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Abstract: In this report the o-Ps annihilation rate in large pore was investigated by 
the semi-classical approach. The semi-empirical formula that simply correlates between the pore 
size and the o-Ps lifetime was proposed. The calculated results agree well with experiment in the 
range from few Å to several ten nanometers size of pore. 
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1. Introduction  

Positron annihilation in free-volume model was first studied by Brandt  from 
1960. Later, Tao (1972) and Eldrup (1981) develop the research and propose the popular 
formula, which describe the correlation between the o-Ps lifetime and pore size as 
follow:    
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Where λ0 is the o-Ps lifetime in the bulk, R is well radius, R0= R+ ΔR, ΔR is 
obtained from fitting and is about 0.16 nm. The o-Ps in the open-volume of materials 
have been reported to be applied successful in a lot of researches during more than pass 
20 years, for example: Dull (2001), Wang and Lynn (2002), Jasiska (2003), Mincov 
(2004). The Tao-Eldrup model, however, was found to be unique only when the pore 
sizes are smaller than 1 nm (Ito, 1999). To extend the Tao-Eldrup model for the void 
dimension in several nanometers, Goworek et al. (1997, 2000) introduced the modified 
pick-off annihilation model with finite spherical and cylindrical wells in which the pick-
off annihilation rate depend on the o-Ps states and were expressed through the Bessel 
function, he Boltzmann distribution was applied to describe and average over populated 
states of o-Ps. 

Gidley (1999) calculated o-Ps pick-off lifetime using his rectangular model 
(RTE model). He plots the calculated lifetime versus pore size for several temperatures 
and has good agreement of his rectangular model to the Tao- Eldrup model in small size 
areas as well as the agreement of his classical model to the rectangular model. Dull and 
Gidley later (2001) present more detail about the RTE model. However, the equation for 
the o-Ps annihilation rate in rectangular model is expressed by a complex series which is 
much complicated. 

Ito (1999) proposed schematic diagram for o-Ps annihilation models in which 
there are two regions for o-Ps annihilation in large cavity: one is near cavity wall where 
o-Ps can annihilate with electron by pick-off process and other at center of cavity where 
the 3γ intrinsic annihilation process happened. By this model he calculated the fraction 
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of o-Ps free from pick-off annihilation process and then the pick-off annihilation rate is 
deduced in simple equation.  

In this paper we present the calculation for which the semi-classical approach 
was applied for o-Ps pick-off annihilation rate in the range of large pore and the semi-
empirical formula was proposed for the universal range of pore radius ranged from few 
Å to several ten nanometers. 

 2. Semi-classical calculation (SCM) for o-Ps annihilation rate in the pore 

The o-Ps pick-off annihilation rate in the spherical potential well with radius R0 
is given by (Brand, 1960): 

            322
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Where ψp(r) is positronium wave function, V is volume of the pore with radius 
R0+ ΔR. 

In spherical coordinate, (2) become: 
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Where ψp (r, θ, φ ) - o-Ps wave function in spherical coordinate,  r0 - classical 
radius of  electron, c - light velocity, ρe(r) - electron density at the o-Ps site, R(r) - radial 
wave function of o-Ps. When the pore become larger, o-Ps energy fall into the range of 
kT (k - Boltzmann constant, T - sample temperature) at room temperature (Govorek, 
2000).  When scattering on the large pore, o-Ps wave function which was presented by 
Gaussian wave packet scatted forth and back in the pore before making the pick-off  
annihilation with electron in the wall of pore ( Ito, 1999). When the size of pore 
becomes large enough the o-Ps probability function in the pore becomes almost uniform 
(the size of pore as large, the uncertainty of o-Ps coordinate as possible).  For large pore, 
the o-Ps probability function at position of R0 can be approximated as: 

                       R2 (R0) ≈ α2/ R2
0,                                    (4) 

Where α is normalization factor. The o-Ps then may scatter back or diffuse into 
the wall. We assumed the o-Ps wave function in range from R0÷ R0+ ΔR to express as: 
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Where D is diffusion coefficient, then the o-Ps pick-off annihilation rate (for 
large pore size) is determined as follow: 
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Where ρ0 is electron density in the bulk. The constant α have to satisfied the 
normalization condition (assuming that o-Ps probability function in the pore is a uniform 
distribution): 
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 Then the o-Ps  pick-off annihilation rate (for large pore size) can be simplified 
as (the quantity ΔR2 is negligible when computing the integral (6)):  
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For estimating the value of D, it note that D ≈ exp (-2κΔR), 

where
2
0 )(4

h

EUme −
=κ , U0 is height of the potential well caused by the pore, E is o-Ps 

energy in the well, me is rest mass of electron.  In fact the value of 2κ ΔR is equal to 2 
(refer to Dauwe, 2000 and Goworek, 2002), that D ≈ exp (-2). The relation in (8) is 
obtained in considering for o-Ps pick-off annihilation rate of the large pore dimension. 
However, for small size, the Tao-Eldrup relation (1) is very well description, so we can 
find the general correlation (SCM) in the form of weighting between λTao and λpick-off 
(refer to Ito, 1999):   
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ΛT is 3-γ intrinsic positronium annihilation rate. 

