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Abstract

The concepts of pole mass and width are extended to unstable fermions in the

general framework of parity-nonconserving gauge theories, such as the Standard

Model. In contrast with the conventional on-shell definitions, these concepts are

gauge independent and avoid severe unphysical singularities, properties of great

importance since most fundamental fermions in nature are unstable particles. Gen-

eral expressions for the unrenormalized and renormalized dressed propagators of

unstable fermions and their field-renormalization constants are presented.
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The conventional definitions of mass and width of unstable bosons are

m2
os = m2

0 + ReA(m2
os), (1)

mosΓos = −
ImA(m2

os)

1 − ReA′(m2
os)
, (2)

where m0 is the bare mass and A(s) is the self-energy in the scalar case and the transverse
self-energy in the vector boson case. The subscript os means that Eqs. (1) and (2) define
the on-shell mass and the on-shell width, respectively.

However, it was shown in Ref. [1] that, in the context of gauge theories, mos and Γos

are gauge dependent in next-to-next-to-leading order. It has also been emphasized that
Eq. (2) leads to serious unphysical singularities if A(s) is not analytic in the neighborhood
of m2

os. This occurs, for example, when mos is very close to a physical threshold [2, 3, 4]
or, in the resonance region, when the unstable particle is coupled to massless quanta, as
in the cases of the W boson and unstable quarks [5].

In order to solve these severe difficulties, it was proposed in Ref. [1] to base the
definitions of mass and width of unstable boson on the complex-valued position of the
propagator’s pole, namely

s = m2
0 + A(s). (3)

Writing s = m2 − imΓ and taking the real and imaginary parts of Eq. (3), the pole mass
m and the pole width Γ of unstable bosons are defined by the relations

m2 = m2
0 + ReA(s), (4)

mΓ = − ImA(s). (5)

Over the last several years, a number of authors have also advocated the use of s as
the basis for the definition of mass and width [6]. If one expands A(s) about m2 and
retains only leading terms in Γ, Eqs. (4) and (5) lead back to Eqs. (1) and (2). Thus,
Eqs. (1) and (2) may be regarded as the narrow-width approximation of Eqs. (4) and (5).
The great advantage of Eqs. (4) and (5) is that s is expected to be gauge independent,
since it is the position of a singularity in S-matrix elements. In fact, formal proofs of the
gauge independence of s [as well as of the gauge dependence of Eq. (1)], based on the
Nielsen identities, have been presented in the literature [7].

An expression equivalent to Eq. (5) is given by

mΓ = −Z ImA(m2), (6)

Z =
1

1 + Im [A(s) − A(m2)] /(mΓ)
. (7)

Indeed, inserting Eq. (5) into Eq. (7), Eq. (6) becomes a mathematical identity. Com-
paring with the conventional expression in Eq. (2), we note two important changes:
ImA(m2) is evaluated at the pole mass m2 rather than the on-shell mass m2

os, and the
derivative −ReA′(m2

os) in the denominator of Eq. (2) is replaced by a finite difference
Im [A(s) − A(m2)] /(mΓ). As explained in Ref. [4], this feature solves the threshold sin-
gularities mentioned before.

Other important consequences of Eqs. (4)–(7) are the following:
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1. It has been shown that the alternative definitions m = (m2 + Γ2)1/2, Γ = mΓ/m,
constructed from the gauge-independent parameters m and Γ, can be identified with
the measured mass and width of the Z0 boson [1, 6].

2. Comparison of the pole and on-shell definitions of mass and width leads to the
conclusion that the gauge dependences of the latter can be numerically very large,
particularly in the case of a heavy Higgs boson [8].

3. It has been shown that Eqs. (6) and (7) can be obtained by imposing a suitable
normalization condition on the imaginary part of the renormalized self-energy, and
that Eq. (7) can be identified with the field renormalization constant for unstable
bosons [9, 10].

