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Abstract

The analytical approximations behind the energy dependent re-

moval cross-section concept of Spinney is investigated and its predic-

tions compared with exact values calculated by Case's singular inte-

gral method. The exact values are obtained in plane infinite geometry

for the two absorption ratios L, /£). = 0. 1 and £ /£+ = 0. 7 over a

range of 20 mfp and for varying degrees of forward anisotrophy in the

elastic scattering. The latter is characterized by choosing a suitable

general scattering function.

It is shown that Spinney's original definition follows if Gros-

jean's formalism, i. e. the matching of moments, is applied. The

prediction of the neutron flux is remarkably accurate, and mostly

within 50 % for the spatial range and cases investigated. A definition

of the removal cross-sections based on matching the exact asymptotic

solution to the exponential part of the approximate solution is found to

give less accurate flux values than Spinney's model. A third way to

define a removal cross-section independent of the spatial coordinates

is the variational method. The possible uses of this technique is brief-

ly commented upon.
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1. Introduction

The analytical methods employed in reactor physics to calcu-

late the neutron spatial and energy distribution in or near the reactor

core do not usually lend themselves to direct application in neutron

deep penetration problems. The reasons for this are well known and

are exhaustively discussed in the shielding literature [l, 2, 3, 4j.

In general, the approximations of the Boltzmann neutron transport

equation should be carried to a high order to properly account for the

asymptotic and transient parts of the total fast neutron flux. This flux

essentially determines the attenuation rate far from the source region.

Since a high order of approximation, coupled with a large spatial and

energy range, leads to prohibitive investments in computation time,

the shielding analysts have devised various analytical short cuts to

deal with practical problems. These methods have largely been based

on heuristic physical arguments and empirical information. Checks

against accurate analytical estimations, only obtainable for very simp-

lified problems, and comparison with, experimental data, serve as an

indication of the expected accuracy when the approximate methods are

applied to new situations. But, a new situation introduces concern

over the crudity of the theories, making extensive experimental tests



necessary. Thus, shield design has been something of an art with a pro-

liferation of personal analytical variants. This situation prompted the

Shielding Division of the American Nuclear Society to make a general

survey in 1963. The interested could request four standard problems to

be solved as he found best. The results of this survey have been pub-

lished [5] and furnished with comments by Prof. Herbert Goldstein of

Columbia University. Needless to say, there is a large scatter in the

results and no one calculational method emerged as the "best", although

some show more potential promise than others.

One of these is the multigroup energy dependent removal cross-

-section concept, an elaboration of a method originated by Spinney j_3, 6].

In this paper we investigate in some detail the theoretical derivation of

appropriate removal cross-sections for this method and make compari-

sons with exactly calculated flux values. The latter are obtained for a

plane isotropic and mono-energetic source in a homogenous infinite medi-

um, using Case's method of solution of the transport equation. The medi-

um is characterized by varying degrees of absorption and anisotropic

forward scattering probability.

1. 1 Motivations and objectives

In practice the shielding analyst has to perform a host of calcu-

lations, varying relevant parameters trying to obtain the optimum design.

As mentioned above, measures to save computer time are therefore ess-

ential and are achieved by simplifying the analytical procedures. There

are thus two major sources of error: Those arising from uncertainties in

cross-sections and materials information and those due to errors in the

analytical technique. Because of the exponential character of the overall

attenuation of the fast neutrons, a small error in the exponent, perhaps

tolerable over a few mean free paths close to the source region, will give

a large error far out. To illustrate with figures: an error of t 5 % in the

transport mean free path (for the fast neutrons seldom known to better

accuracy than this) gives the error e ÄS 2. 7 after 20 relaxation lengths.

Particularly the treatment of the slowing down is approximate and usual-

ly employs some asymptotic theory combined with a multigroup scheme.

If for a given set of cross-sections and materials data, the spatial de-

pendence is calculated to an accuracy of a factor of 2 or better for very
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deep penetrations, one could therefore argue that this is good enough.

However, there are cases where one has to cut the error to the abso-

lute minimum and the above is not meant to imply that very exact ana-

lytical efforts are not needed. But, even for these cases, making a

coarser analysis first serves to narrow down appreciably the limits

of the design parameter variations.

Since Spinney's removal cross-section model in applications

has shown promise, it was felt that a more thorough study of this mo-

del was worthwhile. Particularly attractive is the fact that it need not

rely on empirical information. However, very little has been done on

its theoretical background. Thus the definition of the energy dependent

removal cross-sections to be used with an uncollided flux kernel for

the source neutrons has been based on plausibility arguments or ex-

periments. The uncollided removal neutron flux is taken to create an

isotropic first collision source, which then is used as source term in

the multigroup diffusion equations. In Section 5 it is shown that Spin-

ney's model follows if we require the zeroth and second moment to be

exact and the diffusion coefficient is defined according to the P.-ap-

proximation. In Section 5 we also investigate another way of defining

a spatially independent removal cross-section. These results are com-

pared to the computed exact values. It is found that Spinney's model is

remarkably accurate, considering its simplicity.

In Section 6 some possibilities for using the variational method

for derivation of removal cross-sections are explored. Of the sections

preceding Sections 5 and 6, Section 2 briefly discusses the calculational

methods for fast neutron deep penetration problems; Section 3, the re-

moval cross-section models; and Section 4 starts out with the trans-

port equation to give the background of Sections 5 and 6. Appendix A

gives details about the exact solution of the transport equation, and

Appendix B outlines the solution of the diffusion equation in plane in-

finite geometry when the source term is an E,-function.

The difficult problem of how to treat the slowing down appropri-

ately is by-passed here, since our main objective is to investigate the

spatial accuracy of the removal cross-section models.

There is some ambiguity with respect to the nomenclature. We

use the expressions "removal cross-section" and "removal source"
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for convenience, although there is really no such physical reality as im-

plied by these names. The expression "Spinney's model (method)" means

all analytical variants based on his original approach.

2. Calculating fast neutron deep penetration problems

One may choose between three different starting points when cal-

culating the spatial and energy distribution of the neutron flux in a shield:

1. The Monte-Carlo method.

2. Kernels from experiments.

3. A neutron transport equation.

Any of the three approaches can be used to solve a particular pro-

blem, but in practice each has staked out its own field of application where

it is considered most suitable. The Boltzmann neutron transport equation,

or approximations based on it, is the almost exclusively used basic equa-

tion in the various analytic techniques that have been developed. The in-

variant imbedding method has received some attention [7] in recent years,

but has attracted relatively few investigators as far as practical applica-

tions go. On the other hand, the recent discovery of the continuous spect-

rum solution to the Boltzmann transport equation (Case's method. See Appen-

dix A. ) has been instrumental in placing its analytical treatment on a firm

mathematical basis and has stimulated widespread research into further

applications.

Table 2-1 below attempts to summarize the more important appli-

cations and techniques for the three starting points mentioned above. Many

other applications exist but have not received, widespread practical exploi-

tation.

Comments on the relative merits of the various methods are scat-

tered throughout the neutron transport and shielding literature. Goldstein's

evaluation of the results of ANS'Shielding Division survey mentioned before

[5] and a paper by Hansen [8] are two of the most recent systematic discus-

sions on this subject. The application for neutron deep penetration problems

of the exact analytic solutions recently developed (Appendix A) has not re-

ceived much attention. Millot, who is one of the developers of the new tech-

nique, employs it to define an energy dependent renaoval cross-section [48].
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The Monte Carlo
.method

Kernels from
experiments

The transport
equation

Transmission

Reflection

Calculations in i r -
, regular geometry

jSlowing down

Energy deposition

Experimental results

Normalization

Empirical removal
cross- sections

Direct numerical
integration

Moments method

Multigroup method
(P , S , DP , DS )N n n n n'

, Multigroup method and
uncollided kernel

Order of magnitude
hand, calculations

Flux and spectrum
calculations in
well-defined geometry

Table 2-1: Analytical techniques for neutron deep penetration

problems.

Lathrop j_56j has published tables with numerical values for a hydrogenous

scatterer in an absorbing medium and investigates the effect of various

approximations of the scattering function. In these investigations the

Boltzmann neutron transport equation is solved in the time and energy-

-independent case. The numerical evaluation of the analytical solutions

may become formidable and inclusion of the energy variable, even in

form of the multigroup approximation, leads to lengthy computations.

On the other hand, the clear separation of discrete and continuous solu-

tions is very helpful for deriving approximations or for evaluating their

accuracy. A systematic study of the influence of a change in a parameter,

such as degree of forward anisotropy in the elastic scattering, is also

greatly facilitated by employing the analytical solutions. For the study

in this paper, they are instrumental.

Another technique with considerable promise is the variational

method. For a given approximation (trial function) the "best" parameter

values are readily derived. Not much has been done in deep penetration

studies employing this method, but we feel it deserves a systematic in-

vestigation in this application.
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3. Removal cross-section models

A common approximation of the solution to the neutron transport

equation, <j> , is to regard it as the sam of an uncollided flux compo-

nent, <j> , and a diffusion flux component, j>, , thais

<L« + +4», (3- i )
Yt Tuc Td

If cj> is calculated with the diffusion equation alone using the fission

source as source term

D v / *d (?) - £ a *d (?) + Sf (?) = 0 (3. 2)

large errors may result [9] . The uncollided flux calculated with an un

collided flux kernel

G ( # - * } = •* ~ T ( 3 . 3 )

may be not only a good correction, but also give the dominant contribu-

tion to <j> . Particularly for fast neutrons in a hydrogenous medium and

far from, the source, a reasonable fit can be found with a properly ad-

justed HJ . The removal cross-section models attempt to determine a

"best" 22J both experimentally and with support from theory. Various

schemes may be devised and this section briefly discusses some of them.

We notice that the information about the angular distribution ex-

tractable from the above approach may be seriously incorrect. A poss-

ible way to improve on this is to make a last collision correction [,10].

