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Introduction

This volume includes expanded lecture notes from the School and Conference in
Probability Theory held at ICTP in May, 2001. Probability theory is a very large area,
too large for a single school and conference. The organizers, G. Lawler, C. Newman,
and S. Varadhan chose to focus on a number of active research areas that have their
roots in statistical physics. The pervasive theme in these lectures is trying to find the
large time or large space behavior of models defined on discrete lattices. Usually the
definition of the model is relatively simple: either assigning a particular weight to
each possible configuration (equilibrium statistical mechanics) or specifying the rules
under which the system evolves (nonequilibrium statistical mechanics).
Interacting particle systems is the area of probability that studies the evolution of
particles (either finite or infinite in number) under random motions. The evolution of
particles depends on the positions of the other particles; often one assumes that it
depends only on the particles that are close to the particular particle. Thomas
Liggett's lectures give an introduction to this very large area. Claudio Landim's follows
up by discussing hydrodynamic limits of particle systems. The goal of this area is to
describe the long time, large system size dynamics in terms of partial differential
equations.
The area of random media is concerned with the properties of materials or
environments that are not homogeneous. Percolation theory studies one of the
simplest stated models for impurities - taking a lattice and removing some of the
vertices or bonds. Luiz Renato G. Fontes and Vladas Sidoravicius give a detailed
introduction to this area. Random walk in random enviroment combines two sources
of randomness - a particle performing stochastic motion in which the transition
probabilities depend on position and have been chosen from some probability
distribution. Alain-Sol Sznitman gives a survey of recent developments in this very di
cult area.
It has been conjectured for a long time that in two dimensions many models in
statistical physics have limits that are in some sense conformally invariant. There has
been much activity recently proving such results. Richard Kenyon's lecture focuses on
the dimer model where conformal invariance can be used at the discrete level. The
continuum limit of many models is now understood with the aid of the stochastic
Loewner evolution (SLE), developed by Oded Schramm. Gregory Lawler describes
some of these recent results, including applications to percolation and path properties
of planar Brownian motion.
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Abstract

Interacting particle systems is a large and growing field of proba-
bility theory that is devoted to the rigorous analysis of certain types of
models that arise in statistical physics, biology, economics, and other
fields. In these notes, we provide an introduction to some of these
models, give some basic results about them, and explain how certain
important tools are used in their study. The first chapter describes con-
tact, voter and exclusion processes, and introduces the tools of coupling
and duality. Chapter 2 is devoted to an analysis of translation invariant
linear voter models, using primarily the duality that is available in that
case. Chapters 3-5 are concerned with the exclusion process, beginning
with the symmetric case, in which one can also use duality, and fol-
lowing with asymmetric systems, which are studied using coupling and
other monotonicity techniques. At the end, we report on some very
recent work on the stationary distributions of one dimensional systems
with positive drift.
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1 Introduction

These notes are intended to provide a first exposure to the area of interacting
particle systems. More comprehensive treatments of this field can be found
in the author's 1985 and 1999 books, as well as in the references in the latter
book. The main prerequisite for reading these notes is a good background
in measure theoretic probability theory.

The processes we will discuss here are continuous time Feller processes
t]t on the compact configuration space {0,1}S, where S is a countable set.
(Recall that a Feller process is a strong Markov process whose transition
measures are weakly continuous in the initial state.) A very simple such
process is that in which the coordinates r]t(x) evolve according to indepen-
dent two state Markov chains with transitions from 0 to 1 and from 1 to 0
at rate 1. Even this simple example illustrates some of the important differ-
ences between particle systems and more classical Feller processes such as
Brownian motion on Rd. The distribution of Brownian motion at any pos-
itive time is equivalent to Lebesgue measure, and hence these distributions
at different positive times are equivalent to each other. In our example of
independent two state Markov chains, the situation is entirely different. For
example, if r/o = 1, then the distribution at every time is a homogeneous
product measure with time dependent density, so the distributions of the
process at different times are mutually singular with respect to one another.

The main issues to be considered here are:

(a) a description of the class X of stationary distributions for the process,
and

(b) limit theorems for the distribution of r]t as t —> oo.

Settling these issues is naturally very easy in the example of independent
two state Markov chains. The only stationary distribution is the product
measure with density \, and there is convergence to this limit for every initial
distribution.

In general, all that can be said is that since {0,1}S is compact and
the process is Feller, X is always nonempty. Typically, there will be some
stationary distributions that can be written down explicitly, and the task is
to determine whether or not these exhaust all of X. If not, these additional
stationary distributions must usually be constructed by some type of limiting
argument. The set X is convex, and we will denote its extreme points by Xe.

The process r]t is usually described by specifying the rates at which tran-
sitions occur. If S is finite, saying that the transition 77 —> £ (for 77 ̂  £)
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occurs at rate c means that

PfJ(% = C) = c« + o(*) (1)

as t J. 0. If S is infinite, the probability on the left of (1) is typically 0, but
the intuitive meaning of "rate" is similar. One simply replaces the event on
the left of (1) by {qt — ( on A} for large finite sets A C S.

The precise relation between the process and its transition rates is pro-
vided by the infinitesimal generator fi of 7ft. It is a (typically unbounded)
operator defined on an appropriate dense subset of C({0,1}S); £1 is deter-
mined by its values on the cylinder functions, i.e., functions that depend on
finitely many coordinates. For cylinder functions, it takes the form

(2)

where c(r], () is the rate at which transitions occur from 77 to (. Our choices of
rates will guarantee that the series in (2) converges uniformly for cylinder / ' s .
The stationary distributions of the process are determined by the generator
as follows:

Theorem 1. A probability measure [/, on {0,1}5 is stationary for the process
if and only if

Qfdfi = 0

for all cylinder functions f on {0,1}5.

Of course, assumptions on the transition rates must be made in order for
statements of this sort to hold. General conditions under which they do hold
can be found in Chapter I of Liggett (1985). Our approach in these notes
is to make assumptions for each model considered which will guarantee that
statements such as those in Theorem 1 are correct.

1.1 Examples

We next turn to some of the most important models considered in this
field. To describe their transition rates, we need the following notation: If
77 G {0,1}S and x,y € S, then r]x, j]x<Sj € {0,1}S are defined by

{ j](u) iiu^x,y,
r](y) iiu — x,
r](x) ifu = y.
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Thus f)x is obtained from 77 by changing its value at x, while f)x<Sj is obtained
by interchanging the values at x and y. In the latter case, if r](x) ^ f](y),
the transition 77 —> r]Xjy can be interpreted as moving a particle from x to y
or vice versa.

Example 1. The contact process. Here S is a graph whose vertices have
bounded degree, and A is a positive parameter. Use the notation x ~ y to
mean that the vertices x and y are connected by an edge. Then for each
x G S,

f l
f] —> Vx a t r a t e <

\\\{y~x:V(y) = l}\

Here |yl| denotes the cardinality of the set A. The interpretation is that
sites with r](x) — 1 are infected, while sites with r](x) — 0 are healthy.
Infected sites recover from the infection after an exponential time of rate 1,
while healthy sites become infected at a rate proportional to the number of
infected neighbors. The only "trivial" (in the sense that it can be found by
inspection) stationary distribution is the pointmass 5o on the configuration
77 = 0 .

While we have described the contact process as a model for the spread
of infection, it arises in other contexts as well. For example, it is related to
Reggeon Field Theory in high energy physics, and it is a building block for
more complex models in biology.

Here are some of the answers to our basic questions in the case of the
contact process. They illustrate some of the variety of behavior that even
relatively simple systems can exhibit.

If S is finite, then I — {do}, and r]t is eventually = 0 for any initial
configuration. This follows from finite state Markov chain theory.

If S — Zd, the d-dimensional integer lattice, then there is a critical value

(i) A < \(d) implies that I — {5Q} and r\t —> So weakly for any initial
configuration,

and

(ii) A > \(d) implies that Ie — {5Q, U} for some u ̂  5Q, and r\t —> v weakly
for any initial configuration with infinitely many infected sites.

Remark. \i d — 1, A = A(l), and 770 = 1, then 77̂  —> 5o weakly, yet with
probability 1, for every x, r]t(x) — 1 for arbitrarily large i's - see Theorem
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3.10 of Chapter VI of Liggett (1985) for the latter statement. This illustrates
the fact that weak convergence results often miss interesting a.s. behavior.

If S — Td (d > 2), the tree in which every vertex has d + 1 neighbors,
then there are two critical values satisfying

so that

(i) A < \i(d) implies that I — {5o} and r]t —> So weakly for any initial
configuration,

(ii) Ai (d) < A < A2 (d) implies that Ie is infinite, and

(iii) A > \2(d) implies that le — {60, v} for some v ^ 60, and rjt -> v weakly
for any initial configuration with infinitely many infected sites.

In case (ii), if the initial configuration 77 has finitely many infected sites, then

P^irjt # 0 V* > 0) > 0, but Mx G S, P"(3T so that r]t{x) = 0 V* > T) = 1.

That is, the set of infected sites does not become empty (with positive prob-
ability), but it "wanders out to 00", so that every site is eventually and
thereafter healthy.

The proofs of these results when S — Zd or S — T^ are quite involved,
and can be found in Part I of Liggett (1999). After describing two more
examples, we will return to the contact process to illustrate the use of two
important techniques: coupling and duality.

Example 2. The linear voter model. Here S is an arbitrary countable
set, and p(x,y) are the transition probabilities for a Markov chain on S:

p(x,y)>0 and ^ p ( s , y ) = 1.
y

The transition rates are now given by

77 -> rjx at rate ^ p(x,y).

The interpretation is that sites are individuals who at any time can have one
of two opinions (denoted by 0 and 1) on an issue. At exponential times of
rate 1, the individual at x chooses a y with probability p(x,y), and adopts
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y's opinion. An alternate interpretation is in terms of spatial conflict. Two
nations control the areas {x : r](x) — 0} and {x : r](x) — 1} respectively. A
flip from 0 to 1 at x, for example, then represents an invasion of x by the
second nation.

The trivial stationary distributions for the linear voter model are the
pointmasses 5o and 5\ on r] = 0 and 77 = 1 respectively. We will see in
Chapter 2 that there is a close connection between the existence of nontrivial
stationary distributions for the voter model and the recurrence properties
and harmonic functions of the Markov chain with transition probabilities
p(x,y)-

Example 3. The exclusion process. Again S is a general countable set
and p(x,y) are the transition probabilities for a Markov chain on S. Now
we must also assume that p(x,y) satisfies

supV)p(a;,y) < 00 (3)
y x

in order to guarantee that r\t is well defined as a Feller process. The transition
rates are given by

f] ~> Vx,y at rate p(x, y) if rj(x) = 1, rj(y) = 0.

The interpretation of r](x) — 0 or 1 is that site x is vacant in the first case,
and is occupied by a particle in the second case. In the evolution, a particle
at x waits a unit exponential time, and then chooses a y with probability
p(x,y). If y is vacant, it moves to y, while if y is occupied, the particle
remains at x. The generator takes the following form for cylinder functions

«/(»/)= E p(x,v)[f(vx,y)-f(v)]-
r,(x)=l,r)(y)=0

Note that (3) implies that this series converges uniformly, and hence defines
a continuous function on {0,1}S.

Again, 60 and 61 are stationary, and it is often possible to produce other
stationary distributions explicitly. To see that one should expect to have
more stationary distributions for the exclusion process than for the linear
voter model, consider the case in which S is finite. Assuming irreducibility
of the Markov chain with transition probabilities p(x, y), it is easy to see
that Ie — {5o, S\} in the case of the linear voter model, while for the exclu-
sion process, Ie has one element for each 0 < n < \S\ — it is the stationary
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distribution for the exclusion process restricted to configurations of n par-
ticles. Chapters 3-5 are devoted to a description of I in many cases, but
there are still many interesting open problems in this context. For example,
what analogues of Theorems 3-5 of Chapter 5 can be proved in dimensions
greater than 1? See the discussion at the end of Chapter 4 and the paragraph
following the statement of Theorem 4 of Chapter 5 as well.

The remainder of this chapter is devoted to a discussion of two important
tools that we will use repeatedly, coupling and duality. Their use will be
illustrated in two contexts - Markov chains and the contact process. At the
end, we will derive the duality relations for the voter and exclusion processes
that we will use in the later chapters.

1.2 Coupling

A coupling is a joint definition of two or more stochastic processes on a com-
mon probability space. It is a surprisingly powerful tool. Before discussing
its use in the context of particle systems, we consider two applications of
this technique to Markov chains.

1.2a. Coupling for Markov chains. Suppose first that Xt is a birth and
death chain on the integers. This is a Markov chain that can only move to
nearest neighbors. Let (Xt,Yt) be two copies of this chain that are coupled
in the following way:

(a) Xt and Yt move independently until the first time r (if ever) that
Xt = Yt, and

(b) Xt and Yt move together after time r.
This coupling has the property that XQ < YQ implies that Xt < Yt for all
t > 0. It follows that if / is any bounded increasing function on the integers,
then

x -+ Exf(Xt)

is again an increasing function of x. We will exploit the analogous property
for particle systems many times, beginning with our discussion of the contact
process below.

Since harmonic functions will play an important role in Chapters 2 and
3, our second example is one in which coupling is used to prove that certain
Markov chains have no nonconstant bounded harmonic functions. Recall
that a function / : S —> Rl is said to be harmonic for the Markov chain Xt
if Exf{Xt) — f(x) for all x G S and all t > 0. Implicit in this definition
is the requirement that the expected value be well defined, e.g., that / be
bounded or nonnegative.
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Theorem 2. Suppose that Xl,...,X™ are independent irreducible Markov
chains on the countable set S with the following property: For each i, two
independent copies of X\ will eventually meet with probability 1. If f is a
bounded harmonic function for the Markov chain Xt — (Xj, ...,X") on Sn,
then f is constant.

Proof. Define a coupling of two copies, Xt and Yt, of the Markov chain in
the following way:

(a) Xt and Yt evolve independently until the first time T\ that X\ — Yt
l.

(This will happen eventually by our assumption.)
(b) For t > T\, X\ and Y^ run together, and the other n — 1 coordinates

run independently, until the first time r-i that Xf — Y2.
(c) Continuing in this way, we find a finite stopping time T — Tn so that

for all t>T,Xt = Yt.
Now fix x, y G Sn and use the initial states Xo — x and Yo — y. It follows
that

\f(x) - f(y)\ = \Ef(Xt) - Ef(Yt)\ < E\f(Xt) - f(Yt)\ < 2||/||0OP(r > t).