The aim of this paper is to extend the concepts of pole mass and width to unstable
fermions in the general framework of parity-nonconserving gauge theories, to obtain the
expressions analogous to Eqs. (4)–(7), and to derive their unrenormalized and renormal-
ized dressed propagators and field-renormalization constants. Given the fact that, with
the exception of the electron, the lightest neutrino, and the proton (or, at the elemen-
tary level, the u quark), all known fundamental fermions in nature are unstable particles,
these concepts and expressions are indeed of great significance. In order to simplify the
discussion, in the following analysis we will disregard flavor mixing. In the quark sector
this means that we are considering a simplified theory in which the Cabibbo-Kobayashi-
Maskawa quark mixing matrix is replaced by the unit matrix, while in the leptonic sector
absence of flavor mixing naturally occurs if the neutrino masses are neglected.

On covariance grounds, the fermion self-energy is of the form

Σ(p) = Σ+(p)a+ + Σ−(p)a−,

Σ±(p) = /pB±(p2) +m0A±(p2), (8)

where a± = (1 ± γ5)/2 are the right/left-handed chiral projectors, and the fermion prop-
agator is

iS(p) =
i

/p−m0 − Σ(p)
. (9)

Evaluating the inverse of the denominator in Eq. (9), one finds

S(p) =
1

D(p2)

{

{/p[1 − B+(p2)] +m0[1 + A−(p2)]}a+

+{/p[1 − B−(p2)] +m0[1 + A+(p2)]}a−
}

, (10)

D(p2) = [1 − B+(p2)][1 −B−(p2)]
[

p2 −m2
0f(p2)

]

, (11)

f(p2) =
[1 + A+(p2)][1 + A−(p2)]

[1 − B+(p2)][1 − B−(p2)]
.

The functions A±(p2) and B±(p2) are generally complex for p2 > sthr, the threshold of
virtual particles contributing to Σ(p). In the case of unstable fermions, sthr < m2. It is
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instructive at this stage to consider the effect of parity (P), charge conjugation (C), and
CP transformations. One readily finds

S(p)
P
→ γ0S(p′)γ0, (12)

S(p)
C
→ CST (−p)C−1, (13)

S(p)
CP
→ γ0CST (−p′)C−1γ0, (14)

where p′ = (p0,−~p ), C = iγ2γ0, and T means transpose. If parity is conserved, Eq. (12)
leads to A−(p2) = A+(p2) and B−(p2) = B+(p2), as expected. If the theory is invariant
under charge conjugation, but not parity, Eq. (13) tells us that B−(p2) = B+(p2) with no
restrictions on A±(p2). If the theory is invariant under the CP transformation, but not
under charge conjugation or parity separately, Eq. (14) leads to A−(p2) = A+(p2) with
no restrictions on B±(p2). As expected, the latter conclusion also follows if the theory is
invariant under T (time reversal), while no restrictions on B±(p2) or A±(p2) are derived
by invoking invariance under the T CP transformation.

Introducing the definitions

Σ1,2(p) =
1

2
[Σ+(p) ± Σ−(p)],

A1,2(p
2) =

1

2
[A+(p2) ± A−(p2)], (15)

so that

Σ±(p) = Σ1(p) ± Σ2(p),

A±(p2) = A1(p
2) ± A2(p

2), (16)

Eq. (10) can be written in the alternative form

S(p) =
1

C(p)[/p−m0 − Σ1(p)] − Σ2(p)[Σ2(p) − 2m0A2(p2)]
[C(p) − Σ2(p)γ5],

C(p) = /p− Σ1(p) +m0[1 + 2A1(p
2)]. (17)

Multiplying numerator and denominator by C−1(p) on the left, we obtain the compact
expression:

S(p) =
1

/p−m0 − Σeff(p)
[1 − ΣP (p)γ5], (18)

where Σeff(p) is an effective self-energy defined by

Σeff(p) = Σ1(p) +
Σ2(p)[Σ2(p) − 2m0A2(p

2)]

C(p)
, (19)

and

ΣP (p) =
Σ2(p)

C(p)
. (20)
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The position /p = M of the pole is given by

M = m0 + Σeff(M). (21)

In order to express M in terms of the original self-energies, Σ1(p) and Σ2(p), and the
functions A1(p

