could be thought
as natural transformations in the sense of category theory. We show that, the Wick monomials without
derivatives (Wick powers), can be interpreted as fields in this generalized sense, provided a non trivial
choice of the renormalization constants is given. A careful analysis shows that the transformation law of
Wick powers is characterized by a weight, and it turns out that the sum of fields with different weights
breaks the conformal covariance. At this point there is a difference between the previously given picture
due to the presence of a bigger group of covariance. It is furthermore shown that the construction does
not depend upon the scale µ appearing in the Hadamard parametrix, used to regularize the fields. Finally,
we briefly discuss some further examples of more involved fields.

1 Introduction

The systematic analysis of quantization in terms of functors given by Brunetti, Fredenhagen and
Verch [BFV03], opened an interesting new way to interpret the quantum field theory on curved
spacetimes. With this new ideas, the expectation values of fields in different spacetimes can
be compared in a mathematically rigorous way. Some interesting new applications have been
developed following this line of thinking, we remind here the work of Buchholz and Schlemmer
[BS07] and Schlemmer and Verch [SV08], where the authors deal consistently with expectation
values of fields in different spacetimes. Another interesting use of similar ideas can be found in
the derivation of local energy bounds in curved spacetime as performed by Fewster [Fe07]. The
use of these concepts plays a central role in the development of a perturbative theory of quantum
gravity, to this end we would like to remind the interesting paper of Brunetti and Fredenhagen
[BF06].

A central role in the analysis performed in [BFV03] is played by the study of the isometric
embeddings between different spacetimes and their interplay with the quantization procedure.
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It was shown that the quantization of the massive Klein Gordon fields can be encompassed in
the new scheme. Furthermore, the field itself and its Wick powers, as constructed by Hollands
and Wald in [HW01, HW02, HW05], can be interpreted as a generally covariant quantum fields.

Here we would like to address the same problem in the case of field theories having a larger
group of symmetry, namely the locally conformally covariant case. To this end we introduce
the notion of generally conformally covariant fields by enlarging the abstract setup presented
in [BFV03]. The idea of considering more complicated morphisms than isometries appeared for
the first time in the work of Brunetti [Br04], we would like to follow similar line of reasoning.

We shall furthermore show that, despite the presence of quantum anomalies, there is a
non trivial choice of the renormalization freedom1 that makes the conformally coupled Klein
Gordon field and its Wick powers, conformally covariant in the abstract sense. At this point
it seems interesting to remark that the requirement of being conformally covariant restricts the
renormalization freedom usually present in the construction of these fields. Another interesting
difference that arises in the case under investigation is that the transformations rules enjoyed by
the Wick powers are characterized by the presence of a weight. Furthermore, the sum of Wick
monomials with different weight breaks the conformal covariance.

The analysis performed in this paper allows to geometrically relate a larger class of spacetimes
than in [BFV03], namely those that are locally connected by a conformal transformation. In this
way it is possible, for example, to transplant observables (and states) from the de Sitter spacetime
to the Minkowksi one. This could be useful in the study of concepts like local equilibrium states
[BOR02] in the case of conformally covariant theories as well.

The paper is organized as follows: at first we introduce the notion of locally generally
conformal covariant quantum fields. The example of the massless conformally coupled scalar
Klein Gordon field is studied in the second section, we shall present the transformation rule of
the fundamental solutions and of the Hadamard parametrix in particular. The third section
contains the analysis of the Wick powers. Some final comments and some further non trivial
examples of more complicated fields are given in the fourth section. The appendix contains some
technical computation used in the derivation of the results.

1.1. Categorial formulation of locally conformally covariant field theory. We are
going to enumerate the relevant categories that will be used later for the formulation of a
conformal quantum field theory in terms of a functor between certain categories. Before doing
it, we introduce some small modifications to the locally covariant picture of quantum field
theory presented for the first time in [BFV03], in order to adapt the formalism to include
the case of conformal invariant theories. The key obervation is that conformal invariant field
theory should be invariant under a reacher group of transformations, namely the local conformal
transformations. It is interesting to notice that such transformations share a lot of nice properties
with isometries, the causal structure is preserved by such transformations in particular and this
fact will play a central role later on. For a better formalization of these concepts we would like

1A detailes analyses of the renormalization freedom can be found in the work of Hollands and Wald [HW01,
HW05].
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to introduce the notion of conformal embedding.

Definition 1.1. Consider two globally hyperbolic spacetime (M1,g1) and (M2,g2) then, a
map ψ : M1 → M2 is called conformal embedding if it is a diffeomorphism between M1 and
ψ(M1) and if ψ is a conformal isometry, namely, the push forward ψ∗ acts on the metric g1 in
the following way: ψ∗g1 = Ω−2 g2|ψ(M1)

where Ω is a strictly positive smooth function on ψ(M1),

called conformal factor.

In the following we shall consider the case of a conformal embedding ψ between two globally
hyperbolic spacetimes (M1,g1) and (M2,g2) that preserves orientation and time orientation and
such that the image (ψ(M1),g2|ψ(M1)) is also an open globally hyperbolic subset of (M2,g2).
We would like to remark that, under the given hypotheses, ψ preserves the causal structures of
the spacetime2, mapping for example causal curves to causal curves and so on and so forth. The
following action of weighted conformal transformations on test functions will play a distinguished
role in the definition of the weight of the field.

