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1. INTRODUCTION

The early theoretical and experimental time dependent neutron

thermalisation studies were limited to the study of the transient spec-

trum in the diffusion period. The recent experimental measurements

of the time dependent thermal neutron spectra and reaction rates, for

a number of moderators, have generated considerable interest in the

study of the time dependent Boltzmann equation.

In this paper we present detailed results for the time dependent

spectra and the reaction rates for resonance detectors using several

scattering models of H^O and D_O. This study has been undertaken

in order to interpret the integral time dependent neutron thermalisation

experiments in liquid moderators which have been performed at the

AB Atomenergi.

In addition to the above results we also present a short mathe-

matical formalism for studying the moments problem using the one

dimensional Boltzmann equation.

2. TIME DEPENDENT BOLTZMANN EQUATION

The time behaviour of a pulse of neutrons undergoing modera-

tion, thermalisation and diffusion in a moderating medium is described

by the time dependent Boltzmann equation. In the diffusion theory approxi-

mation, we write

00

s
o

Ss(E*-*E) <KE\£ , t) dE* +S(E,£, t) (1)
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4>(E, r, t) is the neutron flux as a function of energy E (or velocity v),

space (r) and time t variables. 2 (E) and D(E) are the macroscopic total
•- j

cross section and diffusion coefficient respectively. 2 (E —->E) is the scatte-
s

ring kernel which governs the transfer of energy between neutrons and the

medium. S(E, r, t) is the external source.

We shall now expand <t>(E, r, t) and S(E, r, t) in a complete set of

orthonormal space modes.

• (E.r.t) = S^(r) yE.t) (2)

V2+p(r) ="B^ p ( r ) and +p(2) = 0 (3)

also

S(E, r, t) = 2 4;p(r) 6 ( E - E Q ) 6(t) (4)

The above expansion for §{&, r, t) implies that all the spatial modes

vanish at the extrapolated boundary (r) and the latter is independent of neu-

tron energy. In the case of source distribution we have assumed a pulse of

neutrons of energy E . Using the above expansions, one obtains

8* (E,t)
r i 8<t> (E,t) r -i

(r) I -jrX = - i 2 (E) + 2 (E) U (E, t)

oo

(E '-> E) * (E*, t) dE* •+ 6(E - E ) 6(t) 1 (5)
P ° J

where

2 (E) = 2 (E) + D(E) B2 (6)
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In principle, one may construct the complete solution 4>(E, r, t)

by superposition of 4> (E, t) solutions. However, in practice the study

is usually limited to the fundamental spatial mode (1-5). This paper

is limited to the consideration of the infinite medium problem, B =0

for all p.

As is well known, the initial value problem may also be studied

with the Laplace transform method. If ^(E, s) is the solution of the

infinite medium Laplace transformed (in time) problem, then

b+ioo

4>(E, 0 = 2^T C 4>(E, S) exp fst] ds (7)
J b-ioo L J

b is right of all the singularities of ^(E, s). The poles of ^(E, s)

contribute to the discrete modes in the form of exponential decays and

the other singularities give rise to continuous modes. It must be poin-

ted out that the knowledge of 4>(E, s) is intimately connected with the in-

finite medium solution of the energy dependent problem in the presence

of 1/v absorption. Only for very special cases - slowing down and

short collision time kernels - these solutions exist. For the latter case,

there is only an asymptotic solution of Corngold (6).

4>(E, t) solution for the slowing down kernel for hydrogen was gi-

ven by Ornstein and Uhlenbeck (7) and for a heavy element by Waller

(8) and others. The study of the initial value problem for the therma-

lisation kernel using the Laplace transformed or normal mode method

is infinitely complex, though highly desirable.

In this paper we shall only consider the determination of 4>(E, t)

by generating the numerical solution of the Boltzmann equation using

the source for thermal neutrons given by the slowing down theory. We

shall also assume that the scattering kernel for thermal neutrons is

given. Our treatment is an extension of the heavy gas case reported in

an earlier paper (1).
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2. 1. The time dependent thermal neutron source - S(E, t)

The source for thermal neutrons is given by the following integral

E/or

S(E, t) = j * 2 8 ( E ! E) <fr(Ef , t) dE* (8)

E _ , the the rmal cut off energy is assumed to be equal to 1. 02 eV.
A - 1 ̂a is equal to (.• • v) , with A equal to the rat io between the scat ter ing

atom and neutron m a s s e s . F o r hydrogenous mode ra to r s , the Ornstein

and Uhlenbeck solution (7) may be used . Fo r H ? O resu l t s p resen ted in

this study, we assumed

4>(E*. t) = S 2 t2N^E* exp - t 2 \ f l * (9)
So So

S . is the free particle scattering cross section taken to be equalso *
to 1. 33 cm , In order to take into account the effect of binding for ener-

T
gies above E T , the proton gas ke rne l with an effective t empera tu re

in units of thermodynamic t empera tu re has been used to calculate S(E, t)

in eq. (8).