2) and A2(p
2), we note that M appears on the l.h.s. of Eq. (21) and in

C(M) in the denominator of the second term in Σeff(M) [cf. Eq. (19)]. Therefore, M
satisfies a quadratic equation whose solution is

M = Σ1(M) −m0A1(M
2)

+
√

m2
0[1 + A1(M2)]2 + Σ2(M)[Σ2(M) − 2m0A2(M2)]. (22)

In Eq. (22) we have chosen the positive square root to ensure that in the parity-conserving
case, where Σ2(p) = A2(p

2) = 0, Eq. (22) reduces toM = m0+Σ1(M), which is the correct
expression, as Σeff(p) → Σ1(p) in that limit [cf. Eq. (19)]. It is easy to verify that Eq. (22)
is equivalent to the alternative expression

M = m0

√

f(M2), (23)

which is the zero of D(p2) in Eq. (11).
Since Σ2(p) and A2(p

2) are parity-nonconserving amplitudes, they are of O(g2), where
g is a generic weak-interaction gauge coupling. If terms of O(g8) are neglected, Eq. (22)
simplifies to

M = m0 + Σ1(M) +
Σ2(M)[Σ2(M) − 2m0A2(M

2)]

2m0[1 + A1(M2)]
+ O(g8). (24)

Thus, we see that the parity-nonconserving interactions introduce an explicit correction
of O(g4) in M . Of course, there are also corrections of O(g2) and higher in Σ1(M), as
well as QCD corrections in the quark cases.

Parameterizing

M = m− i
Γ

2
, (25)

and taking the real and imaginary parts of Eq. (21), we obtain

m =m0 + Re Σeff(M), (26)

Γ

2
= − Im Σeff(M), (27)

which are the counterparts of Eqs. (4) and (5) and define the pole mass m and the pole
width Γ of the unstable fermion. In analogy with Eqs. (6) and (7), Eq. (27) can be
rewritten as

Γ

2
= −Z Im Σeff(m), (28)

Z =
1

1 + Im[Σeff(M) − Σeff(m)]/(Γ/2)
. (29)
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Indeed, inserting Eq. (27) into Eq. (29), Eq. (28) becomes a mathematical identity.
Returning to Eq. (18) and using a++a− = 1 and a+−a− = γ5, we write the propagator

in the form

iS(p) = i[S+(p)a+ + S−(p)a−],

S±(p) =
1 ∓ ΣP (p)

/p−m0 − Σeff(p)
. (30)

Dividing numerator and denominator by 1∓ΣP (p), we note that S±(p) can be expressed
as

S±(p) =
1

/p−m0 − Σeff
± (p)

, (31)

Σeff
± (p) = Σeff(p) ∓

[/p−m0 − Σeff(p)]ΣP (p)

1 ∓ ΣP (p)
. (32)

Thus, in the denominator of Eq. (31) the effective self-energy Σeff(p) has been replaced
by Σeff

± (p). We note, however, that the two self-energies coincide at /p = M , on account of
Eq. (21). Namely, we have

Σeff
± (M) = Σeff(M). (33)

In order to construct the renormalized propagator,

iS(r)(p) = i
[

S
(r)
+ (p)a+ + S

(r)
− (p)a−

]

, (34)

it is convenient to use the representation of the unrenormalized amplitude S(p) given in
Eq. (10). Recalling that S(p) is the Fourier transform of 〈0|T [ψ(x)ψ(0)]|0〉 and splitting
ψ(x) = ψ+(x)+ψ−(x) into right- and left-handed components ψ±(x) = a±ψ(x), one finds
that the contributions of 〈0|T [ψ−(x)ψ−(0)]|0〉, 〈0|T [ψ+(x)ψ−(0)]|0〉, 〈0|T [ψ+(x)ψ+(0)]|0〉,
and 〈0|T [ψ−(x)ψ+(0)]|0〉 are given by the 1st, 2nd, 3rd, and 4th terms of Eq. (10), re-
spectively. Shifting ψ±(x) as

