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Abstract

In this paper we use the pair of electric-magnetic (or GNO, orLanglands) duality groupsG = Sp(1)

andLG = SO(3) and the T-transformation in mirror symmetry (or the S-duality, or the Fourier-Mukai

transformation) to define the wedge product of fields: first byusing gauge transformation, we reduce the

fields with values inLieG = sp(1) to the fields with values in the Lie algebra of the maximal torus

t ⊂ Lie G = sp(1). Next we use the Fourier-Mukai transformation of fields to have the images as fields

with values in the Lie algebra of the Langlands dual torusLt in Lie LG = so(3). The desired wedge

product of two fields is defined as the pre-image of the ordinary wedge product of images with values in
Lt ⊂ so(3).

MIRAMARE – TRIESTE

July 2007

1dndiep@math.ac.vn
2dvduc@iop.vast.ac.vn
3hvtan@iop.vast.ac.vn
4vieta@iop.vast.ac.vn



1 Introduction

We discuss the problem of how to define some product of two fields in the anti-symmetric regime. The

new idea is to use the so-called GNO duality, which is equivalent to the Langlands duality and mirror

symmetry. In our situation of symmetry groups, the Fourier-Mukai transformation can be extracted to

define a product.

There is some mysterious analogy between events in arithmetics, geometry and physics. In seven-

ties, R. Langlands formulated a conjecture to find some parametrization of discrete series representations

of semi-simple Lie groups by some admissible finite-dimensional representations of some Galois type

groups. This correspondence conjecture was proven in some special cases and had some famous appli-

cations in arithmetics, like in the final step of proving the Taniyama-Weil conjecture and then the Fermat

Last Theorem.

The great ideas of arithmetics were then translated into geometry and some analogues of the Langlands

conjecture were known, and then proven asGeometric Langlands Correspondence.

By some heuristic reason, in 1977 M. F. Atiyah asked E. Wittenof whether there is some analogue of

this event in physics; M. F. Atiyah referred to two works of P.Goddard, J. Nuyts, D. Olive, and F. Englert,

P. Windey. It is known that this mysterious correspondence figured also in physics and today meets a

great success of many physicists to study mirror symmetry and Langlands correspondence in physics as

Electric-Magnetic Duality.

Our main goal is to use these results to define some convolution-wedge product of fields, which is very

useful in physics and mathematics. This definition will be done in§5. For this goal we need to analyze the

electric-magnetic duality ( Theorem 1) and compare the Fourier-Mukai transformation with the ordinary

Fourier transformation in coordinates (Theorem 3). As a corollary we deduce some property of wedge-

convolution product (Theorem 6). We will discuss an essential physical meaning of the wedge-convolution

product elsewhere.

2 Electric-magnetic Duality

It is well known that the Dirac monopoles were associated with the internal symmetry groupU(1). Re-

cently, the theory was extended to the general symmetric compact Lie groupsH. EmbeddingH ⊆ G in

the general symmetry groupG, we also say that the symmetry is broken down toH. Let us remind that un-

der a magnetic monopole we understand a solution, in which the magnetic part (space-space components)

of the the gauge field tensor take the form

(2.1) Gij =
εijkrk

r3
G(r), i, j = 1, 2, 3(r >> 1)

The electric field is asymptotically radial and obeys thegeneralized inverse square lawand additionally,

assumed to be covariantly constant

(2.2) DiG(r) = ∂iG(r) − ie[Wi(r), G(r)] ≡ 0
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(supposed to be the finite energy solution in the frame work of’t Hooft - Polyakov)

There is an important condition which should be satisfied, the so-calledQuantization condition:

exp(4πieG(r)) ≡ 1. One can look atG(r) as a generator of the symmetry groupH.

(2.3) J = {exp(ieΩG(r)); 0 ≤ Ω ≤ 4π}

It was the idea of Englert & Windey that up to normalization the possible valuesβ1, . . . , βr are the

weights of a new group̌H.

We think of Ȟ as anelectric group, H as amagnetic group. The main result of GNO duality is that

the double dual group is isomorphic to itself: ˇ̌H ∼= H.