3.  Discussion and experimental comparison  

It is necessary to mention again that the Tao-Eldrup model which based on the 
free volume model of Brand (1960) and the solution of the Shrödinger equation with 
infinite spherical potential well that provide result unique only for the pore radius less 
than 1 nm. For larger size, the infinite model of Tao-Eldrup becomes to deviate from 
experiment. The finite square model is then developed later by a lot of authors 
(Goworek, 1997, 2000 and ref. therein). The Goworek model of o-Ps in capillary 
(Goworek, 2000) provide good results for small pore. However, attempts to set up the 
formula which appropriated for all of ranges of pore sizes from few angstroms to several 
ten nanometers have proved to be difficult. This is because the radial wave function of 
o-Ps in the small pore can be theoretical obtained from stationary Shrödinger equation, 
while for large pore the o-Ps wave function was proper to be presented by Gaussian 
wave packet which is not simply derived from the stationary Shrödinger equation. In 
SCM calculation, the o-Ps radial wave function was obtained from the assumption that 
the o-Ps radial wave function is a uniform distribution in the large pore and 
approximated to the it’s border value; the o-Ps wave function in the area ranged from R0 
to R0+ΔR was multiplied by diffusion coefficient D from the wave function in the pore. 

It is presented in figure 1 plots of the different curves obtained from different 
calculations as well as experimental data: 1) SCM, 2) Goworek, 3) LTokyo= λTao+ λT (Ito, 
1999); 3) Tao-Eldrup; 4) experimental data (Ito, 1999 and ref. therein).  

It is indicated that: i) for the pore radius less than 0.8 nm o-Ps lifetimes 
calculated from all above models are coincidence and agreed with experimental data; ii) 
for the pore radius greater than 1nm o-Ps lifetimes calculated from SCM and Goworek 
and Tokyo (Ito, 1999) results were closer with experiment measurements; iii) for the 
pore radius greater than 3 nm, the o-Ps lifetimes from SCM calculation was in best 
agreement with experiments.  
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Fig. 1. Comparison of the SCM calculation and another results 

It is also found that the calculation of SCM have good agreement with recent 
measurements of Dutta et. (2005) for large pore size ranged from 20 Å to 50 Å.  

 
Table1. Pore radius estimation from Dutta measurements (Dutta, 2005) 

 

 

Sample  

Average of 
pore 

diameter (Å)

Dutta 
measurements of 
o-Ps lifetimes (ns) 

SCM 
estimation 

(Å) 

a. Silica gel Aldrich (40360-1) 100.00 75.19 98 

b. Mixed (a) and (d) mass ratio 1;1 80.00 70.99 78 

c. Mixed (a) & (g) mass ratio 1:1 70.00 62.24 66 

d. Silica gel Aldrich (40356-3) 60.00 60.00 62 

e. Mixed (d ) and (g)  mass ratio 1:3 55.00 57.75 58 

f. Mixed (d) and (g) mass ratio 1:1 50.00 56.67 54 

g. Silica gel Aldrich (40356-3) 40.00 44.65 44 

The results show that the pore sizes that are estimated by SCM calculation are in 
good agreement with the average diameter of the meso-pore of silica gel with the 
deviation less than 10 %.  Further, it is worth to mention that the estimation still unique 
for the pore sizes up to several ten nanometers. 

4. Conclusion 

The SCM calculation which was based on the semi-classical to determine the o-
Ps radial probability function and weighting between the o-Ps annihilation rate for small 
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pore (Tao-Eldrup) and o-Ps annihilation rate considered for large pore provided simple 
relation between o-Ps lifetimes and the pore radius. This results show agreed well with 
experimental measurement (Ito, 1999 and ref. therein; Dutta, 2005). It is that SCM is 
successful to calculate and formulate the correlation between o-Ps lifetime and pore size 
in the universal range from few Å to several ten nanometer sizes of pore. 
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