
Percolation

Luiz Renato G. Fontes** and Vladas Sidoravicius^

t Universidade de Sao Paulo, Instituto de Matemdtica e Estatistica,
Sao Paulo, Brazil

Instituto de Matemdtica Pura e Aplicada, Rio de Janeiro, RJ, Brazil

Lectures given at the
School and Conference on Probability Theory

Trieste, 13-31 May 2002

LNS0417003

* lrenato@ime.usp.br
* vladas@impa.br





Contents

I The independent model 107

1 Introduction 107
1.1 The model 107
1.2 First results 109

2 Some tools 115
2.1 Introduction 115
2.2 FKG inequality 117
2.3 BK inequality 119
2.4 Russo's formula 121

3 Subcritical phase: Exponential decay 123

4 Supercritical phase: Uniqueness of the infinite cluster 136

5 The model in two dimensions 145

II Dependent percolation models 153

6 Oriented percolation in a dependent random environment 153
6.1 Model and results 153
6.2 Hierarchical model 155

III A related stochastic process 171

7 A zero temperature dynamics for the Ising model 171
7.1 Model and results 171
7.2 Definitions and tools 175
7.3 Proof of Proposition 7.3 178
7.4 Proof of Theorem 7.1 180

7.4.1 Proof of Lemma 7.7 185
7.4.2 Conclusion of proof of Theorem 7.1 191

7.5 Proof of Theorem 7.2 193



References 198



Percolation 105

Preface

The percolation model, object of these notes, was introduced in the late
1950's by Broadbent and Hammersley [8] as a mathematical model for gas
masks, and has since been studied by mathematicians. Physicists also have
a great interest in it, due to the similar nature of its critical behavior and
that of some physical systems, and due to the fact that percolation has so
many simple features in comparison with many of those systems.

Percolation is the phenomenon of transport of a fluid through a porous
medium. For example, oil or gas through rock, or water through coffee
powder. The medium consists of microscopic pores and channels through
which the fluid might pass. In a simple situation, each channel will be open or
closed to the passage of the fluid, depending on several characteristics of the
medium which could be summed up in a few parameters. The distribution of
open and closed channels could be described probabilistically. In the simplest
case, each channel, independently of the others, is open with probability
p, the single parameter of the model, and closed with probability 1 — p.
We will model the medium microscopically by the d-dimensional hipercubic
lattice, Zd, whose sites and (nearest neighbor) bonds represent the pores and
channels, respectively. This constitutes what we will call the independent
(Bernoulli) bond percolation model (in ifi). It will be focused on in Part I
of these notes.

A basic question is the ocurrence or not of percolation, that is, the ex-
istence of an infinite path, through open bonds only, cutting through the
medium. In the next sections of this introduction, we will define the model
in detail and show its first non-trivial result, establishing the existence of a
phase transition in 2 and higher dimensions, that is, establishing the exis-
tence of a critical value for the parameter p, pc € (0,1), such that the model
does not exhibit percolation almost surely for values of p below pc, and does
exhibit percolation almost surely for values of p above pc.

A reference for Part I is the book of G. Grimmett [19], which covers all
of it and much more. More specific references will be mentioned throughout
the text. The text of Part I is an adaptation of lecture notes of courses given
in Brazil in the last ten years. Those were much inspired in a percolation
course given by C.M. Newman at NYU at the end of the 1990's.

In Part II, we consider an oriented percolation model in a random envi-
ronment which is related to several interesting questions in discrete proba-
bility.
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In Part III, we depart further from the initial model, and consider stochas-
tic Ising models at zero temperature, which are not immediately related to
the models in the previous parts, but rather to a dynamical percolation
model called bootstrap percolation. The material is based in [17].
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Part I

The independent model

1 Introduction

1.1 The model

Consider the hipercubic lattice in d dimensions (Zd, Ed) (denoted simply Zd

when there is no danger of confusion), where Zd is the set of sites of the
lattice and Ed = {(x, y) € ifi : ||a; — y||i = 1} is its set of nearest neighbor
bonds.

To each bond of Ed will be randomly assigned the status open or closed in
the following way. Let X := {Xe,e € Ed} be an independent and identically
distributed (iid) family of Bernoulli random variables with parameter p, that
is,

Pp(Xe = l) = l-Pp(Xe = 0)=p

for all e € Ed, where p is a real number of the closed interval [0,1] and Pp

is the probability associated to X (sometimes denoted Pp^ in these notes).
The expectation with respect to this probability will be denoted by Ep.

More formally, the sample space of the model will be given by Q, =
{0,1}E . The <7-algebra is the usual one, denoted by £, and generated by
the local events, that is, events which depend on bonds in finite subsets of
Ed only. The probability Pp is the product probability in fi assigning weight
p to l's and 1 — p to 0's. Xe is the projection on the coordinate e, that is,

Xe(u) = ue for all w € fi. (1.1)

Xe = 1 will be taken to indicate that the bond e is open and Xe = 0
indicates that e is closed.

A set of bonds of E d , {ei,e2,...,en}, n > 1, where e, = (xi,yi), i =

1,2,..., n, will be caled a path if x\, X2,..., xn are distinct and yi = £j+i,
i = 1,2,... ,n — 1 (there are no loops). A path will be said open if all its
bonds are open (that is, if Xei = 1, i = 1,2,..., n). We will say that two
sites in the lattice, x and y, are connected (notation: x O y) if there exists
an open path {ei, e2,. . . , en} with x\ = x and yn = y. One can check that
connectivity is an equivalence relation. We call the classes of equivalence
(open) clusters. We will denote by Cx the cluster to which belongs x, and
also by C the cluster of the origin. C is a basic object of our study.
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We will be interested initially in \C\, the volume (or cardinality) of the
cluster of the origin; more precisely, in its distribution (which, we note, is
the same as that of \CX\ for every site x € Zd, by the invariance under
translations of Pp). Specifically, we want to know if infinite clusters can
occur (with positive probability).

In dimension 1, the problem is trivial, since, denoting by C_ and C+ the
sites of C to the left and right of the origin, respectively, we have that \C-1
and \C+\ are iid random variables with PP(|C+| > k) =pk. Thus, there are no
infinite clusters almost surely in dimension 1, if p < 1. We restrict attention
to d > 2.

\C\ is a random variable that can take the values 1,2,..., oo. A quantity
of interest will be

0(p) := PP(\C\ = oo). (1.2)

One naive approach is to write

Expressions for Pp(\C\ = k) are relatively simple to compute for small k,
but become combinatorially increasingly complicated when k increases, and
there is no explicit form for general k. The study of 6(p) will have to follow
another route.

In the next section, we prove the main result of this chapter, the first
non-trivial one of this theory, the one establishing the existence of a phase
transition in the independent bond percolation model in 2 or more dimen-
sions, stated next.

Theorem 1.1 For d > 2, there exists a critical value of the parameter p,
denoted pc, pc € (0,1), such that

9(p) = 0, if p < pc;

6{p) > 0, if p>pc.

The intervals [0,pc) and (pc, 1] are called subcritical and supercritical
phases of the model, respectively. We will study key aspects of both phases
in Chapters 3 and 4.
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1.2 First results

As an aid to the proof of Theorem 1.1, we will establish monotonicity prop-
erties of 9{p) as a function of p. For that, we will consider a probability space
where the independent bond percolation models with parameters p € [0,1]
are all imbedded, and in such a way that monotonicity is built in. We will call
this probability space the (independent) uniform (bond percolation) model.
It will come in handy in other situations as well.

Let Z := {Ze,e € Ed} be an iid family of random variables uniformly
distributed in [0,1]. P will denote the underlying probability measure in this
model.

A bond e € Ed will be called p-open if Ze < p, and p-closed otherwise.
The bond model where each bond is declared open if it is p-open and closed
if it is p-closed is a version of the independent bond percolation model with
parameter p, as described in the last section.

Lemma 1.1 9{p) is nondecreasing in p € [0,1].

Proof
Let Cp be the cluster of the origin in the percolation model obtained from

the uniform model with p-open and p-closed bonds, as described above. Then
9{p) = P(|CP| = oo). On the other hand, Cp C Cp> if p < p', since in this case
a p-open bond is also p'-open. We conclude that

6{p) = ¥(\CP\ = oo) < ¥(\Cp/\ = oo) = 6(p'). •

Remark 1.2 By the above lemma, the following is well defined. Let

pc = sup{p : 0 < p < 1 and 0(p) = 0}. (1.3)

Theorem 1.1 can then be restated equivalently as follows: pc € (0,1), where
pc is as defined in (1.3).

We now argue for the monotonicity in the dimension. For that, note that
we can get a bond percolation model in d dimensions as a bond percolation
model in a d-dimensional hiperplane of the d + 1-dimensional bond perco-
lation model containing the origin, by declaring closed all bonds connecting
that hiperplane with the rest of the space, and using X for the remaining
bonds. Denoting by C the cluster of the origin in this model, we have that
C C C and thus

9{p) =: 6(p,d) = Pp,d+i(\C\ = oo) < Pp,d+i(\C\ = oo) = e(p,d+l).



110 L.R.G. Fontes & V. Sidoravicius

This proves the following.

Lemma 1.3 6{p,d) is nondecreasing in d.

By Lemmas 1.1 and 1.3 above, in order to prove Theorem 1.1, it suffices
to establish the two following propositions.

Proposi t ion 1.4 For d>2 and p sufficiently close to 0,

9{p) = 0.

Proposi t ion 1.5 For d = 2 and p sufficiently close 1,

9(p) > 0.

As will be seen in the proofs for these results below, it is enough to have
p < l/(2d — 1) in the former result, and p > 2/3 in the latter one.

Proof of Proposition 1.4
It suffices to show that Xp •= Ep\C\ < oo for p close to 0.
We can write

where 1{.} is the usual indicator function, that is,

fl, Hue A
U(w) = < .

[0, otherwise,
for all event A, and thus

We can rewrite the above probability as Pp(U7{7 is open}), where the union
is over paths 7 connecting 0 to x. We thus have, from (1.4) and subadditivity,
that

xezd 7

where the latter sum is over paths 7 connecting 0 to x. The double sum can
be thus reordered as

E E PP(7is open),
n>0 \-y\=n
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where the latter sum is over paths 7 starting out at the origin and having
length n (that is, paths 7 = {ei,. . . , en} with x\ =0). The above probability
equals pn independently of 7, as long as I7I = n. Thus

n>0

where cr(n) denotes the number of distinct paths 7 starting out at the origin
and having length n.

A simple combinatorial argument shows that, for n > 1,

a{n) <2d(2d-l)n~1.

In fact, the first step from the origin has 2d possible site destinations, while
from the second one on, each step has at most Id — 1 possible destination
sites (due to the absence of loops). We then have that

and in order that the series converges, it is enough to take p < l/(2d — 1). •

Proof of Proposition 1.5
Let us consider the two dimensional lattice dual of Z2, Z2 = Z2 +

(1/2,1/2). Z2 is Z2 moved 1/2 unit in each coordinate direction. Super-
imposed finite portions of Z2 and Z2 are illustrated below, that of Z2 in bold
lines, dashed lines for that of Z2.

1

0

0*
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Note that there is a 1 to 1 relation between the sites and bonds of Z2

and those of Z2. Consider the 1 to 1 relationship e —> e* between bonds of
Z2 and Z2 which associates to each bond in the first lattice the secant bond
in the dual one, as in the following picture.

We define a bond percolation model in Z2 induced by the model in Z2

by declaring e* open or closed according to whether e is open or closed,
respectively.

In what follows, a circuit is a set of bonds {ei,e2,... ,en} such that
{ei, e2,. . . , en_i} and {e2, e$,..., en} are paths and yn = x\, so that a circuit
can be seen as a loop which contains no smaller loops.

The occurrence of a finite cluster of the origin in Z2 is equivalent to the
existence of a closed circuit (that is, a circuit whose bonds are all closed)
in the dual lattice around the origin (of the original lattice). This is due
to the fact that, if the cluster of the origin is finite, then the bonds of the
outer boundary of C (formed by bonds connecting sites in the C with ones
not in C), obviously closed, are always disposed in such a way that the
corresponding dual secant bonds form a circuit, which is then closed, and
encloses the origin. The following picture illustrates this geometric fact (the
cluster of the origin in the original lattice appears in bold lines, its boundary
in dotted ones, and the dual circuit in dashed lines; closed bonds with both
ends in the cluster are absent). We refer to [25], page 386, for a proof.
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We continue with the proof of Proposition 1.5.
We will show that the probability that the cluster of the origin is finite

is strictly less than 1 for p sufficiently close to 1. For that, in view of the
geometric fact above, it will suffice to argue that the probability that there
exists a closed circuit in the dual lattice around the origin of the original
lattice (0) is strictly less than 1 for p sufficiently close to 1. We have

Pp(there is a closed circuit in Z^ around 0) < ^ P p ( 7 i s closed),
7

where the sum is over all the circuits 7 in Z^ around 0. It can be reordered
as follows.

E £ P(7is closed), (1.6)

where the latter sum is over circuits 7 in Z^ around 0 and of length n.
It is clear that the probabilities in the latter sum depend only on n and

equal (1 — p)n. Thus (1.6) becomes

n>4

where A(n) denotes the number of circuits in Z* around 0 and of length n.
The following argument yields a useful upperbound for A(n). Any circuit

of length n in the dual lattice around 0 must cross a bond of the original
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lattice of the form ((0, k), (0, k + 1)), for some —n/2 < k < n/2. Prom this
secant bond, each of the n — 1 subsequent bonds can be chosen in at most 3
different ways. For these reasons, A(n) < nS""1. Replacing this in the above
sum, we get

n>4

which is a continuous decreasing function of p € (2/3,1] that vanishes in
p = 1. It follows that there exists po < 1 such that the above expression is
strictly less than 1 for p > p$. •

An improvement of the above argument which implies that 9{p) is strictly
positive for p > 2/3 is as follows.

Denote by QM the square centered at the origin with side length 2M+1,
that is, QM = {x ^ ^ • \xi\ < M, i = 1 , . . . , d}. Let AM be the event that
all the bonds of QM are open, and let BM be the event that there exists a
closed circuit in the dual lattice completely outsided QM-

Repeating the argument of the above proof, we get

PP(BM) <
n>8M+4 ~

Given p > 2/3, this expression can be made strictly less than 1 by choosing
M sufficiently large, say Mo. Thus

Pp(B
c
Mo) > 0. (1.7)

Now in the intersection of the events AM0 and BMo, the cluster of the ori-
gin is infinite. Moreover, AM0 and BMo are independent, since they depend
on disjoint sets of bonds. Thus, from (1.7), we conclude that

0(p) > Pp(AMo n BMo) = Pp(AMo)Pp(BMo) > 0,

since Pp(AMo) > 0. The argument is complete.

The critical probability pc depends on the dimension and we can denote
it by pc(d). The only nontrivial case where it is known exactly is that of
d = 2: Kesten showed that pc(2) = 1/2 [26]. For general dimensions, the
above propositions establish that

1 2
2<i- l ~Pc^ ' ~ 3'
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Kesten [27] showed that pc(d) ~ l/2d in large dimensions.

Theorem 1.1 says nothing about what happens in p = pc. We will see in
Chapter 4 that 9{p) is a continuous function of p, except possibly in p = pc.
If 9{pc) = 0, then 9{p) is continuous in [0,1] and its graph will resemble that
on the left hand side of the following figure. Otherwise, its graph will look
more like the one on the right.

9(p)

1 -

Pc
•p

Which is the case that holds is an open question for general d, but it is
believed that 9{p) is continuous in [0,1] for all d. This is actually proved in
d = 2 [26] and for large d [20].

2 Some tools

2.1 Introduction

In this chapter, we present auxiliary results which will be used in later chap-
ters. All of them have to do with events and random variables that are
increasing in a sense to be defined next.

We introduce a partial order in Q, as follows.

< J if uie < ui'e for all e <E Ed
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A random variable X will be said increasing if it is increasing in the
partial order above, that is,

X(u) < X(J) if u < u)'.

An event A £ £ will be said increasing if 1A, the indicator function of A, is
increasing. In words, an event A is increasing if for any configuration ui of
open/closed bonds where A occurs, A also occurs in any new configuration u'
obtained from u by opening bonds that are closed in u (if any1). Examples
are {x o y}, in which two sites are connected by an open path, and {|C| =
oo}, in which the cluster of the origin is infinite. \C\ is an example of an
increasing random variable.

Before proceding, we can again use the uniform model Z of last chapter
to extend the result in Lemma 1.1 for expectations of increasing functions.

Proposition 2.1 Suppose X is an increasing random variable whose expec-
tation EP(X) is well define for p in a subinterval I C [0,1]. Then, EP(X)
is an increasing function of p €. I. In particular, Pp(A) is increasing for
p £ [0,1] for any increasing event A.

Proof
Consider, for a given realization ui of the random variables in Z, the

configuration of p-open bonds, denoted up. In other words, (wp(e))eeEd is
such that

fl, ifZe(cj)<p
L)p(e) = < (2.1)

I 0, otherwise
for alle € Ed.

Let Xp be the random variable in the uniform model such that Xp (ui) =
X(up). Since X is increasing and up < up', if p < p', we have that Xp < Xpi.
Thus,

EP(X) = E(Xp) < E(Xp,) = Ep/(X), (2.2)

if P < p', P,p' € I, where E is the expectation with respect to P. •

lrThe configuration all bonds open is in every increasing event.
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2.2 FKG inequality

Increasing events and random variables in the percolation model have the
property of being positively correlated.

Theorem 2.2 (FKG inequality) Let Y and Z be two bounded increasing
random variables in (£l,£). Then

EP(YZ) > EP(Y)EP(Z). (2.3)

Proof of Theorem 2.2
Let us initially suppose that Y and Z are local, that is, depend on a finite

set of bonds only. Suppose the dependence set of Y and Z is {ei, e2,. . . , en}.
The proof in this case is by induction in n.

