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Context : the twentieth century legacy



Two very successful theories :

• General relativity

A single equation, Einstein’s equation, successfully predicts  
tiny deviations from classical physics and describes the universe 
at large as well as its evolution.  

Rµν - (R/2) gµν = 8πGN Tµν

geometry matter
QuickTime™ et un

décompresseur Cinepak
sont requis pour visionner cette image.



Describes nature at the level of the molecule, the atom, the nucleus,
the nucleons, the quarks  and the electrons .

• Quantum theory



Difficult to reconcile  general relativity with the quantum theory: 
best illustration is the vacuum problem ( cosmological constant pb)

Classically, the energy of the fundamental state (vacuum) is not 
measurable. Only differences of energy are (e.g. Casimir effect).

Einstein equations: Rµν - R gµν/2 = 8πG Tµν

geometry energy

Hence geometry may provide a way to 
measure absolute energies i.e. vacuum 
energy: 



Rµν - R gµν/2 = 8πG Tµν + 8πG < Tµν >

vacuum energy

similar to the cosmological term introduced by Einstein :

Rµν - R gµν/2 = 8πG Tµν + λ gµν
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Rµν - R gµν/2 = 8πG Tµν + 8πG < Tµν >

vacuum energy

similar to the cosmological term introduced by Einstein :

Rµν - R gµν/2 = 8πG Tµν + λ gµν

Such a term tends to accelerate the expansion of the universe :

H2 = 8 πG (ρ + ρΛ ) /3 - k/a2 ρ Λ ≡ λ / (8 πG )

curvature term

Present observations (k=0, ρ < ρΛ ) yield  ρ Λ ~ H0
2 / 8 πG

~ (10-3 eV)4



Note that ρ Λ ~ H0
2 / 8 πG� λ-1/2 ~  H0 

-1 =10 26 m  
size of the presently visible universe

A very natural value for an astrophysicist !



λ-1/2 ~ MW 
-1 ~ 10 -18 m    electroweak scale 

or λ-1/2 ~ mP
-1 ~  10 -34 m   Planck scale 

Note that ρ Λ ~ H0
2 / 8 πG� λ-1/2 ~  H0 

-1 =10 26 m  
size of the presently visible universe

A very natural value for an astrophysicist !

A high energy theorist would compute the vacuum energy and find



Related questions : why now? 
why is our Universe so large, so old?



1. The observational facts



Supernovae of type Ia may be used as standard candles to 
test the geometry of spacetime 



Distant supernovae  appear 
less bright than  in an  
expanding universe

� accelerated expansion 





mB = 5 log(H0dL) + M  - 5 log H0 + 25

luminosity distance dL = lH0 z ( 1 +  ------- z + …)
1-q0

2

q0  deceleration parameter

q0 = - a a / a2
...
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Could this be explained by 
a cosmological constant ?

Plot (ΩΛ , ΩM) :

ΩΛ =ρΛ/ρc , ΩM= ρM/ρc

Con
co

rd
an

ce
 m

od
el

q0 = ΩM/2 - ΩΛ



Ωbh2 = 0.015,0.017...0.031

A detailed knowledge of the acoustic peaks allows to have
access to the cosmological parameters:

Baryon density



ΩMh2 = 0.16,...,0.33

Matter density



Einstein equations: Rµν - R gµν/2 = 8πG Tµν

Are there more general ways than a cosmological constant 
to account for the acceleration of the expansion?

Friedmann equation : H2 = 8 πG ρ /3 - k/a2

geometry matter-energy

modify 
gravity

add new form
of energy



Dark  energy

Assume the existence of a new component assmilated to a perfect
fluid with pressure p and energy density ρ :

equation of state               p = w ρ

Acceleration of the expansion : - 4πG (ρ+3p) /3

Hence requires a component with negative pressure : p<0.

Non-relativistic matter  has w=1/3.
Vacuum energy has w=-1.        �
Quite generally, the eqn of state parameter may be varying with 
time i.e. redshift. 



The energetic budget of the Universe



w = -1.8,..,-0.2

When combined with 
measurement of matter 
density constrains data to a 
line in ΩM-w space

Angular diameter distance CMB



• Sloan Digital Sky Survey (SDSS) : on-going
(goal: 1 000 000 galaxies)

2nd data release: 3324 sq. deg. imaging
2627 sq. deg. spectroscopy with 260 490 galaxies

32 241 quasars (z < 2.3)
3 791 quasars (z > 2.3)

Large scale structure surveys:

• 2dF : completed 
(250 000 galaxies)

QuickTime™ et un
décompresseur TIFF (LZW)

sont requis pour visionner cette image.



• Testing dark energy :

ΩΛ

ΩM
ΩM

w equation of state parameter

pdark energy = w ρdark energy



Using distant Sn observed with  the Hubble Space Telescope

astro-ph/0402512

QuickTime™ et un
décompresseur TIFF (LZW)

sont requis pour visionner cette image.

Hubble plot : magnitude vs redshift



Starting to test candidates for dark energy (quintessence) :

-3         -2         -1          0    -3         -2      -1         0  w0

w1

w(z) = w0 + w1 z + …tests the dynamical nature of dark energy

Golden set of Sn1a :      w/o HST discovered     w/ HST discovered



Results from WMAP (3 years)

w

ΩM

Ωk

WMAP+2dF+SDSS+Sn

WMAP+SDSS WMAP+2dF

WMAP+SNLSWMAP+Sn

(in black: WMAP alone)



ΩM = 0.88, Ωv=0.12, H0 = 46
SNe ignored.

cannot accommodate Λ=0
with baryon acoustic peak.

ΛCDM

Baryon oscillations are really discriminating for dark energy

Blanchard, Douspis, Rowan-Robinson, Sarkar  2005Blanchard et al 2003

Acoustic oscillations are seen in the CMB . 
Look for the the same waves in the galaxy correlations.



w=-1
ΩTot=1

BAO: Baryon Acoustic Oscillations
(Eisenstein et al 2005, SDSS)

68.3, 95 et 99.7% CL 

Confidence Contours





ΩDE(z)



2. Back to the cosmological constant



According to present observations, a cosmological constant is, 
to first order, a good modelization of dark energy.

H2 = ( 8 πG ρ + λ ) /3 - k/a2

λ ≡ lΛ-2 ρc = 3 H0
2 / 8 πG 

ρΛ =  λ / 8 πG 

ΩΛ ≡ ρΛ / ρc =  (H0
-1 / l Λ)2 / 3  ~ 0.7  � l Λ ~  H0

-1 ~  1026 m

c = 1



Introduce h 

More generally,

e.g.
l Λ ~1026 mmΛ ~10-33eVλ

lP ~10-34 mmP~1027 eVPlanck



UV cut-off IR cut-off





Cosmic coincidence problem:
Why does the vacuum energy starts to dominate at a time tΛ (zΛ ~ 1)
which almost coincides with the epoch tG of galaxy formation (zG ~ 3)?



3. Models for the cosmological constant



Adjustment mechanisms

A no-go theorem by S. Weinberg : not possible to have a vanishing 
λ As a consequence of the equation of motion of some fields.



Anthropic approach Vilenkin, Weinberg,Linde,string theorist

Consider regions (universes) with different values of tG and tΛ :

• when ρΛ starts to dominate (at tΛ ), the Universe enters
A de Sitter phase of exponential expansion
• galaxy formation (at tG) must precede this phase (otherwise
no observer available)

Hence tG� tΛ

• Regions with tΛ » tG have not undergone yet any de Sitter phase
of reacceleration and are thus phase space suppressed compared 
with regions with tΛ ~ tG :

Hence tΛ ~ tG >

ρΛ ~ ρM



4. More dynamics: why scalar fields?



Models for accelerating the 
expansion of the Universe

Extended gravity

L = f (R) Brane models

(DGP model)Dark energy

Quintessence

K-essenceRatra-Peebles Exp.

PGB String inspired Brane models

Chaplygin gas Tachyon



To be compared with models for dark matter

Dark matter Modification of gravity

MOND TeVeSbaryonic non-baryonic

Clumped 
Hydrogen

dust
MACHO

Primordial 
Black holes

Exotic 
particles

Extra
dimensions

thermal nonthermal

Light ν WIMPS SuperWIMPS axion Wimpzillas



Why scalar fields to model dark energy?

Scalar fields easily provide a diffuse background

Speed of sound  cs
2 = (δp / δρ)adiabatic

In most models, cs2 ~ 1, i.e. the pressure of the scalar field
resists gravitational clustering :

scalar field dark energy does not cluster



First example (quintessence)

V

ϕ

w = pϕ/ρϕ =
ϕ2/2- V(ϕ)

ϕ2/2+ V(ϕ)
.

.



Example of quintessence :

V

ϕ

ϕ has to be very light :
m ϕ ~ H0 ~ 10-33eV

ϕ exchange would provide a long range force : 
ϕ has to be extremely weakly coupled to matter

HOPELESS FOR COLLIDERS

The problems of scalar field models of dark energy



Second class

Point particle :



Explicit realization: K-essence
Armendariz-Picon, Mukhanov, Steinhardt
Chiba, Okabe, Yamaguchi

S= �   d4x �-g [R/2 + K(φ) p(X)],     X ≡ Dµφ Dµφ/2

Pressure pk = K(φ) p(X)
Energy density ρk = K(φ) ρ(X), ρ(X) ≡ 2X p’(X) - p(X)

Hence  wk = p(X) / ρ(X) = p(X) / [2X p’(X) - p(X) ]
cs

2 = p’(X) / ρ’(X) 

Equation of motion : φ + 3Hcs
2 φ +           = 0

K’( φ) ρ(X) 

K(φ) ρ’(X)

.. .



Two classes of attractors :

• ρφ / ρB = cst  and wφ = wB 

• ρφ / (ρB + ρφ) → 0 or 1 and  wφ � wB

Some k-essence models may help to understand the coincidence pb

• radiation domination:
ρφ / ρrad = cst

• matter domination:
pφ < 0
ρφ / ρmatter until ρφ dominates



Tachyon

S = -�   d4x V(φ ) �-det ( gµν+ �µ φ �ν φ)

Sen, …

Effective Lagrangian for the tachyon on a non-BPS D-3 brane :

ρt = V(φ) / � 1 - φ2

pt = - V(φ) �1 - φ2
.

.

wt  = pt / ρt = φ2 - 1
.

Hence acceleration for φ2 < 2/3
.

Note: power law expansion a ~ tp for the tachyon potential

V(φ) = (2p/4πG) (1-2/3p)1/2 φ-2

Tachyon potentials which are less steep lead to an acceleration.



Future programs both in space (SNAP/JDEM/DUNE)
and on the ground (SDSS, LSST, SKA/FAST,…)
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5. The future observations



Expected Planck performance on dark energy 
equation  of state

Huterer & Turner 2001

Seo & Eisenstein 2003w = w0 + w1 z



Other standard candles

� Gamma ray bursts

� coalescence of supermassive black holes

Determine the luminosity through 
a relation between the collimation 
corrected energy Eγ and the peak 
energy



QuickTime™ et un
décompresseur Codec YUV420

sont requis pour visionner cette image.



Inspiral phase

Key parameter : chirp mass  M = 
(m1 m2)3/5

(m1 + m2)1/5
(z) (1+z)



Inspiral phase

Key parameter : chirp mass  M = 
(m1 m2)3/5

(m1 + m2)1/5

Amplitude of the gravitational wave:

h(t) =                     F (angles) cos Φ(t)
M(z)5/3 f(t)2/3

dL

Luminosity distance

frequency 
f(t) = dΦ/2πdt

(z) (1+z)



Inspiral phase

Key parameter : chirp mass  M = 
(m1 m2)3/5

(m1 + m2)1/5

Amplitude of the gravitational wave:

h(t) =                     F (angles) cos Φ(t)
M(z)5/3 f(t)2/3

dL

Luminosity distance poorly known in the case of LISA

∆θ~ 10 arcmin 1 Hz
SNR fGW

(z) (1+z)



z = 1 , m1 = 105 M�, m2 = 6.105 M�

δθ (arcminutes)

δdL/dL

3°

5%

Holz & Hughes



Using the electromagnetic counterpart

Allows both a measure of the direction and of the redshift

Limited by weak gravitational lensing?

Holz and HughesδdL/dL

0.5%



Differentiability does matter...
Curious Spacetime Singularities

Łukasz Bratek
Lukasz.Bratek@ifj.edu.pl
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Introduction

We shall be discussing van Stockum spacetimes of rotating dust.
In this case Einstein’s Eq. can be solved exactly.

Without careful analysis a class of solutions may be wrongly interpreted
as star-like rotating objects. Bonnor’s solution is an example.
In fact, global van Stockum flow cannot be considered astrophysically
interesting.

Recently van Stockum flow has been used in a linear approximation by
Cooperstock (Cooperstock, Tieu, astro-ph/0507619) as a relativistic model of rotation
of spiral galaxies. He claimed the model could be used to explain
rotation curves without dark matter.
Actually, even better results can be obtained in the framework of
Newtonian dynamics at least for spiral galaxies that can not be
immersed in a massive spherical halo (Bratek, Jalocha, Kutschera, astro-ph/0611113).
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Asymptotically flat Bonnor spacetime of rotating dust
considered nonsingular – W. B. Bonnor, Gen. Relativ. Gravit. 37, 12, 2245 (2005)

has a physically acceptable proper energy distribution

D =
µ a3

π
·

(
ρ2 + 4 (a + |z|)2

)
(

ρ2 + (a + |z|)2
)4

e−2Ψ
, µ :=

∫
ρe2ΨDdρdφdz

Einstein’s Eq. imply that R = 8πD
the other curvature invariants are continuous and bounded, as
well

structure functions defining the spacetime geometry

K =
ρ2

√
8µ a3(

ρ2 + (a + |z|)2
)3/2

, Ψ =
µ a3

2

ρ2
(

ρ2 − 8 (a + |z|)2
)

(
ρ2 + (|z| + a)2

)4

and the corresponding line element

ds2 = −dt2+2K (ρ, z)dtdφ+(ρ2−K 2(ρ, z))dφ
2+e2Ψ(ρ,z)

(
dρ

2 + dz2
)

asymptotic expansion of the line element

ds2 = −dt2+

√
2 a3µ

4 sin2 θ

r
dtdφ+dr2+r2

(
dθ

2 + sin2
θdφ

2
)

total angular momentum J =
√

2 a3µ
and total mass M = 0 !!!

Figure: density diagram of proper
energy distribution (or of curvature
scalar)
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van Stockum spacetimes – an equivalent definition
another formulation 1937: W.J. van Stockum, Proc. Roy. Soc. Edin. 57, 135 (1937)

Time translation symmetry + Axial symmetry

⇒ ∃ ξ & ∃ η, (Killing vectors)

these symmetries should commute

[ξ, η] = 0 ⇔ ξν∂νηµ = ην∂νξµ

Asymptotic Flatness

Dust matter (pressureless perfect fluid)

Tµν = Duµuν

Our Aim Find spacetimes of dust moving along trajectories of the time
translation Killing field

uµ = Zξµ, Z−1 =
√
−ξαξα

Is such flow possible? Yes, but... one needs rotation, otherwise dust
would collapse! (static configurations require pressure)

Łukasz Bratek Curious Spacetime Singularities



van Stockum spacetimes – an equivalent definition
another formulation 1937: W.J. van Stockum, Proc. Roy. Soc. Edin. 57, 135 (1937)

Time translation symmetry + Axial symmetry

⇒ ∃ ξ & ∃ η, (Killing vectors)

these symmetries should commute

[ξ, η] = 0 ⇔ ξν∂νηµ = ην∂νξµ

Asymptotic Flatness

Dust matter (pressureless perfect fluid)

Tµν = Duµuν

Our Aim Find spacetimes of dust moving along trajectories of the time
translation Killing field

uµ = Zξµ, Z−1 =
√
−ξαξα

Is such flow possible? Yes, but... one needs rotation, otherwise dust
would collapse! (static configurations require pressure)

Łukasz Bratek Curious Spacetime Singularities



van Stockum spacetimes – an equivalent definition
another formulation 1937: W.J. van Stockum, Proc. Roy. Soc. Edin. 57, 135 (1937)

Time translation symmetry + Axial symmetry

⇒ ∃ ξ & ∃ η, (Killing vectors)

these symmetries should commute

[ξ, η] = 0 ⇔ ξν∂νηµ = ην∂νξµ

Asymptotic Flatness

Dust matter (pressureless perfect fluid)

Tµν = Duµuν

Our Aim Find spacetimes of dust moving along trajectories of the time
translation Killing field

uµ = Zξµ, Z−1 =
√
−ξαξα

Is such flow possible? Yes, but... one needs rotation, otherwise dust
would collapse! (static configurations require pressure)

Łukasz Bratek Curious Spacetime Singularities



van Stockum spacetimes – an equivalent definition
another formulation 1937: W.J. van Stockum, Proc. Roy. Soc. Edin. 57, 135 (1937)

Time translation symmetry + Axial symmetry

⇒ ∃ ξ & ∃ η, (Killing vectors)

these symmetries should commute

[ξ, η] = 0 ⇔ ξν∂νηµ = ην∂νξµ

Asymptotic Flatness

Dust matter (pressureless perfect fluid)

Tµν = Duµuν

Our Aim Find spacetimes of dust moving along trajectories of the time
translation Killing field

uµ = Zξµ, Z−1 =
√
−ξαξα

Is such flow possible? Yes, but... one needs rotation, otherwise dust
would collapse! (static configurations require pressure)

Łukasz Bratek Curious Spacetime Singularities



van Stockum spacetimes – an equivalent definition
another formulation 1937: W.J. van Stockum, Proc. Roy. Soc. Edin. 57, 135 (1937)

Time translation symmetry + Axial symmetry

⇒ ∃ ξ & ∃ η, (Killing vectors)

these symmetries should commute

[ξ, η] = 0 ⇔ ξν∂νηµ = ην∂νξµ

Asymptotic Flatness

Dust matter (pressureless perfect fluid)

Tµν = Duµuν

Our Aim Find spacetimes of dust moving along trajectories of the time
translation Killing field

uµ = Zξµ, Z−1 =
√
−ξαξα

Is such flow possible? Yes, but... one needs rotation, otherwise dust
would collapse! (static configurations require pressure)

Łukasz Bratek Curious Spacetime Singularities



van Stockum spacetimes – an equivalent definition
another formulation 1937: W.J. van Stockum, Proc. Roy. Soc. Edin. 57, 135 (1937)

Time translation symmetry + Axial symmetry

⇒ ∃ ξ & ∃ η, (Killing vectors)

these symmetries should commute

[ξ, η] = 0 ⇔ ξν∂νηµ = ην∂νξµ

Asymptotic Flatness

Dust matter (pressureless perfect fluid)

Tµν = Duµuν

Our Aim Find spacetimes of dust moving along trajectories of the time
translation Killing field

uµ = Zξµ, Z−1 =
√
−ξαξα

Is such flow possible? Yes, but... one needs rotation, otherwise dust
would collapse! (static configurations require pressure)

Łukasz Bratek Curious Spacetime Singularities



Characteristics of van Stockum flow
via algebraic decomposition of∇µuν for a general flow

the unique algebraic decomposition of ∇µuν

hµν = gµν + uµuν (projectior), uµuµ = −1
the symmetric and traceless part: shear tensor (local distorsions)
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√
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the trace: dilation tensor (local expansion, scaling)

θµν =
1
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van Stockum flow uµ = Z (ξµ + Wηµ) , W ≡ 0
is rigid, that is, σµν = 0 and θµν = 0
and locally rotates (even though it has zero angular velocity w.r.t. ’fixed
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Geometry of Stationary and Axisymmetric Spacetime
the most general form of metric tensor

Theorem (on the line element of stationary and axially symmetric spacetime)

1 Asymptotic flatness ⇒ η = 0 on the symmetry axis at least for radii
sufficiently large
⇒ i) η[αξβξµ;ν] = 0 and ξ[αηβηµ;ν] = 0 at least at one point

2 Tµν ∝ ξµξν + Einstein’s Eqs. Rµν − 1
2 Rgµν = 8πTµν

⇒ ii) ξµR [ν
µ ξαηβ] = 0 and ηµR [ν

µ ξαηβ] = 0
3 commutativity of symmetries

⇒ iii) [ξ, η] = 0

(maybe apart from isolated points) there exist a coordinate frame in
which the spacetime line element reads

ds2 = −V (dt − K dφ)2 + V−1ρ2dφ2 + e2Ψ
(

dρ2 + Λdz2
)

structure functions V , K , Ψ, Λ depend only on ρ and z

proof: SEE R. WALD’S HANDBOOK ’GR’
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Reducing the number of structure functions

1 Tµν = DZ 2ξµξν , ξµD,µ = 0 = ηµD,µ

2 Einstein’s Eq. and ∇µGµ
ν = 0 imply the flow is geodesic (uν∇νuµ = 0)

and continuous ∇µ (Duµ) = 0
continuity satisfied identically (no constraints),
geodesic Eq. implies Z = const . ⇒ V = const ., thus we may set V ≡ 1

3 K µν := ξ2ηµην + 2ξηξµην + η2ξµξν

then for dust

K µν (Tµν − Tgµν/2) = 0 & Einst. Eq. ⇒ K µνRµν = 0

ρe−2Ψ∂ρ ln
√
|Λ| = 0, ⇒ Λ = Λ(z)

On comparing with the metric, we may set Λ(z) ≡ 1

4 We have thus shown that for van Stockum flow

ds2 = −dt2 + 2K (ρ, z)dtdφ + (ρ2 − K 2(ρ, z))dφ2 + e2Ψ(ρ,z)
(

dρ2 + dz2
)
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The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



The reduced set of Einstein’s equations

1 Let Eµ
ν := Rµ

ν − 1
2 Rδµ

ν − 8πT µ
ν , then Eρ

ρ = 0 and Eρ
z = 0 yield

Ψ,ρ =
K 2

,z − K 2
,ρ

4ρ
, Ψ,z = −K,ρK,z

2ρ

2 integrability condition Ψ,ρz = Ψ,zρ imposes on K
the elliptic constraint

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

3 then, the other components of Eµ
ν , but E t

t and E t
φ, vanish identically.

4 The latter two will also vanish for C2 solutions if only

D = e−2Ψ K 2
,ρ + K 2

,z

8πρ2
> 0

the elliptic constraint very easy to solve

energy density positive definite

too beautiful to be true?... Yes
Łukasz Bratek Curious Spacetime Singularities



on nonexistence of physically viable star-like van Stockum spacetimes

LK = 0, L = ∂2
ρ −

1
ρ

∂ρ + ∂2
z

Let LK = 0 almost everywhere in an open subset V of the plane (ρ, z)

and let K ε ∈ C∞(V) tend point-wise to K as ε → 0 (a regularized K profile)

example

U = −GM
r is a smooth solution of ∇2U = 0 for r 6= 0

Uε = − GM√
ε2+r2

is a regularized form of U with the same mass and a smooth

density distribution Dε = 3 M ε2

4 π (r2+ε2)
5
2
→ a representation of δ3(r)

Let I ∈ R3 be the set of points where LK does not exist in the sense
that limε→0

∫
Iδ

(LK ε) fdm 6= 0 for any δ > 0, where I ⊂ Iδ,

0 < dist(∂Iδ, I) < δ, e2Ψf = ρ−1K ε
,ρ or ρ−2K ε, and dm = e2Ψρdρdφdz

theory of elliptic equations ⇒ I has measure zero in R3 (here concentric
circles and rotational surfaces) and K ∈ C2 elsewhere
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on nonexistence of physically viable star-like van Stockum spacetimes
Ł. Bratek, J. Jałocha, M. Kutschera, van Stockum-Bonnor spacetimes of rigidly rotating dust,
online: Phys.Rev.D www site (unrevised ver. astro-ph/0603791v4)

Theorem

I is nonempty. There are no asymptotically flat van-Stockum spacetimes with
globally positive definite energy. Asymptotically flat van-Stockum spacetimes
must contain curvature singularities with negative active masses.

Proof.

Let’s suppose that I = ∅
inside a ball BR ⊂ R3 bounded by a two-sphere SR of radius R and
centered at the origin∫

BR

De2Ψρdρ ∧ dφ ∧ dz
LK=0
=

1

8π

∫
SR

K

ρ
(K,zdρ− K,ρdz) ∧ dφ ≡

1

8π

∫
SR

K∂r K

sin θ
dφ ∧ dθ

in virtue of the Stokes theorem, provided (K 2),r = o(sin θ),
(r sin θ = ρ, r cos θ = z)

ds2 = −dt2 + 2K dtdφ +
(
ρ2 − K 2) dφ2 + e2Ψ

(
dρ2 + dz2)

by asymptotic flatness K ∼ 2Jr−1 sin2 θ as r →∞, hence, for R
sufficiently large, RHS is negative and tends to 0 as R →∞,
while LHS is positive, a contradiction
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On nonexistence... Additional sources of negative active mass
required to concord with the full set of Einstein’s Eq.

1 Total mass of asymptotically flat van Stockum spacetimes is zero

M = −
1

8π
lim

R→∞

∫
SR

1

2

√
−gεαβµν∇µξνdxα∧dxβ ≡ lim

R→∞

1

8π

∫
SR

K∂r K

sin θ
dφ∧dθ = 0

2 For any smooth Ψ and K satisfying Ψ,ρ =
K 2

,z−K 2
,ρ

4ρ
and Ψ,z = − K,ρK,z

2ρ

the trace of spatial stresses

S̃ = Tµν (uµuν + gµν) = −e−2Ψ K,ρ

16πρ
LK ,

the proper energy density

D̃ = Tµνuµuν = D − S̃
Tolman’s active mass density on a hypersurface of constant time

D̃T = (8π)−1 Rt
µξµ = D + e−2Ψ K

8πρ2
LK

the curvature scalar
R̃ = Rµ

µ = 8π
(
D − 2S̃

)
3 In the regularity region R3 \ I:

D̃ = D̃T = D = (8π)−1 R̃, and S̃ = 0,

like for dust, and Einstein’s equations are equivalent to our reduced set
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Additional sources of negative active mass
curvature singularities from non-differentiability of structure functions

However,

For regularized profiles K ε we get

lim
ε→0

∫
Iδ⊃I

S̃ 6= 0

R̃ = 8π
(
D − 2S̃

)
⇒

∫
R3

R̃ 6=
∫

R3\I

R̃ = 8π

∫
R3

D,

⇒ R̃ = 8πD + γI

D is smooth and integrable,
γI is a distribution localized on I

I is the set of curvature singularity as R̃ is a distribution on I.
The singularity is not isolated from regularity regions.
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An example – Asymptotically flat Bonnor spacetime
with an embedded layer of negative active mass
considered nonsingular – W. B. Bonnor, Gen. Relativ. Gravit. 37, 12, 2245 (2005)

has a physically acceptable proper energy distribution

D =
µ a3

π
·

(
ρ2 + 4 (a + |z|)2

)
(

ρ2 + (a + |z|)2
)4

e−2Ψ
, µ :=

∫
ρe2ΨDdρdφdz

and the following structure functions

K =
ρ2

√
8µ a3(

ρ2 + (a + |z|)2
)3/2

, Ψ =
µ a3

2

ρ2
(

ρ2 − 8 (a + |z|)2
)

(
ρ2 + (|z| + a)2

)4

asymptotic expansion of the corresponding line element

ds2 = −dt2+

√
2 a3µ

4 sin2 θ

r
dtdφ+dr2+r2

(
dθ

2 + sin2
θdφ

2
)

total angular momentum J =
√

2 a3µ
and total mass M = 0

Figure: density diagram of proper
energy distribution (or of curvature
scalar)
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An example – Asymptotically flat Bonnor spacetime
with an embedded surface layer of negative active mass
from now on this and other asymptotically flat solutions with integrable D must be considered singular

an example of regularization of Bonnor’s solution

K ε
B(ρ, z) =

√
8a3µ · ρ2 ·

(
(a +

√
z2 + ε2)2 + ρ2

)−3/2
, a > 0, µ > 0

K ε
B is globally C∞

its limit K 0
B is not even differentiable in I (which is the plane z = 0)

on integrating over R3 and taking the limit ε → 0 we obtain
∫

R3

D =

∫
R3\I

D = µ,

∫
R3

D̃ =
3

4
µ,

∫
I

S̃ =
µ

4
,

∫
R3

R̃ = 4πµ,

∫
R3

D̃T ≡ 0,

the latter equality holds identically for any C2 asymptotically flat profiles as then

8π
√
−gD̃T dρ ∧ dφ ∧ dz = d

(
ρ
−1KK,z dρ ∧ dφ + ρ

−1KK,ρdφ ∧ dz
)

Since
∫

R3\I D =
∫

R3 D = µ 6= µ/2 = (8π)−1 ∫
R3 R̃,

again, the curvature scalar is a distribution and it may be smooth and
bounded only outside a measure zero set
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Summary

van Stockum spacetime

ds2 = −dt2 + 2K (ρ, z)dtdφ + (ρ2 − K 2(ρ, z))dφ2 + e2Ψ(ρ,z)
(

dρ2 + dz2
)

D = e−2Ψ
K 2

,ρ + K 2
,z

8πρ2
,

(
∂2

ρ −
1

ρ
∂ρ + ∂2

z

)
K = 0, Ψ = −

∫
K,ρK,z

2ρ
dz

Positive definiteness and integrability of proper energy density excludes
asymptotically flat van Stockum spacetimes.
Asymptotic flatness implies the existence of spatial measure zero sets of scalar
curvature singularities. The singularities have distributional character and are not
isolated from regularity regions.
Closely related to the singularities are stresses (distinct from dust) that contribute
negative active masses to the total mass.
Total mass of asymptotically flat van Stockum spacetimes is zero.
van Stockum flow is rigid.
Angular velocity of the flow with respect to locally non-rotating observers
numerically equals the angular velocity of dragging of inertial frames, while
angular velocity of matter in linearized gravity should be many orders of
magnitude greater. This shows that van Stockum flow is ultra-relativistic even in
the limit of negligible density.
therefore, van Stockum flow is not physically viable. In particular it cannot be used
for modelling of rotation curves of spiral galaxies (motion of stars is differential)
(such attempts have already been made cf. F.I. Cooperstock, S. Tieu
astro-ph/0507619)
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TO-DAY: ALL YOU WANTED TO KNOW ABOUT HEAVY ION
                COLLISIONS BUT DID NOT DARE TO ASK

TOMORROW: WHY DATA SEEMS TO BE MUCH SIMPLER       
       
                        THAN THE EXPLANATIONS OF IT?   

                         AND PREDICTIONS FOR LHC                             
 

19 June 2007

Many thanks to Alex Mott, Yen-Jie 
Lee and Andre Yoon for help with 

many of the plots, and Y.Yilmaz for 
NPART calculations for PbPb at LHC
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For a very broad range of energies and geometry of the collision:

• The global distributions of charged particles produced in pp, pA, AA, 
and even e+ e- collisions show remarkably similar trends, and data is 
found to factorize into an energy dependent part and a geometry,  or 
incident system dependent part

• The trends allow us to “predict” with high precision several important 
results that will be seen in PbPb at LHC.  More important, an 
understanding of what happens in AA collisions must include an 
explanation of these trends and the broad range over which they seem 
to apply

• For    from <10 GeV to 200 GeV

•For NPART from 2-350

•And over the entire rapidity range€ 

SNN
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Scaling Laws

19.6 GeV 62.4 GeV 130 GeV 200 GeV
PHOBOS preliminary

preliminary preliminary preliminary preliminary

Au + Au Cu + Cu

PHOBOS, Gunther Roland QM 2005

QuickTime and aŞ  
TIFF (Uncompressed) decompressor  
are needed to see this picture.     

62.4 GeV 200 GeV

QuickTime and aŞ  
TIFF (Uncompressed) decompressor  

are needed to see this picture.     

PHOBOS preliminary

preliminary

preliminary

preliminary
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Warning: rapidity y ≠ pseudorapidity η

                           tanh-1 β  ≠  tanh-1 cosθ

change of reference frame:

        

     

∴Approximation η = y is good provided that

 p>>m and  θ >>

€ 

 ˘y Ţ y + Dyrelative

€ 

 ˘η 

€ 

η + ∆yrelative

€ 

η − y = tanh- 1 cosJ - tanh- 1 b

h - y = tanh- 1 pl

p
- tanh- 1 pl

E

€ 

1

g

θ
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PHOBOS, Hofman, QM2006

π–

PHOBOS, Nucl. Phys. A 757 (2005) 28.
E178: PRD 22  (1980) 13

 Veres, QM2005
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CDF (900)        Phys.Rev D 41 (1990) 2330
UA5 (200,546)  Z.Phys.C 43 1 (1989)
ISR (23.6,45.2) Nucl.Phys B 129 365 (1977)

η’ = η-ybeam

PHOBOS, Phys. Rev. C 74, 021902(R) (2006)

DELPHI, Phys. Lett. B459 397 (1999)
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El
lip

tic
 F

lo
w

PHOBOS, Nucl.Phys. A757 (2005) 28

19.6 - 200 GeV
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“Spectators”

Zero-degree
Calorimeter

Paddle Counter

“Spectators”

“Participants”

Experimental Control of Centrality or 
Impact Parameter
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QuickTime and aŞ  
TIFF (LZW) decompressor  

are needed to see this picture.     

PHOBOS, Phys. Rev. C72,  031901(R) (2005)

PHOBOS, Phys. Rev. C74 021902 (R ) 2006

W. Busza, Acta Phys. Pol. B35 (2004)2873 E178:                 
W.Busza et al.  PRL34 (1975) 836                   

*A.Biala, M.Bleszczynski, W.Czyz, Nucl.Phys. B111 (1976) 4661

or wounded nucleons*



 Wit Busza  Zakopane 2007 10

Data compiled by PHOBOS, R. Nouicer, PANIC 05



 Wit Busza  Zakopane 2007 11

AuAu Data from PHOBOS, Nucl. Phys. A757 (2005) 28

NPART = 360

20GeV

200GeV

130GeV
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PHOBOS, Hofman, QM2006

Linear scaling in NPART         

                  scaling in η and dN/dη

€ 

ln s
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Data from compilations in Nucl. Phys. B142 (1978) 445 
and Phys. Rev. D35 (1987) 3537

 scaling in  η and dN/dη

NPART for p-emulsion = 3.4

Data from compilations in Nucl. Phys. B142 (1978) 445 
and Phys. Rev. D35 (1987) 3537

€ 

ln s11.3 GeV - 38.8 GeV
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Data from compilation in review of particle 
physics scaled by            in η and dN/dη

€ 

ln s
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W. Busza, Acta Phys. Pol. B35 (2004)2873
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Scaling Laws

Au+Au
0-6% 

Au+Au
35-40% 

200GeV
130GeV
62.4 GeV (prel)
19.6 GeV

200GeV
130GeV
62.4 GeV (prel)
19.6 GeV

AuAu: PHOBOS, PRL 91 (2003) 052303

PHOBOS, Phys. Rev. C74 021901  
(2006)
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Au+Au

PHOBOS

Cu+Cu
preliminary

AuAu: PHOBOS data

Hofman, QM06

G.Roland, QM 05
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Data

Au+Au

19.6 GeV 62.4 GeV 130 GeV 200 GeV

preliminarypreliminary

PHOBOS

Cu+Cu

AuAu:  PHOBOS: PRL 94 122303 (2005)
CuCu: PHOBOS: PRL accepted for publication



 Wit Busza  Zakopane 2007 19

Compilation of data from Phys. Rev. C68 (2003) 034903
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El
lip

tic
 F

lo
w

PHOBOS, Nucl.Phys. A757 (2005) 28 G. Roland, PANIC 05

19.6 - 200 GeV
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QuickTime and aŞ  
TIFF (Uncompressed) decompressor  

are needed to see this picture.     

19.6           62.4         130         200 GeV

Au+Au

PHOBOS  0-40% centrality: 
PRL 97, 012301 (2006)

PHOBOS

PHOBOS



 Wit Busza  Zakopane 2007 22

Scaling Laws

Au+Au

Cu+Cu

Ratio of charged hadron yields in 200 GeV to 62 GeV

        Au+Au: PHOBOS, PRL 94, 082304 (2005)

<pT> = 0.25 GeV/c <pT> = 1.25 GeV/c <pT> = 2.5 GeV/c <pT> = 3.38 GeV/c <pT> = 3.88 GeV/c

Energy and Geometry Factorization seems to apply to PT spectra
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B. Sahlmüller, QM06
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SPS and R H IC suppression looks the sam e!      

(Figs.from Enrico Scom parin)   
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p+A collisions

PHOBOS nucl-
ex/0409021

σpA=σ0Aα

xF

W. Busza, Nucl. Phys. A544:49 (1992) 
E451, PRD27 (1983) 2580

Various final states: φ, π+, π−,p ,p,n,Λ,K0,Ξ,K+,K− 
Various beam energies:24, 100, 300, 400 GeV

G. Veres, 
QM05

Λ/ Λ

Skupic et al.

Be & Pb 
targets
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Summary of Main “Predictions”

Total charged multiplicity in central (NPART =386) PbPb collisions at (√s = 5.5 TeV) = 15000 +/- 100

Total charged multiplicity in NSD pp collisions at (√s = 14 TeV) = 72 +/- 8
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Final Comments

• If these “predictions” turn out to be correct, more than ever, any model 
which claims to explain the phenomena observed in heavy ion 
collisions at ultra relativistic velocities, must contain an explanation for 
the observed trends, as well as the broad range of systems, energies 
and rapidities over which the trends are observed.

• If these “predictions” turn out to be false, it will be a direct indication of 
the onset of new phenomena at LHC energies.

• If the observed trends are a consequence of some very general 
principles, it means that the data on the global properties is not 
sensitive to the details of the system formed in AA collisions.  It then 
follows that we learn little from models that agree with this data, unless 
at the same time the models explicitly explain the trends.



  

TO-DAY: ALL YOU WANTED TO KNOW ABOUT HEAVY ION
                COLLISIONS BUT DID NOT DARE TO ASK

TOMORROW: WHY DATA SEEMS TO BE MUCH SIMPLER       
       
                        THAN THE EXPLANATIONS OF IT?   

                         AND PREDICTIONS FOR LHC                             
 

19 June 2007



  

QED: One Charge 
Uncharged Photon

+
Electrons in Field of Nuclei

QCD: Three Charges (colors)
Colored Gluons

+
3 Families of Quarks

Atoms
Molecules 

All the matter 
we see around 

us

Neutrons, 
protons, nuclei

?



  



  

Density of hadrons: 500 MeV/fm3

Density of nuclei: 150 MeV/fm3



  

Heavy Ion Colliders

RHIC

AGS
BOOSTER

TANDEMS

9 GeV/u
Q = +79

1 MeV/u
Q = +32

Beam Energy = 100 GeV/u 

From Tom Roser

Bevalac, SIS → AGS → SPS → RHIC → LHC

√sNN           3GeV       5GeV   20GeV   200GeV   5.5TeV



  

KRAKOW et al



  

26 TeV of Available Energy !
As energy increases mid rapidity tends 
towards being net baryon free

PRC 67, 021901R (2003)

“relativistic velocity” Energy of collision in CM



  

proton anti-proton

UA1, 900 GeV

Gold Gold

√sNN = 130 GeV



  

SPACE-TIME EVOLUTION OF MULTIPARTICLE 
PRODUCTION PROCESS



  

Initially released energy per unit 
volume > few GeV/fm3 
Note: energy density inside proton 

 0. 5GeV/fm≈ 3 

Energy per unit volume:

Therefore total 
energy released in
 |η| < 1 is ~1500GeV

N
um

be
r 

of
 P

ar
ti

cl
es

 P
r o

du
ce

d 
at

 y
= 0

Energy of Collision

dN
ch

/d
η

“relevant” initial volume ~ πR2  X  (0.1fm - few fm) X 2

<E> ~ 0.7 GeV

Data from: PRL 85, 3100 (2000); PRL 88, 22302 (2002);  PRL 91, 052303 (2003); arXiv:nucl-ex/0405027 

7 fm

Phobos

Effectively the polar angle of produced particle



  

“Spectators”

Zero-degree
Calorimeter

Paddle Counter

“Spectators”

“Participants”

Experimental Control of Centrality or 
Impact Parameter



  

Azimuthal Angular Distributions

“head on” view of colliding nuclei Peripheral Central

Phobos data for
 130 and 200 GeV

This is direct evidence of collective 
effects and short time of equilibration

Amplitude of oscillations



  

• Same phenomena observed in “gases” of  
cooled, trapped strongly interacting atoms        

M. Gehm, et al., Science 298 2179 (2002) 

weakly coupled

strongly coupled

The RHIC fluid behaves like this, that is,  a    
strongly coupled fluid

From S. Aronson



  
GeV/fm 3

Data agrees with calculations for ideal liquid

D. Teaney



  

…thus the event plane (Ψ0) 
and eccentricity (ε0) 

also varies event-by-event!

The spatial distribution of 
the interaction points of participating nucleons 

will vary event-by-event for the same b…

b b

Au+Au Au+Au

Ψ0

Ψ0



  

Two ways to define eccentricity
Standard Eccentricity

b x

y

Au+Au
Cu+Cu

PH O BO S G lauberM C  

Participants 

x'y'
Participant Eccentricity

b x

y

Au+Au
Cu+Cu

PH O BO S G lauberM C  



  

200 GeV  

arXiv:nucl-ex/0610037, submitted to PRL

Cu+Cu

Au+Au

200 GeV

arXiv:nucl-ex/0610037, submitted to PRL

Cu+Cu

Au+Au

Participant EccentricityStandard Eccentricity

Average v2/          
in Cu+Cu and Au+Au



  

Magnitude of v2 fluctuations is in agreement with εpart fluctuations!

σ(v2)/<v2> and σ(εpart)/<εpart> in 200 GeV Au+Au Collisions

PHOBOS εpart 
prediction

PHOBOS v2 
result

MC with no
fluctuations

90% CL band



  

“X-Ray” of Medium Using Jets

Leading Particle

Hadrons

q

q

Hadrons

Leading Particle

Hadrons

q

q

Hadrons

Leading Particle

Leading Particle



  

CentralPeripheral

Suppression of High PT  Particles      

Phenix Phenix



  

STAR



  

Centrality Dependence

• Dramatically different and opposite centrality evolution of 
Au+Au experiment from d+Au control.

• Jet Suppression is clearly a final state effect. 

Au + Au Experiment d + Au Control Experiment

Preliminary DataFinal Data



  

Jet Quenching !
Jet correlations in 
proton-proton 
reactions.

Strong back-to-
back peaks.

Jet correlations in 
central gold-gold.

Away side jet 
disappears for 
particles pT > 2 GeV

Jet correlations in 
central gold-gold.

Away side jet 
reappears for particles 
pT>200 MeV

From Jamie Nagle



  

What Happens to All That Energy?EQUILIBRIUM AT CHEMICAL FREEZE-OUT



  

From Jamie Nagle



  

Limiting Fragmentation (Au+Au)

Phobos Experiment Scaling Laws

19.6 GeV 62.4 GeV 130 GeV 200 GeV
PHOBOS preliminary

preliminary preliminary preliminary preliminary

“Extended Longitudinal Scaling” of all longitudinal distributions

η - ybeam

preliminary

PHOBOS



  

Warning: rapidity y ≠ pseudorapidity η

                           tanh-1 β  ≠  tanh-1 cosθ

change of reference frame:

        

     

∴Approximation η = y is good provided that

 p>>m and  θ >>

€ 

 ˘y Ţ y + Dyrelative

€ 

 ˘η 

€ 

η + ∆yrelative

€ 

η − y = tanh- 1 cosJ - tanh- 1 b

h - y = tanh- 1 pl

p
- tanh- 1 pl

E

€ 

1

g

θ



  

PR
L 92 (2004) 052302; PR

L 91 (2003) 182301 

Possible Evidence of Partonic Degrees of Freedom



  

NA49 Gunther Roland & Christof Roland



The Well-Tempered Neutralino

• Motivation: DM in the MSSM

• The well-tempered Bino/Higgsino

• The well-tempered Bino/Wino

• Conclusions

Antonio Delgado
CERN

Work done in collaboration with:
N. Arkani-Hamed & G.F. Giudice



Motivation

• After WMAP data it is well established that there 
is a component of dark matter in the universe:

• It is well known that neutral stable weak 
interacting particle with mass O(100 GeV) is 
able to reproduce that value

• The MSSM has a natural candidate for that the 
lightest neutralino, one sneutrino or the 
gravitino.

!DMh2 ! 0.12



• The sneutrino is not favoured because it 
annihilates to fast.

• The gravitino only interacts gravitationally so it 
has to be very light not to overclose the 
universe.

• The lightest neutralino is normally an admixture 
of bino, wino and higgsino and is quite easy for it 
to reproduce Ωdm.



• That was the situation before LEP-II but:

• So either we live in a tuned part of the 
parameter space where there are cancelations 
between the different entries.

• Or soft-masses for gauginos and higgsinos are 
much larger than mixings.

• Lets study the case for pure states.

M!± > 94 GeV



• Mass for neutralinos

• Mass for charginos

!

""#

M1 0 g!v1 g!v2

0 M2 gv1 gv2

g!v1 gv1 0 !µ
g!v2 gv2 !µ 0

$

%%&

!
M2

!
2gv2!

2gv2 µ

"



• In the case of LSP Bino since it is a singlet 
the main co-annihilation cross-section is 
with sleptons or squarks: 

!!B̃v" =
3g4 tan4 "W r(1 + r2)

2#m2
ẽR

x(1 + r)4
, x # M1

T
, r # M2

1

m2
ẽR

!B̃h2 = 1.3! 10!2
! mẽR

100 GeV

"2 (1 + r)4

r(1 + r2)

#
1 + 0.07 log

"
r100 GeV

mẽR

$



• In the case the LSP is a Higgsino the co-
annihilation goes into gauge bosons:

!!effv" =
g4

512"µ2

!
21 + 3 tan2 #W + 11 tan4 #W

"

!H̃h2 = 0.10
! µ

1 TeV

"2



• Finally for the case when the LSP is a Wino 
the co-annihilation is also through gauge 
bosons:

!!effv" =
3g4

16"M2
2

!W̃ h2 = 0.13
!

M2

2.5 TeV

"2



• We can plot the previous formulae:

10 100 1000
M (GeV)

0

0.1

0.2

Ω
h2



• As can be seen from the previous figure we 
have the following two conclusions for pure 
states:

✦  Either we live with a fine-tuned bino 
almost rulled-out

✦ Or we have a situation untestable at LHC

• A possible way-out is to consider mixings 
that will allow for a faster decay of the bino



• Lets integrate out the wino:

The well-tempered Bino/
Higgsino 

M =

!

"#
M1 ! s!+c!!

2
sW MZ

s!"c!!
2

sW MZ

! s!+c!!
2

sW MZ µ 0
s!"c!!

2
sW MZ 0 !µ

$

%&

!M2
W

2M2

!

"
0 0 0
0 1 + s2! c2!

0 c2! 1! s2!

#

$ +O
%

1
M2

2
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• The eigenvalues are given by:

• And the mixings:

M1 + !2
± (M1 ! µ) , ± µ" !2

± (M1 ! µ) , ! µ

!± =
(s! ± c!)sW MZ!

2(µ"M1)

N =

!

""#

1! !2
+
2 !

!2
!
2 !+ !!

!!+ 1! !2
+
2 !!+!!

(M1+µ)
2µ

!!! !+!!
(M1!µ)

2µ 1! !2
!
2

$

%%&



• The relic density is dominated by the co-
annihilation of the three neutral states and the 
charged one into gauge bosons:

-1000 -500 0 500 1000

µ(GeV)
-0.2

-0.1

0

0.1

0.2

(|µ
|-M

1)
/|µ
|



• Lets integrate out the higgsino:

The well-tempered Bino/Wino 

M =
!

M1 0
0 M2

"
! s2!

M2
Z

µ

!
s2

W !sW cW

!sW cW c2
W

"
+O

!
1
µ2

"



!N12 = ! +
!

1
tW

! tW

"
!2 + "

• The eigenvalues:

• And mixing:

m!1 = M1

!
1!!

"
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• The relic density is dominated by the co-
annihilation of the two neutral states and 
the charged one into gauge bosons: 

0 0.1 0.2
θ

0

0.1

0.2

(|M
2|-|

M
1|)/

|M
2|

M2=200 GeV
M2=500 GeV



• We can try to make a connection with UV soft 
term supposing                 .

• If we integrate-out the Higgsinos we have the 
following RGEs:

µ > M1,M2

M1 = M1(m2
A)

!
1 + !

8"c2
W

"
11 log m̃2

q

m2
A

+ 9 log m̃2
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+ log µ2

m2
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W
µs2#f
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f(x) =
2 log x

1! x



• If we supposed AMSB boundary conditions:

M1(mA) =
11!(mA)

4"c2
W

m3/2, M2(mA) =
!(mA)
4"s2

W

m3/2

-4 -2 0 2 4
µsin2β/m3/2

1

10

100

m
A

/µ

M1=|M2|
M1=0.9 |M2|



• Although DM is considered one of the main 
successes of the MSSM, after LEP-II is no longer 
true that it can be achieved in a natural way for 
LHC.

• Either the Bino tends to overclose the universe 
or Higgsinos and Winos are to massive to be 
seen.

• The well-tempered solutions present different 
situations where observable DM candidate 
exists.

• The Bino-Wino has an interesting realization.

Conclusions



AdS/CFT and Second Order Viscous
Hydrodynamics
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Roadmap

1 Boost-invariant energy-momentum tensors
Bjorken hydrodynamics
Dissipative hydrodynamics

2 Einstein and string frame

3 Gravity duals
Holography
Perfect fluid metric
Subasymptotic corrections

4 AdS/CFT and Israel-Stewart theory
Third order solution
Calculation of relaxation time
Discussion

5 Summary and Outlook



Introduction

• matter created in RHIC is strongly coupled and deconfined

• studying dynamics of N = 4 SYM may be relevant

• let’s use AdS/CFT. . .

• to study the dynamics on energy-momentum tensor

• . . . bearing in mind differences:

• coupling does not run

• no hadrons

• simplest dynamics to study

1D expansion + boost invariance (Bjorken)

From now on we are only within N = 4 SYM plasma!



Boost-invariant energy-momentum tensors

• no dependence on transverse coordinates x2,3

• 3 nonzero components Tττ , Tyy , Txx = Tx2x2 = Tx3x3

• boost invariance forces Tµν(τ, y) = Tµν(τ)

• constraints on energy-momentum Tµν dynamics:

• conservation τ d
d τ Tττ + Tττ + 1

τ 2 Tyy = 0

• tracelessness Tττ + 1
τ 2 Tyy + 2Txx = 0

• Tµν can be expressed in terms of a single function

ε(τ) = Tττ

• ε(τ) is plasma’s energy density

• perfect fluid case: ε ∼ 1
τ4/3



Second order viscous hydrodynamics

• Perfect fluid - equation of motion for energy density

∂τ ε = −ε + p

τ
= −4

3

ε

τ

• we want to include dissipative corrections
• equations of motion in Bjorken regime read

∂τ ε = −4

3

ε

τ
+

Φ

τ

τπ∂τΦ = −Φ +
4

3

η

τ
• in hydrodynamical simulation formula

τBoltzmann
π =

3

2

η

p

is commonly used
• assumption: τπ = rτBoltzmann

π holds for N = 4 SYM plasma

• our goal is to calculate coefficient r



Crucial question

How to determine energy density ε(τ) and relaxation time τπ of

N = 4 SYM from AdS/CFT correspondence?



String and Einstein frames

Let’s consider scalar field (dilaton) coupled to gravity

• equations of motion

Gαβ = Rαβ + 4gαβ − 1

2
∂αφ∂βφ = 0

@φ = 0

• there are two equivalent frames

• Einstein frame, with metric gE entering directly above eqns

• string frame, with rescaled metric gs = e
1
2 φgE

• differ only by local rescaling, crucial later on

• string frame - curved geometry probed by string



How to extract 〈Tµν〉 from 5D geometry?

We need to adopt Fefferman-Graham coordinates

ds2 =
g̃µνdxµdxν + dz2

z2

where

g̃µνdxµdxν = −ea(t,z)dτ2 + τ2eb(τ,z)dy2 + ec(τ,z)dx2
⊥

Near-boundary metric expansion takes the form (only even powers
of z)

g̃µν = g̃ (0)
µν + z2g̃ (2)

µν + z4g̃ (4)
µν + O(z6)

where
• g̃

(0)
µν = ηµν (4D Minkowski metric)

• g̃
(2)
µν = 0 (consistency condition)

• g̃
(4)
µν = N2

c
2 π2 〈Tµν〉 (VEV of energy-momentum tensor)

Does the gravity in the bulk specifies uniquely < Tµν >?



Reproducing 5D geometry from field theory data

Task:

• find a solution of Einstein eqns

Rαβ − 1

2
R gαβ + Λ (= −6) gαβ = 0

• with boundary conditions

g̃µν = g0
µν (= ηµν) + z4g (4)

µν (=
N2

c

2π2
〈Tµν〉) + O(z6)

Solution:

• one can iteratively find higher order terms g̃
(i)
µν (constraints!)

• asymptotic large proper time formula for

energy density ε ∼ 1
τ s , where 0 < s < 4 (energy positivity)

• instead of iterating, let’s introduce scaling variable v = z
τ s/4

• keeping v fixed while τ →∞ reduces Einstein eqns to ODEs

• these can be solved, but how to determine s ?



