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Abstract

Let E be a real reflexive Banach space with uniformly Gâteaux differentiable norm. Let K

be a nonempty closed convex subset of E. Suppose that every nonempty closed convex bounded

subset of K has the fixed point property for nonexpansive mappings. Let T1, T2, ..., TN be a family

of nonexpansive self-mappings of K, with F := ∩N
i=1Fix(Ti) 6= ∅, F = Fix(TNTN−1...T1) =

Fix(T1TN ...T2) = ... = Fix(TN−1TN−2...T1TN ). Let {λn} be a sequence in (0, 1) satisfying the

following conditions: C1 : lim λn = 0; C2 :
∑

λn = ∞. For a fixed δ ∈ (0, 1), define Sn : K → K

by Snx := (1 − δ)x + δTnx ∀ x ∈ K where Tn = Tn mod N . For arbitrary fixed u, x0 ∈ K, let

B := {x ∈ K : TNTN−1...T1x = γ x+(1− γ)u, for some γ > 1} be bounded and let the sequence

{xn} be defined iteratively by

xn+1 = λn+1u + (1 − λn+1)Sn+1xn, for n ≥ 0.

Assume that lim
n→∞

||Tnxn −Tn+1xn|| = 0. Then, {xn} converges strongly to a common fixed point

of the family T1, T2, ..., TN . Convergence theorem is also proved for non-self maps.
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1. Introduction

Let E be a real Banach space, K a closed convex subset of E and T : K → K a nonexpansive

mapping (i.e., ||Tx − Ty|| ≤ ||x − y|| ∀x, y ∈ K). For fixed t ∈ (0, 1) and arbitrary u ∈ K, let

zt ∈ K denote the unique fixed point of Tt defined by Ttx := tu + (1 − t)Tx, x ∈ K. Assume

F (T ) := {x ∈ K : Tx = x} 6= ∅. In 1967, Browder [4] proved that if E = H, a Hilbert space,

then lim
t→0

zt exists and is a fixed point of T . In 1980, Reich [21] extended this result to uniformly

smooth Banach spaces. In 1981, Kirk [14] obtained the same result in arbitrary Banach spaces

under the additional assumption that T has pre-compact range.

For a sequence {λn} of real numbers in [0, 1] and an arbitrary u ∈ K, let the sequence {xn} in K

be iteratively defined by x0 ∈ K,

xn+1 = λnu + (1 − λn)Txn, n ≥ 0. (1)

The recursion formula (1) was first introduced in 1967 by Halpern [10] in the framework of Hilbert

spaces. He proved strong convergence of {xn} to a fixed point of T where λn := n−a, a ∈ (0, 1).

In 1977, Lions [16] improved the result of Halpern, still in Hilbert spaces, by proving strong

convergence of {xn} to a fixed point of T where the real sequence {λn} satisfies the following

conditions:

C1 : lim λn = 0; C2 :
∑

λn = ∞; C3 : lim
λn − λn−1

λ2
n

= 0.

In 1980, Reich [21] proved that the result of Halpern remains true when E is uniformly smooth.

It was observed that both Halpern’s and Lion’s conditions on the real sequence {λn} excluded

the canonical choice λn = 1
n+1 . This was overcome in 1992 by Wittmann [28] who proved, still in

Hilbert spaces, the strong convergence of {xn} to a fixed point of T if {λn} satisfies the following

conditions:

C1 : lim λn = 0; C2 :
∑

λn = ∞; C4 :
∑

|λn+1 − λn| < ∞.

In 1994, Reich [22] extended the result of Wittmann to Banach spaces which are uniformly smooth

and have weakly sequentially continuous duality maps (e.g., lp spaces, 1 < p < ∞), where {λn}

satisfies C1 and C2 and is also required to be decreasing (and hence also satisfies C4). These

spaces exclude Lp spaces, 1 < p < ∞, p 6= 2. Shioji and Takahashi [23] extended Wittmann’s

result to real Banach spaces with uniformly Gâteaux differentiable norms and in which each

nonempty closed convex and bounded subset has the fixed point property for nonexpansive map-

pings (e.g., Lp spaces, 1 < p < ∞).

