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Abstract: We study the self-consistent theory of Bose-Einstein condensation in the 
dilute interacting boson-fermion mixture gas at finite temperature. First, we generalize 
the idea of the theory using the 2PI effective action formalism. Second, we show the 
effects of repulsive interactions on the critical temperature for the Bose-Einstein 
transition. The calculations provide the lowest order correction of the critical 
temperature (at constant density) by a positive amount proportional to the scattering 
length abf and the fermion density nf. The change of the critical temperature yields 

 
    with c1 = 2.342. 

 
1. Introduction 

The study of the effect of a weak repulsion on the Bose-Einstein transition is 
indispensable to understand its physical nature. Calculations of the first correction to the 
critical Bose-Einstein condensation temperature Tc in a dilute repulsive Bose gas have 
produced widely dissimilar results: increases and decreases of Tc proportional to a, a1/2, 
alna, etc., have been reported by various authors. 

Early studies on the effect of interactions on the Bose-Einstein transition showed 
an increase of Tc proportional to a1/2 appear in the work of Lee and Yang [2] in 1957, 
later this result was corrected as linear in a [3], but no prediction for the magnitude or 
even the sign of the effect. During the recent years, the problems was revived and 
attacked by analytic approaches based on self-consistent non-linear equations published 
by Baym and collaborators [1]. One finds in these approaches that the effect of repulsive 
interactions is to decrease the degeneracy parameter, thus increasing the critical 
temperature at constant density at leading order in linearity in a. The linearity in a is a 
non-trivial, non-perturbative result. 

Baym and collaborators [4] also have argued that, for homogeneous gases, a 
logarithmic term appears at second order 

 

and made a rough estimate of the coefficient c'2 using large-N arguments. 
Recently, Arnold, Moore, and Tomasik [5] showed that, in contrast c1, the coefficient c'2 
of the logarithm can be computed exactly using perturbation theory.  

To understanding the physical nature of the effect of interparticle correlations on 
the properties of the critical Bose-Einstein condensation temperature transition from the 
standpoint of quantum field theory, what we need is a self-consistent, non-perturbation 
approach. One of ideal tools for systematically calculating observables of a physical 
system is the variational approach formulated first by Luttinger and Ward [6], and by 
Baym for nonrelativistic fermions [7], and generalized later to relativistic field theories 
for composite operators by Cornwall, Jackiw, and Tomboulis [8]. It is also called the 2PI 
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effective action formalism. An attractive feature of this approach is that it respects the 
conservation laws that follow from the underlying symmetries of the system. Thus it is 
very likely that this approach is an ideal framework for calculating the critical 
temperature transition, the energy shifts and damping rates of collective excitations of a 
Bose-Einstein condensate. 

The aim of the present article is to go the variational approach or so-called 
effective action formalism and explore the effects of interparticle correlations on the 
Bose-Einstein transition. The article is organized as follows. In the next section we 
introduce the 2PI effective action approach. Then in Section 3 we construct an effective 
potential for the weakly interacting boson-fermion mixture gas. In Section 4 we show 
that the dominant contributions to the change in the critical temperature. Section 5 is the 
numerical evaluation of the coefficient in the leading correction of the transition 
temperature. Finally summary and conclusion are given in Section 6. 

2. Variational Approach for Composite Operators 

The 2PI effective action approach for composite operators is a generalization of 
the conventional effective action and is written by Γ[ϕc, G]. This is a functional both of 
the expectation values of the quantum field ϕc(x) = 〈0⎜φ(x)⎟0〉 and of the propagators 
G(x,y) = 〈0⎜φ(x)φ(y)⎟0〉. The c-number function ϕc(x) is also called a classical field.  

When one considers the case of translation-invariant solutions, ϕc(x) is a constant 
ϕc and takes G(x,y) to be a function only of x-y, we have the effective potential V(ϕc, G). 
Its series expansion is then, 

 
where S is the classical action, D is the so-called tree level propagator, and V0 is the tree-
level effective potential The trace, the logarithm and the product D-1G are taken in the 
functional sense. V2 is given by all the two-particle and higher two-particle irreducible 
vacuum graphs in a theory which has the vertices determined by the interaction of the 
action Sint[ϕc, φ] and the propagators G. The stationary requirements are 

 
(2) and (3) determine ϕc and G(x,y) on the vacuum. (3) is nothing but the 

Schwinger-Dyson (SD) equation for the propagator G. These equations are the starting 
point of our discussion. 

For studying a system at finite temperature, we use the imaginary time 
formalism of Matsubara. This is achieved simply by t → -i τ, with 0 ≤ τ ≤ ħβ, where β = 
1/kBT is the inverse temperature (kB Boltzmann's constant), and 
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where f is an arbitrary function, ωη is the Matsubara frequencies, ħωη = 2πη/β for 
boson (5), with η a integer. 

These rules allows us to calculate the thermodynamic potential Ω at finite 
temperature: 

 

where V is the volume of the system. 