Broadly generalizing, we may say that two schools of thought

exist, or have existed, on how £, should be determined. One, mainly

developed in the United States, looks upon 21 as an essentially empiri-

cal cross-section encompassing all fast neutrons, i. e. energy independ-

ent, but in applications possibly geometry dependent. Z, can be used

with confidence only if the main part of the shield is strongly hydrogen-

ous. The other school, mainly developed in Europe, attempts to derive

on theoretical and phenomenological grounds an energy dependent removal

cross-section for use in multigroup calculations.
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3. 1 The energy independent removal cross-sect ion

The original removal cross-sect ion concept developed by Albert

and Welton [ l l , 1, 2, 4] and calculational methods based on it a re now-

adays used on a limited scale in computerized evaluations. For a long

time, it was, however, the principal tool in practical shield design,

and extensive experimental programs were set up to determine the r e -

moval cross-sect ions . For details on Albert and Welton's original theo-

ry we refer, to the cited references.

Cooper et al. [l2] make an extension by using three neutron groups

aiming to accurately calculate the thermal flux in laminated i ron-water

shields. The uncollided fast flux kernel , i. e. the Albert-Welton kernel ,

is integrated over the source volume to give the "removal" neutron flux.

From this group the neutrons slow down into an intermediate and ther -

mal group. For the latter group, ordinary diffusion theory is used; but

for the intermediate group, the constants, except the diffusion coeffici-

ent, a re determined from experimental flux distributions. An accuracy

of 20 % for the thermal flux in an iron-water shield is claimed.

It is interesting to compare this method with Deutscb/s method

j_13}. He used three groups in the diffusion approximation

- D j V 2 ^ £ s l ^ = 0' (fast) (3.4)

-D^V <f>? + 21 •, <f>? = L-i •, <j>, (intermediate)

-D 3 V 2 43 + £ a 3 <j>3 = Lslz 4>2 (thermal)

where D = the diffusion coefficient

Z-i , = the slowing down cross-section

and Z, = the absorption cross-section.

Deutsch by-passes the need of the Albert-Welton kernel by deter-

mining D, and 21 , empirically from the measurements of Cooper et al.

For iron, D, and £ , are found to be independent of the spatial coordi-
i, SX i

nate, while for water, they depend on the distance from the neutron

source. The other constants are determined according to methods de-

scribed in \l4, 15] .
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Haffner [l6] uses the multigroup P and S methods to calculate

the neutron spectrum in a hydrogenous shield. To make the absolute values

correct, Haffner normalizes the dose using the Albert-Welton kernel. He

reports an accuracy of 20 % over an attenuation range of 10 for various

configurations of iron and lead in water and oil.

Anderson and Shure [17] normalize the thermal flux obtained with

the P, -approximation directly to the thermal flux experimentally deter-

mined for a homogenous hydrogenous medium. They then assume that the

normalizing kernel may be used if a metal shield is inserted in this medium.

Twenty-five per cent accuracy for a complicated iron-water shield is claim-

ed. Later Shure [l8] used the P,-approximation and eliminated the empiri-

cal kernel. The P.,-equations are solved in slab geometry using a method

originated by Gelbard et al. [l9> 20] . One basic feature of this method is

the reduction of the one-velocity P neutron transport equation into a sys-

tem of coupled diffusion equations [21, 22] . Shure's extension is complete-

ly independent of the removal cross-section concept and represents end

product of a long development line.

3. 2 The energy dependent removal cross-section

An energy dependent removal cross-section has been defined by

Spinney (3, 6J . Using plausibility arguments, he finds the transport cross-

-section to be the best for use with the uncollided flux kernel (3. 3),

£ r (E)=£ t r <E) = £ t (E) -^o(E)2Leg(E) (3.5)

From the total cross-section Hi. has thus been subtracted the part scattered

anisotropically, JÄ. (E)£ (E). ft (E) is the average cosine of the scattering

angle in the laboratory system. According to empirical estimations [23]

L.H(E, t) = 0. 9E t [E, ? - X(E)J (3. 6)

is the best choice for hydrogen. The factor 0. 9 takes into account that not

all collisions against hydrogen remove the neutron from the fast groups

and X(E) accounts for the strong forward scattering. The calculation of

X(E) is, however, usually omitted. Originally [3] Z- TT(E) = £ H(E) was

postulated.
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The source neutrons are divided into suitable energy groups, i,

and the removal flux <j> (?) calculated using the kernel (3. 3). Next an

isotropic removal source is determined from

(?) * , ( * ) . (3- 7>

which enters as source term in the conventional age-diffusion multi-

group equations. The average energy of the removal source should be

used when estimating the age [24] and not a fixed energy limit (2 MeV

according to ref. [6] ). Hjärne et al. [25j have modified the definition

of the removal source (3. 6) to take into account slowing down (absorp-

tion) at the removal collision, thus

= L

The above schemes may be looked upon as a kind of first flight correc-

tion to the slowing down theory used when calculating the cross-sec-

tions. As is well known, age theory breaks down for hydrogen and at

a distance greater than about 2^ T from the neutron source.

Measurements with monoenergetic fast neutrons do not give

complete agreement with the results of the simple expression (3. 5).

Attempts to obtain removal cross-sections with the moments method

or Monte Carlo calculations have also been done.

Spinney's model has given good results over large attenuation

ranges. Calculations in laminated iron-water shield have given 50 %

accuracy for the thermal neutron flux in shield thicknesses up to 160

cm. The accuracy depends on the geometry and the number of groups

[23].
Grosjean [26-29] has investigated the approximation (3. 1) when

the diffusion flux <j> n is calculated with the fission source as source
d

term. The diffusion coefficient is defined to give correct zeroth and
second moment of the total flux when Tu ~ £ t . Thus the neutron bal-

r t

ance condition is fulfilled. Grosjean's approximation for the case of

isotropic elastic scattering is very accurate at least up to distances

of 10 mfp.

Millot [48] solves the neutron transport equation exactly, using

Case s method. The discrete root Ä€ of the characteristic equation
o n
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(Appendix A) gives the asymptotic solution, whose Green's function for

infinite plane geometry may be written

Ix - x1

(3.9)

Millot calculates ) and & (E) for various materials andoo
calls ^t (E) the removal cross-section. Francis et al. [30] also takeov

this view. An asymptotic theory for deep penetration problems was ori-

ginally developed by Murray [l] .

The kernel (3. 9) satisfies the homogenous diffusion equation and

our view in this paper will be that the asymptotic theory should be associ-

ated with the diffusion equation as a transport correction. The removal

cross-section models will be regarded as methods to correct for the con-

tribution from the transient part of the total flux.

4. Removal cross-section theory approach to the neutron transport

problem

In order to get a self-contained development of the removal cross-

section theory it is of interest to briefly outline the steps that lead to the

equations upon which the further evaluation is founded. In this way the

various approximations are also kept track of.

The basic equation is the time-independent but energy-dependent

Boltzmann neutron transport equation. Written with the energy variable

in lethargy units it is

du'£
S

where

<j>(u,.a, r )

(u->u,Xi.-».n, r)

(4. 1)

angular flux in lethargy phase

space,

differential macroscopic scattering

cross-section,
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r (u, r) = total macroscopic cross-section

7li (u,"?) + £ (UJI*) = the sum of the scattering and absorp- (4. 2)
S 3-S 3-

tion macroscopic cross-sections

respectively

and

o\u,il, r; = extraneous source.

The elastic and inelastic parts of the scattering cross-section

are distinguished by the subscripts es and is respectively, i. e.

The meaning of symbols for the phase space co-ordinates is self-

evident.

4. 1 Treatment of slowing down

The slowing down part of the neutron transport problem is

commonly treated via the introduction of the concept of slowing down

density. In its generalized form this is mathematically j_32, 33J

q(u,-£5-, r) = / d.Q' / du" / du £, (u->u",ii-3»^2, r) •

h A i*. s

• *(u',3',?) (4.4)

du K (u' -*U,SL-*S>., Tr) •s '

• Z. (u , Ä-*ja, r) ^ (u,jO.,r) (4.5)

In expression (4. 5)

K (u'-u,^'-»!, r) = / du" F ' (uW,ÄU^, r) (4. 6)

~ the slowing down kernel

and

F ' (u'-» u",Ji!->u., r) = the scattering function for slowing down
s
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with the normalization
.00

F ' {u-*u',Si'-+sl, ?)du' = 1 (4. 7)
s

'u

For elastic scattering one may take

L (u'-»u",^'-»^,7) = £ JuW.Ä-JO,?) (4. 8)
es e s

where

= cosO = M (4. 9)

o ~o x '

= cosine of the scattering angle in the

laboratory system.
The usual development is then

11 - u')l- [- d/*o(u" - u')/d(u" - u1)]

and

T In' -?\

e S - F ( U ' . M , ? ) (4.11)
esv ' o ' v '

2_/ (u', M ,7) and the Legendre coefficients f ^u'.lr) refer to the labora-es ' o el
tory system and may be experimentally determined. The function JJ. (U" - u')

is determined by

/,o(u" - u1) = 1/2 [(A + 1) e" (u"" u > ) / 2 - (A - 1) e
+ ( u " - u ' ) / 2 ] (4. 12)

A = atomic weight relative to the neutron atomic weight.
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The inelastic scattering is usually assumed to be spherically

symmetric in the laboratory system, i. e.

£.s(u'-*u",£'-*.£, t) = - ^ F:S(U'-*U\?) (4. 13)

where

F. (u'-»u", £) = the scattering function for inelastic

slowing down

may take both discrete and continuous functional forms.

Taking the derivative of q(u,il,"r) in expression (4.4) with re-

spect to u and assuming no scattering to lower lethargy values, i. e.

F' (u'-»u\ u ,r) = 0 for u1 > u", (4.14)
S ' O

gives the transport equation in the form

A- V A(u.Ä,?) + £.(u,?)4>(u,Ä,?)+ 3q(u,Å,r)/3u= (4.15)

or equivalently

^•Vr^(u,il,r)+St(u,?)^(u,Ja,r)= (4.16)

) <j> ( u ' f

The adequate treatment of the slowing down density is particular-

ly difficult when considering its angular dependence at elastic scattering

against very light nuclei. One must in general be content with approxi-

mate schemes, such as Fermi age theory, Greuling - Goertzel kernels,

etc. [3l3 • Methods that do not rely on the concept of slowing down density,

such as expansion in powers of l/A [34, 48j , may also be accurate

and convenient.