In 2002, Xu [29] (see also [30]) improved the result of Lion twofold. First, he weakened the con-

dition C3 by removing the square in the denominator so that the canonical choice of λn = 1
n+1

is possible. Secondly, he proved the strong convergence of the scheme (1) in the framework of

real uniformly smooth Banach spaces. Xu also remarked ([29], Remark 3.2) that Halpern [10]

observed that conditions C1 and C2 are necessary for the strong convergence of algorithm (1) for

all nonexpansive mappings, T : K → K. It is unclear if they are sufficient. This brought about
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the following question.

Question Are the conditions C1 : lim λn = 0 and C2 :
∑

λn = ∞ sufficient for the strong

convergence of algorithm (1) for all nonexpansive mappings T : K → K?

In [7], Chidume and Chidume modified the recursion formula (1) by introducing an auxiliary

operator that has the same set of fixed points as T . With the help of this operator, they proved

that, under suitable conditions, conditions C1 and C2 are sufficient for the modified iteration

algorithm to converge strongly to a fixed point of T even in the more general setting where E is

a real Banach space with uniformly Gâteaux differentiable norm.

In 1936, Markov [17] (see also Kakutani [13],1938) showed that if a commuting family of bounded

linear transformations Tα, α ∈ ∆ (∆ an arbitrary index set) of a normed linear space E into itself

leaves some nonempty compact convex subset K of E invariant, then the family has at least one

common fixed point in the set K. (The actual result of Markov is more general than this but this

version is adequate for our purposes here). Motivated by this result, De Marr in 1963 studied the

problem of the existence of a common fixed point for a family of nonlinear maps, and proved the

following theorem.

Theorem DM ([9], p 1139) Let E be a Banach space and K be a nonempty compact convex

subset of E. If F is a nonempty commuting family of nonexpansive mappings of K into itself,

then the family F has a common fixed point in K.

In 1965, Browder proved the result of De Marr in a uniformly convex Banach space, requir-

ing that K be only nonempty closed bounded and convex.

Theorem B ([3], Theorem 1) Let E be a uniformly convex Banach space, K a nonempty closed

convex and bounded subset of E, {Tλ} a commuting family of nonexpansive self mappings of K.

Then the family {Tλ} has a common fixed point in K.

For other fixed point theorems for families of nonexpansive mappings the reader may consult

any of the following references: Belluce and Kirk [2]; Bruck [5]; and Lim [15].

Recently, considerable research efforts have been devoted to developing iterative methods for ap-

proximating a common fixed point (when it exists) for a family of several nonlinear mappings (see

e.g., [1,6,8,11-13,19,20,25,27,31]). In 1996, Bauschke [1] introduced the following Halpern-type

iterative process for approximating a common fixed point for finite family of r nonexpansive self-

mappings, where for an operator A, Fix(A) := {x ∈ D(A) : Ax = x}. He proved the following

theorem.

Theorem ([1], Theorem 3.1) Let K be a nonempty closed convex subset of a Hilbert space H and
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T1, T2, ..., Tr be a finite family of nonexpansive mappings of K into itself with F := ∩r
i=1Fix(Ti) =

Fix(TrTr−1...T1) = Fix(T1Tr...T2) = ...

= Fix(Tr−1Tr−2...T1Tr) 6= ∅. Let {λn} be a real sequence in [0, 1] which satisfies C1 : lim λn =

0; C2 :
∑

λn = ∞ and C5:
∑

n |λn − λn+r| < ∞. Given points u, x0 ∈ K, let {xn} be generated

by

xn+1 = λn+1u + (1 − λn+1)Tn+1xn, n ≥ 0, (3)

where Tn = Tn mod r. Then {xn} converges strongly to PF u, where PF u : H → F is the metric

projection.

In 2002 Takahashi et al. [27] extended the result of Bauschke to uniformly convex Banach spaces.

O’Hara et al. [19] proved a complementary result to that of Bauschke, still in the framework of

Hilbert spaces, by replacing C5 with the following condition:

C6 : lim
n→ ∞

λn

λn+N

= 1, or equivalently, lim
n→∞

λn − λn+N

λn+N

= 0.

In 2005, Jung [11] extended the result of O’Hara et al.[19] to a uniformly smooth Banach space.