To complete the proof, let t —> oo.

Remarks , (a) The assumption of Theorem 2 is satisfied, for example, by
any irreducible recurrent random walk on Zl or Z2. To see this, let pt(x,y)
be the transition probabilities for Xf, let X\ and Y% be two independent
copies of the random walk, and write

By recurrence, the integral of the left side above is infinite. Therefore, the
integral of the right side is infinite, and hence the random walk X\ — Y"/ is
recurrent.

(b) We will use repeatedly the fact that irreducible random walks on Zd

have no nonconstant bounded harmonic functions. For many random walks,
this fact follows from Theorem 2. A coupling proof for general random walks
can be found on pages 69-70 of Liggett (1985).
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1.2b. Coupling for the contact process. Turning to applications to
particle systems, define a partial order on the set of probability measures on
{0,1}5 by saying that /i < v if

//*</ fdu

for all bounded increasing functions / on {0,1}5 . This is equivalent to the
existence of a probability measure 7 on {0,1}5 x {0,1}5 with marginals /i
and v that satisfies

(Theorem 2.4 in Chapter II of Liggett (1985)). The partial order on {0,1}S

that we are using here is coordinatewise: 77 < ( iff r](x) < ((x) for all x G S.
The contact process is an example of an attractive process, i.e., one for

which two copies started from 77 and C with 77 < ( can be coupled in such a
way that 77̂  < (t for all t > 0. (We saw earlier that birth and death chains
are attractive.) The property of the rates that allows for this coupling is the
following: The rate of the transition 77 -> r]x is an increasing function of 77
if 77(3:) = 0 and a decreasing function if 77(3:) = 1. Specifically, writing the
C coordinate above the 77 coordinate, we can use the coupling that has the
following transitions at site x:

(
<

<

0

!

1

1

0

at rate 1,

at rate \\{y ~ x : r](y) — 1}|

at rate 1,

at rate \\{y ~ x : 77(2/) = 1}|

at rate \\{y ~ a; : C(y) = 1, »?(l/) = 0}|.

It follows from the above coupling that if / is increasing on {0,1}5 , then
so is the function 77 —> Evf(r]t) for any t > 0. To see this, take 77 < £ and
use the coupling to write

Vt < tt < f((t) Ef(m) < Ef(Ct).
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A consequence of this is that the relation /i < v is preserved by the evolu-
tion: If [it and vt are the distributions of the process at time t with initial
distributions /io and VQ respectively, then

Mo < ^o => Vt< vt (4)

for all t > 0. Again this is immediate, since for increasing / ,

j fdnt = J WfimWo < J E*f{m)dvQ = Jfdut.

In order to develop some consequences of these ideas, it is convenient
to introduce some notation. We will write fiS(t) for the distribution of the
process at time t when the initial distribution is /i. The reason for this
choice is the following. The semigroup S(t) of the process f)t is defined for
continuous functions / by S(t)f(r]) — E^f^t)- We then have

E»f(nt) = J&HTHW = f s{t)fdn = J fd[pS(t)].

Therefore we use the same notation S(t) for the dual objects that operate
on functions or measures respectively.

Since any probability measure /i satisfies /i < #i, it follows from (4) that
/iS(t) < 6iS(t). Applying this to fj, — 6iS(s) and using the Markov property,
it follows that

s) = 6iS(s)S(t) < 6iS(t).

Therefore 5iS(t) J. in t, so that the weak limit

v = lim 6iS(t) (5)
t—>00

exists. (For this, we use the fact that every cylinder function can be written
as a finite linear combination of increasing cylinder functions.) This v is
the distribution that is referred to in our discussion of Example 1 above. It
is often called the upper invariant measure, since it is the largest possible
stationary distribution.

Of course, it is possible that v — So- In fact, that is what happens for
small values of A, as we will see below in Theorem 3. If that is the case,
another application of coupling gives the following limit theorem:
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as t f oo for all initial distributions /i. To see this, use (4) to write

£o < /i < Si =4- 6Q = $oS(t) < fiS(t) < 6iS(t),

and pass to the limit as t f oo.
We would like to know that the set of A's for which v — So is an interval, so

that we can define the critical value Ac as the right endpoint of that interval.
But this again an easy consequence of coupling. To see this, write v\ for
the limit in (5). We would like to know that v\ is increasing in A. So, take
Ai < A2, and couple copies r]t and Ct of the processes with these parameter
values respectively, and initial distribution S\ so that r]t < Ct for all t > 0.
(This is possible because the processes are attractive, and the transition
rates are monotone functions of A.) It follows that the distributions of the
two processes at time t are ordered, and hence so are their limits as t f 00:

As a final application of coupling to the contact process, we will prove
the following result. Note that it gives the lower bound for \\{d) for the
process on T^ that was stated in Example 1 above. For the process on Zd,
it gives a slightly weaker lower bound for \(d).

Theorem 3. Suppose the degree of every vertex of the graph S is at most
d. Then the critical value Ac satisfies

1
d'A c > - .

Proof. Let r]t be the contact process on S, and let Ct be the branching
random walk on S that is defined as follows. The value Ct(x) is a nonnegative
integer that represents the number of particles at x at time t. The possible
transitions are

C(x) -> C(x) - 1 at rate C(%),

and
C(x) -> C(x) + 1 at rate

In other words, each particle dies at rate 1, and for neighboring vertices x
and y, each particle at y gives birth to a new particle at x at rate A. Now
couple these processes with initial configurations 770 = 1 and Co = 1) so that
Vt(x) < Ct(x) for allt > 0 and x £ 5 . Then
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which, as we will see, implies that E(t(x) < e^"1)* for all x G S and
t > 0. (Note that this is true with equality on a homogeneous graph of
constant degree d, since then f(t) — E(t(x) is independent of a; and satisfies
/'(*) = (\d- l)/(t).) So, if Ad < 1, it follows that E(t(x), and hence Erjt(x)
tends to 0 as t f oo.

To check E(t(x) < e^" 1 ^ , one can proceed as follows. Rewrite the
expression for the derivative above as

Integrate this from 0 to t, and then take suprema appropriately to get

rt
M{t) < e~l + Xd f

Jo
where

M(t)= sup E(t(x).
X

We need to show that M(t) < e^"1)* for all t > 0. Elementary estimates
imply that M(t) is bounded on bounded t sets. Suppose that C > 1 and
T > 0 satisfy

M(t) < Ce^'1^

for 0 < t < T. (By local boundedness, such a C exists for every choice of
T.) Using the above integral inequality, it follows that

M(t) < cV A d -^

for 0 < t < T, with C = C - (C - l)e~Adr. Iterating this argument gives

M(t) < e^-1)*

for 0 < t < T as required.

1.3 Duality

Suppose H(r], () is a nonnegative continuous function of two variables. The
Markov processes f)t and (t are said to be dual with respect to H if

t) (6)

for all 77, ( and all t > 0. For reasonable choices of if, this relation means
that probabilities related to one of the processes can be expressed in terms
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of probabilities related to the other. Subtracting H(r], () from both sides
of (6), dividing by t and letting t J. 0, one formally obtains the following
relation between the generators £l\ and Q2 of the processes r]t and (t-

«!#(., C)fa) = fi2Jf fa,-HO- (7)

Under weak conditions, which are satisfied by all the examples we will con-
sider, one can prove that (6) and (7) are equivalent.

1.3a. Duality for Markov chains. To illustrate the use of duality, sup-
pose that f)t is a birth and death chain on {0,1,2,...} that is irreducible,
except for the fact that 0 is a trap. In other words, r]t has transitions

n —> n + 1 at rate f3(n)

and
n —> n — 1 at rate 6(n)

for n > 1, where /3(n) > 0 and 6(n) > 0 for all n > 1. Letting H(rj,() =
' w e c a n c o m P u t e the left side of (7) as follows:

= m [H(V, c -1 ) - ^ fa, 0] + <^(c+1) [H(V, c+1) - H(V, 0]

= fi2fffa,.)(C), (8)

where Q2 is the generator of the birth and death process with transitions

n —> n — 1 at rate f3(n)

and
n —> n + 1 at rate 5(n + l).

Note that this chain is irreducible, and the roles of the /3's and £'s have been
reversed. Writing (6) as

and passing to the limit as t f 00, we see that f)t has positive probability of
escaping to 00 if and only if (t is positive recurrent, and in this case,

is absorbed at 0) =
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where n is the stationary distribution of the chain (f

1.3b. Duality for the contact process. The computation in (8) can
be repeated in other contexts. The trick is to find an appropriate duality
function H. One should look for relatively simple ones, since otherwise it is
difficult to compute with them.

For example, consider the contact process r\t on the graph S, and let £1
be its generator. For 77 G {0,1}S and a finite subset A of S, let

1 J1 if 77 = 0 on A,

I 0 otherwise.

Then

{if (77, A\{x}) if x G A and 77(3:) = 1,
-if(77, A) iixcA and rj(x) = 0,

0
so

[H(r,x,A)-H(r,,A)]

+A Y [H(r}x,A)-H(r],A)]
t)(a!)=O,t)(»)=l

H(n,A\{x})-\
xeA,r)(x)=l

xEA

Note that the right side of (9) is simply the generator of the process with
transitions

A -> A\{x} at rate 1 if x G A,
A -> A U {y} at rate \\{x G A : x ~ y}| if y

(10)

applied to the function H(r], •). But this process, At, can be thought of as
the contact process itself on configurations with finitely many infected sites,
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with the identification A — {x : r](x) — 1}. Thus the contact process is
self-dual, and (6) becomes

P11 (rjt = 0 on A) ^ PA (rj = 0 on At). (11)

One might think that is is not useful, since it simply relates the contact
process to itself. However, (11) has important implications. For example,
take 77 = 1 in (11), and pass to the limit as t f oo to obtain

U{TI : ri = 0 on A} = lim PA(At = 0) = PA(At = 0 eventually),
t—>00

where v is the upper invariant measure. In particular, v — 5o if and only
if the "finite" contact process At is absorbed at the empty set a.s. for any
initial state A. This property might appear to be obvious, but it does not
hold for some relatives of the contact process, such as critical, reversible
nearest particle systems. (See Chapter VII of Liggett (1985).)

1.3c. Duality for the linear voter model. This time, for 77 € {0,1}S

and finite A C S, let

. . f l if 77 = I o n A . .
(x) = { ' . (12)

I U otherwise,

let fi be the generator of the linear voter model, and write

p(x,y)[H(Vx,A)-H(r,,A)]
p(x,y)H(r,,A\{x})[l-2r,(x)]{r,(x)[l-r,(y)]+r,(y)[l-r,(x)]}

p(x,y)[H(r,,(A\{x})U{y})-H(r,,A)].
xeA,yes

The right side above can be seen as the result of applying to H(r],A), as
a function of A, the generator of the process in which points in At move
according to the Markov chain with transition probabilities p(x, y), with the
proviso that a point that moves to an occupied site coalesces with the point
at that site. Thus At is called the coalescing Markov chain process. The
duality relation (6) becomes

= I on A) = PA{r] = I on At). (13)
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This will play an essential role in our analysis of the linear voter model in
the next chapter.

3d. Duality for the symmetric exclusion process. Again take H(r], A)
as in (12), and let fi be the generator of the exclusion process. Let

{ A if x,y € A or x,y ^ A,

A\{x}U{y} iix£A,y£A,
A\{y}U{x} ifyeA,x£A,

and write
QH(;A)(r})= £ ) ri(x)[l-Ti(yMx,v)[H(Tlx,y,A)-H(Ti,A)]

x,yeS

x,yeS

£ ) p(x,y)[l -r,(y)]H(r,,A)

xeA,y<£A

+\p(y, x) - p(x, y)]H(v, A U {y})}.

In order to get a duality statement, we need to recognize the right side above
as the generator of a Markov process, applied to H(r], A) as a function of
A. This is easy to do if p(x,y) — p(y,x) for all x, y, and in this case, we
conclude that

p(x,y)[H(r,,AXty)-H(r,,A)].

Thus we see that in the symmetric case, the exclusion process is self-dual,
and hence

PV (r]t = 1 on A) = PA(r] = Ion At), (14)

where At is the finite version of the exclusion process. We will use (14)
extensively in Chapter 3. The lack of duality in the asymmetric case makes
the process more challenging to analyze, but we are rewarded with more
interesting and diverse behavior. We will address the asymmetric exclusion
process in Chapters 4 and 5.
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Considering the nature of the duals in the three cases, we see that for the
symmetric exclusion process, the size of the dual does not change with time.
By contrast, the dual of the linear voter model has a cardinality that can
decrease with time, while in the case of the contact process, the cardinality
of the dual can both increase and decrease. These differences have a large
effect on how the duality relation is exploited.

2 Linear Voter Models

Linear voter models were introduced in Example 2 of Chapter 1. In this
chapter, we will explain how duality can be used to give a complete analysis
of the limiting behavior of this process, mainly following the approach of
Holley and Liggett (1975). In order to simplify the presentation, we will
restrict our discussion to the case in which S — Zd, and p(x, y) — p(0, y — x)
are the transition probabilities for an irreducible random walk on Zd. The
general case is treated in Chapter V of Liggett (1985).

We will discover that the behavior of the process depends heavily on
the recurrence or transience properties of the symmetrized random walk
X(t) —Y(t), where X(t) and Y(t) are independent random walks with unit
exponential jump times and transition probabilities ]?(•,•)• We begin with
an informal description of the way in which this comes about. Suppose
we want to determine the opinion r]t(x) of the voter at a; at a large time
t. His opinion came from some other voter at x\ at some earlier time t\.
Continuing backwards in this way, we find that r]t(x) — r]o(X(t)) for some
random X(t). Note that the process X(t) is simply a random walk with
transition probabilities p(-, •) and initial point -X"(0) = x.