Let us denote byH a compact connected Lie group,h = L(H) = Lie(H) the corresponding Lie

algebra, which is decomposed into a sum of two parts:L(H) = C(L(H))︸ ︷︷ ︸
center

+ [L(H),L(H)]︸ ︷︷ ︸
semi-simple part

. Let us

denote the associated Cartan basis by

(2.4) T1, . . . , Tℓ, Tℓ+1, . . . , Tr, Eα1
, E−α1

, . . . Eαℓ
, E−αℓ

with the relations:[Ti, Eα] = αiEα [Ti, Tj ] = 0. The correspondingCartan matrixis introduced as

(2.5)




gij

∣∣
0 ∣∣∣∣∣∣∣∣∣∣

0 1
1 0

0 1
1 0

∣∣∣∣∣∣∣∣∣∣
0 1
1 0




.

We haveαi =
∑

j gijα
j , or gij =

∑
α αiαj , normalized by the conditions:gij = δij . The corresponding

exponentiated element in the Lie group,exp T1, . . . exp Tr generalizes a compact abelian subgroup, i.e. a

torusT = NH(〈T1, . . . , Tr〉).
It is well known that for allh ∈ H, there existss ∈ H such thath = sts−1, for somet ∈ T. It is clear

thatZ(H) ⊂ T, therefore, there exists an elementS ∈ H such that

eG(P ) = S

r∑

i=1

βiTiS
−1.

The coefficientsβ1 . . . , βr are the so-calledmagnetic weights. Let us denote the universal covering group

by H̃, H = H̃/k(H); wherek(H) = ker(H̃ → H). Theweightsof a single valued representation ofH

are introduced as follows.

(2.6) Λ(H) = {(w1, . . . , wr) the eigenvalues ofT1, . . . , Tr}

It is easy to check that

(2.7) Λ(SU(2)) = {0,±1

2
,±1,±3

2
, . . .},
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(2.8) Λ(SO(3)) = {0,±1,±2, . . .}

and in general, denote byΦ(H) the root system ofH, the weight lattice is

(2.9) Λ(H̃) = {w; 2wα/α2 ∈ Z,∀α ∈ Φ(H)}.

It is clear that

(2.10) Λ(H) ⊂ Λ(H̃)

Denoteẽxp : L(H) → H̃ the exponential map, thenexp(4πiT ) ∈ k(H) ⊆ Z(H̃). Any element of

Z(H) commutes with all the generators ofL(H) and in particular withEα andexp(4πiβ.α) = 1, i.e.

2α.β ∈ Z,∀α ∈ Φ(H). The set{α/α2;α ∈ Φ(H)} is aroot system. We can normalize

(2.11) Φ̌(H) = {α̌ = N−1α/α2; α ∈ Φ(H)}.

If H is simple,N is the length of the largest root and ifH is semi-simpleN is a diagonal matrix. We

haveΦ(Ȟ) = Φ̌(H), ˇ̌α = α. The most beautiful result of the GNO duality is indicated inthe following

table, which is equivalent to the Langlands duality.

General Langlands Duality
Magnetic GroupsG | Electric GroupsLG

U(n) | U(n)
SU(n) | PSU(n) = SU(n)/Zn

Spin(2n) | SO(2n)/Z2

Sp(n) | SO(2n+1)
Spin(2n+1) | Sp(n)/Z2

G2 | G2

E8 | E8

3 Mirror Symmetry and Langlands Duality

In the Euclid 3-dimensional space we can define the wedge product of two vectors as the area of the

parallelogram based on these vectors. This definition reduces to the wedge product of two fields. In the

anti-symmetric metric regime, we could not use the same definition, because the area is not conserved by

coordinate changes.

It is well known that mirror symmetry plays the same role in GNO duality, or more precisely the

electric-magnetic duality, as the Fourier-Mukai transformation between the pair of Langlands dual groups

in the Langlands Program.

Let us consider a compact connected Lie groupG, g = Lie G the Lie algebra ofG, M a spin manifold

with metric

(3.1) g(x) =
∑

µ,ν

g(x)µνdxµdxν .
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Consider also the associated Yang-Mills theory which is defined by a 1-form of connectionA as a section

of the principal bundleP ։ M with curvatureFA = dAA. The action of the theory is of the form

(3.2)
I = 1

8π

∫
M

d4x
√

g
(

4π
e2 FmnFmn − iθ

2π
1
2ǫmnpqFmnFpq

)