We will not in this paper discuss in detail the slowing down prob-

lem, although the accuracy of the calculated neutron spectrum and spati-
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al distribution may critically depend on its method of solution. It will

be assumed in the following that this question has been settled and the

appropriate cross-sections calculated. The removal cross-section

models essentially are only concerned with the spatial neutron distri-

bution, but the cross-section values may well depend on the adopted

slowing down model.

4. 2 Reduction to multigroup equations

In practical calculations one usually employs a multigroup

scheme and divides the relevant lethargy range into N suitable inter-

vals of width

A"1 = u ĵ - u^ ; i = 1, 2, 3, . . . , N. (4. 17)

The indices H and L refer to the highest and lowest lethargy value for

group i respectively. Assuming suitably averaged cross-sections for

each group and defining

(4.18)

S(u,i5,r)du = S1 (£,"?) (4.19)

the transport equation (4. 15) for the group i may be written as

(4.20)
)

and correspondingly for expression (4. 16)

(4
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The last expression explicitly states the approximation that

the integral over the slowing down function may be taken as a step

function of u, i. e.

i

du = F ' ^ ^ ? ) (4. 22)

1 < j i N

With the notation

equation (4.21) writes as

(4.24)

A general method for solution of (4. 24) in plane infinite geometry

has been given by Bednarz and Mika [50] . The particular case of iso-

tropic scattering in the laboratory system has been considered by Lafore

and Millot [39, 48] and Zelazny and Kuszell [47] . The final expressions

are complicated and not easily put to practical use. The theoretical im-

plications, however, are important and establish existence theorems,

asymptotic solutions, etc.

4. 3 Separation of source flux and slowing down flux

The group flux <|> 0., ?) consists of two parts, one <j> due to the

group source S (n,"?) and one <j>" due to slowed down neutrons from

groups of lower lethargy, i. e.
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?) (4.25)

The linear integro-differential equation (4. 24) may therefore be written

as two equations

-Vr<)) (A, r) + £, t , r) =

., r) + S (il, (4. 26)

and

(4.27)

The removal cross-section models seek to approximate the solu-

tion of equation (4. 26) by an expression that contains an uncollided flux

kernel and in this way obtain a first flight type correction due to the source

neutrons. The solution to (4. 26) for the total flux is hence taken to be of

the form

S I (4.28)

where

,T) (4.29)J
source volume

r - r

s i .and (j>, (r) is the diffusion flux calculated according to some recipe or

perhaps omitted (fig. 4-1). £ (?) i s the group dependent removal cross-

- section and not necessarily equal to J^J. . i is a parameter that describes
If

the variation of the medium properties.

The equation for the slow-

ing down flux (ĵ C?) may be solved

by any suitable method. For con-

sistency and computational ease

one would use the same approxi-

mation as used for (j>, (?).

Fig. 4-1
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4.4 The P.-approximation

Although, as mentioned, any suitable method may be used to

find <{>, and § , the approximation (4. 28) suggests that not much

is gained by carrying their evaluation to a high order of accuracy.

Particularly this will be the case if the anisotropy in the slowing

down flux is inadequately described. The anisotropy in the elastic

scattering is also of importance, but can easier be accounted for, at

least when considering the total flux and the asymptotic spatial distri-

bution. Of course, the particular case under consideration heavily in-

fluences any final judgment on the above subject. However, for compu-

tational ease, the P, -approximation is very convenient. Relatively

simple analytical derivations of the removal cross-sections are also

possible in this approximation.

The consistent P, equation for the i:th group may be written

a s

(4.30)

'sO

with

_»4 i i j K ' »-»ii _»:

Here V J
n and F J are the zeroth and first JLegendre coefficients of

the scattering probability from group j to group i. j is the group i

neutron current.

In particular for §, (r) we have

*(?) " (E - Ltn) ^("J + s l(") = 0 (4- 32)

which is in the same form as the inconsistent P.-equation usually

written

+ S1^) = 0 (4. 33)
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S1(?) is a source function to be specified by the particular removal cross -

-section model employed. Often by defining D by

(<)2 = l[/Dl , (4. 34)

where 36 is the discrete root of the characteristic equation for solutions

to the transport equation, one attempts to introduce transport corrections

(Appendix A). However, such corrections may, depending on the case,

give worse results.

From the above follows that as far as the removal cross-sections

are concerned, they are the same for both the consistent and inconsistent

multigroup P, -approximations. Few P. computer codes employ the con-

sistent variant, which introduces a correction for the anisotropy in the

slowing down source. The consistent P,-equations do not seem to com-

plicate the equations very much, and if possible should be used.

4. 5 Summary of approximations

The foregoing has brought us up to a point where we may attempt

to derive the removal cross-sections £, . The approximations so far in-

volve the usual ones associated with multigroup theory. One test of the

adequacy of this approximation is to calculate the thermal and epithermal

fluxes as functions of the number of neutron groups. Large fluctuations

indicate errors in the slowing down treatment and cross-section averaging.

Which part carries heavier weight depends, of course, on the circum-

stances. In the case of hydrogen and other very light materials the approx-

imations, if not carried to high order, tend to break down. The removal

cross-section concept offers here a simple analytical tool amendable to

empirical adjustments for the lightest materials. Also, as mentioned

earlier, computer economy and the fact that advanced transport codes

do not always give accurate results provide incentive to investigate the

removal cross-section concept. Because of the background approxima-

tions there is at this stage no need to carry the spatial flux dependence to

an analytical high order. The diffusion part ĉ f1 of the source flux iS 1 =

= <j>r + ^ will therefore be treated in the P, -approximation. This is also

the approximation employed in practical calculation until today. From the

discussion in this section it is clear that the removal cross-section is not
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physical, but mathematical, and dependent on the employed analyti-

cal technique.

5. Derivation of removal cross-sections

The starting equation for derivation of group removal cross-sec-

tions J^j is the transport equation defined by expression (4. 26). In one-

-dimensional plane geometry equation (4. 26) becomes

where JJ*~ COSO and 6 is the angle between the neutron flight direction

and the coordinate axis. For brevity the superscripts have been dropp-

ed in expression (5. 1),

In this section we will assume a homogenous medium with a unit

isotropic plane source at x = o;

(5.2)

The scattering function is expanded in Legendre polynomials,

thus

%y,x)= ZL (21+ lJf^xJP^P^') (5.3)
1=0

where the normalization is f = 1 and f. = JL is the average cosine of

the elastic scattering angle in the laboratory system.

Before going into details of derivations we first discuss some

removal cross-section models. This discussion will give clues to sens-

ible analytical criteria for calculation of the cross-sections.

5. 1 Approximations with an uncollided flux kernel only

If the solution to equation (5. 1) is taken to be only an uncollided

flux kernel, we have

] (5.4)
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where

E1(x)= / e 'Vydy (5.5)
J x

is the exponential integral. The objective is to determine £, to give

as close a fit to the exact solution as possible. Further elaborations,

such as integration over a source volume and applications to slab geo-

metry, are discussed at length in the shielding literature \Z, 3, 4J .

As in all removal cross-section models to be considered, the

angular dependence is integrated out:

(5.6)

If all fission neutrons are taken to belong to one group, the approximate

solution (5. 4) becomes essentially the original Albert and Welton J_l 1 j

starting point onto which the further assumptions discussed under 3. 1

have to be added.

The physical reasoning leading to the functional form (5. 4) is

difficult to justify analytically except for limiting cases. The general

nature of the exact solution to equation (5. 1) was discussed in section 2.

and the details are given in Appendix A. The solution (5. 4) can at best

be only a part of the exact solution and its relative importance is depen-

dent on the range of the spatial coordinate and the details of the neutron

scattering process.

Measured removal cross-sections therefore necessarily have ri-

gid constraints, and extensions of applications must be made subject to

further experimental verifications.

To preserve the neutron balance, i. e. the zeroth moment of

equation (5.4) should be £," , one must set £. = Hi or the solution

(5. 4) must be multiplied by £ /£, . The variational method seems most

appropriate for analytically deriving a "best" removal cross-section.

Weight functions based on physical arguments may naturally be included

with this technique. In Section 6. 2 some variational solutions are given.
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5. 2 Approximations with an uncollided flux kernel and a diffusion

flux kernel

Here the solution to (5. 1) is taken to be of the form

<Kx)=<j>r(x) + <j,d(x) (5.7)

where <f> (x) is calculated using the uncollided flux kernel (5. 4). The

diffusion flux <j>,(x) is calculated in the P -approximation with the

qualifying assumption that for each group an isotropic removal source

can be formed from ^ (x), which enters as a source term in the ex-

pression for <$>d(x). In the original treatment this source was defined

(5.8)

but has later been modified by Hjärne et al. [25] to include slowing

down and absorption at the first collision. For a group i this is

(5. 9)

where the transfer coefficients c •* are calculated from the appropri-

ate probability distributions.

This approximation amounts to specifying a first flight correc-

tion described by a cross-section that separates out a part of the un-

collided flux. This part is assumed to be scattered isotropically in

the laboratory system. The remainder has a o-function distribution

in the original neutron flight direction. Expressed analytically, the

scattering probability distribution is

P (u. } = -1—- + aS(/t -1) (5.10)

where the coefficient a is to be determined in the "best" way.

Since the inelastic scattering may be considered isotropic in

the laboratory system, the removal cross-section becomes

Z = V + <f. + d - atf (5. 11)
r es is a es l '

= €. - a d
t es
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The notation d indicates that the cross-sections are the real group

averaged ones.