3. Thermodynamics for Dilute Interacting Bose Gas 

 

In this section we construct the thermodynamics for a dilute interacting Bose gas 
using the 2PI effective action formalism. The lagrangian density for a weakly interacting 
boson-fermion mixture gas is given by 

 

where μi (i = b, f) is the chemical potential of boson and ferrmion, mi (i = b, f) is 
the boson and fermion masses. gj (j = bb, ff, bf) is the coupling constant that related to 
the s-wave scattering length aj via gj = 2πħ2aj/m. We consider the interparticle repulsive 
interaction described by a positive scattering length aj > 0. 

Parameterizing the quantum fieldφ in terms of a time-independent condensate ϕ 
and a quantum fluctuating field       which includes two real fields 

 

 
the Lagrangian (7) becomes 

 
The tree level propagator that corresponds to the free lagrangian (10) in 

momentum space is obtained: 
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The diagrams contributing to V2(ϕ, G) are shown in Fig.1. Each line represents 
the propagator G(x, y), and corresponding to the interaction lagrangian (10) there are two 
kinds of vertices: a four-point vertex proportional to gj and a three-point vertex, which 
results from shifting the fields, proportional to gjϕ. 

 
In this article, we shall evaluate V(ϕ, G) with the contribution of the two-particle 

irreducible diagrams up to the three-loop basketball (Fig.1 a, b, and c), 

 

Here we use the following form of G and S from the analogy of D and G, 
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From conditions  (5) and (6), we have 

 

 

 

Equations (15), (16), (17), and (12) give us a self-consistent theory to determine 
φ, μk, gk, and the thermodynamic potential at finite temperature. 

These equations also enable us to determine the critical temperature, at which the 
broken symmetry is restored: φ tend to zero as T → Tc -0. If one applies this model to a 
boson system of a dilute interacting gas, one obtains the transition of the critical 
temperature.  
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4. Bose-Einstein Transition 

We now come to the description of the role of interparticle correlations on the 
properties of the Bose-Einstein transition, in particular studying how the repulsive 
interactions modify the critical temperature for the state of Bose-Einstein condensation. 
The particle number density is easily obtained from Eq. (12) at the critical temperature T 
= Tc where φ = 0, 

 
with Gk = G11(k) = G22(k), Δk = G12(k) = -G21(k), and Sk = S(k). 

Consider at zero Matsubara frequencies, Eqs. (15), (16), and (17) then give us 

 
where 

 
And 

 
where 

 
with 

 
In order to evaluate the lowest order correction of the critical temperature when 

there is contribution of fermions, we use the 2 loop approximation of double-bubble 
diagrams, and δμf = 0. Eq. (18) yields 

 
As we known, Bose-Einstein condensation is reached when the interparticle 

separation is comparable to the de Broglie wavelength of particles: n-1/3 ~ λ = √2πħ2β/m. 
For evaporatively cooled gases, the de Broglie wavelength is enormous, compared to the 
range of the interparticle forces. We can therefore model binary scattering using an 
effective interaction: U(r-r') = g0δ(r-r'). Here g0 is given in terms of the binary positive 
s-wave scattering length a by g0 = 2πħ2a/m, equivalent to the interaction of hard spheres 
of diameter a. For dilute gases, the scattering length a is very small compared to the 
distance between particles, a « n-1/3 ~ λ. This is a required condition for the gas to be 
weakly interacting or, equivalently, for the condensate fraction to be large. 

Expanding the first term in the right hand side of Eq. (25) in the terms of a/λ « 1, 
we obtain 



VAEC-AR 06--3 

 

The Annual Report for 2006, VAEC 
 

31

 
where ζ is the Riemann zeta function. For an ideal gas,                           it gives 

us the change in the critical temperature when there is contribution of fermions. 

 
where 

 
The critical temperature increases linear in scattering length abf and fermion 

density nf with the coefficient c1
f  is ≈ 2.342. 

5. Conclusion 

We have studied the effects of interparticle interactions and correlations on the 
critical temperature for Bose-Einstein condensation based on a self-consistent, non-
perturbation approach - the so-called 2PI effective action formalism, and derived the 
leading effect. We introduced a general model and studied properties around critical 
region. 

We have shown that since there is interaction of boson and fermion the critical 
temperature gives the leading term linear in the scattering length abf and the fermion 
density nf with a prefactor c1

f ≈ 2.342. The change of the critical temperature can be 
determined by the behavior of the spectrum at small momentum, where the atoms with 
very slow velocities are extremely sensitive to even very small effects of the interaction 
potential. It means that our assumption remains valid when only atoms with low 
momentum have a dominant role in the change of critical density. 

We have limited ourselves to an homogeneous boson-fermion mixture gas 
isolated, ignoring the influence of a possible external potential. In such systems, the 
dimensionality can vary and and the interactions from fermions can contribute, and, 
therefore, affect the nature of the transition. We will discuss them in the future 
publications. 
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