We can do a similar backward construction for the evolution of the opin-
ion r]t(y) for y ^ x, and find that i]t(y) — r]o(Y(t)) for a random walk Y(s)
with y(0) = y. However, X(s) and Y(s) are no longer independent - they
are independent until the first time r at which X(T) — Y(T), but after that
time, they evolve together: Y(s) — X(s) for s > r. (These are the coalescing
random walks that we found in our discussion of the voter model duality in
Chapter 1.) Thus, r]t(x) and r]t(y) can agree for two different reasons: (i)
t > T, or (ii) t < T and r]o(X(t)) — r]o(Y(t)). If for the independent random
walks, X(s) — Y(s) is recurrent, then the coalescing random walks will agree
eventually with probability 1, and hence r]t(x) — r]t(y) with large probability
for large t.
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Remark. It might appear that this would show that for each x and y,
r]t(x) — r]t(y) from some time on. This is not necessarily the case, since
changing the t in the argument changes the random walks X(s) and Y(s).
An easy example is the nearest neighbor symmetric linear voter model in 1
dimension. If the initial configuration is • • • 1 1 1 0 0 0 • • •, for example,
then the configuration at later times has the same form, with the boundary
between l's and 0's moving like a simple symmetric random walk. Therefore,
every site changes opinion infinitely often.

We will now formalize the above argument using duality directly. Let
At be the dual process of coalescing random walks. It will be convenient to
define

g(A) = PA(\At\ < \A\ for some t > 0).

We will regard g(A) as a measure of how spread apart the points in A are
— g(A) small corresponds to A being spread out.

Lemma 1. (a) IfAcB, then g(A) < g(B).
(b) For any nonempty A,

g(A) <
BCA,\B\=2

Proof. Given A C B, At and Bt with AQ — A and Bo — B can be coupled
together in such a way that At C Bt for all t. To do so, if x €E At use the
same exponential times and the same jump choices for x viewed as a point in
At and for x viewed as a point in Bt. With this coupling \At\ < \AQ\ implies
\Bt\ < \BQ\, and hence g(A) < g(B). This proves part (a).

For part (b), let X\(t),...,XiAi(t) be independent random walks with the
distribution of X(t), and initial states {Xi(0), . . . ^ ^ ( O ) } = A. Then

g(A) = P(Xi(t) = Xj(t) for some i ^ j , t > 0)

P(Xi(t) = Xj(t) for some t > 0)

Exercise. Write down the transition rates for the Markov chain (At, Bt) on
{(A, B) : A C B} used in the proof of part (a) of Lemma 1.



22 T.M. Liggett

2.1 The recurrent case

In this section, we assume that for the independent random walks X(t) and
Y(t), X(t) — Y(t) is recurrent. As we will see, it follows that the process
tends to a consensus in this case.

Lemma 2. For every finite, nonempty A C Zd,

PA(\At\ = 1 eventually) = 1. (1)

Proof. The recurrence assumption implies that g(A) — 1 if \A\ — 2. In
particular, (1) holds for all A of size 2. We will now argue by induction on
the size of A. By Lemma l(a), g(A) — 1 for all A with at least two points.
Now take A with \A\ > 1, and let r = inf{t > 0 : \At\ < \A\}, which is then
finite a.s. By the strong Markov property,

PA(\At\ = 1 eventually) = EAPAr(\At\ = 1 eventually).

Since \AT\ — \A\ — 1, if (1) holds for all A of size n, it holds for all A of size
n + 1 (with n > 2).

Theorem 3. (a) For every 77 € {0,1}5 and every x,y € S,

(c) If fj,{r] : r](x) — 1} — X for all x € S, then

lim nS(t) = X61 + (1 - X)6Q.
t—too

Proof. For part (a), let X(t) and Y(t) be coalescing random walks starting at
x and y respectively, and let r be the coalescing time. By duality (equation
(13) of Chapter 1),

P^imix) + m(y)) = P(v(x(t)) + rj(Y(t))) < P(T >t)^o,

since r < 00 a.s.
For part (b), note that / / £ l implies that

= J
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which tends to 0 as t —> oo by part (a). Therefore /i concentrates on the two
constant configurations 77 = 0 and 77 = 1.

For part (c), use duality again to write for finite A ^ 0

fiS(t){r] :r] = lonA}= f P^rjt = 1 on A)n(drj) = f PA(r] = 1 on At)n(drj)

= f PA{r, = 1 on AU \At\ > l))fi(dr,) + '£/P
A(At = MM*/ • M = 1}-

J y

Therefore,

\nS(t){v : V = 1 on A} - \\ < 2PA(\At\ > 1),

which tends to 0 as t -> 00 by Lemma 2.

Exercise. Is it the case that the weak limit of /J,S(t) exists for every initial
distribution /i?

2.2 The transient case

In this section, we assume that for the independent random walks X(t) and
Y(t), X(t) — Y(t) is transient. In this case, the behavior of the process f)t is
quite different. We begin by showing how to construct a nontrivial stationary
distribution fj,p for each density 0 < p < 1. Let vp be the homogeneous
product measure on {0,1}S with density p:

vp\r\ : 77 = 1 on A} — p\A\

for each finite A C S.
By duality,

upS{t){q : 77 = 1 on A} = f Pv(r]t = 1 on A)dvp = f PA(r] = 1 on At)dup

(x)dvp = EAp^. (2)
B J xeB

Since \At\ is nonincreasing in t, it follows that the limit of upS(t){r] : 77 =
1 on A} exists for every finite A C S, and hence the weak limit

(3)

exists. Since fip is the limit of the distribution of the process at time t as
t f 00, it is automatically stationary, which we see as follows:

f fdfipS(t) = I S{t)fdnp= Urn I S(t)fdupS(s)

= l̂irn^ / fdi>pS{t + s)= I fdfip.
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Before going further, we need to develop some properties of the function
g. Recall that g(A + x) = g{A) for all x € 5.

Lemma 4. (a^ lima;_HX)<7({0,;E}) = 0.
^ If Xi(t), ...,Xn(t) are independent copies of the random walk X(t),

then
-+ 0o.«.

as i —> oo.
(c^ g>(-At) —> 0 a.s. /or any initial set A^ty.

Proof. For part (a), let Z(t) — X(t) — Y(t), which is a symmetric random
walk. Using this symmetry, the Markov property, and the Schwarz inequal-
ity, write

P*(Z(2t)=y) =

(4)

= [Px(Z(2t) = x)Py(Z(2t) = y)]1/2 = P°(Z(2t) = 0).

Now let
POO

G(x,y)= / Px(Z(t) =
Jo

be the Green function for the random walk Z(t). By the strong Markov
property applied at the hitting time of y,

G(x,y) = Px(Z(t) = y for some t > 0)G(y,y).

Similarly, for T > 0,

Px{Z(t) = O)dt = Px(Z(t) = 0 for some t > T)G(0,0),
/
JT
IT

which by (4), takes its largest value at x — 0. Therefore,

g({0, x}) = Px(Z(t) = 0 for some t > 0)

< Px(Z(t) = 0 for some t<T) + Px(Z(t) = 0 for some t > T)

< Px(Z(t) = 0 for some t <T) + P°(Z(t) = 0 for some t > T).

Since Z(t) is transient, the second term on the right above can be made
small by taking T large. Then the first term on the right can be made small
by taking \x\ large.
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For part (b), use part (a) and Lemma l(b), together with the fact
that Xi(t) — Xj(t) —> oo a.s. as t —> oo for i ^ j by the transience as-
sumption. Part (c) follows from part (b) and Lemma l(a), since At and
(Xi(t),..., Xn{t)) can be coupled together in such a way that the contain-
ment

^ C { X i (*),...,*„(*)}

is maintained.

We are now in a position to develop some properties of the stationary
distributions [ip we have constructed. For the statement of part (b) below,
recall that a shift invariant probability measure on {0, \}z is said to be
ergodic if it assigns probability 0 or 1 to every shift invariant subset of
{0,1}Z . These turn out to be the extremal shift invariant distributions.

Theorem 5. For each 0 < p < 1, the measure [ip defined in (3) has the
following properties:

(a) The coordinates are asymptotically independent in the sense that

for all A,
(b) Up is translation invariant and spatially ergodic,
(c) np{n : r](x) = 1} = p,

and
(d)

where G is the Green function of Z(t).

Proof. Passing to the limit in (2), we see that

Hp{n : r? = 1 on A} = Ep\A°° L (5)

(Of course, this is an abuse of notation since the limit of At does not exist;
by \Aool, we mean the limit of \At\, which does exist by monotonicity.)
Therefore, part (a) follows from

\EAp\A~\ - p\A\\ = EA(p\A°°\ - pW, 1^1 < \A\) < g{A).

The translation invariance statement in part (b) is immediate, since vpS{t)
is translation invariant for every t. For the ergodicity statement, let At, A\
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and A2 be copies of the coalescing random walks process that are coupled
so that

(a) A\ and A2 are independent,
and

(b) At = A\ U A\ for t < r = inf{s > 0 : A] n A2 ^ 0}.
Given disjoint sets .A1 and .A2, start the coupled chains with initial states
A\ = A1, Al = A2, and Ao = A1 U A2. Since |4x>| = | ^ | + 1^1 on the
event {r = oo}, (5) implies that

\[ip{rj : i) = 1 on A1 U A2} - nP{n • f] = 1 on Al}np{n : f] = 1 on A2}\

\\ <P(r <oo)<

Replacing A2 by A2 + z, it then follows from Lemma 4(a) that

lim fJ,p{r] : 77 = 1 on yl1U(yl2+2;)} = ^p{f] '• f] = 1 on Al}[/,p{r] : 77 = 1 on yl2},

and this implies that [ip is spatially ergodic.
Part (c) is an immediate consequence of (5). Part (d) also follows from

(5) as follows:

e?(o,o)

Exercise. Write down the transition rates for the Markov chain (A], A2, At)
used in the proof of part (b) of Theorem 5.

Next we check that we have captured all the extremal stationary distri-
butions via the construction in Theorem 5.

Theorem 6. (a) I is the closed convex hull of {/ip : 0 < p < 1}.
(b) le = {HP : 0 < p < 1}.
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Proof. One containment is clear, since ^ e l and 1 is convex and closed.
For the other, take / i G l . Then by duality,

H{q •• V = 1 on A} = iiS(t){q : r/ = 1 on A} = /p"(r/t E I on A)dfi

= f PA(r] = 1 on At)dn = £ ) P A ( A t = B)n{n • V = 1 on B}. (6)
J B

To simplify the notation, let h(A) — fi{r] : 77 = 1 on A},

Vtf(A) = EAf(At), and Utf(xu...,xn) = Ex^~'x" f {X^t), ...,Xn(t)),

where Xi(t),...,Xn(t) are independent versions of our basic random walk
Then (6) can be written as h — Vth. When applied to a function of a set A
instead of a vector (xi, ...,xn), Utf(A) is interpreted as EXl>->Xnf({Xi(t),...,
xn(t)}), where A - {xi,...,xn}.

Using the coupling between At and {Xi(t), ...,Xn(t)} that we used in the
proof of Lemma 4(b), we see that for any function / satisfying |/(^4)| < 1
for all A,

\Vtf(A)-Utf(A)\<g(A). (7)

Applying this to h gives

\h(A)-Uth(A)\<g(A). (8)

Therefore,
\U,h(A) -Ut+.h(A)\ <U,g(A).

The right side tends to zero as s —> 00 by Lemma 4(b), so lim^oo Ush
exists, and is harmonic for the irreducible random walk (Xi(t),..., Xn(t)) on
Sn. Such harmonic functions are constant (see the second remark following
the proof of Theorem 2 of Chapter 1), so we conclude that there are constants
cn so that

lim Ush(A) — C\A\

for every A. Of course, cn depends on h, and therefore on the stationary
measure /i. Passing to the limit in (8), we conclude that

\h(A)-clAl\<g(A). (9)

Note that by Lemmas l(b) and 4(a), g(A) is small if A is spread out.
Therefore, (9) says that if A is spread out and has cardinality n, then h(A)
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is approximately equal to cn. We are trying to show that /i is a mixture of
the /ip's. By Theorem 5(a), fip{r] : 77 = 1 on A} and vp\j] : r] = 1 on A} are
approximately equal if yl is spread out. Therefore, we would expect cn to be
a mixture of vp\y\ : r] = 1 on .A} = p" for p € [0,1].

Now we will carry out the program described in the last paragraph. To
do so we need to show that {cn} is a moment sequence, i.e., there exists a
probability measure 7 on [0,1] so that

C = / pn
7(dp).

Jo

A necessary and sufficient condition for this is that

0 (10)

for all nonnegative integers n, m. (See Theorem 2 of Section VII.3 of Feller
(1966).) Note that the necessity is clear from

= fpm{l-p)n
1{dp).

To check (10), fix m, n, and let A% be a sequence of sets of size m + n so that
<7(.Aj) —> 0. Such a sequence exists by Lemma 4(b). Write A% — Bi U Cj,
where |i?j| = m and |Cj| = n. Note that by Lemma l(a), g(Bi) —>• 0 and
<7(Cj) —> 0 as well, since these are subsets of Ai. By inclusion-exclusion,

: r? = 1 on ^ , r? = 0 on C»} = ^ (-l)lFl/i(Bi U F) .

Applying (9), it then follows that

lim /i{?7 : rj = 1 on Bu rj = 0 on C»} = V ( ) (-l)fecfe+) ( l ) f e

which gives (10).
Now define

—
Jo

and h*(A) — n*{q : 77 = 1 on A}.
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Since /i* G 1, (6) can be applied to /i* to conclude that h* — Vth*. By
Theorem 5(a),

\h*(A)-c\A\\<g(A),

and comparing with (9),

\h*(A)-h(A)\<2g(A).

Applying Vt to this and using the harmonicity for Vt of both h and h* gives

\h*(A)-h(A)\<2Vtg(A).

Letting t —> oo and using Lemma 4(c) gives h* = h, and hence /i* = /i. Thus

H = / Vplidp), (11)
./o

which completes the proof of part (a).
To prove part (b), note first that fip G Xe for each p by Theorem 5(b),

since the ergodic measures are extremal in the class of all translation invari-
ant measures. So,

W : 0 < p < 1} C Xe.

For the reverse containment, take | i E l e . By part (a), /i is a mixture of
/ip's. Since /i is extremal, it must be one of the /ip's.

Exercise. Use the fact that (10) is a necessary and sufficient condition for cn

to be a moment sequence to prove de Finetti's Theorem, which states that
every exchangeable measure /i on {0,1}S, where S is infinite, can be written
as a mixture of the homogeneous product measures vp. (See Section VII.4 of
Feller (1966). An exchangeable measure is one for which /i{rj : rj = 1 on A}
depends on A only through its cardinality.) We will use de Finetti's Theorem
in Chapters 3 and 4.