Recently, Jung et al. [12] studied the iteration scheme (3), where the iteration parameter {λn}

satisfies the following conditions:

C1 : lim λn = 0; C2 :
∑

λn = ∞ and C7 : |λn+N − λn| ≤ ◦(λn+N ) + σn,

and
∑

σn < ∞. They proved that, {xn} converges to QF u where QF is a sunny nonexpansve

retraction of K onto F .

In the sequel, we shall say that the sequence generated by (3) is weakly asymptotically regular if

ω − lim
n→∞

(xn+j − xn) = 0, and is asymptotically regular if s − lim
n→∞

(xn+j − xn) = 0, j = 1, 2, ..., r.

Very recently, Zhou et al. [31] proved that conditions C1 and C2 are indeed sufficient to guarantee

strong convergence of the iteration sequence of (3) in each of the following situations: (a) E is a

Hilbert space; (b) E is a Banach space with weakly sequentially continuous duality map and the

sequence {xn} of (3) is weakly asymptotically regular; (c) E is a reflexive Banach space whose

norm is uniformly Gâteaux differentiable and in which every weakly compact convex subset of

E has the fixed point property for nonexpansive mappings, and the sequence {xn} of (3) is

asymptotically regular.

Remark 1. In Zhou et al.[31], the authors use the concept of Banach limits, proving in the

process two results involving these limits.

Furthermore, in all the above discussion, T1, T2, ..., TN remain self-mappings of nonempty subset

of the Banach space E. If, however, the domain of T1, T2, ..., TN , D(Ti) ≡ K, i = 1, 2, ..., N , is a

proper subset of E and Ti maps K into E for each i, then the recursion formula (3) may fail to

be well defined. To overcome this, an algorithm for non-self mappings was defined for the scheme

(3) by Chidume et al.[8]. Using this algorithm, Chidume et al. [8] proved a strong convergence

theorem to a common fixed point of the family T1, T2, ..., TN of nonself nonexpansive mappings in
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a reflexive Banach space with uniformly Gâteaux differentiable norm when the parameter {λn}

satisfies conditions C1, C2 and C5. Their theorems extend and improve several known results to

the case of non-self mappings.

Remark 2 We observe that the requirement that the underlying space E be a Hilbert space,

or satisfy Opial’s condition, or admit weak sequential continuous duality map imposed in several

theorems, in particular, in the theorems of Bauschke [1], in the theorems of Jung et al. [12], Zhou

et al. [31], O’Hara et al. [19] excludes the application of any of these theorems in Lp spaces,

1 < p < ∞, p 6= 2 because it is well known that these spaces do not admit weak sequentially

continuous duality mappings and do not satisfy Opial’s condition.

It is our purpose in this paper to introduce a new iteration scheme with respect to which these

strong conditions on the underlying space are dispensed with and conditions C1 and C2 are

sufficient to guarantee the strong convergence of the sequence generated by the recursion formula

of the scheme, under a mild condition on the operator that is satisfied by a large class of operators,

to a common fixed point of T1, T2, ..., Tr. In particular, our theorems are proved in the case where

E is a reflexive Banach space with uniformly Gâteaux differentiable norm, and in which every

weakly compact convex subset of E has the fixed point property for nonexpansive mappings. The

underlying space will not be required to admit weak sequential continuous duality maps or to

satisfy Opial’s condition. The sequence {xn} will not be assumed to be asymptotically regular

and our method of proof, which is of independent interest, will not involve the use of Banach

limits. Furthermore, we prove new convergence theorem for nonself maps which complement the

results of Chidume et al. [8]. All our theorems hold, in particular, in Lp spaces, 1 < p < ∞.

2. Preliminaries

Let S := {x ∈ E : ||x|| = 1} denote the unit sphere of the real Banach space E. E is said to have

a Gâteaux differentiable norm if the limit

lim
t→0

||x + ty|| − ||x||

t

exists for each x, y ∈ S; and E is said to have a uniformly Gâteaux differentiable norm if for each

y ∈ S, the limit is attained uniformly for x ∈ S. Let E be a normed space with dimE ≥ 2. The

modulus of smoothness of E is the function ρE : [0,∞) → [0,∞) defined by

ρE(τ) := sup
{ ||x + y| + ||x − y||

2
− 1 : ||x|| = 1; ||y|| = τ

}

.