Perfect fluid metric

Regularity of RαβγδR
αβγδ chooses energy density ε = e

τ4/3

Asymptotic geometry looks like

ds2 =
1

z2

(
− (1− e

3
z4

τ4/3 )
2

1 + e
3

z4

τ4/3

dτ2 + (1 +
e

3

z4

τ4/3
)(τ2dy2 + dx2

⊥) + dz2
)

Similar to standard AdS-Schwarzshild, but with horizon ”moving
away”

z0 = (
3

e
)1/4τ1/3

Naive extraction of thermodynamical quantities

• T ∼ 1
z0
∼ τ−1/3 (temperature)

• S ∼ AREA ∼ τ
z3
0
∼ const (entropy per u. rapidity and area⊥)

(Janik, Peschanski [hep-th/0512162])



Subasymptotic solution

• we start with

a(τ, z) = a0(v) + 1
τ2/3 a1(v) + 1

τ4/3 a2(v) + . . .

where v = z
τ1/3 . Similar relations for b(τ, z) and c(τ, z)

• rescaling Einstein tensor Gαβ = Rαβ − 1
2Rgαβ − 6gαβ

G̃ = (τ2/3Gττ , τ
4/3Gτz , τ

−4/3Gyy , τ2/3Gxx , τ
2/3Gzz)

leads to systematic expansion in powers of 1
τ2/3

G̃ = G̃0(v) + 1
τ2/3 G̃1(v) + 1

τ4/3 G̃2(v) + . . .

• solving problem in perturbative manner:

G̃i = 0



Viscosity coefficient I

• first order ( 1
τ2/3 ) solution reads

a1(v) = 2η0
(9+v4)v4

9−v8

b1(v) = −2η0
v4

3+v4 + 2η0 log 3−v4

3+v4

c1(v) = −2η0
v4

3+v4 − η0 log 3−v4

3+v4

• giving regular Riemann squared <2

• second order solution = lengthy formulas with two parameters
• η0 (viscostity coefficient)

• C (needed to calculate relaxation time)

• Riemann squared takes the form

<2 = # + 1
τ4/3

polynomial in v, η0 andC
(3−v4)4(3+v4)6

• is nonsingular only for

η0 = 1
21/4 33/4 (Janik [hep-th/0710144])

• C cannot be determined in this order



Third order solution

• Riemann squared up to this order gives <2 =

# + 1
τ2 (

polynomial in v and C
(v−31/4)4

+ 8 21/2 33/4 log (31/4 − v) + . . .)

• cancelation of 4th order pole at v = 31/4 fixes

C = −17+6 log 2
31/2

• logarithmic singularity survives

• idea = in string frame dilaton contribution cancels singularity

• indeed the case for φ = 1
τ2

1
14 21/2 33/4 log 3−v4

3+v4

• regularity restored, but in the string frame



Relaxation time in N = 4 SYM

• we assume

τπ = rτBoltzmann
π = 3 r

2
η
p

• in the leading order

ε ∼ 1
τ4/3 and η ∼ 1

τ so let’s write

η = A ε3/4

• goal = determine A and r

• second order dissipative hydrodynamics gives

−4 A ε3/4

τ + 4 ε
3 + τε′ + 21A r ε′

2ε1/4 + 9A r t ε′′
2ε1/4 = 0

• vanishing of this expression for energy density

ε = 1
τ4/3 −

√
2

33/4τ2 + 1+2 log 2

12
√

3 τ8/3

requires

r = 1−log 2
9 and A = 1√

2 33/4

• relaxation times than takes the form

τπ = 1−log 2
6 π T (T - temperature)



Discussion

• nontrivial dilaton profile leads to

trF 2 < 0

• this means that 〈
~E 2

〉
6=

〈
~B2

〉

• in fact magnetic modes dominate

• relaxation time is almost 30 x shorter than weak coupling
approximation



Summary and outlook

Summary

• studying 1D expansion of strongly coupled plasma using
AdS/CFT

• regularity of dual geometry chooses the physical behavior

• results are consistent with second order dissipative
hydrodynamics

Perspectives

• applying dynamical horizons framework to calculate the
entropy (work in progress)

• determining short time behavior from geometry regularity
(work in progress)

• generalizing dynamics to less symmetric situation
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Lie Symmetries

Lie groups play an outstanding role in modern mathematical physics.
Origins of the theory lie in the development of methods for solving
nonlinear differential equations by great mathematicians such as Gustav
Jacobi and Sophus Lie.

Nowdays the Lie symmetries method is a powerfull technique for solving
nonlinear differential equations, or at least detecting integrable regimes
of systems of differential equations.

The method is based on looking at differential equations in the
geometrical way - more geometrico.

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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Basic Concepts

Let v be a vector field in space of dependent and independent variables

v ≡ ξ(x , u)∂x +
m∑

j=1

φj(x , u)∂uj .

Let Σ be a system of ordinary differential equations

Σ = {ψ1 = 0, ψ2 = 0 . . . , ψr = 0}

with one independent variable x and m dependent variables

u = (u1, u2, . . . um)

with derivatives up to N − th order
{

u(n)
k , n ≤ N

}
.

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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A Computational Recipe-The Main Algorithm

In order to find Lie point symmetries of the system Σ, we consider
one-parameter Lie group of transformations

x? = Ψ (x , u, ε) ,

u? = Φ(x , u, ε) ,

under which Σ must be invariant. The group action is infinitesimally given by

x? = x + εξ(x , u) + O(ε2)

u?
j = uj + εφj(x , u) + O(ε2) j = 1, . . . ,m.

To determinate the infinitesimals ξ, φj we require that the previous
transformation leaves invariant the space of solutions of Σ:

SΣ = {u : ψ1 = 0, ψ2 = 0 . . . , ψr = 0} .

This is equivalent to

pr (N)v(ψi)|Σ = 0 i = 1, . . . , r (1)

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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pr (N)v = ξ∂x +
m∑

k=1

φk∂uk +
m∑

k=1

N∑
n=1

φ
[n]
k ∂u(n)

k

is N-th prolongation of the vector field v , φ[n]
k is defined recursively by

φ
[n+1]
k = Dxφ

[n]
k − u(n+1)

k Dxξ

where Dx is the total derivative with respect to x

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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Examples

The simplest second order equation has eight Lie symmetries

u′′ = 0

Its general Lie symmetry is given by

v = (a1 + a2x + a3y + a4xy + a5x2)
∂

∂x
+

(a6 + a7x + a8y + a5xy + a4y2)
∂

∂u

Example of a second order differential equation
which has no symmetries:

u′′ = xu + eu′
+ e−u′

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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Perfect fluid in shearfree motion

Because of the high symmetry of the problem the field equations become
very simple: for the line element

g = −e2ν(r,t)dt2 + e2λ(r,t)
[
dr 2 + r 2dΩ2

]
(2)

Kustaanheimo and Qvist (1948) showed that for the metric function

y(x , t) = e−λ(r,t), x ≡ r 2,

they reduce to one ordinary differential equation

y ′′ = F (x)y2 (3)

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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The second metric function is then

eν(r,t) = λ,te
−f (t)

where f (t) is an arbitrary function connected with the freedom of scaling t.
The function F (x) depends on the equation of state of the fluid, and mass
density µ as well as pressure p can be computed from λ and f .

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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The symmetry approach

One finds that for given F (x) the equation admits a symmetry if there exists
B(x) which satisfies

F (
5
2

B′ + c) + BF ′ = 0

B′′′ = 4(dx + e)F

where c,d and e are arbitrary constants. One can detect all possible choices
of F (x) when there exist symmetries. If for a given F there is no symmetry
then Lie method does not help. There are also cases with one or two distinct
symmetries. In the first case one can solve exactly the equation under certain
conditions, in the second case it is always exactly solvable.

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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Weyl Conformal Gravity

The lagrangian density is

L =
1
3

R2 − RµνRµν =
1
2

{
LGB − CαβµνCαβµν

}
where LGB = RαβµνRαβµν − 4RµνRµν + R2, the Gauss-Bonnet term, is a
total divergence in four dimensional spaces, i.e. it doesn’t contribute to the
field equations. The Bach equations which follow for the lagrangian (4) read

2∇α∇βC µ
α νβ + RαβC µ

α νβ = Bµ
ν = 0

where Bµ
ν is the Bach tensor. the isotropic coordinates

g = −e2ν(x)dτ 2 + e2(ν−α(x)
[
dx2 + x2dΩ2

]
(4)

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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The the only nonvanishing components of the Bach tensor in the static
spherically symmetric case are

B0
0 =

e4(α−ν)

3

{
2α′′′′ +

(
4α′ +

8
x

)
α′′′ + 3α

′′ 2
− 2α′2α′′ − α′

4

+
2α′3 + 22α′α′′

x
+

5α′2

x2

}

B1
1 =

e4(α−ν)

3

{
2
(
α′ − 1

x

)
α′′′ − α

′′ 2
+ 2α′2α′′ − α′

4
+

6α′3

x

− 4α′′ + 9α′2

x2
+

4α′

x3

}

B2
2 =

e4(α−ν)

3

{
−α′′′′ − 3

(
α′ +

1
x

)
α′′′ − α

′′ 2
+ α′

4 − 11α′α′′ + 4α′3

x

+
2α′′ + 2α′2

x2
− 2α′

x3

}
B3

3 = B2
2
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By direct inspection one sees that there is a simple Lie symmetry

v = d1
∂

∂α
+ d2

∂

∂ν

which appears to be the conformal symmetry of the field equations. With help
of this symmetry one can find the general solution

g = −a(x)b2(x)dτ 2 +
1

a(x)
dx2 + x2dΩ2

where

a(x) = c1 +
c2

x
+ c3x + c4x2 , with a constraint 1− c2

1 + 3c2c3 = 0

b = const

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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Higher – Derivative – Gravities (Lagrange picture)
& Einstein-matter fields systems (Hamilton pictures)

Jordan frame
L = R̃ + aR̃2 + bR̃µνR̃µν

g̃ satisfies 4th order
field equations.

Lagrange picture

- �
���

��*

HH
HHHHj

u

Legandre
transformation

A
A
A
A
AU

{g,Φµν} satisfy2nd order
field equations
H = ......

Einstein frame

Helmholtz-Jordan frame
H = d

4(ad+b)
χ2 + 1

4bπµνπ
µν

{g̃, χ, π} satisfy 2nd

order field eqs

Hamilton picture

Figure: Higher Derivative Gravities-General Relativity CorrespondenceArtur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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Jordan and Helmholtz-Jordan Frames

We restrict only to the case when a = 1
3 and b = −1, which describes in

Hamilton picture spin-2 field interacting to the standard Einsten gravity.
Euler – Lagrange equations read

Gµ
ν +

{
−�Rµ

ν + 2R µ β
α ν Rα

β +
1
2

Rα
βRβ

αδ
µ

ν

+
1
6

(�R − R2)δµ
ν +

1
3
∇µ∇νR +

2
3

RRµ
ν

}
= 0

i.e. Einsten tensor + Bach tensor = 0.
We point out that trace of this system implies vanishing of the Ricci scalar :

R = 0
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Let v be a vector field on an open subset M ⊂ <×<2

v = ξ (x , ν, λ)
∂

∂x
+ ψ (x , ν, λ)

∂

∂ν
+ φ (x , ν, λ)

∂

∂λ

where ξ, φ, ψ are real functions on M. The second prolongation (see [2]) of v
is a vector field in :

pr (2)v = v +
∑

J

ψJ

(
x , ν(2), λ(2)

) ∂

∂νJ
+
∑

J

φJ

(
x , ν(2), λ(2)

) ∂

∂λJ

where

ψJ

(
x , ν(2), λ(2)

)
= DJ

(
ψ − ξν

′)
+ ξν(J+1)

φJ

(
x , ν(2), λ(2)

)
= DJ

(
φ− ξλ

′)
+ ξλ(J+1)
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DJ is J-th total derivative and J is integer 1 ≤ J ≤ 2.(
ν

′

x
− 1

x2

)
λ

′′
+
ν

′ 3
+ ν

′ 2
λ

′
− 2ν

′
λ

′ 2

x
+
− 3

2ν
′ 2

+ ν
′
λ

′
+ 1

2λ
′ 2

x2

+
(

1− e2λ
)(λ′

x3
− 1

x4

)
+e2λ

(
ν

′

x
+

1− e2λ

2x2

)
= 0

−2e−2λ

{
ν

′′
+ ν

′ 2
− ν

′
λ

′
+ 2

ν
′
− λ

′

x
+

1
x2

}
+

2
x2

= 0

Conditions of being v a symmetry generator are:

pr (2)v(ψ1) = 0

pr (2)v(ψ2) = 0

Solving the above system of partial differential equations one obtains that the
only one symmetry vector field is

v = const
∂

∂ν

which can be found at first sight since there is no variable ν in the equations
of the system but only ν

′
and ν

′′
. This is insufficient to make a reduction
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procedure to the system. The second order system not possesing Lie point
symmetries may be rich in nonlocal symmetries providable one route for
integration.
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Summary

When a direct approach to differential equations fails one can use the
Lie symmetry method, which is probably the most powerful one. In case
of perfect fluid or conformal gravity existence of symmetries appears to
be very helpful for solving those difficult equations.

In Jordan Frame the field equations have trivial Lie point symmetries, but
one expects there exist non-trivial generalized Lie Backlund symmetries,
however they are much more difficult to detect.

The field equations in Jordan frame turn out to be a slight generalization
of the Klein-Gordon equations for the traceless part of the Ricci tensor
Sµ

ν = Rµ
ν − 1

4 Rδµ
ν + coupling to the conformal curvature.

Therefore we hope to understand what is the dynamics of the spin-2 field
in Helmholtz-Jordan frame at least close to the Minkowski spacetime

From algebraic structure of the field equations we understand why we
did not detect non-trivial Lie symmetries.

We know from the Painleve analysis that there are more general
integrable cases than only Schwarzschild solutions

Artur Janda Lie Symmetries of Spherically Symmetric Systems in General Relativity
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H. Stephani, Differential equations: their solution using
symmetries,Cambridge University Press, New York, 1989.

P. J. Olver, Applications of Lie Groups to Differential Equations, 2nd
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About the lectures…

• Theory of Gravitational Waves

• Gravitational Wave Detectors

• Signal Analysis

• Sources  of Gravitational Waves
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Gravitational Waves

• Why Gravitational Waves?
• Fundamental aspect of General Relativity

• Originate in the most violent events in the Universe

• Major challenge to present technology

• Why we have not seen them yet?
• They carry enormous amount of energy but

• They couple very weakly to detectors.

• How we will detect them?
• Resonant Detectors (Bars & Spheres)

• Interferometric Detectors on Earth

• Interferometers in Space
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Gravitational vs E-M Waves

• EM waves are radiated by individual particles, GWs are due to non-
spherical bulk motion of matter. I.e. the information carried by EM waves is
stochastic in nature, while the GWs provide insights into coherent mass currents.

• The EM will have been scattered many times. In contrast, GWs
interact weakly with matter and arrive at the Earth in pristine
condition. Therefore, GWs can be used to probe regions of space that are
opaque to EM waves. Still, the weak interaction with matter also makes the GWs
fiendishly hard to detect.

• Standard astronomy is based on deep imaging of small fields of view,
while gravitational-wave detectors cover virtually the entire sky.

• EM radiation  has a wavelength smaller than the size of the emitter,
while  the wavelength of a GW is usually larger than the size of the
source. Therefore, we cannot use GW data to create an image of the source.
GW observations are more like audio than visual.

Morale: GWs carry information which would be difficult to get
by other means.

Neutrinos: are more like EM waves than GW in most respects, except…

Propagate through most things like GW, so you can see dense centers

But neutron stars don’t generate so many  after first few minutes
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Uncertainties and Benefits

• Uncertainties
• The strength of the sources  (may be orders of magnitude)

• The rate of occurrence of the various events

• The existence of the sources

• Benefits
• Information about the Universe that we are unlikely ever to

obtain in any other way

• Experimental tests of fundamental laws of physics which cannot
be tested in any other way

• The first detection of GWs will directly verify their existence

• By comparing the arrival times of EM and GW bursts we can
measure  their speed with a fractional accuracy ~10-11

• From their polarization properties of the GWs we can verify GR
prediction that the waves are transverse and traceless

• From the waveforms we can directly identify the existence of
black-holes.
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Information carried by GWs

• Frequency

• Rate of frequency change

• Damping

• Polarization
• Inclination of the symmetry plane of the source

• Test of general relativity

• Amplitude
• Information about the strength and the distance of

the source (h~1/r).

• Phase
•  Especially useful for detection of binary systems.

1/ 2

1/ 2

3
~ ~ ( )dyn

GM
f G

R

f ~ 104Hz  ~ 1016gr /cm3

f ~ 10 4Hz  ~ 1gr /cm3
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GW Frequency Bands

• High-Frequency: 1 Hz - 10 kHz

• (Earth Detectors)

•  Low-Frequency: 10-4 - 1 Hz

• (Space Detectors)

•  Very-Low-Frequency: 10-7 - 10-9 Hz

• (Pulsar Timing)

•  Extremely-Low-Frequency:10-15-10-18 Hz

• (COBE, WMAP, Planck)
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Gravitation & Spacetime Curvature

4

1 8

2

G
R g R g T

c
μ μ μ μ+ =

2ds g dx dxμ

μ=

•Matter dictates the degree of

spacetime deformation.

•Spacetime curvature dictates the

motion of matter.

2

2

d x
U

dt
=

r

2 4U G=

Newton Einstein

GWs fundamental part of Einstein’s theory

d2xμ

ds2
~ f (gμ )
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Linearized Gravity

• Assume a small perturbation on
the background metric:

• The perturbed Einstein’s
equations are:

• Far from the source (weak field
limit)…

• And by choosing a gauge:

• Simple wave equation:
μμμ hnhh

2

1~

; ;

; ; ( ; ) ( )2 2 2h g h h R h R h kTμ μ μ μ μ

μ μ μ μ μ+ + =

Lorentz or De Donder gauge

h   ;
μ = 0

˜ g μ = gμ + hμ ,   | hμ |<<1

(
2

2t
+ 2)hμ = hμ = kT μ
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Transverse-Traceless (TT)-gauge

• Plane wave solution

• TT-gauge (wave propagating in

the z-direction)

• Riemann tensor

• Geodesic deviation

• …and the tidal force

a
a xik

eAh μμ =
~ 0=μ

μ kA

0k kμ μ =

μμμ

++ += hhA +

0000

0100

0010

0000

μ

0000

0010

0100

0000

μ

22

0 02 2

1

2

TT

jkTT j jk
k j

hd
R

dt t
=

R j0k0
       TT

=
1

2

2

t 2 h jk
   TT

f k ~ m R0 j 0
k j
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Gravitational Waves II

)](cos[ zthh = ++

μμ

[ ]

[ ]

1
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…in other words

2
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Polarization
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GW Polarizations

X
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Stress-Energy carried by GWs

• The energy-
momentum tensor in
an arbitrary gauge

• …in the TT-gauge:

• …it is divergence free

• For waves
propagating in the z-
direction

• for a SN exploding in
Virgo cluster the
energy flux on Earth

• The corresponding
EM energy flux is:

GWs exert forces and do work, they must carry energy and momentum

9 -2 -1~ 10 erg cm sec
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Wave-Propagation Effects

GWs affected by the large scale structure of the spacetime exactly as
the EM waves

• The magnitude of hjk
TT falls of as 1/r

• The polarization, like that of light in vacuum, is parallel transported
radially from source to earth

• The time dependence of the waveform is unchanged by propagation
except for a frequency-independent redshift

We expect
• Absorption, scattering and dispersion

• Scattering by the background curvature and tails

• Gravitational focusing

• Diffraction

• Parametric amplification

• Non-linear coupling of the GWs (frequency doubling)

• Generation of background curvature by the waves

received

emitted

1

1

f

f z
=

+
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The emission of grav. radiation

• The retarded solution for
the linear field equation

• For a point in the radiation
zone in the slow-motion
approximation

• Where Qkl is the
quardupole moment
tensor

• Power emitted in GWs

If the energy-momentum tensor is varying with time, GWs will be emitted

(
2

2t
+ 2)hμ = kT μ
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Angular and Linear momentum emission

• Angular momentum

emission

• Linear momentum

emission

ijkQ : mass octupole moment

ijP : current quadrupole

moment
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Back of the envelope calculations!

• Characteristic time-scale for
a mass element to move from
one side of the system to
another is:

• The quadrupole moment is
approximately:

• Luminosity

• The amplitude of GWs at a
distance r  (R~RSchw~10Km
and r~10Mpc~3x1019km):

• Radiation damping

1/ 2
3

1/ 2
~ ~

( / )