For n = 1, Y = f(Xei) and Z = g(Xei), where / and g are increasing
functions from R to R Let X' be an independent copy of Xei (that is, X'
and Xei are iid). Then

[f(Xei)-f(X')][g(Xei)-g(X')}>0,

since / and g are increasing. Thus

Ep {[f(Xei) - f(X')][g(Xei) - g(X')}} > 0.

Expanding the left hand side term, we get

Ep[f(Xei)g(Xei)]+Ep[f(X')g(X')}

> Ep[f(Xei)g(X')] + Ep[f(X')g(Xei)}. (2.4)

By the independence of Xei and Y', the right hand side expression becomes

Ep[f(Xei)]Ep[g(X')] + Ep[f(X')]Ep[g(Xei)].

Since Xei and X' have the same distribution, (2.4) becomes

> Ep[f(Xei)]Ep[g(Xei)} + Ep[f(Xei)}Ep[g(Xei)},

that is,
2Ep[f(Xei)g(Xei)} > 2Ep[f(Xei)]Ep[g(Xei)},

and the result is established for n = 1.
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Supposing it valid for n < k, let n = k + 1. Then

Y = f(xe1,---,Xek,Xek+1) and Z = g(Xei,...,Xek,Xek+1),

with / and g increasing. Now,

EP(YZ) = Ep [f(Xei,.. .,Xek,Xek+1)g(Xei,... ,Xek,Xek+1)]

= Ep {Ep [f(Xei,.. .,Xek,Xek+1)g(Xei,... ,Xek,Xek+1)\Xek+1] } (2.5)

In the conditional expectation above, Xek+1 is fixed and / and g can be seen
as increasing functions of Xei,..., Xek depending on a parameter Xek+1. The
induction hypothesis can be applied, by the independence of Xei,..., Xek

and Xek+1, to yield that the latter expression in (2.5) can be bounded from
below by

Ep {Ep [f(Xei,... ,Xek,Xek+1)\Xek+1] Ep [g(Xei,... ,Xek,Xek+1)\Xek+1] } .

Now, the above conditional expectations are increasing functions of Xek+1;
this follows immediately from the fact that / and g are increasing. A new re-
course to the induction hypothesis yields the result for n = k +1, completing
the induction argument.

To finish the proof, we take Y and Z not necessarily local. Let ei, e2,...
be an enumeration of Ed. By the Martingale Convergence Theorem (see,

e-g., [14]),
Y=limQEp[Y\Xei,...,Xen]

and similarly for Z. By the above, the FKG inequality holds when Y and Z
are replaced by

Ep[Y\Xei,...,Xen] and Ep[Z\Xei,... ,XeJ,

since they are increasing local functions. A passage to the limit in n and the
Dominated Convergence Theorem yield the full result. •

Corollary 2.3 / / A and B are increasing events, then

Pp(AnB)>Pp(A)Pp(B). (2.6)

Proof
Follows by a direct application of Theorem 2.2 with Y = 1A and Z = 1B-

•
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Remark 2.4 (2.6) is equivalent to

PP(A\B) > Pp(A),

which says that the occurrence of an increasing event favors the occurrence
of other increasing events.

Remark 2.5 Theorem 2.2 holds also for two random variables that are de-
creasing (in the partial order), since the inequality is unchanged by replacing
Y and Z by —Y and —Z, which in this case are increasing. Corollary 2.3
holds also for two decreasing events, for the same reason.

Remark 2.6 By standard approximation arguments, inequality (2.3) holds
also for increasing random variables with finite second moments.

Remark 2.7 The above FKG inequality was first proved by Harris [21] and
later extended to other models by Fortuin, Kasteleyn and Ginibre [18], whose
initials finally named it.

2.3 BK inequality

The next inequality goes in the opposite direction to the FKG inequality
one. It involves an intersection of increasing events which is restricted in a
sense to be described next.

Given two increasing events A and B in £, we say that A and B occur
disjointly (for a given configuration w), if there exist two open paths which
are (bond) disjoint (in w), one guaranteeing the occurrence of A, and the
other, that of B. We denote by A o B the disjoint occurrence of A and B.
Alternatively,

A o B = {wEfi: there exist two disjoint paths

7T = {ei, . . . , em} and 7 = {/1,..., /„} such that

w(ei) = ... = u(em) = u(fi) = ...= u(fn) = 1,

C{u\v) C A and C(w|7) C B}, (2.7)

where, for any subset A of Ed and u e H ,

C(W|A) = { w ' e O : tc/(e) = w(e) for all e € A}

is the cone of configurations of Q, that match UJ in A.
For example, in the event {x o y} o \u o v} there are two disjoint open

paths, one connecting the sites x and y, and the other, u and v.
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Theorem 2.8 (BK inequality) Let A and B be increasing local events in
£. Then

Pp(AoB)<Pp(A)Pp(B). (2.8)

The name of the inequality is a reference to its discoverers, van den Berg
and Kesten [6]. The restriction to local events are for technical reasons. It
can be extended to other cases of interest.

For a more complete discussion and proof, see [19]. We will discuss below
the idea of the proof, using as events the ones of the above example, but
restricted to a finite connected sublattice of Zd (for example, the cube QM
of last chapter, for some fixed M), otherwise, they will depend on infinitely
many bonds.

Let us first note that, given the occurrence of {u o v}, we have informa-
tion on some open bonds, which cannot be used in the disjoint occurrence
of {x o y}. This rends plausible that

Pp({x O y} o {u o v}\u O v) < Pp(x O y). (2.9)

The idea of the proof is as follows. Let Q be a finite connected sublattice
of ifi and e a bond of Q. Let us replace e by two parallel bonds e' and e"
which are each open with probability p and closed with probability 1 — p
independently of each other and the other bonds. Consider the disjoint oc-
currence of {x O y} and {u O v} in this new lattice, but with the first
event avoiding e" and the second event avoiding e'. This procedure cannot
decrease the original probability. We continue the procedure inductively,
replacing the bonds / of Q by parallel independent bonds / ' and / " and
considering the disjoint occurrence of {x <-} y} and {u <-} v} in the new
lattice, the occurrence of the first event disregrading " bonds, and the oc-
currence of the second event disregrading ' bonds. The procedure does not
decrease the probability in the previous step. In the end, when all bonds of
Q have been doubled, we have two independent copies of that lattice, one in
which we ask about the occurrence of {x o y}; in the other, we ask about
the occurrence of {u o v}; events thus independent. The final probability is
thus the product of the probabilities of the events and the chain of inequal-
ities lead to the probability of disjoint occurrence of the events in Q, thus
establishing (2.9).

Remark 2.9 (Reimer's inequality) The BK inequality can be extended
to arbitrary local events, provided we have the appropriate restricted inter-
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section. Let A and B be local events. Define

A\3B = { w e f i : there exist two disjoint sets of bonds

K = { e i , . . . , e m } and K' = {fi,...,fn}

such that C(ui\K) C A and C(ui\K>) C B}. (2.10)

Then
PP{AUB) < Pp(A)Pp(B). (2.11)

Inequality (2.11) was conjectured by van den Berg and Kesten and later
proved by Reimer [38]. If both A and B are increasing, then one checks that
A\3B = A o B, and one sees that the BK inequality follows from inequal-
ity (2.11). In case A is increasing and B is decreasing, then A\3B is seen
to equal An B, and one concludes that the FKG inequality is also a special
case of inequality (2.11). In what follows, we will use Reimer's inequality
only in the form of either the BK inequality or the FKG inequality, and we
will refer specifically to those.

2.4 Russo's formula

The next tool is a formula for the derivative in p of the probability of an
increasing event. To obtain it, we will yet again use the uniform model.

Let A be an increasing local event and consider

PP+S(A) - Pp(A) =

= F{LJP+S G A) - F{LJP+S (EA,LJP(E A)

= F(cjp+seA,Ljp<£A). (2.12)

Since A is increasing, LJP £ A and u)p+s G A, there must be at least one
bond e such that ujp(e) = 0 but L}p+$(e) = 1, that is, p < Ze < p + 5. Denote
by J\fP:s the set of such bonds. The probability that \J\fP:s\ > 2 is o(5). The
last probability in (2.12) then becomes

P(wp i A,LJP+S G A, \AfPi5\ = 1) + o(6).

The above probability can be written as

4 , ^ = {e}). (2.13)

Now, if ujp ^ A, u}p+$ £ A and \J\fP:s\ = 1, then the (status of) bond
e in question must be essential in LJP for (the occurrence or not of) A, in
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the sense that up £ A, but u'p € A, where u'p is the configuration obtained
from ujp by changing the status of bond e from 0 to 1. The event inside the
probability sign in (2.13) is then equivalent to the event

{e is essential in LJP for A,p < Ze < p + S,J\fP:g = {e}}.

That probability can then be written as

P[e is essential in up for A,p < Ze < p + 6] (2.14)

- P[e is essential in up for A,p <Ze<p + 6,J\fP:s + {e}]. (2.15)

The probability in (2.15) is bounded above by Pd-A/^l > 2) = o(5).
Notice that the event {e is essential in LJP for A} does not depend on e.

Thus, the probability in (2.14) factors.
Combining the above arguments, we get

PP+5(A) - PP(A)

(e is essential in uip for A)¥(p < Ze < p + 5) + o(5)

= 5 ̂  P(e is essential in wp for A) + o(5)
e

= 6E{N{A)) + o{6),

where N(A) denotes the number of essential bonds in LJP for A.
Modifying the terminology a bit, and coming back to the Bernoulli model,

given an arbitrary event A E £ and a configuration wgf i , we call a bond e
pivotal for A (more precisaly, for (A, LJ)) if, denoting by w' the configuration
identical to UJ in all bonds but e, where UJ are w' different, one of two things
happen. Either

u e i and ui' £ A or ui £ A and ui' £ A.

Let N(A) denote the number of pivotal bonds for A. The above argu-
ments prove the following.

Theorem 2.10 Russo's formula [39] / / A is an increasing local event,
then

±pPp{A)=Ep{N{A)). (2.16)
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(2.16) can be also written as

—PP(A) = ̂ 2 pp(e is pivotal for A),
dp e

The application we will make of Russo's formula starts with the observa-
tion (already made above) that the event {e is pivotal for A} is independent
of e, and thus independent of the event {e is open}, and then by concluding
that

Pp(e is pivotal for A) = -Pp(e is open and is pivotal for A).

Thus, if A is increasing, then upon applying Russo's formula, we get

—PJA) = - y^P p (e is open and is pivotal for A)
dp P^f

1
^ PP(A n {e is pivotal for A})

" e

= - y^Pp(A)Pp(e is pivotal for A\A)
e

= l-Ep{N{A)\A)Pp{A). (2.17)

Dividing the first and last expressions above by Pp(A) and integrating in
\PUPT\ (0 < pi < P2 < 1), we arrive at

PP2(A) = Ppi(A)exp (^jm ±Ep(N(A)\A)dp^ . (2.18)

The above inequality (together with other techniques, including the BK
inequality), will be used in the next chapter to get exponential decay of the
radius of the cluster of the origin in the subcritical phase.

3 Subcritical phase: Exponential decay

We could define other critical points in the percolation model. For example,
recalling that Xp is the expected value of the volume of the cluster of the
origin, that is, Xp = •^>(|C|), let

p = sup{p : xP < oo}- (3.1)
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This is well define, since Xp is increasing in p; see Proposition 2.1. The proof
to Proposition 1.4 shows that p is positive. Of course p < pc (otherwise,
0(p) = pp(\C\ = oo) > 0 and then xP = oo).

In this chapter, we will show that p = pc, eliminating the existence of an
intermediate phase (p,pc) and establishing the so called uniqueness of the
critical point.

For general d, this result was proved independently by Menshikov [34] and
Aizenman and Barsky [1], using different arguments. We will next describe
Menshikov's argument (with an unpublished improvement by Kesten).

Let Sn be the L\ sphere in Zd of radius n and center at the origin, that
is

Sn = {x € Z d : ||a;||i < n}

and let An be the event that there exists an open path connecting the origin
to the boundary of Sn.

Theorem 3.1 If p < pc, then for some ipp > 0

Pp(An) < e~^n for all n. (3.2)

Corollary 3.2 If p < pc, then xP < oo. Thus p = pc.

Remark 3.3 In the supercritical phase, Xp = °°> obviously. One can also
show [19] that

lim Xp = oo.
PtPc

Proof of Corollary 3.2
Theorem 3.1 establishes the exponential decay of the distribution of the
radius of C. From (3.2), we conclude that

PP(\C\ >n)< e~^nl/d, (3.3)

for some tp'p > 0 and all n. Thus,

Remark 3.4 (3.3) establishes a subexponential decay for the distribution of
\C\. With more work, one can get exponential decay for the distribution of
\C\ (see [19]).
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Proof of Theorem 3.1
The proof of Theorem 3.1 will be presented in an introduction and three
additional parts.

Introduction
Define

gp(n) = Pp(An). (3.4)

Note that gp(n) 4- 6(p), when n f oo. Thus, if p < pc, then there exists
p' such that p < p' < pc and thus

n—s-oo

The problem is to show that for some p', if lin^^oo gpi (n) = 0 then for p < p'

gp(n) < e~^n for all n.

We want to bound gp{n) from above in terms of gp>(n) and something else
(it is necessary to improve the trivial bound gp(n) < gp>(n)).

Part 1
Prom the (2.18) version of Russo's formula, we deduce immediately the fol-
lowing inequality for 0 < a < f3 < 1.

ga(n) < gp(n)exp (- f Ep(N(An)\An)dpj , (3.5)

where N(An) is the number of pivotal bonds for the event An (note that An
is a local increasing event).

Part 2
For a given /?, let M denote the (random) radius of the open cluster of
the origin (that is, M = max^c ||a;||i or, equivalently, M = max{A; : Ak

occurs}). Note that if 9{p) > 0, then M = oo with positive probability. If
9(p) = 0, then M is a finite integer random variable.

Let M\,M2,... be independent random variables with the same distri-
bution as M. We will show ahead that

PP(N(An) > k\An) > P((l + Mi) + .. . + (1 + Mfe) < n), (3.6)
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for all k > 0. This relates N(An), when conditioned in An, to a renewal
process. Using standard tecniques for those processes, we will conclude that

oo

Ep{N{An)\An) = "£l
fe=i
00

fe=i
n 1 n

Part 3

We then combine Parts 1 and 2 to obtain for 0 < a < f3 < 1

<7«(n) < 9p(n) exp [(^ - a) - {0 - a) U 1 . (3.8)

Prom that, we get
oo

J ^ < o o , (3.9)8=0

and Theorem 3.1 then follows from (3.8).

Next we give details for Parts 2 and 3.

Part 2
Let {ei, e2,.. . , em} be the open pivotal bonds for An in the order they are
reached when going through an open path from the origin to dSn. (Note
that the order is the same for all such paths due to the pivotality.) Write ej
as (xj,yj) (in the "correct order"; see Figure 1).

The bonds of the cluster of the origin between successive pivotal bonds
form sausages. The cluster of the origin in Sn can then be seen as sausages
of bonds connected by pivotal bonds.

Let

pi =

P2 =

Pn = \\Vn-l ~Xn\\i.
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Figure 1: Open cluster in S7. There are 4 pivotal bonds for A-j in this
configuration, denoted ei, e2, e$ and e±.
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The pj's represent the radii of the successive sausages.
We have that N(An) > k if

(pi + 1) + (p2 + 1) + • • • + (pfe + 1) < n,

that is,
pi + ... + pk <n-k.

Thus,
PP(N(An) > k\An) > Pp(Pl + .. . + pk < n - k\An). (3.10)

We want to show that

PP(pi + -.. + Pk<n- k\An) > Pp(Mi + ... + Mk<n-k), (3.11)

for all n and k, where Mi,M2,... are iid random variables distributed as
the radius of the cluster of the origin (we have already introduced this latter
random variable and denoted it by M).

We will obtain (3.11) from an inequality involving conditional probabil-
ities, as follows.

PP(pk < rk\pi = n , . . . , Pfe-i = r/t-i, An) > P(Mk < rk), (3.12)

for all n, k and r\ + .. . + rk < n — k.

Lemma 3.5 (3.11) follows from (3.12).

Lemma 3.6 (3.12) holds.

Before proving the above lemmas, let us see why (3.11) implies the result
of Part 2.

Prom (3.10) and (3.11), we get

PP(N(An) > k\An) > P((l + Mi) + .. . + (1 + Mfe) < n). (3.13)

Let us consider M[,M'2,... iid random variables distributed as M' =
1 + M A n. We have

PP(N(An) > k\An) > P(M[ + ... + M'k<n).

We now use some elementary renewal theory. Consider a renewal process
with life times M[, M^ ... (and thus renewal times M{, M[ + M^ . . . , M[ +
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Define a random variable K as the number of renewals up to time n plus
one, that is,

K = min{k : M[ + . . . + M'k > n}.

We then have

P(M[ + ... + M'k<n) = P(K >k + l) = P(K -l>k).

Summing over k > 1, we get

n)]^) > E(K - 1) = E{K) - 1.

To obtain a lower bound to E(K), we use Wold's identity [14], which
implies in this case that

E{M[ + ... + M'K) = E(K)E(M').

Since M[ + .. . + M'K > n + 1 > n, we immediately get

E(K) - 1 > p / . , n - 1 = ™ TTT - 1
E(M') L,

as desired.
Let us now prove Lemmas 3.5 and 3.6.