= − i
8π

∫
M

d4x
√

g (τF+
mnF+mn − τ̄F−mnF−mn) ,

whereg is the metric tensor onM ,

(3.3) τ =
θ

2π
+

4πi

e2
,

ǫmnpq is the Levi-Civita antisymmetric tensor,e is the so-called electric charge, andF± = 1
2(F ± ⋆F)

is the self-dual and anti-self-dual components ofF . It is well known [KW] that this actionI is invariant

under transformationT : τ 7→ τ + 1. The most interesting is that this action is invariant also under the

mirror symmetry transformation

(3.4) S : τ 7→ − 1

ngτ
,

whereng = 1 for simply-laced (ABCDE) simple Lie groups,= 2 for F2 and= 3 for G2 in non-simply-

laced case. The transformationsT andS generate the so-called Hecke group of symmetryΓ ⊆ SL(2, Z),

which is isomorphic toSL(2, Z) in the simply-laced case. An arbitrary elementγ =

(
a b
c d

)
of Γ acts

on τ by linear fractional transformation

(3.5) τ 7→ γ.τ =
aτ + b

cτ + d
.

Let us denote byT a fixed maximal torus ofG. The groupG is acting on connections by the so-called

gauge transformationsof type

(3.6) A 7→ g.A := gAg−1 + dg.g−1

Denote byΩA the orbit ofA under the gauge action ofG in the spaceΩ(M,G) of affine connections. It

is well known that

(3.7) Ω(M,G)/G ∼= Ω(M,T)/W,

whereW is the Weyl group

(3.8) W ∼= W (G,T) ∼= NG(T)/T

andNG(T) is the normalizer ofT in G. Hence, we reduced our consideration to the case of connection

with values in the Lie algebras of commutative compact Lie groups. Let us summarize the discussion as

what follows.

Theorem 1 The gauge fields are defined by their ground states in vacuum where the symmetry groups

are broken down to the maximal tori of the symmetry groups, inother words the corresponding forms of

connections are defined by their values in Lie algebras of tori by gauge transforms.
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4 Fourier-Mukai Transformation

Let us denote byLG the Langlands dual group, with a fixed maximal torusL
T. The fundamental electric-

magnetic duality mapsG to LG and also the Lie algebrat to ť = Lt, and are acted on by the same Weyl

groupsW ∼= LW . The vector spacest anďt are duaľt ∼= t∗ . Chosing a Weyl-invariant metric ont we can

Weyl-invariantly identify them.

We remind the construction of Fourier-Mukai transformation, see [F] for more details. Denote by

Loc1(X) the moduli space of rank 1 local systems on a complex curveX. Recall that a local system is a

pair(F ,∇) consisting of a holomorphic line bundleF and a holomorphic connection∇. SinceF supports

a holomorphic (hence flat) connection, the first Chern class of F , which is the degree ofF , has to vanish.

ThereforeF defines a point of the Jacobian varietyPic0(X) = Jac(X), which is by definition the group

of isomorphic classes of line bundles. We have therefore a natural mapp : Loc1(X) → Jac(X). The

fibers of this map provide the space of holomorphic connection onF , i.e. the space of connection 1-forms

in H1(X,ΩX). LetP be the universal flat holomorphic line bundle, whose restriction to F̃ , ∇̃)× Jac(X)

is the line bundle (̃F onJac(X)). We have the diagram

P

?

Loc1(X) × Jac(X)

Loc1(X) Jac(X)

H
H

H
H

H
H

H
Hj

�
�

�
�

�
�

�
��

p1 p2

wherep1, p2 are the natural projections of the Cartesian product onto the first and the second factors,

respectively.

One defines the pair of functors

F : Db(DJac(X) − mod) → Db(OLoc1(X) − mod)

and

G : Db(OLoc1(X) − mod) → Db(DJac(X) − mod),

as follows

(4.1) F : M ∈ Db(DJac(X) − mod) 7→ Rp1∗p
∗
2(M⊗P) ∈ Db(OLoc1(X) − mod),

(4.2) G : K ∈ Db(OLoc1(X) − mod) 7→ Rp2∗p
∗
1(K ⊗ P) ∈ Db(DJac(X) − mod).

Let E = (F ,∇) be a point ofLoc1(X) and consider the “skyscraper” sheafSE supported at this

point. ThenG(SE) = (F̃ , ∇̃) is aD-module onJac(X). G. Laumon and M. Rothstein proved that these

two functorsF andG are inverse each to another.
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Definition 2 The general Fourier-Mukai transformationmeans the equivalences of derived categories

(4.3) Db(OLoc1(X) − mod)
G
−→
←−

F

Db(DJac(X) − mod).