R R R
T

M R M
=

625
6

2

5

5

5
~~~

cR

R

G

c

R

M

c

G

R

M

c

G
L Sch

GW

35/ 2

~ ~kin
react

GW Schw

E R R
T T

L M c R
=
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What we should remember…

• Length variation

• Amplitude

• Power emitted
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Vibrating Quadrupole

• The position of the two
masses

• The quadrupole moment
of the system is:

• The radiated gravitational
field is:

• The emitted power

• And the damping rate of
the oscillator is:
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Two-body collision

• The radiated power

• The energy radiated during the
plunge from z=  to z=-R

• If R=RSchw (M=10Mo& m=1Mo)

• Most radiation during  2R->R
phase

t ~ R /v ~ R /c ~ 30km /c ~ 10 4 s

f ~ 104Hz



June 17, 07 Zakopane 21

Rotating Quadrupole

(a binary system)

• Radiated power

• Energy loss leads to shrinking
of their orbital separation

• Period changes with rate

• ...and the system will coalesce
after

• The total energy loss is

• Typical amplitude of GWs

45

0

3 2

5

256
inspiral

ac
T

G Mμ
=

3 2
2 4 6

5 5 5

32 32

5 5

dE G G M
a

dt c c a

μ
μ= =

0

1 1

2
rad

G
E M

a a
μ=

3

2

5

3

5

64

a

M

c

G

dt

da μ
=

2/3 2 /3

22 15
5 10

2.8 0.7 100

M f Mpc
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M M Hz r

μ

� �

THE BEST SOURCE FOR GWs
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First verification of GWs

Nobel 1993

PSR 1913+16

Hulse & Taylor
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Binary systems (examples)

  

f ~ 1kHz
10M

o

M
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An interesting observation

• The observed frequency
change will be:

•

• The corresponding
amplitude will be :

•Since both frequency  and its rate of change  are measurable
quantities, we can immediately compute the chirp mass.

•The third relation provides us with a direct estimate of the
distance of the source

•Post-Newtonian relations can provide the individual masses
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2nd Part

DETECTION of GWs
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A Quadrupole Detector

• Plane wave

• Displacement & Tidal force

• Equation of motion

• Solution

• Cross section

• Weber’s detector: M=1410kg,
L=1.5m, d=66cm,

0=1660Hz, Q=2x105.

2

2 2

0

/ 2

/

i tLh e

i

+=
+

max 0 2 / 2L h Q L h
+

= =

2i t i t

x xLh e f mLh e
+ +

( )i t kzh h eμ μ

+=

2

03

32

15

G
Q M L

c
=

Tidal force is the driving force of the oscillator

Weber ~ 3 10 19cm2
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Quadrupole Detector Limitations

• Very small cross section~3x10-19cm2.

• Sensitive to periodic GWs tuned in the right

frequency of the detector

• Sensitive to bursts only if the pulse has a

substantial component at the resonant

frequency

• The width of the resonance is:

2~ / 2 ~ 10 Hz

Problems

•Thermal noise limits our ability to
detect the energy of GWs.

•The excitation energy has to be greater
than the thermal fluctuations E kT

BURSTS
•Periodic signals which match the
resonant frequency of the detector are
extremely rare.
•A great number of events produces
short pulses which spread radiation
over a wide range of frequencies.
•The minimum detectable amplitude is

The total energy of a pulse from the

Galactic center (r=10kpc) which will

provide an amplitude of h~10-16 or

energy flux ~109 erg/cm2.
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Improvements to resonant detectors

• Have higher Q

• Operate in
extremely low
temperatures (mK)

• Larger masses

• Di erent geometry

• Better electronic
sensors
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Modern Bar Detectors
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International Gravitational Events Collaboration

ALLEGRO– AURIGA –  ROG (EXPLORER-NAUTILUS)

• The “oldest” resonant detector EXPLORER started operations
about 16 years ago.

• This kind of detector has reached a high level of reliability.

• The duty factor is  greater than  90% .

New Advanced Acoustic Detectors are in RD phase
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Sensitivity of Resonant Detectors
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M = 1-100 tons

Sensitivity:
10-23 - 10-24 Hz-1/2;
h ~ 10-21 - 10-22

MINIGRAIL
Leiden (Netherlands)

MARIO SHENBERG
Sao Paulo (Brasil)

SFERA
Frascati (Italy)

CuAl(6%) sphere
Diameter= 65 cm
Frequency = 3 kHz
Mass = 1 ton

Exploiting the resonant-mass detector technique:

the spherical detector

•Omnidirectional

•Capable of detecting

source position

•Capable of measuring

polarization
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Laser Interferometers

• The output of the detector is

• Technology allows measurements
L~10-16cm.

• For signals with h~10-21-10-22 we need
arm lengths L~1-10km.

• Change in the arm length by L
corresponds to a phase change

• The number of photons reaching the
photo-detector is proportional to laser-
beam’s intensity [~sin2( /2)]

( ) ( ) ( )
L

F h t F h t h t
L

+ +
= + =

94
~ 10 rad

b L
=

2

out input sin ( / 2)N N=

OPTIMAL CONFIGURATION

•Long arm length L

•Large number of reflections b

•Large number of photons (but be

aware of radiation pressure)

•Operate at interface minimum

cos(2 b L/ )=1.
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LIGO

VIRGO

GEO

TAMA

ACIGA

LISA

Interferometric Projects
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Noise Sources I

~out outN N

min

0

( ) 1
~

2

L L c
h

L L bL I
= =

h

0
min

Ib
h

m L c
=

h

min

1
h

L m
=

h

• Photon Shot Noise
• The number of emerging photons is subject to

statistical fluctuations

• Implies an uncertainty in the measurement of L.

• Radiation Pressure Noise
• Lasers produce radiation pressure on the mirrors

• Uncertainty in the measurement of the deposited
momentum leads to an uncertainty in the position
of the mirrors

• Quantum Limit
• If we try to minimize PSN and RPN with respect to

laser power we get a minimum detectable stain

• Heisenberg’s principle sets an additional
uncertainty in the measurement of L

• ( L p , if p~m L/  …) and the minimum
detectable strain is
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LIGO/Virgo Sensitivity

• Seismic Noise

• Important below 60Hz.
Dominates over all other

types of noise.

• Residual gas-phase noise

• Statistical fluctuations in the
residual gas density induce
fluctuations of the refraction
index and as a result on the
monitored phase shift.

• Vacuum pipes (~10-9 torr)
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Interferometers and Sources

NS-NS @ 200 Mpc

SN in Virgo, 0.001 M c2

pulsars
NS normal modes

100 in 10-20 years is possible
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LIGO now at design sensitivity
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VIRGO is reaching its designed

sensitivity
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Future Gravitational Wave Antennas

• Advanced LIGO

• 2008-2010; planning under way

• 10-15 times more sensitive than

initial LIGO

• High Frequency GEO

• 2008? Neutron star physics, BH

quasi-normal modes

• EGO: European Gravitational Wave

Observatory

• 2012? Cosmology
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• Present detectors will test 

•upper limits

• Even in the optimistic case rate 

too low to start GW astronomy

• Need to improve the

  sensitivity

• Increase the sensitivity 

   by 10  increase the 

   probed volume by 1000

• Plans to improve the

  present detectors

Towards GW astronomy

LIGO - Virgo

LIGO+ - Virgo+

AdvLIGO - AdvVirgo
Credit: R.Powell
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LISA the space interferometer

•LISA is low frequency detector.

•With arm lengths  5,000,000 km
targets at 0.1mHz – 0.1Hz.

•Some sources are very well known
(close binary systems in our galaxy).

•Some other sources are extremely
strong (SM-BH binaries)

•LISA's sensitivity is roughly the same
as that of LIGO, but at 105 times lower
frequency.

•Since the gravitational waves energy
flux scales as F~f2 h2, it has 10
orders  better energy sensitivity than
LIGO.
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Complementary observations, different frequency bands,  and
different astrophysical sources…

Gravitational Wave Spectrum…

VIRGO
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The END of the 1st day
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Sources of Gravitational Waves

2nd talk
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Astrophysical Sources of GWs

• Binary systems (NS/NS, NS/BH, BH/BH)

• Supernova

• Bounce

• Fall back

• Oscillations & Instabilities

• Old and Isolated NS

• Cosmological origin
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GW sources in ground-based detectors

Supernovae, BH/NS
formation

Young Neutron Stars

BH and NS Binaries    

Spinning neutron stars
in X-ray binaries

5

~GW

M
L

R

~
M M

h
r R

Black Holes    :  M/R=0.5

Neutron Stars :  M/R~0.2

White Dwarfs  :  M/R~10-4
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Sources in LISA

Galaxy mergers

Galactic Binaries

Capture orbits
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Binary systems
(NS/NS, NS/BH, BH/BH)

The best candidates and most reliable

sources for broad band detectors
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Coalescence of Compact Binaries

• During the frequency change
from 100-200Hz GWs carry
away5x10-3M c2.

• In LIGOs band

• NS/NS (~16000 cycles)

• NS/BH(~3500 cycles)

• BH/BH(~600 cycles)

• The GW amplitude is:

• Larger total mass improves
detection probability.

2/3 2 /

3

3

2 100
7.5

2.8 0
10

.7 100

M f Mpc
h

M M Hz r

μ

� �

~2000~0.8BH/BH

 20000.8Total

~80~0.02BH/NS

~60-500~0.05NS/NS

LIGO-IILIGO-Ievents/y

ear

•Phase effects are important, if the

signal and the template get out of phase

their cross correlation will be reduced.

•High accuracy templates are needed

for accurate detection.
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Gravitational Waves from Binaries

Generically, there are 3 regimes in
which black holes radiate:

• Orbital in-spiral: PN-

approximations or point-particle

orbits.

• Plunge/merger after the last

stable orbit: numerical

simulations or point-particle

orbits.

• Ring-down of the disturbed black

hole as it settles down to a Kerr

hole: perturbation theory of black

holes.
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Binary BH-BH systems

Missing ??

•Baker et al 9-2-2006, Pretorious 1-3-2006

•Brugman et.al 2004, LSU-AEI 2004, Penn-State

2005, Brownsville 2005

•The results are preliminary, still  long

way to go.

•Huge parameter space ~105 points

•Tflop CPU and Tbyte storage

capacity



June 17, 2007 Zakopane-2007 9

BH/BH coalescence

• The inspiral, merger, and
ringdown waves from 50M
BH binaries as observed by
initial and advanced LIGO.

•  The energy spectra are
coming from crude estimates
(10% of the total mass energy
is radiated in merger waves
and 3% in ringdown waves).

• We observe that the inspiral
phase is not visible with initial
LIGO, for this case Numerical
Relativity is important.
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Possible First Source:

Binary Black Hole Coalescence

• 10M  + 10 M

BH/BH binary

• Event rates based on

population

synthesis,

• mostly globular

cluster binaries.

• Totally quiet!!

First gen

Second gen

100 Mpc inspiral

Rate: 1 / 300yrs  to  1 / yr

mergerz=0.4 inspiral Rate: 2/mo  to  10/day

merger

(Kip Thorne)
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NS/BH Binaries

43 Mpc

NS-BH inspiral and NS Tidal Disruption

650 Mpc

NS-BH Event rates

Based onBased on Population Synthesis Population Synthesis

• Initial interferometers

• Range: 43 Mpc

•  1/1000 yrs to 1per yr

• Advanced interferometers

• Range: 650 Mpc

• 2 per yr to several per day
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Neutron Star Binary Inspiral

NS-NS coalescence event rates

• Initial interferometers

• Range: 20 Mpc

• 1 per 40 yrs to 1 per 2 yrs

• Advanced interferometers

• Range: 300Mpc

• few per yr to several per day

• The discovery of a new binary
pulsar have increased the rate
upwards by an order of
magnitude

Signal shape very well known

300 Mpc

~10 min

~10,000 cycles

20 Mpc
~3 sec

~1000 cycles
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Core-collapse Supernova

The most spectacular astronomical event with

exciting physics
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Supernovae/gravitational collapse

Rate 1/30yr in typical galaxy

Detection would provide unique
insight into SN physics:
– optical signal hours after collapse
– neutrinos after several seconds
– GWs emitted during collapse

Supernova core collapse was the primary source of GW detectors.
GW amplitude uncertain by factors of 1,000’s?

Simulations suggest low level of radiation
(<10-6 Moc2?), but
– rotational instabilities possible
– observational evidence for asymmetry

from speeding final neutron stars
(release of 10-6 M  c

2  could explain 
1000 km/s?)
– convective “boiling” observable to LMC
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Core-Collapse Supernovae I

• Stars more massive than ~8M  end in core collapse (~90% are stars with

masses ~8-20M  ).

• Most of the material is ejected

• If M>20M  more than 10% falls back and pushes the PNS above the

maximum NS mass leading to the formation of BHs (type II collapsars).

• If M>40M  no supernova is launched and the star collapses to form a

BH (type I collapsars)

• Formation rate:

• 1-2 per century in the Galaxy

• 5-40% of them produce BHs through the fall back material

• Limited knowledge of the rotation rate! Initial periods probably <20ms.

• Chernoff & Cordes fit the initial spin with a Gaussian distribution peaked at 7ms. This

means that 10% of pulsars are born spinning with millisecond periods.
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Core-Collapse Supernovae II

Dimmelmeir, Font & Muller 2002

Rotation increases strongly during the collapse.

•Multiple bounces are possible for a few models.

The ringing phase might last much longer
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Core-Collapse Supernovae III

• GW amplitude

• Signals from Galactic supernova

detectable.

• Frequencies ~1 kHz

• The numerical estimates are not

conclusive.

• Kicks suggest that a fraction of

newly born NSs (and BHs) may be

strongly asymmetric.

• Polarization of the light spectra in

SN indication of asymmetry.

Dimmelmeir, Font & Muller 2002

h 10 23 10Mpc

r
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Fragmentation and Fallback

• A significant amount of remnants can fallback, subsequently
spinning up and reheating the nascent NS.

• Instabilities can be excited again during such a process.

• BH-QNMs can be excited for as long as the process lasts.

• “Collapsars” accrete initially (for about ~2-3s) at rates ~1-10M
/sec ! Later at a rate ~0.1M  /sec for a few tenths of secs.

• Typical frequencies: ~2kHz.

• Oscillation of matter surrounding the black hole (Zanetti et al 2002)

• If disk mass is :~1M  self-gravity becomes important and gravitaional
instabilities (spiral arms, bars) might develop and radiate GWs (Davies et al
2002, Fryer et al 2002)

• The collapse material might fragments into clumps, which orbit for
some circles like a binary system (Fragmentation Instability). Needs
density distribution to peaks off the center (maybe in Population III stars).
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Black-Hole Ringing I

• The newly formed BH is ringing till
settles down to the stationary Kerr
state (QNMs).

• The ringing due to the excitation by
the fallback material might last for
secs

• Typical frequencies: ~1-3kHz

• The amplitude of the ringdown waves
and their energy depends on the
distortion of the BH.

• Energy emitted in GWs by the falling
material: E>0.01μc2(μ/M)

2

1

1

0.01 10
2 10c

d
h

Mpc M

μ

�

fm= 2 3.2kHz M10
1 1 0.63(1 a /M)3 /10[ ]

Q =  f 2(1 a) 9 / 20
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Oscillations & Instabilities

The end product of gravitational collapse
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Neutron Stars

• Suggested:  1932

• Discovered: 1967

• Known: 1070+

• Mass: ~ 1.3-1.8 

• Radius: ~ 8-14 Km

• Density: ~1015gr/cm3
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An extreme challenge

• rapid (differential)
rotation

• general relativity

• superfluidity

• strong magnetic fields

• crust-core interface
Ekman/Alfven layer

• exotic nuclear physics
strange quarks,
hyperons

Neutron star modelling involves the very extremes of physics:

Can GW, x-ray, -ray observations constrain the theoretical

models?
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Neutron Star “ringing

• p-modes: main restoring force is the pressure (f-mode) (can become unstable)

f2 ~ M/R3  (>1.5 kHz)

• Inertial modes (r-modes) main restoring force is the Coriolis force (can become

unstable) f~

• Torsional modes (t-modes) f2~us/R  (>20 Hz) shear deformations,
divergence-free, with no-radial components.  Restoring force, the weak Coulomb force
of the crystal ions.

• w-modes: pure space-time modes (only in GR) (can become unstable) f~1/R
(>5kHz)
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F-mode-(I)

F-mode is the
fundamental pressure
mode of the star

It corresponds to polar
perturbations

Frequency for uniform
density stars

For ℓ=2 is ~2-4kHz

Rotation breaks the symmetry:

the various -ℓ m ℓ decouple

There is coupling between the

polar and axial modes

The frequency shifts:

0.0 0.2 0.4 0.6 0.8 1.0 1.2
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The r-mode-(I)

A non-rotating star has only trivial axial
modes

Rotation provides a restoring force
(Coriolis) and leads in the appearance of
the inertial modes.

The l=m=2 inertial mode is called r-mode

In a frame rotating with the star, the r-
modes have frequency

Meanwhile in the inertial frame

r-modes are appear retrograde in the
rotating system while in the inertial frame
the prograde at all rotation rates!

rot

2

( 1)

m

l l
=

+

inertial rot 2
1

( 1)m m l l
= + =

+
R-modes have:
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Torsional (t-) modes

Giant flares in SGRs

Up to now, three giant flares have

been detected.

SGR 0526-66 in 1979, SGR 1900+14 in

1998, SGR 1806-20 in 2004

Peak luminosities : 1044–1046 erg/s

A decaying tail for several hundred

seconds follows the flare.

QPOs in decaying tail (Israel et al.

2005; Watts & Strohmayer 2005, 2006)

SGR 1900+14 : 28, 54, 84 & 155 Hz

SGR 1806-20 : 18, 26, 29, 92.5, 150,

626.5, and 1837 Hz

Ref : Watts & Strohmayer (2006)

QPOsQPOs

Normal modes of elastic waves in

the solid crust

Typical frequency ~us/R (CFS

unstable)

h 10 25 10 28 10kpc

r
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GW and SGRs

• The energy relesed during the

2004 hyperflare is of the order of

• 8x1046 - 3x1047 erg or

• 4x10-8 - 2x10-7 M c2

• If the same amount of energy

was released in GWs then the

signal would have been

marginally detectable by LIGO

• Sensitivity in 2004 about 8 times

smaller than H1

EGW
iso,90%

= 4.3 10 8Msunc
2 r

10kpc
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Grav. Wave Asteroseismology
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Grav. Wave Asteroseismology
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Stability of Rotating Stars
Non-Axisymmetric Perturbations

Dynamical Instabilities
• Driven by hydrodynamical forces

(bar-mode instability)

• Develop at a time scale of about

one rotation period

Secular Instabilities
• Driven by dissipative forces (viscosity,

gravitational radiation)

• Develop at a time scale of several
rotation periods.

• Viscosity driven instability causes a
Maclaurin spheroid to evolve into a
non-axisymmetric Jacobi ellipsoid.

• Gravitational radiation driven
instability causes a Maclaurin spheroid
to evolve into a stationary but non-
axisymmetric Dedekind ellipsoid.

A general criterion is:
W

T
=

T  : rot. kinetic energy

W : grav. binding energy

27.0

14.0
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The bar-mode instability I

For rapidly (differentially!) rotating stars with:

the “bar-mode” grows on a dynamical

timescale.

If the bar persists for many (~10-100) rotation

periods, the signal will be easily detectable from

at least Virgo cluster.

–A considerable number of events per year
in Virgo: 10-2 /yr/Galaxy

–Frequencies ~1.5-3.5kHz

2

23 2

1.4 10

15 Mpc
9 10

0.2 3 kHz d

f
h M R

Remember mini-Grail: f0~3.2kHz

27.0



June 17, 2007 Zakopane-2007 32

Bar Modes IV

• Bars can be also created during the merging of

NS-NS, BH-NS, BH-WD and Collapsars (type II).

• GR enhances the onset of the instability ( dyn

0.24) and  decreases with increasing M/R.

• Bar-mode instability might happen for much

smaller  if centrifugal forces produce a peak in the

density off the source’s rotational center.

• Highly differentially rotating stars are shown to be

dynamically unstable for significantly lower  (even

when 0.01).

Shibata-Karino-Eriguchi

1/ 21/ 2

22 100
3 10

800 30 1.4

eq

eff

Rf M Mpc
h

Hz km M d
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The pattern speed

The pattern speed  of a

mode is:

If a star rotates very fast,

a backward moving

mode, might change to

move forward, according

to an inertial observer.
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Growth vs Damping

Viscosity tends to suppress a GW instability.

An instability is only relevant if it grows sufficiently fast that is not
completely damped by viscosity

Bulk viscosity: arises because the pressure and density variations
associated with the mode oscillation drive the fluid away from beta
equilibrium. It corresponds to an estimate of the extent to which
energy is dissipated (via neutrino emission) from the fluid motion as
the weak interaction tries to re-establish equilibrium.

Shear viscosity: in matter hotter than superfluid transition
temperature T~109 K, due to neutron-neutron scattering, and for
superfluids, due to electron-electron scattering
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Timescales
Dissipation due to bulk viscosity

Dissipation due to shear viscosity

Dissipation/growth due to gravitational radiation
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R-mode: Instability window

For the r-mode (ℓ=2) we get:

Instability window

Many astrophysical
applications both on newly
born and old NS
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R-modes (astrophysics)

GW amplitude depends on 
(the saturation amplitude).

Mode coupling might not allow
the growth of instability to high
amplitudes

The existense of crust,
hyperons in the core, magnetic
fields, a ect the e ciency of
the instability.

For newly born neutron stars
might be quite weak ; unless we
have the creation of a strange
star

Old accreting neutron (or
strange) stars, probably the
best source! (400-600Hz)

22 1Mpc
( )

Hz
10

1 k
h t

d

Lindblom-Vallisneri-Tohline

10 2 10 3
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F-mode (astrophysics)

F-mode is naturally excited in any
process.

• In GR the m=2 mode becomes unstable
for >0.85 Kepler or >0.06-0.08

• The instability window significantly
smaller than the r-mode

• Detectable from as far as 15Mpc (LIGO-
I), 100Mpc (LIGO-II) (depending on the
saturation amplitude).

• Differential rotation affects the onset of
the instability

• Recent non-linear calculations by
Shibata & Karino (2004) suggest that:

• Up to 10% of energy and angular
momentum will be dissipated by GWs.

• Amplitude (ar ~500Hz):
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Isolated & Old NS



June 17, 2007 Zakopane-2007 40

Isolated NS

Wobbling or Deformed NS (many
interesting features but highly uncertain
the degree of deformation)

LMXBs : if accretion spin-up torque on
NS is counterbalanced by GW emission
then Sco X-1 and a few more might be
detectable around 500-700 Hz.

kpc

r

f

kHz

10

1
102

2

8

LMXBs might be as robust source of GWs
as the binary systems!
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Slowdown from pulsar

Upper limits on amplitudes from known pulsars, set by assuming spindown
due to the emission of gw energy.  The points represent all pulsars with
gravitational wave frequencies above 7 Hz and amplitudes above 10-27.

Expected sensitivities of three first-generation interferometers in a one-year
observation, and the thermal noise limits on narrow-banding (dotted lines).
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The Wagoner mechanism (1984)

Papaloizou &Pringle (1978)

Possible GW mechanisms:

– accretion induced asymmetry

– unstable r-modes: strong bulk viscosity may
shift instability window to lower

temperatures; accreting stars can reach
quasi-equilibrium state

Key idea: Emission of GW balances accretion
torque. Strength of waves can be inferred from X-
ray flux.
Requires deformation:

Observational evidence (?):
clustering of spin-frequencies in LMXB (250-590
Hz)

Variable accretion rate: coherent integration of
signal only meaningful for 20 days or so.

1/ 2 5/ 2
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300 Hz
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LMXBs & r-modes

UNSTABLE

5ms

}
Period
clustering of
ms pulsars

STABLE

Limiting Period 1.5ms

Fastest known pulsar 1.56ms

Andersson, KK, Stergioulas `99

Andersson, Jones, KK, Stergioulas `00
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LIGO narrow banding

•LIGO-I phase
•The only detectable
source is BBHs (10Me)

•LIGO-II phase (2006)
•Many sources…

Narrow banding for LMXBs
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Stochastic Background
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Stochastic Background of Grav. Waves

Energy density:

Characterized by log-
frequency spectrum:

Related to the strain
spectrum:

Strain scale:
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GWs from the Big Bang
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Stochastic background reflecting

fundamental physics in the early

universe;

- Phase transitions

- Inflation

- Topological defects

- String-inspired cosmology

- Higher dimensions

After the Big Bang, photons

decoupled after 105 years, neutrinos

after 1s, GWs before10-24 s!

Strength expressed as fraction of

closure energy density;

14 510 10gw <
simple inflation
nucleosynthesis

Detection: Requires cross-correlation of detectors.
Best window, free of “local” GW sources, is around 0.1-1
Hz. Need LISA follow-on mission?

One of the most fundamental observations possible!
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The Rewards Are Huge

(Very) Early Universe

Gravitational Wave
Observations

Stellar interiorsCosmology

Quantum theory

Astrophysics

Fundamental physics Extreme Gravity



Clustering scale of dark matter

d
Department of Theoretical Astrophysics
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Where is the alleged Dark Matter ?

The Concordance Lambda Cold Dark Matter Cosmological Model 
predicts that

22% of total energy in the Universe is in the form of Nonbaryonic Dark Matter. 

If so, how is dark matter distributed and what is its clustering scale?

spherical halo of dark matter 
surrounding a spiral galaxy

Small clustering scale  
high local density of DM

Large clustering scale   
low local density of DM

thousands of galaxies  enveloped in a gigantic cloud of hot gas
and confined to the Abell 2029 cluster 

by the gravity of dark matter

Chandra X-ray Optical

Cracow School of Theoretical Physics             XLVII Course           Zakopane, 16/6/2007



radius

Rotation curves of spiral galaxies and Dark Matter (DM) 

Problems:

• flat rotation curves, not Keplerian
• dynamical mass different from the mass of 
  visible  matter   
• the Infra Red band mass-to-light ratio M/L 
   should be not greater than 2, 
   otherwise dark matter is required 

( M/L=1 for the Sun )

Standard modelling of rotation curves:

arbitrarily  assumes a spherical halo of DM
inside of which the luminous baryonic matter 
with a constant M/L is immersed 

P

Doppler image of a spiral galaxy
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standard modelling 
of rotation curves

3 arcsec

NGC 4736  (M94)
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Standard approach:

input:    luminosity profile 
1. luminosity profile decomposition : central bulge + disk 
2. mass densities assumed proportional to luminosities 
3. the missing mass added in the form of the spherical dark halo 
output:  constant  mass-to-light ratios 
          &  the amount of missing mass

Our approach:    (reduces the amount of dark matter)

input:  rotation curve + mass distribution outside the cutoff radius
1. Global Disk Model + Iterative Spectral Method
output:  the global mass distribution  
              ( in perfect  agreement with rotation curve )

&  the mass-to-luminosity ratio profile 
cutoff radius

Kent, 1987, AJ, 93, 816



Global Disk Model of (disk-like) spiral galaxies:
infinitely thin layer of dust rotating on circular concentric orbits

( in the framework of Newtonian gravitation )
axial and reflection symmetry,

cylindrical coordinates spectral decomposition of rotation curve

approximation of the surface mass density



convergence through iterations

rotation curves are not enough,
for completeness, additional data required: 

e.g. hydrogen distribution in the remotest regions 

1 2



the total mass: 34 milliards of Solar masses
the global IR-band mass-to-light ratio: 1.2 in Solar units

Spherical halo model:
problems in fitting their model to observations  

 2/3 of total mass of the galaxy in the form of 
Dark Matter

Disk model:
a consistent global mass distribution,

excellent reconstruction of rotation curve
Dark Matter?, maybe some 

 

1

2

3

 A SAMPLE OF OUR RESULTS



rotation curves of many disk-like objects satisfy the sphericity condition, e.g.
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Not all galaxies are dominated by spherical mass distribution

the global disk model can be applied to these galaxies

sphericity test

1 2

Cracow School of Theoretical Physics             XLVII Course           Zakopane, 16/6/2007



Example - M101
The test of sphericity of 
matter distribution 
implies that there is no 
dominance of spherical 
component.

1 2

Cracow School of Theoretical Physics             XLVII Course           Zakopane, 16/6/2007



M101 – continued

Mtot /LK = 1.34

The neutral hydrogen (dots), 
total mass distribution (blue 
line) and luminosity in the K 
band (red line).

The mass-to-light ratio does 
not vary much and is low.

Thus NGC 5457 is also a galaxy which does not need DM 
(Dark Matter) to explain its rotation curve.

1 2



•The commonly accepted approach to modelling of mass distribution 
in spiral galaxies overestimates the amount of dark matter

•Rotation curves of some galaxies can not be explained under 
spherical symmetry, the Global Disk Model is thus more suitable 

•The use of the simple model was considered an arduous task.  
The Iterative Spectral Method we have developed, overcomes all difficulties

• For a class of galaxies,  mass-to-light ratios, and consequently, 
the amount of dark matter, can be reduced significantly

•These findings impose constraints on clustering scale of dark matter;
the scale should be much larger than 30 kpc, which is the characteristic 
size of galaxies. 

Cracow School of Theoretical Physics             XLVII Course           Zakopane, 16/6/2007
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1 Motivation2 The Shakura modelObservational dataModel assumptionsMain equations3 Bifuration4 Conlusions5 LiteratureKrzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 2 / 18



MotivationCompat objetsAre the aretion disk models good enough to distinguish di�erenttypes of the ore objets?Do gravastars exist?Could we see them?Inverse problemWhat an we say about the ompat objet knowing the omplete set ofobservational data?
Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 3 / 18



Data olleted from observations
A omplete set of observational dataTotal luminosityTotal massEquation of state of the areting gasAsymptoti temperature (speed of sound)Gravitational potential at the surfae of the ompat objet
Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 4 / 18



Our modelAssumptionsCompat objet with hard surfae surrounded by a loud of aretinggasSpherial symmetryNewtonian desriptionStationary aretionAt the outer boundary of the �uid ball R∞U2
∞ ≪

m(R∞)R∞

≪ a2∞Soni pointKrzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 5 / 18



De�nitionsMass aretion rate: Ṁ = −4πR2ρUGas equation of state (polytropi):p = KρΓ1 < Γ ≤ 5/3Speed of sound: a2 =
∂p
∂ρThe Eddington luminosity: LE =
GM
α

α =
σT4πmpLE = 1.25 · 1038 MM⊙

ergsKrzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 6 / 18



De�nitionsThe total luminosity: L0 = Ṁφ0The gravitational potential:
φ(R) = −

m(R)R −

∫ R∞R rρ(r)drLuminosity at a given point L(R):
∂R ln L =

αṀR2L(R) = L0 exp(−L0R̃0LER )

Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 7 / 18



De�nitions
Modi�ed size measure of the body:R̃0 =

GM
|φ(R0)|Quasiloal mass:

∂Rm(R) = 4πρR2Total mass: M = m(R∞)

Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 8 / 18



Main equationsModi�ed Shakura modelEuler equation: U∂RU = −
Gm(R)R2 −

1
ρ
∂Rp + α

L(R)R2Mass onservation:
∂RṀ = 0Energy onservation:L0 − L(R) = Ṁ ( a2∞

Γ − 1 −
a2

Γ − 1 −
U22 − φ(R)

)

Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 9 / 18



Soni pointSoni pointAt the soni point the infall veloity of the gas equals the speed of sound.Values measured at that plae are denoted with an asterisk: M∗, a∗ = U∗.Soni point variablesx =
L0LEy =
M∗M

γ =
R̃0R∗Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 10 / 18



Luminosity as a funtion of soni point mass
Total luminosityL0 = φ0G 2π2χ∞

M3a3∞ (1− y)(y − x exp(−xγ))2 ( 25− 3Γ) 5−3Γ2(Γ−1)Using soni point variables. . .x = β(1− y)(y − x exp(−xγ))2.
Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 11 / 18



BifurationTheoremLet us de�ne a funtionF (x , y) = x − β(1− y)(y − x exp(−xγ)).Then, for any β, 0 ≤ γ < 1 and x smaller than a ertain ritial value:There exists a ritial point x = a, y = b of F (F (a, b) = 0 and
∂yF (x , y)|(a,b) = 0). The parameters a and b satisfy 0 < a, b < 1 and3b = 2 + a exp(−aγ).For any 0 < x < a there exist two solutions y(x)±, bifurating from
(a, b). They are loally approximated by:y± = b ±

√

(a − x)(b + a exp(−aγ)(1 − 2aγ))
√

β(b − a exp(−aγ))(1 − a exp(−aγ))
.The relative luminosity is extremized at the ritial point (a, b).Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 12 / 18



Bifuration
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Figure: The plot of the dependene y of x .Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 13 / 18



Numerial exampleObserved valuesTotal mass is given in the units of solar mass M⊙ = 1.989× 1033g,M = M⊙(M/M⊙).Eddington luminosity LE = 1.3× 1038(M/M⊙)erg/s and for x = 0.1we have L0 = 1.3× 1037(M/M⊙)erg/s.The asymptoti speed of sound a∞ = /50 = 6× 108m/s, the radiusof the sphere enlosing the gas R∞ = 1.5× 1011(M/M⊙)m and thesurfae potential φ(R0) = −0.252 = −2.25× 1020m2/s2.The modi�ed size measure R̃0 = 6× 105(M/M⊙)m.
Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 14 / 18



Numerial exampleTwo solutionsSolution I:(soni point parameters) R∗ = 8.35 · 107(M/M⊙)m,a∗ = |U∗| = 8.46 · 108m/s;(size and mass of the hard ore) R0 = 5.93 · 105(M/M⊙)m,More = 1.98 · 1033(M/M⊙)g;(asymptoti mass density) ρ∞ ≈ 6 · 10−4(M⊙/M)2g/m3.Solution II:(soni point parameters) R∗ = 9.15 · 106(M/M⊙)m,a∗ = |U∗| = 8.46 · 108m/s;(size and mass of the hard ore) R0 = 1.18 · 105(M/M⊙)m,More = 3.92 · 1032(M/M⊙)g;(asymptoti mass density) ρ∞ ≈ 1.1 · 10−1(M⊙/M)2g/m3.Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 15 / 18



Numerial example
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ConlusionsNonuniquenessTwo di�erent ore masses in systems, whih have the same total massand luminosity.If the total luminosity is lose to the Eddington limit the two oremasses are lose to eah otherPossible extensionsThe stability of the stationary solutionsTime evolution (stationary initial data)AxisymmetryRelativisti generalizationKrzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 17 / 18



LiteratureE. Male, J. Karkowski, K. Roszkowski Luminosity, selfgravitation andnonuniqueness of stationary aretion (in preparation)P. O. Mazur, E. Mottola, Pro. Nat. Aad. Si. 101, 9545(2004)N. I. Shakura, Astr. Zh. 18, 441(1974)M. Abramowiz, W. Klu¹niak, J.-P. Lasota, Astronomy andAstrophysis 396, L31(2002)A. E. Broderik, R. Narayan, Astrophys. J. 638, L21(2006)J. Karkowski, B. Kinasiewiz, P. Mah, E. Male, Z. �wierzy«ski,Phys. Rev. D73, 021503(R)(2006)Krzysztof Roszkowski (IF UJ) Bifuration in the Shakura Model Zakopane, 19.06.2007 18 / 18



Matter stability in the neutron star interior

Sebastian Kubis
Institute of Nuclear Physics, Polish Academy of Sciences, Kraków

Cracow School of Theoretical Physics, 2007

I NS properties and internal structure

I parameters of nuclear matter, symmetry energy

I Es and the crust-core transition

I Es and the phase separation in the inner core



NS properties and structure

radio pulsars: period P = 1 ms - 5 s

magn. dipole B = 109−12 Gs

mass M = 1− 2 M�

radius R = 10− 20 km

⇒ ρ > ρnuc

thermal X-ray emission

surface T = 105−6 K
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NS properties and structure

g/cm3

101 the edge of NS, bcc lattice of 56Fe

107 e - relativistic, µe > mn −mp beta equilibrium starts (in nuclei)
neutron-rich nuclei, proton fraction x ↘
x(56

26Fe) = 0.46 Ni , Se, Ge, · · · x(118
36Kr) = 0.30

1011 neutrons drip out of nuclei
two-phase system:
I: e + A

ZX , (x > 0) II: e + neutrons (x=0)

partial Gibbs conditions for two-phase system:
µI

e = µII
e , µI

n = µII
n , µI

p < µII
p

protons confined in nuclei

1013 µI
p = µII

p - proton drip, two phases with : x I 6= x II

nuclei dissolve or non-spherical structure: rods, plates ...
the lattice disappear - the inner edge of the crust

> 1014 liquid npl matter, one-phase system
95% of NS mass
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Nuclear matter

Basics on nuclear matter

binding energy of (A, Z) nucleus

Eb

A
= −w0 + as(1− 2

Z

A
)2 + asA

−1/3 + aC
Z 2

A4/3
+ · · ·

infinite nuclear matter with density n0

E

A

˛̨̨̨
A→∞

= mN − w0 + as(1− 2x)2

for any barion density n

E/A ≡ u(n) = mN + V (n) + Es(n)(1− 2x)2

NS matter - degenerated n, p, e under beta equilibrium

n ↔ e + p + ν̄e ↗ ⇒ µn − µp = µ

proton fraction at n0 in npe matter (NS liquid core)

4(1− 2x)as = µ , as = 30 MeV ⇒ x(n0) ≈ 4%

Es(n)→ the chemical composition of matter
V (n)→ the stiffness of EoS
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Nuclear matter

The importance of the symmetry energy

direct URCA
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Stability conditions

Stability conditions

the core → crust transition - the instability point for homogeneous phase

du = −P dv ⇒ −∂P

∂v
> 0 (T = 0)

NS matter two component system: B and Q

→ du = −P dv − µ dq , u = U/B , v = V /B , q = Q/B

stability of a single phase against n and q fluctuations
→ convexity of u(v , q)
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Stability conditions

the symmetry energy Es −→ Kµ , χv

Kµ = n2
“
E ′′s (1− 2x)2 + V ′′

”
+ 2 n

“
E ′s (1− 2x)2 + V ′

”
−2(1− 2x)2E ′2s n2

Es

χv =
1

8Es(n)
+

µ(ke + kµ)

nπ2
, Es(n)↘ 0− specially interesting

unknown behavior of Es / Es(n0) = as ≈ 30 MeV /

at low densities:

a-d - Chen,Ko,Li ’05
e - Kowalski et.al ’06
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The crust-core transition

the instability point at low density

npl matterx=0

x=1/2
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model nc fm−3 nc/n0

a 0.119 0.7
b 0.092 0.57
c 0.095 0.6
d 0.160 1.
e 0.053 0.33



The crust-core transition

Pulsar glitching and the crust size

glitch

liquid

crust

sp
in

 ra
te

time

instability

Lyne’92

-5 0 5 10
time (days)

-5

0

5

10

10
8 ∆Ω

c/Ω
c

Crab Glitch

superfluid vortex unpinning
→ sudden increase in Ω - glitch

crustal moment of inertia
for Vela pulsar Link’99

∆Ic
I

> 1.4%

different nuclear models /for 1.44M�/

∆Ic
I

= 1%− 5%

I critical density sensitive for Es

I the NS crust size may constrain
Es for n < n0



The phase separation in the inner core

Instability at high densities

x=1/2
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xβ
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Kq > 0 - always
instability overlooked !

Kµ < 0 above nc , two phases
with different charge



The phase separation in the inner core

high densities (contd)

0 0.25 0.5 0.75 1 1.25 1.5
n [fm−3]

− 200

0

200

400

600

800

1000
en

er
gy

[M
eV

]

model C

Kµ

Kq

χP
−1 χv

−1

0 0.25 0.5 0.75 1 1.25 1.5
n [fm−3]

− 200

0

200

400

600

800

1000

en
er

gy
[M

eV
]

model B

0 0.25 0.5 0.75 1 1.25 1.5
n [fm−3]

− 200

0

200

400

600

800

1000

en
er

gy
[M

eV
]

model A

0 0.25 0.5 0.75 1 1.25 1.5
n [fm−3]

− 50

0

50

100

E
s

[M
eV

]

A

B

C

UV14+UVII

UV14+TNI

A B C

soft

nc 0.74 1.20 1.43

ncen 1.92 1.32 1.21

Mmax/M� 1.64 1.73 1.84

stiff

nc 0.85 1.40 > 1.6

ncen 1.35 1.22 1.17

Mmax/M� 2.02 2.08 2.13

I phase separation available in a
sufficiently massive star



The phase separation in the inner core

Two-phase system

/nuclear model: stiff EoS + symmetry energy: A/

Construction of phase equilibrium

Gibbs conditions:
µN

e = µP
e , µN

n = µP
n , µN

p > µP
p
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The phase separation in the inner core

Massive neutron stars

multi-layer structure of NS core (model: stiff + A)

RNS = 10.5− 9.2 km ∆Rcrust ≈ 0.3 km

M/M� < 1.74 1.74 < M/M� < 1.90 1.90 < M/M� < 2.02

homogeneous, liquid core mixed phase: mixed phase < 20%
< 20% of total mass pure n matter < 35%



SUMMARY

I simple, analytical relation between the Es and the critical density for phase
separation

I glitching observations (crust thickness) may constraint the behavior of Es

below n0

I at high densities low Es leads to the phase separation, more rich structure
of NS core, possible observational consequences:

• new effects in NS rotation (second component in the NS core)
relevant for pulsar precession and glitching

• another type of cooling (lattice URCA)



Cosmological inflation

David Langlois
(APC, Paris)



Friedmann equations

• Homogeneous and isotropic Universe

• Einstein’s equations 



The Universe in the Past

The energy densities dilute at various rates:
– pressureless matter

– radiation

Time

matter-radiation equality

nucleosynthesis

now

last scattering



Cosmic Microwave Background (CMB)

• T> 3.103 K: atoms are ionised (H→ p+e-) 
⇒ opaque Universe

• T< 3.103 K: “recombination” (p+e-→ H)
⇒ transparent Universe

• “Fossil” background radiation 
– predicted in 1948,
– discovered in 1965 by Penzias and

Wilson.

T≃ 2.7 K



COBE satellite

"for their discovery of the blackbody form
and anisotropy of the cosmic microwave
background radiation"

John C. Mather George F. Smoot

Nobel Prize in Physics 2006



CMB seen by COBE



WMAP

Planck (2008 ?)

CMB seen by WMAP



CMB seen by … theorists

Oscillations = sound waves



Horizon problem

• Horizon = maximal distance covered by a particle 

– matter domination: (Hubble radius) 

– radiation domination:

• Causal size in comoving space

• The comoving Hubble radius 
increases in standard cosmology

(when the scale factor decelerates)
Causally disconnected regions ?



Inflation

• A period of acceleration in the early Universe

• Inflation also solves the flatness
problem .

• Inflation also provides an explanation for the origin of the 
primordial perturbations, which will give birth to 
structures in the Universe.



Scalar field inflation

• How to get inflation ?

• Scalar field

• Homogeneous equations

• Slow-roll motion 



Slow-roll regime

• Slow-roll equations 

• Slow-roll parameters

• Number of e-folds 



Cosmological perturbations

• Matter: perfect fluid 

• Perturbed metric (with only scalar perturbations)

• related to the intrinsic curvature of constant time 
spatial hypersurfaces

• Change of coordinates, e.g. 



Gauge-invariant quantities

• Curvature perturbation on uniform energy density 
hypersurfaces

• Comoving curvature perturbation 

• Using linearized Einstein’s equations

on large scales

gauge-invariant

[Bardeen et al (1983)]



Linear conserved quantity

• The time component of yields

• For adiabatic perturbations,      and are 
conserved on large scales  

[Wands et al ‘00]



Perturbations during inflation

• Scalar field fluctuations:

• The quantum fluctuations of the scalar field are amplified 
at Hubble crossing

• This generates geometrical perturbations

• CMB: 

Example: 



Some details…

• Massless scalar field 

using the conformal time

• De Sitter spacetime

• New function



Quantum fluctuations

• Quantum field

with

• The function satisfies

• Minkowski-like vacuum on small scales   



Quantum fluctuations

• Correlation function

• Power spectrum

• With metric perturbations 



Scalar perturbations from inflation 

• The spectrum is quasi-scale invariant …

• but not quite …

• Hint of a deviation 
from flat spectrum

WMAP: 



Gravitational waves from inflation

• Metric fluctuations: gravitational waves

• Spectrum:  

• Scale dependence:

• Consistency relation:

2 polarisations

Observations:



Multi-field inflation

• So far, the data are compatible with the simplest models 
of inflation. Will it remain so in the future data ?

• Many high energy physics models involve several scalar 
fields. 

• If several scalar fields are light enough during inflation      
multi-field inflation !



Two-field inflation: double inflation

• Two massive scalar fields minimally coupled to gravity

• Background equations of motion 

• Slow-roll approximation

[ Polarski & Starobinsky ‘92; D.L. ’99 ]



Double inflation: perturbation equations

• Metric:

• Linearized Einstein and Klein-Gordon equations yield 

• In the slow-roll approximation and for large scales, 



From quantum fluctuations to 
“primordial” perturbations

• At Hubble radius crossing, 

• Assume: 
– the light scalar field decays into ordinary matter
– the heavy scalar field decays into dark matter 

This will produce adiabatic and isocurvature
perturbations in the post-inflation radiation era.



Adiabatic and isocurvature perturbations

• In the radiation era:
– Adiabatic / curvature perturbations 

– Entropy / isocurvature perturbations

• They can be related to the perturbations during inflation:

Correlation between adiabatic and isocurvature perts !



Generic two-field inflation

• Two scalar fields φ and χ with generic potential V(φ, χ) 

• Introduce θ defined by 

• Decomposition on parallel and orthogonal directions with 
respect to the trajectory 

• Background equations of motion

[ Gordon et al. PRD ’00 ]



Linear perturbations

• Similarly, the perturbations can be 
decomposed as 

• Equations of motion for and  

[ From Gordon et al. ’00]



Evolution on large scales 

• Isocurvature perturbations decoupled from curvature perturbations

• Curvature perturbation is sourced by the isocurvature perturbation

– Single field inflation: conserved on large scales 

– Multi-field inflation: not conserved on large scales

evaluated at Hubble crossing

[ Starobinsky, Yokayama ’95 ]



Numerical analysis

Double inflation model

Lalak, DL, Pokorski, Turzynski ‘07



Observational constraints

• Adiabatic and isocurvature produce different peak structures in the 
CMB

• Sachs-Wolfe effect 

• Hint of isocurvature modes ? [ Beltran et al. PRD ’05 ]

Keskitalo et al. astro-ph/0611917



The curvaton scenario 

Light scalar field during inflation (when H > m)
which later oscillates (when H < m), 
and finally decays. 

Mollerach (1990); Linde & Mukhanov (1997) ;
Enqvist & Sloth; Lyth & Wands; Moroi & Takahashi (2001)

Decay



The curvaton

• During inflation: fluctuations with

• Oscillating phase: 

• Decay: 

if the curvaton dominates when it decays.



Mixed inflaton and curvaton perturbations

Interpolates between 
– pure curvaton case

– secondary inflaton case 

[ DL, Vernizzi, PRD’04 ]



Conclusions

Multi-field inflation generates isocurvature perturbations 
in addition to adiabatic perturbations
- Isocurvature perturbations affect the evolution of the curvature 

perturbation (if the trajectory is bent).
- Depending on the models (reheating), the isocurvature

perturbations can survive after inflation.
- In this case, the primordial adiabatic and isocurvature are in 

general correlated.
- An isocurvature contribution in the primordial perturbations can 

in principle be detected in cosmological observations. 

additional window on the early universe physics



The dark side of BelleTheThe darkdark sideside ofof BelleBelle

Tadeusz LesiakTadeusz Lesiak

InstituteInstitute ofof NuclearNuclear PhysicsPhysics PANPAN, , KrakKrakóóww

(searches for the light dark matter)((searchessearches for for thethe lightlight darkdark mattermatter))
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Outline

The KEKB accelerator and Belle detector

Search for invisible decays of the Υ(1S)

Search for B h(*)νν decays

Future prospects of B-factories
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TheThe KEKB KEKB acceleratoraccelerator

e+ source

RF cavity

Belle 
detector

asymmetry in beam energies
8 GeV (e-) × 3.5 GeV (e+)
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TheThe BelleBelle detectordetector
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Exciting results every year !Exciting results every year !

Evidence for D0 mixingEvidence for D0 mixing

Observation of direct CP 

violation in B π+π−

Observation of direct CP 

violation in B π+π−

Observation of CPV in B meson systemObservation of CPV in B meson system

Observation of B K(*)l+l
−Observation of B K(*)l+l

−

Hint at new physics: CPV in B φKs
Hint at new physics: CPV in B φKs

Evidence for direct CPV in B K+π−Evidence for direct CPV in B K+π−

Discovery of X(3872)Discovery of X(3872)

Observation of  b dγObservation of  b dγ

Evidence for B τνEvidence for B τν

AchievementsAchievements atat B B factoriesfactories

Observation of B D*τνObservation of B D*τν

FB asymmetry in B K* l+l-FB asymmetry in B K* l+l-
Success of B factories 

brought rare B decays in 
leptonic and neutrino 
modes on the stage !

Success of B factories 
brought rare B decays in 

leptonic and neutrino 
modes on the stage !
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Search for Search for invisibleinvisible

decaysdecays ofof thethe ΥΥ((11S)S)
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The previous accelerator searches for dark matter (DM) in e+e- annihilation
based on the DM coupling
to the Z (see LEP):

Belle:  search for the DM                                                             
coupled to a quarkonium

The basic idea is to look for decays
of the Υ(1S) to the ‘invisible’ particles
in the final state

MotivationMotivation

PRL 98, 132001 (2007)

χ – an overall dark matter

particle that is lighter than

the beauty quark

χ

χ

q

q
_

DAMA 

NaI 3σ 
Region

CDMS 04

CDMS 05

Lee-Weinberg window
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The upper limits from previous searches (ARGUS and CLEO):

The only invisible decay in the Standard Model: 

The theoretical expectation for the invisible decay to the pair of overall
dark matter particles that are lighter than the beauty quark

ExpectationsExpectations for B(for B(ΥΥ(3S)(3S) invisibleinvisible))

B(Υ(1S)→ νν̄) = (9.9± 0.5)× 10−6

B. McElrath PRD 72, 103508 (2005)

B(Υ(1S)→ χχ̄) ≈ 6× 10−3

L.N. Chang et al., PLB 441, 419 (1998)

ΩXh
2 ≈ 0.11 ≈ 0.1pb·c

<σv>

From:
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Energy scan by CLEO

No signal

in the detector:

Υ(1S) χχ

ISR events

σ ≈ 0.02 nb

σ~4nb

S/N~1/8

σ~7nb

Pions too slow

Belle @ Y(3S) 

dedicated run : 2.9 fb-1

(Feb, 2006: 4 days)

11× 106 Υ(3S)

ΥΥ(3S)(3S) –– thethe bestbest workingworking pointpoint

The decay provides the cleanest sample of Υ(1S)
decays with sensitivity better than from 7 year Υ(4S) data

Υ(1S):

no signal in the

detector

Υ(2S):

pions are too slow; 

very low trigger

efficiency

Υ(4S):

very small

cross section

and

poor S/N (∼ 0.001)

Υ(3S)→ π+π−Υ(1S)

Υ(1S)
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TheThe signalsignal andand thethe controlcontrol samplesample

The SIGNAL: Only two (slow) pions in
the final state

Look at the mass
recoiling against
the π+π- pair

In addition: a control sample:
to check if our Monte Carlo simulation reproduces
the overall properties of the Υ(3S) ππΥ(1S):

to estimate the number of Υ(3S) in the data sample

optimisation of selection criteria

determination of a shape of the recoil mass
distribution

Υ(1S)
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A A dedicateddedicated triggertrigger

Selection of the Υ(3S) π+π- (Υ(1S) invisible)

• Signature: just two oposite-charge tracks in the events
• Main background: two-photon processes: e+e- e+e-X (no-tag, X π+π−(π0), µ+µ-)
• A dedicated two-track trigger applied (looser than at the Υ(4S)):

ptH > 300 MeV/c

ptL > 170 MeV/c

φ(ππ) > 300

Trigger eff. 89.8%
Trigger rate 850 Hz  
(450 at the Υ(4S))

• The total visible energy in the electromagnetic calorimeter less than 3 GeV
(rejection of Υ(1S) neutral particles)

• Rejection of tracks identified as electrons, muons or kaons

X
γ

γ

-e

+e

π+

π −
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SSuppressionuppression ofof twotwo photonphoton processesprocesses

Suppression of two-photon events:

Fisher discriminant

γγ events are boosted

along the beam direction

F = 0.87× | cos θππ|− 2.4× pππt + 1.43× Emaxγ
Event reconstruction eff. 9.1%
Overall eff: 9.1 × 89.8 = 8.2 %
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The control sample Υ(3S) π+π- (Υ(1S) µ+µ-) π+

π−

Υ(1S)µ+

µ−

Y(3S)

M(π+π−) GeV/c2

∆M =M(µ+µ−π+π−)−M(µ+µ−) GeV/c2

Signal:                      4902+-71 events
Background:                  87+-15 events
Detection efficiency:    39.7 %

9.2 < M(µ+µ−) < 9.7 GeV/c2

Other control variables also agree data vs MC

S: triple Gaussian
B:1st order polynomial

SStudiestudies ofof thethe controlcontrol samplesample

≈ M(Υ(1S))
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TheThe controlcontrol samplesample as as thethe peakingpeaking

backgroundbackground to to thethe signalsignal itselfitself

Mrecoil
π+π− GeV/c

2

The recoil mass against the (π+π-) subsystem peaks at the mass of Υ(1S) for those
cases where all of the Υ(1S) decay products go outside of the detector acceptance

The control sample provides a  peaking background
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TheThe peakingpeaking backgroundbackground

The source # of events The dominant contribution:

π
π

µµ
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data

Fit  

BG 

Prediction
Br(Y(1S) invisble)=0.6%

Search for light dark matter on Search for light dark matter on ΥΥ(3S)(3S)

B. McElrath PRD 72, 103508 (2005)Nsig = 38± 39 ev.

B(Υ(1S)→ invisible) < 2.5× 10−3 (90 % C.L.)

Unbinned extended maximum likelihood fit

Signal: a double Gaussian calibrated using

the control sample

Background: 1st order polynomial

NBG = 133+20−15 ev.

[PRL 98, 132001 (2007)]
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FutureFuture prospectsprospects

better veto (hermeticity)                      
on Υ(1S) l+l- (l=e,µ)

More data ∼ 1 × 10-3 can be reached;  
then saturation
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SearchSearch for B for B hh(*)(*)νννν decaysdecays
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hh(*)(*) standsstands for for thethe lightlight mesonsmesons: : ππ++--, , ππ00, , ρρ++--, , ρρ00, K, K++--, K, K00
ss, K, K**++--, K, K*0*0 andand φφ

ProceedProceed throughthrough looploop diagramsdiagrams &       &       electroweakelectroweak penguinspenguins

AdvantagesAdvantages::
TheoreticallyTheoretically cleanclean::
no no longlong--distancedistance contributionscontributions ((presentpresent inin BB KK(*)(*)ll++ll--))
SM (NLO) SM (NLO) expectationsexpectations::

SensitiveSensitive to to thethe New New PhysicsPhysics (i(in n bothboth diagramsdiagrams; ; 
branchingbranching fractionfraction enhancementenhancement e.ge.g. SUSY). SUSY)
SensitivitySensitivity to to thethe lightlight darkdark mattermatter (M(MSS < 2 < 2 GeVGeV)   )   

M < 10 M < 10 GeVGeV essentiallyessentially outout ofof reachreach
for for directdirect searchessearches

C. Bird, PRL 93, 201803 (2004)

G. Buchalla et al., PRD 63, 014015 (2001)

MotivationMotivation for for thethe searchsearch for B for B h(*)h(*)νννν

DAMA 

NaI 3σ 
Region

CDMS 04

CDMS 05

Lee-Weinberg window

B(B → Kνν̄) = 4× 10−6 B(B → K∗νν̄) = 1.3× 10−5
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One One ofof thethe twotwo BB’’s s fromfrom thethe decaydecay ΥΥ(4S) (4S) B B BB isis fullyfully reconstrucreconstructedted inin

order to order to tagtag::

Offline single B meson beam !

Υ(4S)

e−
(8GeV) e+(3.5GeV)

B

B
π

Full reconstruction
(tagging rate of 0.1~0.3%)

B Dπ etc.

Decays of interests
B Xu l ν,
B K ν ν
B Dτν, τν

A powerful tool in particular
for B decays with neutrinos 

B B mesonmeson beambeam: : fullfull reconstructionreconstruction methodmethod

–– B productionB production
–– B flavor/chargeB flavor/charge
–– B momentumB momentum
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B B hh(*)(*)νννν:: reconstructionreconstruction

ExploitExploit thethe offlineoffline
beambeam ofof B B mesonsmesons::