35 ( E ' - * E ) « - £ erf E (10)
s E1 kB Teff

for (E1 > E)

( " )

f(g) is the frequency spectrum of the dynamical modes, fi and k_, are

Planck's constant and Boltzmann's constant respectively. For the proton gas,

—^— = 1 and for the bound proton model of Nelkin (9) —?s— = 4. 66. Therefore,
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S(E, t) = 2 2 2 erf J ^ r I t exp - t 2 NTE | (12)
o B L o

For D_O studies, <j>(E ', t) given by von Dardel (10) has been

employed to obtain the thermal neutron source.

_J_ (i±a)

) exp-j-2 tsTE ^ , | (13)
*• o s J

According to Eriksson (1 1), the empirical expression of von Dar-

del is in good agreement with Svartholm/s exact function (12) for A=2

and A=12. The value of b is equal to 0. 903 for A=2.

2. 2. Thermal neutron scattering matrix

In the neutron scattering formalism of Van Hove (13), the diffe-

rential scattering cross section, using the Gaussian incoherent approxi-

mation, is given by the following well known expression

+1 1/2 +co

J (^) J expicot X (k2, t) dtd^ (14)
-1 -oo

21 is the bound atom scattering cross section, fiK and fito are the

momentum and energy transfers between a neutron and a moderating

atom. For the harmonic vibrations, the intermediate scattering func-

tion

t) = exp (15)

where X is the Debye-Waller integral.
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(16)

In the expression of X, M is the mass of the scattering nucleus.

As noted earlier, f(£) is the generalised frequency distribution as

derived from the neutron scattering experiments. Theoretically, one may

consider f(|) as the frequency spectrum of the velocity auto correlation

function. In the case of harmonically vibrating Bravais lattice f(£) is the

frequency spectrum of phonons.

The dynamics of atomic motions in the bound proton model of Nel-

kin (9) for H?O and the Butler model (14) of D-O is represented by the

translational motion of the whole molecule plus the Ibiarmonic vibrations

of four oscillators representing three intr a-molecular vibrations and

hindered rotations. For these models,

f 4 ö (£-£.)
gas . s ^ s,/

M ~ M ' ~ M.
mol i=1 i

M i represents the mass of whole molecule and M. is the weight

of the i th harmonic vibration of frequency £..

In Table 1, we give weights of four vibrations for the original Nelkin

model and two modified Nelkin models I and II used in this. Intr a-molecular

vibrations are assumed to be of equal weight in all three cases. However,
Mr

the relative weight (x = -r-r- ) between one intra-molecular vibration and hin-

dered rotations is different in each case. The basis of assigning the values

of x in these models will be discussed in a later section.

For the Butler model of D~O, the weights of different modes for

studying the contribution to the scattering cross section by deuteron and

oxygen atoms separately are also given.

Based upon the Zemach-Glauber formalism (15) using the above fre-

quency spectrum, one obtains
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—J exp -

-1

In the above expression, 2W, I (Z.) and S (k, (J ) represent

the Debye-Waller factor (for four oscillators), the modified Bessel

function of the first kind and the scattering law for the gas model re-

spectively. We define

2M. g . sinh ^

=

09)

and

0 ) ' = CO - Of

(21)

The scattering matrices for the Nelkin and Butler models with

the parameters listed in Table 1 were obtained from the GAKER code
*)

of Honeck (16) . This code calculates the incoherent scattering ma-

trix for the model of free translational mass and two harmonic oscilla-

' The scattering matrices for H?O and D?O models with the parame-

ters of Table 1 were reproduced by Mr. M. Lindberg using Honeck's

GAKER code with the 7090 IBM machine.
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tors based upon the simplified version of the above expression eq. (18).

In the case of H-O, the contribution of oxygen atoms is neglected. How-

ever, for D_O separate matrices for oxygen and deuterons have been

obtained and added together.

2. 3. Numerical solution

The Boltzmann equation for thermal neutrons, eq. (5), is trans-

formed into a set of linear algebraic equations using the multigroup for-

malism. This transformation is based upon the replacement of cross

sections by the group cross sections and the derivatives by the finite

differences. Thermal neutrons between energies zero and E_ (thermal

cut off) are divided into a number (G) of energy groups. Due to the

Ferranti Mercury computer storage limitation, G is less than or equal

to twenty-two.