Let us examine the concrete case of dimension 1, i.e. onR. The “skyscraper” sheaves supported at a

point x are the delta-type functions. The ordinary Fourier transform sends the delta-functionsδx, x ∈ R,

which are some sort of skyscraper sheaves to the exponent function Φ(y) = exp(ixy), which is the

solution of the differential equation

(4.4) (∂y − ix)Φ(y) = 0.

The functionΦ(y) therefore corresponds to theD-module of generator∇ = ∂y − ix. For an arbitrary

function, one has decompositions:

(4.5) f(x) =

∫
f(y)δx(y)dy

and

(4.6) f(x) = c

∫
f̂(y) exp(iyx)dy,

wherec = 1
2π

is a constant and

(4.7) f̂(y) =

∫
f(x) exp(−iyx)dx,

we see thatonR, the Fourier-Mukai transformation coincide with the ordinary Fourier transformation.

In multi-dimensional torus fiber case, denoteť = t̃ as the Langlands dual torus, more precisely the local

system on the torus bỹT = Hom(π1(T),S1) and we haveLanglands dualityT ∼= Hom(π1(T̃),S1). Let

us fix some local coordinates(t1, . . . , tm) on T and the corresponding local coordinates(t̃1, . . . , t̃m)

on the dual torus̃T. If we take a pointy ∈ T with local coordinates(t1, . . . , tm), i.e. y = (y1 =

exp(it1), . . . , ym = exp(itm)), following the Fourier-Mukai transformation, we have someconnection

Dy on the dual torus with a connection 1-form

(4.8) A(t̃) = i
∑

j

tjdt̃j = id〈t, t̃〉

and

(4.9) Dy = DA = d + i
∑

j

tjdt̃j .

This means that under the Fourier-Mukai transformation on torus, to any function

(4.10) f(t) = c

∫

T̃

f̂(t̃) exp(i〈t, t̃〉)dt̃

on the torusT exactly corresponds the Fourier transform

(4.11) f̂(t̃) =

∫

T

f(t) exp(−i〈t, t̃〉)dt.

We summarize this discussion in the following statement.

Theorem 3 For the functions with values in the Lie algebras of tori, theFourier-Mukai transformation

becomes the ordinary Fourier transformation.
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5 Convolution-Wedge Product

Let us recall that under the Fourier transformation

(5.1) f̂(y) =

∫
f(x) exp(−iyx)dx

the operator of multiplication off(x) by the variablex comes to the operator of differentiation1
i
∂y on the

Fourier images and the convolution product of two functions

(5.2) (f ∗ g)(x) =

∫
f(y)g(x − y)dy,

comes to the ordinary point product of the Fourier transforms

(5.3) f̂ ∗ g = f̂ .ĝ.

Definition 4 The convolution-wedge productof two fields in the anti-symmetric metric regime is defined

as the inverse image of the ordinary wedge product of two images under the Fourier-Mukai transformation

of fields in the symmetric metric regime. Denote the convolution-wedge product of fields by∧∗. If

a = (a1, a2, a3) andb = (b1, b2, b3), then

(5.4) a ∧∗ b := (a2 ∗ b3 − a3 ∗ b2, a3 ∗ b1 − a1 ∗ b3, a1 ∗ b2 − a2 ∗ b1).

The following proposition is an easy consequence of the definition.

Proposition 5 The Fourier image of the convolution-wedge product is the vector product of two images,

(5.5) â ∧∗ b = â × b̂.

In our situation, the Fourier-Mukai transformation becomethe ordinary Fourier transformation. First

we apply the Fourier transformation to have the ordinary product in symmetric regime in place of a con-

volution product. After all we reduce to the ordinary vectoranalysis in theSO(3) regime. Finally we use

the inverse Fourier product to have the result.

Theorem 6 (Curl of Convolution-Wedge Product)

(5.6) rot∗(B1 ∧∗ B2) = ∇∧∗ (B1 ∧∗ B2) = div∗(B2)B1 + div∗(B1)B2.

We intend to discuss some physical applications of this convolution-wedge product of fields in a separate

paper.

6 Conclusion

Convolution-wedge product of fields in anti-symmetric metric regime is defined through electric-magnetic

duality and mirror symmetry, which is important for physical applications.
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