130 L.R.G. Fontes & V. Sidoravicius

Proof of Lemma 3.5

Pp(pi + ... + pk <n-k\An)
fe-i

<n-k-^2n\pi =n,...,pk-i =rk-i,An)

x PP(pi =ri,...,pk-i =rk-i\An)
fe-i

ri)Pp(pi = n,...,pk-i = rk-i\An)

<n-k\An)
k

Mk = rk, An)Pp(pi = n,..., pfc-2 = rk-2, Mk = rk\An)
k

=ri,...,pfc_2 = rfc_2,Mk = rk\An)

<n-k\An)

> Pp(Mi + ... + Mk<n-k),

where all the inequalities follow from (3.12).

Proof of Lemma 3.6
We want to show that

Pp(pk<rk\pi=ru...,pk.1=rk-UAn) > Pp(M <rk) (3.14)

when n + . . . + rk < n — k. This is equivalent to (denoting the event {pi =
n,...,pk-i =rk-i} by B)

PP(pk > rk, B, An) < PV{M > rk)Pp{B, An). (3.15)

Note that {M > rk} = Ark+i. For k = 1, the inequality becomes

Pp(pi > ruAn) < Pp{Ari+l)Pp{An), (3.16)

for n < n — 1.
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Figure 2: The pivotal bonds are e, = (xi,yi) for i = 1,2,3,4. Note that
X3 = 2/2 in this configuration. The dashed line represents the boundary dSpi

of SP1. Note the disjoint open paths from the origin to dSpi.

In the event that {pi > ri}, the origin is connected by two disjoint open
paths to x\ and x\ is at distance at least ri + 1 from the origin (see Figure 2).

In the event {p\ > r\\ fl An, there are two disjoint open paths, one from
O to dSri+i and another from O to dSn. Thus,

{PI > M nAnc A-i+i ° An

and the BK inequality yields (3.16) (note that the events involved are local
increasing ones).

For k > 1, we write
B = \jBr,

r
a disjoint union over (detailed) configurations of the sausages up to yt-i-
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Then

PP(B, An) = J£PP(An\Br)PP(Br) (3.17)
r

and

Ppipk > rk,B,An) = ^Pp{pk > rk,An\Br)Pp(Br). (3.18)
r

Thus, it is enough to show that, for each F,

PP{pk > rk,An\Br) < Pp{Ark+l)Pp(An\Br). (3.19)

But the left hand side probability is bounded above by

Pp(there are disjoint open paths from yk-i to dS(yk-i,rk + 1) and from

yk-\ to dSn that do not use bonds on the closure of previous sausages),

where S(yk-i,rk + 1) is the L\ sphere centered in y^-i and of radius r^ + 1.
By closure of a sausage we mean the sausage itself united to its pivotal and
boundary bonds.

As in the case of k = 1, from the BK inequality, this time applied re-
placing Ed by Ed\(bonds on the closure of the previous sausages), it follows
that the above probability is bounded above by

Pp{yk-i <-> dS{yk-i,rk + 1) without using previous bonds)
xPp(Vk-i +* dSn without using previous bonds).

The latter probability equals Pp(An\Br). The former one is less or equal
than

which, by the translation invariance of the model, equals Pp(Ark+i). •

The conclusion that (3.9), and thus Theorem 3.1, follows from (3.8) is
reached through the following lemma, a purely analytical result, for whose
proof we refer to [19].

Lemma 3.7 For p < pc, there exists a 5(p) such that

gv{n) < 6(p)n-^2. (3.20)
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Proof of Theorem 3.1 (continued)
Prom (3.20), we have that

1/2, (3.21)
8=0

for some A(p).

Replacing (3.21) in (3.8), we get

9a (n) < gp (n) exp [(/? - a) - c((3 - a)n^2] , (3.22)

where c is a positive constant, which implies (3.9). (3.2) follows. •

Definition 3.8 We call the probability that two sites x and y are connected
by an open path, Pp(x O y), connectivity function (between x and y), de-
noted Tp(x,y).

The exponential decay of the connectivity function is an immediate con-
sequence of Theorem 3.1.

Corollary 3.9
Tp{x,y)<e-^Wx-y\\\ (3.23)

with (j>v > 0 for p <pc-

We present now another corollary to Theorem 3.1, establishing smooth-
ness of Xp m the subcritical phase.

Corollary 3.10 Xp ?s & times differentiate in p < pc for all k > 1.

Proof
Since p < pc, we can write Xp a s

= n). (3.24)
7 1 = 1

The latter probability can be expressed as

PP(\C\ =n) = 5 > n m 6 p m ( l -p)\ (3.25)
m,b
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where anmb is the number of lattice animals containing the origin with n
sites, m bonds and b boundary bonds, where by a lattice animal we mean
any finite connected set of sites of the lattice.

For n fixed, the following bounds hold for m and b.

n - 1 <m<dn and b < 2dn (3.26)

These yield the following bound for Ylm 6 anmb- For all p € [0,1],

m,b

Thus,

Returning to (3.25), from all the above, we get

dn 2dn

n m=n—l 6=1

Let us now consider two cases. For p = 0, we will prove the stronger fact
that Xp is (real) analytic (that is, it can be written as a convergent power
series of p; this implies smoothness). Then, we will argue smoothness in
0 < p < pc.

Extending Xp formally to the complex plane from (3.28), we have

dn 2dn

E J><Wm(l-*)6- (3-29)E
n m=n—l 6=1

To get analyticity of Xp a t the origin, it is enough to show (by Vitali's
Theorem) that the above series is uniformly convergent in a complex neigh-
borhood of the origin.

From (3.27), we have that

dn 2dn

m=n—l 6=1

dn 2dn

E
m=n—1 6=1

<
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if \z\ < 1, where A depends only on d and c(z) = \z\{7(l + \z\)2}.
For \z\ sufficiently small, c(z) < 1 and we conclude that the series defining

K(z) is uniformly convergent in a complex neighborhood of the origin and,
thus, that Xp is analytic in p = 0.

We now look at the case where 0 < p < pc. Let us differentiate Xp
formally k times, using (3.28), to obtain

dn 2dn

E
n m=n—l 6=1

(3.30)

To get differentiability of Xp m I '•= (0>Pc), it is enough to show that the
above series is uniformly convergent in an arbitrary closed interval of / . For
that we note that

dk

dpk (pm(l-p)b)
r=0

r=0

p \-p

where xr = x\/r\. Thus,

E
n>N

dn 2dn

E
m=n—l 6=1

dk

dn 2dn

(7 M

n>N m=n-16=l

and, thus, (3.3) implies the uniform convergence of (3.30) in closed intervals
of/. •

Remark 3.11 A similar argument, but using exponential decay of the dis-
tribution of \C\ (as discussed in Remark 3.4), proves analyticity of Xp ? n

(0,pc). (See [19].)
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4 Supercritical phase: Uniqueness of the infinite
cluster

The ergodicity of the product measure Pp implies that, almost surely, there
exists somewhere in Zd an infinite open cluster when 9{p) > 0. In fact, the
event that there exists somewhere an infinite open cluster (U^gd-dCs;! = oo})
is translation invariant and thus trivial under Pp. (Triviality also follows from
the fact that this event is a tail event and from Kolmogorov's 0 or 1 Law.)

In this chapter, ergodicity will be explored to yield an important feature
of this phase: the fact that the open cluster is unique (almost surely).

For each u e f i , let us denote by r)(uj) the random variable that counts
the number of distinct infinite open clusters of the configuration LJ. r) is
translation invariant (since translations in UJ do not change the number of
infinite clusters in it). From the fact that the probability measure Pp is
product, and using a known 0 or 1 law, rj is trivial under Pp, that is, it is
Pp-almost surely a constant, which we call kp. Clearly kp = 0, if 9{p) = 0.
In principle, kp could take any positive integer value, when 9{p) > 0, from 1
to oo. The main result of this chapter excludes kp > 2.

Theorem 4.1 For allp € [0,1], either

Pp(n = 0) = 1 (4.1)

or
Pp(n = i) = i. (4.2)

Theorem 4.1 is proved through the following propositions, due to respec-
tively Newman and Schulman [37] and Aizenman, Kesten and Newman [2].
The first proposition, excludes 2 < kp < oo. The second one, excludes
kp > 3. (As will become clear in their proofs, one cannot include oo in the
first one or 2 in the second.)

Proposition 4.2 For all p G [0,1], either

Pp(rj = 0) = 1 (4.3)

or
Pp(v = 1) = 1 (4.4)

or
Pp(r] = oo) = 1. (4.5)
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Proof
For p fixed, let kp be such that Pp(r) = kp) = 1. Assume that 1 < kp < oo.
We will show that this implies that Pp(r) = 1) > 0, and this in turn implies,
by the triviality of 77, that kp = 1.

Indeed, denoting by Qn the cube of side length 2n + 1 centered at the
origin, consider the event

An = {all infinite clusters intersect Qn}- (4-6)

Note that An depends on the bond configuration outside Qn only (including
bonds that connect Qn with its complement). Since kp < 00,

Pp(An, rj = kp) = Pp(rj = kp) = l. (4.7)

Let no be such that Pp(Ano) > 0 and consider the event

Bno = {all the bonds of Qno are open}. (4.8)

Since Bno depends only on the bonds in Qno, it is independent of Ano.
Finally, the event that 77 = 1 contains Ano n Bno. We conclude from all

the above that

PP(r] = 1) > PP(Ano n Bno) = Pp(Ano)Pp(Bno) > 0. • (4.9)

Proposition 4.3 For all p € [0,1], Pp(r] > 3) = 0.

We will present a proof that is different from the original one by Aizen-
man, Kesten and Newman. The following argument, due to Burton and
Keane [9], relies on a geometric argument, which we briefly sketch now.

The occurrence of three or more distinct infinite clusters (and the trans-
lation invariance of Pp) implies the existence of a density of special triple
points. A special triple point is a site x that is connected to three infinite
clusters which would be distinct by removing x as well as the bonds incident
on x from the cluster of x. But a lemma about connected graphs and triple
points (stated below in the form of an exercise) shows that, inside the cube,
there can be a number of special triple points only of the order of the area
of the its boundary. The proposition follows from the contradiction.

Exercise Let G be a connected graph with set of sites V and set of bonds
E. A site x in V will be called a triple point for G if
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Figure 3: a; is a triple point

i) there exist exactly three bonds of E touching x, and

ii) the subgraph G1, in which x is removed from V and the three bonds
incident on x are removed from E, has exactly three connected com-
ponents. (We will denote the set of sites of these three components
Vi(x), V2(x), Vz{x) and we will call them branches of x. See Figure 3.)

a) Let G be a connected graph in which x\,X2,... ,xn are distinct triple
points for G. Show that, for some i, two out of the three branches of
Xi, say V2(xi) and Vz(xi) do not contain any of the other triple points
({x\,..., xn}\{xi}). [Hint: induction in n]

b) For i = 1,. . . , n, consider the graph G\ obtained from G and x\,..., xn

of the previous item by removing from G all the sites of Vz{xi) and all the
bonds touching those sites. For i = 1,. . . , n, show that {x\,...,xn}\{xi}
are triple points of G{.

c) Let G be a connected graph and x\,...,xn distinct triple points of
G. Among the 3n branches Vi(xi), V^rri), ̂ (rri), Vi(x2),..., Vs(xn), show
that one can find at least n + 2 disjoint branches.

Proof of Proposition 4.3
Assume Pp(r) > 3) > 0. Let us look for a contradiction.

Consider the event

Fn = {at least three distinct infinite clusters touch Qn-i}- (4.10)

Note that Fn f {77 > 3} when n f 00. Thus there exists n$ such that
Pp(Fno) > 0. Given yi,V2,y3, three distinct points in the interior of the faces
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2/2

2/1

X

of

2/3

Figure 4: The event F'nQ(yi,y2,yz).

) consider the event

Fno(2/1)2/2,2/3) = {2/1,2/2,2/3 belong to distinct infinite clusters

using bonds exterior to Qno only2}.

Since Fno C Uyi,y2,y3 ^0(2/1,2/2,2/3), we have that

> 0 (4.11)

for some 2/1,2/2,2/3- Given these 2/1,2/2,2/3, let a; = x(yi, y2,2/3) be a site inside
Qn0 with the property that there exist three disjoint paths made with bonds
of the interior of Qno only2 connecting x to 2/1,2/2,2/3 respectively. Define
now the event

F'no (2/1,2/2,2/3) = {the three above mentioned paths are open,

all other bonds of the interior of Qn are closed}.

Excludes bonds with at least one end in Qno-i-
2Bonds of Qno-i united to bonds with an end in Qno-i
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Thus

where the equality follows from the independence of the events (the first one
depends on bonds exterior to Qno only; the second, only on interior bonds).

Let us now say that a triple point (according to the definition in the
above exercise) is a special triple point if all of its branches are infinite. Note
that

{ (̂2/1,2/2,2/3) is a special triple point} D ^0(2/1,2/2,2/3) H F'nQ (yu y2, y3).

Prom the above discussion, we conclude that, if Pp(r) > 3) > 0, then

Pp(x is a special triple point) > 0. (4-12)

The above probability does not depend on x, by the translation invariance
of Pp. Let us denote that probability by p. It follows that

-E'P(#{special triple points in Qn-i}) = (2n - l)dp, (4.13)

thus

Pp[#(special triple points in Qn-i) > (2n - l)dp)] > 0 (4.14)

for all n (since, for any integrable random variable X, P(X > E(X)) > 0).
On the other hand, it is a consequence of the above exercise, to be argued

below, that the number of special triple points in Qn-i is bounded above by
2d(2n — I)**"1 for o l l u e ! ] and all n, and this contradicts (4.14) for n large
enough. The result follows from the contradiction.

Let us now argue the claim in the beginning of last paragraph. Each
branch of each special triple point (stp) touches one (or more) sites in some
face of dQn (whose sites total 2d(2n — l)d~l in number). Consider the
connected components of the stp's using bonds of the interior of Qn only.
Let us say that the components contain 711,712,... stp's each (that is, the
i-th. component contains n, stp's). Thus

711+712 + . . . (4.15)

gives the total number of stp's in Qn-\. Using the language of the above
exercise, the i-th. component contains n, triple points. Prom the result in
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that exercise, we can find at least n, + 2 disjoint branches among the 3n,
possibilities. Thus, we can find at least

(m + 2) + (n2 + 2) + . . . (4.16)

disjoint branches of all those triple points. Since each branch touches at
least one site in the faces of Qn, it will be necessary that

m + n2 + . . . < (ni + 2) + (n2 + 2) + . . . < 2d(2n - I)*"1, (4.17)

as claimed. •

We next present some corollaries to Theorem 4.1. We recall that TP(X, y)
is the connectivity function between the sites x and y, that is,

Tp(x,y) = Pp{x^y).

Corollary 4.4
rp(x,y)>[e(p)}2 (4.18)

This result implies that in the supercritical phase, the connectivity func-
tion between two points does not decay to zero as their distance increases.

Proof

Tp(x, y) > Pp(x are y are in the same infinite cluster)

= PP(\CX\ = \Cy\ = oo) > Pp(\Cx\ = oo)Pp(\Cy\ = oo) = 9(p)2,

where the first equality follows from Theorem 4.1 and the last inequality is
FKG. •

Corollary 4.5 6(p) is left continuous in (pc, 1].

Proof
Let us use the uniform model (to have percolation models for all p G [0,1]
coupled), where we have an iid family of Uniform in [0,1] random variables,
Z = {Ze, e € Ed}, and we declare a bond e p-open if Ze <p (as in the proof
of monotonicity of 6(p) in p). Let Cp be the cluster of the origin when we
use p-open bonds as open bonds. If n < p then C% C Cp and

Iim0(7r) = limPflCrl = oo) = P(UW<P{|C,| = oo}).
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We want to show that the last probability above equals 9{p). We consider

9{p) - F(U*<P{\C*\ = ex,}) = ¥(\CP\ = cx>, I d < CXJVTT < p) (4.19)

for p > pc. To conclude that the last expression vanishes, it is enough
to argue that if \CP\ = 0 0 and the infinite p-open cluster is unique, then
\CW\ = 00 for some n < p. Indeed, take a such that pc < a < p. Then,
almost surely there exists an a-open infinite cluster, Ia, which has to satisfy
Ia C Cp, since otherwise there would be two infinite p-open clusters. Thus,
there exists a (finite) path of p-open bonds, 7, connecting the origin to Ia.
Since 7 is finite and each e in it has Ze < p, then

H = max{Ze, e G 7} < p.

Let IT be such that n > a and /J, < IT < p. Then Ia and 7 are ?r-open. Thus
|C,r|=OO. •

The above result, together with the following one (which is not a corollary
of the uniqueness of the inifinite cluster), tells us that 9{p) is continuous in
(Pel]-

Proposition 4.6 9{p) is right continuous in [0,1].

Proof
For n > 1, let An be the event that the origin is connected to the boundary
of Sn by an open path. (An)n>\ is a decreasing sequence of events and

Pp(An)l6(p)

when n I 00. Pp(An) is continuous in [0,1] for all n > 1 (since it is a
polynomial; this follows by the facts that An is a local event and that Pp

probabilities of local events are always polynomials) and is increasing in
[0,1] for all n > 1 (since An is increasing; see Proposition 2.1). Thus, 9{p)
is the decreasing limit of increasing continuous functions. An analytical
result about lower semicontinuous functions (or a direct argument) yields
the result. •

Remark 4.7 As a consequence of the two latter results and the results in
Chapter 1, we have that 9{p) is continuous in [0,1] if and only if 9{pc) = 0.
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For the next corollary, we will say that there occurs a left-right crossing
in the cube Qn, if there exists an open path in Qn connecting the left and
right faces of Qn. We will denote by LRn the event that a left-right crossing
occurs. LRn can be seen as a finite volume version of the event that there is
percolation. It is a consequence of the exponential decay of the connectivity
function (see Corollary 3.9) that Pp(LRn) —> 0 when n —> oo in this case
(check!). The supercritical case will be considered next.