The space E is called uniformly smooth if and only if lim
t→0+

ρE(t)
t

= 0.

We shall make use of the following well known result.

Lemma 2.1 Let E be a real normed linear space. Then, the following inequality holds:

||x + y||2 ≤ ||x||2 + 2〈y, j(x + y)〉 ∀ x, y ∈ E, ∀ j(x + y) ∈ J(x + y).
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In the sequel, we shall also make use of the following lemmas.

Lemma 2.2 ([26], Lemma 2). Let {xn} and {yn} be bounded sequences in a Banach space E

and let {βn} be a sequence in [0, 1] with 0 < lim infβn ≤ lim supβn < 1. Suppose xn+1 =

βnyn + (1 − βn)xn for all integers n ≥ 0 and lim sup(||yn+1 − yn|| − ||xn+1 − xn||) ≤ 0. Then,

lim ||yn − xn|| = 0.

Lemma 2.3. ([30], Lemma 2.5). Let {an} be a sequence of nonnegative real numbers satisfying

the following relation:

an+1 ≤ (1 − λn)an + λnσn + γn, n ≥ 0,

where,

(i) {λn} ⊂ [0, 1],
∑

λn = ∞; (ii) lim sup σn ≤ 0; (iii) γn ≥ 0; (n ≥ 0),
∑

γn < ∞. Then, an → 0 as n → ∞.

Theorm 2.4 ([18], Theorem 1). Let E be a real reflexive Banach space with uniformly Gâteaux

differentiable norm. Suppose K is a nonempty closed convex subset of E and T : K → E

a continuous pseudocontractive mapping satisfying the weakly inward condition. Suppose that

every nonempty closed convex bounded subset of K has the fixed point property for nonexpansive

mappings. If there exists u ∈ K such that the set B := {x ∈ K : Tx = γ x+(1−γ)u, forsome γ >

1} is bounded, then the path t → zt 0 < t < 1, defined by zt = tu + (1 − t)Tzt, converges strongly

to a fixed point of T .

We note that if K is bounded then the set B is clearly bounded.

3. Main Result For self maps

Theorem 3.1 Let E be a real reflexive Banach space with uniformly Gâteaux differentiable norm.

Let K be a nonempty closed convex subset of E. Suppose that every nonempty closed convex

bounded subset of E has the fixed point property for nonexpansive mappings. Let T1, T2, ..., TN be

a family of nonexpansive self mappings of K, with F := ∩N
i=1Fix(Ti) and

F = Fix(TNTN−1...T1) = Fix(T1TN ...T2) = ... = Fix(TN−1TN−2...T1TN ) 6= ∅.

Let {λn} be a sequence in (0, 1) satisfying the following conditions: C1 : lim λn = 0; C2 :
∑

λn =

∞. For a fixed δ ∈ (0, 1), define Sn : K → K by Snx := (1 − δ)x + δTnx, ∀ x ∈ K where

Tn = TnmodN . For arbitrary fixed u, x0 ∈ K, let B := {x ∈ K : TNTN−1...T1x = γ x + (1 −

γ)u, forsome γ > 1} be bounded and let the sequence {xn} be defined iteratively by

xn+1 = λn+1u + (1 − λn+1)Sn+1xn, for n ≥ 0. (6)

Assume lim
n→∞

||Tnxn − Tn+1xn|| = 0. Then, {xn} converges strongly to a common fixed point of

the family T1, T2, ..., TN .

Proof Observe that Sn is nonexpansive and Fix(Sn) = Fix(Tn) for each n ∈ N. We prove the

theorem in stages. Let x∗ ∈ F.
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Step 1 ||xn − x∗|| ≤ max{||u − x∗||, ||x0 − x∗||} for every n ≥ 0.

We prove this by induction. It is clear that the statement is true for n = 0. Assume it is true for

n = k. Then,

||xk+1 − x∗|| ≤ λk+1||u − x∗|| + (1 − λk+1)||Sk+1xk − x∗||

≤ max{||u − x∗||, ||x0 − x∗||}.