Definition 1.2. Let ψ be a conformal embedding between (M1,g1) and (M2,g2) with confor-

mal factor Ωψ then, the weighted action on test functions ψ
(λ)
∗ is the map from C∞(M1)

to C∞(ψ(M1)) such that,

ψ
(λ)
∗ (f)(x) := Ω−λ

ψ (x)(f ◦ ψ−1)(x).

Where λ ∈ R is called the weight of the map.
The previously given definition deserves some comments regarding its domain of definition

and its inversion. While it is clear that ψ
(λ)
∗ can also be thought as acting on compactly

supported smooth function ψ
(λ)
∗ : C∞

0 (M1) → C∞
0 (M2), it is not true anymore considering

smooth functions, that is because in general ψ(M1) is a proper subset of M2 hence a smooth
function f that is not compactly supported on M1 is not mapped to a smooth function in

C∞(M2). It is indeed impossible to extend uniquely ψ
(λ)
∗ (f) on M2 outside ψ(M1). Despite

the presence of these domain problems we would like to notice that ψ
(λ)
∗ is invertible either on

C∞
0 (ψ(M1)) or on C∞(ψ(M1)). The particular conformal embedding ψ : (M,g) → (M,g′) such

that every p ∈ M is mapped to ψ(p) = p, is called conformal transformation. Moreover,
if the conformal factor Ωψ of a conformal transformation is a constant then it is called rigid

conformal transformation or rigid dilation.

We enumerate here the category used later on; these definitions are very similar to those given
in [BFV03]. For this reason we shall stress, case by case, the differences we have to implement
in order to encompass also the conformal transformations in framework.

CLoc: This is the category that encompasses all the geometric structures of the theory. The
object of CLoc are all the four dimensional oriented and time oriented globally hyperbolic
spacetimes. While the morphisms are all the conformal embeddings ψ : (M1,g1) →
(M2,g2) with the following additional properties, that are the same as previously given: (i)
(ψ(M1),g2|ψ(M1)) is an open gloablly hyperbolic subset of (M2,g2) and (ii) the morphisms

2See the Appendix D of [Wa84] for more details
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preserve orientation and time orientation3. The composition of morphisms is defined as
the composition map of conformal embeddings in the usual way. The category CLoc is an
extension of the category Loc given in [BFV03], in the sense that in CLoc there is a larger
class of morphisms then in Loc.

Alg: There is no need to modify the category of Alg introduced in [BFV]. The object of Alg are all
the C∗-algebras built on a globally hyperbolic spacetime (M,g), possessing unit elements,
while their morphisms are the injective ∗−homomorphisms that preserve the unit; once
again the composition descends from the usual composition map of ∗−homomorphism.

TAlg: The definition of a TAlg follows easily the one of Alg; the difference is that the object of
this category are taken to be only ∗−algebras with unit, instead of C∗-algebras. There is
no modification between this and the previously given definitions.

Testλ: The objects of this category are the sets of compactly supported smooth functions C∞
0 (M)

on the spacetimes (M,g). The morphisms are the weighted transformation ψ
(λ)
∗ : M →M ′

with λ fixed in such a way that maps elements of C∞
0 (M) to elements of C∞

0 (M ′) as in
the definition 1.2.

It seems interesting to notice that the categories Alg and TAlg are defined in the same way as on
[BFV03, Br04], in a certain sense the algebraic formulation of quantum field theory is already
suitable to describe conformal transformations. Furthermore the scaling transformations have
already been considered as geometric morphisms in the work [Br04].

1.2. Quantum Conformal Field theory as a Functor and Conformal fields as Natural

transformations. We are now in place to define the locally covariant conformal quantum

field as a functor between the two categories CLoc and Alg, such that the object of CLoc are
mapped into the object of Alg whereas the morphisms ψ of CLoc are mapped into the morphisms
αψ of Alg, in such a way that the following diagram commutes

(M,g)
ψ

−−−−→ (M ′,g′)

A





y





y
A

A(M,g)
αψ

−−−−→ A(M ′,g′)

and the following compositions property holds:

αψ ◦ αψ′ = αψ◦ψ′ , αIM
= IA(M) .

The same construction can be repeated substituting the category Alg with TAlg.
Despite the meaningfulness of the previously given definition and the presence of examples

of the given framework, it is not at all clear if observables with a certain physical meaning in a

3The requirement of global hyperbolicity for ψ(M1) is equivalent to the requirement of causal convexity of
ψ(M1) in M2. In other words every causal curve with endpoints in ψ(M1) has to lie inside ψ(M1) too.
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spacetime are mapped to observables with the same meaning, on the other spacetime. In general
this is indeed not the case and it is precisely because of this problem that the ordinary fields
needs to be introduced in an alternative way. In the picture we are going to introduce, they will
assume the particular meaning of natural transformations between categories.

To this end it is useful to consider the set of weighted test functions Dλ as a functor between
CLoc and Testλ. More precisely let’s indicate by Dλ(M,g) the category whose elements are the
sets of compactly supported smooth functions C∞

0 (M), and the morphisms αλψ between these
sets are defined by means of the weighted action on test functions as defined in 1.2. Clearly
D can also be seen as a fucntor between the category of CLoc to Test. We are now ready to
introduce the notion of conformal quantum field as a natural transformation between
two functors.