Corollary 4.8 If 9(p) > 0, then

Pp{LRn) -* 1 (4.20)

when n —> oo.

Proof
Let Im be the event that some site in Qm belongs to an infinite cluster.
Given e > 0, choose m large enough so that

PP(Im) > 1 - e (4.21)

(this is possible for reasons already discussed in the beginning of this chap-
ter).

We have that, for n > m,

Im C U?£x {Qm o Ft in Qn} , (4.22)

where F\,..., i^^ are the faces of Qn.
Thus,

> [l-Pp(Qm^FmQn)]
2d, (4.23)

where F € {F\,..., i ^ } and the last inequality follows from the FKG in-
equality by the fact that the events in the intersection are all decreasing and
also from the fact that all these events have the same probability.

From (4.21) and (4.23), we have that

PP {Qm <* F in Qn) > 1 - e 1 ^ . (4.24)



144 L.R.G. Fontes & V. Sidoravicius

Figure 5: The event A m n

Let Fi and Fr be the left and right faces of Qn, respectively. By the FKG
inequality and (4.24), we have that

PP ({Q inQn} n {Qm o Fr inQn}) > (1 - (4.25)

Let now AmjTl be the event that there are two sites of dQm in two disjoint
open clusters, both touching dQn. We have that AmjTl C Am,n+i and AmjTl \.
Am when n f oo, where Am is the event that there exist two distinct infinite
open clusters touching Qm. We conclude that

Pp\Am,n) ~~̂  Pp\Am) — "

when n —> oo and, thus, from

Pp(LRn) > (1 " t1/2d? ~ Pp(Am,n),

which follows from

{Qm o Ft inQn} n {Qm o Fr inQn} cLRnU,

we have that
liminiPJLRn) > (1 - e1 /2d)2

n—s-oo
and the result follows since e is arbitrary. •

(4.26)

(4.27)

(4.28)

(4.29)
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Remark 4.9 We just argued that

{ ° i f P < P a n d (4.30)
ife(P)>o.

The case of p = pc is thus left out (if one assumes that 9(pc) = 0). In
two dimensions, where pc = 1/2 and 9(pc) = 9(1/2) = 0 are known to hold
(see end of Chapter 1), one finds a distinctive behavior at criticality. Indeed,
one can show that limn_).0OPi 2(LRn) = 1/2.

5 The model in two dimensions

In this chapter, we will consider the two dimensional percolation model.
Relying on the self duality of Z2, we will prove that its critical probability
equals 1/2 and that 9{pc) = 0. This in particular establishes the continuity
of 9{p) in all the interval [0,1] in two dimensions. Besides self duality, other
ingredients of the proof are the exponential decay of the distribution of the
radius of C inp < pc (Theorem 3.1) and the uniqueness of the infinite cluster
in 9{p) > 0 (Theorem 4.1).

Let us again consider, as in the proof of Proposition 1.5, the two dimen-
sional dual lattice of Z2,

Z2 is isomorphic to Z2 (for this reason we say Z2 is self dual). This is a
crucial fact for what follows. Another crucial fact, which we have already
used in the proof of Proposition 1.5, is the following geometric property of
Z2.

Proposition 5.1 Let G be a finite connected graph of 7A2. Then there exists
a unique circuit T of Z2 containing G with the property that every bond in
F crosses a bond of AG, the boundary of G (that is, the collection of bonds
of Z2 \G that are incident on sites of G).

Theorem 5.2 In two dimensions,

pc = 1/2 and 9{pc) = 0.

Theorem 5.2 will be proved through the following two lemmas.
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Lemma 5.3 In two dimensions,

9(1/2) = 0.

Remark 5.4 This result has the immediate consequence that in two dimen-
sions

Pc > 1/2.

Lemma 5.5 In two dimensions,

Pc < 1/2.

The heuristics for the first lemma are: if 0(1/2) > 0, then there will be
an infinite open cluster in Z2 and an infinite closed cluster in Z2. The two
infinite clusters cannot touch (recall that the bonds of Z2 have the same
status as the respective secant bonds of Z2 — see proof of Proposition 1.5)
and Z2 is too small for that.

For the second lemma, the heuristics are that in p < pc, there are only
finite open clusters (islands) in Z2 in a sea of closed bonds of the dual.
Presumably, these form an infinite cluster. Thus, 1 — p > pc whenever
p < pc, and the result follows.

Proof of Lemma 5.3
The unpublished argument is due to Y. Zhang. We will use the square

root trick of Cox &: Durrett (already used in the proof of Corollary 4.8): If

are increasing events with the same probability, then

i - Pp(^T=iAi) = PP(nr=lA<;) > [i - Pp(Ai)]m,

where the inequality is FKG. Thus,

Suppose that
0(1/2) > 0. (5.1)
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Let Ae
n be the event that some site on the left of Tn = [0,n]2 is in an

infinite open cluster of Z2 without using other sites of Tn. Define A%, A^
and Ab

n similarly, substituting left side with right side, top side and bottom
side, respectively. As a consequence of (5.1)

P\/2 (there exists an infinite open cluster) = 1,

from which we conclude that

when n —> oo.
By the square root trick,

P1/2{Al) -+ 1 (5.2)

as n —> oo for u = e,d, c, b.
Let N be such that

Pi/2{AU
N) > 7/8 and P1/2{AU

N_1) > 7/8 (5.3)

for u = e,d, c, b.
In the dual lattice, let A%(n) be the event that some site of the left side of

T* = [0, n — 1] + (1/2,1/2) is in an infinite closed cluster of Z2 without using
other sites of T£. Ad(n), A^(n) and A\(n) are similarly defined, substituting
left side with right side, top side and bottom side, respectively.

We have
P1/2{Al{N)) = P i / 2 ( ^ _ 1 ) > 7/8. (5.4)

Consider
A = ANnAd

Nn A$(N) n A*(N).

Note that, in A, if there is only one infinite open cluster in Z2 and only one
infinite closed cluster in Z2, then the infinite open paths to the left and right
of TN will have to connect through the inside of T^, since in the outside the
infinite closed paths on the top and bottom of TN block the way. Similarly,
the infinite closed paths on the top and bottom of TN will have to connect
through the inside of TN- But in this case, the open and closed connections
TN and TN will have to cross, but that is impossible. Thus, in A there must
be either two infinite closed clusters in Z2 or two infinite open clusters in Z2

(see Figure 6). We conclude from Theorem 4.1 that

Pl/2(A)=0. (5.5)
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Figure 6: The sites a and b are in infinite open clusters of Z2\7V and the
sites x and y are in infinite closed clusters of Z2\T^-. If there is a unique
infinite open cluster, then there exists an open path n connecting a to b, and
in consequence the infinite closed clusters in x and y are disjoint.
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M

Figure 7: A sketch of the event AM

On the other hand

P1/2{AC) < P1/2[{A%f] + P1/2[{Ad
nf] + P1/2[(AUN))C] + P1/2[(Al(N))c]

< 1/2

by (5.3) and (5.4). Thus, P1/2{A) > 1/2, in contradiction with (5.5), and
the lemma is proved. •

Proof of Lemma 5.5
Let us show that, if p < pc, then there exists an infinite closed cluster in

the dual with positive probability, which implies that 1 — p > pc, which in
turn yields the lemma.

If p < pc, then from Corollary 3.2 we have that

(5.6)
n=l

Let M be a positive integer and

AM = {There exists an open path n in Z2 connecting some site of the form

(k, 0) where k < 0 to some other of the form (1,0) where I > M with

the property that all bonds of n but the extreme ones are above the

horizontal axis}
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Thus

PP(AM) < PP ( ( J {(k, 0) «-> (/,0) for some A < 0} J
\l=M /

Pp((k, 0) <H> (/, 0) for some k < 0)

Pp((0,0) o (k - 1,0) for some k < 0)

Pp((0,0) <-> (I + m, 0) for some m > 0)

\l=M
oo

oo

<

(5.6) allows us to choose M such that

PP{AM) < 1/2. (5.7)

Let now
L = {(m + 1/2,1/2) : - 1 < m < M}.

Denote by C(L) the set of sites of the dual that are connected to L by closed
paths in the dual.

If |C(L)| < oo, then there exists an open circuit in the dual of Z^, that
is, Z2, around C(L) (by Proposition 5.1). Thus there must be an open path
in Z2 connecting sites of the form (k, 0) with k < 0 to (1,0) with I > M
entirely within the upper half plane. Then

PP(\C(L)\ < oo) < PP(AM) < 1/2. (5.8)

Thus PP(|C(L)| = oo) > 1/2. But then, at least one site of L must be in an
infinite closed cluster. We conclude that

Pp(0* is in an infinite closed cluster) > ——-Pp(\C(L)\ = oo)

- 2(M + 1)

and the lemma is proved. •
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Figure 8: S5 and its dual SI

We present now an alternative argument for Lemma 5.5, with an inter-
esting by-product.

Another proof of Lemma 5.5
Consider the following sets of sites

An = {x € Z2 : 0 < xi < n + 1, 0 < x2 < n)

A* = {x + (1/2,1/2), x € 1? : 0 < xi < n, - 1 < x2 < n},

the subgraphs

Sn = An U {nearest neighbor bonds of An except

(x, y) with x\ = y\ = 0 or x\ = y\ = n + 1}

5* = A* U {nearest neighbor bonds of A* except

(x, y) with X2=y2 = —1 or X2 = y2 = n}
and the events An that there exists an open path in Sn connecting its left
side to its right side and A* that there exists a closed path in 5* connecting
its bottom side to its top side.

We have that
AnnA*n = 0, (5.9)
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Figure 9: Illustration of the fact that if there is no open path crossing Sn

from left to right, then there is a closed path crossing 5* from top to bottom.

otherwise there will be a crossing between the open path in Sn with the
closed path of 5*, and that is impossible.

On the other hand
AnUA*n = tt. (5.10)

In fact, suppose that An does not occur. Let D be the set of sites of Sn

reached from the left side together with the bonds between those sites. By
a variant of Proposition 5.1, there exists a path in Z* cutting through 5*
from top to bottom, secant to bonds of Sn in the boundary of D only. Thus
this path is closed and A*n occurs (see Figure 9).

From (5.9) and (5.10)

But PP{A*n) = Pi-p{An). Thus

Pl/2(An) = 1/2

(5.11)

(5.12)

(for all n).
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But it pc > 1/2, then Pi/2{An) —> 0 as n —> oo (by a variant of the
argument that says that Pp(LRn) —> 0 as n —> oo if p < pc mentioned in the
previous chapter).

The contradiction proves the lemma. •

The interesting by-product of this argument aluded to before is the fact
that Pi/2{An) = 1/2 independently of n. One can argue, as for LRn in the
previous chapter, that

Pp(An) -»• 0 or 1

as n —> oo depending on whether p < pc or p > pc, respectively. See
Remark 4.9.

Part II

Dependent percolation models

6 Oriented percolation in a dependent random en-
vironment

6.1 Model and results

In this section we consider the following north-east oriented site percolation
model on Z+: the lines Hi := {(x, y): x + y = i} are first declared to be
"bad" (or "good"), independently of each other, with probability 5 (1 — 5,
respectively); sites on good lines are open with probability p, and on bad
lines they are open with probability A, independently of each other, given
the configuration of lines. More formally, on a suitable probability space
(£1, A, V), let us consider a Bernoulli sequence £ = (£j: i £ Z+) with P(£j =
1) = 6 = 1 - P(£i = 0), which determines Ht to be "bad" or "good", and
a family of occupation variables (rjz: z £ Z>+ x Z+) which are conditionally
independent given £, with P(rjz = 1 |£) = A = 1 — P(rjz = 0 | £) if z G Hi
with & = 1, and P(r)z = l\£)=p = l - P(r)z = 0 | 0 if z <E Ht with & = 0.
If rjz = 1 the site z is open, and otherwise it is closed.

The interesting situation is when p > pc, the critical probability for
oriented site percolation on Z + x Z + , and A a small positive number. Given
p and A we ask if 5 > 0 may be taken small enough so that there is a positive
probability of percolation to infinity from the origin. In the setup described
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above, let
Q(p,A,8) = P(C0 is infinite ),

where Co denotes the oriented open cluster of the origin.

Theorem 5.1 [29] If p > pc and A > 0 one can find So = So(p, A) > 0 so
that

e(p,A,6)>0

for all S < So-

The main motivation for the study of this question lies in its tight con-
nection to several interesting questions which appeared in the past decade
in various subfields of probability theory: Winkler's problem of compatibil-
ity of random binary sequences (closely related to problems in distributive
computing), existence of percolation of arbitrary words when p is close to 1
(the general problem was introduced and studied at p = \ by Benjamini and
Kesten [5], see also [30] for discussions), percolation on randomly stretched
lattice in dimension two (introduced and studied in dimension larger than or
equal to three by the method of paths with exponential intersection tails by
Jonasson, Mossel and Peres [24], and recently by C. Hoffman [22] in dimen-
sion two). In spite of their very different appearance, these problems have
much in common: one way or another, all of them could be reformulated
as Bernoulli percolation in a dependent random environment. We will not
discuss here how all these questions can be restated as Bernoulli percolation
problem, (this is indeed not very difficult task), but just observe that our
oriented percolation model gives an affirmative answer to the second and the
third question. The proof is based on multiscale analysis and we will present
some key steps of the argument.

Generally speaking, multiscale analysis is a technique designed to study
systems in the presence of disorder. Typically, if the homogeneous (some-
times called "ordered") system exhibits, for example, two different types
of behavior which can be obtained by varying one or more parameters of
the system, then the ordered phase is characterized by the existence of long
range order in the system, and a localized phase is characterized by the de-
cay of some correlation function (eg. Ising model, Bernoulli percolation).
In the presence of disorder when the system is not globally ordered, there
are present arbitrarily large regions where the system is strongly correlated,
and thus each phase may manifest itself in infinitely many arbitrarily large
regions, in which parameters of the system will be on the range typical for
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these phases (in our set up good and bad lines play the role of such regions).
Such situation appears in many models of classical and quantum statistical
mechanics (eg. random Shroedinger operators, Ising model and percolation,
various models of interacting particle systems).

In order to obtain control on the global behavior of the system in pres-
ence of disorder one firstly has to provide good estimates on the typical
distances between such regions (not only in space but also in time, if one
treats a dynamics, see Ch. 7), and secondly to obtain good estimates on the
"influence" of such regions on the system.

The basic idea of multiscale analysis could be informally described as fol-
lows: depending on the model and the nature of the problem one introduces
an increasing sequence of length scales, and at each scale takes a partition
of the space in to blocks of corresponding size. If we are expecting some
property to hold for the whole system, then for some cases it is likely that
this property will start to manifest itself (possibly in some "local form") in
most of individual large blocks .

Thus, if using recursive estimates and already knowing that blocks of
scale k are "good" (i.e. have desired properties) with large probability, we
can obtain that a block of k + 1-th scale is "good" if most of its constituent
blocks of scale k are also "good" (i.e. the appearance of few bad blocks on
the previous scale do not affect system too much at given scale), with even
larger probability, then this under certain conditions may bring us to the
conclusion that the whole system is "good".

The proof of theorem 5.1 is rather involved and we will discuss key ideas
on simplified version of the problem, the so called hierarchical model, and
with p being close enough to 1. Similar ideas for the non-oriented case were
used in [22].

6.2 Hierarchical model

1. Hierarchical model. We begin with the description of the "hierarchical"
binary sequence £L. In order to do that we firstly define a semiinfinite
sequence £L = {£f}j>i G NN by setting:

if Lk | n, and Lk+1 \ n,
if L \ n.

The binary sequence £L is obtained from £L by replacing each element & =
k, k > 2 of £L by a string of k consecutive l's. Informally speaking, at the
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place where it appears the element £f = k, k > 2, we remove it, and insert
k consecutive l's, shifting the part {ff }«>j+i of the original sequence fL by
k — 1 units to the right. The string o£ k, k > 1 consecutive l's will be called
the cluster of mass k. We renumerate all clusters from left to right, {Cj}«>i,
and m(Ci) denotes the mass of the ith cluster. Prom the construction we
obtain the following important property of the hierarchical system: if C^
Cj2 are two clusters such that min{m(Cj1),m(Cj2)} > k for some k > 1,
then

d(Ch,Ci2)>Lk.

Further by a, = ai(Ci) (resp. w, = Wj(Cj)) we denote the position of the
first (resp. the last) 1 in the cluster. If m(Ci) = 1 we have a, = w,.

2. Construction of renormalized sites. The goal of this step is to construct a
sequence of partitions {Hfc}fc>0 of Z + x Z + into "horizontal" layers in such
a way that Hfc = {Hkd}j>0, and Hkjjl n HKJ2 = 0 and UjHkd = Z+ x Z+.
(For convenience, from now on we will rotate the picture by 45°; so that
good or bad lines become horizontal, and the percolation process is directed
upwards.) We will do the construction in an iterative way. We denote
T = {i: & = 1}.

Step 0. To begin, we define 0-level layers in the following way: Hoj = Hj =
{x + y = j}. If j € F we say that 0-level layer HQJ is "bad", and otherwise
it is called "good". These names are justified by the fact that vertices which
belong to good 0-level layers are open with large probability (namely, p), and
vertices which belong to bad 0-level layers are open with small probability
(namely A).

Step 1. Take {CIJ}J>I. We recall that a(Cj) and w(Cj) are respectively, its
start- and end- points. We set, for each j > 1:

i = M c , - ) + 3, if m(Cj) = l,
j \U(Cj), if m(Cj)>l,

and
i _ \a{Cj) - L + 4, if miCj) = 1,

aj ~ \a(Cj), if m(Cj) > 1.