Originally Spinney [2] postulated a = V where "v is the aver-

age cosine of the elastic scattering angle in the laboratory system. Hydro-

gen is treated as a special case. In expression (5. 11) 6 should contain

a contribution from slowing down according to (5. 9) if the multigroup app-

roximation is used consistently. The elastic scattering cross-section is

the group elastic scattering cross-section and may therefore contain a

part of ö'. . Written out in detail for clarity we have:

7} = tf" +<<ii (5.12)
"es es is x '

L1 = L ^ij C5-13)
" i s h—i i s x '

L

L
i s h—i i s

>

+ L
es r—'. i s

e o e s

es is

(5.15)

We will use the notation

7} = L ' A 1 = /*• (5-1 6)
"e s '—'s ^ eo -̂ o v '

The choice a = Jl separates out the isotropically scattered neu-

trons, but is not necessarily the best if we want as good a fit as possible

spatially to the exact distribution. The analytical background that leads

to the transport cross-section definition for £> ,

= Lt-ÄOL

will be discussed in Section 5. 4. Its subsequent use is, however, different

from the usual transport approximation or its variants [55] .

The removal cross-section concept can be looked upon as a first

flight correction to the slowing down. The isotropic removal sources (5. 9)

created outside the primary source region extend spatially the applicabili-

ty of age-theory. Since the energy distribution of the removal source vari-
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es with the spatial coordinate, both an energy and a spatial correction

are introduced. The main source of error lies in the assumption of

isotropy (5. 10), aside from other errors inherent in the multigroup

age~P, approximation. Removal scatterings against hydrogen and

deuterium are poorly described by the probability distribution (5. 10).

5. 3 Grosjean's formalism

At this point it is of interest to compare the removal cross-

section model developed under Section 5.2 with Grosjean's forma-

lism. This formalism approximates the solution of (5. 1) by

< f ( x ) ^ <j>tr(x) + <}>as(x) ( 5 . 1 8 )

where the transient flux d>. is calculated from an uncollided flux
Ttr

kernel

*trW = T E

and the asymptotic flux <j> is determined from a diffusion kernel

<j>as(x) = A e - ^ l x i • (5.20)

The coefficients Z,, it and A are matched to give at least a correct

zeroth moment (neutron balance) of the total flux <j>(x).

Grosjean, considering the neutron transport from the "random

flight" point of view, postulates for the case of isotropic or linearily

anisotropic scattering in the laboratory system that

Z'= £ t (5-21)

Requiring that of the even moments

(5.22)

/-oo

the zeroth moment

M = T" 1 (5.23)
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and the second moment

(5.24)

be correct yields

= Zt
3(1 - c)(l -/* c)

2 - c

2 - c + (1 -

(5.25)

(5.26)

where c = -s'-'f
The definition of & and A makes them independent of higher order

terms than the first in the scattering function expression (5. 3).

Grosjean in a series of papers investigates the above approxima-

tion and finds that in general it is remarkably good [26-29] •

Weinberg and Wigner [35] determine Tl, di and A differently. If

it is postulated that the asymptotic solution to the transport equation (5.1),

which has the same analytical form as the solution to the diffusion equa-

tion

DV2(i>(x)- L <f>(x)+ £(*) = 0 (5.28)

be taken correctly, one finds

O

TTT A = (5.29)

o
is the discrete real root of the transcendental equation

1 n
3/c. L L.
' o a t

(5. 30)

valid for linearily anisotropic scattering and (3 follows from
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z L-

Ls

(5.31)

General expressions for é& and |3 valid for any expansion order of £,
O S

are given in Appendix A.
Requiring now a correct zeroth moment for (j>(x) gives

= 5/4 Z t (5.32)

This approximation is also very good if the absorption and anisotropy

in the scattering is not of too high relative importance.

Grosjean concludes that the chosen'analytical approximation to-

gether with the requirement of correct moments no doubt holds the clue

to their accuracy. Grosjean's results are reproduced in fig. 5-1. A

good test is to calculate the Fermi age

using the above flux representations in spherical geometry. A calcula-

tion for water using (5. 29) - (5. 32) has been reported to give good

results [36] .

The difference between the removal cross-section theory of

Section 5. 2 and the above lies in the source terra for the diffusion flux.

The former model introduces a first flight correction to age-P, theory,

while Gros jean's formalism splits up the total flux analytically into an

uncollided and a diffusion kernel. Case et al. [57] have investigated

the forms of <j>, (x) and <b (x) for which equation (5. 18) is an identity,tr * as
We will adopt from the above the matching of moments and

asymptotic flux to the exact values as the criteria for calculating the

removal cross-sections. Since in general the slowing down is calculat-
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ed using an asymptotic theory, this gives a consistent treatment free

from arbitrariness. Another sensible analytical approach is offered by

the calculus of variations (Section 6).

5.4 Derivations

Employing the recommendations in the preceding sections, we

have to solve the diffusion equation

D
(L - L

dx

The solution is (Appendix B)

where

= V D

The removal flux is

1 „<{> r(x)=

and the total flux

(x) = f r(x) + «f,d(x)

(5.35)

(5.36)

(5 .37 )

(5. 38)

If we take the zeroth moment of (5. 38) the result is £/ . The

neutron balance condition is fulfilled and Z, cannot be determined by
r '

requiring a correct zeroth moment. The second moment, however, will

depend on both Z, and *..

Two approaches will be of interest to us:

a) For given ê- both the zeroth and the second moment must be correct.

This leads to Spinney's model if X is determined according to the

P. -approximation:
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(5. 39)

Choosing å€ = 36 (< & ) as in asymptotic theory will give a com-

plex 2 J •

b) The zeroth moment and the exponential par t of the total flux must

be c o r r e c t . This will give £ . - £ . - $ £ or £ > <)e .
ct r O 3T O

For analytical purposes we first rewrite (5. 38) to read

(T T )
r a

- e E , (5.40)

Carrying out the moments integrations and using the conditions

(5. 2 3) and (5. 24) gives two expressions:

r= 0 (5.41)

and

,2
Jr

A - In (5.42)

From (5. 41) and (5. 42) it follows that we must choose

A = In (5.43)

i. e. as in the solution (5. 35), to match the zeroth moment, The con-

dition (5. 39) for & then gives from (5. 42)

= Lt ~ Ä (5. 44)
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which is the same as for Spinney's model. If we put dC- = 5£ equation

(5.42) gives

(Z * &l &Z

r r o d o

which gives complex Z- since &, > ££ . The statement a) above is thus

verified.

The exponential part of the solution to equation (5. 34) is

e ( 5 - 4 6 )
4* D

If we require é> to be equal to <j> of expression (5. 29), we must set
^ e xP a s

d€ = £̂ and the governing equation for Z becomes

0^ (3 < 1 .

This transcendental equation has a root for £, > <)€. and for

äfi i Ẑ  - ZJ • If we reject the region £ > <£ because here Z< -*• °°o r 3, IT o IT

as £ -* 2L<. instead of £ ~* ZL, , we may expect poor results for small

2w . At this latter limit we also want £,—*£,.. The choice å> B <j>a r t Texp 'as

is motivated by the fact that this is the only other way we can define a

removal cross-section, 21/ , independent of the position coordinate. The

definition (5. 47) will give the correct exponentially attenuating flux, but

need not give a better approximation for the total flux obtained via the de-

finition (5. 44). In fact the numerical calculations in the following section

show Spinney's model to be superior and remarkably accurate.

The removal cross-section (5. 44) will in the following be distingu-

ished by the additional subscript s for Spinney, thus ZJ > while £

describes the "asymptotic" removal cross-section (5.47).

5. 5 Numerical comparisons

To check the accuracy of the removal cross-section models deve-

loped in the preceding sections, we need the exact solution of the neutron
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transport equation (5. 1) and also to employ a suitable general scatter-

ing function T(U,M'). Of the several described in the literature, we

have chosen the same as used by Millot [48] , i. e..

= A (n)

The normalization

"1

= 2

(5.48)

(5.49)

gives

A(n) = (n n

and expansion into Legendre polynomials

yields the following matrix for the coefficients f , :
n, i

0

1

2

3

4

5

1

1

1

1

1

1

1/3

1/2

3 / 5

2 / 3

5 /7

1/10

1/5 1/35

2/7 1/14 1/126 I
5/14 5/42 1/42 1/462 i

Table 5-1: The coefficients f , for the scatter-
n,l

ing function (5. 48).

(5.50)

(5.51)

The general expression for the average cosine of the scattering

angle is

f , H ju = n/(n + 2)n, 1 ' o , n ' x '
(5.52)

The scattering function (5. 48) is always positive and for n > 0

gives a forward scattering law as illustrated in Fig. 5-2. It thus serves
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our purposes, since we want also to investigate the influence of forward

scattering anisotrophy of varying degrees on the removal cross-section.

In appendix A the method for exactly solving the transport equa-

tion

(5. 53)

t-it

is described and numerical values are given for the cases c = 0. 3 and

c = 0. 9 when n = 0, 1, 2, 3. The discrete root X associated with the

asymptotic solution is also given. Using these data and equations (5. 44)

and (5.47) for JL and L> , respectively, yields the comparative
3TS 1*3.

table 5-2. Substituting the values in table 5-2 into equation (5.40) and

T»2 and in Fig. 5-4 for
X 5

taking the ratio <j>(x)/(f> gives the results indicated in Fig. 5-3 for

I . Since in the model for L a part of the

solution (5. 40) is equal to the exact asymptotic solution <j> the errors
c*. S

in this model are due to incorrect representation of the (j>. flux. Fig. 5-5

illustrates this error.

Table 5-2: Spinney's and the asymptotic removal cross-

sections for c = 0. 3 and c = 0. 9 when n = 0, 1 , 2, 3.

n

0

1

2

3

n

0

1

2

3

h
0

1/3

0.5 ,

0.6

Ä>
0

1/3

0.5

0.6

ät
o

0. 9974

0. 9802

0. 9592

0.9406

o

0. 5254

0. 4401

0. 3887

0.3539

1.

1.

1.

1.

0.

0.

0.

0.

c

^d

4491

3748

3360

3122

c

*d

5477

4583

4062

3715

= 0. 3

P
0.08176

0.2360

0.3003

0.3244

= 0.9

P
0. 9136

0. 9179

0.9120

0.9038

Zrs

1

0.

0.

0.

Zrs

1

0.

0.

0.

9

85

82

j /,,./ ,
t L

.7

,55

.46

0.

0.

0.

0.

K
0.

0.

0.

0.