TheThe particlesparticles whichwhich werewere not not attributedattributed to to BBtagtag areare usedused to to reconstructreconstruct BBsigsig hh(*)(*)νννν

TheThe keykey variablevariable:: amountamount ofof extraextra energyenergy inin thethe calorimetercalorimeter ECL                            ECL                            
((summationsummation overover neutralneutral clustersclusters thatthat areare not not associatedassociated neitherneither withwith BBtagtag nor nor thethe hh(*)(*)):):

535535×× 101066 BB--mesonmeson pairspairs

492 fb492 fb--11

Presented at FPCP7, Bled, Slovenia May.2007; to be submitted to PRL

EEtotaltotal ––totaltotal visiblevisible energyenergy measuredmeasured by by thethe calorimetercalorimeter ECLECL
EErecrec –– measuredmeasured energyenergy ofof reconstructedreconstructed objectsobjects includingincluding

thethe BBtagtag andand thethe signalsignal sideside hh(*)(*) candidatecandidate

EECL < 0.3 GeV

EECL ≥ 0.3 GeV

TheThe signalsignal regionregion

TheThe presencepresence ofof additionaladditional
neutralneutral clustersclusters

BB DD**llνν usedused as a as a controlcontrol samplesample: data : data andand MC MC agreeagreeEECL [GeV]
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B B KK**νννν resultsresults

The P*(K*) is defined in

the rest frame of the Bsig

The dominant background: generic B0B0 decays

(Shaded) distributions
of backgrounds are estimated

with MC simulations
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B B KK**νννν resultsresults

EECL [GeV]

EECL [GeV]
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B B KKνννν resultsresults

EECL [GeV]
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B B ((ππ,,ρρ,,φφ))νννν resultsresults
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B B hh(*)(*)νννν:: summarysummary

Upper (A) and

lower (B) bounds

MS < 1.4 GeV/c2 excluded
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Future prospects

of B-factories
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Quantitative confirmation of the CKM model

(Belle, 2005) ρ: +0.026
−0.030

0.197
_

η: +0.019
−0.018

0.339
_

φ1

φ2

φ3

Vtd

Vcb

Vub
KM unitarity

triangle

sin2φ1=

0.728±0.061

∆md=0.511ps-1

|Vtd/Vts|=

0.200±0.046

75°< φ2 < 113°

22°<φ3<113°

|Vcb|=(4.08±0.27)×10-2

|Vub|

=(4.35±0.52)

×10-3

AchievementsAchievements ofof BB--factoriesfactories
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•• ~2/ab from BaBar+Belle by the end of 2008~2/ab from BaBar+Belle by the end of 2008

•• BaBar will end in 2008BaBar will end in 2008

•• Belle proposing a major upgradeBelle proposing a major upgrade

–– part of the part of the ““Japanese HEP master planJapanese HEP master plan””
–– luminosity goal : 8 x 10luminosity goal : 8 x 103535/cm/cm22/s (peak), 50/ab (integrated)/s (peak), 50/ab (integrated)

FutureFuture prospectsprospects ofof BB--factoriesfactories

•• b b s tCPV: 2.6s tCPV: 2.6σσ ~4~4σ (σ (for the same central values) for the same central values) 

•• ImprovedImproved studystudy of Dof D00 mixingmixing

•• FollowFollow--upup studiesstudies of B of B τντν
•• Evidence for B Evidence for B µνµν
•• More precise angle measurements, in particular More precise angle measurements, in particular φφ33

with significant observation in B with significant observation in B DD(*)(*)KK(*)(*)

ImportantImportant topicstopics withwith 2ab2ab--11
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T o d ay
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6.3% 4 .9%

0.8% 0.8%
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36% 2 7 %

2 3% 1 0%

2 ab -1

sin 2 φ
1
/β (b→ c )

sin 2 φ
1
/β (b→ s)

φ
2 1 1 o 6 o

φ
3 1 9 o 1 2 o

V
ub

(in c lu s ive )

∆ m
d

B (B → (ρ,ω ) γ )

B (B → τν )

A
F B

(K *l+ l-)

δ(ρ,η) =
(10.0%,4.4%)

R. Itoh, @LHC upgrade WS, 

Jan. 2007

0.05                0.035

PhysicsPhysics

reachreach atat

2ab2ab--11
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•• Asymmetric energy Asymmetric energy ee++ee−− collidercollider at at EECMCM=m=m((ϒϒ(4S)) (4S)) to beto be realized by upgrading realized by upgrading 
the existing KEKB the existing KEKB collidercollider..

•• SuperSuper--high luminosity high luminosity ≅≅ 88××10103535//cmcm22//secsec →→ 11××1010 1010 BB per yr.BB per yr.
→→ 99××1010 99 τ τ ++τ τ −− per yr.per yr.

Higher beam current,

more RF, smaller βy* 

and crab crossing

→ L=4×1035/cm2/sec

Belle with improved rate immunity

http://belle.kek.jp/superb/loi

SuperKEKBSuperKEKB
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SuperKEKB will answer these SuperKEKB will answer these 

questions by scrutinizing loop questions by scrutinizing loop 

diagrams.diagrams.

1.1. Are there new CPAre there new CP--violating phases ?violating phases ?
2.2. Are there new rightAre there new right--handed currents ? handed currents ? 
3.3. Are there new flavorAre there new flavor--changing interactions with b, c or changing interactions with b, c or ττ ??

SM predictions

∆SφK0 (July 2005) ∆SφK0 (SuperKEKB)

_
d

b s_
sB φ
_
d

s Ks

FlavourFlavour physicsphysics atat SuperKEKBSuperKEKB
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τ µ

( )sµ

( )sµ

h

τ 3l, lη

τ ( )eµ

γ

τ%
0χ%

( )eµ% %

2
23(13)l(m )%

τ lγ

τ
3l

τ
l
K

s

τ
B

γ/π

Search region enters into O(10-8 10-9)

τ
lγ

τ
lπ

/η
(‘

)

Estimated
upper limit
range of Br

PDG2006
Belle
Babar

based on eff. 
and NBG of 
most sensitive 
analysis

cf) Hayasaka at BNM2006

LFV LFV searchsearch atat thethe SuperKEKBSuperKEKB
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Case 1: All Consistent with Kobayashi-Maskawa TheoryCase 1: All Consistent with Kobayashi-Maskawa Theory

Discovery of B Kνν

Discovery of B Dτν
Discovery of B µν

CKM Angle Measurements with 1 degree precision

Discovery of CP Violation in Charged B Decays

Discovery of Direct CP Violation in B0 Kπ Decays (2005)

Discovery of CP Violation in Neutral B Meson System (2001)

|Vub| with 5% Precision

Search for New CP-Violating Phase in b s with 1 degree precision

“Discovery” with

significance > 5σ

Discovery of New Subatomic Particles

sin2θW with O(10-4) precision

Observations with 

Υ(5S), Υ(3S) etc.

ExpectedExpected highlightshighlights atat SuperKEKBSuperKEKB
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SummarySummary

B h(*)νν

Invisible

decays of

the Υ(3S)

Prospects for a rich harvest of interesting results at the SUPER KEKB

No observation of light dark matter (LDM)

The experimental limit disfavours theoretical expectations

for LDM 

Possibility of a substantial improvement in the sensitivity

B(Υ(1S)→ invisible) < 2.5× 10−3 (90 % C.L.)

Usage of the offline B meson beam

The search for six exclusive decays negative results

a restriction on the existence of light dark matter

(provided by the Kνν limit) mS > 1.4 GeV/c
2



Selfgravitation and Stability in Spherical Accretion

Patryk Mach

M. Smoluchowski Institute of Physics, Jagiellonian University
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Introduction

� Spherical steady accretion: Bondi (1952), Michel (1972) — all effects of
selfgravitation are neglected.

� Selfgravity in spherical accretion — simple but nontrivialmodels, an
illustration of what selfgravitation can change in the entire picture.

� Karkowski, Kinasiewicz, Mach, Malec,́Swierczýnski (2006), Kinasiewicz,
Mach, Malec (2006).
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Basics

� Spherical symmetry:

ds2
= −N(t, r)2dt2

+ α(t, r)dr2
+ R(t, r)2

(

dθ2 + sin2 dφ2
)

.

� Mean Cauchy curvature of two-spherest = const,r = const

k = trK′ =
2∂rR

R
√
α
.

� Energy-momentum tensor of the perfect fluid

T = (p + ̺)u ⊗ u + pg.

� Comoving gauge:ur = uθ = uφ = 0.

� Define functions

U =
∂tR
N
, m(R) = mtot − 4π

∫ R∞

R
dR′R′2̺.
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Basics

We search for a steady flow:

� Accretion rate
ṁ = (∂t − (∂tR)∂R)m(R)

for a givenR should be constant in time.

� The fluid velocityU, energy density̺ , sound speeda (a2
= dp/d̺) etc. are

constant at a givenR, i.e.

(∂t − (∂tR)∂R)X = 0,

whereX = U, ̺, a, . . .

� Boundary conditions:|U∞| ≪ m(R∞)/R∞ ≪ a∞.
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Basics

Equations for the steady flow:

� Lapse equation

N =
kR

k∞R∞
β(R), β(R) = exp

(

−16π
∫ R∞

R

(p + ̺)dR′

k2R′

)

.

� Integrated continuity equation

U =
A

R2n
,

whereA is an integration constant andn the baryonic density (div(nu) = 0).

General equations:

Rk = 2

√

1−
2m(R)

R
+ U2, ∂Rm = 4πR2̺ and N =

Bn
p + ̺

,

whereB stands for another integration constatnt.
Cracow School of Theoretical Physics – p.5



Equation of state

Assume polytopic equation of state of the form

p = K̺Γ, 1 < Γ 6 5/3

or
p = KnΓ, 1 < Γ 6 5/3.

Many estimates can be obtained also for general barotropic EOS p = p(̺) = p(̺(n)).

Cracow School of Theoretical Physics – p.6



Sonic point

The sonic point is defined as a location where

|U | =
1
2

kRa.

Precise information about parameters of the sonic point canprovide other important
characteristics of the accretion.
In test fluid approximation (Michel’s model), i.e., when

4π
∫

R>2m
dR′R′2̺ ≪ m

with p = KnΓ, there exist precisely one sonic point, and

a2
∗ =

1
9











6Γ − 7+ 2(3Γ − 2) cos













π

3
+

1
3

arccos











1
2(3Γ − 2)3

(

54Γ3
+

−351Γ2 − 558Γ + 486(Γ − 1)a2
∞ − 243a4

∞ − 259
)

































.
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Sonic point

This, in turn, allows us to write

ṁ = −4πNR2U(̺ + p) = −4πAB =

= πn∞m2 Γ − 1
Γ − 1− a2

∞

(

1+ 3a2
∗

a2
∗

)
3
2
(

a2
∗

a2
∞

Γ − 1− a2
∞

Γ − 1− a2
∗

)
1
Γ−1

.

This result can be used to estimate ˙m also for more general barotropic EOS.

Cracow School of Theoretical Physics – p.8



Selfgravitating vs. test-fluid flow

� Consider two models with the same politropic EOSp = K̺Γ and asymptotic
data̺∞, a∞ and|U∞| ≪ m(R∞)/R∞ ≪ a∞: one computed assuming
selfgravitation of the fluid and another in test-fluid approximation. For these 2
models the following sonic point parameters:a2

∗, U2
∗ andm(R∗)/R∗ can be

shown to be respectively the same.

� The accretion rate differs! One can show, thatm(R∗) = mtot − γ̺∞, i.e. m(R∗)
is, for a fixed total massmtot, a linear function of̺ ∞.

� One can also show that the following formula holds

ṁ = −4πm(R∗)
2̺∞

R2
∗

m(R∗)2
U∗

(

a∗
a∞

)
2
Γ−1

(

1+
a2
∗

Γ

)

.

Here the whole dependence on̺∞ is contained inm(R∗)2̺∞. It follows that
the maximum of ˙m exists form(R∗) = 2mtot/3 andm(R∗)→ 0 for ̺∞ → 0 and
m(R∗)/mtot→ 0.
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Examples

Numerical solutions for polytropic EOS of both typesp–̺ andp–n agree with above
considerations.

mfluid/mtot

ṁ

10.90.80.70.60.50.40.30.20.10

1.6 · 10−17

1.4 · 10−17

1.2 · 10−17

1.0 · 10−17

8.0 · 10−18

6.0 · 10−18

4.0 · 10−18

2.0 · 10−18

0.0 · 100

EOS: p = KnΓ. Models with
Γ = 1.4, a2

∞ = 0.1 and different
n∞.
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Examples

n∞

m
flu

id
/m

to
t

2.0 · 10−191.6 · 10−191.2 · 10−198.0 · 10−204.0 · 10−200.0 · 100

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

Same as before. Heremfluid ≡
mtot − mBH ≈ mtot − m(R∗).
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Examples

R∗RBH

R

̺

6543210

2.0 · 10−17

1.5 · 10−17

1.0 · 10−17

5.0 · 10−18

0.0 · 100

Boundary conditions:
R∞ = 104,

n∞ = 0.1 · 10−18,

a2
∞ = 0.1,
Γ = 1.4.

Sonic point parameters:R∗ = 2.318, a2
∗ = 0.15116, |U∗| = 0.3225, m(R∗)/mtot =

0.4814. Horizon: RBH = 0.9627, mfluid/mtot = 0.5186.
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Examples

R∗RBH

R

|U
|

6543210

4.5

4

3.5

3

2.5

2

1.5

1

0.5

0

Boundary conditions:
R∞ = 104,

n∞ = 0.1 · 10−18,

a2
∞ = 0.1,
Γ = 1.4.

Sonic point parameters:R∗ = 2.318, a2
∗ = 0.15116, |U∗| = 0.3225, m(R∗)/mtot =

0.4814. Horizon: RBH = 0.9627, mfluid/mtot = 0.5186.
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Examples

R∗RBH

R

a2

6543210

0.35

0.3

0.25

0.2

0.15

0.1

Boundary conditions:
R∞ = 104,

n∞ = 0.1 · 10−18,

a2
∞ = 0.1,
Γ = 1.4.

Sonic point parameters:R∗ = 2.318, a2
∗ = 0.15116, |U∗| = 0.3225, m(R∗)/mtot =

0.4814. Horizon: RBH = 0.9627, mfluid/mtot = 0.5186.
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Stability of selfgravitating fluids

� Newtonian case (simplicity).

� Lagrangian approach.

� Stability of Bondi accretion has been analized by Balasz (1972). Correct but
inconclusive approach — too stringent understanding of thenotion of
linearized stability.

� Using Lagrangian variables one can reproduce the Eulerian stability result
obtained for non selfgravitating fluids by Moncrief (1980).
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Stability of selfgravitating fluids

� Equations:

∂tU + U∂RU = −
∂R p
̺
−

m(R)
R2
,

∂t̺ = −
1
R2
∂R

(

R2̺U
)

.

� Introduceζ(r, t) = ∆R(r, t) — deviation from the particle position in the
unperturbed flow.

� Perturbation of velocity:∆U = ∂L
t = (∂t + U∂R)ζ.

� Perturbation of density (follows from∆m(R(r = const))= 0 or continuity
equation)

∆̺ = −̺
(

2ζ
R
+ ∂Rζ

)

.

Cracow School of Theoretical Physics – p.16



Stability of selfgravitating fluids

� Main equation:

(

∂L
t

)2
ζ =

2m(R)ζ
R3

+
1
̺
∂R

(

a2̺

(

∂Rζ +
2ζ
R

))

−
2ζ
̺
∂R p.

� Standard way (Balazs): try to find solutions of the form
ζ(R(r), t) = exp(iωt)ζ(R(r)), whereω2 is positive and modulusζ(R(r)) is time
independent. This cannot be done!

� Instead, define the energy

E =
∫

V
dV̺

(

1
2

(∂tζ)
2
+

1
2

(∂Rζ)
2
(

a2 − U2
)

+
ζ2

R2

(

a2 −
m
R
− R∂Ra2

)

)

,

whereV is an annulus betweenR∗ andR∞.
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Stability of selfgravitating fluids

� Is this energy positive?

� One can show that

E = Ẽ −
[

4πRζ2̺
(

a2 − m
2R

)]R∞

R∗
,

where

Ẽ =
1
2

∫

V
dV

(

X2
+ Y2

)

− 2π
∫

V
dVζ2̺2

and

X =
√
̺∂tζ,

Y =
√
̺

(

2a2R − m

R2
√

a2 − U2
ζ +
√

a2 − U2∂Rζ

)

.

� Ẽ may be negative due to the last term appearing in the selfgravitating case.
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Stability of selfgravitating fluids

� We compute∂tE to get

∂tE = −
∫

V
dVζ2

∂tm(R)
R3

+

+ 4π
[

R2̺
(

∂tζ∂Rζ
(

a2 − U2
)

− U (∂tζ)
2
)]R∞

R∗
.

� One can show that the boundary terms are negative definite. EnergyE of
perturbations cannot grow for critical flow. Unstable behaviour is still
possible asE is not necessarily positive.

� For test fluids

E = Ẽ =
1
2

∫

V
dV

(

X2
+ Y2

)

is positive and∂tE 6 0. This excludes exponential growth ofX, Y and
long-term exponential growth of linear modesζ. The modulus|ζ(R)|may
depend on time.
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Stability of Selfgravitating fluids

� The absence of exponentially growing linear modes does not guarantee that
the perturbed solution will be always close to background solution.

� This kind of stability means that the evolving perturbations can be bounded
by initial solutions in a suitable sense.

� The linear instability means that the “strength” of the evolving perturbation
does not depend on the “strength” of the initial perturbation rather than the
perturbation grows infinitely.

� Generalisation onto general-relativistic case is possible.
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Summary

� Spherical accretion provides a simple playground in which one can observe
different effects caused by selfgravity of the accreting fluid.

� Many properties of those solutions can by obtained by analytical means.

� Steady, selfgravitating solutions are relatively easy to be obtained numerically
(oridinary differential equations) and can serve as tests for more sophisticated
numerical schemes.

� The stability of the selfgravitating solutions needs to be investigated carefully.
Many issues (e.g. stability of subsonic accretion flows) remain unclear.

Cracow School of Theoretical Physics – p.21



  

GRB

FROM GAMMA TO RADIO

R. Marcinkowski & G.Wrochna

IPJ Świerk/Warsaw POLAND
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Gamma-ray bursts (GRBs) are, by definition, 
electromagnetic  signals in the gamma-ray band (in 
the spectral domain) with short  duration (in the 
temporal domain). They are, however, unusual in 
having  most of their electromagnetic output in 
gamma-rays, typically at sub-MeV  energies,  and 
having most of it concentrated into a brief episode, 
typically lasting tens of seconds.

GRB?

(Bing Zhang & Peter Mészáros, X.2003)
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The first (detected) GRB

GRB 670702



  

School of Theoretical Physics 21.VI.2007, Zakopane

Up to ~1995

•What is GRB?
•Where!?
•What (and how) produces energy?
•Only gamma?
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BATSE (1991-2000): isotropic distribution on the Sky

A.D. 1995
B. Paczyński: GRBs are at cosmological distances!
D. Lamb: No! They are in halo of our Galaxy!
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BATSE (1991-2000): short and long bursts

~25% shorter and ~75% longer  than 2 seconds
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BATSE (1991-2000): short-hard & long-soft
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GRB spectrum

Smooth broken power-law <–> Band function



  

School of Theoretical Physics 21.VI.2007, Zakopane

Lightcurves
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Gamma-ray detection in Space

coded mask (passive)

detection array
(usually 0.01-10 MeV)
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Post-BATSE instruments and methods:

GCN: optical & radio

Beppo-SAX: X-ray afterglow (1997 )

HETE-2: XRF, short burst host galaxy (2005)

Swift: X-ray and OT since the prompt gamma

Konus, INTEGRAL, RHESSI etc. – gamma-ray missions
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GCN
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GCN: π of the Sky

π (in ASAS dome), Las Campanas (Chile)
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GCN

PROMPT: 5 x 41cm telescopes (Chile)

ROTSE: 4 x 45cm telescopes (Namibia, US, Turkey & 
Australia: Sun never rises over ROTSE Empire!)

BOOTES: 2 telescopes (Spain)

MASTER:  35cm & 20cm (Russia)

and many, many others



  

School of Theoretical Physics 21.VI.2007, Zakopane

Afterglow: other (than gamma) 
electromagnetic emission

by BeppoSAX
• 970228: X-ray afterglow with assiosated faint galaxy (van Paradijs et al., 1997)
• 970508: optical redshift z=0.835 (Metzger at al., 1997) & radio afterglow

GRBs are at cosmological distances!

(Galama at al., 1998)
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GRB – supernova connection

GRB980425 = SN1998bw

(Galama at al., 1998)

~5 known GRB-SN 
connections

but:
~5 known GRB w/o SN
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HETE-2 short bursts

GRB050709
z=0.16

(Villasenor, Lamb at al., 2005)
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Swift
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Properties of the GRB

Gamma-ray prompt duration: 10-3-103 s

Median redshift:
• long: 2.5 
• short: 0.25

Isotropic gamma-ray energy:
• long: 1052-1054 ergs (Sun mass in gamma-rays!)
• short: 1049-1051 ergs

Typical Lorenz factor Γ in jets:
• long: 100
• short: 30
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Properties of the GRB
Host galaxies: 
• long: young, high SFR, in arms of spiral galaxies
• short: older, elliptic, lower SFR

Gamma-ray νFν spectrum with peak in 0.01-10 MeV

Optical afterglows: 
• tανβ where: α∼−1 β∼−0.7
• ~10mag in maximum
• breaks in lightcurve (jet breaks)

X-ray afterglows: 
• tανβ where: α~-1 β~-1.4

Radio afterglows: 
• sometimes active years after GRB
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GRB - theory

(Ultra) Relativistic hydrodynamics of 
leptons and hadrons, taking into account: 

• magnetic field, 
• stellar wind (long bursts), 
• ISM,
• rotation of progenitor, 
• neutrino physics,
• cosmology (high z)
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GRB standard fireball model

Progenitor: 
• long: collapsar/hypernova; massive, rotating star,
• short: marger; coalescence of compact objects (NS+NS)

Gamma-rays produced in synchrotron process (internal 
shocks)

Afterglows produced with interaction of ISM (external 
shocks)
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Other: EM polarization, GW, neutrino
Known papers about 100% polarized gamma-rays from GRB (skeptic!)

Antares (Mediterranean Sea) Amanda (South Pole)

Only upper limits 
for  ν from GRB

LIGO (US)
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Cosmology

Amati & Ghirlanda 
empirical relations
(calibrated candles?)

19 GRGs

156 SNe

(Ghirlanda, 2006)



  

School of Theoretical Physics 21.VI.2007, Zakopane

Future

Eclairs (FR, 2011)

AGILE (IT, 23.04.2007), 10 GeV region GLAST (US, 2007), ~102 GeV

GRIPS (EU, 2015) for GRB with z > 15
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Summary

GRBs:
• are active from radio to gamma in EM,
• seem to emit neutrinos,
• seem to emit GW,
• probe ends of Universe (zmax = 6.5),
• probe cosmological parameters,
• still wait for full theoretical understanding!
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From 
Quark-Gluon Plasma       
to the 
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Part I

Q uark-G luon 
Plasm a 
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Matter at extreme conditions

• Squeeze slowly → Cold, dense matter
• Squeeze fast → Hot, “dense” matter

(1) is much more difficult to do than (2): 
Cold matter beyond nuclear matter density (ρB > ρ0 = 0.15 fm-3) 
exists only in the core of collapsed (neutron) stars.

(2) Happened once: t < 20 µs after inflation.
Can also be achieved by colliding nuclei at high energy. 
30 years of history: Bevalac, AGS, SPS, RHIC → LHC.
Goal: energy density ε » MN ρ0 = 0.14 GeV/fm3.
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Quantum chromodynamics

1
QCD 4
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Cosmic Connection
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Degrees of freedom

 At extreme (energy) density, particle masses can be 
neglected relative to the kinetic energy:

  
ε = ν δ 3 π

(2π )3ň
Ε

εΕ /Τ ± 1
ωιτη Ε = π2 + µ 2

2
4 7 / 8(fermions)

with
1 (bosons)30

aaTπε ν=
ě

= 


2

Quarks:

Gluon

2 2 12

): 2 1s ( 16
C F F

C

N N N
N

ν
ν

= × × × =

= × − =
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Hadrons or partons?

If QCD had NF light quark flavors, there would be (NF
2-1) 

nearly massless Goldstone bosons (“pions”):

2 1FNπν = −

For large NF the pions win out over quarks, but 
for NF=3 the quarks and gluons win out: 

→ at high T matter is composed of a colored 
plasma of quarks and gluons, not of hadrons!
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QCD phase diagram

µB

Hadronic
matter

Critical end 
point (?)

Plasma

Nuclei

Chiral symmetry
broken

Chiral symmetry
restored

Color 
superconductor

Neutron stars

T

1st order 
line

Quark-
Gluon

RHIC

Tc ~ 170 MeV
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From hadrons to QGP

2 4
30 Tπε ν=

QCD equation 
of state from 
lattice QCD

Hadron gas

0
ψψ

QGP = quark-gluon plasma

0ψψ ≈
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Crossover of phases

Susceptibilities peak at Tc, but do not diverge. Vacuum 
properties change smoothly, but rapidly → “crossover”

Aokietal.(N ature 2006)    
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A fuzzy transition?

Fodoretal.(N ature 2006)    
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Quasi-particles in the QGP

Physical excitation modes at high T are not elementary quarks and 
gluons, but “dressed” quarks and gluons:

  (k,ω)
T

Propagator of transversely polarized gluons

1 2 2 21 1( , ) ( ) 1 ln
2 2

k kD k k gT
k k
ω ωω ω

ω ω
−  + ůć = − − − − ę −č ř ű

→ Effective mass of gluon:
0*

0*

1
3

1
2

k
G

k
G

m gT

m gT

→

→

ľ ľ ľ→

ľ ľ ľ→

Compton scattering 
on a thermal gluon!
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Lattice - susceptibilities

R. Gavai & S. Gupta, hep-lat/0510044

2

ln ( , )XY i
X Y

i i i
i

Z T XY X Y

XS x s n

χ µ
µ µ

∂= = −
∂ ∂

≈ ĺ
22

#XS

XS X S
C

S S
−

=
−

A.M ajum der 

pQGP
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Color screening

φa

2 ( ) ( )a a b a b
G Qg gφ ρ φ ρ φ−Ń = +

2a aρ µ φ= −Induced color density

2 2 2 2( ) ,wit (
6

h )F
G Q

NgT gTµ µ= =

Static color charge 
(heavy quark) generates 
screened potential

a a rst e
r

µαφ −=
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Plasma two-stream instability

vr vr
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Turbulent color fields

C olorcorrelation  
length

Tim e

Length (z) 

Q uasi-

abelian

N on-

abelian

N oise

M . Strickland, hep-ph/0511212
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Quark masses

H iggs

field

quark

Q uark

condensate

quark
qq

qq

Q C D m ass disappears above    T c:  

(partial)chiralsym m etry restoration   

1

10

100

1000

10000

100000

1000000

u d s c b t

QCD mass
Higgs mass
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The QCD EoS (at µ=0)
The precise value of Tc is still under debate:

Tc = 170 ± 20 MeV with 20 - 30 MeV width.

EoS near Tc is far from ideal ultrarelativistic gas! 
Sound velocity cs

2 = ∂P/∂ε << 1/3.
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Into the T-µB plane

Controls net baryon density

First order phase 
transition line

( )c BT µ

Fodor& Katz (2001)   
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Is there a phase transition?

Almost 
certainly: 

NOT
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A triple point ?

Fodoretal.hep-lat/0701022   



1

From 
Quark-Gluon Plasma       
to the 
Perfect Liquid (II)

Berndt Mueller – Duke University

Krakow School of Theoretical 
Physics

Zakopane, 14-22 June 2007
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Part II

R esults from R H IC  
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The RHIC Facility

STAR

…or what a good deal of
M oney and Planning C an Buy!    
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Main RHIC results

Important results from RHIC:

 Chemical (flavor) and thermal equilibration
 Elliptic flow = early thermalization, low viscosity
 Collective flow pattern related to valence quarks
 Jet quenching = parton energy loss, high opacity
 Strong energy loss of c and b quarks
 Charmonium suppression not strongly increased 

compared with lower (CERN) energies
 Photons unaffected by medium at high pT
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Collision Geometry: Elliptic Flow

Elliptic flow (v2):

• Gradients of almond-shape surface will lead 
to preferential expansion in the reaction plane
• Anisotropy of emission is quantified by 2nd 
Fourier coefficient of angular distribution: v2

 prediction of fluid dynamics

Reaction 
      plane

x

z

y

 Bulk evolution described by 
relativistic fluid dynamics,

 F.D assumes that the medium is 
in local thermal equilibrium,

 but no details of how equilibrium 
was reached.

 Input: ε(x,τi), P(ε), (η,etc.).
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initial energy density distribution:
time evolution of the energy density:
   

spatial 
eccentricity

momentum
anisotropy

Elliptic flow is created early

 P. Kolb, J. Sollfrank and U.Heinz, PRC 62 (2000) 054909

Model calculations suggest that flow anisotropies are generated at the earliest 
stages of the expansion, on a time scale of ~ 5 fm/c if a QGP EoS is assumed.
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v2(pT) vs. hydrodynamics

Mass splitting characteristic 
property of hydrodynamics

Failure of ideal 
hydrodynamics 
- tells us how 
hadrons form
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Quark number scaling of v2

In the recombination regime, meson and baryon v2 can be obtained 
from the quark v2 :

( ) ( )2 2 2 2v2
2

v
3

v3v B
tt

q tM q tp ppp ć ö= ç
ć ö= ç ÷čč ř ř÷

qqT,µ,v

Em itting m edium  is com posed of  
unconfined, flow ing quarks.

Sorensen plot 
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Photons versus hadrons

Suppression of hadrons

No suppression for photons
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q
q

Radiative energy loss:

Radiative energy loss

Scattering centers = color charges
q q

g

L

Density of 
scattering centers

Range of color forceScattering power of 
the QCD medium:

   
dE / dx : ρΛ κΤ

2

  
öq = ρ θ2δθ2 δσ

δθ2ň ş ρσ κΤ
2 =

µ2

λ φ
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How large is q-hat?
 Data are described by a large loss parameter for central collisions:

  
öq ≈ 5 − 20 Γες 2 /φµ

Loizides,      
hep-ph/0608133

Larger than expected from 
perturbation theory ?

Pion gas

pQGP

Cold nuclear matter

RHIC data

sQGP

R. Baier

Zhang, Owens, 
Wang & Wang, 
nucl-th/0701045

  
öq ≈ 1− 2 Γες 2 /φµ
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Part III

Tow ard the 

“Perfect Liquid”   
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Ideal gas vs. perfect liquid

 An ideal gas is characterized by interactions strong enough 
to reach thermal equilibrium (on a reasonable time scale), 
but weak enough to neglect their effect on P(n,T).
 This ideal can be approached arbitrarily well by diluting the gas 

and waiting  very patiently ( limit t → ∞ first, then n → 0 ).

 A perfect fluid is one that obeys the Euler equations, i.e. a 
fluid that has negligible viscosity and infinite thermal 
conductivity (relative to gradients).
 There is no presumption with regard to the equation of state.
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What is viscosity ?

( ) ( )2
3

 and   are defined as coefficients in the 
expansion of the stress tensor in gradients of the velocity fie

viscosity
ld

Shear b k
:

ul

ik i k i k k i ik ikik i kT u u P u uu u u ue d Vdh d= + + Ń + +Ń - Ń× Ń×-

1
3

tr

3

tr 2

Microscopically,  is given by the rate of momentum transport:

Unitarity limit on cross sections suggests that has a lower bound: 
3

4
12

f
pnp

p
p

λ
σ

π

η

η

η

π
ησ

≈ =

Ł łŢ
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Viscosity of materials

Tem perature dependence ofthe shearviscosity oftypical        
fluids:

QuickTime and aŞ  
TIFF (Uncompressed) decompressor  

are needed to see this picture.     

4π
 ×
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Lower bound on η/s ?

A heuristic argum entfor(    η/s)m in is obtained using    s  ≈ 4 n  :

( )1 1
3 12v

v
f

fn p s
n

l eh t
ć ö ć ö» »ç ÷ ç ÷č řč ř

The uncertainty relation dictates that     τf  (ε/n ) ≥ ,and thus:  

12 4
s sη

π
ł ≈h h

All know n m aterials obey this condition!

For N =4 SU (N c)SYM theory the bound is saturated atstrong coupling:         

( )3/ 22

135 (3)1
4 8 c

s

g N

Vh
p

é ů
ę ú= + +
ę ú
ë ű

L
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Bounds on η from v2

D. Teaney

0/ /s sτ ηΓ ≈

Boost invar’t hydro requires η/s ≈ 0.1.

N=4 SUSY YM theory (g2Nc  1):

η/s = 1/4π   (Policastro, Son, Starinets).

Absolute lower bound on η/s ?

η/s < 0.3  confirmed by 2-D viscous 
hydro calculation (Baier & Romatschke).

( )

0 with

( trace)P u

T

uT uu Pgµ ν µ

µν

µν µ

µ

ν νµ νηε + − ∂ + ∂ −

∂ =

= +
R elativistic viscous  
hydrodynam ics:
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QGP viscosity – collisions

( )

( )

( ) ( )

1
3

1( )
tr

2
tr 2

Classical expression for shear viscosity:

Collisional mean free path in medium:

Transport cross section in QCD medium:

Collisional shear

5

11

 viscos

2 l

i

2

t

n 1

f

C
f

s s

s s
s

np

n

I
p

I

h l

l s

ps a a

a a
a

-

»

=

»

ć ö
= + + -ç ÷

č ř

2 1
tr

9
y of QGP

100 ln

:

C
s s

T sh
s pa a -» »

Baym ,H eiselberg, .  …

D anielew icz & G yulassy,   
Phys.R ev.D 31,53 (85)    

Arnold,M oore & Yaffe   
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QCD matter

Low T (Prakash et al.)
using experimental 
data for 2-body 
interactions.

High T (Yaffe et al.)
using perturbative 
QCD

1/4π

R H IC  
data
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Part IV

Anom alous Viscosity 
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Spontaneous color fields

C olorcorrelation  
length

Tim e

Length (z) 

Q uasi-

abelian

N on-

abelian

N oise

M . Strickland, hep-
ph/0511212
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QGP viscosity – anomalous

( )

1
3

2 2
( )

2 2 2 2

Classical expression for shear viscosity:

Momentum change in one coherent domain:

Anomalous mean free path in medium:

Anomalous viscosity due to random color fie

f

a a
m

A
f m

m

np

p gQ B r

p pr
g Q B rp

h l

l

»

D »

» »
D

33 9
4

2 2 2 2 2 2

lds:

3A
m m

sTnp
g Q B r g Q B r

h » »
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Expansion ⇔ Anisotropy

( )

( )( )

( ) ( )

0 01

0

1
32

1 1
2 3

1

Perturbed equilibrium distribution:

For shear flow of ultrarelat. flu

( ) ( ) 1 1 ( )

(

( )

( )

) exp[

i

/

5
:

/
d

]

i j
ij ij

p

i j j i ijij

f p f p f p

f p u p T

s p p u
E T

u u u

f p

f p

u

m
m

h d

d

= + ±é ůë ű
= -

= - Ń

Ń = Ń + Ń - Ń×

Anisotropic m om entum  distributions generate instabilities of soft field 
m odes. Grow th rate Γ ~ f1(p).
  Shear flow  alw ays results in the form ation of soft color fields; 
  Size controlled by f1(p),  i.e. (u) and η/s.

Q G P

X -s p a c e

Q G P

P -s p a c e
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Turbulence ⇒ Diffusion

[ ]

( )

Vlasov-Boltzmann transport of thermal partons:

with Lorentz force

Assuming ,  random  Fokker-Planck eq:

w

( , , )

v

( ,

ith f

)( ) ,

 di

p p

r p
p

a a a

r
p

p F f r p t C f
t E

F gQ E B

p f r p t C f
t E

D p

E B

é ů¶ + ×Ń + ×Ń =ę ú¶ę úë ű

= + ´

é ů¶ é ů+ ×Ń - =ę ú ë ű¶ę úë ű

Ţ

Ń × ×Ń

( ) ( )( )

fusion coefficient

.' ( '), ' ,i i jj

t

dt F r t t F rp tD
- Ą

= ň 2

Diffusion is dominated by
chromo-ma

'

gnetic fields:

( ') ( ) mdt B t B t B τşň

( )r t r=

,a aE B

( ')r t
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Shear viscosity

Take m om ents of  w ith p z
2( , , )( )r p p

p

D pp f r p t C f
t E

 ů∂  ů+ ⋅Ń −Ń ⋅ ⋅Ń =ę   ű∂ę  ű

( ) ( )2
2

1

3

2

3

4 ln 111 11
1

0mc

A Cc

FNO
N

g
sT

gO
T

t
h hh

-
-= ş +

-
+

M .Asakaw a,S.A.Bass,B.M .,     

PR L 96:252301 (2006)   

Prog Theo Phys 116:725    
(2007)

   

Dij ( p) = δτ∋ Φι
α ρ(τ∋),τ∋( )Υ αβ(ρ,ρ)Φϕ

β ρ,τ( )
−Ą

τ

ň
                  

ρ
Φα = γ

ρ
Εα + ρϖ×

ρ
Βα( )  = χολορ φορχε

2

         =  jet 

' ( ') ( )

quenching parameter !!

ö

!

i
i mdt F t qF t F τ+ + = şň
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Who wins?

Smallest viscosity dominates in system with several sources of viscosity

   

Anomalous viscosity

ηΑ

σ
:

1
γ 2 Ńυ

ć

č




ř


3/5

  

Collisional viscosity
ηΧ

σ
≈

36π
50γ 4 λν γ −1

 

Ńu : t - 1 ® Anomalous viscosity wins out at small g and t

Estimate for turbulent color field intensity: F2 : t - 3.1
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Part IV

Exploring the 

“Perfect Liquid”   
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Connecting jets with the medium

H ard partons probe the m edium via the density ofcolored scattering           
centers:

  
öq = ρ θ2δθ2 δσ / δθ2( )ň

Ifkinetic theory applies,therm algluons are quasi-particles that         
experience the sam e m edium .Then the shearviscosity is:        

η ≈ Cr p l f (p) = C
p

s tr (p)

In Q C D ,sm allangle scattering     
dom inates:

σ tr (p) »
4 öq
ösr

W ith 〈p3〉 ~ T  3 and s   ≈ 4  ρ one  
finds:

η
s

»
5

4

T 3

öq
M ajum der,BM ,  
W ang,hep- 
ph/0703085

From R H IC  
data:

T0 ≈ 335 Μες , θ0 ≈ 1 − 2 Γες 2 /φµ  →
Τ0

3

θ0

≈ 0.12 − 0.24
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Strong vs. weak coupling

η/s

5T 3

4 öq

ln T / Tc( )1

(ln T)-4

(fπ/Τ)4

ln 1 / λ( )~1

λ−2

λ−1/2

4π( )−1

xGπ ξ( )ξ→0

Q C D N =4 SYM 

Atstrong coupling, is a m ore faithfulm easure ofm edium                 
blackness .“ ”

T 3

öq



30

Fate of the “lost” energy (I)

p+p Au+Au

Lost energy of away-side jet is redistributed to angles away from 
180° and low transverse momenta pT < 2 GeV/c (Mach cone?).

Trigger jetAway-side jet
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Fate of the “lost” energy (II)
 Near side jet phenomenon: 

 Longitudinal broadening of jet cones. 
“Ridge” contains all additional energy: 
In-medium fragmentation

z

y
x

B

JetJet

Possible explanation:Longitudinal   
diffusion ofradiated gluons in random ,      
transverse color-m agnetic fields (A.    
M ajum der, )…

Finaldistribution ofin-   
m edium radiated  
gluons

η

φ
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Summary

The m attercreated in heavy ion collisions form s a highly color           
opaque plasm a,w hich has an extrem ely sm allshearviscosity.This          
(nearly) perfectliquid behaves like a strongly coupled plasm a of “  ”        
quarks and gluons,possibly due to the presence ofstrong turbulent           
colorfields,especially atearly tim es w hen the expansion is m ost           
rapid.

Penetrating probes,i.e.jets,heavy quarks,photons,are the best          
w ay to furtherprobe this m edium .The extended dynam ic range of           
R H IC IIand LH C ,togetherw ith detailed theoreticalm odeling and          
sim ulations,w illallow us to quantitatively determ ine its essential         
transportproperties.  



  

Inflation after WMAP

V. Mukhanov
Arnold Sommerfeld Center, LMU, 

München



  



  

"...our mistake is not that we take our theories too seriously,
but that we do not take them seriously enough. It is always hard
to realize that these numbers and equations we play with at our 
desks have something to do with the real world..."
                                           S. Weinberg, "The first three minutes"



  

Hubble law
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  decelerated Friedmann expansion

 Necessary conditions for successful inflation:

ict
Transition from inflation to Friedmann era should be "smooth"
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How gravity can become "repulsive"?
4

3
Ga aπ ε= −&& ( )3p aε +

acceleration
energy
density pressure

"antigravity" +3 0   0 Only if p aε < > şŢ &&



  

Scenarios

Which concrete scenario was realized ???

???????????????????????????????????????????
Energy density pressure  ,    pε

( ) equation of s e tatp ε −

for inflat ionp ε ε+ =

p ε≈ −



  

Main bonus from inflation-  of primordial
spectrum of inhomo

generation
geneities

Inflation "washes away" all pre-inflationary inhomogeneities
in all scales there always re

ineveitabl
main

 quantum flu
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Quantum metric fluctuations in Minkowsk iExam i sple: pace
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Can quantum fluctuations be amplified up to 
"needed" value 10  in expandng Universe???
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Quantum metric fluctuations are big enough only
in the scales close to the Planckian sc

(10 ) 
(1 0ale )cm

28

Transfer these fluctuations 
to galactic scales
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1 1/ 2H ε− −∝ 1 1/ 2H ε− −∝

 Gravity waves

 Scalar perturbations
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Summary

Inflation is the stage of accelerated expansion
Idea and basic properties of inflation are esta

 of 
the universe with graceful exit to Friedman
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Robust predictions:
5Spatially flat Universe :  1 10total

−Ω = ±−
Sligtly  spectrum of scalar 
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Energy scale of inflation
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Comparison with observations: Present

1( ) ( ) (2 1) (cos )
4 l l

T T l C P
T T ϕ

δ δϕ ϕ θ θ
π

+ = +ĺ

1l
θ

;

lC. 197 6D pl = ±



  



  



  

0.015
0.0190.951Sn

+
−=

"A finite duration of the de Sitter stage does not by itself rule out the possibility that this
stage may exist as an intermediate stage in the evolution of the universe. An interesting question
arises 

( )

here: Might not perturbations of the metric , which would be sufficient for the formation of
galaxies and galactic clusters, arise in this stage?..........

13 1 ln
2

The fluctuation spectrum i

HQ k lM
k

ć≈ + 
č ř

s... nearly flat...."
                                                                                                              (Mukhanov, Chibiov,1981)

0.96Sn =

In terms of my own money, I'd bet a lot (many thousands )

"In models with the initial superdense de Sitter state ... such a large 
amount of relic gravitational waves is generated
...that ... the very existence of this state can be experimentally"
verified in the near future.
(Starobinsky, 1980)
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Outline

1 Introduction

2 Model of universe with cosmic singularity

3 Classical dynamics of p-brane

4 Dynamics of a particle (0-brane)

5 Dynamics of a string (1-brane)
Classical dynamics of a string
Quantum dynamics of a string

6 Dynamics of a membrane (2-brane)

7 Conclusions
Summary
Next steps
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Introduction
Motivation:
Finding general theoretical framework that can be used
to describe possibly all available cosmological data.
Assumptions:

evolution of the universe includes at least one quantum phase
and two classical phases
quantum phase can be described in terms of quantum p-branes
propagating in higher dimensional (d > 4) spacetime
with the cosmic singularity
the cosmic singularity consists of pre-singularity
and post-singularity epochs
classical phase can be obtained from the quantum phase
by changing topology of its spacetime, and vice versa

Remark:
We address, to some extent, the question of mathematical consistency
of a cyclic universe scenario.

Włodzimierz Piechocki (SINS) Transition of an extended object across the cosmological singularity47th CSTP, June 14-22, 2007 3 / 22
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Introduction (cont)

Restriction of considerations to the neighborhood
of the cosmological singularity
Basic criterion for the choice of the model of universe
in the quantum phase:
Reasonable model should allow for propagation of quantum
p-brane (i.e., particle, string, membrane,...) from pre-singularity
to post-singularity epoch.
If quantum p-brane cannot go through the cosmic singularity,
the evolution cannot be realized.
Model of the universe in the quantum phase:
compactified Milne space - the simplest model of universe
with the cosmic singularity that is implied by string/M theory
(the simplest example of time dependent singular orbifold)

Włodzimierz Piechocki (SINS) Transition of an extended object across the cosmological singularity47th CSTP, June 14-22, 2007 4 / 22



Introduction (cont)

Restriction of considerations to the neighborhood
of the cosmological singularity
Basic criterion for the choice of the model of universe
in the quantum phase:
Reasonable model should allow for propagation of quantum
p-brane (i.e., particle, string, membrane,...) from pre-singularity
to post-singularity epoch.
If quantum p-brane cannot go through the cosmic singularity,
the evolution cannot be realized.
Model of the universe in the quantum phase:
compactified Milne space - the simplest model of universe
with the cosmic singularity that is implied by string/M theory
(the simplest example of time dependent singular orbifold)

Włodzimierz Piechocki (SINS) Transition of an extended object across the cosmological singularity47th CSTP, June 14-22, 2007 4 / 22



Introduction (cont)

Restriction of considerations to the neighborhood
of the cosmological singularity
Basic criterion for the choice of the model of universe
in the quantum phase:
Reasonable model should allow for propagation of quantum
p-brane (i.e., particle, string, membrane,...) from pre-singularity
to post-singularity epoch.
If quantum p-brane cannot go through the cosmic singularity,
the evolution cannot be realized.
Model of the universe in the quantum phase:
compactified Milne space - the simplest model of universe
with the cosmic singularity that is implied by string/M theory
(the simplest example of time dependent singular orbifold)

Włodzimierz Piechocki (SINS) Transition of an extended object across the cosmological singularity47th CSTP, June 14-22, 2007 4 / 22



Introduction (cont)

Restriction of considerations to the neighborhood
of the cosmological singularity
Basic criterion for the choice of the model of universe
in the quantum phase:
Reasonable model should allow for propagation of quantum
p-brane (i.e., particle, string, membrane,...) from pre-singularity
to post-singularity epoch.
If quantum p-brane cannot go through the cosmic singularity,
the evolution cannot be realized.
Model of the universe in the quantum phase:
compactified Milne space - the simplest model of universe
with the cosmic singularity that is implied by string/M theory
(the simplest example of time dependent singular orbifold)

Włodzimierz Piechocki (SINS) Transition of an extended object across the cosmological singularity47th CSTP, June 14-22, 2007 4 / 22



Compactified Milne space

Isometric embedding of 2d compactified
Milne space into 3d Minkowski space

y0(t , θ) = t
√

1 + r2, r ∈ R1

y1(t , θ) = rt sin(θ/r), y2(t , θ) = rt cos(θ/r)

r2

1 + r2 (y0)2 − (y1)2 − (y2)2 = 0

Induced metric (for t 6= 0)

ds2 = −dt2 + t2dθ2, (t , θ) ∈ R1 × S1

Local isometry with 2d Minkowski space (for t 6= 0)

ds2 = −(dx0)2 + (dx1)2, x0 := t cosh θ, x1 := t sinh θ
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Compactified Milne space (cont)
Metric of the compactified Milne, CM, space

ds2 = −dt2 + dxkdxk + t2dθ2, (t , xk ) ∈ R1 × Rd−1, θ ∈ S1

One term in metric disappears/appears at t = 0 ⇒ CM space
may be used to model big-crunch/big-bang type singularity
Other properties of the CM space:

I not manifold, but orbifold due to the vertex at t = 0
I Riemann’s tensor components equal 0 for t 6= 0
I singularity at t = 0 of removable type: any time-like geodesic with

t < 0 can be extended to some time-like geodesic with t > 0
I extension cannot be unique due to the Cauchy problem at t = 0

for the geodesic equation (compact dimension shrinks away and
reappears at t = 0)

Orbifolding S1 to the segment S1/Z2 gives the model
of two flat parallel “end of the world” branes1 which collide
and re-emerge at t = 0

1J. Khoury, B.A. Ovrut, N. Seiberg, P.J. Steinhardt and N. Turok,
Phys. Rev. D 65(2002)086007
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Classical dynamics of p-brane

The Polyakov action integral for test p-brane embedded in fixed
background spacetime with metric gµ̃ν̃ reads

Sp = −1
2
µp

∫
dp+1σ

√
−γ

[
γab∂aX µ̃∂bX ν̃gµ̃ν̃ − p + 1

]
, (1)

where
µp is mass per unit p-volume,
(σa) ≡ (σ0, σ1, . . . , σp) are p-brane worldvolume coordinates,
γab is p-brane worldvolume metric, γ := det [γab],
(X µ̃) ≡ (Xµ,Θ) ≡ (T ,X k ,Θ) ≡ (T ,X 1, . . . ,X d−1,Θ) are embedding
functions of p-brane, i.e. X µ̃ = X µ̃(σ0, . . . , σp),
corresponding to (t , x1, . . . , xd−1, θ) directions od d + 1 dimensional
background spacetime.
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Classical dynamics of p-brane (cont)

Total Hamiltonian, HT , corresponding to the Polyakov action2

HT =

∫
dpσHT , (2)

HT := AC + AiCi , i = 1, . . . ,p (3)

where A = A(σa) and Ai = Ai(σa) are any ‘regular’ functions,
and C and Ci are first-class constraints

C := Πµ̃Πν̃gµ̃ν̃ + µ2
p det [∂aX µ̃∂bX ν̃gµ̃ν̃ ] ≈ 0, (4)

Ci := ∂iX µ̃Πµ̃ ≈ 0. (5)

HT does not generate time translations, but gauge transformations!

2N. Turok, M. Perry and P. J. Steinhardt, Phys. Rev. D 70 (2004) 106004
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Classical dynamics of p-brane (cont)
Hamilton’s equations

Ẋ µ̃ ≡ ∂X µ̃

∂τ
= {X µ̃,HT}, Π̇µ̃ ≡

∂Πµ̃

∂τ
= {Πµ̃,HT}, τ ≡ σ0, (6)

where
{·, ·} :=

∫
dpσ

( ∂·
∂X µ̃

∂·
∂Πµ̃

− ∂·
∂Πµ̃

∂·
∂X µ̃

)
. (7)

Degrees of freedom
nc =: 2np = 2(d − p),

where
nc , number of independent canonical variables,
np, number of physical degrees of freedom,
d + 1, dimension of spacetime,
p + 1, number of constraints,
p, dimension of p-brane
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Propagation of a particle

Classical dynamics of a test particle in the CM space is unstable,
however it can be quantized, i.e. there exists mathematically well
defined quantum dynamics of a particle. For details see:

P. Małkiewicz and WP, Class. Quantum Grav. 23 (2006) 2963,
“A simple model of big-crunch / big-bang transition”
P. Małkiewicz and WP, Class. Quantum Grav. 23 (2006) 7045,
“Probing the cosmological singularity with a particle”
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Propagation of a string
Dynamics of a string winding around the θ-dimension in its lowest
energy mode:
The string in such a state is defined by the conditions

σp := θ ≡ Θ and ∂θXµ = 0 = ∂θΠµ. (8)

In the mode (8) the constraints read

C = Πµ(τ) Πν(τ) η
µν + µ̌2

1 t2(τ) ≈ 0, C1 = 0, (9)

where µ̌1 ≡ θ0µ1, and where θ0 = 2π for S1 and θ0 = π for S1/Z2
compactifications, respectively.
The equations of motion are

Π̇t(τ) = −2A(τ) µ̌2
1 T (τ), Π̇k (τ) = 0, (10)

Ṫ (τ) = −2A(τ) Πt(τ), Ẋ k (τ) = 2A(τ) Πk (τ), (11)

where A = A(τ) is any function.
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Propagation of string (cont)

In the gauge A(τ) = 1, the solutions are

Πt(τ) = b1 exp(2µ̌1τ) + b2 exp(−2µ̌1τ), Πk (τ) = Π0k , (12)

T (τ) = a1 exp(2µ̌1τ) + a2 exp(−2µ̌1τ), X k (τ) = X k
0 + 2Π0k τ, (13)

where b1,b2,Π0k ,a1,a2,X k
0 ∈ R.

Elimination of τ leads finally to

X k (t) = X k
0 +

Πk
0
µ̌1

sinh−1
( µ̌1√

Πk
0Π0k

t
)
. (14)

where t(τ) ≡ T (τ) plays the role of an evolution parameter.
The solution (14) is smooth at t = 0, and describes stable propagation
of a string across the cosmic singularity.
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Quantum string in the winding mode
In the gauge A = 1, the Hamiltonian of a string is

HT = C = Πµ(τ) Πν(τ) η
µν + µ̌2

1 t2. (15)

The quantum Hamiltonian corresponding to (15) has the form
(we use the Laplace-Beltrami mapping)

ĤT =
∂2

∂t2 −
∂2

∂X k∂Xk
+ µ̌2

1t2, t ≡ T . (16)

According to Dirac’s quantization method physical states ψ
should satisfy the equation

ĤT ψ(t ,X k ) = 0. (17)

Eq. (17) has the form of the Klein-Gordon equation. Due to this
analogy we interpret t as an evolution parameter in our quantum
description.
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ĤT ψ(t ,X k ) = 0. (17)

Eq. (17) has the form of the Klein-Gordon equation. Due to this
analogy we interpret t as an evolution parameter in our quantum
description.

Włodzimierz Piechocki (SINS) Transition of an extended object across the cosmological singularity47th CSTP, June 14-22, 2007 13 / 22



Quantum string (cont)

To solve (17) we make the substitution

ψ(t ,X 1, . . . ,X d−1) = F (t) G1(X 1) G2(X 2) · · ·Gd−1(X d−1), (18)

which turns (17) into the following set of equations

d2Gk (qk ,Xk )

dX 2
k

+ q2
k Gk (qk ,Xk ) = 0, k = 1, . . . ,d − 1, (19)

d2F (q, t)
dt2 + (µ̌2

1t2 + q2) F (q, t) = 0, q2 := q2
1 + . . .+ q2

d−1, (20)

where q2
k ,q

2 ∈ R are the separation constants.
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Quantum string (cont)

Two independent solutions to (19) have the form

G1k (qk ,Xk ) = cos(qkX k ), G2k (qk ,Xk ) = sin(qkX k ) (21)

(no summation in qkX k with respect to k ).
Two independent solutions of (20) read

F̃1(q, t) = exp (−iµ̌1t2/2) H
(
− µ̌1 + iq2

2µ̌1
, (−1)1/4

√
µ̌1 t

)
, (22)

F2(q, t) = exp (−iµ̌1t2/2) 1F1

( µ̌1 + iq2

4µ̌1
,
1
2
, iµ̌1t2

)
, (23)

where H(a, t) is the Hermite function and 1F1(a,b, t) denotes the
Kummer function.
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G1k (qk ,Xk ) = cos(qkX k ), G2k (qk ,Xk ) = sin(qkX k ) (21)

(no summation in qkX k with respect to k ).
Two independent solutions of (20) read

F̃1(q, t) = exp (−iµ̌1t2/2) H
(
− µ̌1 + iq2

2µ̌1
, (−1)1/4

√
µ̌1 t

)
, (22)

F2(q, t) = exp (−iµ̌1t2/2) 1F1

( µ̌1 + iq2

4µ̌1
,
1
2
, iµ̌1t2

)
, (23)

where H(a, t) is the Hermite function and 1F1(a,b, t) denotes the
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Quantum string (cont)
Construction of the Hilbert space, H, based on the solutions (21)-(23):
Step 1 The method works if the solutions are bounded functions
on R× [−t0, t0]. The function F2(q, t) is bounded, whereas F̃1(q, t)
blows up as |q| → ∞. Replacement:

F1(q, t) :=
√

q exp (− π

8µ̌1
q2) F̃1(q, t). (24)

Example of two independent
bounded solutions to Eq.(20),
for q = 1 , on [−t0, t0].
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Quantum string (cont)

Step 2 We introduce generalized solutions by

hs(t , ~X ) :=

∫
Rd−1

f (q1, . . . ,qd−1) Fs(q, t)
∏

k

exp(−iqkX k ) dq1 . . .dqd−1,

(25)
where f ∈ L2(Rd−1), s = 1,2
and where q2 = q2

1 + . . .q2
d−1, (~X ) ≡ (X 1, . . . ,X d−1).

Eq.(25) includes (21) due to the term exp(−iqkX k ), with qk ∈ R.
One has ĤT hs = 0.
Step 3 Eq.(25) defines the Fourier transform of the product f Fs.
Thus, due to the Fourier transform theory it defines the mapping

L2(Rd−1) 3 f −→ hs ∈ L2([−t0, t0]× Rd−1). (26)

Replacing f by consecutive elements of a basis in L2(Rd−1) creates,
roughly speaking, a basis in the Hilbert space H ⊆ L2([−t0, t0]×Rd−1).
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Quantum string (cont)
Example: L2(Rd−1) :=

⊗d−1
k=1 L2

k (R), where L2
k (R) ≡ L2(R),

with the basis fn ∈ L2(R) defined as

fn(q) :=
1√

2nn!
√
π

exp(−q2/2) Hn(q), n = 0,1,2, . . . , (27)

where Hn(q) is the Hermite polynomial.
The orthonormal basis (27) can be used to define a sequence of
vectors

⊗d−1
k=1 fnk (q

k ) ∈ L2(Rd−1), and further used to create a
sequence of vectors in H = L2([−t0, t0]× Rd−1), owing to (26).
Obtained set of vectors can be used to build another set of
independent vectors by a standard method, and turned into an
orthonormal basis by making use of the Gram-Schmidt procedure.
Completion of the span of such an orthonormal basis defines
the Hilbert space H ⊆ L2([−t0, t0]× Rd−1). For more details:
P. Małkiewicz and W. P., Class. Quantum Grav. 24 (2007) 915,
‘Propagation of a string across the cosmological singularity’
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Classical dynamics of a membrane
The physical phase space of a membrane (in the zero-mode, winding
around the θ-dimension) is defined by the constraints

C = Πµ(τ, σ) Πν(τ, σ) ηµν + κ2 t2(τ, σ)X́µ(τ, σ)X́ ν(τ, σ) ηµν ≈ 0, (28)

C1 = X́µ(τ, σ) Πµ(τ, σ) ≈ 0, C2 = 0, (29)

where X́µ := ∂Xµ/∂σ , σ ≡ σ1, and where κ ≡ πµ2. For some states
of a membrane the expressions for C and C1 are well defined3.
To examine the algebra of constraints we ‘smear’ the constraints
as follows

Ǎ :=

∫ π

0
dσ f (σ)A(τ, σ), f ∈ C∞0 [0, π]. (30)

The Lie bracket is defined as

{Ǎ, B̌} :=

∫ π

0
dσ

( ∂Ǎ
∂Xµ

∂B̌
∂Πµ

− ∂Ǎ
∂Πµ

∂B̌
∂Xµ

)
(31)

3G. Niz and N. Turok, Phys. Rev. D 75 (2007) 026001
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∂Πµ

∂B̌
∂Xµ

)
(31)

3G. Niz and N. Turok, Phys. Rev. D 75 (2007) 026001
Włodzimierz Piechocki (SINS) Transition of an extended object across the cosmological singularity47th CSTP, June 14-22, 2007 19 / 22



Classical dynamics of a membrane
The physical phase space of a membrane (in the zero-mode, winding
around the θ-dimension) is defined by the constraints

C = Πµ(τ, σ) Πν(τ, σ) ηµν + κ2 t2(τ, σ)X́µ(τ, σ)X́ ν(τ, σ) ηµν ≈ 0, (28)

C1 = X́µ(τ, σ) Πµ(τ, σ) ≈ 0, C2 = 0, (29)

where X́µ := ∂Xµ/∂σ , σ ≡ σ1, and where κ ≡ πµ2. For some states
of a membrane the expressions for C and C1 are well defined3.
To examine the algebra of constraints we ‘smear’ the constraints
as follows
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∂Xµ

∂B̌
∂Πµ

− ∂Ǎ
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Classical dynamics of a membrane (cont)

Constraints in an integral form satisfy the algebra

{Č(f1), Č(f2)} =

∫ π

0
dσ (f1 f́2 − f́1f2)4κ2t2(τ, σ)C1(τ, σ), (32)

{Č1(f1), Č1(f2)} =

∫ π

0
dσ (f1 f́2 − f́1f2)C1(τ, σ), (33)

{Č(f1), Č1(f2)} =

∫ π

0
dσ (f1 f́2 − f́1f2)C(τ, σ). (34)

Quantization of the dynamics of a membrane means finding
an essentially self-adjoint representation of this algebra on a dense
subspace of a Hilbert space.
However, the ‘structure constant’, t2, is not a constant, but a function
on the phase space.
Little is known about representations of such type of an algebra!
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Summary

classical dynamics of a particle can be quantized despite
the fact that it is unstable
dynamics of a string in the zero-mode of winding string
is well defined both at classical and quantum levels
quantizing dynamics of a membrane appears to be a challenge
compactified Milne space seems to be a promising model
of the neighborhood of the cosmological singularity deserving
further investigations.
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Next steps
quantization of a string taking into account

I non-zero modes of the winding string
I possible modification of the singularity by a string

quantization of dynamics of a membrane
obtaining classical phase from quantum phase
and vice versa
quantization of CM space (by making use of LQG methods):
big-crunch / big-bang (change of spacetime dimension)
or
big-bounce (no change of dimensionality of spacetime),
or
Big-Crunch (destruction of spacetime)
making predictions for the CMB polarization spectra:
tensor-to-scalar ratio and spectral index of the scalar
perturbations, to compare with cosmological observations
to be done by Planck, BPol, Spider and Polatron missions.
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Introduction

Motivation

The formalism used in conventional quantum field theory is
suitable to describe observables (e.g. cross-sections)
measured in empty space-time, as particle interactions in an
accelerator. However, in the early stages of the
universe/heavy ions collisions, at high temperature/density,
the environment had a non-negligible matter and radiation
density, making the hypotheses of conventional field theories