For j ' > 1 define Hij = Lis{HojS: s € [aLwj]}. To complete a partition
we define Hit0 = uf=oHoti, and set Hi = {Hij, j > 0}.
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Step 2. Among all clusters {Cj}j>i we now consider the clusters which have
mass at least 2, and temporarily rename them as Cj, j > 1 (always from left
to right). Since m(Cj) > 2, we know from the previous step that for each j
there exist ij so that Cj = [a].,ail]. Thus we set:

if m(Cj) = 2,

if m(Cj) > 2,

and
if m(Cj) = 2,

if m(Cj) > 2.

We set H2j = Us{Hhs: Hhs n [a?,wj] / 0}, if j > 1. To complete the
partition we set ii/2,0 = Ug_0.ffijS, and set H2 = {H2J, j > 0}.

Step k. Having proceeded with the previous construction up to step k — 1,
among all clusters {Cj}j>\ we now consider the clusters which have mass
at least k, and temporarily rename them as Cj, j > 1 (always from left to
right).

Since m(Cj) > k, as before, we know from the previous construction,
that for each j > 1 there exist ij so that Cj = [a*."1,^*."1].

We set
K i f rn(Cj)=k,

if m(Cj)>k,

and
if m(C) = k

if m(Cj) > k.

We then set Hk,j = V){Hk-i,s'- Hk-i,s H [aj)wj] / 0}> if J > 1- To complete
a partition we set Hkjo = (J^=0Hk-ijS, and set H^ = {Hkjj, j > 0}.

For simplicity of writing we change variables; instead of Z + x Z + we
consider Z+ = {(x,y) G Z x Z + : x + y is even}. We also define Hk,j =
Hkj n Z_|_. The renormalized sites Sfj with (i,j) £ Ẑ _ will be defined as
follows:
Level 0. 5(°.J} = (i,j), for (», j) e Z^.

Level 1. For any (i, j) G Z^, we set

n
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Level k (k > 2).We set, recursively, for any k > 2 and (i, j) G "L\:

Remark. The layers #fc,o correspond to the union of three layers of each of
the previous levels 0 , . . . , k — 1 starting from the origin; they will be used to
define the "starting" seed of level k — 1 (see definitions below), from which
the system percolates into 5QJ0.

For any k > 1 we call a site Sk being bad, if it consists only of bad layers
of level 0, and corresponding cluster has mass larger than k. For any k > 1
we call a site Sk being good if it is not bad. From the above construction
it follows that for any k > 1 a good site Sk of the k-th. level can be of two
types:

A good site 5 1 is of type 1, if it contains a bad layer of level 0, i.e. a
single bad line, and its internal structure is the following: it contains L — 3
good lines of level 0 which are followed by a single bad line of level 0, which
is followed by three good lines of level 0. If 5 1 doesn't contain bad line, it
is called of type 2, and consists only of L — 3 good lines of level 0. Observe
that 5 1 is of type 2 if and only if it is followed by a bad layer of level higher
than or equal to 1 (i.e. layer, which corresponds to some cluster of mass
larger than or equal to 2).

Sk is of type 1 if it contains a bad layer of level k — 1. In this case it
contains L — 3 layers of "good" sites of level k — 1, which are followed by a
"bad" layer which consists of exactly k bad layers of level 0, and this bad
layer is followed by three layers of "good" sites of level k — 1. Observe that
among the first L — 3 layers of "good" sites of level k — 1, the first L — 2
layers are of type 1, i.e. necessarily contain a bad line of level k — 2, and the
last, L — 3-th layer is of type 2 and has no bad layer of level k — 2. The first
L - 3 layers of Sk will be called a kernel of Sk and denoted by K(Sk).

Sk is of type 2 if it contains no bad layer of level k — 1. In this case it
contains only L — 3 layers of "good" sites of level k — 1, where again the first
L — 2 layers are of type 1, and necessarily contain a bad line of level k — 2
and the last, (L — 3)-th layer is of type 2, and has no bad layer of level k — 2.
In this situation K{Sk) = Sk. Sk is of type 2 if and only if followed by a
"bad" layer of level higher than or equal to k.

0-level site with the coordinates
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will be called the "the central" site of Sf. v Next we define the segment:& -y

: y €

Three sites S^t) C 5(
fe. ̂  such that S^t) D Bk(S^ ^ / 0 will be called

centrally located sites of S^ .̂
Moreover we define

Observe, that B*(5^,) C S * . ^ U S§
We also define rectangles:

x

Next we will introduce several key definitions: a seed, s-passability (to
be passable from the seed), and c-passability (to be passable from the the
centrally located sites).
Seed of level 0. The rooted seed Q^ of level 0 is a set of three open sitesQ
in Z%, disposed as follows: Q(°) = Qf] = {(i,j), (i + l,j + 1), (i -l,j + 1)}.
(When the location is not important we will eliminate the subscript.) In
this case the sites (i — l,j + 1) and (i + 1, j + 1) are called the active sites of
Q(°>, and we denote A(QW) = {(* -l,j + 1), (* + l,j + 1)}. The site (i,j)
is called the root of Q(°\ and we write R(Q^) = {(i,j)}. (When the level
of the seed is clear we will eliminate the superscript too.)
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s-passability. Level 1. A "good" renormalized site S1 of level 1 is said to be
passable from a seed Q^ C Bl(Sl) if:
1) There exist two rooted seeds (of level 0) QiiS1) and Q^S1), located
respectively in D^S1) and Dt(S

l) of S1,
2) R(Qi(S1)) and R(Qr(S

1)) are connected to A(Q(°)) by an open oriented
path (and consequently also connected to

Seed for level 1. A level-1 rooted seed consists of three level-1 "good" sites

Sjy), s(i-ij+iy S(i+i,j+i) i n s u c h a w a v t h a t :

1) 5^-j is passable from the root Q(°) = Q C B 1 ^ ^ ) ;
2) S(j_ij+i) and S ^ ^ are passable from Qi{S^) and QAS^), re-
spectively.

In this case,

= 5 w ) u 4 - u + i ) u 5S+i j+Du

is called a rooted seed of level 1, and we set

= R(Q),

U

The site i?(Q) is called the root of Q^ and the sites in A(QW) are called
the active sites of ^^

s-passability at level k. A level-A; "good" renormalized site 5*,- is said to be
passable from the (rooted) seed Q^"1) c Bk{Sl^ij)) if:

1) There exist two (rooted) seeds (of level k — 1) Qi(Sk) and Qr(S
k), located

respectively at Dt(S
k) and Dr(S

k) of Sk,
2) R(Qi(Sk)) and R(Qr(S

k)) are connected to A(Q(k~V) by an open oriented
path (and consequently also connected to

Rooted seed of level k. It consists of three level-A; "good" renormalized sites
5cb)' 5 5 - I J + I )

 a n d 55+ij+i)' i n s u c h a w a y t h a t :

1) Sk
id) is passable from the root Q^"1) G Bk(Sk

ij));
2) 5 j _ l j . + 1 ) and 5fj+lj.+1) are passable from Qi(Sk

i:j)) and QASfa), re-
spectively.
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In this case,

is called a rooted seed of level k and we set

U A(Qr(S
k
i+lJ+l))).

In this way, R(Q^) is a site (of level 0) in Ẑ _, called the root of Q^; the
sites in A(QW) are called the active sites of

In the proof we shall also need the notion of centrally passable renor-
malized sites, which we define below. A level-0 site (i,j) £ Z+ is centrally

passable if and only if it is open.
c-passability. A level-1 "good" renormalized site S1 is centrally passable

if there exist two seeds of level-0 Qi(Sx) and QriS1) located on the top of
Sl, as before, and such that R(Qi(S1)) and R(Qr(S

1)) are connected by an
open path to at least one centrally located site of Sl.

A level-A; "good" renormalized site Sk is centrally passable if:
1) at least one centrally located site 5, J1 € CSk of Sk is centrally passable;
2) there exist two seeds of level k-1, Qi(Sk) and Qr(S

k) located at Dt(S
k)

and Dr(S
k) respectively, and such that R(Qi(Sk)) and R(Qr(S

k)) are con-
nected to A(Qi(S,.~-\)) or A(Qr(S,.~-\)).

We will say that two sites 5*,- and Sk
+l + 1 (5*_1 , + 1 resp.) are connected,

if Skj is s- or c-passable, and Sk
+l J + 1 (5*_x J + 1 resp.) is passable from

Qr(S?d) (QiiS^) resp.).
We also will say that Sk belongs to an open cluster of Sk (denoted by

Sk G Ĉ A,), if Sk is s- or c-passable, and there exists a sequence of sites Sk =
S$, Sk,...,Sk = Sk such that Sf is connected to 5|_x for all 1 < j < n.
Moreover by CSj \v we denote the connected cluster of 5 J restricted to the
volume V (i.e. all sites which are connected within the volume V).

If Q is a fixed seed from which we will check if Sk is s-passable or not,
we will use Qs(«S'fe) for Q.
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Definition 5.2 (sp-, and cydense kernel) Level 1. Given p > 1/2 we say
that 5 1 has s^-dense kernel, if

and K W ^ ^ O D f (S1)] > ^

Analogously, we define c^-dense kernel.
Prom now on we say that S1 is s^-passable, if it is s-passable and has sp-
dense kernel. If confusion doesn't arrise we simply will use s-passable for
sr/io-passable.

Level k. We say that Sk has s^-dense kernel, if

\CQBm\K{aU) HD?(Sk)\ > ±
12

Analogously we define c^-dense kernel.
We say that Sk is s^-passable, if it is 5-passable and has s^-dense kernel.

Observe, that if the site Sk has sp dense kernel, it implies that each site
of level k — 1 which belongs to the cluster CqiSk\ \KrSk\ by itself is s^-passable,
and thus, each site Sk~l which is on the top layer of the K(Sk) (notice, that
in this case 5 f e - 1 = K(Sk~1)), has at least pcL sites Sk~2 on its top layer
which are s^-passable, etc., and therefore each Sk~x has at least (pcL)k~x

0-level sites on its top layer, which are connected to the origin.

3. Passability in the reversed direction. Reversed sites. We begin with the
horizonal layers at all scales.

Step 0. We consider the level-0 layers Hoj = Hj = {x + y = j}.

Step 1. Take {CIJ}J>I as before. We set, for each j > 1:

if m(Ci>i) = l,
if m(ClJ)>l,

and
+ L - 4 , if m(Cij) = 1,

if m(Cij) > 1.

For each j > 1 define H\j = L){Ho,s'- s G [cDj,aj]}, and write

Step 2. As before, among {C2,j}j>i consider the clusters which have mass
at least 2, and rename them as Cj, j > 1 (always from left to right).
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From the previous construction, since m(Cj) > 2 we know that for each

j there exist ij so that Cj = [cD|. ,aj.]. In this case we define

£? f3i-3> i f m(Cj) = 2,
"j [a]., if m(Cj)>2,

and

{cD1 , if m(C) = 2,

££., if m(Cj)>2,

We then set tf2j = U{#i,s: tfM n [tD?,a?] / 0}, if j > 1, and H2,j =

Step k. Among {Cj}j>\ consider the clusters which have mass at least k,
and rename them as Cj,j > 1 (always from left to right).

Prom the previous construction, since m(Cj) > k we know that for each
j there exist ij so that Cj = [u)krl,cik71]-

In this case we define

{ akl if m(C) = k

ak7l, if rn(Cj) > k,
and

Sfe = f C£+L-4> if m(Pi) = k'
j \wf.~1, if rn(Cj) > k,

We then set Hkj = U{Hk-ljS: Hk-i,s D [tDj, of] / 0}, if j > 1, and write

The renormalized sites Sf „• with (i, j) € Ẑ _ will be defined as follows:

Level 0. 5?. -̂  = (i,j), for (i,j) € Ẑ _.
Level 1. For any (i,j) € Ẑ _, we set

Slid) = ( j c L ' ̂  + ^ ^ x ^1^+1 n g+-

Level k (k > 2).We set, recursively, for any k > 2 and (i,j)
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Figure 10: Renormalized site Sk

Notions of the seed, s~— and c— passability are introduced in a similar

way.

4. Probability estimates. Firstly we fix p > 1/2. It is well known that
given p > pc, the homogeneus supercritical oriented percolation process with
parameter p presents linear growth with positive slope j(p) and asymptotic
density of the oriented cluster p(p). Take p* = ini{p : p{p) > 1/2}. Now for
p > p* take e > 0 small enough such that p := p{p) — e > 1/2, and denote
p = p-1/2.
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We denote:

Pp(S
k is Sp-passable from the rooted seed Q = QB(Sk)) = Pk, k > 1,

and let qu = 1—pk- The following Lemma is the key ingredient of the proof:

Lemma 5.3 Given A > 0 and p close enough to 1 (in particular, p > p* >
pc), there exists L large enough such that

Qk < 4-i (6-1)

for any k > 1, and where qo = 1 — p-
Below we present the key steps of the proof.

The proof of the lemma is by induction on k. For any k > 0, and any
j > 1, we will say that two sites Sfc ^ and S&, ^ (on the same horizontal
layer) are well separated, if \i' — i\ > 4.

If k = 1 we choose L > 0, large enough, such that:

2
Pp{Sl has Cp-dense kernel) > 1 - ^ , (6.2)

5

and, given a seed QB(SX),

2

Pp{Sl has Sp-dense kernel starting from QB{S1)) > 1 - %. (6.3)
5

If S 1 has Sp-dense kernel it implies that each of rectangles D^S1) and
D^(Sl) contains at least j^pcL sites of level 0 connected to the origin, and
thus at least j$pcL among them are well separated. Fix N such that

(l-pl)N<qf (6.4)

If among jg/ScL sites at least N (say Sh -y Sh -y ... Sh J would be con-
nected by an open path to N open 0-level sites Sh -+2y Sh -+2y ... Sh +2)
on the first good layer after the bad line, then the probability to find at least
one open seed of level 0 which follows one of such open sites Sh -+2y would

be bounded from below by 1 — ^ .
Thus, we collect j$pcL well separated sites into N disjoint groups in

Df^(Sl) (and D^(Sl) resp.), in such a way that each group contains at
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least -^pcL well separated 0 level sites connected to the origin. So, given
N and p, we have to choose L > 0 such that:

2

JV(1- Ap)*iwPcL < ^ .
5

In fact we will need a stronger condition on L, which will be required at later
step, and thus in order to work for general k, the above inequality should be
replaced by

2 2

M l - Ap)&v^cL < ^ .
5

This gives 1 — ^ as the lower bound for the probability of the event:

GDKrsi\ = [in each of N groups of well separated sites in D^S1)

there exists at least one open path which starts at

site -Sfjj), goes through the bad line, and ends at the

open site S g J ]

Denote by QDK(S1) *ne set °f sites ^ 7+2) w n i c n a r e connected through the
bad line to S9t.y If we assume that the root of the seed Q°(S1) is connected
to the origin it implies that for each site in GDK/SI\ there exists and open path
connecting it to the origin. Observe that sites ofQDK/si\ are well separated.
This implies that for each site from GDK(S1)

 w e c a n check independently,
if it is followed by an open 0-level seed or not. Thus if the event GDKrsi\
occurs, from (6.4) we get:

2

P(at least one site in QDKISI\ is followed by an open seed Q?) > 1 —jr-

Collecting all together we get:

PpiS1 is Sp-passable from QB(S0)) =pi > 1 - go-

Assume now that (6.1) holds for k — 1, and thus we have:

Pp(5
fe"1is VPassable from QB(5fe"1)) = pk-i > 1 - q2

k_2. (6.5)

Estimate (6.5) and the choice of L > 0 in the first step immediately imply:

1 -a2

Pp(S
k has Cp-dense kernel) > -f^1, (6.6)
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and, if QB(Sk~x) is given, we also get

1 -a2

Pp(S
k has Sp-dense kernel staring from QB^'1) > - ^ . (6.7)

o
If Sk has sp- or c^-dense kernel it implies that we can find at least j | /

well separated sites Sk~l in D^(Sk) (and in D^(Sk)), which by themselves
are s^-dense (this follows from the iterative definition of the dense kernel
and passability). As in the first step, we collect well separated sites Sk~l

in Df(Sk) (D^(Sk), resp.) into N disjoint groups in such a way, that each
group contains at least -^pcL well separated k — 1-th level sites connected
to the seed of Sk.

At the next step, given that Sfr.j e ^QB(sk)\K(sk) n D^iS1*), we will
estimate the probability of the following event:

[the site S?r}+2, is c^-passable, and the root of at least one

of the open seeds Qi{Sk^+2>) or Qr{S^+2\) on the top part

of S, r1
 2, is connected to the origin].

Presence of a site with the property just mentioned above would play the
role analogous to the role of 0-level site in the first step, from which we were
checking if it is followed or not by an open seed of level 0. In the present
case (step k), if the site S,r\_2-. has at least one seed, say Qi(S,r.\_2-.), on its

top conneced (via its root) to the origin, it allows us to check if Skr\ +3^ is

Sp-passable from this seed, and therefore, if it does, S^z\ ,-+3N might be the
first site of the seed of level k.