JLt
7780

8663

8818

8834

JLX
4583

3889

3470

3156
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5.6 Discussion of the results

If we compare the total flux predicted by Spinney's model and

by the asymptotic jmodel, we find that the former is more accurate

for all investigated cases. The asymptotic model gives too large values

because of heavy over-estimation of the transient part of the flux, as

evidenced by Fig. 5-4. Considering the simplicity of Spinney's model,

it is remarkably accurate, but with a general tendency to underesti-

mate the flux.

Both models reveal some interesting trends. Simplified, these

can be stated as follows: the lesser the absorption rate is, the more

accuracy; and with increasing forward scattering anisotropy, the accu-

racy increases. The latter fact is due to increasing relative importance

of the asymptotic flux (see Figs. A-Z and A-3).

The correction introduced by requiring a correct second moment

is better than the correction from requiring a correct asymptotic flux.

The asymptotic flux alone

v> t-5£J

4as(x) = A(*o) e ° (5.54)

gives, on the other hand, a flux of about equal or better relative accu-

racy than the flux obtained with Spinney's model for moderate to deep

penetration distances. In this st.nse, the removal cross-section model

as defined by Millot [48] , i. e. just equation (5. 54) (see Section 3. ),

is perhaps a better choice. However, as shown by Figs. A-Z and A-3,

it is difficult to know when the asymptotic flux is really dominant. Also,

the exact calculation of <j> (x) is formidable and prohibitively cumber-

some if we have a nonhomogenous medium. If we take a modified form

of the asymptotic flux,

s <5-55>

i. e. omit the correction factor (3 (Fig. A-5), this flux will approximate

better than (j> (x) of equation (5. 54) the total flux close to the source,

and in general -will give an over estimation far from it. For moderate to

high absorption rate and n > 1 our results indicate that this error will

be larger than the corresponding error from using Spinney's model.
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Even if we can argue the relative merits of the various methods

discussed above, the removal cross-section approach should be superior

in the case of a nonhomogenous medium (laminated shields). The transi-

ents will give important contributions to the total flux within a few mean

free paths from the irregularities. It has not been our objective to here

investigate the nonhomogeous case, but our results indicate that the re-

moval cross-section model will give considerable improvement to diffusion

theory. Also, an investigation by Grosjean [26] , where the neutron trans-

mission through a slab is calculated employing a removal cross-section

model with H, = ZL. , supports this conclusion. Grosjean does not use

the term removal cross-section, but his calculation is, in treating the

source term, a removal cross-section model as defined here.

One can conceive various modified models with the aim of further

improving either Spinney's or the asymptotic model. Such models would,

however, suffer from arbitrariness if not based on a logical mathemati-

cal method. For instance, from Figs. 5-3 and 5-4 it is evident that much

better results would follow if we in the asymptotic model instead would

use some extremum principle to determine the removal cross-sections.

The least-squares or variational method are possible schemes in this

respect.

6. Variational calculation of removal cross-sections

Our main purpose in this paper has been to investigate the theo-

retical background and accuracy of the simple removal cross-section

models discussed in the preceding sections. Further improvements can

be developed if terms of higher order are included, but in general, the

calculations become prohibitively laborious. A direct application of an

extremum principle built upon the removal cross-section concepts deve-

loped would, however, be a natural extension, and perhaps is the limit

to which it is worthwhile to carry the analytical procedures. Of the many

optimizing mathematical principles, the variational method has received

most attention in reactor physics. Actually, it is only during the last

few years this method has received more widespread application. In

general, it has proved to be a successful tool and a multitude of papers

dealing with space, time and energy dependence problems have been pre-

sented. Neutron shielding problems reportedly have also been attacked

by employing it.
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In this section, we discuss some possible applications of the

variational method for derivation of removal cross-sections.

6. 1 The least-squares method

The discussion in Section 5. 6 qualitatively judged Spinney's

model to be most accurate merely by inspection of the graphs. This

is, of course, in principle unsatisfactory. Since we are concerned

about the accuracy over an extended range of penetration distances,

the least-squares criterion would be most appropriate when making

a qualitative comparison between various removal cross-section

models.

A direct calculation of the least-squares adjusted removal

cross-section using

W = / d x U f x ) - <j>(x)| (6.1)

where <{>,(x) is the exact flux expression and (|>(x) is the expression

obtained with removal cross-section theory, requires the knowledge

of <j> (x), in which case there is, however, no need to further elabo-

rate. In experimental work the scheme (6. 1) may, of course, be

applied.

A promising least-square variational approach has been deve-

loped by Becker and Fenech [58} . The Boltzmann neutron transport

equation may be written

H <j>(p) - S(p) = 0 (6. 2)

where H is the Boltzmann operator, S the source term, and p

stands for the phase space coordinates. Application on (6, 2) of the

operator

G = H* W(p) (6. 3)

where H^ is the adjoint operator and W(p) an arbitrary positive

weighting function, yields the functional

J = /dp W(H $ - S)2 (6.4)
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Inclusion of eigenvalue and constrained problems, i. e.

H(A)$ - S(X) = 0 (6.5)

/ dp g(cj>) - k = 0 ' (6.6)

gives the least-squares functional

2 [ j ] 2 (6.7)

where C is an arbitrary positive constant.

The approach by Becker and Fenech has many advantages over .

the usual variational techniques. A direct comparison of the relative

merits of various trial functions is possible, since the function J is an

absolute minimum. Another feature is that non-self adjoint problems

can be treated without introduction of adjoint functions.

The proper choice of weighting function can have an important

influence in deep penetration problems. Direct experimentation using

equation (6. 4) would decide this.

As also seen from equations (6. 4) and (6. 7), the variational

method is convenient when investigating the spatial dependence of the

derived removal cross-sections. The influence of varying cource con-

figurations, finite slabs, etc., are found by restricting the integrations

as required by the geometry.

6. 2 Use of the variational expression as a Lagrangian

One can also use the variational expression as a Lagrangian.

Rendering the functional (Lagrangian)

- S 4 * - T<j>F = I dp W U*H<|> - S 4 * - T<j> ( 6 . 8 )

stationary is equivalent to solving the Boltzmann equation and the ad-

joint Boltzmann equation. In expression (6. 8), T is the source for the

adjoint equation. In contrast to the least-squares approach, the func-

tional (6. 8) does not lead to an extremum principle since the Boltzmann

operator is not self-adjoint. We instead get a saddle point principle. The
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general procedure is to substitute a trial function and carry out the

possible integrations to get a reduced Lagrangian F R . Taking then

the first variation of FR with respect to <j> and § and putting them

independently equal to zero yields a set of equations from which we

can find 21 . As an illustration, we consider the following example:

In the source free case in plane infinite geometry, the func-

tional (6. 8)is

i i

F =

n
(6.9)

when optically normalized and W(p) = 1.

We take as trial function

(6. 10)

such that

(6.11)

i. e.

(6. 12)

This corresponds to approximating the solution of the Boltzmann equa-

tion for the total flux with a plane uncollided flux kernel.

The adjoint is

(6. 13)
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Substitution of (6. 10) and (6. 13) into (6. 9) and integrating over the

x-coordinate gives

F _ c (T \
R̂ ^oP'V /

n

" 1=0 "* 3

where we have denoted

£,

ä/
- i

t x]

(6. 14)

(6. 15)

and

yields

Taking the first variation of (6. 14) with respect to

= o =

+ 611

where

n

1=0

SL
2

(6. 16)

(6. 17)

Multiplying both sides of (6. 16) with (2k + 1)P, (̂ u) and integrating over

Jj- from -1 to +1 and using the recurrence relations for Legendre poly-

nomials gives a recurrence relation for hJZL ) .

If we take n = 0, we get simply

(6. 18)
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o r

Using the normalizing condition (6. 12), (6. 19) then yields

(6.20)
-ol V £

11'""öl J

The ratio £-,-,/£ , is a function of £ and may be calculated separately.
II' ol r

Since equation (6.20) has a rootpair i (£,,/£ ,) as realvalued solution,

it will give a unique £, -value. For higher orders of n, the transcen-

dental function becomes more complicated, but the ratio £„/<5 , is in-

dependent of n.

The above outline illustrates a straightforward application of

the variational method. If we had put the weighting function equal to

W(p) = £ r / £ a (6.21)

we would have fulfilled the neutron balance condition as discussed in

Section 5. 1. Taking as trial function the solution (5. 40) and putting

there 6̂ = 5e would be another way of postulating a definition for £

independent of the spatial coordinate. The calculations become tedious,

however, and require computerized evaluation.

7. Summary and conclusions

The removal cross-section models discussed in the preceding

sections were based upon the multigroup diffusion theory of neutron

transport. The group removal flux, which is calculated with an un-

collided flux kernel for the source neutrons, creates a source term

which enters the diffusion equation. In our treatment, we kept the re-

moval flux and diffusion flux due to the removal source together and

found that the neutron balance condition was fulfilled for any value of

the removal cross-section and definition of diffusion coefficient. Further-

more, the removal cross-sections are independent of •whether the con-

sistent or inconsistent P.-approximation is used. To the total flux due

to the group source neutrons is to be added the flux contribution for
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neutrons slowed down into the group. Fig. 7-1, which is a modification

of Fig. 1 in ref. [25] , gives a simplified illustration of the various parts.

In practice the diffusion fluxes ^ , and <j>*p are calculated simultaneous-

ly with the same code. This code necessarily as input contains a diffu-

sion coefficient defined according to some criterion. The removal cross-

-section obtained should be consistent with this criterion. Thus, we

would not have the good agreement shown In Fig. 5-2 had the removal

cross-sections been calculated using Spinney's definition and the diffu-

sion coefficient using asymptotic theory. It may well be we want to cal-

culate the slowing down diffusion flux with some correction in the P, -de-

finition of the diffusion coefficient (5. 39). In such a case, the variational

method would be the calculational tool by which to analytically derive the

removal cross-sections. The removal cross-sections also depend on the

total group transfer coefficient for slowing down. In a code like NRN [25J,

the above features are readily incorporated.

If we finally turn to the accuracy of the spatial distribution pre-

dicted by the energy dependent removal cross-section model, judging

from our results, an error less than 50 % at 20 mfp is within its reach.