impracticable. For that reason, under those circumstances,
the methods of conventional field theories are no longer in
use, and should be replaced by others, closer to
thermodynamics, where the background state is a thermal
bath. This field has been called field theory at finite
temperature/density and it is extremely useful to study all
phenomena which happened in the early universe: phase
transitions, inflationary cosmology, ..
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We shall give some definitions borrowed from
thermodynamics and statistical mechanics.

I The microcanonical ensemble is used to describe an
isolated system with fixed energy E , particle number N
and volume V .

I The canonical ensemble describes a system in contact
with a heat reservoir at temperature T : the energy can
be exchanged between them and T , N and V are fixed.

I Finally, in the grand canonical ensemble the system can
exchange energy and particles with the reservoir: T , V
and the chemical potentials are fixed.
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Generating functionals

Consider now a dynamical system characterized by a
hamiltonian 1 H and a set of conserved (mutually
commuting) charges QA. The equilibrium state of the
system at rest in the large volume V is described by the
grand-canonical density operator ρ.

ρ = exp(−Φ) exp

{
−

∑
A

αAQA − βH

}
where the Massieu function is defined as

Φ = log Tr exp

{
−

∑
A

αAQA − βH

}
(1)

where αA and β are Lagrange multipliers given by β = T−1,
αA = −βµA, and µA are the chemical potentials.

1All operators will be considered in the Heisenberg picture.
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One defines the grand canonical average of an arbitrary
operator O, as

〈O〉 ≡ Tr(Oρ) (2)

satisfying the property 〈1〉 = 1

Some definitions

qA =
1

V
〈QA〉 = − 1

V

∂Φ

∂αA
(3)

E =
1

V
〈H〉 = − 1

V

∂Φ

∂β
(4)

F = −P = − 1

βV
Φ (5)

S = − 1

V
〈log ρ〉 = β

[
E − F −

∑
A

µAqA

]
(6)
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We will start considering the case of a real scalar field φ(x),
carrying no charges (µA = 0), with hamiltonian H, i.e.

φ(x) = e itHφ(0,~x)e−itH

where the time x0 = t is analytically continued to the
complex plane.
We define the thermal Green function as the grand canonical
average of the ordered product of the n field operators

G (C)(x1, . . . , xn) ≡ 〈TCφ(x1), . . . , φ(xn)〉

where the TC ordering means that fields should be ordered
along the path C in the complex t-plane. For instance the
product of two fields is defined as,

TCφ(x)φ(y) = θC (x0 − y0)φ(x)φ(y) + θC (y0 − x0)φ(y)φ(x)

If we parameterize C as t = z(τ), where τ is a real
parameter, TC ordering means standard ordering along τ .
Therefore the step and delta functions can be given as
θC (t) = θ(τ), δC (t) = (∂z/∂τ)−1 δ(τ).
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The rules of the functional formalism can be applied as usual,
with the prescription δj(y)/δj(x) = δC (x0 − y0)δ(3)(~x − ~y)
The generating functional Zβ[j ] for the full Green functions,

Zβ[j ] =
∞∑

n=0

in

n!

∫
C

d4x1 . . . d
4xnj(x1) . . . j(xn)G

(C)(~x)

=

〈
TC exp

{
i

∫
C

d4xj(x)φ(x)

}〉
which is normalized to Zβ[0] = 〈1〉 = 1.

The generating functional for connected Green functions
W β[j ] is defined as

Zβ[j ] ≡ exp{iW β[j ]}
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The generating functional for 1PI Green functions Γβ[φ] is
the Legendre transformation,

Γβ[φ] = W β[j ]−
∫

C
d4x

δW β[j ]

δj(x)
j(x)

where the current j(x) is eliminated in favor of the classical
field φ(x) as

φ(x) = δW β[j ]/δj(x)

.
It follows that δΓβ[φ]/δφ(x) = −j(x), and φ(x) = 〈φ(x)〉 is
the grand canonical average of the field φ(x).
As in field theory at zero temperature, in a translationally
invariant theory φ(x) = φc is a constant. In this case we can
define the effective potential at finite temperature as,

Effective Potential

Γβ[φc ] = −
∫

d4xV β
eff(φc)
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Scalar fields
Not all the contours are allowed if we require Green
functions to be analytic with respect to t.

G (C)(x−y) = θC (x0−y0)G+(x−y)+θC (y0−x0)G−(x−y)

where

G+(x − y) = 〈φ(x)φ(y)〉, G−(x − y) = G+(y − x)

Now, take the complete set of states |n〉 with eigenvalues
En: H|n〉 = En|n〉. One can readily compute G+(x0 − y0) at
the point ~x = ~y = 0

e−Φ
∑
m,n

|〈m|φ(0)|n〉|2 e−iEn(x0−y0)e iEm(x0−y0+iβ)

so that the convergence of the sum implies that
−β ≤ Im(x0 − y0) ≤ 0 which requires θC (x0 − y0) = 0 for
Im(x0 − y0) > 0.
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The similar property for the convergence of G−(x0 − y0) is
that 0 ≤ Im(x0 − y0) ≤ β, which requires θC (y0 − x0) = 0
for Im(x0 − y0) < 0.
The final condition for the convergence of the complete
Green function on the strip

−β ≤ Im(x0 − y 0) ≤ β

is that we define the function θC (t) such that
θC (t) = 0 for Im(t) > 0.

C must be such that a point moving along it has a
monotonically decreasing or constant imaginary part
A very important periodicity relation affecting Green
functions can be easily deduced from the very definition of
G+(x) and G−(x)

Kubo-Martin-Schwinger (KMS) relation

G+(t − iβ,~x) = G−(t,~x)
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Conclusion

We can now compute the two-point Green function for a free
scalar field [ωp =

√
~p 2 + m2]

φ(x) =

∫
d3p

(2π)3/2(2ωp)1/2

[
a(p)e−ipx + a†(p)e ipx

]
which satisfies

[
∂µ∂µ + m2

]
G (C)(x − y) = −iδC (x − y) and

the equal time commutation relation,[
φ(t,~x), φ̇(t, ~y)

]
= iδ(3)(~x − ~y)

One easily obtains the commutation relation for creation and
annihilation operators,[

a(p), a†(k)
]

= δ(3)(~p − ~k)
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Defining the Hamiltonian of the field as

H =

∫
d3p

(2π)3
ωpa

†(p)a(p)

one can obtain the thermodynamical averages,

〈a†(p)a(k)〉 = nB(ωp)δ
(3)(~p − ~k)

〈a(p)a†(k)〉 = [1 + nB(ωp)]δ
(3)(~p − ~k)

Bose distribution function

nB(ω) =
1

eβω − 1
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Two-point Green function

G (C)(x) =

∫
d4p

(2π)4
ρ(p)e−ipx

[
θC (x0) + nB(p0)

]
where the function ρ(p) is defined by

Spectral function

ρ(p) = 2π[θ(p0)− θ(−p0)]δ(p2 −m2).

Now the particular value of the Green function depends on
the chosen contour C . We will show later on two particular
contours giving rise to the so-called imaginary and real time
formalisms. Before coming to them we will describe how the
previous formulae apply to the case of fermion fields.
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Fermion fields

For fermion fields the TC decomposition

TCψα(x)ψ̄β(y) = θC (x0 − y0ψα(x)ψ̄β(y))

− θC (y0 − x0)ψ̄β(y)ψα(x)

and the Green function

S
(C)
αβ (x − y) = θC (x0 − y0)S+

αβ − θC (y0 − x0)S−αβ

which satisfy the

Kubo-Martin-Schwinger relation

S+
αβ(t − iβ,~x) = −S−αβ(t,~x)
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Relations for the Green function of fermions

It satisfies the Dirac equation

(iγ · ∂ −m)ασ S
(C)
σβ (x − y) = iδC (x − y)δαβ

One can define a Green function S (C) as

S
(C)
αβ (x − y) ≡ (iγ · ∂ + m)αβS (C)(x − y)

where S (C)(x − y) satisfies the Klein-Gordon propagator
equation. One can obtain for S (C)

S (C)(x−y) =

∫
d4p

(2π)4
ρ(p)e−ip(x−y)

[
θC (x0 − y0)− nF (p0)

]
nF (ω) is the Fermi distribution function

nF (ω) =
1

eβω + 1
.
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Imaginary time formalism
The calculation of the propagators in the previous sections
depends on the chosen path C going from an initial arbitrary
time t to t − iβ, provided by the Kubo-Martin-Schwinger
periodicity properties of Green functions. The simplest path
is to take a straight line along the imaginary axis t = −iτ . It
is called Matsubara contour, since Matsubara was the first to
set up a perturbation theory based upon this contour. In
that case δC (t) = iδ(τ).

Contours
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The two-point Green functions for scalar and fermion fields

G (τ,~x)B,F =

∫
d4p

(2π)4
ρ(p)e i~p~xe−τp0 [

θ(τ)± nB,F (p0)
]

The Green function can be decomposed as
G (τ,~x) = G+(τ,~x)θ(τ)± G−(τ,~x)θ(−τ)

KMS relation ⇒ (Anti)Periodicity condition

G (τ + β) = ±G (τ) for − β ≤ τ ≤ 0,
G (τ − β) = ±G (τ) for 0 ≤ τ ≤ β

It follows that the Fourier transform

G̃ (ωn, ~p) =

∫ α

α−β
dτ

∫
d3xe iωnτ−i~x~pG (τ,~x)

(where 0 ≤ α ≤ β) is independent of α and the discrete
frequencies satisfy the relation e iωnβ = ±1, i.e.
ωn = 2nπβ−1 for bosons, and ωn = (2n + 1)πβ−1 for
fermions.
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Feynman rules in imaginary time formalism

Boson propagator :
i

p2 −m2
; pµ = [2niπβ−1, ~p ]

Fermion propagator :
i

γ · p −m
; pµ = [(2n + 1)iπβ−1, ~p ]

Loop integral :
i

β

∞∑
n=−∞

∫
d3p

(2π)3

Vertex function : −iβ(2π)3δP
ωi
δ(3)(

∑
i

~pi )

There is a standard trick to perform infinite summations. For
the case of bosons [fermions] we can have frequency sums as,

1

β

∞∑
n=−∞

f (p0 = iωn)

with ωn = 2nπβ−1[(2n + 1)πβ−1].
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For the case of bosons since the function
1

2
β coth(

1

2
βz) has

poles at z = iωn and is analytic and bounded everywhere else

1

β

∞∑
n=−∞

f (p0 = iωn) =
1

2πiβ

∫
γ
dzf (z)

β

2
coth(

1

2
βz)

where the contour γ encircles anticlockwise all the previous
poles of the imaginary axis. The contour γ can be deformed
to a new contour consisting in two straight lines: the first
one starting at −i∞+ ε and going to i∞+ ε, and the
second one starting at i∞− ε and ending at −i∞− ε.
Rearranging the exponentials in the hyperbolic cotangent
one can write the previous expression as

1

2πi

∫ i∞

−i∞
dz

1

2
[f (z) + f (−z)]

+
1

2πi

∫ i∞+ε

−i∞+ε
dz [f (z) + f (−z)]

1

eβz − 1
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The contour of the second integral can be deformed to a
contour C which encircles clockwise all singularities of the
functions f (z) and f (−z) in the right half plane. Similar
manipulations for the case of fermions lead to the general
identity

Infinity sum identity

1

β

∞∑
n=−∞

f (p0 = iωn) =

∫ i∞

−i∞

dz

4πi
[f (z) + f (−z)]

±
∫

C

dz

2πi
nB,F (z)[f (z) + f (−z)]

The frequency sum naturally separates into a T independent
piece, which should coincide with the similar quantity
computed in field theory at zero temperature, and a T
dependent piece which vanishes in the limit T → 0, i.e.
β →∞.
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Real time formalism
The obvious disadvantage of the imaginary time formalism is
to compute Green functions along imaginary time, so that
going to the real time has to be done through a process of
analytic continuation. The family of real time contours is
depicted in the figure where the contour C is

C = C1

⋃
C2

⋃
C3

⋃
C4 and C1 goes from the initial time

ti to the final time tf , C3 from tf to tf − iσ, with 0 ≤ σ ≤ β,
C2 from tf − iσ to ti − iσ, and C4 from ti − iσ to ti − iβ.

Contours
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Different choices of σ lead to an equivalence class of
quantum field theories at finite temperature. For instance
the choice σ = 0 leads to the Keldysh perturbation
expansion, while the choice σ = β/2 is the preferred one to
compute Green functions.
One can prove that the contribution from the contours C3

and C4 can be neglected. Therefore, for the propagator
between x0 and y0 there are four possibilities depending on
whether they are on C1 or C2. Correspondingly, there are
four propagators which are labeled by (11), (12), (21) and
(22).
Making the choice σ = β/2, for scalar fields

G (p) ≡
(

G (11)(p) G (12)(p)

G (21)(p) G (22)(p)

)
(7)

G (11)(p) = ∆(p) + 2πnB(ωp)δ(p
2 −m2)

G (12) = 2πeβωp/2nB(ωp)δ(p
2 −m2)

G (22)(p) = G (11)∗, G (21) = G (12)
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Real time rules

The main feature of the real time formalism is that the
propagators come in two terms: one which is the same as in
the zero temperature field theory, and a second one where all
the temperature dependence is contained. However the
propagators (12), (21) and (22) are unphysical since one of
their time arguments has an imaginary component. The only
physical propagator is the (11) component.
The Feynman rules in the real time formalism are very
similar to those in the zero temperature field theory. In fact
all diagrams have the same topology as in the zero
temperature field theory and the same symmetry factors.
However, associated to every field there are two possible
vertices, 1 and 2, and four possible propagators, (11), (12),
(21) and (22) connecting them. All of them have to be
considered for the consistency of the theory. In the Feynman
rules, type 2 vertices are hermitian conjugate with respect to
type 1 vertices. The golden rule is that: physical legs must
always be attached to type 1 vertices.
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Effective potential

We will construct the (one-loop) effective potential at finite
temperature, using all the tools provided in the previous
sections.
As we will see the effective potential at finite temperature
contains the effective potential at zero temperature that
requires regularization.
The usefulness of this construction is addressed to the theory
of phase transitions at finite temperature. The latter being
essential for the understanding of phenomena as: inflation,
baryon asymmetry generation, quark-gluon plasma transition
in QCD,...
We will use the imaginary time formalism. An equivalent
calculation can be done in the real time formalism.
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Scalar fields
We will consider here the simplest model of one
self-interacting scalar fields described by the lagrangian

L =
1

2
∂µφ∂µφ− V0(φ)

V0 =
1

2
m2φ2 +

λ

4!
φ4

We will compute the diagrams in

1PI one-loop scalar diagrams contributing to the
effective potential
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1PI one-loop scalar diagrams contributing to the
effective potential
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Technical

The n-th diagram has n propagators, n vertices and 2n
external legs. The n propagators will contribute a factor of
in(p2 −m2 + iε)−n. The external lines contribute a factor of
φ2n

c and each vertex a factor of −iλ/2, where the factor 1/2
comes from the fact that interchanging the 2 external lines
of the vertex does not change the diagram. There is a global
symmetry factor 1

2n , where 1
n comes from the symmetry of

the diagram under the discrete group of rotations Zn and 1
2

from the symmetry of the diagram under reflection. Finally
there is an integration over the loop momentum and an
extra global factor of i from the definition of the generating
functional.
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Using the Feynman rules the CW effective potential

V1(φc) =
1

2

∫
d4p

(2π)4
log

[
p2 + m2(φc)

]
m2(φc) = m2 +

1

2
λφ2

c =
d2V0(φc)

dφ2
c

translates into,

V β
1 (φc) =

1

2β

∞∑
n=−∞

∫
d3p

(2π)3
log(ω2

n + ω2)

where ωn are the bosonic Matsubara frequencies and

ω2 = ~p 2 + m2(φc)

The sum over n diverges, but the infinite part does not
depend on φc . The finite part contains the φc dependence

V β
1 (φc) =

∫
d3p

(2π)3

[
ω

2
+

1

β
log

(
1− e−βω

)]
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Calculation of the infinite sum

Define,

v(ω) =
∞∑

n=−∞
log(ω2

n + ω2)

then,
∂v

∂ω
=

∞∑
n=−∞

2ω

ω2
n + ω2

Using the identity,

f (y) =
∞∑

n=1

y

y2 + n2
= − 1

2y
+

1

2
π cothπy

= − 1

2y
+
π

2
+ π

e−2πy

1− e−2πy

with y = βω/2π we obtain,

∂v

∂ω
= 2β

[
1

2
+

e−βω

1− e−βω

]
(8)

and

v(ω) = 2β

[
w

2
+

1

β
log

(
1− e−βω

)]
+ω−independent terms
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One can prove that the first integral is the one-loop effective
potential at zero temperature.

Effective potential at zero temperature

1

2

∫
d3p

(2π)3
ω =

1

2

∫
d4p

(2π)4
log[p2 + m2(φc)]

Thermal correction

1

β

∫
d3p

(2π)3
log

(
1− e−βω

)
=

1

2π2β4
JB [m2(φc)β

2]

where the thermal bosonic function JB is defined as,

JB [m2β2] =

∫ ∞

0
dx x2 log

[
1− e−

√
x2+β2m2

]
There is a very simple way of computing the effective
potential: it consists in computing its derivative in the
shifted theory and then integrating! In fact the derivative
of the effective potential is described diagrammatically by
the tadpole diagram.
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The thermal bosonic effective potential admits a
high-temperature expansion which will be very useful for
practical applications. It is given by

Finite temperature expansion

JB(m2/T 2) = −π
4

45
+
π2

12

m2

T 2
− π

6

(
m2

T 2

)3/2

− 1

32

m4

T 4
log

m2

abT 2

−2π7/2
∞∑

`=1

(−1)` ζ(2`+ 1)

(`+ 1)!
Γ

(
`+

1

2

) (
m2

4π2T 2

)`+2

where ab = 16π2 exp(3/2− 2γE ) (log ab = 5.4076) and ζ is
the Riemann ζ-function.
The cubic term is generated by Matsubara zero modes and it
will be responsible for the first order phase transition.
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4

45
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π2
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m2

T 2
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6

(
m2

T 2

)3/2

− 1

32

m4

T 4
log

m2

abT 2

−2π7/2
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`=1

(−1)` ζ(2`+ 1)

(`+ 1)!
Γ

(
`+

1

2

) (
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)`+2

where ab = 16π2 exp(3/2− 2γE ) (log ab = 5.4076) and ζ is
the Riemann ζ-function.
The cubic term is generated by Matsubara zero modes and it
will be responsible for the first order phase transition.
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Fermion fields

We will consider here a theory with fermion fields described
by the lagrangian

L = iψaγ · ∂ψa − ψa(Mf )
a
bψ

b

where the mass matrix (Mf )
a
b(φ

i
c) is a function of the scalar

fields linear in φi
c : (Mf )

a
b = Γa

biφ
i
c . The diagrams

contributing to the one-loop effective potential are

1PI one-loop fermion diagrams contributing to the
effective potential
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Technical

Diagrams with an odd number of vertices are zero because
of the γ-matrices property: tr(γµ1 · · · γµ2n+1) = 0. The
diagram with 2n vertices has 2n fermionic propagators. The
propagators yield a factor

Trs [i
2n(γ · p)2n(p2 + iε)−2n]

where Trs refers to spinor indices. The vertices contribute as

Tr [−i2nMf (φc)
2n]

where Tr runs over the different fermionic fields. There is
also a combinatorial factor 1

2n (from the cyclic and anticyclic
symmetry of diagrams) and an overall −1 coming from the
fermions loop. The factor Trs1 just counts the number of
degrees of freedom of the fermions. It is equal to 4 if Dirac
fermions are used, and 2 if Weyl fermions (and σ-matrices)
are present. So we will write, Trs1 = 2λ where λ = 1
(λ = 2) for Weyl (Dirac) fermions.
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Using the Feynman rules the CW effective potential

V1 = −2λ
1

2
Tr

∫
d4p

(2π)4
log

[
p2 + M2

f (φc)
]

one gets

V β
1 (φc) = −2λ

2β

∞∑
n=−∞

∫
d3p

(2π)3
log(ω2

n + ω2)

where ωn are the fermionic Matsubara frequencies and

ω2 = ~p 2 + M2
f .

The infinite sum of over n gives

V β
1 (φc) = −2λ

∫
d3p

(2π)3

[
ω

2
+

1

β
log

(
1 + e−βω

)]
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Infinite summation: 1

Let f (y) be given by

f (y) =
∞∑

n=1

y

y2 + n2

then ∑
m=2,4,...

y

y2 + m2
=

∞∑
n=1

y

y2 + 4n2
=

1

2
f

(y

2

)
∑

m=1,3,...

y

y2 + m2
= f (y)− 1

2
f

(y

2

)
and using the definition of f (y) we get,∑

m=1,3,...

y

y2 + m2
=
π

4
− π

2

1

eπy + 1
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The function v(ω) in this case can be written as,

Infinite summation: 2

v(ω) = 2
∑

n=1,3,...

log

[
π2n2

β2
+ ω2

]
and its derivative,

∂v

∂ω
=

4β

π

∑
1,3,...

y

y2 + n2

where y = βω/π. Then using the previous equations we get

∂v

∂ω
= 2β

[
1

2
− 1

1 + eβω

]
and, after integration with respect to ω,

v(ω) = 2β

[
w

2
+

1

β
log

(
1 + e−βω

)]
+ω−independent terms
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The first integral in

V β
1 (φc) = −2λ

∫
d3p

(2π)3

[
ω

2
+

1

β
log

(
1 + e−βω

)]
leads to the one-loop effective potential at zero temperature

Effective potential at zero temperature

V1 = −2λ
1

2
Tr

∫
d4p

(2π)4
log

[
p2 + M2

f (φc)
]

Thermal correction

− 2λ
1

β

∫
d3p

(2π)3
log

(
1 + e−βω

)
= −2λ

1

2π2β4
JF [M2

f (φc)β
2]

where the thermal fermionic function JF is defined as,

JF [m2β2] =

∫ ∞

0
dx x2 log

[
1 + e−

√
x2+β2m2

]
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The thermal fermionic effective potential admits a
high-temperature expansion which will be very useful for
practical applications. It is given by

Finite temperature expansion

JF (m2/T 2) =
7π4

360
− π2

24

m2

T 2
− 1

32

m4

T 4
log

m2

af T 2

−π
7/2

4

∞∑
`=1

(−1)` ζ(2`+ 1)

(`+ 1)!

(
1− 2−2`−1

)
Γ

(
`+

1

2

) (
m2

π2T 2

)`+2

where af = π2 exp(3/2− 2γE ) (log af = 2.6351) and ζ is the
Riemann ζ-function.
Notice the absence of cubic term since there in no
Matsubara zero mode. Fermions do not contribute to the
first order phase transitions.
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m4
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−π
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4
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`=1
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`+
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2
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The Standard Model

The spin-zero fields of the Standard Model are described by
the SU(2) doublet,

Φ =

 χ1 + iχ2
φc + h + iχ3√

2


where φc is the real constant background, h the Higgs field,
and χa (a=1,2,3) are the three Goldstone bosons.
The tree level potential reads, in terms of the background
field, as

V0(φc) = −m2

2
φ2

c +
λ

4
φ4

c

with positive λ and m2, and the tree level minimum
corresponding to

v2 =
m2

λ
.
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The spin-zero field dependent masses are

m2
h(φc) = 3λφ2

c −m2

m2
χ(φc) = λφ2

c −m2

so that m2
h(v) = 2λv2 = 2m2 and m2

χ(v) = 0.
The gauge bosons contributing to the one-loop effective
potential are W± and Z , with tree level field dependent
masses,

m2
W (φc) =

g2

4
φ2

c

m2
Z (φc) =

g2 + g ′2

4
φ2

c

Finally, the only fermion which can give a significant
contribution to the one loop effective potential is the top
quark, with a field-dependent mass

m2
t (φc) =

h2
t

2
φ2

c

where ht is the top quark Yukawa coupling.
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In the MS renormalization scheme one easily arrives to the
finite effective potential provided by

Finite effective potential at zero temperature

V (φc) = V0(φc) +
1

64π2

∑
i

nim
4
i (φc)

[
log

m2
i (φc)

µ2
− Ci

]
where Ci are constants given by,

CW = CZ =
5

6

Ch = Cχ = Ct =
3

2

and ni are the degrees of freedom

nW = 6, nZ = 3, nh = 1, nχ = 3, nt = −12
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One can easily see that the finite-temperature part of the
one-loop effective potential can be written as,

Thermal correction

∆V (1)(φc ,T ) =
T 4

2π2

∑
i=W ,Z ,χ,h

niJB [m2
i (φc)/T

2]

+
T 4

2π2
ntJF [m2

t (φc)/T
2]

where the thermal integrals JB and JF were previously
defined.
Using now the high temperature expansions and the one
loop effective potential at zero temperature, one can write
the total potential as,

Standard Model effective potential

V (φc ,T ) = D(T 2 − T 2
o )φ2

c − ETφ3
c +

λ(T )

4
φ4

c
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Coefficients of the polynomial

D =
2m2

W + m2
Z + 2m2

t

8v2

E =
2m3

W + m3
Z

4πv3

T 2
o =

m2
h − 8Bv2

4D

B =
3

64π2v4

(
2m4

W + m4
Z − 4m4

t

)

λ(T ) = λ− 3

16π2v4

(
2m4

W log
m2

W

ABT 2
+ m4

Z log
m2

Z

ABT 2

− 4m4
t log

m2
t

AFT 2

)
where log AB = log ab − 3/2 and log AF = log aF − 3/2
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Cosmological phase transitions

Many cosmological applications of field theories are based on
the theory of phase transitions at finite temperature. The
main point here is that at finite temperature, the equilibrium
value of the scalar field φ, 〈φ(T )〉, does not correspond to
the minimum of the effective potential V T=0

eff (φ), but to the
minimum of the finite temperature effective potential
V β

eff(φ). Thus, even if the minimum of V T=0
eff (φ) occurs at

〈φ〉 = σ 6= 0, very often, for sufficiently large temperatures,

the minimum of V β
eff(φ) occurs at 〈φ(T )〉 = 0: this

phenomenon is known as symmetry restoration at high
temperature, and gives rise to the phase transition from
φ(T ) = 0 to φ = σ. It was discovered by Kirzhnits in the
context of the electroweak theory (symmetry breaking
between weak and electromagnetic interactions occurs when
the universe cools down to a critical temperature
Tc ∼ 102 GeV ) and subsequently confirmed and developed
by other authors.



Field Theory @
Finite

Temperature
&

Phase Transitions

Mariano Quirós

Introduction

Generating
functionals

Green functions

Imaginary time
formalism

Real time
formalism

Effective potential

The Standard
Model

Cosmological
phase transitions

Second order
phase transitions

First order phase
transitions

Thermal tunneling

Bubble nucleation

Conclusion

Cosmological scenario

The cosmological scenario can be drawn as follows: In the
theory of the hot big bang, the universe is initially at very
high temperature and, depending on the function V β

eff(φ), it
can be in the symmetric phase 〈φ(T )〉 = 0, i.e. φ = 0 can
be the stable absolute minimum. At some critical
temperature Tc the minimum at φ = 0 becomes metastable
and the phase transition may proceed. The phase transition
may be first or second order. First-order phase transitions
have supercooled (out of equilibrium) symmetric states when
the temperature decreases and are of use for baryogenesis
purposes. Second-order phase transitions are used in the
so-called new inflationary models. We will illustrate these
kinds of phase transitions with very simple examples.
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Second order phase transitions

We will illustrate the difference between first and second
order phase transitions by considering first the simple
example of a potential 2 described by the function,

V (φ,T ) = D(T 2 − T 2
o )φ2 +

λ(T )

4
φ4

where D, T 2
o and λ are constant terms.

Zero temperature

At zero temperature, the potential has a negative
mass-squared term, which indicates that the state φ = 0 is
unstable, and the energetically favored state corresponds to

the minimum at φ(0) = ±
√

2D
λ To , where the symmetry

φ↔ −φ of the original theory is spontaneously broken.

2It is the SM potential without cubic term E = 0
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The curvature of the finite temperature potential is now
T -dependent,

m2(φ,T ) = 3λφ2 + 2D(T 2 − T 2
o )

and its stationary points, solutions to dV (φ,T )/dφ = 0,

Stationary points at finite temperature

φ(T ) = 0

and

φ(T ) =

√
2D(T 2

o − T 2)

λ(T )

Therefore the critical temperature is given by To . This
phase transition is called of second order, because there is
no barrier between the symmetric and broken phases. The
phase transition may be achieved by a thermal fluctuation
for a field located at the origin. Actually, when the broken
phase is formed, the origin (symmetric phase) becomes a
maximum.
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T -dependent,

m2(φ,T ) = 3λφ2 + 2D(T 2 − T 2
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and its stationary points, solutions to dV (φ,T )/dφ = 0,

Stationary points at finite temperature

φ(T ) = 0

and

φ(T ) =

√
2D(T 2

o − T 2)

λ(T )

Therefore the critical temperature is given by To . This
phase transition is called of second order, because there is
no barrier between the symmetric and broken phases. The
phase transition may be achieved by a thermal fluctuation
for a field located at the origin. Actually, when the broken
phase is formed, the origin (symmetric phase) becomes a
maximum.
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Cartoon of second order phase transition

I At T > To , m2(0,T ) > 0 and the origin φ = 0 is a
minimum
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Cartoon of second order phase transition

I At T = To , m2(0,To) = 0 and both solutions collapse
at φ = 0
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Cartoon of second order phase transition

I At T < To , m2(0,T ) < 0 and the origin becomes a
maximum. The solution φ(T ) 6= 0 does appear
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First order phase transitions
In many interesting theories there is a barrier between the
symmetric and broken phases. This is characteristic of first
order phase transitions.
A typical example is provided by the potential

V (φ,T ) = D(T 2 − T 2
o )φ2 − ETφ3 +

λ(T )

4
φ4

where, as before, D, T0 and E are T independent
coefficients, and λ is a slowly varying T -dependent function.
Notice the addition of the cubic term with coefficient E from
bosonic fields

Critical temperatures

T 2
1 =

8λ(T1)DT 2
o

8λ(T1)D − 9E 2

T 2
c =

λ(Tc)DT 2
o

λ(Tc)D − E 2
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The first order phase transition: 1

I At T > T1 the only minimum is at φ = 0

T 2
1 =

8λ(T1)DT 2
o

8λ(T1)D − 9E 2

I At T = T1 a local minimum at φ(T ) 6= 0 appears as an
inflection point

〈φ(T1)〉 =
3ET1

2λ(T1)

I A barrier develops between a maximum and a local
minimum

φM,m(T ) =
3ET

2λ(T )

∓ 1

2λ(T )

√
9E 2T 2 − 8λ(T )D(T 2 − T 2

o )
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The first order phase transition: 2
I

T 2
c =

λ(Tc)DT 2
o

λ(Tc)D − E 2

At T = Tc the origin and the minimum become
degenerate

φM(Tc) =
ETc

λ(Tc)

and

φm(Tc) =
2ETc

λ(Tc)

I For T < Tc the minimum at φ = 0 becomes metastable
I At T = To the barrier disappears, the origin becomes a

maximum and the second minimum becomes equal to

φm(To) =
3ETo

λ(To)
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Cartoon of first order phase transition

I At T > T1 the only minimum is at φ = 0
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Cartoon of first order phase transition

I At T = T1 an inflection point appears
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Cartoon of first order phase transition

I At T < T1 local minimum appears
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Cartoon of first order phase transition

I At T = Tc origin and minimum degenerate
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Thermal tunneling

The transition from the false to the true vacuum proceeds
via thermal tunneling at finite temperature.
It can be understood in terms of formation of bubbles of the
broken phase in the sea of the symmetric phase. Once this
has happened, the bubble spreads throughout the universe
converting false vacuum into true one.
The tunneling rate is computed by using the rules of field
theory at finite temperature.
We defined the critical temperature Tc as the temperature
at which the two minima of the potential V (φ,T ) have the
same depth. However, tunneling with formation of bubbles
of the field φ corresponding to the second minimum starts
somewhat later, and goes sufficiently fast to fill the universe
with bubbles of the new phase only at some lower
temperature Tt when the corresponding euclidean action
SE = S3/T suppressing the tunneling becomes
O(130− 140), as we will see.
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We will use as prototype the Standard Model potential

V (φ,T ) = D(T 2 − T 2
o )φ2 − ETφ3 +

λ(T )

4
φ4

which can trigger, as we showed in this section, a first order
phase transition. In this case the false minimum is φ = 0,
and the value of the potential at the origin is zero,
V (0,T ) = 0.
The tunneling probability per unit time per unit volume is
given by

Γ

ν
∼ A(T )e−S3/T

The prefactor A(T ) is roughly of O(T 4) while S3 is the
three-dimensional euclidean action
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The bounce

At very high temperature the bounce solution has O(3)
symmetry and the euclidean action is then simplified to,

S3 = 4π

∫ ∞

0
r2dr

[
1

2

(
dφ

dr

)2

+ V (φ(r),T )

]

where r2 = ~x 2, and the euclidean equation of motion yields,

d2φ

dr2
+

2

r

dφ

dr
= V ′(φ,T )

with the boundary conditions

lim
r→∞

φ(r) = 0

dφ

dr

∣∣∣∣
r=0

= 0
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Let us take φ = 0 outside a bubble. Then S3, which is also
the surplus free energy of a true vacuum bubble, can be
written as

S3 = 4π

∫ R

0
r2dr

[
1

2

(
dφ

dr

)2

+ V (φ(r),T )

]

where R is the bubble radius. There are two contributions to
S3: a surface term FS , coming from the derivative term, and
a volume term FV , coming from the second term. They
scale like,

S3 ∼ 2πR2

(
δφ

δR

)2

δR +
4πR3〈V 〉

3

where δR is the thickness of the bubble wall, δφ = φm and
〈V 〉 is the average of the potential inside the bubble.
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Thin wall bubbles
For temperatures just below Tc , the height of the barrier
V (φM ,T ) is large compared to the depth of the potential at
the minimum, −V (φm,T ). In that case, the solution of
minimal action corresponds to minimizing the contribution
to FV coming from the region φ = φM . This amounts to a
very small bubble wall δR/R � 1 and so a very quick
change of the field from φ = 0 outside the bubble to φ = φm

inside the bubble.
Therefore, the first formed bubbles after Tc are thin wall
bubbles.
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In the limit of ε(T ) � 1

ε(T ) =
Tc − T

Tc − To

the initial bounce is very close to φm for large r and the
viscosity damping force can very soon be neglected. Then

dφ

dr
=

√
2V (φ,T )

Thin bubbles

The critical radius is obtained by extremizing the action.
For the Standard Model potential

Rc =

√
2λ(T )

3ET ε(T )

and the action at the critical radius given by

S3 =
64π

81

ET

(2λ(T ))3/2ε(T )2
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Thick wall bubbles

Subsequently, when the temperature drops towards To the
height of the barrier V (φM ,T ) becomes small as compared
with the depth of the potential at the minimum −V (φm,T ).
In that case the contribution to FV from the region φ = φM

is negligible, and the minimal action corresponds to
minimizing the surface term FS . This amounts to a
configuration where δR is as large as possible, i.e.
δR/R = O(1): thick wall bubbles
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For the case of thick bubbles, δR ∼ R and the free energy of
the bubble can be written as

S3 ∼ 2πR(δφ)2 +
4πR3〈V 〉

3

The critical radius of the bubble obtained as the maximum
of the action

Rc ∼
δφ√
−2〈V 〉

Thick bubbles

The action at the critical radius is

S3 ∼
(δφ)3√
−〈V 〉

and for the Standard Model potential

S3 ∼
ET

λ(T )3/2
(1− ε(T ))3/2
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Bubble nucleation
I Whether the phase transition proceeds through thin or

thick wall bubbles depends on how large the bubble
nucleation rate is, or how small S3 is, before thick
bubbles are energetically favoured.

I The progress of the phase transition depends on the
ratio of the rate of production of bubbles of true
vacuum over the expansion rate of the universe. For
example if the former remains always smaller than the
latter, then the state will be trapped in the supercooled
false vacuum. Otherwise the phase transition will start
at some temperature Tt by bubble nucleation. The
probability of bubble formation per unit time per unit
volume is given by

Γ

ν
∼ A(T )e−S3/T

where B(T ) = S3(T )/T , A(T ) = ωT 4, where the
parameter ω is O(1).
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Conclusion

I The progress of the phase transition should depend on
the expansion rate of the universe.

I We have to describe the universe at temperatures close
to the electroweak phase transition.

I A homogeneous and isotropic (flat) universe is
described by a Robertson-Walker metric which, in
comoving coordinates, is given by
ds2 = dt2 − a(t)2

(
dr2 + r2dΩ2

)
, where a(t) is the

scale factor of the universe. The universe expansion is
governed by the equation(

ȧ

a

)2

=
8π

3M2
P`

ρ

I For temperatures T ∼ 102 GeV the universe is
radiation dominated, and its energy density is given by,

ρ =
π2

30
g(T )T 4, g(T ) = gB(T ) +

7

8
gF (T )

where gSM = 106.75
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ȧ

a

)2

=
8π

3M2
P`

ρ

I For temperatures T ∼ 102 GeV the universe is
radiation dominated, and its energy density is given by,

ρ =
π2

30
g(T )T 4, g(T ) = gB(T ) +

7

8
gF (T )

where gSM = 106.75



Field Theory @
Finite

Temperature
&

Phase Transitions

Mariano Quirós

Introduction

Generating
functionals

Green functions

Imaginary time
formalism

Real time
formalism

Effective potential

The Standard
Model

Cosmological
phase transitions

Second order
phase transitions

First order phase
transitions

Thermal tunneling

Bubble nucleation

Conclusion

I The progress of the phase transition should depend on
the expansion rate of the universe.

I We have to describe the universe at temperatures close
to the electroweak phase transition.

I A homogeneous and isotropic (flat) universe is
described by a Robertson-Walker metric which, in
comoving coordinates, is given by
ds2 = dt2 − a(t)2

(
dr2 + r2dΩ2

)
, where a(t) is the

scale factor of the universe. The universe expansion is
governed by the equation(

ȧ
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Conclusion

I Assuming an adiabatic expansion of the universe,
a(T1)T1 = a(T2)T2, one obtains the following
relationship,

t = ζ
MP`

T 2
, ζ =

1

4π

√
45

πg
∼ 3× 10−2

I The onset of nucleation happens at a temperature Tt

such that the probability for a single bubble to be
nucleated within one horizon volume is ∼ 1∫ ∞

Tt

dT

T

(
2ζMPl

T

)4

exp{−S3(T )/T} = O(1) .

which implies numerically,

Nucleation condition (electroweak)

B(Tt) ∼ 137 + log
102E 2

λD
+ 4 log

100 GeV

Tt
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Conclusion

Missing topics

I Field theory at finite temperature has an IR divergence:
it has to be cured by improving the theory with
resummations, e.g. hard thermal loops,...

I EWBG requires large CP violation and strong first-order
phase transition: neither of them is provided by the
Standard Model effective potential

I They can be provided in extensions of the SM: e.g. the
MSSM

I The theory of phase transitions has wide applications in
model building of inflation: old inflation, new inflation,
extended inflation, hybrid inflation,...



Field Theory @
Finite

Temperature
&

Phase Transitions

Mariano Quirós

Introduction

Generating
functionals

Green functions

Imaginary time
formalism

Real time
formalism

Effective potential

The Standard
Model

Cosmological
phase transitions

Second order
phase transitions

First order phase
transitions

Thermal tunneling

Bubble nucleation

Conclusion

Conclusion

Missing topics

I Field theory at finite temperature has an IR divergence:
it has to be cured by improving the theory with
resummations, e.g. hard thermal loops,...

I EWBG requires large CP violation and strong first-order
phase transition: neither of them is provided by the
Standard Model effective potential

I They can be provided in extensions of the SM: e.g. the
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From compact objects to cold atom experiments

How to get from here to there ?
Or alternately, how I got from there to here ? 

T/TF~ 0.2 T/TF~ 0.1 T/TF~ 0.05
T/TF~ 0.0001

Condensate of 6Li atoms (Ketterle Group) 

Isolated Neutron Star



  

Introduction to neutron stars: A nuclear physics 
perspective

Page & Reddy,  Ann.Rev.Nucl.Part.Sci.56:327-374, (2006)

What is the nature of matter 
inside neutron stars ?

Difficult to probe directly, but 
observations + theory + 
simulations can help us 
infer:  
•Mass
•Radius
•Crust Thickness
•Internal Temperature
•Dissipation rates 



  

Neutron Star Mass: 
Origin of the 
clustering at 
MNS~1.4 Msolar ?

EoS at high density: 
what is the heaviest 
neutron stars one can 
make ? 
Difficult to make 
heavy NS with soft 
EoS.



  

Mass Extraction from Timing Data: 
General Relativistic 
Orbital Decay: 

Heaviest neutron star 
(known) in a
NS-WD binary (Pb~ 6 hrs): 
PSR J0751+1807

Keplerian relation:

MNS=2.1±0.2 M  (68%)
      ≈2.1 ± 0.5 M (95%)



  

Mass-Radius: Model Predictions & 
Observational constraints 

•Heavy stars 
would disfavor 
a strong 1st-
order transition*

•Radius not 
particularly 
sensitive to the 
high density 
behavior 



  

Woosley & Taam (1976),Woosley, Heger  et al. (2004)
Review: Strohmayer & Bildsten (2006)

Features in light curve are 
sensitive to mass and radius. 
Eg. Secure identification of 
Eddington luminosity & thermal 
cooling in the light curve can 
simultaneously infer both mass 
& radius.  
Potentially many other features 
exist to provide cross-checks.

Recurrence times: hours-days
Duration: 10-100 s
Energy: 1039-1040 ergs

Ozel, Nature 441:1115 (2006)

X-Ray Bursts

~ 70 sources in 
our galaxy.



  

Quiescent Luminosity of Soft X-Ray Transients.
In some binaries accretion is intermittent. 
Large outbursts (Lburst~1037-1038 ergs/s) due to  disk instabilities 
are followed by a quiescent phase with Lq ~1033 ergs/s. 

Quiescent Luminosity is 
powered by nuclear reactions in 
the inner crust.  Haensel, Zdunik, A&A 227, 321 (1990)

Brown, Bildsten, Rutledge, ApJ L95, 504 (1998)

Some sources indicate rapid 
neutrino cooling.



  

Superbursts are longer duration (hours) 
bursts with recurrence times days-
years. 
Likely to be ignition of carbon poor 
ashes produced during XRB activity.

4U 1636-54

Superbursts:

Woosley & Taam (1976), Cumming & Bildsten (2001) 

Strohmayer & Brown (2002) 

Keek, in 't Zand, Cumming, astro-ph/0605689.

Neutron Star Thermometer:
Ignition (recurrence times) 
very sensitive to the thermal 
profile of the neutron star 
crust. 

Thermal Profile of the Crust

Superburst Recurrence Time 



  

Neutron Star Cooling

Cooling is due to core neutrino 
emission for the first 105 -106 yrs.

Minimal Cooling Model

Page, Lattimer, Prakash, Steiner, ApJS.155:623 (2004)

QuickTime and aŞ  
TIFF (Uncompressed) decompressor  
are needed to see this picture.     

Lν~ 1021 T9
8 erg/cm3s

Slow or standard cooling

Fast Cooling
“single particle reactions”

Lν~ 1024-26 T9
6 erg/cm3s



  

Giant Flares & Crustal Shear Modes 

SGR 1806-20Catastrophic outbursts from 
highly magnetized neutron stars. 

1) How are they triggered ?  
2) Are observed QPOs 
seismic in origin ?

SGR 0525-66 
(1979)
SGR 1806-20
(1979/1986/2004*) 
SGR 1900+14 
(1979/1986/1998*)
SGR 1627-41
 (1998)

QPOs likely to be crustal 
shear modes: 
Neutron star seismology ?

Strohmayer & Watts, astro-ph/0608463

http://en.wikipedia.org/w/index.php?title=SGR_0525-66&action=edit
http://en.wikipedia.org/wiki/SGR_1806-20
http://en.wikipedia.org/w/index.php?title=SGR_1900_plus_14&action=edit
http://en.wikipedia.org/w/index.php?title=SGR_1627-41&action=edit


  

Deformation propagates. Low 
order modes have crust 
deformations ie shear motions 
that are tangential (toroidal 
modes). The Y is along the radial 
direction. 
Motion is along X & Z. 

Shear Wave Speed vS = (µ/ρ)1/2

Shear Waves in Solids



  

Shear Oscillations of the Crust 
Piro, Astrophys.J. 634 L153 (2005) 

Equation of Motion (elastic modes) : 



  

Shear Speed In Compact Stars
Variation in Shear Speed 
inside the regular crust is 
small  (vs ~ 108 cm/s) 

~ 30 Hz

~ 600 Hz



  

Duration of the supernova neutrino “burst”

• 1057 neutrinos
• time scale ~ 10 s
• neutrino energy:        

• total energy emitted in 
neutrinos:  ~ 3 X 1053 ergs 
~ 0.2 Msun c2

  

€ 

En e
» 15 MeV

SN 1987a: ~ 20 events ..in support of 
supernova theory



  

3×107 km

1500 km

10 km

B. E. ~2-3 X 
1053 ergs

100 km

Hot & dense
Proto-neutron
Star: t~1-2 s

Core collapse
 tcollapse ~100 ms

Supernova Neutrinos - a (proto) neutron star is born

Shock wave
Eshock~1051ergs

Binding energy emitted in neutrinos.
Neutrino’s diffuse !

€ 

τC » CV

R2

c l n



  

simulations with normal quark matter
(delayed collapse to black-holes)

Pons, Steiner, Prakash and Lattimer, Phys.Rev.Lett. 86, 5223 (2001)

Early attempts at 
including quark matter 
in PNS simulations:
Ignores corrections 
to mean free paths 
arising due to 
coherent scattering & 
Goldstone excitations



  

Limiting Spin Frequency ? 
Can a neutron star 
spin close to its 
Keplerian frequency ?

If r-modes are not 
damped NS cannot 
spin !

Damping due to shear, 
crust-core boundary 
layer viscosity and 
bulk viscosity in the 
core is important.     

At 1 kHz, bulk viscosity is due to weak interactions 



  

What will know about 
NS’s in the near future ? 

Answer: 
• Mass
• Radius 
• Temperature
• Crust thickness
• Dissipation rates

To what extent does fermion 
superfluidity play a role in 
theoretical predicitions for these 
quantities ?  

Answer:
•Known to be important 
for thermal evolution 
and dissipation. 

•Could affect M and R if 
pairing is large.



  

Pairing in Nuclear Matter

BCS superfluid gaps in neutron matter 
Fig. from Schwenk nucl-th/0611046

•Pairing very likely.
•Gaps ~ 1 MeV.
•Role of many-body 
effects not well 
constrained yet.
•Pairing energy 
small compared to 
EF~100 MeV. 

•Unlikely to play a 
role in the structure 
(M & R).  
•Very important for 
response properties. 



  

Dissipation and cooling phenomena

Neutron star cooling 

Superburst recurrence 
time 

R-mode damping 

Supernova neutrino 
burst duration
  

Neutrino emissivity

Neutrino processes 
in inner crust

Bulk viscosity due to weak 
interaction

Neutrino mean free path in the 
dense core 

Weak interactions at large density key to 
understanding neutron star evolution. 



  

Neutrino interactions probe the medium

€ 

L =
GF

2 2
ln (x) jm(x)

ln = n(x) g
n
(1- g5) n(x)

jm = y (x)(cV gm - cAgmg5+ iF2 s mn qn
2M

) y (x)
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d2s
V d cosq d  ˘E 
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2 E

 ˘E 
Im Lmn(k,k + q) P mn(q)[ ]

Lmn = Tr [ lm(k) ln (k + q) ]

P mn =
d4 p

(2p)4ň Tr [ jm(p) jn ( p + q) ]

n,p,e-

q q

target

E
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Neutrinos probe phase structure 

€ 

jm(x) = y (x) gm(cV - cAg5) y (x)
NR

® cV y +y dm0 - cA y + s i y dmi

Low density (ρ <1014g/cm3): 
nucleons are non-relativistic 
p/M << 1

Neutrinos couple to fluctuations of density and spin 
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Spectrum of 
density and spin 
fluctuations



  

Spectrum of density fluctuations in Superfluids

2∆



  

Lecture 2: Learning about 
strongly coupled superfluids 
from cold atom experiments



  

Fermion Superfluids
Arbitrarily weak interaction destabilizes the Fermi Gas 
(Bardeen, Cooper and Schreiffer (1957)  )

Ω(∆,φ)

φ

∆
  

€ 

Ε(p) = (
p2

2m
- m)2 + D2

∆=g <a-kak>  ∆∗=g <a†
-k a†

k> 

           ∆→ |∆| eiφ



  

Pairing in Fermi Systems

•Electronic Superconductors :(∆~10-3 eV)/(EF~10 eV) ~ 10-4

•Nuclei and Nuclear Matter : (∆~1 MeV)/(EF~10 MeV) ~ 10-1

•Dense Quark Matter:  (∆~100 MeV)/(EF~400 MeV) ~ 1/4
Cold atom experiments ( 6Li and 40K atoms) can tune the 
interaction through Feshback resonances. Explore BCS, 
BEC and the cross-over region !

Several Groups: Hulet et al. (Rice); Ketterle et al. (MIT); 
Thomas et al. (Duke); D. Jin (Boulder).



  

   Cold Fermi Atoms   Neutrons
scattering
Length (a) tunable -18.5 fm
Effective
range (ro)              0 2.7 fm 

Strongly-Coupled 
Fermions with 
short-range 
interactions

Universal System: Unitary Fermi Gas

1/a-1 +1

BECBCS



  

Universal Constants at a=∞

€ 

µ = ξ εF = x
kF

2

2m
P = x PFG

D = h eF

kF=(3 π2 ρ)1/3   is the 
only scale in the 
problem. 

Experiment can measure ξ and η



  

     

0.51 (4)    Kinast, et al., 
Science (2005)

0.32 (+.13,-.1) Bartenstein, et al., 
 PRL (2004)
0.36(15) Bourdel, et al., 

PRL (2004)
0.46(5) Partridge, et al., 

PRL (2004)
0.45(5) Stewart, et al., 

PRL (2006)
0.41(15) Tarruell, et al., 

cond-mat/0701181

Measuring ξ from Energy Release

Ioffe-Prichard Trap

Magnetic trap creates a harmonic 
oscillator potential to trap atoms: 
106-107 atoms  in ~ 100 µm3

ξ Expt



  

Neutron-Neutron interaction - 
dominantly s-wave (spin 0) at low 
energy:
Large scattering length ~ -18 fm 
Modest effective range ~ 2.7 fm

Constraints for low-density neutron matter

In the universal regime GFMC & Lattice 
methods yield:   ξ = 0.4 ±0.2

GFMC for neutron matter
Carlson (2003) 

ξ EFG

 EFG

Erange



  

RF response

MIT

Rice

Vortices

Radial 
Density 
and 
polarization

Rich Set of Experimental Results



  

Asymmetric Fermi Systems

What happens when we split the Fermi surfaces ? 

Cooper Pair

En
er

gy

µ+δµ
µ µ-δµ

?

Normal BCS

Mixed Phase Gapless Superfluid LOFF Phase



  

Asymmetric Fermion Superfluids

  

€ 

µ↑ ąµŻορN ą NŻ Ţ dm=
(m - mŻ)

2
m=

(m + mŻ)

2

Gapless-Superfluid

BCS StateNormal 
State

Bedaque, et al. PRL. 91:247002,2003 Liu & Wilczek PRL.90:047002,2003 

Free energy in weak coupling:



  

 Phase Separation in Strong Coupling ? 

Pnormal(µ,δµ)=Psuperfluid(µ,δµ,∆)

Increasing coupling

Increasing coupling

Ratio δµ/∆ 
increases with 
coupling
Carlson & Reddy 
PRL (2005)



  

Asymmetric systems in cold atoms 

R

V[R]

δµ

µ[R]= µ-V[R]~ Easily realized by loading 
different numbers. 
However trapping potential 
induces space varying 
asymmetry. 

Hulet et al. (2006) 

Imaging by absorption: 
Column density v/s R.
Tomography:
     Density v/s R.  

P=0

P=0.6 P=0.95

P=0.37



  

MIT data P=0.41

  unpolarized
     superfluid

fully polarized
normal state

Polarization DensityTesting theory
Expt. can measure: 
            δn=n↑-n↓

At T=0:
 BCS state is unpolarized. 
At finite T:
    δn[r] ∝ exp(-(∆[r]-δµ)/kT)

The fully polarized normal state is a non-interacting Fermi-Gas:
Can extract: µ+δµ and kT. 
At the center the state is unpolarized (independent of δµ) : 
Can extract: µ



  

Thermally 
Populated
Quasi-Particles

Normal State

∆=ηεF
∆≈0.5 εF≈1.2µ

Carlson & Reddy (2007) in prep.

Extracting the gap from polarized systems



  
Carlson & Reddy
PRL 95, 060401 (2005)

QMC predictions for the energy of quasi-
particle in the superfluid can be tested.  

∆~0.5 εF

Quasi-particle dispersion relation



  

BCS

Pairing Gap difficult to get 
right in approximate many-
body theories.

Attempts to use GFMC with 
realistic neutron-neutron 
interactions (including 
range) are underway. 
Carlson et al (2007) in prep. Dean and Hjorth-

Jenson
RMP (2003)

Neutron Matter Pairing Gap



  

Response to External Perturbations 

Gap modifies excitation spectrum 
Pairing introduces coherence effects

+

    

€ 

Πµν(
r 
q ,qo ) = d4pň Tr [ G(p) GmG(p + q)Gn ]

              =

 p+q

 p

 p+q

 p

ΓνΓµ

Γµ
Γν



  

Collective (Goldstone) modes

= +
p

 p+q

 q
Γµ

γµ
Γµ

  

€ 

Generalized Ward Identity :

qmGm

m

ĺ = t 3
NG ÷ G - 1(p) - ÷ G - 1(p + q)t 3

NG

     if lt
q ® 0

l (q) is finite 

G(q = (
r 
q ,qo) is singular at 

             qo = csq 

     

        

Goldstone mode

Bogoliubov, Nuovo Cimento, 7, 6 (1958)
Anderson, Phys. Rev. 112, 1900 (1958)
Nambu, Phys. Rev. 117, 648 (1960)

λ(q)



  

Weak Interactions in Dense  Superfluids

Carter & Reddy Phys.Rev.D62:103002,(2000)
Kundu & Reddy Phys.Rev.C70:055803,(2004)



  

 Response Functions 
From Cold-Atom Expt.
Laser probe 
can be 
tuned to 
produce 
specific 
transitions 

Threshold has 
information about 
the gap:  

ωth~0.3 εF

Implies 
∆ ~ 0.5 εF

ωk=EQP(k)+E3(-k)+V13-µ

€ 

S(w) µ d3kň n(k) d(w - ÷ w k )

~

|3>

€ 

|2>

|1>

Example: |2>→|3> Transition



  

Quark Matter

Naïve Analysis:
Hadrons overlap-> quarks delocalize to form a
Relativistic Fermi Liquid
Chiral Symmetry is restored, excitation spectrum 
starts at zero energy

 BCS Analysis:
Quark matter is a color superconductor: Gluon 
exchange is attractive in color anti-symmetric 
channel    ❮ ψia (p) ψjb (-p)❯  ~ ∆ εijA εAab



  

Color-Flavor Locked Phase

BCS pairing of all 9 quarks:
    ∆ ≈ 100 MeV !

Excitation Spectrum
  

€ 

ΕΓΒ: Υ Β (1) =  0
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Εθυαρκ ≈ 2D
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ΕΓΒ: ΣΥ Χ(3) ⊗ΣΥ Λ(3)ÄSU R (3) 

   »  
D
m
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Εγλυον≈ gm

En
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gy

Alford, Rajagopal & Wilczek, Nucl. Phys. B 558, 219 (1999)
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ΣΥ(3) χολορ⊗ ΣΥ(3) Λ ⊗ ΣΥ(3) Ρ ⊗ Υ(1)Β
                          ⇓
             ΣΥ(3) χολορ+Λ+Ρ ⊗ Ζ2



  

Charge Neutrality in Dense Quark Matter

u d s   

€ 

µ σ
2

4 µ

  

€ 

µ σ
2

2µ
  

€ 

µ σ
2

4 µ

 e- P
F

Normal Quark Matter 
  requires electrons 
for charge neutrality
                ⇓
    breaks iso-spin

Alford, Rajagopal, Reddy and 
Wilczek  
Phys.Rev.D64:074017, (2001)  CFL requires ∆ ≥ ms

2/4µ



  

Outlook
Progress is being made on three fronts: (1) Observations,
(2) Theory & (3) Terrestrial Experiments. 

We can relate specific properties of dense matter to 
neutron star observables. Response functions are key to 
several transient phenomena. 

Pairing and response of strongly interacting Fermi 
systems can be probed in cold-atom experiments and are 
useful to constrain many-body theory.

Prospects to constrain the properties of cold dense matter 
from astrophyics are real. But needs realistic and 
controlled calculations of both the astrophysics and 
nuclear physics.    



Luciano Rezzolla

Albert Einstein Institute, Potsdam, Germany

Dept. of Physics and Astronomy, Louisiana State Univ. Lousiana, USA

Modelling sources of GWs: 
vacuum spacetimes

47-th Cracow School of Theoretical Physics, Zakopane, June 2007



• Numerical relativity: Why? 

• Numerical relativity: Why so hard?

• Numerical relativity: How (vacuum)?

• Numerical relativity at the AEI

• One example:

o  Inspiral and merger of binary black holes 

• I will assume basic knowledge of general relativity

Plan of the talk



  Among other things, numerical relativity aims at:

• solve Einstein equations without approximations(!)…

• solve the binary problem(s)…

• investigate the complex physics of gravitational collapse 

• investigate the formation and dynamics of horizons

• investigate structure and stability of NSs

• modelling sources of gravitational waves

Numerical Relativity: why?



A simple, back-of-the-envelope calculation in the Newtonian  
quadrupole approximation shows that the luminosity in 
gravitational waves (energy emitted in gws per unit time) is

Modelling source of GWs

Lgw =
!

G

c5

" !
M!v2"

!

"2

#
!

G

c5

" !
M

R

"5

i.e. intense sources are compact, massive and move at 
relativistic speeds: general relativity is indispensable.

!
G

c5

"
! 3.8" 10!60erg s!1

i.e. even the gws from the most intense sources will 
statistically reach us as very weak

What makes gw-astronomy challenging is



Not just an academic exercise
The calculation of the waveforms is not just an academic 
achievement. Several millions €s and thousands man-hours are 
dedicated to one of the most challenging physical experiments.

Knowledge of the 
waveforms can  
compensate for the 
very small S/N 
(matched-filtering). ⇒ 

Enhance detection and 
allow for source- 
characterization 
possible.



✴ No obviously “better” formulation of the Einstein equations
• ADM, conformal traceless decomposition, first-order hyperbolic, harmonic, …???

✴ Coordinates (spatial and time) do not have a specific meaning
• this gauge freedom needs to be handled with care!

Numerical Relativity: why so hard?…



Which part of the spacetime to cover?…

The standard choice 
for most groups

The spatial slices have 
finite extent (outer 
boundary in strong 
field region)

The spatial slices have 
infinite extent (infinity 
on the grid)

The slices are on in-
outgoing light cones  
(ideal for radiation, less 
for intuition…)

Images by D. Pollney



✴ No obviously “better” formulation of the Einstein equations
• ADM, conformal decomposition, first-order hyperbolic form, harmonic, …???

✴ Coordinates (spatial and time) do not have a special meaning
• this gauge freedom need to be handled with care!
• gauge conditions must avoid singularities 
• gauge conditions must counteract grid stretching 

Numerical Relativity: why so hard?…



Choosing the right temporal gauge  
Suppose you want to follow the gravitational 
collapse to a bh and assume a simplistic gauge 
choice:

α = 1, β = 0  (geodesic slicing)

That would lead rapidly to a code crash! No  
chance of ever measuring gws!…

Need to use smarter gauges!

You want time to advance at different rates 
at different positions in the grid: “singularity 
avoiding slicing”.

α =α(t,xi), β=β(t,xi) (e.g. maximal slicing)

Some chance of measuring gws!…



✴ Einstein field equations are highly nonlinear
• essentially unknown in these regimes (well-posedeness not enough!...)

✴ Physical singularities are the “butter-and-bread” of NR
• delicate techniques are needed to “excise” the troublesome region

✴ No obviously “better” formulation of the Einstein equations
• ADM, conformal decomposition, first-order hyperbolic form, harmonic, …???

✴ Coordinates (spatial and time) do not have a special meaning
• this gauge freedom need to be handled with care!
• gauge conditions must avoid singularities 
• gauge conditions must counteract grid stretching 

Numerical Relativity: why so hard?…



excising parts of the spacetime with singularities…
apparent horizon found on a given Σt 

In principle, the yellow region is causally 
disconnected from the blue one (ligth 
cones are “tilted in”); no boundary 
conditions would be needed at the 
apparent horizon.
In practice, the actual excision region 