Let the flux distribution for g th group at time t be represented

by 4>n. The suffix g stands for the g th energy group and the prefix n

for the n th time point. For the g th energy group from eq. (5), one

(22)

obtains

We

A g

g

define

2
At vo

g
" B g (

ETT"

* g + 1 + • * -? * (Qg
n+1

+ Q g

e } { ( s S } (24)

s 2 *?Vs8 4 > j | (25)
j = 1 s.^g J . s g j

S(E(tnJ)dE (26)

The group g lies between E + h and E - h .
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The numerical solution of the transformed equations is obtained

by two multigroup programes" - NEFLUDI and NEFLUDI TDCS pre-

pared by L. Persson in collaboration with K. Nyman for the Ferranti

computer. Both programes require the thermal group cross

sections (2 , D B and S ) and the thermal neutron source as
N a g s.

the input data and handle twentyetwo thermal groups.

The NEFLUDI generates <t>(E, t) distribution and calculates reac-

tion rates for 1/v absorber and three resonance detectors Cd, Sm and

Gd for a given scattering matrix and thermal neutron source at each

time point. In the NEFLUDI TDCS, the modified version of NEFLUDI,

the group cross sections are recalculated during the running of the

problem using the calculated time dependent flux. This procedure is

adopted so as to obtain an effective increase in the number of thermal

groups by having better group cross sections. Moreover, it is con-

sistent with the multigroup approach. For details about NEFLUDI and

NEFLUDI TDCS programes see (17) and (18) respectively.

3. NUMERICAL RESULTS AND DISCUSSION

In this study we present detailed results for several scattering

models of H9O and D_O obtained with the NEFLUDI TDCS. Results

obtained with NEFLUDI for the light water case were given in an earlier

report (1 7).

3. 1. Light water (H-,O)

3.1.1. Time dependent spectra

Time dependent thermal neutron spectra generated by the nume-

rical solution of the Boltzmann equation are presented in Figs. 1 (a),

(b), (c), 2 and 3. As described in an earlier section (2. 1), these spectra

have been calculated using the Ornstein - Uhlenbeck solution as the ther-

mal neutron source starting from 10 |asec and are for zero absorption.

Results for the proton gas and the bound proton model of Nelkin are gi-

ven. Groups above 0. 1 eV (from 1 to 1 0) reach a distinct maximum be-

fore decaying because of the preferential downward scattering for these
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groups. On the other hand, each group with energy below 0. 1 eV has a

broad maximum (which disappears with the decrease in the energy of

the group) followed by an asymptotic level. We plot in Fig. 4 t (the

time at which the energy group has a maximum) as a function of energy.

Qualitatively, the two models give similar spectra. For illustration, the

development of time dependent spectrum for the Nelkin model is shown

in Fig. 3. After 25 usec the spectrum is found to have attained the asymp-

totic distribution. A comparison between the calculated asymptotic spec-

trum at 81. 9 |J.sec and the Maxwellian distribution at the room temperature

is given in Fig. 1 5.

• 1 •
From the above spectra reaction rates, for 1/v and three resonance

(Cd, Sm and Gd) detectors, have been calculated. To demonstrate the con-

sistency of these calculations with the physical considerations, we plot in

Fig. 5 unnormalised reaction rates for Cd for the hydrogen gas and bound

proton models, using the identical group structure and source at 1 0 jasec.

We observe that for times smaller than 2 fxsec and larger than 20 |j.sec the

reaction rates are almost identical. At small times the binding effect is

small and at long times the results are independent of models due to the

detailed balance theorem.

In Fig. 6, we present theoretical reaction rates along with the ex-

perimental results of Möller and Sjöstrand (19) for three detectors. For

comparison, all the curves have been normalised so as to have a level

value of 50 and correspond to the zero absorption case. These curves de-

monstrate the importance of each detector in studying the spectral effects

in different energy regions.

The proton gas model is inadequate to explain the measured reaction

rates for all three detectors. -=r*- ( -: --*- —) values for
R-level reaction rate at level '

Cd and Sm are equal to 1. 84 and 1. 25 respectively compared to the expe-

rimental values of 1.91 and 1.29. The gas model underestimates the reac-

tion rates for Cd and Sm and overestimates for Gd. We attribute the diffe-

rence between the proton gas and the experimental results to the chemical

binding effect as the difference is too large to be attributed to numerical

factors.
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Comparing the Nelkin model reaction rates with the experi-

mental results we find better agreement than the gas case discussed

above. Nevertheless, there still exists some disagreement as evi-

dent from Fig. 6. An independent study of Ghatak and Krieger (4) has

given a similar conclusion. The disagreement between the Nelkin mo-

del and experimental reaction rates can be attributed to several fac-

tors - the group structure, the source condition and the limitations

o£ the Nelkin model.