Next is a convergence theorem for translation invariant initial distribu-
tions.

Theorem 7. Suppose /i is translation invariant and spatially ergodic. Then

lim
t—>00

where p — fi{r] : r/(0) = 1}.
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Proof. Let h(A) — fi{r] : r/ = 1 on A}, hi(A) — fj,p{r] : r/ = 1 on A}, and

h2(A) = V/>{V : V= Ion A} = p \ A \ .

Define Vt and Ut as in the proof of Theorem 6. By duality, we need to show
that

(12)

for each A. We will prove instead that

Uth(x) ->• pn (13)

for each x G Sn. To see that (13) implies (12), use (7) to write

\Vt+sh(A)-hl(A)\ < \Vs(Vth-Uth)(A)\ + \VsUth(A)-hl(A)\
\VaUth(A)-hi(A)\

which implies by (13) that

limsup \Vth(A) - hi(A)\ < Vsg(A) + \Vsh2(A) - tn(A)\. (14)
t^oo

Since Vsh,2 —> hi as s —> oo by (2) and (3), and Vsg —> 0 by Lemma 4(c), the
right side of (14) tends to zero, and hence (12) holds.

Now we will check (13) using some elementary Fourier analysis. Since
the covariance of the random field with distribution /i is positive definite,
Bochner's theorem implies that there is a measure 7 on [—n, n)d so that

: r,(x) = 1, r,(y) = 1} - p2 = J e

( < • , • > is the usual Rd inner product.) Let

be the characteristic function of the random walk jumps. Since the random
walk is irreducible, \4>{0)\ — 1 if and only if 9 — 0. Note that

Exei<Xt,9> _ ei<x,0>e-t[

Now define
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Then

J[Wt(x,r,)-Wt(x,r,)]2fi(dr,) =
2

7(d0),

which tends to zero as s,t —> oo. Therefore

W(x, 77) = lim Wt(x,r])

exists in L2(fi) for each x.
By the definition of Wt(x,r]) and the Chapman-Kolmogorov equations,

= v)Wt(y,T}),

so that by passing to the limit as s —> oo, we have

W(x,ri) = VP*(X(*) = y)W(y,ri) a.s.(/i).

Since all bounded harmonic functions for the random walk are constant, we
conclude that

W(x,rj) = W(0,rj) a.s.(/i) (15)

for each x. Using the definition of Wt(x,r]) again, we have

Wt{x + u,rj) = Wt{x,Turj),

where ru is the shift: Tur](y) — r](y + u). Therefore, W(x + u, rf) — W(x,Tur])
a.s., so by (15), W(0,77) is an a.s. invariant random variable. Since /i is
ergodic, W(0,77) is a.s. constant, and since it has mean p, we conclude that

Wt(x,rj) -^ p

in L2(n) as t —> 00 for every x. But

Uth{{xu...,xn})= f f[Wt{xi,r,)dn ^ (T

as t —> 00. This verifies (13) as required.
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3 Symmetric Exclusion Processes

Exclusion processes were introduced in Example 3 of Chapter 1. In this
chapter, we will explain how coupling and duality can be used to give a
complete analysis of the limiting behavior of this process in the symmetric
case. The main reason for the symmetry assumption is that there is no
useful duality for asymmetric systems. As in the previous chapter, we will
restrict our discussion to the translation invariant case. Thus we assume that
S — Zd, and p(x,y) — p(0, y — x) — p(y, x) are the transition probabilities for
a symmetric irreducible random walk on Zd. The general case is treated in
Chapter VIII of Liggett (1985) - the main results of that chapter are stated
without proof in Section 3 of this chapter.

The principal result of this chapter is the following.

Theorem 1. (a) Xe — {up : 0 < p < 1}.
(b) If /i is translation and spatially ergodic, then

lim fiS{t) = up,

where p — fi{r] : r/(0) = 1}.

We will only prove part (a), since the proof of part (b) is similar to the
proof of Theorem 7 of Chapter 2. Using duality, part (a) of Theorem 1
follows from the following statement.

Theorem 2. / / / is a bounded harmonic function for the finite exclusion
process At, then f is constant on {A : \A\ — n} for each n > 1.

Proof of Theorem l(a). Recall that a probability measure /i on {0,1}5 is
said to be exchangeable if

: 77 = 1 on A}

depends on A only through its cardinality. By de Finetti's Theorem (see
the exercise preceding Theorem 7 in Chapter 2), if S is infinite, then every
exchangeable measure is a mixture of the homogeneous product measures
Up. Therefore, Theorem l(a) is equivalent to the statement that I agrees
with the set of exchangeable probability measures. To check this, use duality
(equation (14) of Chapter 1) to write

nS(t){n : T} = 1 on A} = f P^fa = 1 on A)dn = f PA(v = 1 on At)dn

r / = l on B}. (1)
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Since the cardinality of At does not change with t, this shows that every
exchangeable measure is stationary. Conversely, suppose /i is stationary.
Then fiS(t) — /i for each t, so (1) implies that the function /(-A) = /i{r/ : 77 =
1 on A} is harmonic for At. By Theorem 2, / depends on A only through
its cardinality, so /i is exchangeable.

The proof of Theorem 2 depends very much on whether the random walk
X(t) with transition probabilities p(x,y) is transient or recurrent. We will
explain the proof in these two cases in the next two sections.

3.1 The recurrent case

To prove Theorem 2 in this case, it suffices to construct a coupling of two
copies At and Bt of the finite exclusion process for any initial states AQ, BQ
of cardinality n so that \A0 n Bo\ — n — 1 with the following property:

P(At — Bt for all t beyond some point) = 1. (2)

(A coupling with property (2) is said to be successful.) To see that this is
sufficient, we argue as in the proof of Theorem 2 of Chapter 1. Suppose that
/ is bounded and harmonic for the finite exclusion process At. Then using
the coupling,

\f(A0)-f(B0)\ = \Ef(At)-Ef(Bt)\ < E\f(At)-f(Bt)\ < 2\\f\\P(At + Bt).

The right side of this expression tends to zero as t —> 00 by (2), and hence
f(Ao) — f(Bo). Since any two sets of the same cardinality have the property
that one can be transformed into the other by successively moving one site
at a time, it follows that f(A) — f(B) for any two sets A, B with the same
cardinality.

Next, we must construct a coupling with property (2). If n — 1, this is
very simple: simply let At and Bt evolve independently until they meet, and
make them evolve together thereafter. To see that they will eventually meet,
write At = {X(t)} and Bt = {Y(t)}. Then Z(t) = X(t) - Y(t) is a random
walk with exponential holding times of rate 2 and transition probabilities
p(x,y), until it first hits 0. (Z(t) moves from u to v if either X(t) has an
increment of v — u or Y(t) has an increment of u — v; the rate of this is
p(0, v — u) +p(0,u — v). Now use symmetry.) Therefore Z(t) is recurrent,
and hence it will hit 0 eventually.

For general n, the proof is similar, but relies on a crucial observation.
After At and Bt agree, they will move together. Until that time, call it r,
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they will always satisfy | ^ n ^ | = n - 1 . So, for t < r, write At — Ctll{X(t)}
and Bt — CtU {Y(t)}, where Ct — At D B<. Before r, the Markov process
(Ct,X(t),Y(t)) has the following transitions from state (C,x,y). In each
case, u E C and v ^ C U {x, y}. The transitions are then to

{Cu,v,X,
(C,v,

(C,x,

(C,x,

(C,y,

(Cux,u,

{Cu,y,X,

y)

y)
v)

x)

y)

y)
u)

at
at

at

at

at

at

at

rate
rate

rate

rate

rate

rate

rate

p{u,v),
p{x,v),

p(y,v),

p(y,x),

p{x,y),
p{u,x),

p(u,y).

Note that the marginal processes have the following rates: The pair (X(t), Y(t))
has the transition rates for two independent random walks with transition
probabilities p(-, •) and Ct evolves like an exclusion process, until the first
time r that X(t) — Y(t). This again uses the symmetry of ]?(•,•)• To see
this, write a configuration at some time as

Bt:
* * *
* * *

ct

* *
*

X(t)

*

Y(t)

If u € Ct and x — X(t), then X(t) moves from x to u at rate p(u,x),
when it should make this transition at rate p(x,u). But by symmetry, these
are the same. Now by the recurrence assumption, X(t) and Y(t) will meet
eventually, and hence P(T < oo) = 1, as required.

3.2 The transient case

The proof in case n — 1 is immediate, since irreducible random walks have
no nonconstant bounded harmonic functions. So, fix n > 1, and let

T-{x-(xi,..., xn) € Sn :xi^ Xj for all i ^ j}.

Then we can regard the exclusion process with n particles as a Markov chain
on T. Let Vt be its semigroup, and let Ut be the semigroup for the system
of n independent random walks X(t) — (Xi(t), ...,Xn(t)). We need to prove
that Vtf — f implies / is constant if / is a bounded symmetric function
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on T. Since Ut is the semigroup for a random walk on Sn, we know that
Utf — f implies / is constant if / is a bounded function on Sn. Thus we
need to compare Ut and Vt in some way. To do so, define g on Sn by

g(x) = Px(X(t) i T for some t > 0).

This function will play a role similar to that of the g in Chapter 2.
By coupling the exclusion process and the independent random walk

system so that they agree until the first time the latter process hits T, we
see that if 0 < / < 1, then

\Vtf(x)-Utf(x)\<g(x), x£T. (3)

By Lemma 4(b) of Chapter 2 and the fact that Px(X(t) e T) ->• 1,

lim Utg(x) = 0, x G Sn. (4)
t-KX>

(Px(X(t) G T) —> 1 is needed here because Lemma 4(b) refers to the set

rather than the vector (Xi(t),...,Xn(t)). Thus, for example, g({u,u}) — 0,
but g(u,u) — 1.)

We will argue in the following way. Suppose / is a symmetric function
on T satisfying 0 < / < 1 and Vtf = f for all t > 0. Extend / to Sn by
setting / = 0 on Sn\T. By (3) and the fact that g = 1 on Sn\T,

\f(x)-Utf(x)\<g(x), z e S " . (5)

Applying Us to this inequality gives

\U.f(x) - Us+tf(x)\ < U.g(x), x € Sn.

By (4), Usf has a limit as s —> oo. Since this limit is harmonic for Ut, it is
a constant; call it C. We conclude that

lim Utf(x) = C, xeSn.

Passing to the limit in (5) gives

\f(x)-C\<g(x), xeSn.
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Applying Vt to this and using Vtf — f again leads to

\f(x)-C\ = \Vtf(x)-C\<Vtg(x), x£T. (6)

To complete the proof that / is constant on T, it then suffices to show that
the right side of (6) tends to zero as t —> oo.

In view of (4), it would be enough to show that

Vtg(x) < Utg(x), xeT. (7)

The intuition behind this inequality is the following: g(x) is small if the
coordinates of x are widely separated. Since the difference between the in-
dependent system and the interacting system is that the latter evolution
keeps the coordinates of the process apart, one might expect that the co-
ordinates are generally further apart in the interacting system than in the
independent system. This relation of being "further apart" cannot be main-
tained in a pathwise sense, but (7) would say that the intuition is correct in
an expected value sense.

It is easier to consider this issue for another function on Sn defined by

where
A(u) = Pu(Z(t) = 0 for some t > 0).

Here Z(t) is the underlying random walk on S. Since

(4) implies that

and we need only prove

KmUtg*(x) = 0, xeSn, (8)
t—>00

Vtg*(x) < Utg*{x), xeT. (9)

We begin the proof of (9) by writing the integration by parts formula

Ut-Vt= f Vt-.(U - V)Usds, (10)
Jo
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where U and V are the generators of Ut and Vt respectively. (To check this,
integrate the following identity from 0 to t:

^-Vt-sUs = Vt-sUUs - Vt-sVUs,as

recalling that, while the ?7's and Vs do not commute with each other, each
semigroup commutes with its generator.) It follows from (10) that it will be
enough to show that (U — V)Utg* > 0 on T, since Vt maps functions that
are nonnegative on T to functions that are nonnegative on T. Since the two
generators agree except for transitions that lead out of T,

(U -V)Utg*{x) —

-Utg*(x)]
1 "

= g ^2p(xi,Xj)[Utg*(xi,...,Xi-i,Xj,Xi+i,...,xn)

i,...,xn) -2Utg*(x)],

where we have used the symmetry of p(-, •) again. To check that each sum-
maud on the right above is nonnegative, it is therefore enough to check that

Utg*(u,v,x3,...,xn)P(u)P(v) > 0 (11)

for all choices of X3,..., xn G S if

The /?(•) that we are using in this application is

{+1 ifu = xi,
- 1 ifu = a;2,
0 otherwise.

To compute the left side of (11), let

At(u) = E(°'u)A(Xi(t) - X2(t)) = Pu(Z(s) = 0 for some s > 2t).
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Then

Utg*(x)=

so the left side of (11) is

The nonnegativity of this expression follows from the following computation,
for which we take 0 < t\ < • • • < tn:

= X2(U) for some 1 < i < n)
u,v

n

~ ~ X^U) = X2(U), X^tj) + X2(tj) V j > i)

Pu(Xl(ti) = w)Pv(X2(U) = w)

X2(tj - U) V j > i)]

j = l w L u

Xi(tj - U) # X2{tj - U) V j > i) > 0.

3.3 The general (non—translation invariant) case

We conclude this chapter by stating the results corresponding to Theorems
1 and 2 when S is a general countable set, and p(x, y) are the transition
probabilities for a general symmetric irreducible Markov chain on S. The
proofs can be found in Section VIII. 1 of Liggett (1985).

Define

U = L : S -+ [0,1] : ̂ 2p(x,y)a(y) = a(x)\.
^ y >

For a € 7i, let va be the product measure on {0,1}5 with marginals given
by a:

va{n • v(x) = 1} = a(x).
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Finally, let pt(x,y) be the transition probabilities for the continuous time
Markov chain with jump probabilities p(x, y) and exponential holding times
with mean 1.