Definition 1.3. A field Φλ
(M,g) of weight λ is a linear transformation between the functor

that realizes the test functions D4−λ : (M,g) → D4−λ(M,g) and the functor that realizes the
topological algebras A : (M,g) → A(M,g) such that the following diagram commutes

D4−λ(M,g)
Φλ

(M,g)
−−−−→ A(M,g)

ψ
(4−λ)
∗





y





y

αλ
ψ

D4−λ(M ′,g′)
Φλ

(M′,g′)
−−−−−→ A(M ′,g′)

The preceding definition can be written more explicitly by means of the following conformal
covariance property:

αλψ(Φλ
(M,g))(f) = Φλ

(M ′,g′)(ψ
λ−4
∗ (f)).

Where ψ
(λ)
∗ (f) is defines as a weighted transformation as given in the definition 1.2. We call λ

the weight of the field Φλ.
The difference between the weight in the test functions and the weight in the fields can be
understood taking into account the transformation rule enjoyed by the volume form. Under a
conformal embedding ψ : (M,g) → (M ′,g′),

√

g′(ψ(x))Ω4(ψ(x)) =
√

g(x)

where g stands for the determinant of the metric.
As a consequence of the given definitions, linear combinations of fields with different weight

are not conformally covariant fields. Precisely at this point there is a great difference with what
was addressed in [BFV03], where also the linear combinations of fields with different “weights”
were taken into account.

2 The model: Free conformal invariant scalar field.

In this section we present a model that shows the previously presented abstract structure. We
shall consider the massless conformally coupled scalar field theory. Just to fix some notation
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let’s remind that the classical equation of motion of the conformal Klein Gordon scalar field ϕ
on a spacetime (M,g) is

Pg = −2g +
1

6
Rg, Pgϕ = 0, (1)

where 2g is the d’Alambert opeartor constructed out of the metric g and Rg is the Ricci
scalar of the metric g. We start our analysis with the study of the interplay between conformal
transformations, the fundamental solutions and the microlocal spectral condition [Ra96, BFK96].

2.1. Conformal transformation of the fundamental solutions. Let us start recalling
the transformation law satisfied by the operator Pg under conformal embeddings.

Lemma 2.1. Let ψ be a conformal embedding of (M1,g1) into (M2,g2), consider the cor-

responding weighted transformations ψ
(3)
∗ and ψ

(1)
∗ of test functions thought as mappings from

C∞
0 (M1) → C∞

0 (ψ(M1)) ⊂ C∞
0 (M2). The following equivalence holds for every f in C∞

0 (M1):

Pg2(ψ
(1)
∗ (f)) = ψ

(3)
∗ (Pg1(f)). (2)

Proof. Because of the support properties of f we know that the supports of the following

smooth functions, ψ
(1)
∗ (f) and ψ

(3)
∗ ◦ Pg1(f), are contained in ψ(M1). Hence we can restrict our

attention to the image of M1 under ψ, namely to the spacetime (ψ(M1),g1). Furthermore the
conformal embedding ψ becomes a conformal isometry if restricted to ψ(M1), and the proof
of that proposition descends straightforwardly by means of a direct computation (a detailed
analysis is contained in the appendix D of Wald’s book [Wa84]). 2

We can relax the hypotheses written above and use as test functions only the smooth func-
tions. In this case the equivalence (2) works if restricted to the image ψ(M1) ⊂ M2. Another
important extent of the transformation law of the wave operator Pg we would like to stress is
its interplay with weighted test functions. Actually, because of the presence of the conformal
factor in the transformation law of the operator defining the equations of motion we have that
Pg maps test functions of weight 1 into test functions of weight 3.

In a globally hyperbolic spacetime (M,g), the advanced / retarded fundamental solutions
∆± of the partial differential equation Pgφ = 0 are the unique maps from C∞

0 (M) to C∞(M)
that enjoy the following properties Pg∆±f = f and the domains of ∆±f are contained in the
causal future / past of the support of f respectively supp ∆±(f) ⊂ J±(supp f). For the issues
regarding the uniqueness see [BGP07].

Let us study the transformation law enjoyed by the fundamental solutions under conformal
embeddings and hence by the causal propagator.

Lemma 2.2. Let ψ be a morphism in CLoc, hence ψ is a conformal embedding between
ψ : (M,g) → (M ′,g′), let ∆± and ∆′

± be the uniquely defined advanced/retarded fundamental
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solutions of Pg and Pg′ . Consider the following operators from C∞
0 (ψ(M)) to C∞(ψ(M)):

∆ψ
± := ψ

(1)
∗ ◦ ∆± ◦ ψ

(3)
∗

−1

then ∆ψ
± are the uniquely defined advanced / retarded fundamental solutions of Pg′ in (ψ(M),g′).

Furthermore ∆ψ
± = χ(ψ(M))∆′

±|C∞

0 (ψ(M))
, where χ(ψ(M)) is the characteristic function of

ψ(M).

Proof. (ψ(M),g′) is a global hyperbolic subspace of (M ′,g′), then, in order to show that

∆ψ
± are the advanced / retarded fundamental solutions of Pg′ in (ψ(M),g′), we have to check

two properties, the first one is that Pg′∆ψ
±f = f and the other one is that the support of

∆ψ(f) ⊂ J±(supp f)|ψ(M) for every f in C∞
0 (ψ(M)). First of all, consider the following chain

of equalities valid in ψ(M) for every f ′ ∈ C∞
0 (ψ(M)) and f = ψ

(3)
∗

−1
(f ′):

f ′ = ψ
(3)
∗ (f) = ψ

(3)
∗ ◦ Pg(∆±f) = Pg′ ◦ ψ

(1)
∗ (∆±f) = Pg′

(

∆ψ
± ◦ ψ

(3)
∗ (f)

)

= Pg′

(

∆ψ
±(f ′)

)

.