It is well known that the application of the Sachs-Teller mass

tensor approximation in the Nelkin model has introduced uncertainty

in the assignment of the relative weight (x) between one intra-molecular

vibration and hindered rotations. We, therefore, repeated the calcu-

lations for, two modified Nelkin models I (x = 0. 222) and II (x = 0. 674)

in order to investigate the effect of varying x on the reaction rate. In

Fig. 7, we present reaction rates for the above two cases along with

the Nelkin model (x = 0. 397) and experimental results. We note that

an increase in the contribution of the intra-molecular vibrations in

model II enlarges the disagreement between theory and experiment.

On the other hand, an increase in the contribution of the hindered ro-

tations in model I slightly diminishes this disagreement.

We also present a preliminary comparison between the Nelkin

model and the Haywood kernel reaction rates for Cd in Fig. 8. The

former is from this study and the latter from Poolers calculation. '

The Haywood kernel has been constructed from the Chalk River neu-

tron scattering experiments, following the treatment of Egelstaff and

Shofield (20). No attempt is made to discuss the theoretical results

of Fig. 8, as they have been obtained by different multigroup program.es,

source conditions and group structures. If we set aside these differences

then it appears that the Haywood kernel gives better agreement with ex-

perimental results beyond 7 [asec than the Nelkin model. The peak of

Cd reaction rate occurs at 4. 2 (j-sec according to the Haywood kernel.

' The Haywood kernel curve calculated by Dr. Poole of Harwell has

been communicated to the author by Dr. Möller. See also L. G. Larsson,

E. Möller and S. N. Purohit; Neutron scattering in hydrogenous moderators,

studied by Time dependent reaction rate method. AE-223 (1966).
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This is in good agreement with the experimental peak position at 4. 1 - 0. 2

p-sec. The Nelkin model, according to this study, gives 3.49 |J.sec. On the

other hand, there exist differences between experimental and Haywood ker-

nel results at small times and also in the amplitude of the Cd peak.

In Table 2, we list a set of parameters obtained from reaction rate

studies for the proton gas and the Nelkin model for H9O along with the

experimental values.

3. 2. Heavy water (D^O)

3.2.1. Time dependent spe_ctra

For three scattering models of TJ2O - the Butler model with parame-

ters of Table 1 and two gas models of masses equal to 3. 6 (Brown and

St. John (20) ) and 2, with the contribution of oxygen as a gas model of

mass 16 for both the gas models - time dependent spectra have been ge-

nerated along similar lines as for H?O. As mentioned in section (2. 1),

the von Dardel distribution function eq. (13) has been employed to start

the calculations at the initial time of 1 |xsec. We have assumed 2 equal
M S O

to 0. 346 cm" for D~O and set 2 = 0 in this study.
c a

The development of thermal neutron spectrum for the Butler model

of D9O at different times is shown in Fig. 9. We plot the time dependent

spectra for three scattering models of D?O in Figs. 1 0 to 14 at 21, 41. 8,

64.2, 102. 6 and 166. 6 fjisec respectively. A comparison between the

asymptotic spectrum for D_O at 409. 8 fisec and the Maxwellian distri-

bution at room temperature is shown in Fig. 15. In Figs. 1 6 to 19, we

also present the time behaviour of four energy groups (0, 85 to 0. 625;

0. 1 8 to 0. 14; 0. 1 to 0. 08 and 0. 02 to 0. 025 eV) for four scattering mo-

dels - the Butler model with and without the contribution of oxygen and two

gas models.

3. 2. 2. Reaction_rate_s_

Reaction rates for three resonance detectors for different scattering

models of D_O are shown in Figs, 20 to 23. All the curves have been nor-

malised to a level value of 50 and are for zero absorption. The Butler mo-
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del reaction rates have been used as a standard for comparison. In

Table 3, we list a set of reaction rate parameters for the Butler mo-

del of D-,O and the gas model of mass 2.

We present in Fig, 24 a comparison between theoretical and ex-

perimental reaction rates for Cd. Theoretical results are for two

scattering models of D_O - the Butler and the deuteron gas models.

The experimental curve is essentially an infinite medium curve. It

has been obtained by Möller (21) from a series of spatial measure-

ments in a D^O assembly.

From the time dependent spectrum and reaction rate studies

presented here we observe the following facts.

1. The difference between the results given by the Butler

model of D?O and the gas model of mass 2 is significant.