Theorem 3. (a) For every a € %,

Ha - lim uaS(t)
tHX>

exists.
(b) Halv '• vix) — 1} — &{x) for all x £ 5 , and

= 1} < a(x)a(y)

for all x ^ y €E S.
(c) na is a product measure if and only if a is a constant.
(d) le = {tia:a£ %}.
(e) If the probability measure fi on {0,1}5 satisfies

lim S^Pt(x, y)^{n • r](y) — 1} — a(x)

for every x £ S , and

lim
2/1,2/2

for every X\,X2 £ S, then a 6 W and

l i m

Note that Theorem 1 is a special case of Theorem 3. For part (a), this
uses the fact that random walks on Zd have only constant bounded harmonic
functions, so H consists only of the constants in [0,1] in this case. To deduce
part (b) of Theorem 1 from Theorem 3, use the argument at the end of the
proof of Theorem 7 of Chapter 2.

Here is an example in which H is very large. Let S — T2, the tree in
which each vertex has 3 neighbors. Let p(x, y) — 1/3 if a; and y are neighbors,
and p(x,y) — 0 otherwise. To construct a nonconstant a £ ? f , proceed as
follows: Fix two adjacent vertices a, b, and let a(a) — 1/3 and a(b) — 2/3. If
£ is a distance n from a and n +1 from 6, let a(x) — (l/3)2~", while if a; is a
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distance n from b and n+1 from a, let a(x) — 1 —(l/3)2~™. Let T* be the half
of the tree made up of sites that are closer to b than to a. Then the harmonic
function we have defined is a(x) — Px(X(t) €E T* from some time on). By
Theorem 3, there is an extremal stationary distribution for the corresponding
exclusion process with these marginals. It is not known explicitly what this
measure looks like. There are of course many other elements of %.

4 Translation Invariant Exclusion Processes

In the last chapter, we saw how duality can be used to analyze symmetric
exclusion processes. There is no useful duality for asymmetric systems, so
other techniques must be used. In fact, the behavior of asymmetric systems
is more varied and interesting, so it is not just the tools that are different -
the processes themselves are fundamentally different.

In the first two sections, we will let S and p(x,y) be general. However,
the main objective here is to treat translation invariant systems, so that
in the rest of the chapter, we will consider the translation invariant case:
5 = Zd and p(x, y) = p(0, y-x).

4.1 Stationary product measures

In this section, we will see when (possibly inhomogeneous) product measures
are stationary for an exclusion process. If a : S —> [0,1], let va be the product
measure on {0,1}5 with marginals given by va{j] : rj(x) — 1} — a{x) for each
xeS.

Theorem 1. (a) If p(x,y) is doubly stochastic, then va € X for every
constant a € [0,1]. In particular, this is true in the translation invariant
case.

(b) If n(x) > 0 and n(x)p(x,y) — ir(y)p(y,x) for all x,y € S, (i.e., n is
reversible with respect to p(x, y)) then va € X, where

Remark. If p(x,y) is symmetric, then it satisfies both (a) and (b) (with
IT ̂ constant). In this case, we checked that the homogeneous product mea-
sures are stationary using duality in Chapter 3.
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Proof. By Theorem 1 of Chapter 1, it suffices to check that

fnfdva = o

for all cylinder functions / . In the interest of simplicity, we will carry out
the computation in the case in which S is finite, so that all the sums below
are finite. The general case follows by approximation, or by a more careful
handling of the sums involved. (See Theorem 2.1 of Chapter VIII of Liggett
(1985).) Then

P(x,y)[f(r]x,y) - f(ri)]dva

x,y:r)(x)=l,T)(y)=O

,V) I _ _ [f(rix,y)-f(ri)]dva.

It suffices to assume that 0 < a(x) < 1 for all x. Making the change of
variables 77 —> r]x>y in the integral, write

2p(x,y) /
,y Jrr.ri(x)=l,

(2)

In case (a), a(x) is constant, so we get

x,y

But in the doubly stochastic case,

} ^ { i){x)} =0.
x,y x,y

(Recall that these sums are finite, since we are taking S finite in this com-
putation.)

Turning to case (b) and interchanging the roles of x and y, (2) becomes

ff
:fj(»)=O,fj(*)=l
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Using the reversibility assumption, this becomes

x,y J T]-.T](y)=0,T](x)=l

so that / £lfdva — 0.

Remark. Note that in case (b), va is not only stationary, but is reversible as
well. This means that the stationary process f)t obtained by using va as the
initial distribution (when extended to t € (—00,00)) has the property that
{fhi t € (—00, 00)} and {rj-t, t € (—00, 00)} have the same joint distributions.
Analytically, it means that the semigroup of the process is symmetric on

J fS(t)gdva = JgS(t)fdua

for f,g€. L2(va)-

4.2 Coupling

The basic coupling of two copies of the exclusion process is the process (ijt, Ct)
with the following transitions at rate p(x,y):

(»7>C) -> (Vx,y,(x,y) Krj(x) = ((x) = 1 and rj(y) = ((y) = 0,

(V, 0 -+ (Vx,y, 0 if V(x) = 1, V(y) = 0 and (((x) = 0 or ((y) = 1)

(V, 0 -+ (V, Cx,y) if C(x) = 1, C(V) = 0 and (r](x) = 0 or r/(y) = 1).

In other words, particles move together whenever they can. A discrepancy
is a site x at which r](x) ^ ((x). An important property of the coupling is
that, while discrepancies can move and disappear, they cannot be created.
Another important property is that 770 < Co implies r]t < Ct for all t > 0,
which shows that the process is attractive. An immediate consequence of
this is that every extremal stationary distribution for the coupled process
assigns probability zero or one to the sets {77 < (}, {77 = £} and {£ < 77}.

Let 1* be the set of stationary distributions for the coupled process.
More generally, * will denote objects related to the coupled process. The
next result provides some connections between 1* and 1. By the translation
invariant case, we will mean the case in which S — Zd and p(x, y) — p(y — x)
for some probability density p(x) on Zd. In this case, we will let S and
S* denote the class of shift invariant probability measure on {0,1}5 and
{0,1}S x {0,1}S respectively.
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Theorem 2. (a) If v* € X* then its marginals are in I.
(b) If v\,V2 £ X, then there is a v* El* with marginals v\ and V2 •
(c) If v\, V2 Gl e , then the v* in part (b) can be taken to be in I*.
(d) In parts (b) and (c), if v\ < V2, then v* can be taken to concentrate

on {77 < C}-
(e) In the translation invariant case, parts (a)-(d) hold if I and I* are

replaced by IDS and I* D S* respectively.

Proof. Part (a) follows from the fact that the marginal processes r]t and (t
are versions of the exclusion process. For part (b), let /i* be the product
measure v\ x V2. Then v* can be taken to be the limit of a weakly convergent
sequence

1 Ctn

— I n*S{s)ds
*n JO

of Cesaro averages, with tn f 00. Such a limit exists by compactness of the
state space, and is in I*. Turning to part (c), take the v* obtained in part
(b), and write it as a mixture of elements of 1*. The marginals v\ and V2
are the corresponding mixtures of the marginals of these elements of 1*, so
by the extremality assumption on v\ and V2, almost every such element has
marginals v\ and v-i. Take any one of them to be the required element of 1*.
For part (d), instead of taking /i* to be the product measure viX v2, take it
to be any measure with marginals v\ and V2 that concentrates on {77 < C}-
For the last statement, carry out the above proofs with the replacements
given.

Remark. The extension of (d) to the translation invariant setting is some-
what more subtle than the others. If v\ < V2 and both Vi are shift invari-
ant, one needs to find a coupling measure for them that concentrates on
1(^)0 : V < C}> a nd is also shift invariant. To do so, take any coupling
measure v for v\ and V2 that concentrates on {(77, C) : f] < C} ~ it n e ed not
be shift invariant. Then take a limit of Cesaro averages of shifts of v as
the coupling measure to be used in the proof. To check that this limit is
shift invariant, one needs to use the fact that the boundary of a cube of side
length N in Zd has a size that is of smaller order than the volume of the
cube. Thus this proof would not work if Zd is replaced by the homogeneous
tree T ,̂ for example.

4.3 Shift invariant stationary measures

In this section, we consider the irreducible translation invariant case, and
explain how to use coupling to show that the stationary distributions that are
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shift invariant are exactly the exchangeable measures. Since all exchangeable
measures are mixtures of homogeneous product measures by de Finetti's
Theorem (see the exercise preceding Theorem 7 in Chapter 2), the fact that
every exchangeable measure is stationary follows from Theorem l(a). We
begin with a basic fact about the coupled process - in a shift invariant
equilibrium situation, discrepancies of opposite type cannot coexist. This is
a consequence of the fact that discrepancies cannot be created in the coupled
process.

Theorem 3. If v* 6 l * n S * , then

u*{(rj, C) : v(x) = C(V) = 0, v(y) = C(x) = 1} = 0

for every x,y €E S

Proof. For any probability measure v* on {0,1}S x {0,1}S,

= ((x) =

,C) : r,(x) = C(x) =

,C) : r,(x) ± CWMv) = CM = 0}

= CM = 1}
y

> , y) + p(y, x)]v*{(V, Q : v(x) = C(y) + v(y) = C(x)}. (3)

The first two terms on the right of (3) correspond to a discrepancy moving
from y to x, the third and fourth terms correspond to a discrepancy moving
from x to y, and the final term corresponds to the destruction of the discrep-
ancy at x. If v* 6 l * , then the left side of (3) is zero. If v* € S*, then the
^-probabilities appearing on the right are functions of y — x. Therefore in
this case, the first and fourth terms cancel, and the second and third terms
cancel. This implies that

v*{(ri, 0 • r](x) = C(V) + V(V) = C(x)} = 0 (4)
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for all x, y such that p(x, y) +p(y, x) > 0. Using the irreducibility of p(x, y)
and the stationarity of v* again, it then follows that (4) holds for all x,y as
required. To check this, one shows by induction on n that if

x — £0,2:1, ...,xn — y satisfy p(xi,Xi+i) > 0 for each i, (5)

then (4) holds for that pair x, y. We have proved the basis step n — 1
already. For the induction step, assume this is true for n — 1 (and all x, y
which can be joined by a path of length n — 1 as in (5)), and take x, y joined
by a path of length n as in (5). Use the notation:

= C(v) = 0, V(v) = C(u) = 1},

for example. Then write

1
0
X

1
0
X

0
0

Xl

0
1

Xl

0
1

y

0
1

y

The last two terms on the right are zero by the induction hypothesis.
We will check that the second term is zero; the first term is treated in a

similar manner. Suppose that at time zero, the process is in the situation

1
0
X

0
0

Xl

0
1

y

and that by time t, there has been an attempted transition from x — XQ to
xi, but no other attempted transitions involving XQ, ...,xn. Then at time t,
the situation will be

0 1 0
0 0 1.
x xi y

>v*
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Since v* is stationary for the coupled process, the left side above is zero by
the induction hypothesis, and therefore the right side is also zero as required.

Theorem 4. (X n S)e — {vp, 0 < p < 1}.

Proof. By Theorem l(a), vp € X, and of course vp € S. Furthermore,
Up € <Se, since it is spatially ergodic. Therefore, ^ 6 ( I n <S)e.

For the converse, take v € (Xn«S)e. By Theorem 2(e), for any 0 < p < 1,
there is a v* € (X* D <S*)e with marginals fp and f. By Theorem 3,

"*{(ri,Q 'V<C,V^C} + "*{(ri,Q • C < W + C} + ^*{(»7,C) : »7 = C} = 1-

Since the three sets above are closed for the evolution and translation in-
variant, and since v* is extremal, it follows that one of the three sets has full
measure. Therefore, for every 0 < p < 1, either v < vp or vp < v. It follows
that v — VpQ where po is determined by

v < up for p > pQ,

v > vp for p < po-

4.4 Some extensions

The technique used in the proof of Theorem 4 can be used in some other
situations. Here is an example.

Theorem 5. Ifp(x,y) —p(0,y — x) is irreducible on Zl,

^ |a;|p(0, x) < oo, and ^ xp(O, x) — 0,
X X

then all stationary distributions are exchangeable.

The proof of this result can be found in Chapter VIII of Liggett (1985).
Here we describe only the idea of the proof. The main point is again to prove
an analogue of Theorem 3, without assuming that v* is shift invariant. Once
that is done, one can proceed as in the proof of Theorem 4. Instead of con-
sidering the rate of change of the probability of having a discrepancy at x
in (3) (which is negative only because of the cancellation that occurs in the
translation invariant case), we now need to look at the rate of change of the
expected number of discrepancies in a large interval [—N, N]. This quan-
tity can change in both directions - discrepancies can enter [—N, N] from
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outside the interval, leading to an increase in discrepancies in the interval.
This problem is handled by showing that for large N, the rate at which dis-
crepancies cross N or — N is small. When looked at near ±00, the coupling
measure v* is almost translation invariant (this requires a Cesaro argument).
But Theorem 4 tells us that the translation invariant stationary distributions
for r]t are exchangeable. Suppose, for example, that v* were shift invariant
and had marginals v\ and vp respectively, with \ < p. Then by Theorem 3,
one might expect that v* is the product measure with marginals

It would follow that the net rate of flow of discrepancies to the right across
N, for example, is

P(x, vV{(ri, 0 : V(x) = 0, ((x) = 1, r}(y) = C(y) = 0}
x<N<y

+ Y P(V> sK{fa> 0 : V(x) = 0, C(x) = 1, r,(y) = ((y) = 1}
x<N<y

- E P(y> x>*{(v, 0 • v(x) = C(x) = 0, ri(v) = 0, C(v) = 1}
x<N<y

- E p(x, y)u*{(V, C) : r](x) = C(x) = 1, v(y) = 0, C(y) = 1}
x<N<y

which vanishes by the mean zero assumption. This is not quite the way the
proof goes, but this computation does show how the mean zero assumption
arises.

Remark. We are very far from understanding the structure of Ie in the
general translation invariant case on Zd. In fact, for d > 2, Ie has been
completely described only in the symmetric case covered in Chapter 3. Cer-
tainly it is often not the case that

Ie = {vP,0<p< 1}.

For example, suppose there is a nonzero v € Zd so that

< > x ) (6)
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for all x. Then n(x) — ce<x'v> is reversible for p(x,y), so Theorem l(b)
provides examples on stationary distributions that are not shift invariant.

An instructive example is the following. Let {ei,..., e^} be the standard
basis vectors in Zd, and take

p(x, x + e^ — an, p(x, x — e^ — fa

with all other p(x, y)'s zero. Assume that all the <Vs and /%'s are strictly
positive, and set

, OLi
t>j = lOg — .