The second step is to check that the domain property are preserved by ψ. Nonetheless the
properties of ψ assure the validity of the following chain of inclusions.

supp ∆ψ
±f

′ = ψ(supp ∆±f) ⊂ ψ(J±(supp f)) ⊂ J±(ψ(supp f))

in ψ(M). Furthermore, ψ maps causal curves into causal curves preserving the orientation and
from this it descends the last inclusion. 2

The causal propagator E is defined as the advanced minus retarded fundamental solution
E = ∆+ − ∆−, it is a distribution on compactly supported smooth functions uniquely defined
in a globally hyperbolic spacetime once Pg is given. It can be seen as map form C∞

0 (M) to
C∞(M) namely the set of solutions of Pgφ = 0.
Knowing the interplay between advanced, retarded fundamental solutions and conformal em-
beddings, we can derive straightforwardly the way in which the causal propagator E tranforms
under conformal transformation, i.e.

Lemma 2.3. Let ψ be a morphism in CLoc between the two elements (M,g), (M ′,g′) of

CLoc, then χ(ψ(M))E′(ψ
(3)
∗ (f)) = ψ

(1)
∗ (E(f)) for any f ∈ C∞

0 (M).

The two point functions of Hadamard type play a distinguisched role in the formulation of a
quantum field theory in curved spacetime [KW91]. From the work of Radzikowski [Ra96] and
Brunetti, Fredenhagen and Khöler [BFK96] we know that an Hadamard two-point function is
characterized by the microlocal spectral condition. Hence we shall say that a two-point distri-
bution ω2 is of Hadamard type if its antisymmetric part corresponds to the causal propagator
and if it satisfies the microlocal spectral condition, which means that the wave front set of ω2

has a certain form:

WF(ω2) = {(x1, k1, x2, k2) ∈ T ∗M \ {0}|(x1, k1) ∼ (x2, k2), k1 ∈ V+} , (3)
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where (x1, k1) ∼ (x2, k2) if it exists a null geodesics γ[0, a] → M such that γ(0) = x1 and
γ(a) = x2 and k1 is the cotangent, coparallel vector to the geodesic at x1 while k2 is equal to the
parallel transport along γ of −k1 on x2. The next preliminary task we have to accompilish is to
give the transformation rule for the Hadamard two-point function under conformal embeddings.
While we have already seen that the causal propagator satisfies an homogeneous transformation
rule we would like to see what happens to the symmetric part of an ω2 of Hadamard type.

Lemma 2.4. Let ψ be a morphism in CLoc from (M,g) to (M ′,g′) and ω2 a distribution on
C∞

0 (M ×M) that satisfy the microlocal spectral condition then, consider

ωψ2 (f, g) := ω2(ψ
(3)
∗

−1
f, ψ

(3)
∗

−1
g).

ωψ2 is a distribution on C∞
0 (ψ(M)2) and it satisfy the microlocal spectral condition on (ψ(M),g′).

Proof. Since ψ
(3)
∗ is a smooth invertible map from C∞

0 (M) to C∞
0 (ψ(M)), ωψ2 is a distribution.

Let us analyze its wave front set of ωψ2 in (ψ(M),g′); the definition of wave front set does not
depend on the metric g′, we have simply to analyze the relation between M and ψ(M). Since

the ψ
(3)
∗ is smooth and invertible, and since ψ is a diffeomorphisms we can immediately conclude

that (x1, k1, x2, k2) is an element of WF(ωψ2 ) if and only if (ψ−1(x1), ψ
−1
∗ (k1), ψ

−1(x2), ψ
−1
∗ (k2)) ∈

(WF(ω2)). Here ψ−1
∗ : Tψ(p)ψ(M)∗ → TpM

∗ defined in the standard way. We have to show that
(x1, k1) ∼ (x2, k2) in (ψ(M),g′). To this end we are seeking for a future directed null geodesic
γ′ in ψ(M) whose extreme points are x1 and x2 and whose cotangent vector in x1 is k1 and in
x2 is −k2. Notice that, having (ψ−1(x1), ψ

−1
∗ (k1)) ∼ (ψ−1(x2), ψ

−1
∗ (k2)) in (M,g), it exists a

future directed null geodesics γ with such properties in (M,g). Because of the properties of the
conformal embedding, k1 and k2 are also null vectors in (ψ(M),g′). Since ψ is an orientation
and time orientation preserving conformal embedding, γ′ = ψ(γ) turns out to be also future null
geodesics in ψ(M), furthermore, let λ and λ′ be the affine parameters of γ and of ψ(γ), then
dλ′

dλ = cΩ2 where c is a constant and Ω is the conformal factor of ψ. Notice that if ψ−1
∗ k1 is a

cotangent vector of γ in ψ−1(x1), k1 has to be the cotangent vector of ψ(γ) in x1, the same also
holds for −k2 in x2. Finally, since the orientation is preserved by ψ, the thesis turns out to be
proved. 2

The singular structure of an Hadamard two point function, called Hadamard parametrix, is
fixed [KW91], to proceed with our analysis it will be useful to analyze it in more details. The
Hadamard parametrix H has the following expansion in a small geodesically convex neighbor-
hood containing the points x and y:

H(x, y) =
1

8π2

(

u(x, y)

σǫ(x, y)
+ v(x, y) log

σǫ(x, y)

µ2

)

(4)

where u and v are certain smooth functions that depend only on the geometry of the spacetime
(M,g), once the equations of motion are chosen and σǫ = σ + i(T (x) − T (y))ǫ+ ǫ2/2, where T
is any time function [KW91] and σ is half of the squared geodesical distance between x and y,
taken with sign. We shall give further details on local construction of u and v in the appendix.
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The Hadamard parametrix depends on the dimensional parameter µ, we shall fix this parameter
once and for every spacetime in CLoc. Finally we would like to analyze the difference of the
singular structures in the sense of the following lemma.