2. Butler and Brown and St. John models give similar spectra

and reaction rates. The Butler model also gives reaction

rates for Cd and Gd which are in good agreement with ex-

perimental results as shown in Fig. 24. This observation

was reported earlier (22).

3. The contribution of oxygen is significant and should not be

neglected in D?O studies.

4. The gas model of mass 2 is inadequate to explain experi-

mental results.

According to the studies of the RPI group (23) it also appears

that the Honeck model of D_O (24) and the effective mass model of

Brown and St, John give similar spectra.

3. 3. Thermalisation parameters

We shall describe the relaxation process leading to the establish-

ment of the Maxwellian distribution by two parameters - the therma-

lisation time and the thermalisation time constant. As there is no un-

animity in the literature in defining these concepts, therefore, we

shall define them again in this study.
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3. 3. 1. Thermalisation time

The total time required to establish the Maxwellian distribution

after the introduction of a pulse of neutrons is defined as the therma-

lisation time or t . There is some arbitrariness involved in thisasymp
definition, as it is difficult to determine the state of complete therma-
lisation precisely. In this study, we take t to be the time at

* y y asymp

which the reaction rate differs by 0.4 % from its asymptotic value, at

81. 9 usec for H?O and 409. 8 |j.sec for D?O. For the proton gas and the

Nelkin model of H00 t values are equal to 22 and 28 usec respec-
2 asymp ^ t~ v

tively compared to 25 - 30 usec from the experimental data (19). For

the Butler model of D^O and the mass 2 gas model we obtain 230 and 160

usec respectively. Measurements on D?O give about 200 usec. See

Tables 2 and 3.

3. 3. 2. Thermalisation time constant

As already defined in the literature by several authors, it is the

time constant with which the Maxwellian distribution is established in

an infinite and non-absorbing medium. This definition is rigorously true

as long as the Maxwellian is attained via an exponential decay.

To estimate the time constant from experimental and theoretical

studies one usually fits the data for a quantity A(t) (for example v(t),

E(t) or R(t) for a resonance detector) during the last stage of the ther-

malisation process by a single exponential.

A(t) = AQ +A1 exp - \ j t (27)

A determines the asymptotic level and X... determines the time con-

stant as X = -— .

In Tables 2 and 3, we present the values of X. - | A\.| for H O and

D9O respectively. Theoretical |A\ | is the mean deviation from the average

value of \ . , obtained from a large number of fittings using the data bet-

ween 10 and 81. 9 usec for H?O. This range has been chosen as it has also

been used in the analysis of the experimental data.



- 17 -

For the proton gas model t , is estimated to be equal to 3. 5 -

- 0. 1 |asec (an average of values obtained from Cd and Sm data). For

the Nelkin model this value is found to be equal to 4. 7 - 0. 1 5 (isec.

The experimental value of Möller and Sjöstrand (19) is equal to 4. 1 -

_-_CL4 pisec. The proton gas model underestimates the time constant

compared to the experimental results and the Nelkin model overesti-

mates it.

The t , values from the fittings for the mass 2 gas and the Butler

model are equal to 22, 8 - 0 . 9 (isec and 36. 0 - 4. 3 [isec respectively.

The latter value has an unusually large deviation. It has been obtained

by taking an average of several fittings involving the data from 70 to

409 H-sec and dropping points up to 1 66 |isec. If we drop the points up

to 96 p.sec only and take the average of fittings we obtain 33. 7 - 1 . 5

|i.sec. The average of fittings using the data beyond 115 [isec gives

41. 5 - 1.9 fJ.sec. One therefore suspects 36. 0 |j.sec to be a composite

of two values.

A number of papers (23, 25, 26) presented at the IAEA pulsed

neutron symposium at Karlsruhe have also dealt with the D_O studies.

Theoretically, one may also estimate t , , from the first discrete

eigenvalue assuming it to be dominant at long times, from the following

expression (27).

f
ft~v

2 o

In Table 4, we list M2 (second energy transfer moment weighted

by the Maxwellian distribution) and t , for H~O and D_O models. The

values of M2 are from a paper of Purohit and Sjöstrand (28). M2 esti-

mates for the bound models of H?O and D-O are based upon the experi-

mentally derived frequency spectrum for hindered rotations as given

by Larsson and Dahlborg (29). f. (the correction factor to lJ1!approxi-
t , l j

mation) values used in estimating t , correspond to proton and deuteron

gases. These are from the studies of Shapiro and Corngold (30). We

also give in Table 4 t , values from the eigenvalue studies of Ghatak

and Honeck (3) and Ohanian and Daitch (5).
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3.4. Modification of the bound models of H^O and D,O

The presenif bound models (of Nelkin and Butler) need improvement

along two lines - (i) the replacement of the delta function representation

of vibrations by the structure, especially for the hindered rotations and

(ii) the assignment of realistic weight to different dynamical modes. In

addition, one would also like to include the small energy transfer modes

(diffusive and hindered translational). At present these are not very well

understood.