The question of experimental determination of the removal cross-

-sections in light of the presented theory seems somewhat academic.

There is no physical property corresponding to the removal cross-sec-

tions as they have been defined in this papor. The removal cross-sec-

tion models employ basic cross-section data and are essentially analytic

approximations of the exact solution to the transport equation.
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Appendix A

21 it*!? J^o Itzm §55

1. General comments

With the publication in I960 of a paper by Case [37] a new phase

in the mathematical treatment of the Boltzmann neutron transport equa-

tion was initiated. The existence of a continuous spectrum solution,

completeness and orthogonality theorems were rigorously proved by

Case, establishing a method of solution generally known as "Case's

method" or "the singular integral method".

In the reference literature generally used until I960 there is

no mention of this new approach. However, before that year Millot

and Lafore [38, 39] and Wigner [40] established the existence of the

continuous solution and employed the analytical technique involved. The

mathematical impetus seems to have been provided by the works of

Muskhelishvili [4l] on singular integral equations and of L. Schwartz

on distribution theory.

Although the mathematical apparatus is partly involved, the

singular integral method seems to have a more direct relation to the

physical situation than previously employed analytical techniques. As

of today, several complicated neutron transport problems involving

space, time and energy variables have been successfully attacked.

This does not mean that approximate methods are no longer needed.

We have merely increased the range of idealized problems against

which to test a simplified approach more tractable to practical prob-

lems.

As a general introduction to the singular integral method we

refer to the original paper [37] and lecture notes [42] of Case. These

sources deal with the transport equation in plane geometry. Kofink [43]

has investigated the transport equation in spherical geometry. Other

relevant papers are given by the references [44-54J .

Here we do not concern ourselves with the analytical aspects

of the singular integral method, but quote from the references details

of interest to our problem. We want the complete solution for the one-

-velocity, time-independent, plane geometry and anisotropically scat-

tering medium case. The analytical technique will give us expressions
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for the eigenvalues, transient and asymptotic fluxes. These expressions

are solved numerically and displayed in figures and tables.

Z. The eigenvalues and eigenfunctions of the transport equation

If we assume that the position-independent scattering function

can be expanded into a finite series of Legendre polynomials

« £, (21 + i) f P.CÄ-Ä) (A. i)
1=0 l L

1=0 l

the time- and energy-independent neutron transport equation in plane

geometry when employing the definition for optical thickness

x = \ Zt(x)dx (A. 2)
Jo

may, in the source free case, be written as

^ p^j p ^ j ^ ^ ^ ( A . 3 )

1 = 0 j

In equation (A. 3) §(u> x) is the angular neutron flux, c the number of

secondary neutrons per collision and /<- is the cosine of the angle be-

tween the neutron flight direction and the coordinate axis.

To find the expressions for the eigenfunctions and eigenvalues

we follow Mika's [46] treatment. Substitution of solutions of the form

i,x) = e " Ä / ^ ( v , ^ ) (A. 4)

yields

(A. 5)
1=0 x

Defining

h(,)- T P (
7-1
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with the normalization

h o ( ^ ) = l (A. 7)

and multiplying both sides of expression (A. 5) with (2s + l )P (y".) and

integrating over p, from -1 to +1 gives a recurrence relation for the

h,(v) polynomials, thus

s(>0+ s h ^ ^ ) = 0 (A. 8)

Hence the most general solution to equation (A. 5) becomes

f
J. —•* \/

The function X(v) will be determined from the definition of

Outside the range (-1, +1) on the real axis expression (A. 9) when inte

grated over all jm. gives a transcendental equation

jb1CL(v)hAv) = O (A. 10)
1=0

which determines the discrete v-values. The QJv):s are the JLegendre

functions of the second kind. The number of rootpairs t y. depends on

the order n and the parameter values. In particular, for n = 0, 1,

c < 1 and b, > 0 we have only one rootpair t v > 1. In general we

may find rootpairs over the whole range of 0-*-1lo<? of v although in

physically meaningful cases only one rootpair is expected to exist.

In the interval (-1, +1) the characteristic equation becomes

\(v)=Jl(v) (A. 11)

and yields a continium of v-values. It is understood that the principal

value of the ju.-integral has been taken.

All discrete eigenfunctions are given by

th ^ ^ (A.

i = 1, 2, . . . , M
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and the continuous spectrum follows from

n

1=0 1f ITT

The general solution to equation (A. 3) is a linear combination

of expressions (A. 12) and (A. 13)

M

- i

(A. 14)

y
The orthogonality properties and completeness of the eigenfunc

tions are extensively discussed in the cited reference literature for

various cases. By integration one gets the norms of the eigenfunc-

tions. They are

,2
i n n

1=0 fco

n

1 = U

l k l k

n

v.) -
x

^ j r (4s.i)hM.1(»i).
1

1 = 0

where

K

1 for (1 + k) even

i for (1 + k) odd

and for the continuous spectrum

(A. 16)

where

n
(A. 17)
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3. Green's function solutions

We are interested in the solution of the transport equation (A. 3)

in case of an infinite homogenous medium with c < 1 and a plane iso-

tropic £-function source at x = 0, i. e.

S(/6,x) = S(x)/4ir (A. 18)

The solution must be symmetric around x = 0 and vanish at t »o. Using

these boundary conditions and the orthogonality properties of the eigen-

functions, the coefficients A of expression (A. 14) become

A±. = 1/4TT M±i

A(l>) = 1/417 M(v)

(A. 19)

(A. 20)

where M+. and M(v) are given by expressions (A. 15) and (A. 16), res-

pectively. Green's function is therefore

(A. 21)

Integrating over all JX gives the neutron flux

M
(A. 22)

4. Numerical calculations

As motivated in Section 5. 5, a scattering function of the form

(A. 23)

is convenient for our purpose. The Legendre polynomial expansion (A. 1)

then yields the following expansion coefficients:
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\1

0

1

2

3

4

' 5

0

1

1

1

1

1

1

1

1

3 /2

9/5

2

15/7

2

1/2

1

10/7

25/14

3

1/5

1/2

5/6

4

1/14

3/14

5

1/42

form

Table A-l: The expansion coefficients b , for the

scattering function (A. 23).

Using these values of b , and writing equation (A. 10) in the
n, l

1 - Z l b ^ = o (A. 24)

gives a root + "ät < 1 as tabulated in Table A-2 and displayed graphical-

ly in Fig. A-l. If we only take linearily anisotropic scattering and allow

the scattering function to have negative values, we get the u-values

given in Table A-3.

Using the computed discrete roots, equations (A. 15), (A. 16)

and (A. 22) were solved numerically on an IBM 7090 computer. Table

A-4 gives the values of the asymptotic flux, defined from expression

(A, 22) as

> (x) = ~asv ' 2 (A. 25)

the transient flux

the total flux

2 / M(V)
(A. 26)

(A. 27)
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and the ratio $ /<f>, , for c = 0. 3 and c = 0. 9 when n = 0, 1, 2, 3.

Figs. A-2 and A-3 display the ratio <j> J§ , graphically.

Since the solution to the ordinary neutron diffusion equation

(5.28) is

in the case of an infinite plane isotropic source in an infinite homo-

genous medium, it is of interest to relate this solution to the asymto-

tic solution (A. 25) by formally writing

,1x1
(A. 28)ras 2^6 Do

D =

The values of A(56 ) and |S are given in Table A-5 and displayed

graphically in Figs, A-4 and A-5, respectively.

The numerical values are given to five figure accuracy, but

the values for c = 0. 1 are not expected to be accurate to more than

three figures.

Values of ^t for n = 0 and n = 1 published earlier [9, 57J

were reproduced. Recently Lathrop [55, 56] has reported extensive

tables of eigenvalues of fluxes for various scattering approximations.

Lathrop considers elastic scattering against hydrogen with a vary-

ing degree of absorption.
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Table A-2. The discrete root SrE of the equation

1 =
1=0

c \

0

0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9
1.0

0

n = 0

1

1.0000

0.9999

0.9974

0.9856

0.9575

0.9073

0.8286

0.7104

0.5254

0

1/3

n = 1

1

1.0000

0.9967

0.9802

0.9464

0.8948

0.8244

0.7321

0.6108

0.4401

0

0.5

n = 2

1

1.0000

0.9892

0.9592

0.9115

0.8477

0.7680

0.6705

0.5497

0.3887

0

0.6

n = 3

1

.9987

.9804

.9406

.8841

.8131

.7283

.6281

.5081

.3539

0

2/3

n = 4

1
.9972

.9719

.9250

.8624

.7868

.6987

.5970

.4777

.3285

0

5/7

n = 5

1

.9954

.9641

.9118

.8449

.7660

.6757

.5730

.4544

.3089

0

Table A - 3 . The root X of the equation

1 \1 -it)
X* + 3/Zoc(l - c)

* 2 + 3 / Z ( l - c)
c = < 1

for linearily anisotro;>ic scattering in the laboratory

system.

0.2 1/3 0.4 0.6 0.8 1.0

0

0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9
0.95

1.0

1
1.0000

0.9999

0.9974

0.9856

0.9575

0.9073

0.8286

0.7104

0.5254

-
0

1
1.0000

0.9988

0.9891

0.9646

0.9223

0.8598

0.7729

0.6528

0.4761

0.3415

0

1

1.0000

0.9967

0.9802

0.9464

0.8948

0.8244

0.7321

0.6108

0.4401

0.3138

0

1

1.0000

0.9952

0.9749

0.9363

0.8800

0.8056

0.7106

0.5886

0.4209

0.2989

0

1

0.9997

0.9888

0.9556

0.9022

0.8313

0.7443

0.6405

0.5i58

0.3570

0.2490

0

1

0.9991

0.9795

0.9320

0.8626

0.7761

0.6749

0.5594

0.4300

0.2787

0.1861

0

1

0.9979

0.9676

0.9044

0.8178

0.7135

0.5950

0.4638

0.3210

0.1667

0.0946

0
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Table A-4. The asymptotic, transient and total flux as

a function of distance, absorption and

scattering function.