Lemma 2.5. Let ψ be a morphism in CLoc between the two elements (M,g), (M ′,g′). Let
H and H ′ be the Hadamard parametrix respectively on two geodesically complete neighborhood
O of M and O′ of ψ(M) such that O′ ⊂ ψ(O) then

H(ψ
(3)
∗

−1
f, ψ

(3)
∗

−1
g) −H ′(f, g) =

∫

O′×O′

f(x)A(x, y)g(y) dµg′(x)dµg′(y)

where A(x, y) is a smooth symmetric function on O′ ×O′ and f, g ∈ C∞
0 (O′ ×O′). Furthermore,

in general it is non vanishing, and its coinciding point limit is

A(x, x) =
1

(12π)2
(

Rg(ψ−1(x)) − Ω2
ψ(x)Rg′(x)

)

,

where Ωψ is the conformal factor corresponding to ψ.

Proof. The distribution H satisfy the microlocal spectral condition and its antisymmetric part
corresponds to the causal propagator hence, also because of the preceding lemma,

Hψ(f, g) := H(ψ
(3)
∗

−1
f, ψ

(3)
∗

−1
g)

is of Hadamard type in (ψ(M),g) too. From this property it is clear that Hψ −H ′ must be a
smooth function. In the equation (11) of the appendix we have shows that A(x, x), has precisely
the given form, hence, since A(x, y) is a smooth function it cannot vanish in general. Finally,
because of the lemma 2.3, the causal propagator in (M,g) is mapped to the causal propagator in
(ψ(M),g). Since the antisymmetric part of H correspond to the causal propagator, it descends
that the antisymmetric part of A must vanish. 2

We would like to remark that A(x, x) does not depend upon the dimensional parameter µ
present in the short distance expansion of the Hadamard parametrix (4).

2.2. Quantization as a functor. In [BFV03] it was shown that the quantization in terms
of C∗ algeberas A(M,g) generated by the Weyl operators of the Klein Gordon field correspond
to a functor A from the category of isometrically related manifolds Loc to the category Alg. We
would like to briefly show that in the case of massless conformally coupled Klein Gordon field
the functor A can be extended as a functor between CLoc and Alg as described in the section 1.2.
The difference between what we are considering here and the previously given picture [BFV03]
is that in the definition of CLoc, we have admitted conformal embeddings as morphisms between
the same elements of Loc too. Hence we have simply to check the covariance of A with respect
to the larger group of morphisms of CLoc. In the sense of the discussion presented in section 1.2
we have to show that being ψ : (M,g) → (M ′,g′) a conformal embedding in CLoc there exsits
a corresponding morphisms αψ : A(M,g) → A(M ′,g′) such that A(ψ(M,g)) = αψ(A(M,g)).
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We shall skip many details that can be easily reconstructed knowing the results of [Di80,
BFV03]. For our pourpuse it will be sufficient to know that the morphism αψ can be stright-
forwardly constructed once a symplectic map between the two symplcectic spaces (S(M,g), σ)
and (S(M ′,g′), σ′) is given. To be more precise let us analyze the construction of (S(M,g), σ).
Using the causal propagator and the differential operator defined above we can construct the
set of wavefunctions S as follows:

S(M,g) := E(C∞
0 (M)).

S(M,g) can be equipped with a symplectic form defined in the following way. Let ϕf = Ef
then, since the spacetime (M,g) is globally hyperbolic, consider the following non degenerate
symplectic form

σ(ϕf , ϕg) =

∫

Σ
(ϕf∂aϕg − ϕg∂aϕf )n

adµΣ =

∫

f(Eg)dµg

where Σ is a Cauchy surface, moreover σ is independent on the particularly chosen Cauchy
surface Σ. n is the unit vector normal to Σ, µg is the volume element induced by the metric g,
and µΣ is the volume element restricted to the Hypersurface Σ.

We already know that for every isometric embedding ψ0 : (M,g) → (M ′,g′) it exists a
symplectic map from (S(M,g), σ) to (S(M ′,g′), σ′). A similar symplcetic map exsits considering
a conformal embedding ψ : (M,g) → (M ′,g′). In fact, from the transformation properties of
the causal propagator seen in the lemma 2.3, we have that for every ϕ1 and ϕ2 in S(M,g)

σ′(ψ
(1)
∗ (ϕ1), ψ

(1)
∗ (ϕ2)) = σ(ϕ1, ϕ2).

It is now a simple task to construct the automorphism between αψ of A(M,g) to A(M ′,g′) in
the same way as in [BFV03]. Hence A can be promoted as conformally covarinat functor.

3 Fields as natural transformations

In order to build more interesting examples it is important to have an algebra of local observables
that encompasses more complicated objects as the powers of the fields and the component of the
stress tensor. We shall here remind the construction of the algebra of field as presented in the
book [Wa94] and then we would like to show that that scalar field is a natural transformation
between two functors indeed.