In order to obtain this estimate, consider a site Sfr.j located in Dfi(Sk),

the "forward" site Skr^+2) and reversed site Skr^+1) located in £>i(Sk). The

site Skr^ is separated from Skr^+2, and S^r}+1, by the bad line of level k — 1,
hih i f k i b d li f l l 0 P h d f i i i fwhich consists of k consecutive bad lines of level 0. Prom the definition of

forward and reverse partitions we have that in this case S,^-1,^ C S 1

Now observe that if the site S^-l is s^-dense and the site S,^-1,^ is cp-
dense (in reverse direction), it implies that there are at least j^pcL pairs
of sites Sk-2

t) G Df{Skr^) and Sk~2
+2) G Di(SJff+1)) on opposite sides of

the bad line, which are sp- and s^-dense and have the same first coordinate.
Each such pair Sk~2 and Sk~2 contains at least \pcL sites Sk~3 and Sk~3

on opposite sides of the bad line, which have the same first coordinate and
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are sp- and s^-dense. (We get jj instead of ^ because on lower levels we are
counting such pairs in both, the left and the right regions.) Continuing the
argument we conclude that each pair S,^X and S,^-1,^, provided they are
sp- and Cp-dense respectively, contain at least ^(^pcL)k~l distinct pairs of 0
level sites which either have the same (if k is odd), or different by — 1 (if k is
even) first coordinate. Denote this set of 0-level sites by E ^ S ^ ^ 1

and by Et. (S^, S*r}+1)) c E(S^, S*r}+1)) the sites which belong to

and i M S * - } , ' ^ - ^ ) C EiS^'s^) the sites which belong to k

Now observe that if the site S,.~-\_o^ is co-passable and at the same time

the site S,^\^ is c^-dense, then each 0-level site of the set A{Qi{S,^\

is connected by an open 0-level path to each 0-level site of the set E

S(i~j+i\) a nd each 0-level site of the set A(Qr(S,i~-+2^)) is connected by an

open 0-level path to each 0-level site of the set Er+(S,i~-y 5^~-+1\).

On the other side if Sk is sp dense, and the root of the seed Qs(«S'fe) is
connected to the origin, then for each 0-level site of i?j_(S£~.w S^+1^) and

Er-(S
k
i~ySkrl

+1A there exists a 0-level open path which connects this site
to the origin. For each such pair S°{iJ) G Et-(S^, Skr^+1)) and SgJ+fc+1) G
£|+(S,r.>,S,.~.+1>) (here we are assuming k is odd), we define a "straight
path" HslJySlJ+k+1)) = U*=1S°+(_ i r j+ r ) linking S^ to S^J+k+l)

through the bad wall.
Notice that if in each one of N groups of sites of level k — 1 at least

one 0-level pair from the set Ei(S^~y S^~l
+1^) is connected through the bad

wall by an open path, it immediately implies that either root of the seed
Ql{S(i~.\.2)) o r Qr(«Sfj~,+2))> (or both) is connected to the origin by an open
0-level path. Taking into account that each group has at least ^^pcL well
separated sites of level k — 1, and the fact that the probability that the site
Srfj1^) is Cp-passable and at the same time the site S,^1,^ is c^-dense is
bounded from above by p\_i (FKG and the inductive assumption), we get
from Cramer theorem that with probability at least 1 — exp(—ci (1 — pl_x)~

l)

we have at least ^^^fPcL well separated "triples" of sites S^r}, Skrl
+2,

and Skrl
+1, of the level k — 1 such that Sfr.j is s^-passable, S^l

+2, is cp-

passable and S^l
+1, is c^-dense. Each pair of sites S£~.i and S^l

+1, from

this triple has at least ^(^pcL)k~l pairs of 0-level sites with the same first
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/ reverse partition

^\ forward partition

reverse partition

Figure 11: Connection through the bad line

coordinate. Thus, we easily get, that the probability of the event

[at least one of "straight paths" nv connecting a pair of 0-level sites

on the opposite sites of the bad line within a given group is open]

is bounded from below by

and thus, due to our choice of N and L, the probability that in each of N
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blocks there exists at least one connecting path is bounded from below by
2 2

By QoKlsk) w e denote the set of sites S,t ~-\2\, such that S,r.\_2-. is cp- pass-
able, and the root of at least one of the open seeds Qi{Sk^+2>) or Qr{Sk^+2^)
on the top part of S,^1 , is connected to the origin.

Prom the choice of N we have:
2

(1 -Pk-l)N < —^~,
O

which implies that with probability at least 1 —k^L we will find a seed of
level k — 1 which follows one of sites Sk~l £ Qr)K(sk) wnich are located right
after the bad line and have seeds connected to the origin.

All together implies that

P(Sk is sp- passable) > 1 - qjj._u

as well as
P(Sk is Cp- passable) > 1 - q\_x.

This completes proof of the Lemma.

To complete the proof of the theorem (for the case of the hierarchical
environment and p sufficiently close to 1), we observe that from the con-
struction of horizontal layers we have that for any k > 1, the first layer
of level k always contains exactly four "good" layers of the previous level.
They will be used to construct a "starting open seed" for each level. Namely,
starting from the level 1 we get that the probability that the first 0-level site
is open equals to p = po, and the probability that this site is followed by an
open 0-level seed is at least p$. Therefore, with probability at least p$ the
first level-1 site has an open seed from which we check if it is s^-passable.
But this happens with probability at least pi, and this site is followed by an
open leve-1 seed with probability at least pf, thus forming the seed for the
first site of level 2. Observe, that proceeding this way, once we have an open
seed of level k it implies (from the construction), that there exists an open
0-level path connecting the origin to the top layer of the seed. Continuing
the procedure, and using the Lemma, we get:

+0O

P(there exists an infinite cluster starting from the origin) > IT p\ > 0.
8=0
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This completes the proof.

Part III

A related stochastic process

7 A zero temperature dynamics for the Ising model

7.1 Model and results

In this chapter we discuss the long-time behavior of a class of continuous time
Markov processes, which describe ±1 spin flip dynamics on the hypercubic
lattice Zd, d > 2. Even though these models are not immediately related
to the percolation models of previous chapters, they have to do with the
bootstrap percolation model, described below (on page 176).

To each vertex of Zd one attributes a spin which can take values —1 or
+1, so that the state space of the system is £ = {—1, +1}Z . We write crt(x)
for the value of the spin at vertex x £ Zd, at time t > 0. The system evolves
as a Markov process on the state space S, with generator L acting on local
functions / as

(Lf)(a) = £ ca{x,o){f{o*) - f(a)), (7.1)

where ax is the configuration obtained from a by flipping the spin at vertex
x, and ca(x, a) is the flip rate of the spin at vertex x, when the system is in
the state a. We consider the following rates

{1, if more than d neighbors of x have its opposite spin;
a, if exactly d neighbors of x have its opposite spin;
0, otherwise,

(7.2)
where 0 < a < 1 is a fixed parameter. These dynamics can be regarded
as 0-temperature stochastic Ising models corresponding to a uniform ferro-
magnetic interaction between nearest neighbors (no external magnetic field).
The case a = 1 corresponds to Metropolis dynamics and the case a = 1/2
corresponds to the Gibbs sampler (or heat bath) dynamics. Note that the
dynamics is symmetric with respect to the interchange of the roles of —1
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and +1 and is attractive (i.e., ca(x, a) is increasing in a when o{x) = — 1,
and decreasing in a when <J(X) = +1).

We will consider the long-time behavior of these systems when started
from Bernoulli product measure with Fp(<Jo(x) = +1) = p, for each x € Zd.
While most of the previous study of these systems has been concentrated
on the case p = 1/2 (see [35], [36] and [10] and references therein), we will
address the case in which p is close to 1. The evolutions that we consider
arise from modeling the behavior of a magnetic system which is initially at
high temperature under a strong external magnetic field, and from time 0
on is suddenly subject to a very low temperature and to no external field.
For an introduction to the physics of this problem, see, e.g., the review [7].

In addition to the motivation from physics discussed above, it is worth
pointing out that the models studied here are (generally non-linear) voter
models (in the case a = 1, the model is a threshold voter model) and the
study of such models, started from product measures, is a subject of consid-
erable interest (see [33] and references therein).

For each value of p, we will say that the system fixates if for each x € Zd

the spin at x flips only finitely many times (locally the system becomes
trapped).

In the d = 1, a = 1/2 case, our system is the well known linear voter
model, which is known not to fixate for any p € (0,1). In this case the
boundaries between blocks of spins —1 and +1 behave as annihilating ran-
dom walks. A similar result should also hold for every 0 < a < 1, since in
this more general case the boundaries between blocks of spins —1 and +1
behave as the same annihilating random walks which now interact, but only
when they are at distance 1 from each other. This minor interaction should
not have any major effect on the qualitative behavior of the system.

In d > 2, the behavior is more challenging. In d = 2, [35] proved that if
p = 1/2, the system does not fixate:

P1/2(cr*(0) flips i.o.) = 1. (7.3)

Recently, stronger results were obtained in this case in [10]. It is not known
if (7.3) is true in higher dimensions (see [36] and references therein).

In contrast, here we:

Theorem 7.1 (Upper bound. Fixation) For d > 2 and any 0 < a < 1
there exists po = po{d, a) < I, such that for any p > po and e > 0

Fp(at(0) = -1 ) < Fp(as(0) = - 1 for some s > t) < e-*(1/d)"e, (7.4)
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for t large enough. In particular, for any p > po

Fp(at{0) = + 1 eventually) = 1. (7.5)

T h e o r e m 7.2 (Lower b o u n d ) For d = 2, any 0 < a < l , 0 < p < l , and

e > 0

Pp(at(0) = - 1 ) > Pp((7,(0) = - l V s < * ) > e-* (1 /2 )+e,

for t large enough.

Theorems 7.1 and 7.2 show that in d = 2, for large p, fixation occurs as
fast as, but not faster than, a stretched exponential. Note that the theorems
above also identify in d = 2 the correct "stretch" of the exponential as a
power 1/2, i.e.,

U m log(-log(PpK(0) = -

In [23] decay of temporal correlations in equilibrium for stochastic Ising
models at low temperatures were analyzed. Non-rigorous arguments in that
paper suggested that in 2 dimensions these correlations decay in time as
stretched exponentials with exponent 1/2. As far as we know, the stretched
exponential fixation in the context of Theorems 7.1 and 7.2 had not been
proposed before in the literature. Some similarities between the arguments
in [23] and those here will be apparent. Specifically, in both cases estimates
on the density of droplets of the minority spins and on the time to eliminate
them are crucial.

It is natural to ask whether in d > 3 the fixation also occurs only as
fast as a stretched exponential, and if so, with what exponent. The non-
rigorous analysis in [23] of the decay of temporal correlations in equilibrium
at low temperatures indicates that dimension 3 plays the role of upper critical
dimension for that problem, with the decay being exponential in time in d >
3 (possibly with a logarithmic correction in d = 3). The relations between
their analysis and ours suggest that also in our case fixation may actually
occur exponentially fast in time (no stretch) in d > 3 (again, possibly with
a logarithmic correction in d = 3).

Few papers exist with rigorous proofs of stretched exponential loss of
memory. One notable example is [41], where a one-dimensional spin system
with constraints was studied.
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Comparing (7.3) with Theorem 7.1, raises the question of the values of
p for which there is fixation in the state with all spins +1. We believe that
this happens for every p > 1/2. Similarly, it seems reasonable to conjecture
that at low positive temperatures the stochastic Ising model started from
homogeneous product measure with Pp(ao(O) = +1) = p > 1/2, converges
weakly to the (+)-phase (see Open Problem 7, p.225, of [32]). Our results
also suggest the conjecture that in d = 2 this convergence occurs as fast as,
but not faster than, a stretched exponential.

The proof of Theorem 7.1 will be based on a multiscale analysis. It is
worth mentioning that even to just prove fixation for large p, i.e., (7.5), we
felt the need to use this technique.

From this point on, we restrict attention to the case d = 2, a = 1, which
already contains the main arguments for the general case [17].

A basic ingredient in the proofs of the theorems above are estimates on
the time needed for the dynamics to "eliminate droplets", by which we mean
the following. Suppose that the process is started from the configuration in
which the cube R = {1,2, ...,L}2 is occupied by spins —1 and all other
spins are +1. It is clear that the spins outside R will never flip and that
eventually the configuration with all spins +1 will be reached, with the
system becoming trapped there. Let T be the random time when the system
reaches this trapping configuration. We need to estimate how T grows with
L. Heuristically, one expects the droplet to shrink with its boundary being
well approximated, when L is large, by a surface moving by mean-curvature
(see, e.g., [31], [23], [42], [11] and references therein). This leads to T being of
the order of L2. The following result contains rigorous estimates supporting
this picture (in d = 2; we have weaker results; see Remark 7.4 below). For
later use, we also consider the random time T when the spin at the site
(L-L/2J, |_£/2J) is for the first time in state +1. Clearly f <T.

Proposition 7.3 (Single-droplet erosion time estimates)

(a) There exist C, 7 G (0, 00) such that for all large L

F(T>CL2) < e"7L.

(b) For any 6 > 0,

lim F(T <L2/(logL)l+s) = lim P(f < L2/(logL)l+s) = 0.
L—s-oo L—s-oo
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Remark 7.4 Note that the upper and lower bounds in this propositions show
that the erosion time is roughly of order L2. That we can show in d = 2 only.
In d > 3 we have a worse upper bound than the one in (a) above (see [17],
Theorem 1.3). The logarithmic denominator in (b) is probably spurious, but
removing it from the estimate seems technically difficult (compare with the
sharper results for a modified dynamics in [11])- Non-rigorous arguments,
based on approximation by motion by mean curvature, suggest that in any
d > 2, T ~ T ~ L2 (see [23], equation (2.3) and following discussion).

This chapter is organized as follows. In the following section, we in-
troduce some terminology, notation and basic tools, including the bootstrap
percolation process. In Section 7.3, we prove Proposition 7.3. In Section 7.4,
we prove Theorem 7.1, after explaining the heuristics behind the proof. In
Section 7.5, we prove Theorem 7.2.

7.2 Definitions and tools

We begin with several standard definitions. As already mentioned we shall
consider models on the lattice Z2. The cardinality of a set A C Z2 will be
denoted by |A|. The distance between vertices of Z2 will be measured by the
Ll norm || • ||, and denoted dist(a;,y) = ||a; — y\\. A (selfavoiding) path is a
sequence of distinct vertices x\,X2, • • • ,xn, such that \\xi — £j+i|| = 1, and
the vertices x\ and xn are called the start- and end-points of the path.

At each vertex in Z2 there is a spin which can take values —1 or + 1 . The
configurations will therefore be elements of the set £ = {—1,+1}Z . Given
(r £ E, we write <J(X) for the value of the spin at vertex x £ Z2. The single
spin space {—1, +1} is endowed with the discrete topology and £ is endowed
with the corresponding product topology.

The time evolution (a spin flip system) is a Markov process on the state
space S, whose generator L and flip rates cl(x, a) are given by the formu-
lae (7.1-7.2).

Graphical construction. In most of our proofs it will be convenient to use
the following graphical construction of the process, called Harris' graphical
representation, and which provides a specific version of what is known as ba-
sic coupling (it provides versions of the whole family of processes either on
the infinite lattice Z2 or on any of its finite subsets with arbitrary boundary
conditions and starting from any initial configuration, all on the same prob-
ability space). Namely, to each vertex x £ Z2 we associate two independent
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Poisson processes, each one of rate cmax, the maximal among all possible
rates (in our case it equals 1). We will denote the successive arrival times
(after time 0) of these Poisson processes by {j£n}n=i,2... and {jxn}n=i,2...i
assuming that the Poisson processes associated to different vertices are also
mutually independent. We say that at each space-time point of the form
(x, T+n) there is an upward mark and at each point of the form (x, T~n)
there is a downward mark. We associate to each arrival time T* n (where *
stands for + or —) a random variable U* n with uniform distribution between
0 and 1. All these random variables are supposed independent among them-
selves and independent from the previously introduced Poisson processes.
This finishes the construction of the probability space. The process then is
defined as follows: we update the state of the process at each space-time
location where there is a mark according to the following rules. If the mark
that we are considering is at the point (x, T*n), and the configuration imme-
diately before time T* n restricted to x and its neighboring sites was identical
to a configuration a, then

i) if c(x) = — 1 (resp. a(x) = +1), then the spin at x can flip only if the
mark is an upward (resp. downward) one;

ii) if the mark is upward and c(x) = — 1, or if the mark is downward and
<j(x) = +1, then the spin at x flips if and only if U*n < cl(x, a)/cmax.

This construction gives the proper rates and defines a process according
to eqs. (7.1-7.2) (see for instance [15] for details). The use of upward and
downward marks, in combination with the fact that the rates are attractive,
guarantees that if we compare the evolution started from two configurations
which are comparable in the sense that wherever the former has a spin +1,
so does the latter, then this property is preserved by the evolution. We
will make extensive use of such comparisons. For more on this fundamental
technique and the related notion of stochastic order, we refer the reader to
Sections II.2 and III.2 of [32].

We will refer to the Poisson marks and the associated uniformly dis-
tributed random variables, as the "graphical marks".

The probability measure corresponding to choosing initially a random
configuration according to homogeneous product measure with density p of
spins +1, and letting the system evolve using the graphical marks will be
denoted by Pp.

Bootstrap percolation. In the definition below we consider configurations in
{u, s}z , where u (for "unstable") and s (for "stable") are arbitrary symbols.
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Definition 7.5 The d-dimensional (u ->• s) bootstrap percolation process
with threshold £, defined in a finite or infinite volume A C Z2, starting from
the initial configuration r/o € {u, s} A is a cellular automaton which evolves
in discrete time t = 0, 1, 2 , . . . , and such that at each time unit t > 1 the
current configuration is updated according to the following rules. For each
x € A,

1. Ifr]t-i{x) = s, then rjt{x) = s.
2. If 7/i-i (x) = u, and at time t — 1 the vertex x has at least I nearest

neighbors in A in state s, then i]t(x) = s; otherwise the spin at vertex x
remains unchanged, i.e., r]t(x) =u.

If |A| < oo, it is immediate from the Definition 7.5, that the procedure
described above converges in a finite time to a fixed configuration. In this
context, we say that we bootstrap the initial configuration r/o, the result of
which is the final configuration of the bootstrap percolation dynamics.

Of special importance to us will be the case in which the threshold I is
2, due to its close relation to the spin flip systems that we are considering,
as explained in the heuristics background to the proof of Theorem 7.1 (see
the beginning of Section 7.4). It is also of technical importance for us, and
will be used in the proof of Theorem 7.1.