0.
0.100000E 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.800000E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
O.J50000E 02
0.160000E 02
0.170000E 02
0.180000E 02
0.190000E 02
0.200000E 02

n = 0 c = 0.3

Asymp. flux Trans, flux Total flux Ratio

0.582510E-01
0.214848E-01
0.792429E-02
0.292273E-02
0.107800E-02
0.397600E-03
0.146648E-03
0.540884E-04
0.199495E-04
0.735803E-05
0.271388E-05
0.100096E-05
0.369188E-06
0.136168E-06
0.502232E-07
0.185239E-07
0.683222E-08
0.251994E-08
0.929436E-09
0.342806E-09
0.126438E-09

0.458557E 01
0.164029K-00
0.412556E-01
0.1I9535E-01
0.368696E-02
0.117866E-02
0.385688E-03
0.128301E-03
0.432064 E-04
0.146889E-04
0.503175E-05
0.173436E-05
0.600902E-06
0.209105E-06
0.730384E-07
0.255948E-07
0.899473E-08
0.316897E-08
0.111897E-08
0.395909E-09
0.140332E-09

0.464382 E 01
0.185513E-00
0.491799E-01
0.148762E-01
0.476495E-02
0.157626E-02
0.532336E-03
0.182390E-03
0.63I559E-04
0.220469E-04
0.774563E-05
0.273533E-05
0.970089E-06
0.345273E-06
0.123262E-06
0.441187E-07
0.I58269E-07
0.568891E-08
0.204841 E-08
0.738714E-09
0.266769E-09

0.125438E-01
0.115813E-00
0.161129E-00
0.196470E-00
0.226235E-00
0.252243E-00
0.275480E-00
0.296554E-00
0.315877E-00
0.333745E-00
0.350375E-00
0.365939E-00
0.380571E-00
0.394379E-00
0.407452E-00
0.4I9866E-00
0.431683E-00
0.442957E-00
0.453735E-00
0.464057E-00
0.473959E-00

n = 1 c - 0.3

Asymp. flux Trans, flux Tota! flux Ratio

0.
0.100000K 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.8O0O00E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
0.150000E 02
0.3 60OOOE 02
0.170000E 02
0.180000E 02
0.190000E 02
0.200000E 02

0.165260E-00
0.620094E-01
0.232674E-01
0.873049E-02
0.327589E-02
0.122919E-02
0.461222E-03
0.I73062E-03
0.649369E-04
0.243659E-04
0.914266E-05
0.343055E-05
0.128722E-05
0.482 997E-06
0.181232E-06
0.680026E-07
0.255162E-07
0.957429E-08
0.359250E-08
0.134799E-08
0.505800E-09

0.443843E 01
0.126203E-00
0.297288E-01
0.824468E-02
0.245851 E-02
0.7Ö4260E-03
0.244123E-03
0.794906E-04
0.262571 E-04
0.8 7702 OE-05
0.295556E-05
O.1OO332E-O5
0.342678E-06
0.117647E-06
0.405703E-07
0.140449E-07
0.487870E-08
0.169980E-08
0.5 93831E-09
0.207958E-09
0.729857E 10

0.460369E 01
0.188212E-00
0.529962E-01
0.169752 E-01
0.573439E-02
0.199345 E-02
0.705345E-03
0.252552E-03
0.91193 9E-04
0.331361E-04
0.120982E-04
0.443 386 E-05
0.162990E-05
0.600644E-06
0.221802E-06
0.820474E-07
0.303949E-07
0.112741E-07
0.418633E-08
0.155595 E-08
0.578785 E-09

0.358972E-0I
0.32 9465 E-00
0.439039E-00
0.514309E 00
0.571270E 00
0.616615E 00
0.653896E 00
0.685251E 00
0.712074E 00
0.735328E 00
0.755703E 00
0.77371SE 00
0.789755E 00
0.804132E 00
0.817088E 00
0.828820E 00
0.839490E 00
0.849229E 00
0.858150E 00
0.866347E 00
0.873898E 00
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Table A-4. Continued.

n = 2 c = 0.3

Asymp. flux Trans, flux Total flux Ratio

0.
0.100000E 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.800000E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
0.150000E 02
0.160000E 02
0.170000E 02
0.180000E 02
0.190000E 02
0.200O00E 02

0.205 719E-00
0.788302E-01
0.302073E-01
0.I15753E-01
0.443557E-02
0.169969E-02
0.651310E-03
0.2495 78E-03
0.956369E-04
0.366475E-04
0.140431E-04
0.538124E-05
0.206206E-05
0.790169E-06
0.302788E-06
0.116027E-06
0.444608E-07
0.170371E-07
0.652852E-08
0.250169E-08
0.958634E-09

0.438438E 01
0.109776E-00
0.245278E-01
0.6552 77E-02
0.189809E-02
0.5762 06 E-03
0.180397E-03
0.577285E-04
0.187789E-04
0.618716E-05
0.205946E-05
0.691291E-06
0.233676E-06
0.794616E-07
0.271598E-07
0.932471E-08
0.321400E-08
0.111165E-08
0.385687E-09
0.134I88E-09
0.468045E-10

0.45901OE 01
0.188606E-00
0.54735 OE-01
0.181280E-01
0.633366E-02
0.227589E-02
0.831707E-03
0.307307E-03
0.114416E-03
0.428347E-04
0.161026E-04
0.607253E-05
0.229574E-05
0.869631 E-06
0.329948E-06
0.125351 E-06
0.476 748E-07
0.I8H88E-07
0.691421E-08
0.263588E-08
0.100544E-08

0.448179E-01
0.417963E-00
0.551882E 00
0.638528E 00
0.700317E 00
0.746822E 00
0.783100E 00
0.812147E 00
0.835871E 00
0.855557E 00
0.872104E 00
0.886161E 00
0.898213E 00
0.908626E 00
0.917685E 00
0.925612E 00
0.932585E 00
0.938748E 00
0.944218E 00
0.949092E 00
0.953449E 00

n = 3 c = 0.3

Asymp. flux Trans, flux Total flux Ratio

0.
0.100000E 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.800000E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
0.150000E 02
0.160000E 02
0.170000E 02
0.180000E 02
0.190000E 02
0.200000E 02

0.217980E-00
0.850973E-01
0.332211E-01
0.129692E-01
0.506303E-02
0.197656E-02
0.771627E-03
0.301235E-03
0.117599E-03
0.459095E-04
0.179226E-04
0.699680E-05
0.273148E-05
0.106634E-05
0.416288E-06
0.162515E-06
0.634441 E-07
0.247679E-07
0.966914E-08
0.377473E-08
0.147362E-08

0.436537E 01
0.103454^.-00
0.224477E-OI
0.586263E-02
0.166705E-02
0.498257E-03
0.153921E-03
0.48683 7E-04
0.156738E-04
0.511657E-05
0.168896E-05
0.562643E-06
0.188875E-06
0.638185E-07
0.216848E-07
0.740434E-08
0.253911 E-08
0.874041 E-09
0.301896E-09
0.104595E-09
0.363379E-10

0.458335E 01
0.188551E-00
0.556688E-01
0.188318E-01
0.673009E-02
0.247481E-02
0.925548E-03
0.349919E-03
0.133273E-03
0.5I0261E-C4
0.196116E-04
0.755944E-05
0.292035E-05
0.113016E-05
0.437973E-06
0.169919E-06
0.659832 E-07
0.256420E-07
O.997103E-08
0.387933E-08
0.150995E-08

0.475592E-01
0.451322E-00
0.596763E 00
0.688685E 00
0.752298E 00
0.798669E 00
0.833698E 00
0.8608 71E 00
0.882393E 00
0.S99726E 00
0.913879E 00
0.9255 71E 00
0.935325E 00
0.94353IE 00
0.950488E 00
0.956424E 00
0.961519E 00
0.965914E 00
0.969723E 00
0.973038E 00
0.975934E 00
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Table A-4. Continued.

n = 0 c - 0.9

Asymp. flux Trans, flux Total flux Ratio

0.
0.100000E 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.800000E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
0.150000E 02
0.160000F. 02
0.170000E 02
0.180000E 02
0.190000E 02
0.200000E 02

0.240029E 01
0.14I930E 01
0.839232E 00
0.496239E-00
0.293427E-00
0.173504E-00
0.102593E-00
0.606633E-01
0.358703E-01
0.212102E-01
0.125416E-01
0.741586E-02
0.438501E-02
0.259286E-02
0.153316E-02
0.906561E-03
0.536051E-03
0.316968E-03
O.187423E-O3
0.110824E-03
0.655302E-04

0.429469F, 01
0.862261E-01
0.17465 7E-01
0.4336051 -02
0.118389E-02
0.342045E-03
0.10263 8E-03
0,316516E-04
0.996492E-05
0.318871E-05
0.103386E-05
0.338856E-O6
0.112079E-06
0.373602E-07
0.125372E-07
0.423188E-08
0.143581E-08
0.489376E-09
0.167478E-09
0.57525 7E-]0
0.198245 E-10

0.669498 E 01
0.150552E 01
0.856698E 00
0.500575E 00
0.294611E-00
0.173846E-00
0.102696E-00
0.606950F:-01
0.358803E-01
0.212133E-01
0.125426E-01
0.741620E-02
0.438512E-02
0.259290E-02
0.153318E-O2
0.906565E-03
0.536052E-03
0.316968E-03
0.187424E-03
0.110824E-03
0.655302E-04

0.358521E-00
0.942 72 7E 00
0.979613E 00
0.991338E 00
0.995982E 00
0.998032E 00
0.999001E 00
0.999479E 00
O.999722E 00
0.999850E 00
0.999918E 00
0.999954E 00
O.999974E 00
0.999986E 00
0.999992E 00
0.999995E 00
0.999997E 00
0.999998E 00
0.999999E 00
0.999999E 00
1.000000E 00

n -- 1 c = 0.9

Asymp. flux Trans, flux Total flux Ratio

0.
0.100000E 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.800000E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
0.150000E 02
0.160000E 02
0.170000E 02
0.180000E 02
0.190000E 02
0.200000E 02