Pi

Then (6) holds with v — (vi,..., vj). The corresponding stationary distribu-
tion v satisfies

^ (7)

Note that this is constant on hyperplanes that are orthogonal to v, while one
might have expected it to be constant on hyperplanes that are orthogonal
to the the mean vector

It would be very interesting to know that all the extremal stationary distri-
butions in this case are the homogeneous product measures and the product
measures with marginals given by (7).

The picture is much more complete in the one dimensional case, however.
That is the topic of the next chapter.

5 One Dimensional Exclusion Processes

In this chapter, we will focus on translation invariant exclusion processes on
S — Z1. The first section deals with the nearest neighbor case. The more
general case is described in Section 2. As we will see, the behavior of the
process is much more interesting when the particles have a drift.

5.1 The nearest neighbor case

In this section, we take p(x, x + 1) — p and p(x, x — 1) — q where p + q —
1,0 <p< 1. Letting

PX

n(x) — I - I and a(x) —
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we see from Theorem l(b) of Chapter 4 that va G X. Note that by the
Borel-Cantelli Lemma, if p > ^, then va assigns full measure to

E=L € {0,1}S : ̂ ri(x) < oo, £)[1 - ri(x)] < oo j .

Decompose £ in the following way:

{ 1
nr\ ^ i-" • \ T\\ T\ N 1 T?I'7'l >
/ / C i—i . / IfyjUJ / [X / V / J | *

Then the process 7ft remains in En if it begins in it, so r]t is simply an
irreducible, countable state Markov chain on Sn. But the conditional distri-
bution

is stationary for this Markov chain, so the chain is positive recurrent.
Using coupling, much as it was used in Chapter 4, one can prove that

we have now found all the stationary distributions for the process. The
main part of the proof is an analogue of Theorem 3 of Chapter 4. That
theorem says that discrepancies of opposite type cannot coexist in a trans-
lation invariant equilibrium for the coupled process. This is not the case
in the present context, since if one couples the stationary measures v\ and

2

/io, for example, there must be discrepancies of one type on the negative
half line, and of the other type on the positive half line. This is the worst
that can happen, though. It turns out that every element of X* concentrates
on configurations that have all discrepancies of one type to the left of all
discrepancies of the other type. (See Liggett (1976) for details.) Once this
is established, the proof of the following result follows the lines of the proof
of Theorem 4 of Chapter 4.
Theorem 1. If p > \, then Xe — {up, 0 < p < 1} U {/in, -oo < n < oo}.

Thus we see that the asymmetric case allows for the existence of more sta-
tionary distributions than does the symmetric case.

Next, we look at the limiting behavior of the process when the initial
distribution is highly non-translation invariant. For 0 < \,p < 1, let V\JP be
the product measure with

(A i f z < 0
vxAv : V{x) = 1} = <

[p if x > 0.
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By Theorem 3(e) of Chapter 3, if p — ̂  then

By contrast, in the asymmetric case, we have the following quite different
statement. (See Liggett (1977) and Andjel, Bramson and Liggett (1988) for
the proof.)

Theorem 2. Ifp>^, then

lim v\,pS(t) =

v\ji

up

vx

if A > 1/2 and p < 1/2,
if p> 1/2 and A + p > 1,
if A< 1/2 and A + p < 1,
if 0 < A < p and A + p = :
if A = 0 and p—1.

To help understand why this might be limit in the various cases, we
describe a heuristic argument. Take as an example the case p—1, and write
/it for /iS(t). Then

jtVt{n • V{x) = 1} = IH{T} •• v(x-i) = l,f}(x) = 0}-IH{T} : f}(x) = l,r]{x+l) = 0}.

Letting u(x,t) — utiv '• v(x) — 1} a nd pretending that [it is a product
measure (which it is not), this can be seen as a discrete approximation to
Burgers' partial differential equation

Consider this differential equation with initial condition

(A i f x < 0 ,
u(x,0) = \

[p if x > 0.

Then the (entropic) solution is given by

i fz<( l -2A) t ,
if (1 - 2A)t < x < (1 - 2p)t,
ifx>(l-2p)t,
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provided that A > p, and

u(x, t) — u(x — vt, 0), where v — 1 — A — p

if A < p. Therefore, except in the case A + p = l , A < p , the limit in Theorem
2 is the product measure with density given by

lim u(x, t)

(which is independent of x).

5.2 The general case

In this section, we assume that S — Z1, p(x, y) — p(0, y — x), Y^x \X\P(9I
 x) <

oo and the corresponding random walk is irreducible. In this case, we know
that Xe = {vp,0 < p < 1} if Y,X

XP(°IX) = ° (Theorem 5 of Chapter 4),
and that the analogues of the first three cases of Theorem 2 above hold if
Y^x xp(0, x) > 0 (Theorem 1.1 of Liggett (1977)). For the rest of this section,
we focus on analogues of Theorem 1 above. Without loss of generality, we
may assume from here on that Ylx

 xPi^ix) ^ 0-
A probability measure on S will be called a blocking measure, while a

probability measure /i on {0,1}5 that satisfies

lim n{r] : r](x) — 1} = 0 and lim fi{r] : r](x) — 1} = 1
X—>•—OO X—>-00

will be called a profile measure. Every blocking measure is a profile measure,
but not conversely. The following results were proved recently in Bramson,
Liggett and Mountford (2002). That paper was an outgrowth of two other
recent papers: Bramson and Mountford (2002) and Ferrari, Lebowitz and
Speer (2001).

Theorem 3. Either (a) Te — {up, 0 < p < 1}, or
(b) there is a profile invariant measure /i so that

%e — {vp, 0 < p < 1} U {fj,n, —oo < n < oo},

where /in is the shift of /i by a distance n.

We know that both situations can occur: (a) happens when p(0, •) has
mean zero (Theorem 5 of Chapter 4), and (b) happens in the nearest neighbor
case with positive drift (Theorem 1 in this chapter). Thus we would like to
know exactly when each of (a) and (b) occurs. The next two theorems
provide some answers to this question.
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Theorem 4. / / Ylx<o x2p(0,x) — °°> then no stationary blocking measures
exist.

The idea behind this result is that if the negative tails of p(0, •) are very
large, and if there were a blocking equilibrium (in which case all sites to the
right of some point would be occupied), then there would have to be infinitely
many particles to the left of the origin. Note that Theorem 4 does not rule
out the existence of a stationary profile measure. It is not known whether
nonblocking stationary profile measures exist. The following complements
Theorem 4.

Theorem 5. Suppose (a) p(0, x) andp(0, —x) are decreasing in x for x > 1,
(b) p(0,x) > p(0,—x) for all x > 1, with a strict inequality for some

x>l,
and

(c) EaKO z2P(0, x) <oo.
Then a stationary blocking measure exists.

The proof of this theorem is too long to explain here. However, we will
describe the three main steps in the proof, including a computation that
shows explicitly how the second moment assumption enters into the proof.

Outline of part 1 of the proof. Here the objective is to show that stationary
blocking measures exist when the negative tails of p are small. Suppose, for
example, that

Y,\x\5p(0,x) <oo,
x<0

and choose e > 0 so small that

(l + e\x\)4p(0,x) <
x<0 x>0

This is possible by the fifth moment assumption on the negative tails, and
the fact the drift is strictly positive. Define the product measure va as in
Section 3.3, with a(x) chosen to be

J 1 , „ ! ,I_I^ if x < 0
a(x) —

Note that va is a blocking measure. However, there is no reason for it to be
stationary. However, because of assumption (a) and the choice of e, one can
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use a nonstandard coupling argument to show that

x<u

is nonincreasing in t for every u. The limiting measure as t —> oo is then a
stationary blocking measure.

An important step in checking this is the following symmetry: For 77 €
{ 0 , l } z \ define 77* €E {0,1 } z ' by

rf{x) = l-rj(-x).

Then 77̂  also evolves like the exclusion process. To see this, note that if a
particle in rjt moves from it to w, then a nonparticle (a site at which r]t(x) — 0)
moves from v to u. Since va is invariant under the transformation 77 —>• 77*,
so is vaS(t).

Outline of part 2 of the proof. To remove the moment assumption that
we imposed in part 1, we will need to take the p that we are interested
in, whose negative tails have only a second moment, and truncate it to
obtain an approximating sequence pk whose negative tails have a finite fifth
moment. We will need to have some sort of a priori bound that will allow
us to maintain control of the corresponding sequence of stationary blocking
measures for pk as k —> 00. To do so, suppose v is a stationary measure that
satisfies

{q : T](x) = 1} < 00, ^ v{q : r]{x) = 0} < 00, (1)
x<0 x>0

(which implies it is a blocking measure) and Ylx<o x2p{^ix) < °°- While
(1) is stronger than being blocking, note that the stationary measures con-
structed in part 1 have this stronger property. The result of this part will
be applied to p^ for each k.

Let
00

M(n) — Y^ u{r] : r](x) — l,r](x+ n)— 0}.
x=—00

for n € Zl. For n — 1, this is the expected number of 10's in the configuration
77. Note that M(n) < 00 for all n by (1). For n > 1,

M(-ri) - M(n) = ^2 [v{n(x) = 0,77(3: + n) = 1} - v{q(x) = 1,77(3: + n) = 0}]
X

{x) = 1}] = n,
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since the latter series telescopes. Therefore,

M(-n) = M(n)+n. (2)

Next, note that for a stationary measure, the net rate at which particles
go from the left of x to the right of x is independent of x. If the stationary
measure is also a profile measure, this rate must be zero (since it tends to
zero at ±00). Therefore, for fixed x,

p(y,u)v{r](u) = 0,rj(y) = 1}.
u<x<v u<x<v

Summing over all x yields

00

)M(n) = ^np(0 , -n)M(-n) .
n = l

Using (2) in this expression gives

00

n2p(0, -n) = £ ) nM{n)[p(0, n) - p(0, -n)] . (3)

By assumption (b) of Theorem 5, the coefficients of M(n) on the right
are nonnegative, and one of them is strictly positive. Therefore, the sec-
ond moment of the negative tail of p controls the size of some M(n). For
simplicity, suppose that it is M(l).

Outline of part S of the proof. Now take p satisfying the assumptions of the
theorem, and approximate it by a sequence pk, each of which satisfies those
assumptions, and in addition has negative tails with a finite fifth moment.
Let Hk be the corresponding stationary blocking measures that concentrate
on So- Their existence is guaranteed by part 1 of the proof. By part 2 of
the proof, we may assume that

:r](x) = l,r/(x + l) = 0} < 00. (4)

Informally speaking, there cannot be many 10's in /i&. The stationary block-
ing measure /i we are trying to produce will be a limit point of /i& as k —> 00.
It is easy to check that such a limit point is stationary (Proposition 2.14 of
Chapter I of Liggett (1985).) The problem is to show that it is a blocking
measure. In particular, we need to rule out the possibility that /i = 5
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So, suppose that /i& converges weakly to ^6Q + ^6\. Then for large k,
relative to /i&, there will be a large number of l's to the left of the origin
with probability close to \. Since /i& concentrates on So, there must also
be a large number of O's to the right of the origin. These O's may occur in
a large clump, or in many small clumps. The latter possibility is ruled out
by (4). So, there must be something close to a long interval of l's followed
by a long interval of O's in the configuration. By Theorem 2, the limiting
distribution of the exclusion process beginning with the configuration

•••1 1 1 1 0 0 0 0 •••

is v\/2- (Recall that the first three parts of Theorem 2 have been proved in
the nonnearest neighbor context.) But /i& is stationary, and fi/2 has many
10's, so this again contradicts (4). Thus n ^ \b~o + \b~\.
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Abstract

We present in these notes two methods to derive the hydrodynamic
equation of conservative interacting particle systems. The intention is
to present the main ideas in the simplest possible context and refer
to [5] for details and references.
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1 Independent Random Walks

1.1 Equilibrium States

In this chapter we investigate in detail the case of indistinguishable particles
moving as discrete time independent random walks. Denote by Z the set
of integers and by Zd the d-dimensional lattice. For a positive integer N,
denote by TN the torus with N points: TN = Z/iVZ and let T^ = {TN)d.
The points of T^-, called sites, are represented by the last characters of the
alphabet (x, y and z).

To describe the evolution of the system, we begin by distinguishing all
particles. Let K denote the total number of particles at time 0 and let
XI,...,XK denote their initial positions. Particles evolve as independent
translation invariant discrete time random walks on the torus. Fix a trans-
lation invariant transition probability p(x, y) on Zd: p(x, y) = p(0, y — x) =:
p(y — x) for some probability p(-) on Zd, called the elementary transition
probability of the system.

Let pt{x, y) represent the probability of being at time t on site y for a dis-
crete time random walk with elementary transition probability p(-) starting
from x. pt{-, •) inherits the translation invariance property from p(-, •):
Pt(x,y) =pt(0,y-x) =:pt{y-x).

We are now in a position to describe the motion of each particle. Denote
by {Zf, 1 < i < K} K independent copies of a discrete time random walk
with elementary transition probability p(-) and initially at the origin. For
1 < i < K, let X\ represent the position at time t of the i-th. particle. We
set

X\ = Xi + Z\ mod N .

Since particles are considered indistinguishable, we are not interested
in the individual position of each particle but only in the total number of
particles at each site. In particular, the state space of the system, also called
configuration space, is NT«. Configurations are denoted by Greek letters
•q, £ and (. In this way, for a site x of T^, r](x) represents the number of
particles at site x for the configuration rj. Therefore, if the initial positions
are xi,..., XK, for every x G T^:

K

8 = 1

Inversely, given {r)(x); x G T ^ } , to define the evolution of the system, we can
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first label all particles and then let them evolve according to the stochastic
dynamics described above.

Clearly, if we denote by r\t the configuration at time t, we have

K

TH{x) = ^l{Xt=x}.
t=i

The process (r]t)t>0 inherits the Markov property from the random walks
{XI, 1 < i < K} because all particles have the same elementary transition
probability and they do not interact with each other.

The first question raised in the study of Markov processes is the char-
acterization of all invariant measures. Since the state space is finite and
since the total number of particles is the unique quantity conserved by the
dynamics, for every positive integer K representing the total number of
particles, there is only one invariant measure, as long as the support of the
elementary transition probability p( •) generates Zd. The Poisson measures
will, however, play a central role.