(“legosphere”: black region) carved well 
inside the horizon.

NOTE: 

o the Einstein equations are highly nonlinear in the 
yellow region! All sorts of numerical problems...

o the (apparent) horizon must be found; this is an 
expensive operation…

o the excised region has to move on the grid…
Images by D. Pollney



✴ Einstein field equations are highly nonlinear
• essentially unknown in these regimes (well-posedeness not enough!...)

✴ Physical singularities are the “butter-and-bread” of NR
• delicate techniques are needed to “excise” the troublesome region

✴ No obviously “better” formulation of the Einstein equations
• ADM, conformal decomposition, first-order hyperbolic form, harmonic, …???

✴ Coordinates (spatial and time) do not have a special meaning
• this gauge freedom need to be handled with care!
• gauge conditions must avoid singularities 
• gauge conditions must counteract grid stretching 

Numerical Relativity: why so hard?…

✴ Simply more equations to solve: stretching supercomputers resources!

• large turn-around times make experimentation difficult (2-3 weeks/simulation)
• implementations of AMR techniques is extremely problematic 



Numerical Relativity: how?…

In this first lecture we will consider               and deal only 
with the Einstein field equations in vacuum: 6, highly-nonlinear, 
2nd order partial differential equations

Tµ! = 0

Let’s recall the equations we are dealing with:



Disregarding the intrinsinc equality between spatial and time coordinates, 
numerical relativity follows the traditional approach in the solution of time-
dependent problems and foliates the 4D spacetime in a series of t=const 
spatial hypersurfaces      , ie a stack of 3D spacetimes

Σt

Measures the “clocks ticking rates” on two Σt

Measures distances among points on a Σt

unit timelike 4-vector normal to Σt

Measures the “stretching” of coordinates

€ 

n =
1
α
∂t −β

j∂ j( )
€ 

γ ij  :: 3−metric tensor
€ 

βi :: shift vector
€ 

α  :: lapse function

ds2 = !(!2 ! "i"
i)dt2 + 2"idxidt + #ijdxidxj

!t



Given a space-like slice     , while the three-metric      measures 
spatial (!) distances among points, the extrinsic curvature      
measures the curvature of the spatial hypersurface relative to 
the embedding 4D spacetime (i.e., it “bending”)

Consider a vector at one position     and then 
parallel-transport it to a new location 

The difference in the two vectors is proportional 
to the extrinsic curvature and this can either be 
positive or negative

!t

Kij

P
P + !P

!ij
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!̃i = "̃jk!̃i
jk

The conformal factor    , the conformal 3-metric       , the trace of the 

extrinsic curvature     , the trace-free conformal extrinsic curvature 

tensor       ,  and the “Gammas”        represent our evolution variables
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The evolution equations to be solved from one time slice to 
the next are therefore: 6+6+3+1+1=17 and it is important 
to underline that the above set of equations is hyperbolic. 

Other formulations have different properties and the ADM 
one (used for many years) is only weakly hyperbolic. 

In addition, we also compute 3+1=4 elliptic equations: the 
“constraints”.

Note we don’t actually search for a solution but just monitor 
how large the violation is, i.e.      andH Mi



Wave-extraction techniques
Computing the waveforms is the ultimate goal of most numerical 
relativity and there are several ways of extracting gws from numerical 
relativity codes: 

All have different degrees of success and this depends on the 
efficiency of the process which is very different for different sources

- asymptotic measurements

•null slicing

•conformal compactification

- non-asymptotic measurements (finite-size extraction worldtube)

•Weyl scalars

•perturbative matching to a Schwarzschild background



Wave-extraction techniques
In both approaches, “observers” are placed on nested 2-spheres and 
calculate there either the Weyl scalars or decompose the metric 
into tensor spherical-harmonics to calculate the gauge-invariant 
perturbations of a Schwarschild black hole

Once the waveforms are 
calculated, all the related 
quantities: energy, momentum 
and angular momentum 
radiated can be derived 
simply. 



Weyl scalars

where, according to the Peeling theorem,       is the scalar with the smallest 
fall-off  O(1/r).

At a sufficiently large distance from the source and in a Newman-Penrose 
tetrad frame the gws l in the two polarizations               can be written as 

It is then possible, for instance, to compute the projection of the momentum 
flux on the equatorial plane as

This quantity will be used later to calculate the recoil velocity.



Gauge-invariant pertubations

where                  are the odd and even-parity gauge-invariant perturbations 
of a Schwarschild black hole. Similarly, it is possible to compute the projection 
of the momentum flux in on the equatorial plane as



Numerical Relativity at the AEI

Cactus (www.cactuscode.org) is a computational 
“toolkit” developed at the AEI over the last 10 years 
the AEI and provides a general infrastructure for the 
solution in 3D and on parallel computers of PDEs in 
general and of the Einstein equations in particular.

Whisky (www.cactuscode.org) is a more recent 
code, developed at the AEI and SISSA, for the solution 
o f t he r e l a t i v i s t i c hyd rodynam i c s and 
magnetohydrodynamics equations in arbitrary curved 
spacetimes. 



• Binary BH evolutions for one or 
more orbits, calculating waveforms, 
energy, angular momentum, 
emitted, etc

• A careful investigation of 
the recoil velocity for 
asymmetrical binary systems.

• Development and testing of 
new code for generalized 
harmonic formulation of the 
Einstein eqs. Expected to 
provide more accuracy
Szilagyi, Pollney, LR, Thornburg, 
Winicour

Koppitz, Pollney, Reisswig, LR

Thornburg, Diener, Schnetter

Vacuum sources: binary black holes



An interesting example

Hereafter I will concentrate on a binary system of black holes with 
equal masses but unequal spin (either in direction or modulus) set 
in quasi-circular orbit 

orbital angular mom.

€ 

J
→

spin 1

€ 

a
→

1

spin 2

€ 

a
→

2



Dynamics of the horizons
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Waveforms: ψ4
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Astrophysical impact
Is there more physics and astrophysics that can be studied in this 
system besides the waveforms?

YES! The asymmetry in the system will lead to a nonzero recoil 
velocity (“bh kicks”) with important astrophysical implications

The emission of gravitational 
waves is beamed and 
asymmetrical: momentum 
radiated at an angle will not be 
compensated by the momentum 
after 1/2 orbit (“garden hose”)



r0: ↑↓ (a1/a2=-4/4)

r1: ↑↓ (a1/a2=-3/4)

r2: ↑↓ (a1/a2=-2/4)

r3: ↑↓ (a1/a2=-1/4)

r4: ↑. (a1/a2=-0/4)

We have studied the recoil velocities in a sequence 
of bhs with same mass but different spin-ratio



The general behaviour
Post-Newtonian prediction

q: mass ratio (q=1 here)

€ 

v kick = c1
q2(1− q)
(1+ q)5 +

           c2
q2a2(1− qa1 /a2)

(1+ q)5

The constants c1, c2  can be 
calculated only in full GR, but 
the PN prediction holds well.
We are working to extend 
this to a larger space of 
parameters



Summary
The modelling of sources of gravitational waves in fully nonlinear 

regimes requires the numerical solution of the Einstein equations: ie 
numerical relativity techniques

There is all the evidence that numerical relativity is living its 
“renaissance”, and our simulations have never been as accurate and 
stable.

Several groups in the world are now able to successfully compute 
the inspiral and merger of binary black holes in full generality (different 
masses and spins).

Work on vacuum sources is already having an impact on related 
fields such as astrophysics (cf. recoil velocity calculations) or gw-data 
analysis (hybrid waveforms being injected in detectors pipelines).

Much remains to be done and tomorrow will take a view of the 
progress when the right-hand-side is not zero: non-vacuum sources



Luciano Rezzolla

Albert Einstein Institute, Potsdam, Germany

Dept. of Physics and Astronomy, Louisiana State Univ. Lousiana, USA

Modelling sources of GWs: 
non-vacuum spacetimes

47-th Cracow School of Theoretical Physics, Zakopane, June 2007



• A brief Introduction to Relativistic Hydrodynamics/MHD

• Numerical solutions: basic dos and don’ts

• flux conservative formulations

• high-resolution shock capturing schemes

• Non-vacuum sources at the AEI

• One representative example:

o stellar collapse to a rotating black hole

Plan of the talk



A look at the equations

Let’s recall the equations we are dealing with:



Handling the matter content of the spacetime

From these quantities we can construct the ideal-fluid stress-energy tensor

Let:    the fluid’s 4-velocity,    the 
isotropic pressure,     the rest-
mass density,   the specific 
internal energy density 
and                        ,                                 
the total energy density

Let also    be the fluid 3-velocity 
measured by the observers  



Before looking at the solution of the hydrodynamical equations 
there are some fundamental aspects of their nonlinear properties 
which must be clarified. For this it is easier to consider the simplest 
nonlinear hyperbolic equation: inviscid Burgers equation

A representative example: Burgers’ equation

This is a well-know phenomenon 
which is usually referred to as 
“shock steepening”. Mathematically 
this is due to the fact that the 
characteristics of the equation are 
space and time dependent and 
induce a focussing: ie a shock.

Note that this happens already with 
continuous initial data!



A generic problem arises when a Cauchy problem described by a 
set of  continuous PDEs is solved in a discretized form: the 
numerical solution is, at best, piecewise constant.

This is particularly problematic 
when discretizing 
hydrodynamical eqs in 
compressible fluids, whose 
nonlinear properties 
generically produce, in a finite 
time, nonlinear waves with 
discontinuities (ie shocks, 
rarefaction waves, etc) even 
from smooth initial data! 

The problem of discretization…



This is a well-know example of 
the importance of a proper 
writing of the equation. In 
particular, in the inviscid case it 
can be written a non-flux 
conservative but also in a 
conservative form as 

A representative example: Burgers’ equation



The homogeneous partial differential equation

is written in said to be in flux-conservative (fc) form if written as

• In conservative systems, knowledge of the state vector u at one 
point in spacetime allows to determine the flux f (and so the 
evolution) for each state variable.

• Theorems (Lax, Wendroff; Hou, LeFloch) 

• fc formulation converges to the weak solution of the problem 
(ie a solution of the integral form of the fc form)

• nfc converges to the wrong weak solution of the problem 

Conservative form of the equations



where                                is the specific enthalpy and the Lorentz 
factor is defined as

The first step in rewriting the above equations in a fc form requires 
the identification of suitable “conserved” quantities in place of the 
“primitive” variables                . A little algebra shows that these are:

Consider for simplicity an non-magnetized ideal fluid



In this way one obtains the “Valencia” formulation (Banyuls et al. 97) of 
the relativistic hydrodynamics equations 

Note that the source terms do not contain derivatives of the 
hydrodynamical quantities (leaving intact the principal part) and 
vanish in a flat spacetime

where   



Let’s restrict to a simpler but instructive problem: a homogeneous, flux- conservative 
differential equation for the scalar u=u(x,t) in one dimension

Its generic, finite-difference form is (1st-order in time, 2nd order in space) 

where

Any finite-difference form of (1) must represent           in the most accurate way. 
Different forms of calculating           lead to different evolution schemes (Forward-
Time-Centred-Space, Lax, Runge-Kutta, etc…, see www.aei.mpg.de/~rezzolla)

Discretising the problem…

and

“some approximation to the 
average flux at j+1/2”



Possible solutions to the discontinuities problem:

★ 1st order accurate schemes

• generally fine, but very inaccurate across discontinuities 
(eccessive    diffusion, e.g. Lax method)

★ 2nd order accurate schemes

• generally introduce oscillations across discontinuities 

★ 2nd order accurate schemes with artificial viscosity

• mimic Nature but not good in relativistic regimes

★ Godunov Methods

• discontinuities are not eliminated, rather they are exploited! 



Based on a simple, yet brilliant idea by Godunov (’59). An example of how basic 
physics can boost research in computational physics.

Core idea: a piecewise constant description of hydrodynamical quantities will 
produce a collection of local Riemann problems whose solution can be found 
exactly.

High Resolution Shock Capturing  (Godunov) Methods

where

is the exact solution of the Riemann problem with initial data 



It’s the evolution of a fluid initially composed of two states with different and 
constant values of velocity, pressure and density.

If the problem is linear, it can be handled analytically after rewriting the flux 
conservative equation

where A(u) is the Jacobian matrix of const. coefficients. In this way, (2) is written as a 
set of i linear equations for the characteristic variables 

What is exactly a Riemann problem?…

with Λ the diagonal matrix of the eigenvalues λi . The solution is

and       are the right eigenvectors of A

as



cell boundaries where fluxes are required

shock frontrarefaction wave

Solution at the time n+1 of 
the two Riemann problems at 
the cell boundaries xj+1/2  and 
xj-1/2

Initial data at the time n for 
the two Riemann problems 
at the cell boundaries xj+1/2  
and xj-1/2

Spacetime evolution of the 
two Riemann problems at the 
cell boundaries xj+1/2  and xj-1/2. 

Each problem leads to a shock 
wave and a rarefaction wave  
moving in opposite directions



o Binary neutron stars

o Neutron star oscillations: linear/nonlinear ; magnetized/not 

o Dynamical (barmode) instability

o Rotating collapse to black holes

o Mixed Binary systems 

o Accretion torii (magnetized/not)

Non-vacuum sources of gws at the AEI

Baiotti, Giacomazzo, LR

Baiotti, De Pietri, Manca, LR

Baiotti, Giacomazzo, LR

Ansorg, Loeffler, LR

Font, Montero, LR, Zanotti

Baiotti, Giacomazzo, Hawke, LR, Schnetter



Stellar collapse to a rotating 
black hole

Baiotti, Hawke, Giacomazzo, LR, Schnetter, Stergioulas (05-07)



Initial Data: uniformly rotating polytropes

We have built sequences of uniformly 
rotating polytropes with constant 
value of  angular momentum, up to 
the mass-shedding limit.

For simplicity we consider polytropes

      p= ρε(Γ−1) 

with 

   Γ=1+1/Ν=2 

Baiotti, et al., PRD (2005)



Collapse of D1: slowly rotating model

The star is only slowly rotating and hence almost spherical. This holds essentially 
all the time till the formation of an apparent horizon

Baiotti, et al., PRD (2005)



Collapse with excision: rapidly rotating model

Note that in this case the collapse is no longer homologous: the star first 
flattens, the collapse stalls and a disc is formed.



Collapse of D4: rapidly rotating star

No excision is used. A small amount of numerical dissipation and 
suitable gauge-conditions provide stability
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o White surface:   
apparent horizon

o Filled circles: 
event hor izon 
generators

o Grey surface:                                                 
event horizon

Dynamics of trapped surfaces

Animation by P. Diener



The collapse in a spacetime diagram
Slowly rotating star Rapidly rotating star

Each point on these diagrams summarizes ~1011 fp operations!

stalled collapse 
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Simulation for D1; similar behaviour for D4

The first waveforms form the birth of a black hole



Waveforms!

Slowly rotating model Rapidly rotating model
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Energy losses and detectability

Smaller efficiency than calculated by Stark & Piran (ΔE~1.5x10-4÷-5 M/M¤), 
but consistent with estimates from core collapse

The amplitudes can be used to calculate the energy lost to gws

  

€ 

dE
dt

=
1

32π
dQlm

+

dt

2

+ Qlm
× 2

 

 
 
 

 

 
 
 lm∑   

Slow Rapid detector

0.2 2.1 Virgo/LIGO

1.1 11 Advanced
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Building our understanding

With the basic picture clear, we are now looking at how the 
properties of waveforms depend (at times sensitively) on a 
number of factors: 

• velocity distribution (ie differential rotation)

• EOS

• perturbation type and amplitude 

• rotation rate 

First steps towards source characterization and GW-astronomy



Influencing factors: rotation

D0: almost spherical; 

D4: most rapidly spinning; 

Although the amplitude 
differs considerably with 
spin, the frequency spectra 
do not.D4: fast

D0: slow



• The energy emitted is ~ (J/M2)4 for 
sufficiently large rotations 

Energy emission from uniformly rotating stars

Overall, the gw emission from 
uniformly rotating stars is efficient 
only at very large rotation rates with 
S/N>1 at 10 kpc.

Energy emission

•Even small (eg. ~2%) pressure 
perturbations modify the collapse and 
reduce the energy emission

• Additional radial velocities (2%) can 
boost the collapse and enhance the 
emission



Differentially rotating polytropes

• The efficiency in the gw emission can be increased if large 
deviations from axisymmetry develop via dynamical instabilities.

• Differential rotation is expected in a star produced as a result of 
core-collapse or in the merger of a binary system of NSs

• Differential rotation can easily yield stars with J/M2<1 (ie sub-Kerr) 
as well as stars with J/M2>1 (ie supra-Kerr)

• A supra-Kerr star cannot collapse promptly to a Kerr bh; 
something must intervene to remove angular momentum, eg. non-
axisymmetric instabilities

Giacomazzo, LR, stergioulas (in progress)



Collapse of sub-Kerr models

We have constructed differentially 
rotating sub-Kerr models close to the  
stability limit with

A ~2% pressure  perturbation 
to trigger a collapse which is 
essentially axisymmetric but has 
nonzero contributions from 
higher multipoles

As an example: A10

M = 1.812 M; J/M 2 =0.477  

T/|W| = 0.06; Γ = 2; A=1
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Animation by B. Giacomazzo



Collapse of a supra-Kerr model

Simple is also to build 
supra-Kerr models.

Note the collapse was 
triggered with a pressure 
depletion of 99%

Modulo the Cartesian “imprints”, this seems an excellent source of 
gravitational radiation. Unfortunately, this is rather unrealistic…

As an example B1:

M=1.91Msun; rp/re=0.390

J/M 2=1.09; T/|W|=0.215
Γ = 2

Animation by B. Giacomazzo



stability limits

No systematic investigation has been made on the equilibrium models and 
this has some surprises…

Hence, all unstable 
models have J/M2<1

Sequences of typical stars at mass-
shedding limit with A=1, rp/re=0.35

All models have ρc for a static model and 
very close to mass-shedding

Sequences of stars very close to the 
stability limit (the exact position tobe 
determined via simulations). 

Again, all models have J/M2<1

More on differentially rotating polytropes



In other words:

o All differentially-rotating models that are dynamically unstable 
have J/M2≤1; collapse’s dynamics/efficiency is similar to the one for 
uniformly rotating models

o All differentially-rotating models J/M2 >1 are stable; unlikely to 
produce non-axisymmetric instabilities without huge pressure 
reductions; not yet excluded (e.g. through phase transition for 
stars near the threshold).



Characterizing the energy emission

Energy emission Note the increase in the energy 
efficiency as the differential 
rotation is increased:diff. rotating models

€ 

model A1::    ˆ A = 0.6

model A2 ::    ˆ A =1.0

model A3::    ˆ A =1.4

Slow Rapid Diffrntl 
rotation detector

0.2 2.1 4.5 Virgo/LIGO

1.1 11 27.6 Advanced

3.3 28 48.9 Dual



Summary
Also for matter, the modelling of sources of gravitational waves in 

fully nonlinear regimes requires the numerical solution of the Einstein 
equations: ie numerical relativity techniques

 When dealing with the relativistic hydrodynamics or MHD 
equations, shocks are to be expected and need to be properly handled

The best way of doing this is to write the equations in a flux-
conservative form and to use HRSC methods

Also for matter, there is all the evidence that numerical relativity is 
living its “renaissance”, and our simulations have never been as accurate 
and stable.

Much remains to be done towards a more realistic description of 
these sources. Introducing a magnetic field is a first step but also 
realistic equations of state, radiation transport, neutrino transport, etc...



Dark Matter
Leszek Roszkowski

CERN, CH & Sheffield, UK

DM, L. Roszkowski, Zakopane, June ’07 – p.1



The Two Universes

shining Universe dark Universe

DM, L. Roszkowski, Zakopane, June ’07 – p.2
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Zwicky (’33): Coma cluster
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strong gravitational lensing: arcs
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CMB: precision measurements

Milky Way (Klypin, et al.)
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Dark Matter - Evidence
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Zwicky (’33): Coma cluster
spiral galaxies
clusters of galaxies
colliding clusters: Bullet cluster
gravitational lensing
strong gravitational lensing: arcs
weak lensing

CMB: precision measurements

3dim DM distribution, Massey, et al, 2007
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spiral galaxies
clusters of galaxies
colliding clusters: Bullet cluster
gravitational lensing
strong gravitational lensing: arcs
weak lensing
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Cosmic Pie

Freedman+Turner (0308)
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What is the DM?

⇒ most matter non–baryonic
(DM problem)

⇒ DM is cold (CDM)
or possibly (?) warm

⇒ no electric nor
(preferably)

color interactions

plausible choice ⇒ WIMP

weakly interacting massive particle
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A WIMPy Idea
favored scenario: DM is made up of:

Weakly Interacting Massive Particles
stable
slow (cold)
relic from the Big Bang

WIMP: some new, unknown particle

...How weak can weak be?
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A simple, persuasive argument:
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equilibrium
freeze–out when Γ ∼< H

xf = T
mχ

≈ 1
24
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WIMP relic abundance

Ωh2 ' 1〈(
σann

10−38cm2

) (
v/c
0.1

)〉

σann – c.s. for WIMP pair–annihilation in the early Universe
v – their relative velocity, 〈. . .〉– thermal average
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WIMPs decouple from thermal
equilibrium
freeze–out when Γ ∼< H

xf = T
mχ

≈ 1
24

WIMP relic abundance

Ωh2 ' 1〈(
σann

10−38cm2

) (
v/c
0.1

)〉

σann – c.s. for WIMP pair–annihilation in the early Universe
v – their relative velocity, 〈. . .〉– thermal average

σann ∼ σweak ∼ 10−38 cm2 gives Ωh2 ∼ 1

A hint? Possibly, but...

DM, L. Roszkowski, Zakopane, June ’07 – p.9



The Big Picture

neutrino ν – hot DM
neutralino χ
“generic” WIMP
axion a
axino ã
gravitino G̃
wimpzilla

well–motivated particle candidates s.t. ΩDM ∼ 1

vastly different ranges of mass and σ, all give Ω ∼ 1

reason: different production mechanisms after the BB

solution of DM: must go beyond SM!
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gravitino G̃
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neutrino ν – hot DM
neutralino χ
“generic” WIMP
axion a
axino ã
gravitino G̃
wimpzilla

m ∼ O(1013) GeV, σ unrestricted

vastly different ranges of mass and σ, all give Ω ∼ 1

reason: different production mechanisms after the BB

solution of DM: must go beyond SM!
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The Big Picture

neutrino ν – hot DM
neutralino χ
“generic” WIMP
axion a
axino ã
gravitino G̃
wimpzilla

...plus: sterile (RH) neutrino or sneutrino, lightest Kałuża-Klein particle,
etc, etc

vastly different ranges of mass and σ, all give Ω ∼ 1

reason: different production mechanisms after the BB

solution of DM: must go beyond SM!
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The Big Picture

neutrino ν – hot DM
neutralino χ
“generic” WIMP
axion a
axino ã
gravitino G̃
wimpzilla

vastly different ranges of mass and σ, all give Ω ∼ 1

reason: different production mechanisms after the BB

solution of DM: must go beyond SM!
DM, L. Roszkowski, Zakopane, June ’07 – p.10



DM: What We Need to Know...

WIMP mass mχ

relic abundance Ωχh
2

detection: interaction
rates

⇐ f’n of model parameters

⇐ can now be computed accurately
in terms of model’s parameters

⇐ likewise

specific predictions strongly model–dependent

...may be a virtue
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WIMP Relic Abundance
WIMPs decouple from
thermal equilibrium
freeze–out when Γ ∼< H

massive ν, χ, eG, ea, . . .

xf = T
mχ

≈ 1
24

Boltzmann Eq.

dnχ

d t
= −3Hnχ − 〈σannv〉

[
n2
χ −

(
neqχ

)2
]

nχ– actual no. density of χ’s HubbleH = 100h km/ s/Mpc
`
n
eq
χ

´
– no. density of χ’s in equil. n

eq
χ ∝

“
mT
2π

”3/2
e−m/T ρχ = mχnχ

v– relative velocity ρcrit = 3H2/8πG

〈. . .〉– thermal average 〈σannv〉 =
R
dE1dE2(σannv)e

−E1/T e−E2/T

R
dE1dE2e

−E1/T e−E2/T

Ωχ = ρχ/ρcrit
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Input from particle physics...

σann

⇒ need to select specific model
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To SUSY or not to SUSY?

gauge couplings “run” with energy

DM, L. Roszkowski, Zakopane, June ’07 – p.14



SUSY Models
Two basic approaches:

general MSSM
unification based:

Constrained MSSM (CMSSM)
Non-unified Higgs mass (NUHM)
SO(10)–GUT
. . .
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MSSM
...supersymmetrized SM + R–parity

gauginos M1B̃B̃ +M2W̃ aW̃a +megg̃bg̃b

At Q = mZ : M1 ' 0.5M2, M2 ' 0.3meg

higgsinos µH̃bH̃t + h.c.

Higgs µ2
(
H2
b +H2

t

)
+ . . . tanβ = 〈vt〉

〈vb〉

squarks and sleptons m2
eqi

|q̃i|2 +m2
eli

|l̃i|2

3-linear SUSY breaking terms

————————————————–

“neutralino” χ: lightest mass e’state of (B̃, W̃ 0
3 , H̃

0
t , H̃

0
b )

Majorana fermion (χc = χ) stable, massive ⇒ LSP
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σann – input from SUSY:

σann(χχ → SM particles):

• pair annihilation
χχ → ll̄, qq̄, . . .

• resonance annihilation
χχ

Z,h,H,A−→ ll̄, qq̄, . . .

• co–annihilation
χχ± → all,
χχ′ → all,
χτ̃ → all, . . .

⇐ dominant: t–channel exchange of lightest l̃

σann ∝ 1/m4
l̃

for χ ≈ eB

⇐ dominant near poles: s–channel

exchange of Z, h0,H0, A0

⇐ dominant when ∆m ∼< 30 GeV

(MSSM: over 500 annihilation channels...)
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Spin–Independent Interactions
(SI=scalar)• elastic scatterings of WIMPs off target nuclei

via t–channel H0, h0 exchange (often dominant)
via s–channel q̃ exchange
+ 1–loop (χg) contributions

L = fq (χ̄χ) (q̄q) + . . .

• target: nucleus XA
Z

dσSI

d q
= 1

πv2 [Zfp + (A− Z) fn]
2
F 2 (QR)

q–momentum transfer, F –nuclear form–factor

• fp, fn : input from SUSY, typically fp ' fn

d σSI

d q
∝ A4 ⇐ coherent enhancement

• Convenient quantity: c.s. at q = 0: σSIp
µp =

mχmp

mχ+mp σSIp = 4
π
µ2
pf

2
p
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Relic Abundance vs. Detection Rates
Ωχh2 = ρχ/ρcrit ∝ 1/σannv

σann

(
χχ → q̄q, l̄l, . . .

)
σscat (χq → χq)

Popular argument

Ωχh
2 ∼ 10−37 cm2

〈σannv/c〉
∼ 1 ↔ σann ∼ σweak ∼ 10−2 pb

crossing symmetry: σscat (χq → χq) ∼ σann (χχ → q̄q)

⇒ LARGE!

not quite correct...
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Relic Abundance vs. Detection Rates

• Ωχh
2

σann ∝ 1/m4

l̃

...or mass of resonance

• σSI
p

σSI
p ∝ 1/m4

H0

⇒ Ωχh
2 and σSIp are controlled by different mass parameters

⇒ can have Ωχh
2 ∼ 0.1 and σSIp � σweak
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MSSM: Expectations for σSIp
general SUSY µ > 0

σSIp – WIMP–proton SI elastic scatt. c.s.
(elastic c.s. for χp → χp at zero momentum transfer)

vast ranges!!!
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Add grand unification...
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Expectations for σSIp with unification

σSIp – WIMP–proton SI elastic scatt. c.s.

blue: general MSSM
red: Constrained MSSM

much (!) more predictive

outdated!
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Constrained MSSM ...aka mSUGRA

At MGUT ' 2 × 1016 GeV:

gauginos M1 = M2 = meg = m1/2 (c.f. MSSM)

scalars m2
eqi

= m2
eli

= m2
Hb

= m2
Ht

= m2
0

3–linear soft terms Ab = At = A0

radiative EWSB

µ2 =

“
m2

Hb
+Σ

(1)
b

”
−

“
m2

Ht
+Σ

(1)
t

”
tan2 β

tan2 β−1
− m2

Z

2

five independent parameters: tanβ, m1/2, m0, A0, sgn(µ)

mass spectra at mZ : run RGEs, 2–loop for g.c. and Y.c, 1-loop for
masses
some important quantities (µ,mA, . . .) very sensitive to procedure of

computing EWSB & minimizing VH
we use SoftSusy and FeynHiggs
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CMSSM: allowed regions
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CMSSM: allowed regions
tanβ ∼< 45 tanβ ∼> 45

fixed-grid scans, assuming rigid 1σ or 2σ ranges
green: consistent with WMAP-3yr (at 2σ)
all the rest excluded by LEP, BR(B̄ → Xsγ), Ωχh2, EWSB, charged LSP,...
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Instead, allowed is this:
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Note: In both an outdated SM value of BR(B̄ → Xsγ) used. See below.
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MCMC + Bayesian Statistics
(MCMC=Markov Chain Monte Carlo)

a probabilistic approach

Advantages

efficient, nr of scan points ∝ N

easy to deal with additional parameters

easy to deal with uncertainties (expt and theor)

‘allowed’ regions function of probability

Disadvantages

random scan of points (not strictly controlled)

Powerful method of exploring multi–parameter models;
allows one to make global statements, expose correlations, etc.
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Bayesian Analysis of the CMSSM
Apply to the CMSSM:

m = (θ, ψ): model’s all relevant parameters
θ: CMSSM parameters m1/2, m0, A0, tanβ

ψ: relevant SM parameters ⇒ nuisance parameters
ξ = (ξ1, ξ2, . . . , ξm): set of derived variables (observables) ξ(m)

d: data

Bayes’ theorem: posterior pdf

p(θ, ψ|d) = p(d|ξ)π(θ,ψ)
p(d)

posterior = likelihood × prior
normalization factor

p(d|ξ): likelihood
π(θ, ψ): prior pdf
p(d): evidence (normalization factor)
usually marginalize over SM (nuisance) parameters ψ ⇒ p(θ|d)
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Bayesian Analysis of the CMSSM
θ = (m0,m1/2, A0, tanβ): CMSSM parameters

ψ = (Mt,mb(mb)
MS , αem(MZ)MS , αMS

s ): SM (nuisance) parameters
priors – assume flat distributions and ranges as:

CMSSM parameters θ
50 GeV < m0 < 4 TeV

50 GeV < m1/2 < 4 TeV
|A0| < 7 TeV

2 < tanβ < 62

flat priors: SM (nuisance) parameters ψ
160 GeV < Mt < 190 GeV

4 GeV < mb(mb)
MS < 5 GeV

0.10 < αMS
s < 0.13

127.5 < 1/αem(MZ)MS < 128.5

vary all 8 (CMSSM+SM) parameters simultaneously, apply MCMC
include all relevant theoretical and experimental errors
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Experimental Measurements
(assume Gaussian distributions)

SM (nuisance) parameter Mean Error
µ σ (expt)

Mt 171.4 GeV 2.1 GeV
mb(mb)

MS 4.20 GeV 0.07 GeV
αs 0.1176 0.002
1/αem(MZ) 127.918 0.018

new MW = 80.413 ± 0.048 GeV
(Jan 07, not yet included)
new Mt = 170.9 ± 1.8 GeV
(Mar 07, not yet included)
BR(B̄ → Xsγ) × 104:
new SM: 3.15 ± 0.23 (Misiak &
Steinhauser, Sept 06) used here

Derived observable Mean Errors
µ σ (expt) τ (th)

MW 80.392 GeV 29 MeV 15 MeV
sin2 θeff 0.23153 16 × 10−5 15 × 10−5

δaSUSY
µ × 1010 28 8.1 1

BR(B̄ → Xsγ) × 104 3.55 0.26 0.21

∆MBs 17.33 0.12 4.8
Ωχh2 0.119 0.009 0.1 Ωχh2

take as precisely known: MZ = 91.1876(21) GeV, GF = 1.16637(1) × 10−5 GeV−2
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Experimental Limits
Derived observable upper/lower Constraints

limit ξlim τ (theor.)
BR(Bs → µ+µ−) UL 1.5 × 10−7 14%
mh LL 114.4 GeV (91.0 GeV) 3 GeV
ζ2h ≡ g2ZZh/g

2
ZZHSM

UL f(mh) 3%
mχ LL 50 GeV 5%
m
χ

±
1

LL 103.5 GeV (92.4 GeV) 5%

mẽR
LL 100 GeV (73 GeV) 5%

mµ̃R
LL 95 GeV (73 GeV) 5%

mτ̃1 LL 87 GeV (73 GeV) 5%
mν̃ LL 94 GeV (43 GeV) 5%
mt̃1

LL 95 GeV (65 GeV) 5%
mb̃1

LL 95 GeV (59 GeV) 5%
mq̃ LL 318 GeV 5%
mg̃ LL 233 GeV 5%
(σSIp UL WIMP mass dependent ∼ 100%)

Note: DM direct detection σSIp not applied due to astroph’l uncertainties (eg, local DM density)
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The Likelihood: 1-dim case
Take a single observable ξ(m) that has been measured

(e.g., MW )

c – central value, σ – standard exptal error
define

χ2 = [ξ(m)−c]2
σ2

assuming Gaussian distribution (d → (c, σ)):

L = p(σ, c|ξ(m)) = 1√
2πσ

exp
[
−χ2

2

]

when include theoretical error estimate τ (assumed Gaussian):

σ → s =
√
σ2 + τ2

TH error “smears out” the EXPTAL range

for several uncorrelated observables (assumed Gaussian):

L = exp
[
− ∑

i
χ2

i

2

]
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Example: Light Higgs mass
LEP: mh > 114.4 GeV (95% CL) - if SM-like

include both experimental and theoretical error:

we find ζ2
h ≡ g2(mhZZ)MSSM

g2(mhZZ)SM
' 1

⇒ the light Higgs boson of the CMSSM is very SM-like

LEP-II limit applies
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The Big Picture
well–motivated particle candidates such that Ω ∼ 0.1

neutrino ν – hot DM
neutralino χ
“generic” WIMP
axion a
axino ã
gravitino G̃
????
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To recapitulate:

evidence for DM is convincing
WIMP: most plausible explanation
WIMP: several candidates, some well-motivated
little restriction on mass or interaction strength

characteristic WIMP interactions can be very much weaker than (electro)weak

neutralino χ: most popular candidate
neutralino detection c.s. can be much less than its ann. c.s.
detection rates SUSY model dependent

in general MSSM very wide ranges of σSIp ,
Constrained MSSM much more predictive

work them out and compare with search limits
Bayesian analysis: powerful tool to do it properly
CMSSM: light Higgs boson to be found at the Tevatron, or the model
will be ruled out
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CMSSM Higgs Boson & the Tevatron
CMSSM: light Higgs boson h0 is SM-like (SM-like couplings)

MCMC scan, Bayesian analysis Tevatron reach (CDF and D0 WG (Oct 03))

∼ 2 fb−1/experiment already on tape
⇒ enough to set 95% CL exclusion limit on 95% range of mh

...or else...
with ∼ 4 fb−1/expt: 3σ evidence over entire 95% range of mh

with ∼ 10 − 12 fb−1/expt: 5σ discovery over entire 95% range of mh

Tevatron: hope for up to∼ 8 fb−1/expt
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Probability maps of the CMSSM

arXiv:0705.2012
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similar study by Allanach+Lester(+Weber) (but no mean qof),
see also, Ellis et al (EHOW, χ2 approach, no MCMC, they fix SM parameters!)

DM, L. Roszkowski, Zakopane, June ’07 – p.37



Probability maps of the CMSSM
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unlike others (except for A+L), we vary also SM parameters
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Impact of b → sγ
recall

BR(B → Xsγ) = B(W−/t) + B(H−/t) − sgn(µ)B(χ−/et )
compute SM: full NLO + NNLO of mc (from M. Misiak); SUSY: dominant NLO

∝ tanβ, log (MS/mW )

NEW: BR(B → Xsγ) × 104

EXPT: 3.55 ± 0.26, TH: 3.11 ± 0.21

(with our inputs), (May 07)
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⇒ big shift towards large m0, FP region!
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Impact of b → sγ
recall

BR(B → Xsγ) = B(W−/t) + B(H−/t) − sgn(µ)B(χ−/et )
compute SM: full NLO + NNLO of mc (from M. Misiak); SUSY: dominant NLO

∝ tanβ, log (MS/mW )

NEW: BR(B → Xsγ) × 104

EXPT: 3.55 ± 0.26, TH: 3.11 ± 0.21

(with our inputs), (May 07)

m1/2 (TeV) 

m
0 (T

eV
)

CMSSM
µ>0

Roszkowski, Ruiz & Trotta (2007)

0.5 1 1.5 2

0.5

1

1.5

2

2.5

3

3.5

4

OLD: BR(B → Xsγ) × 104
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How to catch the WIMP?
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Strategies for WIMP Detection

direct detection (DD): measure WIMPs scattering off a target
go underground to beat cosmic ray bgnd

indirect detection (ID):
HE neutrinos from the Sun (or Earth)

WIMPs get trapped in Sun’s core, start pair annihilating, only ν ’s escape

antimatter (e+, p̄, D̄) from WIMP pair-annihilation in the
MW halo

from within a few kpc

gamma rays from WIMP pair-annihilation in the Galactic
center

depending on DM distribution in the GC

other ideas: traces of WIMP annihilation in dwarf galaxies, in
rich clusters, etc

more speculative
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Go underground/–ice/–water
... or to space

impressive experimental effort
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Direct Detection

MW is immersed in a halo of WIMPs

local density: ρχ ' 0.3 GeV/cm3

velocity v ∼ 270 km/sec, Maxwellian
flux

Φ = nχv = 1010 WIMPs
m2sec

(
ρχ

0.3 GeV/cm3

) (
100 GeV
mχ

) (
v

270 km/sec

)

energy deposit ∼ mχv
2/2 ∼ 100 keV tiny!!!
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Dark matter detection: σSIp

MCMC+Bayesian analysis

mχ (TeV)

Lo
g[

σ pSI
 (p

b)
]

CDMS−II
EDELWEISS−I

ZEPLIN−I

XENON−10

CMSSM, µ > 0

Roszkowski, Ruiz & Trotta (2007)
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compare: fixed grid scan
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Prospects for direct detection: σSIp

Bayesian analysis, flat priors
(MCMC)

mχ (TeV)

Lo
g[

σ pSI
 (p

b)
]

CDMS−II
EDELWEISS−I

ZEPLIN−I

XENON−10

CMSSM, µ > 0

Roszkowski, Ruiz & Trotta (2007)
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internal (external): 68% (95%) region

XENON-10 (June 07):
new limit σSIp ∼< 10−7 pb:

also CDMS–II (?)

⇒ explore the FP region
(largem0 � m1/2), outside of the LHC

reach

ultimately: “1 tonne” detectors:
σSIp ∼< 10−10 pb

will cover all 68% region

most probable range: 10−7 pb ∼< σSIp ∼< 10−10 pb
partly outside of the LHC reach (mχ ∼< 400 GeV)
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CDM Halo Models
...not a settled matter

fitting DM halo with a semi-heuristic formula:

ρDM(r) = ρc/

(
r

a

)γ [
1 +

(
r

a

)α](β−γ)/α

α, β, γ - adjustable parameters

ρc = ρ0
` r0
a

´γ h
1 +

“
R0
a

”αi(β−γ)/α
, ρ0 ∼ 0.3 GeV/ cm3 - DM density at r0

a - scale radius - from num. sim’s or to match observations
• adiabatic compression due to baryon concentration in the GC:
likely effect: central cusp becames steeper: “model” ⇒ “model-c”

some most popular models:
halo model a ( kpc) r0 ( kpc) (α, β, γ) small r: ∝ r−γ large r: ∝ r−β

isothermal cored 3.5 8.5 (2, 2, 0) flat r−2

NFW 20.0 8.0 (1, 3, 1) r−1 r−3

NFW-c 20.0 8.0 (1.5, 3, 1.5) r−1.5 r−3

Moore 28.0 8.0 (1, 3, 1.5) r−1.5 r−3

Moore-c 28.0 8.0 (0.8, 2.7, 1.65) r−1.65 r−2.7

Many open questions: clumps??, central cusp??, spherical or tri–axial??,. . .
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Our Milky Way
example of a reasonable model

(Klypin, et al., 2001)

based on NFW model with angular mom. exchange between baryons and DM
DM dominates only at large r, well beyond the Solar radius
DM likely to be subdominant in the inner regions
if no exchange of angular mom.: more DM in the center (but problem with fast rotating
bar?)
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Gamma Rays from the Galactic Center

in the GC: ρDM is likely to be larger
WIMP pair annihilation χχ → SMparticles ∝ ρ2

χ will be enhanced

WIMP annihilation final decay products: WW,ZZ, q̄q, . . . → diffuse γ radiation
(and/or γγ, γZ)
diffuse γ radiation: l.o.s - line of sight

dΦγ

dEγ
(Eγ , ψ) =

X

i

σiv

8πm2
χ

dNi
γ

dEγ

Z

l.o.s.
dlρ2

χ(r(l, ψ))

separate particle physics and astrophysics inputs; define:

J(ψ) =
1

8.5 kpc

„
1

0.3 GeV/cm3

«2 Z

l.o.s.
dl ρ2

χ(r(l, ψ))

and

J̄(∆Ω) = (1/∆Ω)

Z

∆Ω
J(ψ)dΩ

∆Ω - finite angular resolution of a GR detector
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Gamma Rays from the Galactic Center
diff’l flux from the cone ∆Ω

dΦγ

dEγ
(Eγ ,∆Ω) = Φγ,0

X

i

„
σiv

10−29cm3 sec−1

«
dNi

γ

dEγ

„
100 GeV
mχ

«2 `
J̄(∆Ω)∆Ω

´

Φγ,0 = 0.94 × 10−13cm−2 sec−1 sr−1

total flux

Φγ(∆Ω) =

Z mχ

Eth

dEγ
dΦγ

dEγ
(Eγ ,∆Ω)

main bgnd: π0’s from primary CR int’s with interstellar H and He atoms (π0 → γγ)

much experimental activity: EGRET, ACT (HESS, Veritas, Cangaroo, etc);
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GRs from the GC in the CMSSM
use GLAST parameters Bayesian posterior probability maps

Moore model

mχ (TeV)

Lo
g[

Φ
γ (c

m
−2

s−1
)]

GLAST

Φγ from GC
CMSSM, µ > 0

Moore et al.

∆ Ω = 10−5 sr
Ethr > 1 GeV

Roszkowski, Ruiz, Silk & Trotta (2007)
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halo model dependence

Roszkowski, Ruiz, Silk & Trotta (2007)

GLAST prospects critically depend on how cuspy the GC is
more cuspy than NFW: all CMSSM range will be explored (at 95% CL)
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WIMPs: Attractive and Testable

predicted by SUSY √

not invented to solve the DM problem √

detection: very good prospects in DM searches √

LHC: expected to discover SUSY √

...What if Nature has made a different choice?

DM, L. Roszkowski, Zakopane, June ’07 – p.50
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Alternatives to Neutralino WIMP?

Ωχh
2 ' 0.1: extremely strong constraint

how to relax it w/o giving up CDM?

(...or screwing up cosmology)

need another WIMP

(or another cosmology)

mass 6∝ MSUSY (??)

DM, L. Roszkowski, Zakopane, June ’07 – p.51



Alternatives to Neutralino WIMP?
Ωχh

2 ' 0.1: extremely strong constraint

how to relax it w/o giving up CDM?

(...or screwing up cosmology)

need another WIMP

(or another cosmology)

mass 6∝ MSUSY (??)

DM, L. Roszkowski, Zakopane, June ’07 – p.51



Alternatives to Neutralino WIMP?
Ωχh

2 ' 0.1: extremely strong constraint

how to relax it w/o giving up CDM?

(...or screwing up cosmology)

need another WIMP

(or another cosmology)

mass 6∝ MSUSY (??)

DM, L. Roszkowski, Zakopane, June ’07 – p.51



Alternatives to Neutralino WIMP?
Ωχh

2 ' 0.1: extremely strong constraint

how to relax it w/o giving up CDM?

(...or screwing up cosmology)

need another WIMP

(or another cosmology)

mass 6∝ MSUSY (??)

DM, L. Roszkowski, Zakopane, June ’07 – p.51



The Big Picture
well–motivated particle candidates such that Ω ∼ 0.1

neutrino ν – hot DM
neutralino χ
“generic” WIMP
axion a
axino ã
gravitino G̃

DM, L. Roszkowski, Zakopane, June ’07 – p.52



E–WIMPs: G̃ and ã
(extremely weakly interacting massive particles)

historically first:
eG: Pagels+Primack, Weinberg (’82)

ea: Tamvakis+Wyler (’82, pheno only)
eγ: Goldberg (’83)

χ: Ellis, et al (EHNOS) (’84)

neutral, Majorana, chiral fermions

(assume usual gravity mediated SUSY breaking)

axino gravitino

spin 1/2 3/2
interaction ∼ 1/f2

a ∼ 1/M2
P

mass 6∝ MSUSY ∝ MSUSY

mass model dependent
take it as free parameter

fa ∼ 109−12 GeV – PQ scale
MP = 2.4 × 1018 GeV – reduced Planck mass

MSUSY ∼ 100 GeV − 1 TeV – soft SUSY mass scale
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Axino E–WIMP as DM

Covi+J.E. Kim+Roszkowski, PRL’99

consider:

• ã =LSP
• χ =NLSP (LOSP)

• χ first freezes out
• then decays: χ → ã γ

τ(χ → ã γ) ' 0.3 sec
(

100 GeV
mχ

)3

. . .

(χ ' eB) ...before BBN!

• NTP: nea = nχ Ωã = mea
mχ

Ωχ

can have Ωea ' 1 while “Ωχ � 1” NTP: non–thermal production

• plus TP processes: q q → ã g̃, q̃ → ã q, . . .
TP: thermal production
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mχ

Ωχ

can have Ωea ' 1 while “Ωχ � 1” NTP: non–thermal production

• plus TP processes: q q → ã g̃, q̃ → ã q, . . .
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TP: thermal production

DM, L. Roszkowski, Zakopane, June ’07 – p.54



Axino E–WIMP as DM
Covi+J.E. Kim+Roszkowski, PRL’99

consider:
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NTP vs TP
Covi+H.-B. Kim+J.E. Kim+Roszkowski, JHEP ’01 (hep-ph/0101009)

general MSSM:

...axino cold DM: ⇒ low TR ∼< 106 GeV
DM, L. Roszkowski, Zakopane, June ’07 – p.55



Hints for axino DM from LHC?
Covi+LR+Ruiz de Austri+Small, JHEP’04 (hep-ph/0402240)

CMSSM, (standard) χ LSP CMSSM, ea LSP, mea ' mχ

both neutralino χ and stau eτ1 regions are now cosmologically allowed
NLSP lifetime � 10−7 sec ⇒ at LHC either will appear stable

if χ NLSP: standard “missing energy” signature at LHC, but DM WIMP unsuccessful
if eτ1–NLSP: charged, apparently stable ⇒ striking signature at LHC

DM, L. Roszkowski, Zakopane, June ’07 – p.56
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The Gravitino G̃
spin–3/2 partner of the graviton

• in gravity–mediated SUSY breaking models

m eG = F√
3MP

F ∼ 1011 GeV – SUSY breaking scale
MP = 2.4 × 1018 GeV – reduced Planck mass
soft masses ∼ F/MP

natural to expect: m eG ∼ GeV − TeV

• if it is the LSP. . .

can G̃ give ΩCDMh
2 ∼ 0.1?

eG: cold (not warm) DM
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Gravitino WIMP in the CMSSM
(analogous to ea LSP) Roszkowski+Ruiz de Austri+K.-Y. Choi,

hep-ph/0408227
• G̃ = LSP
• NLSP (χ or τ̃1) first freezes out, then decays

τ(NLSP → G̃+ γ/τ) ∼ 108 sec
(

100 GeV
mNLSP

)5 ( m eG
100 GeV

)2
. . .

(NLSP = χ(' eB), eτ1)
...well after BBN

⇒ NTP: NTP: non–thermal production (neglect other possible contr’s)

ΩNTP
eG =

m eG
mNLSP

ΩNLSP

⇒ TP: q q → G̃ g̃, q̃ → G̃ q, . . . TP: thermal production

ΩTP
eG ' 0.2

(
TR

1010 GeV

) (
100 GeV
m eG

) (
meg(µ)

1TeV

)2

Bolz+Brandenburg+Buchmüller (’00)

At high TR ∼> 109 GeV, TP is important
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BBN Constraint
• apply D/H + Yp + 7Li/H + 3He/D + 6Li/7Li

Cerdeño+K.-Y. Choi+Jedamzik+L.R.+Ruiz de Austri, hep-ph/0509275
new, improved analysis

follow the initial hep-ph/0408227 (L.R.+Ruiz de Austri+K.-Y. Choi)

• self–consistent, both EM & HAD, vary Bh as f’n of SUSY parameters
• adopt abundances of light elements from observations (Jedamzik):

2.2 × 10−5 < D/H < 5.3 × 10−5

0.232 < Yp < 0.258

1.11 × 10−10 < 7Li/H < 4.5 × 10−10

3He/D < 1.72

6Li/7Li < 0.1875

DM, L. Roszkowski, Zakopane, June ’07 – p.59



Example: mG̃ = 10 GeV
Cerdeño+K.-Y. Choi+Jedamzik+L.R.+Ruiz de Austri, hep-ph/0509275 and in prep.

apply all BBN: D/H + Yp + 7Li/H + 3He/D + 6Li/7Li

• only τ̃1–NLSP region remains
allowed
⇒ at LHC see charged “stable”
LOSP τ̃1 (instead of “expected”
neutral χ)

confirmed Feng, et al (Apr 04)

• low TR basically excluded
(NTP part only), must include TP
contribution to Ω eGh

2

⇒ m eG = O(100 GeV): (typi-
cally) need high TR ∼ 108 GeV

DM, L. Roszkowski, Zakopane, June ’07 – p.60
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G̃ DM ⇒ No High T Leptogenesis?

Cerdeño+K.-Y. Choi+Jedamzik+L.R.+Ruiz de Austri, hep-ph/0509275–> JCAP
and in prep.

thermal leptogenesis: TR ∼> 2 × 109 GeV (Fukugida+Yanagida)

CMSSM: enough G̃ DM
⇒ TR ∼< a few × 108 GeV

...but need large TP component

NTP not enough

⇒ popular baryogenesis scenario strongly disfavored
...in the CMSSM

DM, L. Roszkowski, Zakopane, June ’07 – p.61
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G̃ or ã: Will we ever know?

If neutralino is NLSP: points towards ã but hard to confirm
...only indirectly: discover axion and discover SUSY

If stau is NLSP: study stau decays at LHC
Brandenburg+Covi+Hamaguchi+L.R.+Steffen, hep-ph/0501287 → PLB’05

different event distributions
chance to distinguish at LHC

DM, L. Roszkowski, Zakopane, June ’07 – p.62
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The Big Picture
well–motivated particle candidates such that Ω ∼ 0.1

neutrino ν – hot DM
neutralino χ
“generic” WIMP
axion a
axino ã
gravitino G̃
????

DM, L. Roszkowski, Zakopane, June ’07 – p.63



Summary
dark matter: many possible candidates
axion, neutralino, axino, gravitino, sterile (s)neutrino, lightest Kałuża-Klein particle, etc;

(much harder to cook up a well-motivated, long-lived, underlying theory, like SUSY)

neutralino: WIMP for this decade
very good prospects for discovery in DM searches & LHC

direct detection (my bet): σSIp = 10−9±1 pb
already partially probed by current detectors...

...to be almost completely covered by planned 1-tonne detectors

indirect detection generally somewhat less promising
...but large halo model dependence

GLAST should see diffuse γ radiation from the Galactic center
...if DM halo cuspy enough

Nature may have made another choice: axino or gravitino E-WIMP?
...or some other hypothetical particle?

ã and G̃: partially testable at the LHC
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ã and G̃: partially testable at the LHC

DM, L. Roszkowski, Zakopane, June ’07 – p.64



Summary
dark matter: many possible candidates
axion, neutralino, axino, gravitino, sterile (s)neutrino, lightest Kałuża-Klein particle, etc;

(much harder to cook up a well-motivated, long-lived, underlying theory, like SUSY)

neutralino: WIMP for this decade
very good prospects for discovery in DM searches & LHC

direct detection (my bet): σSIp = 10−9±1 pb
already partially probed by current detectors...

...to be almost completely covered by planned 1-tonne detectors

indirect detection generally somewhat less promising
...but large halo model dependence

GLAST should see diffuse γ radiation from the Galactic center
...if DM halo cuspy enough

Nature may have made another choice: axino or gravitino E-WIMP?
...or some other hypothetical particle?
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The bottom line:

DM WIMP will be discovered within a decade

or else

within a millennium

...STAY TUNED
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Fundamental Interactions
Searches – Higgs, SUSY, extra-dimensions... 

Increase energy density 

pp @ LHC, LC?? 
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Fundamental Interactions
Searches – Higgs, SUSY, extra-dimensions... 

Increase energy density 

pp @ LHC, LC?? 

Collective properties 
of the fundamental interactions 

Increase extended energy density

AA @ RHIC and LHC 
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0. What do heavy-ion collisions do?
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0. What do heavy-ion collisions do?

Study QCD under extreme conditions
• High densities
• High temperatures

3



1. QCD matter
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5

QCD
QCD

QCD is the theory of strong interactions.

It describes interactions between hadrons (p, !, ...)

Asymptotic states.

Normal conditions of temperature and density.

Nuclear matter (us).

Colorless objects.

Frascati, May 2006 QGP and HIC – p.4
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QCD
QCD

QCD is the theory of strong interactions.

It describes interactions between hadrons (p, !, ...)

Quarks and gluons in the Lagrangian

Fundamental particles.

charge=+2/3 u (!5 MeV) c (!1.5 GeV) t (!175 GeV)
charge=-1/3 d (!10 MeV) s (!100 MeV) b (!5 GeV)

Colorful objects. color = charge of QCD "# vector

Similar to QED, but gluons can interact among themselves

Frascati, May 2006 QGP and HIC – p.4
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QCD
QCD

QCD is the theory of strong interactions.

It describes interactions between hadrons (p, !, ...)

Quarks and gluons in the Lagrangian

Fundamental particles.

charge=+2/3 u (!5 MeV) c (!1.5 GeV) t (!175 GeV)
charge=-1/3 d (!10 MeV) s (!100 MeV) b (!5 GeV)

Colorful objects. color = charge of QCD "# vector

Similar to QED, but gluons can interact among themselves

Gluons carry color charge "# This changes everything...

Frascati, May 2006 QGP and HIC – p.4
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QCD
QCD

QCD is the theory of strong interactions.

It describes interactions between hadrons (p, !, ...)

Quarks and gluons in the Lagrangian

No free quarks and gluons: Confinement.

Frascati, May 2006 QGP and HIC – p.4
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QCD
QCD

QCD is the theory of strong interactions.

It describes interactions between hadrons (p, !, ...)

Quarks and gluons in the Lagrangian

No free quarks and gluons: Confinement.

Strength smaller at smaller distances: Asymptotic freedom.

1 2 5 10 20 50 100 200
0.0

0.1

0.2

0.3

0.4

µ (GeV)

!s(µ)

Frascati, May 2006 QGP and HIC – p.4
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Picture
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In quantum field theory, the vacuum
is a medium which can screen charge
(quarks or gluons disturb the vacuum) 



6

Picture

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    

In quantum field theory, the vacuum
is a medium which can screen charge
(quarks or gluons disturb the vacuum) 

Confinement ⇒ isolated quarks 
or gluons = infinite energy



6

Picture

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    

In quantum field theory, the vacuum
is a medium which can screen charge
(quarks or gluons disturb the vacuum) 

Confinement ⇒ isolated quarks 
or gluons = infinite energy

Colorless packages (hadrons)
 vacuum excitations



6

Picture

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    

In quantum field theory, the vacuum
is a medium which can screen charge
(quarks or gluons disturb the vacuum) 

Confinement ⇒ isolated quarks 
or gluons = infinite energy

Colorless packages (hadrons)
 vacuum excitations

Picture

In quantum field theory, vacuum is a
medium which can screen charge.

(quarks or gluons disturb vacuum).

confinement =! isolated quarks
(gluons) = infinite energy

colorless packages (hadrons)
=! vacuum excitations.

masses:
mass (GeV)

∑

qm (GeV)

p "1 2mu + md "0.03
! "0.13 mu + md " 0.02

Islamabad, March 2004 HIC and the search for the QGP - 1. QCD matter. – p.5

Masses
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String picture
String Picture

A way of visualizing a meson !" a qq̄ pair join together by a string

Colorless object

Islamabad, March 2004 HIC and the search for the QGP - 1. QCD matter. – p.6
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String picture
String Picture

A way of visualizing a meson !" a qq̄ pair join together by a string

Colorless object

The potential between a qq̄ pair at separation r is

V (r) = !A(r)

r
+ Kr

Islamabad, March 2004 HIC and the search for the QGP - 1. QCD matter. – p.6
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String picture
String Picture

A way of visualizing a meson !" a qq̄ pair join together by a string

Colorless object

The potential between a qq̄ pair at separation r is

V (r) = !A(r)

r
+ Kr

When the energy is larger than mq + mq̄ a qq̄ pair breaks the string
and forms two different hadrons.

Islamabad, March 2004 HIC and the search for the QGP - 1. QCD matter. – p.6

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    



7

String picture
String Picture

A way of visualizing a meson !" a qq̄ pair join together by a string

Colorless object

The potential between a qq̄ pair at separation r is

V (r) = !A(r)

r
+ Kr

When the energy is larger than mq + mq̄ a qq̄ pair breaks the string
and forms two different hadrons.

In the limit mq " # the string cannot break (infinite energy)

Islamabad, March 2004 HIC and the search for the QGP - 1. QCD matter. – p.6
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Chiral symmetry

In the absence of quark masses the QCD Lagrangian splits into 
two independent quark sectors

LQCD = Lgluons + iq̄L!µDµqL + iq̄R!µDµqR

For two flavors                       is symmetric under 

However, this symmetry is not observed

Solution: the vacuum     is not invariant

Symmetry breaking 

Golstone’s theorem       massless bosons associated: pions

(i = u, d)LQCD SU(2)L ! SU(2)R

|0!

!0|q̄LqR|0" #= 0 $% chiral condensate

=!
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So, properties of the QCD vacuum

confinement
chiral symmetry breaking
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So, properties of the QCD vacuum

confinement
chiral symmetry breaking

Is there a regime where these symmetries are restored?

QCD phase diagram
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Free quarks and gluons?

Asymptotic freedom: quarks and gluons interact weakly

@ small distances        increase density
@ large momentum        increase temperature

Phase transition?
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Asymptotic freedom: quarks and gluons interact weakly

@ small distances        increase density
@ large momentum        increase temperature

Phase transition?
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How? Where?

These phases could exist in several situations

The early Universe some      after the Big-Bang
 order of the transition has cosmological consequences
In the core of neutron stars
In experiments of heavy-ion collisions

µs

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    
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Heavy-ion collisions, some history...

Landau (1953) applies hydrodynamics to hadronic collisions. 

Assumptions

Large amount of the energy deposited in a short time in a small region     
o    of space (little fireball) with the size of a Lorentz-contracted nucleus

Created matter is treated as a relativistic (classical) ideal fluid

Equation of state 

The hydrodynamical flow stops when the mean free path becomes
      of the order of the size of the system: freeze out

Normally, the condition is

In this model the multiplicity      is proportional to the entropy. Check that for an isoentropic 