The two factors mentioned above depend upon a detailed understan-

ding of the hindered rotations which are the least understood of all dy-

namical modes. At present a heavy reliance is placed upon the neutron

scattering experiments. The cold neutron scattering experiments demon-

strate a temperature dependent structure for the hindered rotations but

fail to cover energy transfers of the magnitude of intra-molecular vibra-

tions. Therefore, these experiments do not provide direct information

about the relative weights between hindered rotations and intr a-molecular

vibrations. Attempts have been made to obtain the relative weight (x)

between one intr a-molecular vibration and hindered rotations from the

neutron scattering law data, see Beyster, J. R. et al. (31) and Egel-

staff, P. A. et al. (32). In the latter study the value of x= 0. 674 has

been estimated. This value is the basis of the modified Nelkin model II

used in this study.

In a theoretical study Yip and Osborn (33) treated hindered rota-

tions as small angle rotations of a molecule having the permanent electric

dipole moment |a in the local electric field of intensity e generated by

the neighbouring molecules. The energy associated with the torsional

oscillator has been predicted to be equal to N/2^B, where X. = fJ. x e and
_ 3

B is the rotational constant. Using X = 0. 825 eV and B = 2. 2 x 10 eV

one obtains the oscillator energy equal to 0. 06 eV which is consistent

with the neutron scattering and Raman spectra experiments. By comparing
2

the coefficient of the K term in the intermediate scattering function one

may assign an effective mass for hindered rotations in the Yip-Osborn

case. It is found to be equal to 3/4 B b , with b equal to the nuclear di-
-9 -3

stance from the center of mass. For b = 0. 9 x 10 cm and B = 2. 2 x 10
Mr

eV one obtains = 1. 764 and x = 0. 222. This is the basis of the modified
m

Nelkin model I.
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The determination of the relative weight from the analysis of

two integral experiments has also been proposed in a study of the

integral parameters of the neutron scattering law (34). From this

study one also obtains x of the same order as in Nelkin model I.

The neutron scattering data, if available, provides the best

source to construct the generalised frequency spectrum. The Hay-

wood kernel for H^O developed at Harwell is an effort in this di-

rection. For the sake of further improvement, one has also to keep

in mind that the weights assigned to various dynamical modes in

the Haywood kernel have been obtained from the best fit to the avail-

able neutron scattering data.

4. MOMENTS METHOD

Alternative to the numerical solution of the Boltzmann equation

one may attempt to construct the complete distribution from the know-

ledge of its moments. For example, let a function 4>(x) be represented

by a complete set of orthogonal functions.

where 41 (x) form the orthonormal set between given limits, a are

the coefficients and W(x) is the weight function. As i|> (x) is a linear(

combination of terms of powers of x, therefore, one may represent

a in terms of the moments of ^(x).

4i (x) = S b x m (30)
m=o

:) dx (31)

a = Ä D \ x l ) (32)
m=o
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We define

/ ir

Therefore

4>(x)

the m th moment as

b

a

00

= 2 W(x)
n=o

dx

n

m=o

(33)

(34)

We present a general formalism to obtain the distribution function

using one dimensional Boltzmann equation.

4. 1. One dimensional Boltzmann equation

00 1

+
0

\ U J E U E , ^ ) ^(E 'V.X, t) dE^n1 + S(E, x, fJi, t)

(35)

See Weinberg and Wigner (35).

We take the' t_

integrate over all jx.

We take the' t th angular moment. Multiply eq. (35) by P (|a) and
V

> t+1(E,x,t)

84> (E,x,th p , ,
+ I & *••• >• = \ d E S Q (E - » - E ) <t>. ( E , x , t ) d E

o x J J s I

+ S, (E,x,t) (36)
V
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where

+ 1
(E, x, t) = J <f>(E, x, t.'ix) P^ (jt) d|i (37)

, » v C C i •(E —HE) = \ \ S (E —H£; (J. ) djj. P, ta) dfx (38)J J s o ^

-1

1 1

1

S^ (E, x, t) = \ S(E , x, t, |x) P t (|x) dft (39)
_ i

Now we take the n th spatial moment by multiplying with x11 and

integrating between limits a and b (a = 0 for semiinfinite medium case,

a = -oo for infinite medium and b = oo for both cases).