Recall that a Poisson distribution of parameter a > 0 is the probability
measure {pa,k = Pki k > 1} on N given by

Pk = e~a^, kEN,

and its Laplace transform is equal to

OO fc

e~a^2e-Xk^r = e~aeae~X = exp a{e~x - 1)
k=o k-

for all positive A.
For a fixed positive function p: T^ —>• M+, we call Poisson measure on

T^ associated to the function p a probability on the configuration space
NT«, denoted by V^A, having the following two properties. Under v^.y the
random variables {r](x), x G T^} representing the number of particles at
each site are independent and, for every fixed site x G T^, r](x) is distributed
according to a Poisson distribution of parameter p(x). In the case where the
function p is constant equal to a, we denote v^,-*. just by v£• Throughout
these note, expectation with respect to a measure v will be denoted by Ev.
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The measure i/jL is characterized by its multidimensional Laplace trans-
form:

for all positive sequences {X(x); x G T^} (cf. [3], Chap. VII).
The first result consists in proving that the Poisson measures associ-

ated to constant functions are invariant for a system of independent random
walks.

Proposi t ion 1.1 If particles are initially distributed according to a Poisson
measure associated to a constant function equal to a then the distribution at
time t is exactly the same Poisson measure.

Proof: Denote by ¥UN the probability measure on the path space OJV =
HTJV x NT« x • • • induced by the independent random walks dynamics and
the initial measure v£. Expectation with respect to FUN is denoted by E ĴV .
Notice the difference between EUN and E^JV . The first expectation is an

expectation with respect to the probability measure v£ defined on NT«,
while the second is an expectation with respect to the probability measure
Pj,iv defined on the path space Ojy. In particular, E ĴV [F(»jo)] = EvN[F{rjj\
for all bounded continuous function F on H1".

Since a probability measure on NT« is characterized by its multidimen-
sional Laplace transform, we are naturally led to compute the expectation

\(x)rit(xj\

for all positive sequences {A(a;); x G T ^ } . For a site y in T^, we will denote
by Xf' the position at time t of the k-th. particle initially at y. In this way,
the number of particles at site x at time t is equal to

= E E
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Prom this formula and inverting the order of summations we obtain the
identity

vo(y)

E \{x)m{X)= Y, E

Since each particle evolves independently and the total number of parti-
cles at each site at time 0 is distributed according to a Poisson distribution
of parameter a,

- E *(*) *(*)] = n v [exp {- E
xeT% yeT

= n / MJ

')] - l ) } ,

where Xt is the position at time t of a random walk on the torus T^ starting
from the origin and with transition probability pf{ •) defined by

for x and y in T^. Since

inverting the order of summation, we obtain that

\(x)rtt(x)} = exp

D

Remark 1.2 5mce the total number of particles ^2xeTd r)(x) is conserved by
the stochastic dynamics it might seem more natural to consider as reference
probability measures the extremal invariant measures that are concentrated
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on the "hyper-planes" of all configurations with a fixed total number of par-
ticles. These measures are given by

Besides the fact that they enable easier computations, the Poisson distri-
butions present other intrinsic advantages that will be seen in the forthcom-
ing sections.

Notice that only one quantity is conserved by the dynamics: the total
number of particles. On the other hand, Poisson distributions are such that
their expectation is equal to

e~a^-k = a.
k\

k>0

The Poisson measures are in this way naturally parametrized by the density
of particles. Furthermore, by the weak law of large numbers, if the number
of sites of the set T^ is denoted by |T^|,

lim -—3— > n(x) = a

in probability with respect to v% • The parameter a describes therefore the
"mean" density of particles in a "large" box.

In conclusion, we obtained above in Proposition (1.1) a one-parameter
family of invariant and translation invariant measures indexed by the density
of particles, which is the unique quantity conserved by the time evolution.

1.2 Local Equilibrium

We said that the passage from microscopic to macroscopic would be done
performing a limit in which the distance between particles converges to zero.
This point does not present any difficulty in formalization. We just have to
consider the torus T^ as embedded in the d-dimensional torus Td = [0, l)d ,
that is, taking the lattice Td with "vertices" x/N, x G T^. In this way the
distances between molecules is 1/N and tends to zero as N f oo.

We shall refer to Td as the macroscopic space and to T^ as the micro-
scopic space. In this way each macroscopic point u in Td is associated to a
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microscopic site x = [uN] in T^ and, reciprocally, each site x is associated
to a macroscopic point x/N in Td. Here and below, for a d-dimensional real
r = ( r i , . . . , r^), [r] denotes the integer part of r: [r] = ([r{\,..., [r^]).

On the other hand, since we have a one-parameter family of invari-
ant measures, one way to describe a local equilibrium with density profile
po: Td —>• 1R+ is the following. We distribute particles according to a Poisson
measure with slowly varying parameter on T^, that is, for each positive N
we fix the parameter of the Poisson distribution at site x to be equal to
po(x/N). Since this type of measure will appear frequently in these notes,
we introduce the following terminology.

Definition 1.3 For each smooth function po'-Y1 —* ̂ +> we represent by
vN, •> the measure on the state space STd = NT« having the following two
properties. Under vN, •> the variables {r)(x); x G T^} are independent and,
for a site x G Tff, r)(x) is distributed according to a Poisson distribution of
parameter po(x/N):

for all x in T^ and k in N.

We have thus associated to each profile po: Td —)• M+ and each positive
integer N a Poisson measure on the torus T^.

As the parameter N increases to infinity, the discrete torus T^ tends to
the full lattice Zd. We can also define a Poisson measure on the space of
configurations over Zd. For each a > 0 we will denote by va the probability
on 1^ that makes the variables {r](x); x G Zd} independent and under
which, for every x in Zd, r](x) is distributed according to a Poisson law of
parameter a.

With the definition we have given of v^i.\, and since po : Y1 -*• M+ is
assumed to be smooth, as N f oo and we look "close" to a point u G Td - that
is "around" x = [Nu] - we observe a Poisson measure of parameter (almost)
constant equal to po(u). In fact, since the function po(-) is smooth, for every
positive integer i and for every positive family of parameters {X(x); \x\ < i},

lim EvN re-£w<,A(*MNv ]+a ;)l = E

v

In this formula and throughout these notes, for u = ( u i , . . . ,u^) in Rd, ||u||
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denotes the Euclidean norm of u and lul the max norm:

|u||2 = ^ uf , \u\ = max

In this sense the sequence v^i.\ describes an example of local equilibrium.
This definition of product measure with slowly varying parameter is of course
too restrictive. We refer to [5] for some generalization.

In the configuration space N1" ,̂ endowed with its natural discrete topol-
ogy, we denote by {TX, X G T^} the group of translations. Thus, for a site
x, Txr] is the configuration that, at site y, has rj(x + y) particles:

{Txrfiy) = viy + x), yt^ff-

The action of the translation group extends in a natural way to the space
of functions and to the space of probability measures on NTjv. In fact, for a
site x and a probability measure n, (TX[J,) is the measure such that

f f
J J

for every bounded continuous function / .

To perform the limit N f oo we embed the space NT« in N2 identifying
a configuration on the torus to a periodic configuration on the full lattice.
We will endow the configuration space IN2 with its natural topology, the
product topology. By .Mi(Nz ) or simply by .Mi, we represent the space of
probability measures on f^1 endowed with the weak topology.

In this topological setting, formula (1.1) establishes that for all points u
of Td the sequence T\uN-\v^(^ converges weakly to the measure ^wu).

1.3 Hydrodynamic Equation

We turn now to the study of the distribution of particles at a later time t
starting from a product measure with slowly varying parameter. Repeating
the computations we did to prove Proposition (1.1) we see that if we start
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from a Poisson measure with slowly varying parameter then

= exp £ Po(x/N) £ Pfiv ~ x) (e"A(2/) "
x£Td

N y£Td
N

= exp £ ( - ^

=: exp Y (e"A(2/) " l) 1>N,t(y) •

Therefore, at time t, we still have a Poisson measure with slowly varying
parameter, which is now tpN,t{') instead of po(-/N). Up to this point we
have not used the particular form of pt(-) besides the fact that it makes
Pt(-, •) translation invariant and thus bistochastic: ^2xPt{%,y) = 1 f°r every
y. We shall now see what happens when t is fixed and N increases to infinity.
In this case pt(-) is a function with essentially finite support, that is, for all
e > 0, there exists A = A(t, e) > 0 so that

( * ) > l - e .
\x\<A

Prom the explicit form of $N,U w e have that for every continuity point u of
Po,

lim tl>Nyt([uN}) = po(u) .
JV-)-oo

The profile remained unchanged. The system did not have time to evolve
and this reflects the fact that at the macroscopic scale particles did not move.
Indeed, consider a test particle initially at the origin. Since it evolves as a
discrete time random walk, if Xt denotes its position at time t, for every
e > 0, there exists A = A(t,e) > 0 such that P[\Xt\ > A] < e. Therefore,
with probability close to 1, in the macroscopic scale, the test particle at time
t is at distance of order AT"1 from the origin. In a fluid, however, a "test"
particle traverses a macroscopic distance in a macroscopic time.

We solve this problem distinguishing between two time scales (as we have
two space scales: Td and AT"1 T^): a microscopic time t and a macroscopic
time which is infinitely large with respect to t.
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To introduce the macroscopic time scale, notice that the transition prob-
abilities pt( •) are equal to

Pt{x) = p\x) ,

where pl stands for the k-th. convolution power of the elementary transition
probability of each particle.

Assume that the elementary transition probability p( •) has finite ex-
pectation: m := Yl xp{x) £ Rd. We say that the random walk is asymmetric
if m 7̂  0, that it is mean-zero asymmetric if p(-) is not symmetric but m = 0
and that it is symmetric if p(-) is symmetric. Recall that Xt stands for the
position at time t of a discrete time random walk with transition probability
p(-) and initially at the origin. By the law of large numbers for random
walks, for all e > 0,

lim V^ PtN{%) = hm P\ \—^ mt < £ = 1 •
N-yoo *—' iV-s-oo L I TV J

x; |x/JV—mt|<e

In particular, from the explicit expression for ipN,tN and since we assumed
the initial profile to be smooth, we have that

lim ipN,tN{[uN]) = po{u-mt) = : p{t,u)
JV-)-oo

for every u in Td.
We obtained in this way a new time scale, tN, in which we observe a

new macroscopic profile: the original one translated by mt. More precisely,
in this macroscopic scale tN we observe a local equilibrium profile that has
been translated by mt since ipN,tN is itself slowly varying in the macroscopic
scale.

Of course, the profile p(t, u) satisfies the partial differential equation

dtp + m-Vp = 0 (1.2)

if Vp denotes the gradient of p: Vp = (dUlp,..., dUdp).
In conclusion, if we restrict ourselves to a particular class of initial mea-

sures, we have established the existence of a time and space scales in which
the particles density evolves according to the linear partial differential equa-
tion (1.2). We have thus derived from the microscopic stochastic dynamics
a macroscopic deterministic evolution for the unique conserved quantity.
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An interacting particle system for which there exists a time and space
macroscopic scales in which the conserved quantities evolve according to
some partial differential equation is said to have a hydrodynamic description.
Moreover, the P.D.E. is called the hydrodynamic equation associated to the
system.

We summarize this result in the following proposition.

Proposition 1.4 A system of particles evolving as independent asymmet-
ric random walks with finite first moment on a d-dimensional torus has a
hydrodynamic description. The evolution of the density profile is described
by the solution of the differential equation

dtp + m • Vp = 0 .

When the expectation m vanishes, the solution of this differential equa-
tion is constant, which means that the profile didn't change in the time scale
tN. Nothing imposed, however, the choice of tN as macroscopic time scale.
In fact, when the mean displacement m vanishes, to observe an interesting
time evolution, we need to consider a larger time scale, times of order JV2.

Assume that the elementary transition probability that describes the
displacement of each particle has a second moment. Let a = {<Ji,j)i<i,j<d be
the covariance matrix of this distribution:

By the central limit theorem for random walks, we see that

lim tpNyN2t{[Nu\) = lim
JV-)-oo ' JV-)-oo

ipoiu-N^Xt^)] = [ pt(9)Gt(u - 9) d9 ,= lim E
JV-)-oo

where po: Md —)• M+ is the periodic function, with period Td and equal to
po on the torus Td and Gt is the density of the Gaussian distribution with
covariance matrix t a.

Since the Gaussian distribution is the fundamental solution of the heat
equation (which can be checked by a simple computation) we obtain the
following result.
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Proposition 1.5 A system of particles evolving as independent mean-zero
asymmetric random walks with finite second moment on a d-dimensional
torus has a hydrodynamic description. The evolution of the density profile
is described by the solution of the differential equation

p(O,u) = po{u) .

Let {SN(t), t > 0} be the semigroup on M.\ associated to the Markov
process (rjt)t>o- In Propositions (1.4) and (1.5), we have proved that there
is a time renormalization ON such that

lJV(i6»jv)T[uJv]^(.) = v
P{t,u) >

for alH > 0 and all continuity points u of p(t, •).
Usually p(t, •) is the solution of a Cauchy problem with initial condition

po(-)- As w e said earlier, this differential equation is called the hydrodynamic
equation of the interacting particle system.

In this section we took advantage of several special features of the evo-
lution of independent random walks to obtain an explicit formula for the
profile p(t, •). The type of result, however, is characteristic of the subject.
We have proved:

1. Description of the equilibrium states of the system.

2. Conservation of the local equilibrium in time evolution.

3. Characterization at a later time of the new parameters describing the
local equilibrium and derivation of a partial differential equation that
determines how the parameters evolve in time.

The aim of these notes is to present some general methods which lead
to the derivation of a weak version of the conservation of local equilibrium
for a class of interacting particle systems. We would like in fact to prove
a more general result, that is, one for initial states that are not product
measures with slowly varying parameter - thus without assuming a strong
form of local equilibrium at time 0 - but for initial states having a density
profile and imposing that it is not too far, in a sense to be defined later, from
a local equilibrium; the process establishing by itself a local equilibrium at
later times.
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2 Exclusion Processes

2.1 Exclusion Processes

We present in these notes the theory of the hydrodynamic behavior of in-
teracting particle system in the context of exclusion processes. In contrast
with superpositions of random walks presented in Chapter 1, the exclusion
process allows at most one particle per site.