In the case of threshold £ = 2, when A is a rectangle (i.e., a product
of intervals), the bootstrapped configuration can be described as follows
(see [16], [3]). Say that a family of disjoint subsets of Z2 is well separated
if there is no vertex in Z2 at distance less than or equal to 1 from two sets
in the family. For any initial r/o, the bootstrapped configuration takes the
value s on the smallest collection of well separated rectangles contained in A
which contains all the sites x at which T]Q(X) = s. We say that the rectangle
R C A is internally spanned by the configuration r/ € {u, s} A , if bootstrap
percolation restricted to the volume R, started from r/o = r]\R, ends up with
all sites in R in state s.

The following lemma provides us with a crucial estimate.

Lemma 7.6 (Aizenman-Lebowitz, [3]) Suppose thatn € {1,2,...} is fix-
ed, that A is a finite rectangle and rj € {u, s} A is a configuration with the
property that when we perform (u —> s) t = 2 bootstrap percolation in A
started from r/, we obtain a final configuration which includes a rectangle
with one of its sides larger than n fully occupied by s. Then there must
exist some rectangle R C A with larger side in {[n/2\ — 1 , . . . ,n} which is
internally spanned by r/.
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This lemma may be seen as providing the existence of a "bottleneck event": if
a large rectangle full of s is going to occur in the bootstrapped configuration,
then, for arbitrary n between 1 and the size of the larger side of this rectangle,
also rectangles of "size of order n" are going to be internally spanned. One
can then optimize on the choice of n to obtain an upper bound on the
probability of large rectangles occurring in the bootstrapped configuration.
(The "bottleneck event" is the occurrence of an internally spanned rectangle
of "size of the order of the optimal n", i.e., the n which minimizes the
probability of this event.)

7.3 Proof of Proposition 7.3

Proof of Claim (a). We want to analyze the evolution of the process started
from the configuration in which the cube R = {1,2, ...,L}2 is occupied by
spins —1 and all other spins are +1. We will compare this evolution with the
one in which the initial configuration has spins —1 in the quadrant {1,2, . . .} 2 ,
and spins +1 at the other sites. We will refer to this comparison system as
the quadrant evolution. Note that in the quadrant evolution, when the site
{x,y), x, y > 1 has a spin +1, the sites {x',y') with x' < x and y' < y also
have spins +1. Let T' be the first time that in the quadrant evolution the
site (L,L) has a spin +1, and note that in this evolution at time T' the
square R is fully occupied by spins +1. Therefore, by attractiveness, T' is
stochastically larger than T, i.e., for any t > 0,

p(r > t) < p(r' > t).

In order to estimate T', we use a well-known relation between the quad-
rant evolution and the exclusion process. In the relevant version of the
exclusion process, particles are initially located at each negative site in Z,
with the positive sites and the origin being empty. Particles try to jump
independently of everything else one step to the right at rate 1/2 and one
step to the left at rate 1/2. The only interaction among the particles being
that a jump is suppressed if a particle is attempting to jump to an occupied
site. After accelerating the quadrant evolution by a factor of 1/2, it can be
mapped into the evolution of this exclusion process in the following way, as
explained in [32], pp. 411, 412. Let Xi{t) be the position at time t of the
exclusion process particle initially at the site — i, i = 1,2,.... In the quadrant
evolution, the site (x,y), x,y > 1 is occupied by a spin +1 at time t if and
only if, in the exclusion process at time t the displacement Xy(t) + y of the
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particle initially at — y is at least x. In particular,

P(T' > CL2) < F{XL{2CL2) < 0) = P I ̂  l{Xi{2CL2) > 0} < L
\

where 1A is the indicator of the event A.
If it were not for the exclusion constraint, the quantities -X (̂-) in the

sum above would be independent simple symmetric random walks, and in
that case the result would follow by standard arguments about sums of
independent random variables and the single simple symmetric random walk
distribution (which we leave for the reader to check). However, under the
exclusion constraint, the estimate obtained for independent particles is an
upper bound for the latter probability above. This is due to a negative
association property of exclusion particles; see Proposition VIII. 1.7 in [32].
So, we get the result.

Proof of Claim (b). We will compare the evolution of our system to 4 quad-
rant evolutions, as defined in Step 1 of the proof of Claim (a). Each one of
these 4 quadrant evolutions will be related to the evolution of our system
close to one of the corners of the square R. Consider first a single quadrant
evolution, and define T\ as the first time when in this evolution the vertex
(1,1) has spin +1. We will compare the distribution of T to that of 1),
with I close to L/2. For this purpose, let T be the first time in our orig-
inal evolution, when one of the following 8 sites is occupied by a spin +1:
(LL/2j,l),(LL/2j +1,1),(1,LL/2J),(1,LV2J + 1), (L, [L/2\), (L, [L/2\ +
l)(|_L/2j,L), ([L/2\ + 1,L). (These are pairs of sites, roughly at the cen-
ter of each side of the square R.) Due to the geometric properties of our
original evolution, before time T, we can see the +1 spins inside R in this
evolution as a superposition of 4 independent quadrant evolutions, (with
the axes properly reoriented and shifted), one for each corner of the square.
Exploiting the symmetries of the model, we have then, for t > 0,

P(T < t) < P(f < t) < P(f < t) < 8P {TyL/2\-i < t) . (7.6)

In order to estimate 1), we use again the relation between the quadrant
evolution and the exclusion process, used in the proof of Claim (a) in the
d = 2 case. With the notation introduced in Step 1, above, let Ms = X\{s)
be the position at time s > 0 of the rightmost particle in the exclusion
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process. Then

P (T, < t/2) < P ( sup Ms > I - 1 ) .
Vo<*<« /

It is known from [4] that

—4 — \f\ogs —¥ 0 a.s. as s —¥ oo.

This implies that, for 6 > 0

P (T, < I2/(log 01 + 5 / 2) ^ 0 as I -»• oo.

Hence

p(r L L / 2 j_ i<L 2 / ( logL) 1 + *) ^ 0 as L ^ o o . (7.7)

Claim (b) follows from (7.6-7.7). •

7.4 Proof of Theorem 7.1

The proof of this theorem will be rather complicated, so that to make it
more readable, we first explain some ideas behind it.

At first sight, one could think that if p is close to 1, so that the spins
—1 form initially only finite clusters dispersed in a sea of spins +1, the spins
+1 would easily take over and eliminate the spins — 1. The actual subtlety
in the behavior of the system, even in this case, may be seen as resulting
from the subtlety of the behavior of bootstrap percolation. One can roughly
see the system as a competition between a (—1 —> +1) threshold I = d
bootstrap percolation process and a (+1 —> — 1) threshold I = d bootstrap
percolation process. (We say "roughly" because both bootstrap percolation
processes are running in continuous time.) In particular, if the spins —1 did
not flip at all, and the spins +1 flipped with the rules of our dynamics, then
the set of sites which would eventually be in state —1 would be precisely
the set resulting from the (+1 —> —1) threshold £ = d bootstrap percolation
dynamics applied to the initial configuration. And it is known (see [16]
and [40]) that, contrary to what one might first guess, even when p < 1 is
very close to 1, this dynamics leads to each site being eventually in state — 1.
This means that to show that our dynamics in reality leads to each site being
eventually in state +1, one must show that the significantly larger initial
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density of spins +1 allows them, as they expand via their own bootstrap
percolation mechanism, to prevent the —1 spins from expanding.

Motivated by the picture discussed above, it is natural to try to use re-
sults and techniques which allow one to control from above the speed with
which — 1 spins can expand via their bootstrap percolation mechanism. Re-
sults of this kind are available from [3], specifically, in the form of Lemma 7.6
(here) and its uses. Once control is gained on how fast —1 spins can expand,
one can hope to use the estimate in Proposition 7.3 (a) to show that before
the — l's can expand, the spins +1 will typically eliminate them.

The need to consider a hierarchy of space and time scales in the analysis
(multiscale analysis) arises then as follows. The approach mentioned in the
previous paragraph can be used to show that there are space and time scales,
li and ti, so that for regions of size li, the spins +1 will typically eradicate
the spins —1 in a time t\. But on the infinite lattice Z2, there will exist
rare regions of size l\ which at time t\ still contain spins — 1. Our approach
relies then on considering a coarser (rescaled) lattice, with rescaled sites
corresponding to original blocks of size l\. One starts then at time t\ with a
very low density of rescaled sites containing spins — 1. The arguments from
the previous paragraph can be applied at this rescaled level, and produce
space and time scales, fo and t2, so that for regions of size fa in the rescaled
lattice, typically only rescaled sites with no spins —1 are left in a time £2-
The procedure can be iterated, producing rapidly growing sequences of space
and time scales. To control the eradication of spins —1 in the k-th. scale,
one uses induction in k, taking as input the results of the analysis of the
(k — l)-th scale.

One further idea is needed in the implementation of the scheme sketched
above. In order to analyze the behavior of the system at each scale, one
needs to know not only that the starting configuration in this step has a
low density of rescaled sites which contain spins — 1, but one needs also to
know that the joint distribution of these rare "bad" rescaled sites is well
behaved. To recursively obtain this sort of control, we will be considering a
modified dynamics in which interaction is restricted in range. The compar-
ison between the original dynamics and this modified one will be obtained
from attractiveness and from estimates on the speed with which effects can
propagate.

We should mention also that an approach in spirit similar to ours, by
using a combination of multiscale arguments with estimates involving boot-
strap percolation, was taken by H.-N. Chen (see [12], [13]), studying the
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stability of "growth models with sexual reproduction".

We turn now to the specification of the space and time scales that will
be used in the analysis, and various related objects.

We will use the notation q = 1 — p. For e > 0, and small positive x > 0,
to be chosen later, we set

and inductively define

K l \ 2 + 2 e | / 1 \ 2 + e

Qk-iJ J \Qk-iJ
Set also

Lk=£o-h 4 , Tk = t0 + h + --- + tk. (7.9)
Now we define the hypercubes of scale k, k = 0, 1 , . . . as

Note that the hypercubes of scale 0 are of size 1, that for each k, {Bj., i €
is a partition of Z2, and that for k > 1, each hypercube of scale k is the
disjoint union of (lk)

2 hypercubes of scale k — 1.
For A; > 1, with each Bj., i £ Z2, we also associate a larger hypercube,

denoted by Bj., which roughly speaking is concentric with B\. and has side-
length (1 + \)Lk (see Fig. 12). We will need B\. to be a union of hypercubes
of scale k — 1, and with this in mind we define

B{ = (Uj-e^B^J+Lfc*, where Bk = j - |^/fcJ , . . . , lk + |^= j
For simplicity we abbreviate Bk = B% and Bk = B^.

Theorem 7.1 will be obtained through a comparison of the original sys-
tem (7.1-7.2) with a modified dynamics, further referred to as block-dynamics,
coupled to the original dynamics in that it will be constructed on the same
probability space, using the same graphical marks, and defined by Rules 1-3
below. The block-dynamics will be so constructed as to have the following
properties.

(A) The block-dynamics favors —1 spins, in the sense that at any site and
time where the original dynamics has a —1 spin, also the block-dynamics
has a —1 spin.



Percolation 183

Lk/3

R

Figure 12: Solid lines separate blocks BJ., i £ Z2; dashed lines indicate the
block Bk, associated with the block B^, which is shaded. The outer corridors
between the boundaries of B^ and B^ are of width Lk/3.

(B) In the block-dynamics at the time T& all hypercubes of the kih scale
will be 'monochromatic', i.e., they will be entirely filled in either by +1 or
—1 spins. In the former case we will say that the block is in state +1 , and
in the latter case that it is in state — 1.

(C) For each k > 1, the random field r/̂  that associates to each i e Z 2 a
random variable i]k(i) which takes the value +1 (resp. —1) if at time T&
the block B\ is in state +1 (resp. —1) is a 1-dependent random field. This
means that for each n, if ii,...,in € Z2 are such that dist(xi,Xj) > 1 for
i ^ j , then the random variables rjk(ii), ••••,f]k{in) a r e independent.

To assure that (C) above is satisfied, in the block-dynamics, the evolution
of the spins in each box Bj., i € Z2, during the interval of time [Tfc_i,Tfc],
will depend only on the configuration at time T^-i and the graphical marks
inside the corresponding box B\.

To define the block-dynamics so that (A) above is also satisfied, we

first introduce a notion of 'influence time', associated with the box Bj.. Let

(cr~i
k~1)s>Tk_1 be the evolution in the box Bi, with boundary condition (

outside this box, started at time T^-i from the configuration £ inside the
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box and obtained using the graphical marks. Set, now,

4 = mi{s>Tk_l:afk-Hx) + af^lx) for some x

and some £ G {-1, +l}Bi }. (7.11)

Note that by attractiveness, evolutions with other boundary conditions will
be bounded from above and below by the two evolutions which appear in
the definition of T|. Therefore we can think of T| as the first (random) time
after T&_i, when spins in Bj. can suffer any influence from the spins outside
of B\ at timerfe_!.

In order to define the evolution in the block-dynamics of the spins inside
each box B\, i £ Z2, from T^_i to T/., we use now the following rules.

Rule 1. During the interval of time [2fc_i, Tk) we observe the evolution inside
the box Bj. with +1 boundary conditions. We assign to the spins in the box
B\ up to time min{r|, Tk} the values that we see in that evolution.

Rule 2. If it is the case that T| < Tk, then at the time T| all spins in Bj. will
be declared to be —1, and persist at this state without change up to time
Tk-

Rule 3. If, following the two rules above, there is any spin in state —1 in B\
at times which are arbitrarily close to Tk, then at time Tk all the spins in
B\ are declared to be in state —1. Otherwise, at time Tk all the spins in B\
are declared to be in state +1.

It is immediate from Rules 1-3 that the block-dynamics satisfies properties
(A), (B) and (C) above. (Note that for this we need the initial distribution
to be 1-dependent, which is the case, since it is a product measure. The
properties can then be verified by induction in k.)

Let (jk, k > 0, denote the probability that at the time Tk the block Bk

is in the state —1. Note that qo = qo- The following is our main technical
estimate in order to prove Theorem 7.1.

Lemma 7.7 If q is small enough, then qm < qm for all m > 0.

The following estimates will be needed in the proof of Lemma 7.7 and
Theorem 7.1. Let

q = sup {x > 0 : if q £ (0, x), then qk < q, k = 0,1,...}.
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Note that if q > 0 is small enough, then q\ < qo = q and then, by induction,
qk is decreasing in ft. Therefore q > 0. Several times we will need to take q,
to assure that certain inequalities hold regardless of the value of ft. In other
words, we will need this assumption in order to assure uniformity over scales
in the choice of constants in the multiscale scheme.

One can show [17] that for arbitrary 8 > 0, if q is small enough, then

<lk-i<lk-2---qiqo > (<lk)S, for ft > 1. (7.12)

From the definitions of Lk and lk, it is clear that for small q,

Lk > h > K — , (7-13)
2 \<lk-ij

for ft > 1. For a bound in the opposite direction, we use (7.12) to obtain the
following. For arbitrary 8 > 0, if q is small enough, then for ft > 1

. 94_O, / , . _ * _ \ 2 + 2 e

\ 2 + 2 e / / l \ 3 + 5 \J) ( ( ) I (
qk-iqk-2 • • • qiqo J \\<lkj / \<lk

7A.I Proof of Lemma 7.7

We use induction on m. The statement is obviously true for m = 0. Assume
now that it is true for m = ft, and we will show that cfk+i < qk+i-

Following Rule 1, we observe the evolution inside the box -B&+1 with +1
boundary conditions, during the interval of time [Tfc,Tk_|_i). Let Fk+\ be the
event that in this evolution —1 spins are present in the box -B&+1 at times
which are arbitrarily close to T^+i. We will show that

(7-15)

We will also show that

(7-16)

where Tk+i = T^+1. Combining (7.15) and (7.16) yields the desired inequality
Clk+i < Qk+u since qk+i < Fp(Fk+i) +Fp(Tk+i < Tk+i).

The proof of (7.15) will be divided into two steps. In the first step, we
will analyze the random configuration inside Bk+i at the time Tk, and use
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methods from the study of bootstrap percolation to show that all the —1
spins in this configuration are likely to be contained in a collection of well
separated rectangles which are not too large. In the second step, we will
analyze the evolution inside the box B^+i with +1 boundary conditions,
during the interval of time [Tfc,Tfc_|_i), conditioned on the configuration at
time T/. having this property.

The third step in the proof of Lemma 7.7 will be the proof of (7.16).

Step 1. Control of bootstrapping at time T^. We will cover all the sites in
Bk+i which have a spin —1 at time T& with a collection R\, R2, ..., RN
of well separated rectangles. (Recall that a family of disjoint subsets of Z2

is well separated if there is no vertex in Z2 at distance less than or equal
to 1 from two sets in the family.) At time T\. all blocks Bj. of scale k are
monochromatic, i.e., entirely occupied by spins —1 or +1 , and now they will
play the role of "renormalized sites" of Bk+i • F° r the sake of notation, we
identify these "renormalized sites" with elements of Bk+i (see (7.10). For
i £ .Bfc+i, let r]k(i) be +1 (resp. —1) if the block B\ is in state +1 (resp.
—1) at time T^. We obtain first the collection of rectangles R\, R2, ...,
RN, by applying the (+1 —> —1) 1 = 2 bootstrap percolation rule to the
random field rjk in Bk+i- Recall that this means that Ri, R2, ..., RN is the
smallest collection of well separated rectangles in B^+i which contain all the
renormalized sites i € B^+i which have rjk(i) = — 1. Let now i?n = LL-e£ i?j[,
n = 1,..., N, and note that R\,R2,..., RN have the desired properties.

By translation invariance and from the induction hypothesis, for each i

Wp(r]k(i) = - 1 ) = Qk < Qk- (7.17)

For b > 0 to be chosen later (small enough), we define the following
event.