So, {xn} is bounded and it follows that {Sn+1xn} and {Tn+1xn} are bounded.

Step 2 lim
n→∞

||xn+N − Sn+Nxn+N−1|| = 0.

From step 1 , and the recursion (6), we have,

xn+N − Sn+Nxn+N−1 = λn+N (u − Sn+Nxn+N−1) → 0 as n → ∞.

Step 3 lim
n→∞

||xn+N − xn|| = 0.

To prove this, define {βn} by βn := (1 − δ)λn+N+1 + δ and a sequence {yn} by

yn :=
xn+N+1 − xn+N + βnxn+N

βn

.

Then, using the definition of {βn} and {Sn} we obtained that

yn =
λn+N+1u + (1 − λn+N+1)δTn+N+1xn+N

βn

.

It is clear from this that {yn} is bounded. Moreover,

||yn+1 − yn|| ≤
∣

∣

∣

λn+N+2

βn+1
−

λn+N+1

βn

∣

∣

∣
||u||

+
∣

∣

∣

(1 − λn+N+2)

βn+1
−

(1 − λn+N+1)

βn

∣

∣

∣
δ||Tn+N+2xn+N+1||

+
(1 − λn+N+1)

βn

δ||xn+N+1 − xn+N ||

+
(1 − λn+N+1)

βn

δ||Tn+N+2xn+N − Tn+N+1xn+N ||,

so that

||yn+1 − yn|| − ||xn+N+1 − xn+N || ≤
∣

∣

∣

λn+N+2

βn+1
−

λn+N+1

βn

∣

∣

∣
||u||

+
∣

∣

∣

(1 − λn+N+2)

βn+1
−

(1 − λn+N+1)

βn

∣

∣

∣
δ||Tn+N+2xn+N+1||

+
∣

∣

∣

(1 − λn+N+1)

βn

δ − 1
∣

∣

∣
||xn+N+1 − xn+N ||

+
(1 − λn+N+1)

βn

δ||Tn+2xn+N − Tn+1xn+N ||.

This implies,

lim sup
n→∞

(||yn+1 − yn|| − ||xn+N+1 − xn+N ||) ≤ 0,
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and by lemma (2.2),

lim
n→∞

||yn − xn+N || = 0.

Hence,

||xn+N+1 − xn+N || = βn||yn − xn+N || → 0 as n → ∞. (7)

But,

||xn+N − xn|| ≤ ||xn+N − xn+N−1|| + ||xn+N−1 − xn+N−2|| + ... + ||xn+1 − xn|| → 0 (8)

as n → ∞, completing step 3.

Step 4

From step 2 we have

xn+N − Sn+Nxn+N−1 → 0 as n → ∞,

which implies

xn+N − [(1 − δ)xn+N−1 + δTn+Nxn+N−1] → 0

that is

(xn+N − xn+N−1) + δ[xn+N−1 − Tn+Nxn+N−1] → 0

as n → ∞. Thus, using this and (7) we have

xn+N−1 − Tn+Nxn+N−1 → 0 as n → ∞

and so

||xn+N − Tn+Nxn+N−1|| ≤ ||xn+N − xn+N−1|| + ||xn+N−1 − Tn+Nxn+N−1|| → 0

as n → ∞. Using the fact that Ti is nonexpansive for each i we obtain the following finite table:

xn+N − Tn+Nxn+N−1 → 0 as n → ∞

Tn+Nxn+N−1 − Tn+NTn+N−1xn+N−2 → 0 as n → ∞

...

Tn+NTn+N−1...Tn+2xn+1 − Tn+NTn+N−1...Tn+2Tn+1xn → 0 as n → ∞

and adding up the table yields

xn+N − Tn+NTn+N−1...Tn+1xn → 0 as n → ∞.

Using this and (8) we get that lim
n→∞

||xn − Tn+NTn+N−1...Tn+1xn|| = 0.