ψ±(x) =
√

Z±ψ
′
±(x), (35)

where ψ′
±(x) are the renormalized fields, it follows that the renormalized expressions are

obtained by dividing the 1st, 2nd, 3rd, and 4th terms of Eq. (10) by |Z−|,
√

Z+Z∗
−, |Z+|,

and
√

Z−Z∗
+, respectively. Thus, we obtain

S
(r)
± (p) =

/p[1 −B±(p2)] +
√

Z∓/Z±m0[1 + A∓(p2)]

|Z∓|D(p2)
. (36)

Evaluating the inverse of Eq. (34), S(r)(p) can also be written as

S(r)(p) =
1

I
(r)
+ (p)a+ + I

(r)
− (p)a−

,

I
(r)
± (p) = |Z±|

{

/p[1 −B±(p2)]−

√

Z∗
∓

Z∗
±

m0[1 + A±(p2)]

}

.

(37)
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In the case of stable fermions, it is customary to define the field-renormalization con-
stants so that the pole residue in S(r)(p) equals unity. In the case of unstable fermions,

this is generally not possible, since the analysis involves two complex functions S
(r)
± (p)

that would require four constants, while the adjustable constants at our disposal, Z−/Z+,
|Z+|, and |Z−|, allow for only three independent real parameters. A particularly simple
example of this restriction is provided by unstable fermions in parity-conserving theories.
In that case, there is a single self-energy Σ(p), the residue of the pole is 1/[1−Σ′(M)], a
complex amplitude, while the field-renormalization constant Z is real. Returning to the
parity-nonconserving theories, and taking these observations into account, we normalize
S

(r)
± (p) by requiring that the absolute values of their pole residues equal unity. A simple

and symmetric determination of Z± that satisfies these constraints is

Z± =
1 +R±

2F [1 − B±(M2)]
,

R± =
1 + A±(M2)

1 + A∓(M2)
,

F = 1 −M2 f
′(M2)

f(M2)
. (38)

Writing Z± = |Z±|e
iθ±, the residues of S

(r)
± (p) are eiθ∓ , respectively, in agreement with

our requirements. This implies that in the resonance region the renormalized propagator
behaves as i(eiθ−a++eiθ+a−)/(/p−M), which, in leading order, reduces to the Breit-Wigner
form i/(/p−m+ iΓ/2).

Inserting Eqs. (23) and (38) in Eq. (36), S
(r)
± (p) can be expressed completely in terms

of the functions A±(p2) and B±(p2), as

S
(r)
± (p) =

2F eiθ∓

1 +R∓

1 −B∓(M2)

1 −B∓(p2)

×
/p+M [1 + A∓(p2)][1 − B±(M2)]/{[1 + A±(M2)][1 − B±(p2)]}

p2 −M2f(p2)/f(M2)
. (39)

In the case of CP conservation, we have A+(p2) = A−(p2) and R± = 1, so that Eqs. (38)
and (39) simplify considerably.

In summary, in the approximation of neglecting flavor mixing, we have derived gen-
eral and closed expressions for the pole mass and width of unstable fermions in parity-
nonconserving gauge theories [Eqs. (26) and (27)], their unrenormalized and renormalized
propagators [Eqs. (9), (10), (18) and Eqs. (36), (37), (39)], and their field-renormalization
constants [Eq. (38)]. We also note that the discussion after Eq. (38) provides a theoretical
framework to employ i/(/p − m + iΓ/2) as leading-order propagator, particularly in the
resonance region. In turn, it was emphasized in Ref. [5] that the systematic use of this
propagator in the evaluation of the gluonic and photonic contributions to the fermion
self-energy avoids the emergence in the resonance region of catastrophic on-shell singular-
ities proportional to [mosΓos/(p

2 −m2
os)]

n (n = 2, 3, . . .). Furthermore, in the quark case,
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the same diagrams lead to an unbounded gauge dependence of O(αs(m)Γ) in the on-shell
mass mos, which is neatly avoided by employing the pole mass m.

The significance of the concepts of pole mass and width we have discussed is that
they are gauge independent, and thus satisfy a fundamental tenet of gauge theories to be
identified with physical observables.
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