expansion                     . [This is in rough agreement with data] 

T ! m!

P = !/3

!n"
!n" #

!$
s
"1/2
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More on hydrodynamics

Hydrodynamics is one of the most active field of research in HIC

Main goal: check the degree of thermalization of the system 

Tµ! = (! + p)uµu! ! pgµ!

!µTµ! = 0
Equations of motion of a relativistic fluid

Where, the energy-momentum tensor for an perfect fluid is

      here   is the energy density,    the pressure and     the flow velocity

The system is closed with an equation of state, ex. 

The initial conditions need to be fixed

P = !/3

uµp!
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Bjorken model (1982)

The hydrodynamic equation is now

And the solutions are  

 Assume infinite nuclei (in transverse plane)

 Define rapidity

 At asymptotic energies, boost invariance 
tells that properties cannot depend on rapidity, 
but only on proper time. So, initial conditions 

p(!); "(!); uµ = #2(1, 0, 0, z/t)

d!

d"
+

! + p

"
= 0

Ex. Check these equations; check that the 
entropy per unit rapidity is constant; check that 
the temperature drops as 

!(") =
!0

"4/3 !!1/3

y =
1
2

log
t + z

t! z
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PbPb @ the LHC in hydro

Evolution of the temperature with time
[simulations by V. Ruuskanen and H. Niemi]
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PbPb @ the LHC in hydro

Evolution of the temperature with time
[simulations by V. Ruuskanen and H. Niemi]
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PbPb @ the LHC in hydro

Evolution of the temperature with time
[simulations by V. Ruuskanen and H. Niemi]
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QCD thermodynamics
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QCD phase diagram 
Volume 59B, number 1 PHYSICS LETTERS 13 October 1975 

T 

Fig. 1. Schematic phase diagram of hadronic matter. PB is the 
density of baryonic number. Quarks are confined in phase I 
and unconfined in phase II. 

a hadron consists of a bag inside which quarks are con- 

fined. If many hadrons are present, space is divided in- 

to two regions: the "exterior" and the "interior". At 

low temperature the hadron density is low, and the 

"interior" is made up of disconnected islands (the 

hadrons) in a connected sea of "exterior". By increas- 

ing the temperature, the hadron density increases, and 

so does the portion of space belonging to the 

"interior". At high enough temperature we expect a 

transition to a new situation, where the "interior" has 

fused into a connected region, with isolated ponds and 

lakes of exterior. Again, in the high temperature state, 

quarks can move throughout space. We note that this 

picture of  the quark liberation is very close to that of 

the droplet model of  second order phase transitions 

[13]. 

We expect the same transition to be also present at 

low temperature but high pressure, for the same reason, 

i.e. we expect a phase diagram of the kind indicated in 

fig. 1. The true phase diagram may actually be substan- 

tially more complex, due to other kinds of transitions, 

such as, e.g. those considered by Omnes [14]. 

We note finally that, although the two alternatives 

(phase transition or limiting temperature) give rise to 

similar forms for the hadronic spectrum, the equation 

of state for high densities is radically different. In the 

first case we may expect the equation of state to be- 

come asymptotically similar to that of a free Fermi 

gas, while the limiting temperature case leads to an ex- 

tremely "soft" equation of state [15]. This difference 

has important astrophysical implications [ 16]. 
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QCD phase diagram 

First lattice calculation found a first order phase transition
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QCD phase diagram 

First lattice calculation found a first order phase transition
Including quark masses probably not a first order
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QCD phase diagram 

First lattice calculation found a first order phase transition
Including quark masses probably not a first order

Present status: several different phases found.
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QCD phase diagram 

First lattice calculation found a first order phase transition
Including quark masses probably not a first order

Present status: several different phases found.

QCD phase diagram

! #q " #q̄

First lattice calculations found a phase transition between ordinary

matter and QGP.

Including quark masses maybe not a real phase transition

Frascati, May 2006 QGP and HIC – p.15

We study this region
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QCD thermodynamics IQCD thermodynamics I

In the grand canonical ensemble, the thermodynamical properties are

determined by the (grand) partition function

Z(T, V, µi) = Tr exp{! 1

T
(H !

!

i

µiNi)}

where kB = 1, H is the Hamiltonian and Ni and µi are conserved
number operators and their corresponding chemical potentials.

The different thermodynamical quantities can be obtained from Z

P = T
! ln Z

!V
, S =

!(T lnZ)

!T
, Ni = T

! lnZ

!µi

Expectation values can be computed as

"O# =
TrO exp{! 1

T (H !
"

i µiNi)}
Tr exp{! 1

T (H !
"

i µiNi)}

Frascati, May 2006 QGP and HIC – p.16   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    
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QCD thermodynamics IIQCD thermodynamics II

In order to obtain Z for a field theory with Lagrangian L one normally
makes the change !it = 1/T , with this, the action

iS " i

!

dtL !# S = !
! 1/T

0

d!LE

and the grand canonical partition function can be written (for QCD) as

Z(T, V, µ) =

!

D"̄D"DAµ exp{!
! 1/T

0

dx0

!

V
d3x(LE ! µN )},

where N " "̄#0" is the number density operator associated to the
conserved net quark (baryon) number.

Additionally, (anti)periodic boundary conditions in [0, 1/T ] are imposed
for bosons (fermions)

Aµ(0,x) = Aµ(1/T,x) , "(0,x) = !"(1/T,x)

Frascati, May 2006 QGP and HIC – p.17
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QCD thermodynamics IIIQCD thermodynamics III

In order to solve these equations

Perturbative expansion

!S(T ) small for large T !" bad convergence, but some results

obtained.

Lattice QCD

Discretization in (1/T, V ) space

Contributions to Z are computed by random configurations of fields

in the lattice

Most of the results for µ = 0, results for small µ only recently
available.

Frascati, May 2006 QGP and HIC – p.18   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    
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First example: equation of  stateFirst example: Equation of State (EoS)

Naïve estimation:Let’s fix µ = 0, the pressure of an ideal gas (of
massless particles) is proportional to the number of d.o.f: P ! NT 4. So,

P! ! 3 " T 4 ; PQGP ! (2 " 2 " 3
! "# $

quarks

+ 2 " 8
! "# $

gluons

) " T 4

So, one expects a large difference (factor # 10) between the two

phases.
Lattice results (Karsch et al.)

0.0

1.0

2.0

3.0

4.0

5.0

1.0 1.5 2.0 2.5 3.0 3.5 4.0

T/Tc 

p/T
4

pSB/T
4

3 flavour
2+1 flavour

2 flavour

Frascati, May 2006 QGP and HIC – p.19

[MILC Collaboration 2006]
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EoS with physical units
More EoS

In an ideal gas: !SB = 3P

  0

  2

  4

  6

  8

 10

 12

 14

 16

100 200 300 400 500 600

T [MeV] 

!/T
4

!SB/T
4

Tc = (173 +/- 15) MeV 

!c ~ 0.7 GeV/fm
3
 

RHIC  

LHC  

SPS  3 flavour
2 flavour

‘‘2+1-flavour’’

(Karsch et al.)

Frascati, May 2006 QGP and HIC – p.20
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Perturbative calculations

1 10 100 1000
T/!MS

_
0.0

0.5

1.0

1.5

p/
p SB

g2

g3

g4

g5

g6(ln(1/g)+0.7)
4d lattice

Different orders in PT compared to lattice results

[Kajantie et al. 2003]

Convergence for very large temperature
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Phase transition: order parameters

In order to know whether the change from a hadron gas to a QGP is a 
phase transition or a rapid cross-over order parameters are needed 

First order: discontinuity in the order parameter 
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Phase transition: order parameters

In order to know whether the change from a hadron gas to a QGP is a 
phase transition or a rapid cross-over order parameters are needed 

Second order: discontinuity in the derivative
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Phase transition: order parameters

In order to know whether the change from a hadron gas to a QGP is a 
phase transition or a rapid cross-over order parameters are needed 

Cross-over: continuous function
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Order parameters in QCD I

[Aoki et al 2006]

Order parameters in QCD I

[Let us fix µ = 0].

Chiral symmetry restoration. For mq = 0 the order parameter is the
chiral condensate

!0|q̄LqR|0" #= 0 $$$$%
T!"

!0|q̄LqR|0" = 0

Frascati, May 2006 QGP and HIC – p.23

Chiral symmetry restoration: for 
chiral condensate is the order parameter

mq = 0

!m =
"

"mq
!q̄q"Susceptibility:
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Order parameters in QCD II

4

6

8
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0.5 1 1.5 2 2.5 3 3.5 4

V(R,T)/T

R T

!
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-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.5 1 1.5 2 2.5 3 3.5 4

R T

V(R)/T

!
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4.80  

Confinement: for               the order parameter is the potentialmq !"

T < Tc T > Tc

[Kaczmarek et al 2000]
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However...

0.00

0.50

1.00

1.50

2.00

2.50

0 1 2 3 4 5

V(r)/!"

r!"

PG
m=1.0
m=0.6
m=0.4
m=0.2
m=0.1
m=0.05
m=0.025

When masses are taken into account the potential is screened
 even below Tc

Light     pair creation breaks the string q̄q

[Karsch, Laermann, Peikert 2001]
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Influence of  the quark masses

Two order parameters

Influence of the quark masses (µ = 0)

Two order parameters:

mq = 0 !" Chiral condensate

mq = # !" Potential

For physical masses, most likely crossover.

Frascati, May 2006 QGP and HIC – p.26
For physical masses, most likely cross-over
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Finite baryochemical potential

Lattice calculations very challenging at finite 

Order of the transition depends on
Possible critical point at experimental reach
Still a lot of uncertainties exist

µB

µB

[Fodor et al 2004]
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Where are the HIC?

0

50

100

150

200

0 0.2 0.4 0.6 0.8 1 1.2 1.4

µq / T = 1

µB [GeV]

T [MeV]

Tc, Bielefeld-Swansea
Tc, Forcrand, Philipsen

(Tc, µc), Fodor, Katz
Tf, J.Cleymans et. al.

Statistical models fit particle abundances and obtain             at freeze-out 

model dependent

(T, µB)

[Braun-Munzinger et al 2003]
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Some extra results 
and interpretations
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Bound states above TC

Charmonium spectral functions

Charmonium spectral functions

[Talk by K. Petrov on Tuesday]

Results from lattice for the spectral functions at finite T

[Asakawa, Hatsuda 2004]

J/! and !c almost unchanged for T ! 1.5Tc

"c and #! dissapear at T " 1.1Tc?

Frascati, May 2006 QGP and HIC – p.43

[Asakawa, Hatsuda 2004]
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Below TC

A hadron resonance gas can describe the lattice results

[Karsch, Redlich, Tawfik 2003]

Notice that including more and more particles and resonances in the 
particion function increases the number of degrees of freedom
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Below TC

A hadron resonance gas can describe the lattice results

[Karsch, Redlich, Tawfik 2003]

Notice that including more and more particles and resonances in the 
particion function increases the number of degrees of freedom

SB limit
~20% dissagreement
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Below TC

A hadron resonance gas can describe the lattice results

[Karsch, Redlich, Tawfik 2003]

Notice that including more and more particles and resonances in the 
particion function increases the number of degrees of freedom

SB limit
~20% dissagreement

Deviation from ideal gas
             for    ! = 3P T ! 2TC
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A possible picture of  hot QCDA possible picture of hot QCD

[Taken from Hatsuda, J/! workshop BNL, May 2006]

Frascati, May 2006 QGP and HIC – p.47
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Summary ISummary I

QCD vacuum:

Confinement & chiral symmetry breaking

Other states of matter possible?

Theory !" Different phases exist!

(for small µB)

Lattice + perturbative + models

Transition hadron gas# quark gluon plasma.

Order of the transition depends on quarks masses. For realistic

masses, most probably crossover at µB = 0.

Properties close to Tc different from a gas: Strongly coupled QGP?

Indications of bound states above Tc

Heavy ion collisions experiments attempt to study this region.

Frascati, May 2006 QGP and HIC – p.48
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2. Heavy-ion collisions 
and collective behavior in QCD
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What do we expect to learn?
How?

Specific questions in heavy-ion collisions

What is the initial state of the system and how is it produced?

What is the structure of the colliding objects?

What is the asymptotic limit of QCD?

What is the mechanism of thermalization?

How is thermal equilibrium reached?

What is the temperature of the created system?

What are the properties of the produced medium?

How to measured them? – signals

What is the relation with lattice QCD?

Frascati, May 2006 QGP and HIC – p.8
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Where?Where?: Experiments

SPS at CERN.

Have collided pA at plab = 450 GeV/c, SU at plab = 200 AGeV/c and
PbPb at plab = 158 AGeV/c.

The program is almost finished now

RHIC at BNL

pp, dAu, AuAu and CuCu at
!

s = 20 . . . 200 AGeV

RHIC II will improve detectors for rare processes and enhance
statistics

LHC at CERN

Will collide PbPb at
!

s = 5500 AGeV also pPb or dPb (under
discussion) at

!
s = 8200

ALICE is a dedicated HI experiment

CMS and ATLAS have own programs of heavy ion collisions

Frascati, May 2006 QGP and HIC – p.7   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    



Initial state of the system
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The nuclear structure at high energies

We want to know the structure of the colliding system at 
high energies - and eventually the initial state of the medium
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The nuclear structure at high energies

We want to know the structure of the colliding system at 
high energies - and eventually the initial state of the medium

Let us start by a simpler one: dipole-nucleus collision
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High-energy variables
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x± = x0 ± x3 p± = p0 ± p3

p · x =
1
2
(p+x! + x!x+)! p" · x"

y =
1
2

ln
!
p0 + p3

p0 ! p3

"
=

1
2

ln
!
p+

p!

"

Light-cone variables

So that, the scalar product 

Rapidity

y! = y + y! =! y! =
1
2

ln
!
1 + !

1" !

"
Boost is just adding a factor → additive velocity
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Particle propagation in matter: Eikonal limit
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At high energies → Eikonal approximation E ! k!

Particle does not change 
its direction of propagation 

The medium rotates the color
of the probe 

|!! |!! = W!"|"!

W (x) = P exp
!

i

"
dz!T aA+

a (x, z!)
#

Wilson line

[See e.g. A. Kovner Lectures Zakopane 2005]

Recoil is neglected → medium is a background field

x x
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At high energies → Eikonal approximation E ! k!

Particle does not change 
its direction of propagation 

The medium rotates the color
of the probe 

|!! |!! = W!"|"!

W (x) = P exp
!

i

"
dz!T aA+

a (x, z!)
#

Wilson line

[See e.g. A. Kovner Lectures Zakopane 2005]

Recoil is neglected → medium is a background field

x x

S-matrix



Multiple scattering

Example: scattering with potentials. General structure (scalar quark)

Islamabad, March 2004 HIC and the search for the QGP - 2. Initial state. – p.9

10

A simple derivationMultiple scattering

Example: scattering with potentials. General structure (scalar quark)

!

d4xAµ(x) exp{ix(ki ! ki+1)}

Potentials

1

k2
i + i!

Propagators

High-energy limit (eikonal approximation) p+ " #, p! $ 0
!" the integrals in dk! can be done. Coherence factors

exp{i
p2
"

2p+
!z} %& coherence length lcoh $

2p+

p2
"

Islamabad, March 2004 HIC and the search for the QGP - 2. Initial state. – p.9

Multiple potential scattering   [See e.g. A. Hebecker Phys. Rep. 331 (2000) 1] 
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A simple derivation

Multiple potential scattering   [See e.g. A. Hebecker Phys. Rep. 331 (2000) 1] 

Multiple scattering

Example: scattering with potentials. General structure (scalar quark)

Islamabad, March 2004 HIC and the search for the QGP - 2. Initial state. – p.9
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Example: 2 scatterings

The contribution of two scatterings to the S-matrix is

S2(p
!, p) =

!

d4k

(2!)4

"

!ig(kµ + p!µ)

!

d4x2A
µ(x2)e

ix2(p
!
"k)

#

i

k2 + i"

"

!ig(pµ + kµ)

!

d4x1A
µ(x1)e

ix1(k"p)

#

The high-energy limit (p+ " #) gives

S2 = 2!#(p!+ ! p+)2p+

!

d2k#

(2!)2

!

d3x1 [!igA"(x1)]

!

d3x2 [!igA"(x2)] $

$ exp {ik#(x1# ! x2#)} exp {i(x2#p2# ! x1#p1#)} exp

"

i
k#

2

p+
(x1+ ! x2+)

#

Coherence factor% coherence length lcoh & 2p+/k2
#

lcoh ' size of the system% totally coherent.

lcoh ( size of the system% S2 " 0 only one scattering contribution
survives: totally incoherent" independent scatterings.

Islamabad, March 2004 HIC and the search for the QGP - 2. Initial state. – p.10
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Example: 2 scatterings
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Example: 2 scatterings

The contribution of two scatterings to the S-matrix is

S2(p
!, p) =

!

d4k

(2!)4

"

!ig(kµ + p!µ)

!

d4x2A
µ(x2)e

ix2(p
!
"k)

#

i

k2 + i"

"

!ig(pµ + kµ)

!

d4x1A
µ(x1)e

ix1(k"p)

#

The high-energy limit (p+ " #) gives

S2 = 2!#(p!+ ! p+)2p+

!

d2k#

(2!)2

!

d3x1 [!igA"(x1)]

!
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$ exp {ik#(x1# ! x2#)} exp {i(x2#p2# ! x1#p1#)} exp

"

i
k#

2
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(x1+ ! x2+)

#

Coherence factor% coherence length lcoh & 2p+/k2
#

lcoh ' size of the system% totally coherent.

lcoh ( size of the system% S2 " 0 only one scattering contribution
survives: totally incoherent" independent scatterings.

Islamabad, March 2004 HIC and the search for the QGP - 2. Initial state. – p.10

Arbitrary number of scatterings

In the totally coherent limit, the contributions of an arbitrary number of
scatterings can be summed and the S-matrix is

S =

!

d2x!e"ix!(p"

!
"p!) P exp

"

!
ig

2

!

dx+A"(x+, x!)

#

(where P means path ordering (x1+ > x2+ > . . . ).

Islamabad, March 2004 HIC and the search for the QGP - 2. Initial state. – p.11

[Ex. check these formulas]



Total probability of interaction (cross-section w/ needed factors)

11

Particle propagation in matter II: the dipole

Each propagation is a Wilson line at 
the relevant (fixed) transverse position x!

x̄!

P qq̄
tot =

!
2! 2

NC
Tr

"
W (x!)W †(x̄!)

#$

W (x) = P exp
!
i

"
dx!A+(x", x!)

#
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So, the S-matrix

[Ex. check these formulas, 
use e.g. the optical theorem]

! !!

!!!

|!!;"!! " S!!"!!" |!;"! = W!!!(x")W †
"!"(x̄")|!;"!
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What are the        ??
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 Saddle-point approximation → opaque medium, many scatterings

!..."

All the medium properties are encoded in the medium-averages
of the Wilson lines. 

Several prescriptions used

 Opacity expansion → small medium, few scatterings

1
N

Tr
!
W (x!)W †(x̄!)

"
! exp

#
"1

8
Qsat(x! " x̄!)2

$

1
N

Tr
!
W (x!)W †(x̄!)

"
! 1"

#
dx"n(x")!(x! " x̄!)

 .... [See e.g. Kovner and Wiedemann, PRD64 (2001)114002;
A. Hebecker Phys. Rep. 331 (2000) 1]
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All the medium properties are encoded in the medium-averages
of the Wilson lines. 
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1
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used here
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All together: the gluon distribution

[up to logs: McLerran, Venugopalan 1994]

The dipole ‘counts’ the number of gluons, of a given size   ,
in the nucleus, so the (unintegrated) gluon distribution:

N(r) = 1! exp
!
!1

8
Q2

satr
2

"
=" !(k) =

#
d2r

2"r2
eir.kN(r)

Two important consequences:

 Saturation scale cuts-off the
 small momentum region

 Geometric scaling:

! = !(k2/Q2
sat)

r
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Saturation of  partonic densities: picture

Saturation scale when interaction probability becomes O(1)
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Saturation of  partonic densities: picture

Saturation scale when interaction probability becomes O(1)

transverse area of the nucleus

!s
1

Q2
sat

ANg(x,Q2
sat) ! "R2

A

transverse area of the gluon

RA ! A1/3
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Saturation of  partonic densities: picture

Saturation scale when interaction probability becomes O(1)

increasing energy (decreasing x)

H1
 C

ol
la

bo
ra

tio
n

Ng !
1
x!

=" Q2
sat !

A1/3

x!

Strong fields and large occupation numbers. 
Semiclassical approach possible: 

Color Glass Condensate

transverse area of the nucleus

!s
1

Q2
sat

ANg(x,Q2
sat) ! "R2

A

transverse area of the gluon

RA ! A1/3
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Geometric scaling in lepton-hadron dataGeometric scaling in lepton-hadron data

All lepton-proton data with

x !0.01 only function of

!p =
Q2

Q2
sat

; Q2
sat =

x!!

R2
0

Stasto, Golec-Biernat, Kwiecinski 2001

Scaling in lepton-nucleus

Q2
sat,A = Q2

sat,p

!

AR2
p

R2
A

"1/"

" " 0.3; # " 0.8

Exercise: Check this scaling for BK eq. Help:

#!!h
T,L (x, Q2) =

Z

d2
r

Z

1

0

dz|!!!

T,L|2 #h
dip(r, x) .

[see Phys. Rev. Lett 94 (2005) 022002]

Frascati, May 2006 QGP and HIC – p.25   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    
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Exercise: Check this scaling for BK eq. Help:

#!!h
T,L (x, Q2) =

Z
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r

Z

1

0

dz|!!!

T,L|2 #h
dip(r, x) .

[see Phys. Rev. Lett 94 (2005) 022002]

Frascati, May 2006 QGP and HIC – p.25

Q2
sat,A !

A
1
3!

x!
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Multiplicities and geometric scalingMultiplicities and geometric scaling

Multiplicity = number of produced

particles

Assuming the same scaling for

particle production in AA
collisions

1

Npart

dNAA

d!

!
!
!
!
!
!!0

= N0
!

s
"
N

1!!
3!

part .

Energy and centrality

dependence fixed by
lepton-proton/nucleus data

Exercise: Check this formula. Use

dNAB
g

dydp2
t d2b

"
#S

p2
t

Z

d2k$A(y, k2, b)$B

“

y, (k # pt)
2, b

”

,

[see Phys. Rev. Lett 94 (2005) 022002]

Frascati, May 2006 QGP and HIC – p.26
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[More in Wit Busza’s talks]



Characterizing the final state:
Hard Probes
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Hard probes

!AB!h = Ncoll

Long distance
! "# $
fA(x1, Q

2)! fB(x2, Q
2)!

Short dist.! "# $
!(x1, x2, Q

2) !

Long dist.
! "# $
D(z,Q2)

Hard probes

Remember: asymptotic freedom

!S(Q2) ! 0 for Q2 ! "

Perturbative expansion in powers of !S(Q2)

A typical pp (or pA or AA) hard cross section

"AB!h = Ncoll

Long distance
! "# $

fA(x1, Q
2) # fB(x2, Q

2)#

Short dist.
! "# $

"(x1, x2, Q
2)#

Long dist.
! "# $

D(z, Q2)

Long and short distance separation – factorization

Frascati, May 2006 QGP and HIC – p.14

Remember, asymptotic freedom

A typical hard cross section expands in powers of 

Hard probes

Remember: asymptotic freedom

!S(Q2) ! 0 for Q2 ! "

Perturbative expansion in powers of !S(Q2)

A typical pp (or pA or AA) hard cross section

"AB!h = Ncoll

Long distance
! "# $

fA(x1, Q
2) # fB(x2, Q

2)#

Short dist.
! "# $

"(x1, x2, Q
2)#

Long dist.
! "# $

D(z, Q2)

Long and short distance separation – factorization

Frascati, May 2006 QGP and HIC – p.14

Long and short distance separation: factorization

Extension of the medium modifies the long distance parts

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    
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Hard probes in heavy-ion collisionsHard probes: heavy ion experiments

SPS
!

s = 20 GeV (Q " 1 GeV) #$ marginal access to HP

RHIC
!

s = 200 GeV (Q " 10 GeV) #$ access to HP

LHC
!

s = 5500 GeV (Q ! 100 GeV) #$ HP and QCD evolution

!pp!h = fp(x1, Q
2) % fp(x2, Q

2) % !(x1, x2, Q
2)

! "# $
%D(z, Q2) +

%
1

Q2

&n

RHIC SPS

LHC

QCD #$ field theory #$ quantum corrections (evolution equations)

Q2 & 1 =' short distances

But we want to study extended objects

=' QCD-evolution in long-distance parts fp(x, Q2) and D(z, Q2)

Frascati, May 2006 QGP and HIC – p.15   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    
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A ‘simple’ example,         suppressionA simple example: J/! suppression

A J/! is a cc̄ bound state.

!hh!J/! = fi(x1, Q
2)!fj(x2, Q

2)!!ij![cc̄](x1, x2, Q
2)"O([cc̄] # J/!)$

The potential is screened by the medium

The long-distance part is modified "O([cc̄] # J/!)$ # 0

The J/! production is suppressed [Matsui, Satz 1986]

Kyoto, November 2006 Hard Probes to QGP – p.6
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J/!
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A J/! is a cc̄ bound state.

!hh!J/! = fi(x1, Q
2)!fj(x2, Q

2)!!ij![cc̄](x1, x2, Q
2)"O([cc̄] # J/!)$

The potential is screened by the medium

The long-distance part is modified "O([cc̄] # J/!)$ # 0

The J/! production is suppressed [Matsui, Satz 1986]

Kyoto, November 2006 Hard Probes to QGP – p.6

J/!
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RAA at 200 GeV

• Direct γ, π0 and η in Au+Au
– Direct γ RAA with measured p+p reference!

=> RAA of η and π0 consistent, both show suppression
=> RAA of γ is smaller than 1 at very high pT

0-10% central events

mesons 

photons 

Effects on high-    particlespt

Photons don’t interact (no effect) quarks and gluons do (suppression)

RAA =
dNAA/dpt

NcolldNpp/dpt



21

RAA at 200 GeV

• Direct γ, π0 and η in Au+Au
– Direct γ RAA with measured p+p reference!

=> RAA of η and π0 consistent, both show suppression
=> RAA of γ is smaller than 1 at very high pT

0-10% central events

mesons 

photons 

Effects on high-    particlespt

T
w
o
o
p
p
o
si
te
a
ss
u
m
p
ti
o
n
s

A
ll
lo
s
t
e
n
e
rg
y
is
tr
a
n
s
fe
rr
e
d
to
m
e
d
iu
m

H
y
d
ro
e
vo
lu
ti
o
n
[S
a
ta
ro
v,
S
to
e
k
e
r,
M
is
h
u
s
ti
n
2
0
0
5
;

C
a
s
a
ld
e
rr
e
y
-S
o
la
n
a
,
S
h
u
ry
a
k
,
T
e
a
n
e
y
2
0
0
4
]

C
o
lo
re
d
w
a
k
e
s
[M
u
lle
r,
R
u
p
p
e
rt
,
R
e
n
k
2
0
0
6
,

C
h
a
k
ra
b
o
rt
y,
M
u
s
ta
fa
,
T
h
o
m
a
2
0
0
6
]

P
a
rt
o
n
ic
tr
a
n
s
p
o
rt
[A
M
P
T
2
0
0
6
]

1

A
tr

ig
g
er

 j
et

2

! M

B

C

N
e
g
lig
ib
le
e
n
e
rg
y
tr
a
n
s
fe
rr
e
d
:
E
n
e
rg
y
lo
s
s
is
ra
d
ia
te
d
a
s
g
lu
o
n
s

C
h
e
re
n
k
o
v
ra
d
ia
ti
o
n
[D
re
m
in

2
0
0
5
;
K
o
c
h
,
M
a
ju
m
d
e
r,
W
a
n
g
2
0
0
5
]

R
a
d
ia
ti
ve
e
n
e
rg
y
lo
s
s

[P
o
lo
s
a
,
S
a
lg
a
d
o
2
0
0
6
]

K
y
o
to
,
N
o
v
e
m
b
e
r
2
0
0
6

H
a
rd
P
ro
b
e
s
to
Q
G
P
–
p
.2
0

Calibration

Photons don’t interact (no effect) quarks and gluons do (suppression)
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What is a jet (naively)What is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28
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What is a jet (naively)What is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28

What is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28

high-pt partons
produced with 
large virtuality

(this is the short 
distance part)
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What is a jet?
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What is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28

virtuality is
reduced by

gluon radiation
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What is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28

What is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28

What is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28

virtuality is
reduced by

gluon radiation

these radiated
gluons form a

cone: jet
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Jet quenchingWhat is a jet?

Islamabad, March 2004 HIC and the search for the QGP - 4. Status. – p.28

What happens when this evolution takes place 
in the medium created in the collision??

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    
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Medium-induced gluon radiation

x x x xx x

x̄!
x!

EE

!
! Compute gluon bremsstrahlung 

in a medium

High energy approximation

E ! ! ! k!

Same formalism as initial state but Wilson lines for gluons

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    

 Energy loss
 Jet broadening

Two main predictions

!E ! !sq̂L
2

!kt" # q̂L

1
N

Tr
!
WA(x!)WA†(x̄!)

"
! exp

#
"1

4
q̂L(x! " x̄!)2

$
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x̄!
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EE

!
! Compute gluon bremsstrahlung 
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 Energy loss
 Jet broadening

Two main predictions

!E ! !sq̂L
2

!kt" # q̂L

1
N

Tr
!
WA(x!)WA†(x̄!)

"
! exp

#
"1

4
q̂L(x! " x̄!)2

$

transport coefficient
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Description of  the suppressionRAA for light mesons at RHIC

d!AA!h+X
(med) =

!

f

d!AA!f+X
(vac) ! Pf (!E, L, q̂) ! D(vac)

f!h(z, µ2
F ) .

[Eskola, Honkanen, Salgado, Wiedemann (2004)]

Multiple emission:

Poisson distribution

Hadronization in vacuum

at high-pt

Data favors a large time-averaged transport coefficient

q̂ " 5 . . . 15
GeV 2

fm

[Gyulassy, Levai, Vitev 2002; Arleo 2002; Dainese, Loizides, Paic 2004; Wang, Wang 2005; Drees,

Feng, Jia 2005; Turbide, Gale, Jeon, Moore 2005...]

Frascati, May 2006 QGP and HIC – p.34
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Calibration of  the probes

π0 in p+p, d+Au
M. Russcher

2005 p+p

STAR gearing up γ, π0 in p+p, d+Au

Good agreement with NLO pQCD and PHENIX

PHENIX, B. Sahlmüller

RdA centrality dependence

Measures Cronin, initial state effects

nucl-ex/0610036

[Marco van Leeuwen QM06]

RdA =
dNdA/dpt

NcolldNpp/dpt
proton-proton
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Calibration of  the probes

π0 in p+p, d+Au
M. Russcher

2005 p+p

STAR gearing up γ, π0 in p+p, d+Au

Good agreement with NLO pQCD and PHENIX

PHENIX, B. Sahlmüller

RdA centrality dependence

Measures Cronin, initial state effects

nucl-ex/0610036

[Marco van Leeuwen QM06]

RdA =
dNdA/dpt

NcolldNpp/dpt
proton-proton

Abundant and
well calibrated probes

   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    



Jets in HIC

Kyoto, November 2006 Hard Probes to QGP – p.17

Jets in HIC

Kyoto, November 2006 Hard Probes to QGP – p.17

Jets in HIC
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Jets in HIC

Kyoto, November 2006 Hard Probes to QGP – p.17

Jets in HIC

Kyoto, November 2006 Hard Probes to QGP – p.17

Jets in HIC

Not possible at RHIC
first results from LHC
expected for 2009-2010
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RHIC: two particle correlations

RHIC: two-particle correlations

Strong suppression of high-pt particles – large partonic energy loss

Reappearance of this energy as softer particles at large angle

STAR Preliminary
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Kyoto, November 2006 Hard Probes to QGP – p.19

trigger particle
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Transverse plane
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Removing the cut-off  at RHIC 

Away-side shape: pT,trig dependence

0-12%

4.0 < pT
trig < 6.0 GeV/c 6.0 < pT

trig < 10.0 GeV/c3.0 < pT
trig < 4.0 GeV/c

Preliminary

0-12%
1.3 < pT

assoc < 1.8 GeV/cSTAR, M. Horner

Away-side flatter for larger pT,trigger

But broadening at low pT,assoc persist

Nontrivial angular dependences in the away-side
 Large broadening
 Two-peaks when ptrigg

t ! passoc
t

[Similar results for PHENIX and also SPS (Ceres)]

QM 2006
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Two opposite assumptions:
 All energy deposited in the medium

     +hydrodynamical evolution
 Recoil-less medium-induced radiation

30   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    



A way to understand the 
energy deposition in the medium

Two opposite assumptions:
 All energy deposited in the medium

     +hydrodynamical evolution
 Recoil-less medium-induced radiation
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Interpretations...

1

A
trigger jet

2

!M

B

C
Shock waves in hydrodynamical medium

A hydrodynamical medium produces shock waves IF the energy is 
deposited fast enough

[Casalderrey-Solana, Shuryak, 
Teaney; Stoeker; Muller, Renk, Ruppert; 
Manuel, Mannarelli ...]

Also Cherenkov radiation proposed
[Dremin; Majumder, Wang]
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0.5 > |y| > 0

Fig. 2. Calculated 2-particle correlation on the away side for |y| < 0.35 and
1.0 < pT < 2.5 GeV. Indicated are also the partial contributions originating from
away side partons going into di!erent rapidity intervals given a trigger parton at
midrapidity.

In Fig. 2 we show a comparison of our calculation with the PHENIX two-
particle correlation data [2] on the away-side for f = 0.75 1 . Note that zero
degrees is chosen such that it is opposite to the trigger, i.e. at the expected av-
erage position of the away side parton. We also show the relative contribution
to this signal from Mach cones excited by away-side partons from di!erent ra-
pidity intervals. Contributions emerging from Mach cones from away-side jets
produced at |y| > 2 are suppressed since only part of the cone contributes in
the detector’s rapidity window |y| < 0.35. The maximum of the ! distribution
is shifted to lower angles ! ! !max, where !max is the maximum of the cal-
culated correlation signal for all y. Contributions emerging from Mach cones
from away-side jets produced at 0.5 < |y| < 2 contribute significantly at angle
! " !max. The contribution at low angles ! < 40 degrees is dominated by con-
tributions from the bow shock (i.e. the (1 # f) contribution to the deposited
energy) emerging from away-side jets at |y| < 0.5. Contributions of away side
jets at |y| < 0.5 are also important for the correlation signal around ! " !max.
This bow shock contribution falls almost completely out of the acceptance of
the detector for away-side jets with |y| > 0.5 as it is always very close to the
rapidity of the away side parton.

Fig. 3 illustrates what correlation signal would be expected if all away-side
jets were confined to mid-rapidity (P (y) = "(y)) and no flow would be present
in comparison to the case where the rapidity distribution of the away-side jet
P (y) as calculated in section (2) is appropriately taken into account. The cal-
culation is performed for the two-particle correlation signal as it is measured
in the PHENIX detector’s acceptance region |#| < 0.35. The contribution for

1 This value of f di!ers somewhat from that one previously determined in [6] were
we used to make somewhat more simplistic assumptions about the rapidity structure
of the source.

6
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Jet shapes in opaque mediaA simple model to compare with data

Smearing in longitudinal (!) and transverse (!) variables

dP

d"!dz
=

1

N

! !!

!!!
d!

!

d!" dP

d!"dzd!
e!

(!"!"")2

2!
2

[Polosa, Salgado hep-ph/0607295]

A perturbative mechanism, the medium-induced gluon radiation, is

able to reproduce the observed 2-peak structure in the away side jet.

QM06, Shanghai November 2006 Jet shapes in opaque media – p.11   Zakopane, June 2007                                             High-density QCD in heavy ion collisions    

Parton Shower for opaque media

When ! ! q̂1/3

totally coherent limit and large angle radiation

dImed

d! dk2
t
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"sCR

16#
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E z2

The probability of only one splitting

dP = dz d$
"sCR

8#
E L sin $ cos $ exp
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16#
E L cos2 $

"

Non-trivial angular dependence for the medium-induced gluon
radiation. Two peaks in the laboratory variables %, ! for (% ! 0)

!max = ±arccos

#

8#

E L "s CR

QM06, Shanghai November 2006 Jet shapes in opaque media – p.9
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The ‘ridge’

3<pt,trigger<4 GeV
pt,assoc.>2 GeVAu+Au 0-10%

STAR preliminary

d+Au, 40-100% Au+Au, 0-5%

3 < pT(trig) < 6 GeV
2 < pT(assoc) < pT(trig)

Near side correlations
gaussian+ridge

Gaussian similar to
     vacuum fragmentation

Ridge similar to bulk

[Dan Magestro HP04]
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Can uµ be measured with jets?

Hydrodynamical models provide a consistent
description of small-pt RHIC data with an EoS

and

T µ! = (! + p) uµu! ! p gµ!

Flow in a medium q̂(T µ!)

Additional source of energy loss

Assymetric jet shapes

U. Roma ”Tor Vergata”, October 2006 A new look to HIC – p.39

[Armesto, Salgado, Wiedemann 2004]
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ideal quark-gluon gas

Fits to the data

q̂ > 5 q̂ideal gas

q̂ ! 4.2 q̂ideal gas

[Eskola et al. 2004]

[Renk et al. 2007]

[Baier and Schiff 2006]

Geometry plays a crucial role

Model of the medium? sQGP?

[Baier 2003]

Interpretation of  the value of q̂

q̂ideal gas !
72
!

"(3)#2
sT

3 ! 2$3/4
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Geometry plays a crucial role

Model of the medium? sQGP?

[Baier 2003]

Interpretation of  the value of q̂

q̂ideal gas !
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sT

3 ! 2$3/4

What is the order of magnitude of the NLO correction?
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Some new developments...
The String Theory connection
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The AdS/CFT correspondence

5

R3,1

AdS  !Schwarzschild

v
q

fundamental strin
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T mn

mnh

horizon

ds2 = fdt2 +
r2

R2
(dx2

1 + dx2
2 + dx2

3) +
1
f

dr2

f ! r2

R2

!
1" r4

0

r4

"

Define a metric in 4+1 dimensions 
with a black hole

Dual to a thermal           super YM theory at finite temperatureN = 4

T =
r0

!R2 (Hawking temperature)

Ex. compute the Wilson loop = compute the action for the string

!WF (C)" = e!S(C) S =
1

2!"!

!
d#d$

"
detg!"

black hole
horizon at r = r0
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The observables

Applied to the jet quenching parameter:

!WA(C)" # exp
!
$ 1

4
%

2
q̂r2L!

"
q̂ = 4.5, 10.6, 20.7 GeV2/fm

T = 300, 400, 500 MeV
[Liu, Rajagopalan, Wiedemann; Armesto, Edelstein, Mas...2006]

The viscosity-to-entropy ratio
!

s
=

1
4"

! ! area of horizon
s ! area of horizon Universal lower bound?

[Kovtun, Son, Starinets 2003]
The hydrodynamic behavior

 Bjorken hydrodynamics recovered (and more)
[Heller, Surowka: seminars; Janik, Peschanski 2006; Kovchegov, Taliotis 2007...]

Shock waves; heavy quark energy loss; bound states....

[Gubser; Herzog, Karch, Kovtun, Kozcaz, Yaffe; Casalderrey-Solana, Teaney.... 2006]
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New regimes at the LHC
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RHIC
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Summary

HIC to study collective properties of fundamental interactions

Initial state probably dominated by strong color fields

 Semiclassical approach

 Hints from experimental data - definite checks at the LHC

Hard Probes ideal tools to characterize the medium

 Jet quenching: Medium modification of jet structures

 Interplay between hydrodynamical behavior and jet development

Different fields are contributing to these developments

 String-theory computations (try to) face experimental data

LHC will explore completely new regimes of QCD
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Sterile neutrinos and struture formationJarosªaw Stasielak1, Peter L. Biermann2,3,4 and AlexanderKusenko51Jagiellonian University, Craow, Poland2Max-Plank Institute for Radioastronomy, Bonn, Germany3University of Bonn, Germany4University of Alabama, Tusaloosa, USA5University of California, Los Angeles, USA

Jarosªaw Stasielak Sterile neutrinos and struture formation



2 / 16Struture formationThe first objets are a diret onsequene of thegrowth of primordial density flutuations.
ρ (t, r) = ρ̄ (t) [1 + δ (t, r)]primordial density �utuationsdeoupling of the perturbation from the Hubble �owsubsequent ollapseformation of a virialized halo (loud in the hydrostati equilibrium)Now we need some ooling mehanism(ooling via H2 and H ollisional exitation and subsequent spontaneousde-exitation)the suessive fragmentation, ontration proesses and star formationre-ionization of the UniverseJarosªaw Stasielak Sterile neutrinos and struture formation



3 / 16Radiation and H2 moleuleIn primordial gas louds, H2 moleules an formmainly through the oupled reationse− + H → H− + γH− + H → H2 + e− H+ + H → H+2 + γH+2 + H → H2 + H+X-ray photons → ionization → enhanement of the H2 frationheating and ionization due to the X-raysHe and H ionization → seondary eletrons → additional ionization1/3 of the energy of the absorbed X-ray photon goes into ionization, 1/3into exitation and 1/3 into gas heating.Jarosªaw Stasielak Sterile neutrinos and struture formation



4 / 16There are several inonsistenies between thepreditions of Lambda Cold Dark Matter (CDM)simulations and the observationsan order of magnitude over-predition of the observed smalldwarf galaxies in our Loal Groupold dark matter simulations predit that dark matter formuspy density distributions, i.e. the density inreases sharply toa high value at a entral point, in opposition to theobservation of the ore pro�lesand many more...Redution of the initial power spetrum of density �utuations onsmall sales, due to the warm dark matter (WDM), an alleviate allof these problems. Jarosªaw Stasielak Sterile neutrinos and struture formation



5 / 16Warm dark matter problem
Suppression of small sale �utuations in most of the WDMmodels leads to the unaeptable delay in struture formation,whih in turn, leads to inonsisteny with the re-ionizationredshift obtained by the three years measurements of theWMAP.One needs some mehanism whih will be able to speed up thestruture formation.

Jarosªaw Stasielak Sterile neutrinos and struture formation



6 / 16KeV sterile neutrino as a WDM andidateSterile neutrinos with the mass of several keV and small mixing anglewith the ordinary neutrinos an radiatively deay, and sine it is atwo-body reation, the photon energy is half the mass of the sterileneutrino, thus, it is in X-ray range. These photons an enhane H2prodution and speed up star formation. It makes keV sterile neutrinosvery attrative andidate for the warm dark matter.
νs → νa + γThe inverse width of radiative sterile neutrino deay

τ ≡ Γ−1
νs→νaγ = 1.3× 1026s(7 keVms2 )5 (0.8× 10−9sin2 θ

)Sterile neutrino hypothesis an be on�rmed by detetion of the X-rayline from their deays in the nearby galaxies.Jarosªaw Stasielak Sterile neutrinos and struture formation



7 / 16Top-hat model - evolution of the overdensity
δ (z , r) =

{

δ (z) r < R0 r > R
δ (z) =

92 (α − sinα)2
(1− osα)3 − 11 + zvir1 + z =

(

α − sinα2π )2/3After virialization
ρvir ≃ 18π2ρ0Ω0 (1 + zvir )3 10-2
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8 / 16Evolution of the gas temperatureTemperature of primordial loud is evaluatedaording to the following equationdTdz = (γ − 1) Tnp dnpdz + γ T
µ

dµdz + T
(γ−1) dγdz + (γ−1)ΛnpkH0(1+z)√ΩΛ+Ω0(1+z)3 .Soon before virialization we assume shoks andinrease the gas temperature to its virial valueTvir = 9.09× 103 K (

µvir0.59) ( M109h−1M⊙

)2/3 (

∆(zvir )18π2 )1/3
(1 + zvir )After virialization we swith to the first equationCriterion for suessful ollapseT (0.75zvir ) < 0.75T (zvir )Jarosªaw Stasielak Sterile neutrinos and struture formation



9 / 16The ooling/heating funtionHeatingPhoto-dissoiation of H2 by the osmi mirowave bakground(CMB)Photo-ionization of H by the CMB radiationheating due to the sterile neutrino deaysCoolingollisional exitation of H and H2ollisional ionization of H and ollisional dissoiation of H2H− and H+2 formationreombinationBremsstrahlungCompton oolingH and He ionization due to the sterile neutrino deaysJarosªaw Stasielak Sterile neutrinos and struture formation



10/ 16Simulation - models
1 CDM2 WDM1, ms = 25 keV andmixing anglesin2 θ = 3× 10−123 WDM2, ms = 15 keV andsin2 θ = 3× 10−124 WDM3, ms = 3.3 keV andsin2 θ = 3× 10−9
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11/ 16Evolution of the gas temperature
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12/ 16Evolution of the ionization fration
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13/ 16Evolution of the H2 fration
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15/ 16ConlusionsWe have performed a detailed analysis of the ooling andollapse of primordial gas louds in the model with warm darkmatter, taking into aount both the inrease in the fration ofH2 and the heating due to the sterile neutrino deays.Our work shows importane of the radiation �eld in theollapse of primordial louds and in the proess of starformation.One an use the same tehnique to investigate the in�uene ofanother hypothetial partile deays.Jarosªaw Stasielak Sterile neutrinos and struture formation



16/ 16ConlusionsAs expeted, the e�et of the sterile neutrino deays on thelargest gas louds is negligible, but the smaller louds are, infat, a�eted. For the largest louds, the additional H2 makesno di�erene and ooling via H is su�ient.The overall e�et of sterile neutrino deays is to redue theminimal mass able to ollapse at all onsidered redshifts and tospeed up struture formation.The sterile neutrino deays provide mehanism whih ould, inpriniple, move the re-ionization redshift in WDM model to thevalue onsistent with the WMAP measurements (z ≈ 11).The right handed (sterile) neutrino is an interestinghypothesis. Beause of its properties, we may have to allthem Weakly Interating Neutrinos or just WINs.Jarosªaw Stasielak Sterile neutrinos and struture formation
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Regge trajectories
• Linear dependence of the spin J on the square mass for mesons.

intercept

slope

for bound states

!(t) = !(0) + !
!
t

t = M
2

> 0

!(0)! = 0.45

!
!

! = 0.93 GeV
"2



Regge trajectories
Similar regularity for baryons
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Complex angular momentum plane

In the Regge limit:  

Amplitude dominated by the Regge pole with largest 

Deformation of the 
contour

s ! |t| (s " #, t fixed)

A(s, t) !
! + e!i!"(t)

2
"(t) s"(t)

Re !(t)
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Reggeon exchange

The energy behavior of  the amplitude is determined 
by the exchange of the quasi-particle: Reggeon

Signature Couplings

Factorization of the couplings 
and the Reggeon exchange

A(s, t) !
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Pomeron
Vacuum exchange dominates cross sections at high energies

Non-vacuum exchange

Note: odderon !O(0) ! 1

!(0)R < 1

Vacuum exchange

experimentally: !P (0) ! 1.08, "TOT " s
(!(0)P !1)

!(0)P ! 1

!TOT(pp̄) ! !TOT(pp)
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Pomeron in gauge theory
Low-Nussinov model

2-gluon exchange
BFKL resummation

color singlet

Regge trajectory:

Reggeized gluon:

+ +
Infrared divergent!

...

virtual diagrams
ŝi = (ki!1 ! ki+1)

2

!G(q2
T ) =

Nc"s

4#2

!
!

d2kT

!q2
T

k2
T
(kT ! qT )2

Dµ!(ŝ, k2
T ) =

igµ!

k2
T

!

ŝ

k2
T

""G(k2

T
)

+ + + ...

Effective vertex !!
µ"(ki, ki+1)

Balitskii
Fadin

Kuraev
Lipatov

s ! |t|
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Integral equation
Eikonal couplings

Universality 4-point off-shell 
gluon Green 

function

k2 k2 ! q

k1 ! qk1

f

Born term Addition of one rung

Integral equation for the Pomeron

= +
k2 k2 ! q

k1 ! qk1

f

k2 k2 ! q

k1 k1 ! q

k"

f
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Integral equation 
f(Y ; k1T , k2T , qT ) = f (0)(k1T , k2T , qT )+

! Y

0
dy K(k1T , k2T , qT )!f(y; k1T , k2T , qT )

!f(!; k1T , k2T , qT ) = "(2)(k1T ! k2T ) + K(k1T , k2T , qT ) " f(!; k1T , k2T , qT )

Rapidity: Y = ln 1/x = ln s/s0

! Scale choice (irrelevant at lowest order) !

Convolution in transverse momenta

Mellin transform:

! Factorization of longitudinal and transverse components of momenta !!
dY e(!!!1)Y f(Y )dY = f(!)

Integral kernel  has Mobius invariance.



Solution of the BFKL equation 
At zero momentum transfer: qT = 0

Eigenfunctions: !n
! (kT ) =

1

"
!

2
(k2

T )1/2+i!ein"

Diagonalize equation: K ! !n

!
=

"sNc

#
$(%, n) !n

!

!(", 0) = 2#(1) ! #(1/2 + i") ! #(1/2 ! i")Eigenvalue (take n=0):

! = 1/2 + i"

Simple poles: 
! = . . . ,!2,!1, 0, 1, 2, . . .

0.2 0.4 0.6 0.8 1

!2

2

4

6

8
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Hard Pomeron
Saddle point solution: around ! = 1/2

!(") ! 4 ln 2 " 14#(3)"2

Approximate solution:

f(y = ln s/s0, k1T , k2T ) !
1

4
!

k2
1T k2

2T

1
!

14!(3)"sNc#2 ln s/s0

"

s

s0

#4 ln 2!sNc/"

exp

$

%"

# ln2 k2

1T

k2

2T

28!(3)"sNc ln s/s0

&

'



Diffusion pattern in transverse momenta

Hard Pomeron
Saddle point solution: around ! = 1/2

!(") ! 4 ln 2 " 14#(3)"2

Approximate solution:

f(y = ln s/s0, k1T , k2T ) !
1

4
!

k2
1T k2

2T

1
!

14!(3)"sNc#2 ln s/s0

"

s

s0

#4 ln 2!sNc/"

exp

$

%"

# ln2 k2
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Power-like growth with energy

Regge behavior from Feynman diagrams: !P (0) = 1 +
Nc!s

"
4 ln 2

Diffusion pattern in transverse momenta

Hard Pomeron
Saddle point solution: around ! = 1/2

!(") ! 4 ln 2 " 14#(3)"2

Approximate solution:

f(y = ln s/s0, k1T , k2T ) !
1

4
!

k2
1T k2

2T

1
!

14!(3)"sNc#2 ln s/s0

"

s

s0

#4 ln 2!sNc/"

exp

$

%"

# ln2 k2

1T

k2

2T

28!(3)"sNc ln s/s0

&

'

Note: it is possible to compute Pomeron in electroweak theory also.
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Pomeron phenomenology
• Lowest order BFKL calculation incompatible with the 

experimental data.

• The energy behavior is much too strong (0.5 vs 0.25 in DIS)

• Need for higher order terms.

• But in general the Pomeron as a color singlet object dominated 
by the gluons is well established:

• Diffraction processes in QCD (processes with large rapidity 
gaps).

• Forward jet production in DIS.

• Universal growth of the total cross sections.
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Graviton



Graviton 
Spin 2 massless (2 polarizations) particle:

 symmetric rank 2 tensor.

In string theory: closed string state.

open

String theory includes gravity

closed



Universality of couplings



Universality of couplings

 Amplitude for emission of  soft foton:
pi

I
O

q

pi

I
O

q

(Weinberg)Example:



Universality of couplings

 Amplitude for emission of  soft foton:
pi

I
O

q

pi

I
O

q

M
µ
IO(q, !) = MIO

!

n

"nenpµ
n

pn · q ! i"n#

MIO

(Weinberg)Example:

Amplitude without fotons

en charge pn momentum
!n ±1 for incoming and outgoing particles



Universality of couplings

 Amplitude for emission of  soft foton:
pi

I
O

q

pi

I
O

q

M
µ
IO(q, !) = MIO

!

n

"nenpµ
n

pn · q ! i"n#

MIO

(Weinberg)Example:

Amplitude without fotons

en charge pn momentum
!n ±1 for incoming and outgoing particlesWard identity:

qµM
µ
IO(q) = 0

!

n

!nen = 0
Total charge 
is conserved



Universality of couplings

 Amplitude for emission of  soft foton:

 Amplitude of one soft graviton:

pi

I
O

q

pi

I
O

q

M
µ
IO(q, !) = MIO

!

n

"nenpµ
n

pn · q ! i"n#

MIO

(Weinberg)Example:

Amplitude without fotons

en charge pn momentum
!n ±1 for incoming and outgoing particlesWard identity:

qµM
µ
IO(q) = 0

!

n

!nen = 0
Total charge 
is conserved

M
µ!
IO(q, g) = MIO

!

n

!nfnpµ
np!

n

pn · q ! i!n"



Universality of couplings

 Amplitude for emission of  soft foton:

 Amplitude of one soft graviton:

pi

I
O

q

pi

I
O

q

M
µ
IO(q, !) = MIO

!

n

"nenpµ
n

pn · q ! i"n#

MIO

(Weinberg)Example:

Amplitude without fotons

en charge pn momentum
!n ±1 for incoming and outgoing particlesWard identity:

qµM
µ
IO(q) = 0

!

n

!nen = 0
Total charge 
is conserved

M
µ!
IO(q, g) = MIO

!

n

!nfnpµ
np!

n

pn · q ! i!n"

qµM
µ!
IO = 0

!

n

!nfnpn = 0



Universality of couplings

 Amplitude for emission of  soft foton:

 Amplitude of one soft graviton:

pi

I
O

q

pi

I
O

q

M
µ
IO(q, !) = MIO

!

n

"nenpµ
n

pn · q ! i"n#

MIO

(Weinberg)Example:

Amplitude without fotons

en charge pn momentum
!n ±1 for incoming and outgoing particlesWard identity:

qµM
µ
IO(q) = 0

!

n

!nen = 0
Total charge 
is conserved

M
µ!
IO(q, g) = MIO

!

n

!nfnpµ
np!

n

pn · q ! i!n"

qµM
µ!
IO = 0

!

n

!nfnpn = 0

From E-M 
conservation:

!

n

!npn = 0



Universality of couplings

 Amplitude for emission of  soft foton:

 Amplitude of one soft graviton:

pi

I
O

q

pi

I
O

q

M
µ
IO(q, !) = MIO

!

n

"nenpµ
n

pn · q ! i"n#

MIO

(Weinberg)Example:

Amplitude without fotons

en charge pn momentum
!n ±1 for incoming and outgoing particlesWard identity:

qµM
µ
IO(q) = 0

!

n

!nen = 0
Total charge 
is conserved

M
µ!
IO(q, g) = MIO

!

n

!nfnpµ
np!

n

pn · q ! i!n"

qµM
µ!
IO = 0

!

n

!nfnpn = 0

From E-M 
conservation:

!

n

!npn = 0 f1 = f2 = . . . = fn All couplings are equal



Universality of couplings

 Amplitude for emission of  soft foton:

 Amplitude of one soft graviton:

pi

I
O

q

pi

I
O

q

M
µ
IO(q, !) = MIO

!

n

"nenpµ
n

pn · q ! i"n#

MIO

(Weinberg)Example:

Amplitude without fotons

en charge pn momentum
!n ±1 for incoming and outgoing particlesWard identity:

qµM
µ
IO(q) = 0

!

n

!nen = 0
Total charge 
is conserved

M
µ!
IO(q, g) = MIO

!

n

!nfnpµ
np!

n

pn · q ! i!n"

qµM
µ!
IO = 0

!

n

!nfnpn = 0

From E-M 
conservation:

!

n

!npn = 0 f1 = f2 = . . . = fn All couplings are equal

Lorentz invariance for spin 2 particles gives principle of equivalence
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Gauge/Gravity duality
strings in AdS(D) CFT(d=D-1)

time

ds
2 =

R2

Z2
(!dT

2 + dX
2 + dZ

2)

(T,X): Minkowski coordinates
R: radius of curvature 
Z:  AdS radial coordinate

States: Local operators:!(T, X;Z = 0) O(T, X)

Duality: different degrees of freedom in two different limits of the coupling g2Nc

g2Nc ! 1

•Strongly coupled SYM
•Weakly coupled gravity

•Weakly coupled SYM
•Strongly coupled gravity

g2Nc ! 1

Maldacena

Graviton in string AdS corresponds to stress energy tensor in CFT.



String/N=4 SYM duality
Note that correspondence is expected to be valid for N=4 SYM:

•One gauge field

•Six scalars

•Four fermions

•Fields transform in the adjoint representation

•Conformal invariant

Aµ

!i, i = 1, . . . , 6

!k, k = 1, . . . , 4

! ! N " 4 = 0

SYM N=4  very different from QCD. Nevertheless a very good “laboratory” . 
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Exchange of graviton in AdS
Exchange of the graviton trajectory would lead to 

!(s) ! sj0!1, j0 = 2
Computation in string theory: 

f(g2Nc ! 1; ln s, r1, r2) " sj0!1 e![ln(r1/r2)]
2/(4D ln s)

#
4!D ln s

f(g2Nc ! 1; ln s, k1, k2) " sj0!1 e![ln(k1/k2)]
2/(4D ln s)

#
4!D ln s

Compare with gauge theory result:

j0 = 2 !

2
!

g2Nc

Intercept: Diffusion coefficient: D =
1

2
!

g2Nc

j0 = 1 + 4 ln 2
!sNc

"
Intercept: Diffusion coefficient: D = 7!(3)

"sNc

#

Janik; 
Brower, Polchinski,Strassler, Tan



Exchange of graviton in AdS
Exchange of the graviton trajectory would lead to 

!(s) ! sj0!1, j0 = 2
Computation in string theory: 

f(g2Nc ! 1; ln s, r1, r2) " sj0!1 e![ln(r1/r2)]
2/(4D ln s)

#
4!D ln s

f(g2Nc ! 1; ln s, k1, k2) " sj0!1 e![ln(k1/k2)]
2/(4D ln s)

#
4!D ln s

Compare with gauge theory result:

j0 = 2 !

2
!

g2Nc

Intercept: Diffusion coefficient: D =
1

2
!

g2Nc

j0 = 1 + 4 ln 2
!sNc

"
Intercept: Diffusion coefficient: D = 7!(3)

"sNc

#

Diffusion in transverse 
(virtual) momenta

Diffusion in the fifth (radial) 
dimension of AdS space

Janik; 
Brower, Polchinski,Strassler, Tan



Pomeron/Graviton

0
g2Nc

j0 = 1 + 4 ln 2
!sNc

"

j0 = 2 !

2
!

g2Nc

j0

Weak 
coupling

Strong 
coupling

Pomeron: made out  of many 
(reggeized) gluons. Growth of the 
cross section caused by dynamical 
effect: emission of many gluons.

Graviton: single object (closed string 
state). Growth of the cross section 

corresponds to the exchange of spin 2.



Resummation at high energies (small x)

• Next-to-leading order very large:

• Sources of large corrections:

• Kinematical effects, energy momentum conservation.

• Running of the coupling.

• Other corrections: quarks in the evolution.

• Need to take more than next-to-leading order:                        
all orders.

j0 = 1 + 4 ln 2
!sNc

"
(1 ! 6.45

!sNc

"
)

Common to QCD and SYM

QCD only
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Kinematics
•These gluons must be on-shell.

•The approximations used make gluons 

off-shell!