, a* (E.t)

(40)

where

b

and

b
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4. 2. Time moments

Finally, we take the r th time moment of eq. (40).

(E)

* t,n, • t+ , t E J-1 , r

= f z .(E—>E)4>
n,

(E) (43)

where

o

oo

Therefore

4>(E, x, t,[i)= S
v» n, r

n (x) C r (t) 4>̂ ; n> r (E) (46)

A (x) and C (t) are suitably chosen orthonormal functions. The cosine

functions for x variable and the Laguerre functions for t variable.

The symmetry property of the distribution function

, t,x, , t, -x, - | (47)

implies that

> (E) = 0
1, n, rv '

For 1 and n , ,
even odd

(48)

1 , , and nodd even
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4» , (E) ^ 0 when n has the same parity (49)

as 1.

Also for n < 1

+1. n, r<E> = ° <5°>

Eq. (43) represents a set of interlinked integral equations. To

proceed further the steady state infinite medium energy dependent

problem must be solved. Only in very special cases can this problem

be exactly solved analytically. Time dependent solutions for these

cases - the Ornstein-Uhlenbeck solution for hydrogen and the Waller

solution for a heavy element - exist. One may also employ Corngold's

asymptotic solution to calculate the time moments, as has been under-

taken by Williams (36). For a realistic thermalisation kernel, the

problem is not tractable. However, one may employ the modal ex-

pansion used extensively in the study of the interpretation of pulsed

neutron experiments to obtain time moments in terms of eigenfunctions

and eigenvalues of the normal modes (discrete and continuous). Koppel

(31) attempted the modal expansion to obtain the time moments for the

heavy gas problem. A brief discussion of two methods, asymptotic and

modal expansions has been given in (38).

If we represent the distribution in a set of discrete and continuous

modes, that is

<x>

<t>(E, t) = S exp - \ t 4> (E) + \ 4>(E, X) exp - \ t d \ (51)
n xJ*

then r th time moment is given by

d\
A > A

n=1

( 5 2 )
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We define

00
,. r i

it (53)

The first time moment may be approximately represented by

M r «, 4> (E ) X Xt(E) =^ l ' + ^ <
>M

00

X,
(54)

Further discussion of the moment problem v/ould require the know-

ledge of the eigenfunctions and eigenvalues of the discrete and continuous

modes which are given in terms of the matrix elements of the scattering

operator of a given scattering model.

5. CONCLUSION

The proton gas and the deuteron gas models are inadequate to ex-

plain the measured reaction rates in H~O and D?O. The bound models

of Nelkin for H?O and of Butler for D?O give much better agreement with

the experimental results than the gas models. Nevertheless, some disagree-

ment between theoretical and experimental results still persists. This study

also indicates that the bound model of Butler and the effective mass 3. 6 gas

model of Brown and St. John give almost identical reaction rates. It is also

surprising to note that the calculated reaction rate for Cd for the Butler

model appears to be in better agreement with the experimental results

of D?O than of the Nelkin model with H?O experiments.

The present reaction rate studies are sensitive enough so as to

distinguish between the gas model and the bound model of a moderator.

However, to investigate the details of a scattering law (such as the effect of the

hindered rotations in H?O and D?O and the weights of different dynamical
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modes) with the help of these studies would require further theoreti-

cal as well as experimental investigations. Theoretical results can

be further improved by improving the source for thermal neutrons,

the group structure and the scattering model.

It is easy to calculate and measure spectra and reaction rates

for a resonance detector in a moderator. At the same time it is diffi-

cult to discuss them in terms of the details of the dynamics of atomic

motions. Only with the help of well defined parameters one can hope

to undertake a systematic study of different scattering laws and under-

stand the importance of different dynamical modes. We have employed

in this study the thermalisation parameters (thermalisation time con-

stant and thermalisation time), the amplitude of the reaction rate peak,

and the time of occurrence of the peak to undertake a quantitative com-

parison of theoretical and experimental results. In addition to this list,

time moments also need to be studied.

Finally, we wish to emphasize that the cadmium reaction rate

studies may be sensitive enough for investigating the details of dy-

namical modes (especially hindered rotations) in hydrogenous liquids

at several temperatures. In that respect these studies would supple-

ment neutron scattering investigations in liquids.
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Table 1. Parameters of the scattering models of H~O and D_O

Parameter

X

M /m

M /mv'

M
T\Tnfp> • -v — — —

Nelkin

0.397

2.32

5.84

(Ef f e ctive

H2O

Nelkin I

0.222

1. 764

7.94

mass for

Nelkin

0.674

3. 195

4.74

hindered

D 2

II Deuteron

0.325

4.39

13.52 —>

rotations)

O (Butler)

Oxygen

0.424

181.8

428.6

M (Effective mass for each intra-molecular vibration)



Table 2. Reaction rate parameters from Cd and Sm results for H?O models.