0.201974E 01
0.130O72E 01
0.837662E 00
0.539454E 00
0.347409E-00
0.223 731E-00
0.144083E-00
0.927895E-01
0.597565E-01
0.384832E-01
0.247832E-01
0.159604E-01
0.102785E-01
0.661935E-02
0.426287E-02
0.274529E-02
0.176797E-02
0.113857E-02
0.733240E-03
0.472207E-03
0.304101 E-03

0.425972E 01
0.793988E-01
0.157222E-01
0.3 8482 8E-02
0.104021E-02
0.2982S9E-03
0.889639E-04
0.273014E-04
0.85605 7E-05
0.272995E-05
0.882516E-06
0.288515E-06
0.952I50E-07
0.316758E-O7
0.10611OE-07
0.357600E-08
0.121155E-08
0.412405E-09
0.140970E-09
0.483 683 E-10
0.166522E-10

0.62 794 7E 01
0.138012E 01
O.853384E 00
0.543303E 00
0.34844 9E-00
0.224030E-00
0.144172E-00
O.928168E-O]
0.597651 E-01
0.384859E-01
0.247841 E-01
0.159607E-01
0.102786E-01
0.661938E-02
0.426288E-02
0.274529E-02
0.I76797E-02
0.113857E-02
0.733240E-03
O.472207E-03
0.304101 E-03

0.321643E-00
0.942469E 00
0.981577E 00
0.992917E 00
0.997015E 00
O.998669E 00
0.999383E 00
0.999706E 00
0.999857E 00
0.99992 9E 00
0.999964E 00
0.999982E 00
0.999991E 00
0.999995E 00
0.999998E 00
0.999999E 00
0.999999E 00
1.000000E 00
1.000000E 00
1.000000E 00
1.000000E 00
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Table A-4. Continued.

n = 2 c = 0.9

Asymp. flux Trans, flux Total flux Ratio

0.
0.100000E 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.800000E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
0.150000E 02
0.160000E 02
0.170000E 02
0.180000E 02
O.190000E 02
0.200000E 02

0.177257E 01
0.120167E 01
0.814648E 00
0.552273E 00
0.374401E-00
0.253817E-00
0.172070E-00
0.116651E-00
0.790811E-01
0.536113E-01
0.36344 6E-01
0.246390E-01
0.167035E-01
0.113238E-01
0.767671E-02
0.520426E-02
0.352811E-02
0.239181E-02
0.162147E-02
0.109924E-02
0.745208E-03

0.430913E 01
0.887119E-01
0.180600E-01
0.449491E-02
0.12293 2E-02
0.355468h-03
0.106743E-03
0.329354E-04
0.103736E-04
0.332068E-05
0.107698E-05
0.353085E-06
0.116814E-06
0.389471 E-07
O.13O725E-O7
0.441341E-08
0.149768E-08
0.510553E-09
0.174755E-09
0.600348E-10
0.206925E-10

0.608169E 01
0.129038E 01
0.832708E 00
0.556768E 00
0.375630E-00
0.254173E-00
0.172177E-00
0.116684E-00
0.790914E-01
0.536146E-01
0.363457E-01
0.246394E-01
0.167036E-01
O.113238E-OI
0.767672E-02
0.520426E-02
0.352812E-02
0.239181E-02
0.162147E-02
0.109924E-02
0.745208E-03

0.291459E-00
0.931252E 00
0.978312E 00
0.991927E 00
0.996728E 00
0.998601E 00
0.999380E 00
0.999718E 00
0.999869E 00
0.999938E 00
0.999970E 00
0.999986E 00
0.999993E 00
0.999997E 00
0.999998E 00
0.999999E 00
1.000000E 00
1.000000E 00
1.000000E 00
1.000000E 00
1.000000E 00

n = 3 c = 0.9

Asymp. flux Trans, flux Total flux Ratio

0.
0.100000E 01
0.200000E 01
0.300000E 01
0.400000E 01
0.500000E 01
0.600000E 01
0.700000E 01
0.800000E 01
0.900000E 01
0.100000E 02
0.110000E 02
0.120000E 02
0.130000E 02
0.140000E 02
0.150000E 02
0.160000E 02
0.170000E 02
0.180000E 02
0.190000E 02
0.200000E 02

0.I59935E 01
0.112265E 01
0.788036E 00
0.553155E 00
0.388283E-00
0.272552E-00
0J91316E-00
0.134292E-O0
0.942654E-01
0.661688E-01
0.464467E-01
0.326029E-01
0.228853E-01
0.160642E-01
0.112761E-01
0.791517E-02
0.555599E-02
0.389998E-02
0.273756E-02
0.192161E-02
0.134886E-02

0.436421E 01
0.1027851',-00
0.221261E-01
0.572985E-02
0.161577E-02
0.479106E-03
0.146905E-03
O.461431E-04
0.147603E-04
0.478960E-05
0.157227E-05
0.521080E-06
0.174088E-06
0.585612E-07
0.198163E-07
0.674028E-08
0.23031 OE-08
0.790141E-09
0.272062E-09
0.939819E-10
0.325612E-10

0.S96356E 01
O.122544E 01
0.810162E 00
0.558885E 00
0.389899E-00
0.2 73031E-00
0.191462E-00
0.134339E-00
0.942802E-01
0.661736E-01
0.464483 E-01
0.326034E-01
0.228855E-01
0.160642E-01
0.I12761E-01
0.791517E-02
0.555599E-02
0.389998E-02
0.273756E-02
0.192161E-02
0.134886E-02

0.268187E-00
0.916124E 00
0.972689E 00
0.989748E 00
0.995856E 00
0.998245E 00
0.999233E 00
0.999657E 00
0.999843E 00
0.999928E 00
0.999966E 00
0.999984E 00
0.999992E 00
0.999996E 00
0.999998E 00
0.999999E 00
1.000000E 00
1.000000E 00
1.000000E 00
1.O0O00OE 00
1.000000E 00



Table A-5. A(åfc ) and & for the asymptotic solution

^ a s(x) = A(3eo) exp [- 3eo|

when the scattering function is f(u. ) = A(n) (1 + u, )

D)"1 exp [-

0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

n

0

0

.8245, -6

.4547, -2

.58251, -1

.18936

.38219

.63150
• .95943
1.44361
2.40029

- 0

0
.1483, -5
.7275, -2
.81763, -1
.23054
.39915
.55679
.69471
.81283
.91365

1

n =

A(*o)

0

.96025,-3
,51894, -1
.16526
.30408
.46300
.65257
.89893

1.2687
2.0197

oo

1

P

0

.17285, -2

.83304, -1

.23603

.38554

.51741

.63327

.73670
.83079
.91795

1

n

A < * )

0
.1198, -2
.93360, -1
.20572
.32578
.45847
.61589
.82147

1.13288
1.77257

= 2

0

.21566, -2

.15101

.30025

.42892

.54087

.64156

.73508

.82443

.91202
1

n

A<*>

0

.20692, -1

.11544

.21798

.32352

.43947

.57725

.75782
1.03245
1.59935

Co

= 3

0
.37293, -1
.18840
.32444
.43915
.54050
.63411
.72387
.81284
.90383

1

(
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Fig. A-2. The ratio 4>as/<!>tot
 for c = 0. 3 and n = 0, 1, 2, 3.

Numerical values in Table A-4.
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Fig. A-3. The ratio <f> /&. for c = 0. 9 and n = 0, 1, 2, 3.

Numerical values in Table A-4.
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Fig. A-4. The factor A(äL ) in the asymptotic solution

when the scattering function is
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Fig. A-5. The factor jS in the asymptotic solution

when the scattering function is

fU)=A(n)(H/i/.
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Appendix B

Solution of the neutron diffusion equation with an ]E1 -function as

source term

1

In the development in Section 5 we need the solution of the neu-

tron diffusion equation with an E.-function as source term. A brief

outline of the computational steps leading to the, solution is given

here.

We have a plane isotropic neutron source with source strength

S = 1 (n • cm sec ) at x = 0 in an infinite homogenous medium

(Fig. 1. B. ) The medium has a diffusion coefficient D, an absorption

cross-section £ , and a removal cross-section £ . The isotropic re-

moval source created by the primary neutrons is

(B.I)

where

E .
y .

dy

s»

(B.2)

- oo <
x = 0

Fig. 1. B
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The neutron diffusion equation with the source (B. 1) becomes

dz<j> (x) L -L
1 - # <j)d(x)+ r

? n
 a

 E J £ J X | | = 0 (B. 3)
dx

The boundary conditions are:

(i) <|>d(x)-»0 when x-^+oa. (B. 4)

(ii) x = 0 is the symmetry plane. (B. 5)

Green's function for (B. 3) is then

-x'l

The solution to (B. 3) follows from

E )
E l2 "1

It is convenient to divide the range of integration into three regions:

1. -oo*-> 0 => |x - x'J = x - x' for x > x1 .

2. 0 *-»> x => Jx - x'f = x - x' for x > x1 .

3. x <—* +oo ^ \x. - x'l = x1 - x for x i x' .

We then have to solve the three integrals

I j(x) =' / e "^ X
 - ^ E J C |x'j] dx' (B. 8)

T (x) - / e * ' F \T Ix'l dx' fR Q̂
0

and

I3(x)= / e-^^-^EJ^ix'itdx' (B.10)

The total solution is

( B . i i )
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We may obtain directly from tables 4, 59 the integrals I,(x),

I2(x) and I3(x):

-g-) e (B. 1Z)

-Xx,- e In 1 - for (B. 13)

+ ln£jxj + 0. 5772V for

The solution <j>-,(x) is therefore

IL - £,

for Since for large x

Tax

1 2}

the asymptotic solution becomes

i, as
In

3f

(ax) (ax)

Taking the zeroth moment of <}> j(x)

M = 4,(x)dx
/
'-so

and the second moment

(B. 14)

(B. 15)

(B. 16)

(B. 17)

(B. 18)

(B. 19)

M 7 = / x <j> -.(x) dx
-cw

(B.20)
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leads to similar integral expressions as discussed above. Evaluating

(B.19) and (B.20) gives

and

( Z ( )
M \ ^ 4 - ^ -A_ . (B. 22)2 ^ ^y
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