3.1. The CCR algebra. We would like to follow the algebraic approach so the starting point
is the abstract ∗−algebra A(M,g) generated by the identity I and the smeared quantum fields
ϕ(f), where f is a test function (smooth compactly supported function denoted by D(M)).
Furthermore the abstract fields ϕ(f) must satisfy the following further requirements

(i) ϕ(α1f1 + α2f2) = α1ϕ(f1) + α2ϕ(f2), where α1, α2 ∈ C;

(ii) ϕ(f)∗ = ϕ(f );

10



(iii) ϕ(Pgf) = 0;

(iv) ϕ(f1)ϕ(f2) − ϕ(f2)ϕ(f1) = iE(f1, f2)I,

where, E is the causal propagator of the massless conformally coupled Klein Gordon field,
whose equation of motion is given by the operator Pg given in (1). The sets of A(M,g) with
the algebraic morphisms form a category TAlg. We would like to show that the abstract field ϕ
can be interpreted as a natural transformation between that category and Test3.

Proposition 3.1. A is a functor between the two categories Test3 and TAlg, in fact: to every
(M,g) it is possible to associate A(M,g) and be ψ a conformal embedding between (M,g) and
(M ′,g′) A(ψ) is defined as the morphism that acts on the fields in the following way

αψ(ϕ(f1) . . . ϕ(fn)) := ϕ′(ψ
(3)
∗ (f1) . . . ψ

(3)
∗ (fn)) , (5)

where ϕ, ϕ′ are the fields that generate A(M,g) and A(M ′,g′) respectively.

The proof of the present proposition descends form the definitions given above, from the
transformation rules of the causal propagator and from the composition rules of the morphisms
between two algebras. Moreover, exploiting the definition of A and D and using (5) for one
single field, we also have the following proposition

Proposition 3.2. The scalar field ϕ is a natural transformation between the category Test3

and TAlg and hence it is a locally covariant conformal field of weight 1.

The difference in the weights between the field and the test functions can be understood
exploiting the present heuristic representation of the field

ϕ(f) :=

∫

M
ϕ(x)f(x)dµg,

and considering the transformation rule enjoyed by the measure µg under conformal transfor-
mations.

3.2. Extension to the local algebra of fields and Wick monomials. As shown in
[DF01, HW01], in order to study the Wick monomials we have to extend the algebra A(M,g)
to a bigger one, that we shall indicate as W(M,g). In this respect we follow the notation and
construction introduced in [HW01] referring to that paper for technical details. Essentially the
normal ordered fields, when evaluated on states satisfying the microlocal spectral condition, turn
out to be distribution with a certain wavefront set. We can then smear them with more singular
objects, namely the distributions on compactly supported smooth functions characterized by
a certain wave front set. The normal ordering prescription plays a distinguished role in this
construction, we would like to remind its definition. The normal ordering with respect to the
Hadamard singularity H (where a unit of measure µ is chosen) is defined as follows

: ϕn(x1) . . . ϕ(xn) :H :=
δn

inδf(x1) . . . δf(xn)
exp

(

1

2
H(f ⊗ f) + iϕ(f)

)
∣

∣

∣

∣

f=0

. (6)
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The algebra A(M,g) can now be enlarged allowing the smearing by more singular object then
smooth functions in C∞

0 (Mn). In particular, let us consider the following set

T
n(M) :=

{

t ∈ D
′(M), t symm. , supp(t) is compact ,WF(t) ∩ V+ ∪ V− = ∅

}

,

where V± are the forwards or backwards lightcones in T ∗M whose tip x is in M . The requirement
on the wave front set of the elements of Tn(M) is introduced in such a way that fields smeared
by the distribution t ∈ Tn(M) can be unambiguously tested on states satisfying the microlocal
spectral condition. For a more complete analysis on the subject we refer to the papers [BF00,
HW01]. The algebra W(M,g) can now by defined as the ∗-algebra generated by the elements
defined as in (6) smeared by t ∈ Tn(M).

Remark: It can be shown combining the results in [BF00, HW01] that the algebra constructed
in that way is independent on the choice of the Hadamard two point function H. In other words,
substituting H in the definition of the normal ordering with another two point distribution with
the same singular structure, gives a set of generators of an isomorphic algebra. Part of this
freedom is encoded in the choice of the unit length µ. It is in any case possible to add a smooth
symmetric function to H without really changing the ∗-algebra W(M,g).

We are now ready to study the Wick monomials that are defined as the normal ordered
products of fields smeared by some special test distribution. More precisely, suppose to have a
smooth function with compact support C∞

0 (M) then a Wick monomial ϕn(f) of order n can be
defined as follows:

: ϕn :H (f) :=

∫

: ϕ(x1) . . . ϕ(xn) :H tf (x1, . . . , xn) dµg(x1) . . . dµg(xn) (7)

where tf (x1, . . . , xn) is f(x1)∆(x1, . . . , xn) and ∆ is the diagonal distribution ∆(x1, . . . , xn)=
δ(x1, x2). . . δ(xn−1, xn).