Step 5

Let xtn ∈ K be a continuous path satisfying

xtn = tnu + (1 − tn)TNTN−1...T1xtn (9)
8



and lim xtn = x∗ ∈ Fix(TNTN−1...T1) as tn → 0+ (guaranteed by theorem 2.4) which implies

(by hypothesis) that x∗ ∈ F := ∩N
i=1Fix(Ti). From step 4 we have that

xn − Tn+NTn+N−1...Tn+1xn → 0 as n → ∞.

Let {tn} be a real sequence in (0, 1) such that tn → 0 as n → ∞ and

lim
n→∞

||xn − Tn+NTn+N−1...Tn+1xn||

tn
= 0.

Let {xtn} be a sequence satisfying (9), such that xtn → x∗ ∈ F as tn → 0. Then using lemma 2.1

we have,

||xtn − xn||
2 ≤ (1 − tn)2||xn − TNTN−1...T1xtn ||

2 + 2tn〈u − xn, j(xtn − xn)〉

≤ (1 − tn)2
[

||TNTN−1...T1xn − TNTN−1...T1xtn ||

+ ||xn − TNTN−1...T1xn||
]2

+ 2tn〈u − xn, j(xtn − xn)〉,

which implies

〈u − xtn , j(xn − xtn)〉 ≤
((1 − tn)2 + 2tn − 1

2tn

)

||xtn − xn||
2

+ (1 − tn)2||xtn − xn||
||xn − TNTN−1...T1xn||

tn

+
(1 − tn)2||xn − TNTN−1...T1xn||

2

2tn

and hence

lim sup〈u − xtn , j(xn − xtn)〉 ≤ 0.

Moreover,

〈u − xtn , j(xn − xtn)〉 = 〈u − x∗, j(xn − x∗)〉

+ 〈u − x∗, j(xn − xtn) − j(xn − x∗)〉

+ 〈x∗ − xtn , j(xn − xtn)〉,

and since j is norm-to-weak∗ uniformly continuous on bounded sets, we have

lim sup〈u − x∗, j(xn − x∗)〉 ≤ 0.

Step 6

From the recursion formula (6) and lemma 2.1, we have the following;

||xn+1 − x∗||2 ≤ (1 − λn+1)
2||Sn+1xn − x∗||2 + 2λn+1〈u − x∗, j(xn+1 − x∗)〉

≤ (1 − λn+1)||xn − x∗||2 + 2λn+1〈u − x∗, j(xn+1 − x∗)〉,

and by lemma (2.3), we have {xn} converges strongly to some fixed point of the family {Ti}N
i=1. 2
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4. Main result for non-self mappings

Let K be a nonempty subset of a Banach space E. For x ∈ K, the inward set of x, IKx, is defined

by IKx := {x + α(u − x) : u ∈ K,α ≥ 1}. A mapping T : K → E is called weakly inward if

Tx ∈ cl[IK(x)] for all x ∈ K, where cl[IK(x)] denotes the closure of the inward set. Every self

map is trivially weakly inward.

Let K ⊂ E be closed convex and Q a mapping of E onto K. Then Q is said to be sunny if

Q(Qx + t(x − Qx)) = Qx for all x ∈ E and t ≥ 0. A mapping Q of E into E is said to be a

retraction if Q2 = Q. If a mapping Q is a retraction, then Qz = z for every z ∈ R(Q), range of

Q. A subset K is said to be sunny nonexpansive retract of E if there exists a sunny nonexpansive

retraction of E onto K.

Now we prove the following result;

Theorem 4.1 Let K be a nonempty closed convex subset of a real reflexive Banach space E which

has a uniformly Gâteaux differentiable norm. Assume that K is sunny nonexpansive retract of

E with Q as the sunny nonexpansive retraction. Assume that every nonempty closed bounded

convex subset of E has the fixed point property for nonexpansive mappings. Let Ti : K → E, i =

1, 2, ..., N , be family of nonexpansive mappings which are weakly inward with F := ∩N
i=1Fix(Ti) =

Fix(QTNQTN−1...QT1) = Fix(QT1QTN ...QT2) = ...