•Put the constraint to correct this.

•Energy - momentum is not conserved:s

High energy 
approximation means:

s ! |t|,!2, m2

i

Impose constraints to satisfy energy-momentum 
sum rule
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A note on anomalous dimensions in QCD
In standard operator product expansion 

approach to DIS
evaluate anomalous dimensions

[D!ab ! "
(j)
ab ]Cj

b (g, µ,!q2) = 0

RGE:

D = µ
!

!µ
+ "(g)

!

!g

 Satisfied at each order of the perturbation theory 

Momentum sum rule:

!(j=2),i
gg + 2Nf!(j=2),i

qg = 0 !
(j=2),i
gq + !

(j=2),i
qq = 0 QCD

!
(j=2),i
uni = 0 N=4 SYM

!
(j)
ab (g) =

!

i

(g2)i
!

(j),i
ab

Perturbative expansion:

Lorentz spin
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BFKL kernel eigenvalue:
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Intercept in the resummed model

0.001 0.01 0.1 1 10 100 1000
!sN!"

0.2

0.4

0.6

0.8

1
#p

!P = j0 ! 1

j0 = 1 + 4 ln 2
!sNc

"

Note the logarithmic horizontal axis

j0 = 2 !

1

!
!

"sNc/!

! ! s
j0!1Cross section:



Vanishing diffusion and soft gluons



Vanishing diffusion and soft gluons
Small coupling

q = (q+
, q

!

, qT )

q
2

= 0

qT can be large
k



Vanishing diffusion and soft gluons
Small coupling

q = (q+
, q

!

, qT )

q
2

= 0

qT can be large
k

ln kT



Vanishing diffusion and soft gluons

!!!(
"sNC

#
! 1) large

Small coupling
q = (q+

, q
!

, qT )

q
2

= 0

qT can be large
k

ln kT



Vanishing diffusion and soft gluons
Large coupling

q
+
, q

!

! 0

qT ! 0

when
!sNc ! "

!!!(
"sNC

#
! 1) large

Small coupling
q = (q+

, q
!

, qT )

q
2

= 0

qT can be large
k

ln kT



Vanishing diffusion and soft gluons
Large coupling

q
+
, q

!

! 0

qT ! 0

when
!sNc ! "

!!!(
"sNC

#
! 1) large

Small coupling
q = (q+

, q
!

, qT )

q
2

= 0

qT can be large
k

ln kT ln kT



Vanishing diffusion and soft gluons
Large coupling

q
+
, q

!

! 0

qT ! 0

when
!sNc ! "

!!!(
"sNC

#
! 1) large !!!(

"sNC

#
! 1) small

Small coupling
q = (q+

, q
!

, qT )

q
2

= 0

qT can be large
k

ln kT ln kT



Summary

• Universal growth of hadronic cross sections.

• In QCD Pomeron: compound state of gluons, dominates 
the high energy behavior of cross sections.

• In string(gravity) theory: graviton dominates at high 
energies.

• Simple kinematic constraints lead to resummation: weak to 
strong coupling interpolation.

• In real QCD situation more complicated: running coupling, 
multi-Pomeron/graviton exchanges(interactions).
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Boundary conditions

The Polyakov action:

S = −T

∫
d2σηαβ∂αXµ∂βXµ

We vary the above action plugging EOM:

δS = −T

∫
dτ [X ′

µδXµ(0, τ)− X ′
µδXµ(π, τ)] = 0

Possible boundary conditions:

• X ′
µ = 0|σ=0,2π von Neumann’s boundary conditions

• Xµ(0, τ),Xµ(π, τ) = const Dirichlet’s boundary conditions



Brane action

SDp = −Tp

∫
dξp+1

√
−det(P[Gab])

For our considerations the D3/D7-brane system is relevant.



The AdS/CFT correspondence

N = 4 supersymmetric

Yang-Mills theory in R4

IIB superstrings in curved

AdS5 × S5 10D spacetime

Strongly coupled gauge fields ⇔ Weakly coupled strings

How one can relate physical observables in these two theories?



The dictionary of gauge/gravity duality

Equivalence means:

e−Ssugra ≈ Zstring = ZCFT ≡ 〈e
∫

d4xφ0(x)O(x)〉

Identification of some corresponding quantities:

The dictionary

Gauge side String side

TrFµνF
µν dilaton

Tµν graviton gµν

dimension of operator mass of the field

. . . . . .



The AdS/CFT correspondence at T 6= 0

ds2 = −1− z4/z4
0

z2
dt2 +

1

z2
d~x2 +

1

z2(1− z4/z4
0 )

dz2

z

~x z = 0

z = z0
Horizon

Entropy:

SCFT = SBH ∼ T 3



Geometry

ds2 =
1

z2
(−ea(τ,z)dτ2 + τ2eb(τ,z)dy2 + ec(τ,z)dx2

⊥ + dz2)

The three coefficients can be derived from the Einstein equations:

Rµν −
1

2
gµνR − 6gµν = 0

• scaling variable v = z
τ s/4 reduces a(τ, z) = a(v)

• natural criterion to determine s - geometry regularity

• RαβγδRαβγδ has no poles nor cuts

• cancelation of 4th order pole at v = 31/4 requires s = 4/3

• this reproduces Bjorken hydrodynamics on CFT side!



Perfect fluid asymptotic geometry

Asymptotic geometry for energy density ε = e
τ4/3

ds2 =
1

z2

(
−

(1− e
3

z4

τ4/3 )
2

1 + e
3

z4

τ4/3

dτ2 + (1 +
e

3

z4

τ4/3
)(τ2dy2 + dx2

⊥) + dz2
)

The above metric is very similar to the black hole solution but with
the location of the horizon moving in the bulk:

z0 =

(
3

e

) 1
4

τ
1
3

Also interesting to find subleading corrections to the metric
(dependence on shear viscosity )



Fundamental matter

How one can take into account the fundamental matter?
Introduce Nf D7-branes into Nc D3-branes system ( Nc � Nf )
Four different string sectors:

• close strings

• open strings
• 3-3 strings

• 3-7 strings

• 7-7 strings

Gauge fields with SU(Nc) symmetry

plus fundamental matter with SU(Nf ) symmetry



Static D7-brane embedding
The DBI action:

SD7 = −T7

∫
d8ξε3ρ

3

√
1 +

gab

ρ2 + y2
5 + y2

6

(∂ay5∂by5 + ∂ay6∂by6)

Euler-Lagrange equation:

d

dρ

 ρ3√
1 +

(
dy6
dρ

)2

dy6

dρ

 = 0

Asymptotic solution (ρ →∞):

y6 = m +
c

ρ2
+ . . .

The scalars m and c are identified with the quark mass mq and

condensate < qq̄ > respectively.



Time-dependent embeddings

An ansatz:

y6 = m +
c

ρ2τ a
+ . . .

Should be consistent with the adiabatic picture:

Black hole embedding

Critical embedding

Minkowski embedding



Time-dependent embeddings

EOM:

�y6 + 3 tan(y6)−
1

2

Gµν∂µy6∂ν(G
ρσ∂ρy6∂σy6)

1 + Gαβ∂αy6∂βy6
= 0

Comparing the adiabatic and time-dependent embedding:

τ−1 ∼ T 3

we obtain the power of τ :

a = 8/3

The embedding up to first order:

y6 = m +
c

ρ2τ8/3
+ . . .



Adding viscosity

Subleading term occurs:

y6 = m +
c

ρ2τ8/3
+

c1(η0)

ρ2τ10/3
+ . . .

It is possible to determine coefficients c and c1

c = − 1

6m5
c1 =

2

9m7
η0



Conclusions

Summary

• The quark-gluon plasma can be described by hydrodynamics
(the effective theory describing the long-distance,
low-frequency behavior of interacting finite-temperature
systems)

• AdS/CFT correspondence allows to compute hydrodynamical
quantities (e.g. entropy)

Further work

• Calculation of the free energy (done)

• Analysis of the small fluctuations of the D7-brane - mesons
(work in progress)
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Neutron Star Structure

• Atmosphere (          )
• Outer crust
• Inner crust
• Core

310 −≤ cmgρ
311103.410 −⋅≤≤ cmgρ

31411 104.2103.4 −⋅≤≤⋅ cmgρ
ρ≤⋅ 14104.2

cm1~



  



  

Realistic Nuclear Models:
1. Skyrme (SI’, SII’, SIII’, SL, Ska, SKM, SGII, RATP, T6)
2. Myers-Świątecki (MS)
3. Friedman-Pandharipande-Ravenhall (FPR)
4. UV14+TNI (UV)
5. AV14+UVII (AV)
6. UV14+UVII (UVU)
7. A18
8. A18+δv
9. A18+UIX
10. A18+δv+UIX*



  

Symmetry Energy of Nuclear Matter

( ) ( ) ( )

( ) ( )

2
1

2

2

2

,
8
1

12
2
1,,

=∂
∂=

−+




=

x
S
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xnEnE

xnEnExnE nnx P /=



  



  

Small values of the symmetry energy:
2. Low proton concentration
3. Charge separation instability

• realized eg. through proton localization



  



  



  



  



  

Spin instability of proton-localized phase
The energy density difference between polarized state and the 
normal one: PPN

pn
N ssg δ εδδδ εδ ε ++=

where the spin excess: ↓+↑=↓−↑= PPPNNN nnsnns δδδδδδ

effective coupling constant: 25.2 fmg pn −=

According to the Landau Fermi-liquid theory 
the change of the neutron energy density: ( ) 20

2
1

N
N

NN

N s
N
G δδ ε +=

where spin-dependent Landau 
parameter for pure neutron matter: 0.10 =NNG

Density of states at the Fermi level: N
FNN kmN 2−= π



  

For localized protons their wave functions 
extend to a limited volume: 0=Pδ ε

The difference of energy density: ( ) PN
pn

N
N

NN

ssgs
N
G δδδδ ε ++= 20

2
1

for                                    has the minimum:PNN
N

pn

N s
G
Ngs δδ

01+
−= ( )

( ) ( ) 0
12

2

0

2

min <
+

−= PNN

pn
N s
G
gN δδ ε

The system with polarized protons is unstable 
against small spin oscilations.

The system has the minimum of the energy 
for fully polarized protons: PP ns =δ



  

The magnetization of this phase is:

PPNNN
N

pn

PPNN n
G
NgssM 








+

+
−=+= µµδµδµ

01

The magnetic moment of neutron and proton:

GsergGserg PN /1041.1/1066.9 2324 −− ⋅=⋅−= µµ



  



  



  



  

For nonlocalized protons without any proton-proton interaction:

( ) ( ) ( ) 22

0
min

2

1
1

2
10

2
1

P
pn

NN
N

P
P

P
P sg

G
N

N
s

N
δδ εδδ ε 








+

−=≠=

so the system is unstable to spin fluctuations when:
pn
c

pn gg >⇒< 0minδ ε

where:
PN

NN
pn
c NN

Gg 01+=

Magnetic moment of ferromagnetic phase of volume       isdV dVMd =M

The existence of the magnetic moment implies a dipole magnetic 
field, which at the magnetic pole on the surface of the star of radius   
  has the value:

R
3/2 RBP M=



  

( ) 00 =+ indfer BB


The energy per baryon in the polarized phase could be below that 
for the normal phase by at least              , so the phase transition to 
magnetized matter with spin ordering is expected to occur very 
soon after formation of the neutron star.
This sudden switching-on of the magnetic field of the magnetized 
core, forming a single domain, will result in the induction of the 
screening field which will fully shield the ferromagnetic field:

The induced current suffers ohmic decay, and the nonzero field 
emerges.

Decay time of the n-th mode is: ( ) 22 /4 ncRn πσπτ =

Emergence of magnetic field

MeV1~



  

The age and the magnetic field of the pulsar
may be obtained from the period and its derivative:

P
Pt 2

=

From the energy loss of the pulsar: 3

2462

6
sin
c

RBIE αΩ−=ΩΩ= 

GsPPPIP
R
cBobs  19

3

3

102.3
2
3

sin
⋅≈=

απ

The observed magnetic field is the sum of the residual field from 
the newly created neutron star and the field which emerges from 
the ferromagnetic core through the ohmic decay:

( ) ferresobs BtBB


ε+=

The unshielded fraction of the magnetic field which emerges after time  :

( ) ( ) ( )1/exp1 τε t
B

tBB
t

fer

indfer −−=
+

=

t



  

 1.17E101.25E109.69E74.99E-1830.531.349(40)B2127+11C

-3.59E109.66E82.78E97.2E-2012.651.21(14)1802-2124

-2.39E103.80E83.85E92.41E-205.8501.6(2)J1738+0333

-1.04E111.01E81.69E103.07E-213.266J1911-5958A

 2.06E122.06E123.29E64.46E-15926.31.58(34)J0045-7319

-5.73E93.32E97.84E84.67E-1923.10B1802-07

-6.34E103.03E84.87E91.71E-205.2561.68(22)J1012+5307

-1.40E102.06E83.34E91.40E-202.9471.438(24)J1909-3744

-3.98E93.12E84.80E91.77E-205.362PRS1855+09

-8.74E102.00E88.49E98.53E-214.5701.3(2)J1713+0747

-7.66E111.67E87.08E97.79E-213.4792.10(20)J0751+1807

-7.05E95.81E81.59E95.73E-205.7571.58(18)J0437-4715

-1.47E111.18E99.67E94.73E-2028.85J0621+1002

 7.88E117.88E112.97E75.69E-161066.4B2303+46

 1.32E121.32E121.46E64.29E-15393.91.30(2)J1141-6545

 2.24E102.28E101.08E88.63E-1859.031.4408(3)B1913+16

 2.73E95.45E94.42E81.02E-1828.46J1756-2251

 7.49E99.69E92.48E82.42E-1837.901.3332(10)PRS1534+12

 1.59E121.59E124.93E78.92E-162773.51.249(1)J0737-3039B

 4.64E96.40E92.04E81.76E-1822.701.338(1)J0737-3039A

Bres [Gs] – AV14+UVIIB [Gs]t [year] [ssṖ -1]P [ms]Mass [Mʘ]Name

02.0
03.040.1 +

−

06.0
10.038.1 +

−

32.0
29.070.1 +

−

26.0
14.050.1 +

−

08.0
17.026.1 +

−

16.0
10.040.1 +

−



  



  

Conclusions
1. Symmetry energy implies the inhomogeneity of dense 

nuclear matter in neutron stars.
2. Astrophysical consequences of proton localization:

• spontaneous polarization of localized protons;
• influence on neutron star cooling rate.

3. Ferromagnetic core as the source of strong magnetic field 
of the neutron star.
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One meteorologist remarked that if the theory were
correct, one flap of a seagull’s wings would be enough to
alter the course of the weather forever.

E. N. Lorenz
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Critical phenomena

Singularity theorems (Penrose 1965, Hawking and Penrose 1970)

Solutions of Einstein’s equations become singular for a large class of
regular initial data.

Weak cosmic censorship (Penrose 1969)

Naked singularities do not generically develop in reasonable models of
gravitational collapse.

Parameterize the initial data by one parameter p such that
I large p — collapse to a black hole
I small p — dispersion

Critical phenomena (Choptuik 1993)

What kind of solution correspond to the critical value of p = p∗?

Sebastian Szybka (OA UJ) Cracow School of Theoretical Physics 2007 17 czerwca 2007 3 / 10



Critical phenomena

Singularity theorems (Penrose 1965, Hawking and Penrose 1970)

Solutions of Einstein’s equations become singular for a large class of
regular initial data.

Weak cosmic censorship (Penrose 1969)

Naked singularities do not generically develop in reasonable models of
gravitational collapse.

Parameterize the initial data by one parameter p such that
I large p — collapse to a black hole
I small p — dispersion

Critical phenomena (Choptuik 1993)

What kind of solution correspond to the critical value of p = p∗?

Sebastian Szybka (OA UJ) Cracow School of Theoretical Physics 2007 17 czerwca 2007 3 / 10



Critical phenomena

Singularity theorems (Penrose 1965, Hawking and Penrose 1970)

Solutions of Einstein’s equations become singular for a large class of
regular initial data.

Weak cosmic censorship (Penrose 1969)

Naked singularities do not generically develop in reasonable models of
gravitational collapse.

Parameterize the initial data by one parameter p such that
I large p — collapse to a black hole
I small p — dispersion

Critical phenomena (Choptuik 1993)

What kind of solution correspond to the critical value of p = p∗?

Sebastian Szybka (OA UJ) Cracow School of Theoretical Physics 2007 17 czerwca 2007 3 / 10



Critical phenomena

Singularity theorems (Penrose 1965, Hawking and Penrose 1970)

Solutions of Einstein’s equations become singular for a large class of
regular initial data.

Weak cosmic censorship (Penrose 1969)

Naked singularities do not generically develop in reasonable models of
gravitational collapse.

Parameterize the initial data by one parameter p such that
I large p — collapse to a black hole
I small p — dispersion

Critical phenomena (Choptuik 1993)

What kind of solution correspond to the critical value of p = p∗?

Sebastian Szybka (OA UJ) Cracow School of Theoretical Physics 2007 17 czerwca 2007 3 / 10



Critical phenomena

Choptuik’s numerical experiment (massless scalar field)
I black hole mass scaling M ∼ (p − p∗)γ – non–generic naked singularity

for p = p∗

I universality
I discrete self-similarity

Problems – does this result depend on the right–hand side of
Einstein’s equations (the matter content)?

I equations tractable only in spherical symmetry
I no gravitational waves in spherical symmetry - Birkhoff theorem

More then 100 articles devoted to critical phenomena — different
matter fields

Study simpler PDE and search for a counterpart of the critical
phenomena

Dynamical system picture of GR
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Critical phenomena
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Chaos and critical phenomena in vacuum

The breakthrough — BCS ansatz (Bizoń, Chmaj, Schmidt 2005)

Evade Birkhoff’s theorem for a price of going to higher dimensions

ds2 = −Ae−2δdt2 + A−1dr2 +
1

4
r2

[
e2Bσ2

1+e2Cσ2
2+e−2(B+C)σ2

3

]
,

where A, δ, B, and C are functions of time t, radius r and

σ1 + i σ2 = e iψ(cos θ dφ+ i dθ), σ3 = dψ − sin θ dφ

General picture of the critical phenomena confirmed but interesting
new properties
In context of dynamical system picture of GR the critical phenomena
reduce to a study of the basin boundary between two attractors
Basin boundaries can be either smooth or fractal – so far the second
property was never observed in the critical phenomena restricted to
regular initial data
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Fractal basin boundaries

Chaotic scattering on three geometrically equivalent copies of the
critical solution

The uncertainty dimension

Let S be one–dimensional set in one–dimensional parameter phase space
(we have one free parameter κ). The probability that any two random
points κA, κB separated by a distance ε belong to different basins
h(κA) 6= h(κB) scales as P(ε) ∼ ε1−dim(S∩B), where B is a basin boundary.
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Fractal basin boundaries
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Fractal basin boundaries

the uncertainty dimension

dim(S ∩ B) = 0.771± 0.005

Sebastian Szybka (OA UJ) Cracow School of Theoretical Physics 2007 17 czerwca 2007 9 / 10



Conclusions

A flip of the wings of the butterfly may influence the process of black hole
formation (at least in this setting — is it more generic phenomenon?)

the first example of chaos in context of gravitational collapse (regular
initial data)

rich dynamics

a hint for a different models
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Never begin a talk with an excuse 
or an apology

…so sorry about this, but 
I can’t really do my job properly, and it

isn’t my fault.
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Articles in hep-ex, hep-ph, or hep-th for 
one year (to 24/8/03) with word in title

Quark

QCD

String

Brane

Higgs

Meson

perturbation

structure

CP

spin

fermion

lepton

photon

inflation

electroweak

gluon

Standard model

SUSY

LHC

unification

Linear collider

strong

flavour
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325

288
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Neutrino           558

Cannot possibly cover the field in a three lectures.
I will discuss a lot of experiment, a little phenomenology, 

almost no theory, but start with a bit of history…
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Rough Plan of Lectures:

• Today – History, solar neutrinos, existing 
reactor experiments relevant to solar mixing.

• Tomorrow – Atmospheric and long baseline 
neutrino oscillations, three neutrino mixing.

• Friday – The future of oscillation experiments, 
absolute mass measurements including 0νββ 
decay and astrophysical determinations.
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Where did the idea of the neutrino come from?

There were problems in the early days of β decay.

And the spins didn’t add up…

F. A. Scott, Phys. Rev. 48, 
391 (1935)

14C → 14N   +   e–

spin 0      spin 1   spin 1/2

Bohr:  maybe energy/momentum not conserved in β decay?

Instead of
discrete

β spectra were 
continuous
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    Dear Radioactive Ladies and Gentlemen, 
As the bearer of these lines, to whom I graciously ask you to listen, will explain to you in more 
detail, how because of the "wrong" statistics of the N and Li6 nuclei and the continuous beta 
spectrum, I have hit upon a desperate remedy to save the "exchange theorem" of statistics and 
the law of conservation of energy. Namely, the possibility that there could exist in the nuclei 
electrically neutral particles, that I wish to call neutrons, which have spin 1/2 and obey the 
exclusion principle and which further differ from light quanta in that they do not travel with the 
velocity of light. The mass of the neutrons should be of the same order of magnitude as the 
electron mass and in any event not larger than 0.01 proton masses. The continuous beta 
spectrum would then become understandable by the assumption that in beta decay a neutron is 
emitted in addition to the electron such that the sum of the energies of the neutron and the 
electron is constant... 
I agree that my remedy could seem incredible because one should have seen those neutrons very 
earlier if they really exist. But only the one who dare can win and the difficult situation, due to 
the continuous structure of the beta spectrum, is lighted by a remark of my honoured 
predecessor, Mr Debye, who told me recently in Bruxelles: "Oh, It's well better not to think to 
this at all, like the new taxes". From now on, every solution to the issue must be discussed. 
Thus, dear radioactive people, look and judge. Unfortunately, I cannot appear in Tubingen 
personally since I am indispensable here in Zurich because of a ball on the night of 6/7 
December. With my best regards to you, and also to Mr Back.

Your humble servant
. W. Pauli 

Pauli’s Solution…
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Enrico Fermi…

Replaces the neutrino 
“inside” the nucleus…

…with a neutrino created 
in a four-point interaction.

Theorists then replace the “point”…

…with a boson propagator 
connecting quarks and/or leptons

And the Standard Model of 
electroweak interactions is born!

(I warned you there wouldn’t
be much theory…)

e–νe

d u

W
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How to detect them? 
• The detection of neutrinos was an extreme 

challenge for the experiments of the mid-
twentieth century – Pauli, in fact, apologized for 
hypothesizing a particle that could not be 
detected.

• In a Chalk River report in 1946, Bruno 
Pontecorvo pointed out the advantages of a 
radiochemical experiment based on νe + 37Cl → 
37Ar + e− (and even mentioned solar neutrino 
detection using this method).  

• The first application of Bruno’s method, however, 
was by Ray Davis using reactor anti-neutrinos.

• However the first detection of neutrinos used 
another method…
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• Ray deployed large tanks containing carbon 
tetrachloride near reactors.

• Ifν = ν  you would expect to see 37Ar 
produced by this reaction.  

• By 1957 enough sensitivity had been reached 
to show that the rate was too small, from 
which it was concluded that  ν ≠ ν .

• This is wrong, because P is violated in weak 
interactions!
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µ event e event
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The Discovery of Neutral Currents

The 1st Neutrino Horn –
Van den Meer, CERN, 1961

The Gargamelle 
CF3Br Bubble Chamber
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The Discovery of Neutral Currents

The CERN (and FNAL and BNL and…) ν beams were workhorse
probes for particle physics for decades, but I will leave this story… 
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DONUT
(2000)
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LEP and SLC confirm that there 
are only three light flavoured ν
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Solar Neutrinos



Cracow School

Imperial College/RAL
Dave Wark 

Photons take 104 years to get out
Energy takes 107 years to get out
Neutrinos come out at the speed of light!
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Net reaction is 4p → 4He +2e+ + 2νe

Releases 25.7 MeV/c2, or 4.12 x 10-12 J, per Helium 
nucleus produced (or half that per neutrino)
The solar constant is 1370 Watts/m2 at Earth’s orbit

Thus the neutrino flux should be 
1370/(2.06x10-12)/m2/sec or:

6.65 x 1010 /cm2/sec
Good News:  this is accurate to better than 10%
Bad News:    we left out a few things….
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Where it all began – the Davis Experiment

•
SSM

Prediction!

Maybe the experiment is wrong…
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Translation –
“Do not fill above this line”

Kamiokande
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“Do not fill above this line”

νx+ e−→ νx+ e−
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Translation –
“Do not fill above this line”

νx+ e−→ νx+ e−
νx

νx

e− Ĉ
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Why am I spending all this time talking about 
ancient experiments?

• It’s fun…
• I was told this was a school and there would be 

students present.
• I would like them to carefully note as I go through 

all the amazing, expensive, flashy new 
experiments to come that they are almost all just 
elaborations of these early ideas.

• This is a beautiful demonstration of the most 
important single thing my advisor ever taught me:

“Three months in the laboratory will 
save you three hours in the library”.
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Translation –
“Do not fill above this line”

νx+ e−→ νx+ e−
νx

νx

e− Ĉ
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“Do not fill above this line”

Kamiokande
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The solar pp chain
p+p → 2H + e+ + νe p+p+e- → 2H  + νe

2H+p → 3He + γ

3He+3He →α+2p 3He+p →α+ e+ + νe

3He+α → 7Be + γ

7Be+p → 8B + γ 7Be+e- → 7Li + νe

7Li +p → α+α 8B →2α+ e+ + νe

(99.77%) (0.23%)

(84.92%) (~10-5%)

(15.08%)

(15.07%) (0.01%)

pp pep

hep

7Be
8B



Cracow School

Imperial College/RAL
Dave Wark 

Pl
ot

 a
da

pt
ed

 fr
om

 h
ttp

://
w

w
w

.sn
s.i

as
.e

du
/~

jn
b/

 



Cracow School

Imperial College/RAL
Dave Wark 

• Want to measure the lowest energy solar neutrinos
• Detect the neutrinos by observing the reaction 
                      71Ga + ν → 71Ge + e- 
• The Soviet-American Gallium Experiment - SAGE
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GALLEX/GNO has:
•Very different chemistry
•Many detailed differences

Extraction/counting of 
both experiments 
verified using ~1 MCi 
51Cr sources
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SAGE Results
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GALLEX/GNO Results
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70±570±4

Eliminates any credible astrophysical explanation…
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The theorists had already been 
thinking….

• 1957 – Bruno Pontecorvo, wondering if there are any other particles 
which could undergo oscillations analogous to K0 ↔ K0 oscillations, 
hit upon the idea of neutrino ↔ anti-neutrino oscillations (more about 
this later).

• 1962 – Maki, Nakagawa, and Sakata (in the context of what looks 
today like a very odd model of nucleons) proposed that the weak 
neutrinos known at the time were superpositions of “true” neutrinos 
with definite masses, and that this could lead to transitions between the 
different weak neutrino states.

• 1967 – Pontecorvo then considered the effects of all different types of 
oscillations in light of what was then known, and pointed out before 
any results from the Davis experiment were known that the rate in 
that experiment could be expected to be reduced by a factor of two!

• 1972 – Pontecorvo is informed by John Bahcall that Davis does indeed 
see a reduced rate, and responds with a letter….

—
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 For two neutrino flavours in vacuum 
oscillations lead to the appearance of a new 
neutrino flavour:

 With the corresponding disappearance of 
the original neutrino flavour

 These oscillations can be significantly 
modified by the MSW effect when the 
neutrinos pass through matter…

MeVinEmeters,inL,eVinmmΔm

)
E

LΔm(1.27sin2sin)νP(ν

22
1

2
2

2

2
22

eμ

−=

=→ θ

2ν Vacuum Oscillations
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Matter Effects – the MSW effect









=









x

e

x

e H
dt
di

ν
ν

ν
ν


















−

=
cos2θ

4E
Δmsin2θ

4E
Δm

sin2θ
4E

Δmcos2θ
4E

Δm

H 22

22In vacuum:



Cracow School

Imperial College/RAL
Dave Wark 

Matter Effects – the MSW effect









=









x

e

x

e H
dt
di

ν
ν

ν
ν


















+−

=
cos2θ

4E
Δmsin2θ

4E
Δm

sin2θ
4E

ΔmNG2cos2θ
4E

Δm

H 22

2

eF

2

νx νx

e- e-

Z0

νe

νee-

e-

W



Cracow School

Imperial College/RAL
Dave Wark 

Matter Effects – the MSW effect
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Matter Effects – the MSW effect



Cracow School

Imperial College/RAL
Dave Wark 

Matter Effects – the MSW effect
Day – Night Effect

DN
DNAsym

+
−=

7Be

Also produces(?) 
seasonal variation
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The Super-Kamiokande
Detector
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22,400 solar neutrino events!
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22,400 solar neutrino events!
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70±570±4
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Super-Kamiokande Energy Spectrum
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Super-Kamiokande seasonal variation
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Super
Kamiokande

Day-night 
variation
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Which left us where?

But no smoking gun for oscillations….
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2nd Smoking Gun – SNO

NC
xx νν ++→+ npd

ES
 +→+ e−νe−ν x 

CC e−ppd ++→+νe

x

- Q = 1.445 MeV
- good measurement of νe energy spectrum
- some directional info ∝ (1 – 1/3 cosθ)
- νe only

- Q = 2.22 MeV 
- measures total 8B ν flux from the Sun
- equal cross section for all ν types

- low statistics 
- mainly sensitive to νe, some νµ  and  ντ

- strong directional sensitivity
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The enemy…..

βs and γs from decays in these 
chains interfere with our 
signals at low energies

And worse, γs over 2.2 MeV
cause d + γ → n + p

Design called for:
   D2O     < 10   -15 gm/gm U/Th
   H2O     < 10-14 gm/gm U/Th
   Acrylic < 10-12 gm/gm U/Th
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Internal

External

SNO Backgrounds
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2 tons of NaCl added  to D2O on June 1, 2001

3H 36Cl

2H+n 

35Cl+n 

6.0 MeV

8.6 MeVσ = 0.0005 b

σ = 44 b

Blind analysis technique
used…
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Comparison of pure D2O and Salt results
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2nd Smoking Gun – SNO

This demonstrates that neutrinos change flavour..

Flavour content of solar flux.
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Latest SNO numbers, full salt data
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Global Solar Analysis with SNO 391-day salt data

• SNO suppression factor > 2 for L >> Lv ⇒ MSW effect
• Possible to observe on Earth?

Best fit implies Lv ~ 100km

SNO finds:
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 KamLAND

Sum over all Japanese power reactors...
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KamLAND

80% of total contribution comes from 130~220km distance
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KamLAND
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Proved (with other results) that neutrinos oscillate…
…or at least do a damned fine impression.
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Solar+KamLAND Oscillation Fit

Solar + KamLAND
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Borexino Physics Target – 7Be neutrinos

And the big news is…
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Now filled and
taking data!
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The Near Future – Solar and Reactor

SNO 3He detectors – different systematics → better determine θ12 

Other future solar neutrino
Experiments –  

KamLAND, SNO+, CLEAN,
XMASS, etc.- no time

to discuss.
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The Near Future – Solar and Reactor

Improvements of KamLAND also improve θ12 sensitivity
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1st Smoking Gun – SK Atmospheric

Observed ratio ~1, Look at zenith angle distributions…
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Plots from Y. Suzuki
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Background to Proton Decay Experiments
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Also seen by Kamiokande
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The Super-Kamiokande
Detector
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µ

e
νµ produces a µ,

which produces a 
sharp ring

νe  produces
an electron, 

which produces 
a “fuzzy” ring
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SK data as a function of zenith angle
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1st Smoking Gun – SK Atmospheric
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From Chris Walter’s talk at ICHEP
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Super Kamiokande Rebuild
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The first long baseline experiment – K2K
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Final K2K Statistics

Plots from Pier Loverre’s talk at TAUP05.

56.845multi-ring
8.29     e-like

90.858      µ-like
99.0671 ring

155.9112All
Nsk

predNsk
obs

  Oscillation – disappearance – two flavors analysis

    sin22θ = 1.19 ± 0.23      ∆m2  = (2.55 ± 0.40)x10-3eV2

    1.881.88××1010-3-3  ≤≤  ∆∆mm22  ≤≤ 3.48 3.48××1010-3-3 eV eV22 (90%CL)   for  sin (90%CL)   for  sin2222θθ=1=1  

  1R-µ  Energy spectrum
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 NuMI - MINOS
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MINOS Detectors
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MINOS Event

Entrance point

x
y

B

Beam direction

MINOS preliminary
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Slide from Geoff Pearce’s talk at ICHEP06



Cracow School

Imperial College/RAL
Dave Wark 

Allowed Regions from MINOS, K2K
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CNGS and OPERA
νµ

ντ ?

Pb

Emulsion layers

ν

τ

1 mm

Plastic base

First Running has 
begun!

Clear signature of
τ appearance
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Slides from Yves Declais

•∆m2  =  1.2 x 10-3 eV2  :     
2.7 events

• ∆m2  =  2.4 x 10-3 eV2  :     
11  events

• ∆m2  =  5.4 x 10-3 eV2  :     
54  events
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2 64 1812

2

Wire coord. (m)

Drift
Coord.
(m)

Zoom View
3.9 m

1.3 m

Full 2D view from the Collection Wire Plane

T600 test @ Pv: Run 308 - Evt 7 

Installation 
Proceeding!
600t to be 
operating
by 2008
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A smoking gun too many – LSND
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A smoking gun too many – LSND
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A second experiment…

…KARMEN saw no effect.
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LSND and KARMEN not inconsistent with each other
- just with everything else (assuming 3 neutrinos).

Joint LSND/Karmen analysis gives 
restricted region (Church et al. 

hep-ex/0203023)
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MiniBooNE Design
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MiniBooNE Detector
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MiniBooNE Detector
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MiniBooNE Analysis
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MiniBooNE Results

LSND 2ν oscillation ruled out at 98% c.l.
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Three Angles
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- each has a sign
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ilil U νν ∑=If neutrinos have mass:

For three neutrinos:

)
E
LΔm.(θ)νP(ν eμ

2
22 271sin2sin=→

Two mass differences
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ilil U νν ∑=If neutrinos have mass:

For three neutrinos:

)
E
LΔm.(θ)νP(ν eμ

2
22 271sin2sin=→

CP violating phase δ
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What are the experimental targets now?

• More accurate determinations of already measured 
parameters (better than CKM?) – is θ23 = 45°?
– Existing experiments offer (modest) improvements
– Next-generation long baseline and reactor experiments 

(T2K will improve on MINOS by ~10x).
• Other signatures of oscillations – ντ appearance.
•  θ13 – either νµ → νe, or νe disappearance.
• The sign of ∆m23

2 (or ∆m13
2)

• The CP-violating phase δ 
• The absolute mass scale.
• Are neutrinos Majorana or Dirac?
• Are there more than 3 – neuterinos?
•  Surprises?
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ilil U νν ∑=If neutrinos have mass:
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~0.03 ∼π/4
And sin22θ13 < ~0.14 

Three neutrino mixing.
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Effect of 3ν on reactor disappearance

0

.0 2

.0 4
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.1 2

.0 1 1 10 100 1000
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νe

 -
> 

νe
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s i n 2 θ 1 3 = .0 1

sin22θ13

Measure this small deficit. 
Due to ∆m2

12<∆m2
23(13), 

this is almost pure θ13 
measurement
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Disappearance on very 
short baselines – 

no MSW, no CP viol
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Chooz Reactor Experiment
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Current limits on θ13

J.W.F. Valle, hep-ph/0410103
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Can we improve on Chooz?
• More optimal baseline.
• Two detectors, near and far, to control 

normalization.
• Much larger detectors (tens or hundreds of tons).
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Can we improve on Chooz?
• More optimal baseline.
• Two detectors, near and far, to control 

normalization.
• Much larger detectors (tens or hundreds of tons).
• Extremely challenging experiments – systematic 

error budget on relative rates ~ 1-2%.
• Must understand relative energy scale and 

linearity even better.
• Must correct for any differences in backgrounds.  
• These are extremely challenging experiments, 

and should be treated as such.
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Daya Bay planned sensitivity
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Long Baseline νµ⇔νe Appearance
• Modest improvements available from MINOS and OPERA
• Major improvements in sensitivity will require major new 

dedicated experiments.
• Superbeams – ν derived from π decay:

– T2K
– NOvA
– CERN → Modanne or LNGS or…
– BNL → Homestake or Henderson
– FNAL → various sites

•  β Beams – νe derived from β-decaying nucleus:
– CERN
– FNAL
– EC beams? – produces “monoenergetic” neutrinos

• Neutrino Factories – νe/νµ derived from µ decay:
– CERN
– RAL
– FNAL
– JPARC
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ilil U νν ∑=If neutrinos have mass:

)
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LΔm.(θ)νP(ν eμ
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Three neutrino mixing.
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Common Features - Off-Axis Beams

θTargetHorns Decay Pipe

Far Detector.

νµ 

OA2°

∆m2=3x10-3eV2

L=295km

Near Detector

• Pros –
– Increases flux on osc. max.
– Reduces high-E tail, and thus 

NC backgrounds
– Reduces νe contamination 

from K and µ decay
• Cons – 

– Complicates disappearance 
measurement

– Increases near/far differences
– Have to know angle!
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Common Features – Targetry is hard.
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Common Features – Cross sections are 
poorly known in range 0.1-10 GeV
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61 Total νµ CC cross section
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Common Features – Cross sections are 

poorly known in range 0.1-10 GeV
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Some are worse than others…



Cracow School

Imperial College/RAL
Dave Wark 

Imperial College/RAL
Dave Wark 

JPARC – SuperK, aka T2K 

11
February, 2004

• JPARC Accelerator  –
– Phase I, 0.75 MW @ 50 GeV
– Phase II, raise power to 4 MW
– PI Turn on 2009, but not full 

power till 2012?
– Approved
– Under const.

• Far Detector – Super Kamiokande
• Rebuilding completed!
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T2K 
• Near Detector @ 280m

– Built inside UA1/NOMAD 
magnet for pµ measurement

– Sandwich calorimeters/trackers 
and TPCs for precision beam 
spectrum and composition 
measurement.

• Near Detector @ 2km
– Near/far spectral 
– uncertainties negligible
– Water Cerenkov, MRD, and LAr
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T2K 

L/E well-tuned to CCQE,
Critical for untangling
Beam ⊗ Σσ ⊗ detector

e

π0

µ
Super Kamiokande 

well understood,
Ideal for separating

Electrons, µ, π0
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T2K Sensitivity 

Plot from I. Kato/T2K
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SUSY05  
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NOvA
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β Beams

B eta-beam study group  

C E R N : β -beam baseline  
scenario

PS

Decay

Ring

Decay ring

Brho = 1500 Tm

B = 5 T

Lss = 2500 m

SPS
ISOL target 
& Ion source

SPL

Cyclotrons, 
linac or FFAG

ECR

Rapid 
cycling 
synchrotron

Nuclear 
Physics

MeV 86.1 Average
 

MeV 937.1 Average
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E
eFeNe
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eLiHe

ν
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P. Zucchelli, Phys. Lett. B, 532 (2002) 166-172

Slide from M. Lindroos
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SUSY05  
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A Neutrino Factory
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Further Ideas – the Wide Band Beam 
(WBB)
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Further Ideas – the second maximum

T2KK: TohukuKamiokaKorea with 2 ½-HyperKamiokandes



Cracow School

Imperial College/RAL
Dave Wark 



Cracow School

Imperial College/RAL
Dave Wark 



Cracow School

Imperial College/RAL
Dave Wark 



Cracow School

Imperial College/RAL
Dave Wark 

Imperial College/RAL
Dave Wark 

All ideas beyond T2K/NOvA require 
HUGE detectors
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Absolute Neutrino Masses
J. Wilkerson
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νe νµ ντ

Log m2

m1

m3

m2

So what does this all mean about neutrino mass?

∆m2
23 ~ 2.5 x 10-3 eV2

∆m2
12  ~  7 x 10-5 eV2

It “probably” looks 
something like this
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νe νµ ντ

Log m2

m1

m3

m2

So what does this all mean about neutrino mass?

But it could look like this

m3

m2
m1
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νe νµ ντ

Log m2

m1

m3

m2

This makes a factor of two difference in the 
cosmological contribution, but a factor of two

on what?

m3

m2
m1
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νe νµ ντ

Log m

Even more significant is the absolute scale.

10-2 eV

10-1 eV

1 eV

m1

m3

m2

This? m1

m3m2

Or this?
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Does this look natural?
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Measuring absolute mν
• Supernovae – Prodigious producers of neutrinos, 

and measuring time shifts can in principle measure 
neutrino masses, mν < ~30 eV.

• Kinematic limits: If you believe the oscillation 
results, all ∆m2 1 eV, therefore only ≪ νe 
measurements have useful sensitivity → current 
best is Tritium Beta Decay, mν < 2.2 eV.

• If neutrinos have Marjorana masses, then zero-
neutrino double-beta decay is allowed → 
observation of 0νββ δεχαψ would be direct 
evidence for neutrino mass, <mν> < ~1.3 eV.

• Neutrinos are the second most numerous particle 
in the Universe → even a tiny neutrino mass could 
have astrophysical implications, Σmν < 0.23 eV(?)

http://th-www.if.uj.edu.pl/school/2007/talks/wark4.pdf
http://th-www.if.uj.edu.pl/school/2007/talks/wark5.pdf
http://th-www.if.uj.edu.pl/school/2007/talks/wark6.pdf
http://th-www.if.uj.edu.pl/school/2007/talks/wark6.pdf
http://th-www.if.uj.edu.pl/school/2007/talks/wark6.pdf
http://th-www.if.uj.edu.pl/school/2007/talks/wark7.pdf
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Conclusions
• Neutrino masses and mixings give the first confirmed physics beyond the 

Standard Model.
• MiniBooNE results remove the last inconsistent result from a picture of 

three massive, mixing neutrinos.
• More accurate determinations of already seen parameters will probe 

symmetries of the theory.
• We must now push to see the three sines – sin22θ13, sign(∆m23

2), sin δ.  The 
first target is to see νµ → νe, which is the target of T2K and NOvA, and/or 
reactor disappearance on ~ 1km baseline.

• There are a number of options for the steps beyond that – β beams, EC 
beams, Supererbeams, Neutrino Factory – a vigorous discussion is taking 
place to select the optimal programme (join in!).

• All of these next steps have substantial experimental challenges, but a 
large, coherent, and strongly interacting world community exists which is 
making excellent progress in understanding the opportunities and 
constraints – a world scoping study for the NF is approaching completion.

• The absolute mass problem is just as interesting, and a vigorous 
experimental community is attacking there as well.

• There are also HE astrophysical neutrinos, SN and relic SN neutrinos, etc.
• There is plenty of work for everybody.  Join in!
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February 1984 March 8,1987

A supernova 
converts

~ 1 M⊙ to ν
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Limit from SN1987a is mνe
 > 23 eV (PDG) 

Best you can do is ~5-10 eV, which isn’t good enough
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Make ‘em bigger! -> KATRIN

How to reach sub-eV sensitivity?
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ββ decay and neutrino mass

35 isotopes in nature
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Each is ±1 if CP conserved, but there 
can still be cancellations
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0νββ: Peak at Q-value of nuclear transition 
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The Majorana Experiment             June 1, 2005 NuSAG Cmt., Gaithersburg, MD

• 57 crystal module 
– Conventional vacuum cryostat made with electroformed Cu.
– Three-crystal stack are individually removable.

T he  M ajorana  M odular A pproach 

Cold Plate

1.1 kg Crystal 

Thermal
Shroud

Vacuum jacket

Cold 
Finger

Bottom Closure 1 of 19 crystal stacks

CapCap

Tube 
(0.007” 

wall)

Tube 
(0.007” 

wall)

Ge
(62mm x 70 mm)

Ge
(62mm x 70 mm)

Tray
(Plastic, Si, etc)

Tray
(Plastic, Si, etc)

Large-scale 76Ge experiments also proceeding.
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M.Altmann, GERDA Status Report SNOLAB Workshop IV, 15.-17.8.2005

GERDA‘s Experimental Concept
Assumption: External background is dominant

• Minimize all impure materials close to Ge diodes
• Operate Ge diodes in ultraclean environment
 cryogenic liquid shield (LN or LAr); graded shielding

• Reject remaining
background (internal and
external) by exploiting
different interaction
topology 
(single-site ↔ multi-site; PSA)

Goal: Background index of
0.001 cts / (keV kg y) 
at Qβ β =2039 keV

76Ge effort also underway at LNGS.
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NEMO-3

2.7m



Cracow School

Imperial College/RAL
Dave Wark 

NEMO-3
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From Elliot and Vogel, hep-ph/0202264

Neutrinoless ββ-decay limits
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Neutrinoless ββ-decay Future Projects

0.0352 x 102520 kg enriched Nd layers with tracking150NdIshihara et al 2000DCBA

0.191.5 x 102540 kg of TeO2 bolometers130TeArnaboldi et al 
2001CUORICINO

3 x 1026

5 x 1026

1 x 1027

2 x 1026

1 x 1026

> 1026

4 x 1027

1 x 1028

7 x 1027

8 x 1026

7 x 1026

4 x 1024

1 x 1024

T5y
1/2(y)

0.086

0.066

0.036

0.065

0.069

0.025

0.015

0.018
0.052
0.027

0.56

0.71

<mν>*

1 t CdWO4 crystals in liquid scintillator116CdBellini et al 2001CAMEO
several tons of CaF2 crystal in liquid scintillator48CaKishimoto et al CANDLES

0.5 t enriched Ge segmented diodes76GeAalseth et al 2002MAJORANA

1.56 t of enriched Xe in liquid scintillator136XeCaccianiga et al 
2001Xe

34 t natural Mo sheets between plastic 
scintillator

100MoEjiri et al 2000MOON

1 t enriched Ge diodes in liquid nitrogen76Ge
Klapdor-
Kleingrothaus et al 
2001

GENIUS

2 t Gd2SiO5:Ce cristal scintillator in liquid 
scintillator

160GdDanevich 2001GSO

XMASS

GEM
EXO
CUORE

NEMO3

COBRA

Experiment

Moriyama et al 
2001

Zdesenko et al 
2001

Danevich et al 2000

Arnaboldi et al. 
2001

Sarazin et al 2000

Zuber 2001

Author

10 t of liquid Xe

1 t enriched Ge diodes in liquid nitrogen + 
water shield

1 t enriched Xe TPC

760 kg of TeO2 bolometers

10 kg of bb(0n) isotopes (7 kg Mo) with 
tracking

10 kg CdTe semiconductors

Detector description

130Te

136Xe

76Ge

136Xe

100Mo

130Te

Isotope
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Reach of
planned 

experiments

Need new ideas to reach < 10 meV
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Cosmic ν - mass

Effect of
mν > 0

PLot from Max Tegmark’s website, table from Ofer Lahav
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And what do we compare all this to?
Virgo consortium has published 

the Millenium Run

2 June 2005 Nature

o – real galaxies

• – model galaxies
 - Dark Matter

Scale-dependent
bias.
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Cosmic ν - mass

More work needed
on true model-independent

limits

Plot from 2 June 2005 Nature
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What is LAGUNA

Detector concepts

Research program

Localization of the future large European laboratory

What happens outside Europe?



2
Zakopane, 21.06.2007

What is LAGUNA?

The European project „Large Apparatus studying Grand 
Unification and Neutrino Astrophysics” aiming at defining 
and realizing this research programme in Europe. 

It includes the majority of European groups interested in 
the construction of the very massive detector (105 – 106 
tons) realized in one of the three technologies using liquids: 
water, liquid argon and liquid scintillator. 

No one of the existing European underground laboratories 
is able to host such a huge detector  a new large 
underground infrastructure is needed.

The group applied for the RI Design Study in the 
framework of FP7 (2.05.2007) with the main goal to study 
possible localizations of the future laboratory together 
with further R&D for the proposed detector technologies.
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The ApPEC roadmap, January 2007
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The ApPEC roadmap, January 2007

“We recommend that a new large European infrastructure 
is put forward, as a future international multi-purpose 
facility on the 100’000-1’000’000 tons scale for improved 
studies of proton decay and of low-energy neutrinos from 
astrophysical origin.  The three detection techniques 
being studied for such large detectors in Europe, Water-
Cherenkov, Liquid Scintillator and Liquid Argon, should be 
evaluated in the context of a common design study, which 
should also address the underground infrastructure, and 
the possibility of an eventual detection of future 
accelerator neutrino beams. This design study should take 
into account worldwide efforts and converge, on a time 
scale of 2010, to a common proposal.”
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COLLABORATIVE PROJECT
 

Design Study
 

FP7-INFRASTRUCTURES-2007-1
 
Proposal title (max 200 characters) Design of a pan-European 

Infrastructure for Large Apparatus 
studying Grand Unification and 
Neutrino Astrophysics

Proposal acronym LAGUNA

Type of funding scheme RI design study implemented as 
Collaborative Project

Work programme topics addressed Deep underground science, particle 
physics, astroparticle physics

Name of the coordinating person Prof. André Rubbia

 

2.05.2007
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Detector concepts

Three liquids: water (MEMPHYS), scintillator (LENA), liquid 
argon (GLACIER) 
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 MEMPHYS – water Cherenkov detector

Concept: initial work for the Frejus laboratory, the SuperKamiokande 
detector as a prototype, rescaling by a factor up to 20

Advantages: the cheapest target material, mature technology, 
possible extrapolation to the 1 Mton mass

Challenges: better and cheaper photomultipliers, dopping with GdCl3

Construction: 3-5 tanks, 
each one with  a diameter 
and a height of 65 m, 
fiducial mass of 147 ktons 
read out by 81000 
photomultipliers (12” – 30% 
surface coverage, 20” – 40% 
coverage)
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LENA – the liquid scintillator detector

Concept: initial work for the Pyhäsalmi mine in Finland (underwater 
placement near Pylos was also concidered), the Borexino, Chooz and 
KamLAND detectors as prototypes, rescaling by a factor 40-50  

Advantages: very low energy threshold, good energy resolution, 
known technology

Challenges: scintillator cleaning, better and cheaper light detection 
(photomultipliers, light concentrators)

Construction: cylindrical 
tank 100m long and with a 
diameter of 30m, fiducial mass 
of about 50 ktons, readout by 
12 000 photomultipliers (20” – 
30% surface coverage, with 
added light concentrates - 
50% coverage)
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GLACIER – the Liquid Argon detector

Concept: initialy developed for Sieroszowice and Gran Sasso, 
prototype – the ICARUS detector, rescaling by a factor 150 

Advantages: very good positional and energetic resolutions               
 imaging topologies, identification of low energy hadrons

Challanges: 20-m long drift of electrons, huge cryogenic installation, 
dewar thermal insulation

Construction: cylinder 
70m in diameter and 20 m 
hight, total mass - 100 ktons 
of Liquid Argon, read out of 
the electron ionisation and 
light signals (scintillations – 
1000 8” PMT, Cherenkov 
light – 27000 8” PMT)
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Research programme

1. Search for the proton decay

2. Studies of the low energy neutrinos from 
astrophysical sources (SN explosion, Sun, atmosheric 
neutrinos, relic SN neutrinos in our galaxy) and of the 
geo-neutrinos

3. Studies of the neutrino properties based on 
accelarator neutrino beams
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Proton decay 
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PROTON DECAY 
EVENT SIGNATURE

Challenge:
short decay time of 
the Kaon (12.8ns)

Kaon decay after 18ns

Kaon decay after 5ns

Proton DecayTU MünchenMichael Wurm

LENA - scintillator
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Proton decay in Liquid Argon
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Neutrinos from Supernova explosions

1. Supernova physics:
• Gravitational collapse mechanism

• Supernova evolution in time

• Burst detection

• Cooling of the proto-neutron star

• Shock wave propagation

• Black hole formation?

2. Neutrino properties
• Neutrino mass (time of flight delay)

• Oscillation parameters (flavor 
transformation in SN core and/or in 
Earth): Type of mass hierarchy and θ13 
mixing angle

3. Early alert for astronomers
• Pointing to the supernova

A.Rubbia



18
Zakopane, 21.06.2007

Geo-neutrinos 
• Antineutrinos from 238U, 232Th i 40K decays inside Earth allow the 
estimation of the heat generation due to these decays.

• KamLAND experiment provided the first measurement of the flux of 
geo-neutrinos from the U and Th decays (geo-neutrinos from  K 
decays have energies below the detection threshold in scintillator)

The KamLAND limit for 
the heat production due to
the radioactive decays
inside earth < 60 TW
T.Araki et al., 
Nature 436 (2005) 467

KamLAND:    
signal 25+19

-18,background 127±13
LENA:    
expected signal 1000,
background 240(events/year)
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Neutrinos from β beam − MEMPHYS
• Acceleration of 6He nuclei (source of antineutrinos) and of 18Ne 
nuclei (source of neutrinos), R&D in the framework of  EURISOL DS. 
(FP6)

• ...But a small obstacle (worth ~1 billion CHF) – the programme 
requires a serious intervention into the CERN accelerator chain, also 
problems with poor knowledge of low energy neutrino cross-sections

νe  → νµ
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Low energy neutrinos – cont. 

Atmospheric neutrinos – a very big range of E/L, 

Search for WIMPS in the SUN and Earth cores

Neutrino astronomy of the Sun 

 2006 - spectrum in KamLAND
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Possible localizations of the future large 
underground laboratory 
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Salt:

U-238:       0.0165+-0.0030 Bq/kg

U-234:       0.0225+-0.0030 Bq/kg

Th-232:      0.008+-0.001 Bq/kg

K-40:         4.0 +-0.9 Bq/kg

Anhidrite:

U-238:       0.82+-0.10 Bq/kg

U-234:       0.76+-0.09 Bq/kg

Th-232:     0.52+-0.15 Bq/kg

Th-230:     1.26+-0.24 Bq/kg

Background due to natural radioactivity 

W.Mietelski et al
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Natural radioactivity – in-situ measurements 

0
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C
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Boulby

In situ measurements: GS, Boulby, Sieroszowice
Integral background counting rates

2.30 (0.02)17.00 (0.01)57.68 (0.05)50-2700

SieroszowiceBoulbyGran SassoEnergy [keV]

J.Kisiel et al..
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Localization of the future laboratory 
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Outside Europe: Japan – T2K phase II (?)

Accelerator:  4 MW

Detector HiperKamiokande 
(1Mton water Cherenkov)

CP Violation 

106 events (          νµ i 
anti-νµ together)

Neutrino oscillations using the superbeam are an important 
part of the programme
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DUSEL – Deep Underground Science and Engineering Laboratory 

Very rich interdisciplinary programme – from fundamental physics, 
through biology and egineering studies to the education and outreach.

Four proposed localizations (Homestake, Henderson mine, Pioneer 
Tunnel, Soudan), decision soon, startup in 2010 according to the most 
optimistic scenario.

Outside Europe: USA - DUSEL
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Spare transparencies
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