= < .Ri, .R2) •••) RN have sides of length at most — > . (7.18)
I UfcJJ

Our goal in this step is to show that if b and x are chosen properly (inde-
pendently of k) and q is small enough, then (7.17) implies

(7.19)

In order to show (7.19), we will use Lemma 7.6, with the choice

n = | A | . (7.20)
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We have

# of r e c t a n g l e s i n s i d e B f c + i w i t h t h e l e n g t h ^ I f f
of t h e l a r g e r s i d e b e i n g i n { [ n / 2 j — 1 , . . . , n } — I 3 ^ + 1

where the first term on the right hand side of (7.21) is an upper bound on
the number of choices of positions for the corner of the rectangle with all
maximal coordinates, and the second term is an upper bound on the number
of choices of sidelengths of the rectangle.

We claim that if R C -B& is a rectangle of size n\ x 712, with n\ < 712,
then for the bootstrap percolation process that we are considering,

¥p(R is internally spanned) < (2niqk)L
n2W. (7.22)

To see this, let R[:R2:--,R'n2 be the segments of size n\ which partition
R according to the value of the 2-nd coordinate, and ordered according to
increasing values of this coordinate. If R is internally spanned, then for
each 1 < ji < 712 — 1, Rj U Rj+i must contain some vertex i at which
Vk{i) = ~1 (otherwise each of these vertices will have at most 1 neighboring
vertex i' € R with r]h(i') = —1 and therefore will remain in state +1 in the
bootstrap percolation process in R that we are considering). We can now
use the fact that the random field (Vk(i))iez2 is 1-dependent, to conclude
that for j = 1,4,7,10,..., (|_?W3j — 1) • 3 + 1, the corresponding events are
independent. In combination with (7.17), this leads to (7.22), since for each

Maximizing the r.h.s. of (7.22) over choices of n\ < 712, with 712 €
{[n/2j — 1 , . . . , n}, with n given by (7.20), we obtain

Pp(i? is internally spanned)

< (2(n2)<?fe)
Ln2/3J < ( 2 & ) b / ^ ) = e x p ( ^ ^ H , (7.23)

provided 26 < 1 and q is small enough. Using Lemma 7.6 with the choice
made above of n, (7.21) and (7.23), we have

2 rblog(2b)\
exp {• J

For small b > 0, 61og(26) is negative. So, choosing b > 0 which maximizes
-6Iog(26) and x= -|61og(26) > 0, yields (7.19).
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Step 2. Erosion of {—I)-rectangles. We will show in this step that, for q
small enough,

¥p(Fk+l\Ek+l) < ^ t l . (7.25)

In combination with (7.19), this implies (7.15),

< ¥p(Fk+l\Ek+l) + ¥p((Ek+l)
c).

By the Markov property, we need to estimate the probability that start-
ing at time Tk from a configuration in Bk+\ compatible with the event Ek+\
and letting the system evolve with +1 boundary conditions, some spin —1
will be present at time Tk+\. By attractiveness, an upper bound can be
obtained on this probability by starting the evolution inside Bk+i at time
Tk with —1 spins at all sites of the rectangles i?i, ...,RN described in Step
1. Clearly, no spin —1 can appear in this evolution outside of the rectangles
i?i,..., RN- Also, once a rectangle is "destroyed", meaning that it contains no
—1 spins, no —1 spins will ever be created inside of it again, in the evolution
that we are considering here.

If Ek+\ occurs, then each rectangle Rn, n = 1,...,N, is contained in a
cube of sidelength bounded above by

for small q, where we used (7.14). By attractiveness, the time needed to erode
Rn is therefore stochastically bounded above by the time needed to erode a
cube with sidelength equal to this upper bound. Prom Proposition 7.3(a) we
conclude then that, for small q, for each n = 1, ...,N, the probability that
at time Tk+i =Tk+ tk+i = Tk + (l/qk)^

2+^ there is any spin - 1 inside Rn
is bounded above by

( \e x p l - 7 1 — I I,

where 7 is a positive constant. But, clearly, for small q,

2 -,

N < B,fc+i
,3 ^ 7 - qk+i

by (7.14). From the bounds in the last two displays, we obtain

Fp(Fk+l\Ek+l) < exp - 7 - < ^ ;
Qk+i \ \qkj / 4
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for small q. This completes the proof of (7.25), and hence of (7.15).

Step 3. Control of the outer influence. In this step we will prove (7.16).
We begin with the notion of a discrepancy process. Consider two evo-

lutions o~ h and o~ h , t > Tk, starting at time Tk from the same

configuration £ in B^+i, with (+) and (—) boundary condition outside Bk+ii
respectively, and using the same graphical marks. We say that at time t >Tk
there is a discrepancy at a vertex x € Bk+i if <J~ h (x) / a~ * (a;),

for some £. Otherwise, the vertex x is called an agreement vertex.
According to this terminology and our choice of the conditions for the

dynamics at Tk, all vertices in Bk+i at time Tk are agreement vertices and
all vertices outside Bk+i have discrepancies. Moreover, the influence time

is the time of occurrence of the first discrepancy in B^+i.
We observe that the occurrence of a discrepancy at time s at vertex z €

implies, that at time s— there must be at least one neighboring vertex
of z occupied by a discrepancy. This follows straightforwardly from the
fact that the two^evolutions that we are considering use the same graphical
marks. For x € Bk+u we define

T(x) = inf {s > Tk : afh (x) + afh (x) for some

We recall that a (self-avoiding) path TT on Z2 is a sequence of distinct vertices
7T = {xi, X2,..., xn}, such that \\xi — xi+i\\ = 1, 1 < i < n. A chronological
path in the epoch (Tfc,Tfc_|_i) is a path n = {x\, X2-, ••••, xn} such that

Tk < T{Xl) < T{x2) <•••< T{xn) < Tk+i.

In this case we say that the chronological path starts at x\ and ends at xn.
In what follows, for any volume A

dA = { I G A : there is a nearest neighbor of x not in A}; (7.26)

<9A = {x ^ A : there is a nearest neighbor of x in A}. (7.27)

Proceeding with the argument, we claim that if some vertex x € dBl
k+l at

time t > Tk is occupied by a discrepancy, then there exists a chronological
path in the epoch (Tk, t) which starts at some vertex of dBl

k+l and ends at
x € dBJ.+l. Note that the above claim is a deterministic statement and does
not depend on the randomness of the evolution. Once this is realized, the
proof of (7.16) is completed by estimating the probability of such an event.
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To prove the above claim we will construct a chronological path ending
at x € dBJ.+l by moving backwards in time. Assume that x = x\ € dBJ.+l

and T(xi) < t. So at time T{x\) there must exist at least one neighboring
vertex x2 € Bj.+l of x\ occupied by a discrepancy with T{x2) < T{x\). At
time T(x2) there must exist at least one neighboring vertex x$ € Bl

k+l oix2,
occupied by a discrepancy with T(xs) < T(x2). Note that x$ ^ x\. It also
follows that T{xz) < T(x2). Now we iterate the procedure, thus producing
a self-avoiding path moving backwards in time, such that Xj ^ 3bi for j ^ i
and T{XJ) < T ( z , _ i ) < ••• < T{x2) < T{xx) <t.

This time-reversed path can be made to end in a site xr in dBi+l after
finitely many steps. For the finiteness of the number of steps, notice that
during the epoch (Tk,t), with t < 2V|_i, only finitely many Poisson marks
occur in the interior of 5 | + 1 P-a.s. Due to the coupling we are using, a
discrepancy at some vertex cannot be created without the presence of at
least one other discrepancy at some neighboring vertex and at time !&, the
discrepancies are located only outside B\+i- So our path must be traced
back to some xr € dB^-^.

To get a forwards in time path, we invert the order and set Xj = xT+i-j,
1 < j < f, and obtain a chronological path starting at x\ € d-Bfc+i and
ending at xr € dB\+1.

From the claim it follows that, if T^+I < T^+i, then there exists a
chronological path connecting dBk+i to dBk+i, thus covering a distance
which, for small q, is at least

l / l \ 2 + 2 e

> 9 y ,
where in the last inequality we used (7.13).

The number of possible starting points for this chronological path equals

C
< CLk+i < ,k+i ,

Qk+i
for small q, where C is a dimension dependent constant, and we used (7.14)
in the last inequality.

On the other hand, the probability that any given path of length r is
a chronological path during the epoch (Tk,Tk+i) is clearly bounded above
by ¥(Z > r — 1), where Z is a Poisson random variable with mean T^+i —
Tk = ife+i = (qk)~ e^• Using the standard large deviation estimate for
Poisson random variables (see, e.g., (A.2) in [28], p.467) ¥{Z > r - 1} <
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-i)r^ together with the upper bound 4r on the number of self-
avoiding paths of length r starting from a given vertex, we obtain the fol-
lowing estimate. If q is chosen small enough, then for appropriate constants
C" and C", for any k > 1, PP(TVI_I < Tk+i) is bounded above by

where we used the fact that r/tk+i can be made arbitrarily large, uniformly
in k and r > rk, by taking q small enough.

This proves (7.16), and completes the proof of Lemma 7.7. •

7.4.2 Conclusion of proof of Theorem 7.1

Set a = 1/(2 + e) and note for later use that for any e > 0

a > l- - e. (7.28)

We will first prove that if q is small enough, then there are C\, C2 £ (0, 00)
such that

Pp(ai(0) = -1) < Cie"C2*a, (7.29)

for t > 0.
We consider first times of the form t = Tk for some k > 1. From (7.8)

it follows that qk = e~^th^a. Comparing the original dynamics with the
block-dynamics at time Tk (recall Property (A) of the block dynamics, and
note that the origin is in the block Bk) and using Lemma 7.7, we get

Fp(at{0) = -1 ) = Fp(aTk{0) = - 1 ) < qk < qk = e~x(tfc)°. (7.30)

In order to replace tk with Tk in the exponent, we observe that T\ = t\, and
there exists 0 < c < 1, such that, for small q, for all k > 2,

tk-i =

^Qk-2

and thus

Tk = ti + ••• + tk < tk (l + c + c + . . . ) = (1 — c)~ tk . (7.32)
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So, for t = Tk, from (7.30) and (7.31) we get

Fp(at(0) = -1) < e " ^ ) a < e - * ( ( i - W = e

where we take C = x( l — c)a.

In order to extend the result to all positive times t > 0 we will be
comparing evolutions started from product measures with different values of
q. For this purpose, we write qk(q), tk(q) and Tk(q) for the corresponding
values of qk, tk and Tk defined by (7.8) and (7.9) with qo = q. Summarizing
the conclusion in (7.33), we know that there exists q £ (0, q) and C > 0,
such that for all g £ (0,q\, if for some k > 1, t = Tk(q), then

P P M 0 ) = -1) < e~cta. (7.34)

We will write qk = qk(q), tk = tk(q) and Tk = Tk(q). Since q <E (0,<?), qk

decreases with k, and therefore tk increases with k.
Note that, for each fixed k > 1, if we imagine the parameter q decreasing

continuously from q to qi, we will have the corresponding Tk(q) increasing
continuously from Tk{q) = fk toTk{qi)^ h(qi) + . . .+ tk(qi) = t2(g) +
... + tk+i{q) = Tk+i(q) - t\{q)j= Tk+i - t\. Thus, by continuity, any t > 0
which is not in Uk>i[Tk —1\, Tk), can be written as t = Tk^(q(t)), for some
k(t) > 1 and some q = q(t) £ {qi,q\- Set p(t) = 1 — q{t). Then for any
q G (0, q\) we have p = 1 — q > 1 — q\ > 1 — q(t) = p(t). Therefore, by
attractiveness and (7.34), we have

Pp(ff*(0) = - l ) < Pp(i)(ai(0) = - l ) < e~cta. (7.35)

This establishes the validity of (7.29) for q < qi and t > 0 which is not in
Ufc>i[Tfc — ti, Tk). To extend the result to t in this excluded set, observe
that for each k and t £ [Tk — ii, Tk], if (7̂ (0) = — 1 and the spin at the origin
does not flip between times t and Tk, then oq, (0) = —1. Using the Markov
property, we obtain then

PPMO) = -1) < J r P p ( f f f t ( 0 ) = - l ) < C'
e

(7.36)
where the term e 4l is a lower bound on the probability of the event that
no flips occur at the origin from t to Tk. This completes the proof of (7.29).

To derive (7.4) from (7.29), we first note that an argument similar to the
one used to derive the first inequality in (7.36) (but now using the strong
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Markov property) gives, for t > 1,

Fp(as(0) = - 1 for some s€[t-l, t)) < e¥p(at(O) = - 1 ) < eCie~°2ta.

Consequently

Pp(crs(0) = - 1 for some s>t)

Pp(<7s(0) = - 1 for some s € [t + n, t + n + 1))
n=0
°° a r°° a

n=0 "'*

Observe now that for arbitrary 6 > 0,

for large i. To see this, note that e"C2*a < C2(a - 6)sa-s-1e-c^a \ for
large s, and integrate both sides from t to oo.

Prom the last two displays, we obtain

PpMO) = - 1 for some s > t) < eCx e~C2ta~S < e"*a"M,

for large t.
This completes the proof of (7.4), since from (7.28) we have a — 26 >

(1/2) - e, for small 6 > 0. •

7.5 Proof of Theorem 7.2

Set
F(t) = PpMO) = - 1 Vs < t). (7.38)

It is clear that since the flip rates are at most 1,

F(t) > qe'K

The next lemma is the main step in the proof of Theorem 7.2.

Lemma 7.8 Suppose that for some a > 0 there are Ci,C2 £ (0, oo) such
that

F(t) > Cxe-C2t\ (7.39)
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for t>0, and that 8 > 0. Then there are C[,C2 G (0, oo) such that

2g(l+f)
F(t) > C[e-c'^'M+l , (7.40)

for i > 0.

Since, in Lemma 7.8, the output (7.40) is of the same form as the in-
put (7.39), we can iterate the lemma and obtain the following stronger con-
clusion. Under the same hypothesis, for n = 1,2,..., there are CJ , C2 £
(0, 00) such that

F(t) > C W e - ^ i ( 2 " + 1 - 2 ) " + 1 , (7.41)

for t > 0.
Prom (7.38) we know that the hypothesis of Lemma 7.8 is satisfied with

a = 1. Therefore, (7.41) also holds with a = 1, and taking then n large
enough there, we learn that for any 6 > 0, there are C\, C<i £ (0,00) such
that

F(t) >

for t > 0. This is clearly equivalent to the claim in Theorem 7.2.

Proof of Lemma 7.8 If a € (0,1/2], then (2a)/(2a + 1) > a, so that the
claim is trivially true with C[ = C\ and C2 = C*2. We suppose therefore
that a > 1/2.

Set

/ = k35+I I K =
l+S I

TJ-
Note that, since a > 1/2, we have 1 << K << /, for large t. Define also the
following subsets of Z:

K

and the following subsets of 1? (see Fig 2):

Q = Ax A, Q = (Ax B) U (B x A).

The set Q is a square of sidelength 21K+2. (Note that 2/if+2 -
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J

2lK + 2

i

l-2

Figure 13: The set Q. (The set Q is the square obtained by filling all the
holes in Q.

as t —> oo.) The set Q is a subset of Q, which can be seen as a porous
structure obtained by removing {2K)2 squares of sidelength 1 — 2 from Q.
(Note that 2K ~ 2*(2a-1)(1+5)/(4a+2), and / - 2 ~ tCi+WPa+i^ a g t ^ ^
The horizontal and vertical strips whose union defines Q are of width 2. This
assures that the only sites in Q which do not have at least three neighbors also
in Q are the four corner sites in Q: {-IK, -IK), {-IK, IK+l), (IK+l, -IK)
and {IK + 1, IK + 1). This implies that if Q is fully occupied by spins —1 at
time 0, no one of these spins can flip until one of the spins at a corner site
of Q flips.

Define

with C as in Proposition 7.3(a). Let E\ be the event that Q is fully occupied
by spins —1 at time 0. Let E<i be the event that the spins at the four corner
sites of Q are —1 from time 0 to time t. Using the fact that E\ and E2 are
decreasing events, (7.39) and translation invariance, we obtain, for large i,

(7.42)
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If Ei and E2 happen, the spins in Q are frozen as —1 from time 0 to
time t. We can therefore use Proposition 7.3(a), with the roles of —1 and
+1 spins switched, to see that for each of the (2K)2 square holes of size
(I — 2) x (I — 2) in Q, the probability that it is not fully occupied by spins
—1 at time t (which is > C(l — 2)2) is bounded above by exp(—j(l — 2)2) <
exp(-(7/2)t2(1+<5)/(2a+1)), for large t. Let E3 be the event that Q is fully
occupied by spins —1 at time t. We conclude that for large i,

> 1 - {2K e -

(7.43)

Figure 14: The set Q. (The set Q is the square obtained by filling all the
holes in Q.

Since the origin is contained in Q, on
time 0 to time t. Therefore,

the origin has spin —1 from

Pp (a,(0) = - 1 Vs < 11 = Pp (a,(0) = - 1 Vs G [t, *] )
(7.44)

Note that the event EiE2Ez only depends on the evolution of the process up
to time t, and that on E1E2E3, at time t the origin is at the center of a square
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of sidelength 21K + 2 ~ 2*(1/2)(i+<5) fuuy o c c u p i e ( i by spins - 1 . Therefore,

from the Markov property, Proposition 7.3(b), and attractiveness, we have

Pp (a,(0) = - 1 Va G [t,t] I ElE2Ez) > 1, (7.45)

for large t.
Prom (7.42), (7.43), (7.44) and (7.45) we obtain

F(t) > PpMO) = - 1 Vs

^ (7.46)

for large i.
By choosing C[ sufficiently small, we obtain (7.40), for all t > 0. •
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