Cd Sm

Proton Nelkin Exp. Proton Nelkin Exp.

R.

R,
> e a k 1.84 1.96 1.91 1.25 1.31 . 1.29
level

t p e a k ( ^ s ) 3.49 3.49 4. i t 0.2 5.73 5.73 6.1

t a g m (|JLS) 22 28 25 - 30 22 28

X1 + A\ (2.95-0.14) (2.22-0.08) - (2. 81 t o . 04) (2. 051 0.07)

((Xs)"1 x iO" 1 10"1 - ~ x iO" 1 x iO" 1

t - 0 1 6 4 5 1 0 1 5 4 1 t o 4 3 5 6 0 0 5 4 8 8(|J.S) 3 . 3 9 - 0 . 1 6 4 . 5 1 - 0 . 1 5 4 . 1 t o . 4 3 . 5 6 - 0 . 0 5 4 . 8 8 - 0 . 1 7

Note: Average t from Cd and Sm data for the proton gas and the Nelkin model is equal to

3.48 - 0. 1 and 4. 69 - 0. 1 5 fJisec respectively.
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Table 3. Reaction rate parameters from Cd results for models of D9O

Model Deuteron gas Butler model of Experiment
plus oxygen D2°

Rpeak

R level

2.28 2.49 2.54

t
as ymp

22. 6

160

(4.38-0. 18)

xiO"2

22. 8^0.9

(a)

Cb)

(c)

(a)

(b)

(c)

24.2

230

(2.78-0.

xiO"2

(3.02^0,

x10" 2

(2.41-0,

x10" 2

36. 0-4.

33. 1 - 1.

41.5-1.

.33)

.14)

.11)

3

5

9

26.6

200

3. 16^0.04 x10" 2

(Möller)

32-4 (Möller)

Note: (a) From data (70 - 409. 8) |J.sec dropped to (166 - 409. 8) (Jisec.

(b) From data (70 - 409. 8) (isec dropped to (96. 2 - 409. 8) |isec.

(c) From data (1 1 5. 4 - 409. 8) fxsec.
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Table 4. M_ and t., values for H_O and D_O models
2 th 2 2

Moderator

A.

(a)

(b)

B .

(a)

(b)

H2O

Nelkin model

Proton gas

D2O

Butler model

Gas model
Mass 2

My (barns)

47.31

57.56

10. 71

28. 78

My (cm )

3. 16

3.85

0.355

0.95

f t

1. 152

1. 152

1.244

1.244

tft0».O

4. 4 usec

3. 6 usec

42.3

15. 8

Note: (1) M9 values for the Nelkin and Butler models of H9O and

D?O respectively have been obtained using the Larsson

and Dahlborg frequency spectra for the hindered rotations

in these moderators.

(2) f values are for the gas model from Shapiro (BNL.-8433),

1964.

(3) From the eigenvalue studies of Ghatak and Honeck (3) and

Ohanian and Daitch (5) t , is equal to 5. 64 and 5. 84 [isec

respectively.
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FIG. 1 (a). Neutron flux versus time for different energy
groups for the proton gas and the Nelkin
model by NEFLUDI TDCS.
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FIG. 1 (b). Neutron flux versus time for different energy
groups for the proton gas and the Nelkin
model by NEFLUDI TDCS.
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FIG. 1 (c). Neutron flux versus time for different energy groups for the pronton gas and the
Nelkin model by NEFLUDI TDCS.
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FIG. 2. Neutron f lux versus mean energies of groups at different
times for the proton gas and the Nelkin model by NEFLUDI
TDCS.
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FIG. 5. Un normalised reaction rate curves
for the proton gas and the Nelkin
model by NEFLUDI TDCS.
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FIG.8. Reaction rate curves for Cadmium
for Haywood kernel and Nelkin
model.
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FIG. 15. Comparison between the theoretical
Maxwellian distribution and asymptotic
spectra calculated by the NEFLUDI TDCS.
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FIG. 16. Time behaviour of different energy groups for
D20 (Butler Model).
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FIG.17. Time behaviour of different energy groups for
two cases of Butler Model for
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FIG. 18. Time behaviour of different energy groups for
two scattering models of D2O (Butler and
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FIG.19. Time behaviour of different energy groups for
two scattering models of D2O (Butler and
mass 2 gas).
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