= Fix(QTN−1QTN−2...QT1QTN ) 6= ∅. For a fixed δ ∈ (0, 1), define Sn : E → K by Snx :=

(1 − δ)x + δQTnx, ∀ x ∈ E. For arbitrary fixed u, x0 ∈ K let B := {x ∈ K : TNTN−1...T1x =

γ x + (1− γ)u, forsome γ > 1} be bounded and let the sequence {xn} be generated iteratively by

xn+1 = λn+1u + (1 − λn+1)Sn+1xn, for n ≥ 0, (8)

where Tn = TnmodN and {λn} is a real sequence which satisfies (C1) and (C2). Assume lim
n→∞

||QTnxn−

QTn+1xn|| = 0. Then {xn} converges strongly to a common fixed point of T1, T2, ..., TN . Further,

if Pu = x
n→∞n

lim for each u ∈ K, then P is sunny nonexpansive retraction of K onto F.

Proof The boundedness of {xn}, {Sn+1xn} and {QTn+1xn} follows as in step 1 of theorem 3.1

From the recursion formula (8) we have

xn+N − Sn+Nxn+N−1 = λn+N (u − Sn+Nxn+N−1) → 0 as n → ∞.

Now, define {βn} by βn := (1 − δ)λn+N+1 + δ and a sequence {wn} by

wn :=
xn+N+1 − xn+N + βnxn+N

βn

, n ≥ 1.

Then, using the definition of {βn} and {Sn} we obtained that

wn =
λn+N+1u + (1 − λn+N+1)δQTn+N+1xn+N

βn

.

Following the line of the proof in step 3 of theorem 3.1, we get lim
n→∞

||xn+N − xn|| = 0. The rest

of the proof now follows as in the proof of theorem 3.1 of [8]. 2

10



Example Let K be a nonempty subset of a real Banach space with uniformly Gâteaux differen-

tiable norm and T : K → K a nonexpansive map. For arbitrary x0, u ∈ K let {xn} be defined

by

xn+1 = λnu + (1 − λn)Sxn (10)

where {λn} is a real sequence in [0, 1) satisfying some conditions and S := (1− δ)I + δT for some

fixed real number δ ∈ (0, 1). It is proved in [7] that {xn} is an approximate fixed point sequence

of a nonexpansive map S (i.e., ‖xn − Sxn‖ → 0 as n → ∞ ).

We now give an example of a finite family of maps satisfying our limiting condition.

Let K be a closed convex nonempty subset of a Banach space with uniformly Gâteaux differen-

tiable norm E. Let S : K → K be a nonexpansive mapping. Let {xn} be defined by (10). From

[7] {xn} is an approximate fixed point sequence of S.

Now, let {Si}
m
i=1 be finite family of maps defined by Sn = Sn, n = n mod m. Write Sm = Sm−1◦S.

Then, it is easy to see that

‖Snxn − Sn+1xn‖ =

{

‖xn − Sxn‖, if n 6= km, k ∈ N;
(m − 1)‖xn − Sxn‖, if n = km, k ∈ N,

so that, in all cases, ‖Snxn − Sn+1xn‖ → 0 as n → ∞.

Remark 4.2 The addition of bounded error terms to the recursion formula (3) leads to no further

generalization.

Remark 4.3 The following Proposition provides a situation in which the intersection of a family

of nonexpansive mappings satisfies a condition imposed in Theorem 3.1.

Proposition 4.4 (See Lemma 3 of [31]) Let E be a strictly convex Banach space and C be a

closed convex subset of E. Let T1, T2, ..., Tm be nonexpansive mappings of C into itself such that

the set of common fixed points of T1, T2, ..., Tm is nonempty. Let S1, S2, ..., Sm be mappings of C

into itself given by Si = (1 − µi)I + µiTi for any 0 < µi < 1, i = 1, 2, ...,m, where I denotes the

identity mapping on C. Then S1, S2, ..., Sm satisfies the following :

∩m
i=1F (Si) = ∩m

i=1F (Ti)

and

∩m
i=1F (Si) = F (SmSm−1...S1) = F (S1Sm...S2) = ... = F (Sm−1...S1Sm).

Remark 4.5 If f : K → K is a contraction map and we replace u by f(xn) in the recursion

formula (3), we obtain what some authors now call viscosity iteration method. We note that our

theorems in this paper carry over trivially to the so-called viscosity process. One simply replaces

u by f(xn), using the fact that f is a contraction map repeats the argument of this paper.
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