The Wick powers defined in that way satisfy certain interesting properties, in particular
they turn out to be locally covariant field in the sense of [BFV03]. Another important extent
showed by : ϕk :H is the almost homogeneous scaling under rigid dilations, where the non
homogenous term is logarithmic in the scaling parameter. Hollands and Wald have used an
axiomatic approach, i.e., they have promoted these and other physically motivated properties
to a set of axioms that every reasonable definition of Wick powers should satisfy. In [HW01],
they have furthermore shown that, the previously given definition for ϕk is the unique one that
satisfies the axioms up to the following renormalization freedom

ϕ̃k(x) = ϕk(x) +
k−2
∑

i=1

Ci(x)ϕ
i(x) (8)

where Ci(x) are classical fields depending on the parameter of the Lagrangian, and on the
metric tensor, furthermore it is required that Ci scale homogeneously under rigid dilation while
the total field ϕk scales almost homogeneously, where the non homogeneous term must be of
logarithmic type in the coupling scaling parameter. Hence, it is not possible to get rid of this non
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homogeneous logaritmic scaling behavior by a suitable choice of the renormalization constants
Ci(x).

3.3. Wick monomials and conformal covariance. It is known that the Wick monomials
previously defined are locally covariant quantum field in the sense of the analysis performed in
[BFV03]. Here we would like to see it these fields are also locally conformal covariant. Let’s
start our discussion analyzing the simplest case of ϕ2(x). Here the freedom (8) consists of the
following redefinition

ϕ2
α(x) =: ϕ2 :H (x) + αR(x) (9)

where R is the scalar curvature and α is a constant. An interesting observation is the fact that
both : ϕ2 :H (x) and ϕ2

α(x) scale homogeneously under rigid dilations, as can be seen from
the transformation rules of the scalar curvature and the Hadamard singularuty. Let Hg be the
Hadamard singularity in the spacetime (M,g), usually under rigid scaling λ it should transform
in the following way

λ−2Hλ−2g(x, y) = Hg(x, y) + vg(x, y) log λ2,

notice that in the case under consideration vg(x, x) = 0, as can be seen form the appendix.
Furthermore, Rg transforms homogeneosuly under rigid rescaling too

λ−2Rλ−2g = Rg,

hence the Wick monomial (9) transforms homogeneously under rigid dilation.
The second step in the analysis consists of testing ϕ2

α under local transformation. Let ψ be a
conformal transformation from (M,g) to (M,g′), then, taking into account the transformation
rule of the Hadamard singularity H as given in the appendix, we have

ϕ′2
α(ψ

(2)
∗ (f)) = ϕ2

α(f) −

(

1

(12π)2
+ α

)
∫

M
(Rg − (Ω ◦ ψ)2Rψg)fdµg,

where ϕ2
α is the field on (M,g) while ϕ′2

α is the one on (M,g′) The particular choice α =
−1/(12π)2 makes the field conformally covariant. We would like to see if this is the case also for
more involved fields. Namely we shall look for a particular redefinition of the Wick monomials, by
a suitable choice of the renormalization constants Ci(x) in (8), to get rid of the non homogeneous
behavior which is in general present in such cases. We are going to show that this is the case
by the following Theorem.

Theorem 3.1. Let ϕk be a Wick power as given in (7), there is a non trivial choice of the
renormalization constants Ci in (8) that makes ϕk a conformal locally covariant field with weight
k in the sense of the Definition 1.3.

Proof. The proof is constructive: let us consider the following smooth function B(x, y) =
1

2(12π)2 (Rg(x) +Rg(y)), then redefine the Wick monomials in the follwing way,

ϕk := : ϕk :H+B

13



where

: ϕ(x1) . . . ϕ(xk) :H+B=
δk

ikδf(x1) . . . δf(xk)
exp

(

1

2
(H +B)(f ⊗ f) + iϕ(f)

)
∣

∣

∣

∣

f=0

.

The algebra generated using this new normal ordering is isomorphic to W(M,g), the proof
is similar to the one of the independance of the state given in [HW01]; furthermore, it can
be shown that : ϕ :H+B is related to : ϕ :H by a choice of the renormalization constants as
in (8). The difficult part is to show that the Wick monomials defined with respect to the
new normal ordering, satisfy the covariance condition with respect to the conformal embedding
ψ : (M,g) → (M ′,g′) in CLoc and its corresponding algebraic morphism αψ defined as in (5)

αψ(: ϕk :H+B (f))− : ϕ′k :H′+B′ (ψ
(4−k)
∗ (f)) = 0.

To this end, consider a general element W of the Wick expansion of : ϕk :H+B (f)

W (x1, . . . , xk) :=

∫

ϕ(x1) . . . ϕ(xn)(H +B)(xn+1, xn+2) . . . (H +B)(xk−1, xk)

tf (x1, . . . , xk)dµ
1
g
. . . dµk

g
(10)

where tf (x1, . . . , xk) = f(x1)∆(x1, . . . , xk). We would like to show that on ψ(M)k

S(f ′) := αψ(W (tf )) −W ′(t′f ′) = 0

whereW is as in (10) andW ′(x1, . . . , xk) is the corresponding term of the expansion of : ϕ′k :H′+B′(f ′)

on (ψ(M),g) with f ′ := ψ
(4−k)
∗ (f). First of all notice that αψ has no action on (H +B) while

αψ(ϕ(x)) = Ω−1(ψ(x))ϕ′(ψ(x)) .

Hence

S(f ′) :=

∫

ϕ′(x1) . . . ϕ
′(xn)

[

Ω−1(xn+1) . . .Ω
−1(xk)(H +B)(xn+1, xn+2) . . . (H +B)(xk−1, xk)−

(H ′ +B′)(xn+1, xn+2) . . . (H
′ +B′)(xk−1, xk)

]

f ′∆′(x1, . . . , xk)dµ
1
g′ . . . dµkg′

where we have used the fact that f(x1)∆(x1, x2) = f(x2)∆(x1, x2). The proof can be con-
cluded using the analysis presented in the appendix (11), hence for y in a geodesically convex
neighborhood O of the point x in ψ(M), we have that

lim
y→x

1

Ω(x)
(H +B)(ψ−1(x), ψ−1(y))

1

Ω(y)
− (H ′ +B′)(x, y) = 0 .

From this observation, the proof can be concluded. 2
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4 Final comments

We have generalized the notion of generally covariant fields to encompass the conformally co-
variant transformations. This was done exploiting the theory of category in a similar way as
in [BFV03]. We have furthermore analyzed the case of the conformally coupled massless Klein
Gordon field, studying its Wick powers. Particularly we have shown that, using in a suitable
way the renormalization freedom, it is possible to get rid of the non homogeneous part carried
by the conformal transformation of those fields. In a certain sense the larger group of covariance
reduces the renormalization freedom. The situation presented here is different than the one given
in [BFV03], due to the presence of the weights in front of the fields. It is indeed not possible to
linearly combine fields with different weights without breaking the conformal covariance, unless
position dependent coupling constants are taken into account.

Before concluding the discussion we would like to give some simple examples of other type of
fields that fit into the presented framework. As an example of conformally covariant field with
non constant couplings consider

λ1 : ϕ4 :H+B +
λ2

g1/4
: ϕ2 :H+B +

λ3

g1/2

where g is the determinant of the metric and λ1, λ2, λ3 are constants. Such a field is a conformally
covariant field in the sense of definition 1.3 and its weight is 4.

Other interesting cases arises taking into account fields containing covariant derivatives.
Usually that kind of fields are more complicated and it is difficult to draw some general conclu-
sions because of the presence of quantum anomalies, but also because of the non homogeneous
transformation rule enjoyed by the covariant derivatives. Nevertheless, also in that case it is
possible to construct fields that are conformally covariant, provided a renormalization constant
is chosen. As an example of these fields consider

− : ∇aϕ2ϕ :H +
Rg

12
∇a : ϕ2 :H ,

notice that their classical counterparts are quite trivial since they vanish. On the other hand, also
in that case there is a renormalization freedom of the form (8); we can add to it an homogeneous
scaling constant C. If C is chosen as C(x) = −2∇av1(x, x)

4 that field turns out to vanish also
quantum mechanically and, even if it is a trivial field, it can be interpreted as a conformally
covariant field in the sense of definition 1.3.
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A Some technical computations

A.1. Transport equations. The coefficient u and v given in the Hadamard parametrix (4)
are symmetric smooth functions [Mo00] that satisfy the following relations:

2∇σ(x, y)∇u(x, y) + (2xσ − 4)u(x, y) = 0, −Pxv = 0.

Moreover the coefficient u is twice the square root of the van Vleck Morette determinant u =
2∆1/2, for definition and details see [DB60, Fr75, Fu89, Ta89]. Furthermore, on a geodesically
complete neighborhood, the function v can be expanded as follows

v =

p
∑

n=0

vnσ
n +O(σn).

We have truncated the series at some order p because, in general, the whole series does not
converge, unless the coefficients of the metric are analytic functions. Furthermore, the coefficients
vn can be found, using the following two recursive relations valid for n > 0

2g(x)∇xσ∇xv0 + (2xσ(x, y) − 2)v0 = P
(x)
g u(x, y)

2n g(x)∇xσ∇xvn + n (2xσ(x, y) + 2n− 2)vn = P
(x)
g vn−1(x, y)

A.2. Transformation laws for the Hadamard coefficients. Consider a conformal trans-
formation ψ : (M,g) → (M,g′) with conformal factor Ω. Let H and H ′ be the Hadamard
singularity, as given in (4), on a (M,g) and (M,g′) respectively. For y in a geodesically com-
plete neighborhood of the point x, we would like to compute the coinciding point limit of the
subtraction

1

Ω(x)
H(x, y)

1

Ω(y)
−H ′(x, y).

Becuase of the Lemma 2.4 we know that the subtraction is a smooth function, hence we can
then compute the following limit directly

lim
y→x

u(x, y)

Ω(x)σ(x, y)Ω(y)
+

v(x, y)

Ω(x)Ω(y)
log σ −

u′

σ′
− v′ log σ′ =

Rg(x)

18Ω2(x)
−
Rg′(x)

18
. (11)

In the computation of the limit (11) we have used the following expansions around x. Let
σµ = ∇µ

xσ, and Lµ := ∇µ log Ω then we can write the Taylor expansion

Ω(y) = Ω(x)

(

1 − Lµσ
ν +

1

2
(Lµν + LµLν) σ

µσν
)

+O(σ3/2).

Furthermore using the notation of Fulling’s book [Fu89]

σ′(x, y) = Ω2(x)σ(x, y)

(

1 − Lµσ
µ −

1

12
(−2σLµL

µ + (8LµLν + 4Lµν)σ
µσν)

)

+O(σ5/2)
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and the short distance analysis of van Vleck Morette determinant [DB60] gives

∆1/2 = 1 −
1

12
Rµνσ

µσν +O(σ2). (12)

Notice that, in the case under investigation, because of the expansion (12), and the recursive
relations given before, v0(x, x) = v(x, x) = 0. Plugging the expansions written above into the
previous subtraction and knowing that v(x, x) = 0, (11) holds.
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