The state space is therefore {0,1}T«.
Fix a positive integer A and a finite collection of local strictly positive

functions {az : \z\ < A}. Consider the Markov process on {0,1}T« with
generator LJV given by

(LNf)(r,) = V r,(x) [1 - r,(x + z)] ax>x+z(r,) [f(ax>x+zr,) - f(r,)] , (2.1)

where ax,x+z{v) = az(Txr)) and ax'yr) is the configuration obtained from r)
exchanging the occupation variables r)(x) and r)(y):

n{y) Xz = x, (2.2)
r]{x) iiz = y.

The exclusion processes can be divided in two types. The first ones, in
which the rates az(r)) do not depend on the configurations, are called simple
exclusion processes and may be themselves subdivided in three categories:

1. Symmetric simple exclusion process: az{rj) = p(z), where p :
Zd —>• ]R_|_ is a positive finite range symmetric function.

2. Zero-mean asymmetric simple exclusion process: az{rj) = p(z)
and p : Zd ->• K+ is a positive finite range asymmetric function such
that £zez<* zp(z) = 0.

3. Asymmetric simple exclusion process: az{r)) = p(z) and p :
Zd —¥ M+ is a positive finite range asymmetric function such that

We will only consider a sub-class of the second category of exclusion
processes, interacting systems in which the rates

az{r}) = a-z{Tzrj) for all z,
(2.3)

az{rj) does not depend on ?y(0), f]{z).
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Notice that a-z(Tzrj) = azfi(v) is the rate at which a particle jumps from z
to the origin when the configuration is r\. This formula is thus saying that
az(r)), the rate at which a particle is jumping from the origin to z, is equal
to the rate at which a particle jumps from z to the origin.

We always assume the process to be irreducible, which means that the
set {z ,az(rj) > 0} generates Zd, i.e., for any pair of sites x, y in Zd, there
exists M > 1 and a sequence x = XQ, ..., XM = y such that aXi+1-Xi > 0 for

We denote by {SN(t), t > 0} the semigroup of the Markov process with
generator Ljy. We use the same notation for semigroups acting on continuous
functions or on the space .Mi({0, l}Tjv) of probability measures on {0,1}T«.

For 0 < a < 1, we denote by va = v^ the Bernoulli product measure
of parameter a, that is, the product measure on {0,1}T« with density a.
Under va, the variables {w(x), x G T^} are independent with marginals
given by

= 1} = a = 1 - va{r](x) = 0} .

Proposition 2.1 The Bernoulli measures {ua , 0 < a < 1} are invariant
for simple exclusion processes. With respect to each va, simple exclusion
processes with elementary jump probability p(z) :=p(—z) are adjoint to pro-
cesses with elementary jump probability p(z). Symmetric simple exclusion
processes and exclusion processes satisfying (2.3) are self-adjoint with re-
spect to each va.

The proof is elementary and can be found in [5]. Notice that the family
of invariant measures va is parametrized by the density, for

Since the total number of particles is conserved by the dynamics the
measures

VN,K{-) •= va I • ^2 r)(x) = K

are invariant and it could have seemed more natural to consider them instead
of the Bernoulli product measures va. Nevertheless, a simple computation
on binomials shows that for all finite subsets E of Zd, for all sequences
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{ex; x G E} with values in {0,1} and for all 0 < a < 1,

lim va\n{x) = ex , x G E V r]{y) = [a0N
d}\

iV—s-oo K z — ' >

d

{x) = ex , x G E}

uniformly in «o. Therefore, the Bernoulli product measures are obtained as
limits of the invariant measures VN,K, as the total number of sites increases
to infinity.

For each 0 < K < Nd, denote by Sjy K the "hyperplanes" of all configu-
rations with K particles:

n(x) = K) .

Invariant measures of density preserving particle systems that are concen-
trated on hyperplanes with a fixed total number of particles are called canon-
ical measures (the family {VN,K, 0 < K < Nd} in the context of simple ex-
clusion processes, for instance). In contrast, the measures obtained as weak
limits of the canonical measures, as the number of sites increases to infinity,
are called the grand canonical measures (here the Bernoulli measures as we
have just seen above).

2.2 Hydro dynamic Limit

In Chapter 1 we presented a quite restrictive definition of local equilibrium
associated to a density profile. We required the marginal probabilities of
the state of the system at a macroscopic time t, that is, of SN(t9^f)[j,N, to
converge to one of the extremal invariant and translation invariant measures
of the infinite system at each continuity point of the profile. Even if this
definition is "physically" natural, it is difficult to prove it. With this in
mind, we introduce a weaker notion of local equilibrium. We first recall the
notion of product measures with slowly varying parameter associated to a
profile.

Definition 2.2 Given a continuous profile po '• Td —>• R+, we denote by ̂ Nr.\

the product measure on {0,1}T« with marginals given by
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for all x in Tj^, k = 0,1. This measure is called the product measure with
slowly varying parameter associated to po{-)-

Measures on {0,1}Z are characterized by the way they integrate cylinder
functions. In order to keep notation simple, to each cylinder function ^ in
{0,1}Z we associate the real bounded function *i> : R+ ->• R that at a is
equal to the expected value of ^ under vava:

tt(a) : = EVa [tt] = J*(ri)va(dri) . (2.4)

Since ^ is a local function, ^ is a polynomial.
In the same way that we have defined in Chapter 1 translations of con-

figurations, for all continuous functions \l/, we denote by TX^ the translation
of ^ by x units:

for every configuration T).
By Chebychev inequality and the dominated convergence theorem, for

every smooth profile po: Td —>• K+ and every sequence f^t.\ of Poisson
measures with slowly varying parameter associated to this profile,

lim
JV—>-oo

w E G(X/N)(TX*)(TI) = 0

for all continuous functions G: Td -)• K, all bounded cylinder functions ^
and all strictly positive 6.

This last statement asserts that the sequence of measures vf?f.\ integrates
the cylinder function ^ around the macroscopic point u in Td in the same
way as an equilibrium measure of density po(u) would do. We do not re-
quire anymore the marginals of the sequence of measures to converge to an
extremal equilibrium measure at every continuity point of the profile po- We
only impose that its spatial mean converges to the corresponding spatial
mean. This notion is therefore weaker than the one of local equilibrium in-
troduced in Chapter 1. The main difference is the spatial average over small
macroscopic boxes of volume of order Nd that is implicit in this new concept
and absent in the definition of local equilibrium.

The function ^(rj) = r](0) plays a special role in the whole study of hy-
drodynamics being closely related to the conserved quantity. The definition
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that follows is a particularly weak notion since it demands only convergence
for this cylinder function.

Definition 2.3 A sequence ([J,N)N>I of probability measures on {0,1}T« is
associated to a profile po: Td —>• M+ if for every continuous function G: Td —>•
R, and /or every 5 > 0 we /lave

l i m / i i V f | j V - d V G{x/N)r]{x) - f G{u)po{u)du > s ] = 0 .

The quantity just introduced in the definition above can be reformulated
in terms of empirical measures. Let nN be the positive measure on the torus
Td obtained by assigning to each particle a mass N~d:

nN(r,,du) : = N~d £ r,(x) 6x/N(du). (2.5)

In this formula, for a d-dimensional vector u, 5U represents the Dirac mea-
sure concentrated on u. The measure irN(r),du) is called the empirical
measure associated to the configuration T). The dependence in r\ will fre-
quently be omitted to keep notation as simple as possible. With this notation
N~d^2xeTd G(x/N)rj(x) is the integral of G with respect to the empirical

measure nN, denoted by < nN, G >.
Let .M+CF^) be the space of finite positive measures on the torus Td

endowed with the weak topology. Notice that for each N, nN is a continuous
function from NT« to M.+. For a probability measure n on NT«, throughout
these notes, we also denote by n the measure ^ ( T T ^ ) " 1 on M.+ induced by
H and nN ([j,(nN)~1[A] = fj,[nN G A]). With this convention, a sequence of
probability measures (HN)N>I in NT« is associated to a density profile po
if the sequence of random measures nN(du) converges in probability to the
deterministic measure po(u)du.

In the study of the hydrodynamic behavior of interacting particle sys-
tems we will sometimes be forced to reduce our goals and to content ourselves
in proving that starting from a sequence of measures associated to a den-
sity profile po then, at a later suitably renormalized time, we obtain a state
(SN(t0N)tJ>N in the notation of Chapter 1) associated to a new density pro-
file p(t, •) which is the solution of some partial differential equation. More
precisely, we want to prove that for all sequences of probability measures
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HN associated to a profile po : Td ->• R+ and not too far, in a sense to be
specified later, from a global equilibrium v^,

lim ^ 1 " iV~d ^2 G(x/N)r)tgN(x) - / G(u)p(t,u)du > s\ = 0

for a suitable renormalization 9N, for every continuous function G: Td —>• R
and every 6 strictly positive. As in the case of local equilibrium, in this
formula p(-, •) will be the solution of a Cauchy problem with initial condition
po(-). This constitutes the program of the next chapters.

2.3 The Approach

In this section we prove the hydrodynamic behavior of nearest neighbor sym-
metric simple exclusion processes and show that the hydrodynamic equation
is the heat equation:

dtp = (1/2) A p .

In this formula, Ap stands for the Laplacian of p: Ap = Yli<i<d ^utP-
We briefly present the strategy of the proof. We first show that the

empirical measure solves the heat equation in a weak sense in an integral
form. More precisely, for a positive measure n on Td of finite total mass and
for a continuous function G: Td ->• R, denote by < n, G > the integral of G
with respect to n:

n,G>= [ G{u) n(du) .
./Td

We shall prove that the empirical measure nf associated to the symmet-
ric simple exclusion process converges, in a way to be specified later, to a
measure nt absolutely continuous with respect to the Lebesgue measure and
satisfying:

ft
(1/2) /

./o
ns, AG > ds (2.6)

for a sufficiently large class of functions G : Td ->• R and for every t in an
interval [0, T] fixed in advance.

Recall that we denoted by M.+ = .M+CF^) the space of finite positive
measures on Td endowed with the weak topology. In order to work in a
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fixed space as N increases, we consider the time evolution of the empirical
measure nf associated to the particle system defined by:

Trf (du) = nN(Vt,du) := ^ E Vt(x) 6x/N(du) . (2.7)

Notice that there is a one to one correspondence between configurations rj
and empirical measures nN(r],du). In particular, nf inherits the Markov
property from r]t.

We consider the distribution of the empirical measure as a sequence of
probability measures on a fixed space. Since there are jumps this space
must be D([0,T],M+), the space of right continuous functions with left
limits taking values in M+.

Fix a profile po : Td —>• [0,1] and denote by fiN a sequence of probability
measures associated to po- For each N > 1, let QN be the probability mea-
sure on D([0,T], M.+) corresponding to the Markov process nf speeded up
by N2 and starting from nN. We speeded up the process by N2 because we
have seen in Chapter 1 that to obtain a non trivial hydrodynamic evolution
for mean-zero processes we need to consider time scales of order N2.

Our goal is to prove that, for each fixed time t, the empirical measure
nf converges in probability to p(t,u)du where p(t,u) is the solution of the
heat equation with initial condition po- We shall proceed in two steps. We
first prove that the process nf converges in distribution to the probability
measure concentrated on the deterministic path {p(t,u)du, 0 < t < T}
and then argue that convergence in distribution to a deterministic weakly
continuous trajectory implies convergence in probability at any fixed time
0 < t < T.

A deterministic trajectory can be interpreted as the support of a Dirac
probability measure on D([0,T],M+) concentrated on this trajectory. The
proof of the hydrodynamic behavior of symmetric simple exclusion processes
is therefore reduced to show the convergence of the sequence of probability
measures QN to the Dirac measure concentrated on the solution of the heat
equation.

An indirect standard method to prove the convergence of a sequence is
to show that this sequence is relatively compact and then to show that all
converging subsequences converge to the same limit. To show the relative
compactness we will use Prohorov's criterion. At this point it will remain
the identification of all limit points of subsequences.
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To characterize all limit points of the sequence QN, we have to investigate
how we may use the random evolution to make an equation of type (2.6)
appear. Notice first that, under QN, for every function G: Td —$• M, the
quantities

< Trf, G > = ^ £ G(x/N) m{x) (2.8)

verify the identity

/ N2LN < ?rf,G > ds/
Jo0

where Mt ' are martingales with respect to the natural filtration Tt =
<?•(%) s < *)• The factor N2 in front of the generator Ljy appears because
we speeded up the process by N2. In the particular case of nearest neighbor
symmetric simple exclusion processes, the second term on the right hand side
may be rewritten as a function of the empirical measure. Indeed, applying
the generator to the function r) —>• r)(x) we have:

d

LN ri(x) = (1/2) J ^ \r]{x + ej) + rf(x - e,) - 2r/(aj)] .

After two summations by parts we obtain that under QN

< Tif, G > = < ng, G > + (1/2) f < Trf, ANG > ds + M?>N

Jo
where AJV is the discrete Laplacian:

d

{ANG){x/N) = N2^2 [G{{X + ej)/N) + G({x - ej)/N) - 2G(x/N)] .

To conclude the proof of the hydrodynamic behavior of symmetric simple
exclusion processes, it remains to show, on the one hand, an uniqueness
theorem for solutions of equations (2.6); uniqueness theorem that will require
to prove identity (2.6) for a certain class of functions G; and, on the other
hand, to prove that the martingales Mt ' vanish in the limit as N f oo
for this family of functions G. Prom these two results it follows that the
sequence QN has a unique limit point Q* which is the probability measure
concentrated on the unique solution of (2.6).
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2.4 A Rigorous Proof

We may now turn to a rigorous proof.

Theorem 2.4 Fix a profile po : Td —> [0,1] and let fj,N be the sequence
of Bernoulli product measures of slowly varying parameter associated to the
profile p:

fj,N{r]; r]{x) = 1} = po{x/N), x G T^ .

Then, for every t > 0, the sequence of random measures

AT / i \ J-

converges in probability to the absolutely continuous measure TTt(du) = p(t, u)
du whose density is the solution of the heat equation:

dtp = (1/2) Ap

We start fixing a time T > 0 and considering the sequence of probability
measures QN on D([0,T],M+) corresponding to the Markov process nf,
defined by (2.7), speeded up by N2 and starting from fiN.
First step: Relative compactness. The first step in the proof of the hy-
drodynamic behavior consists in showing that the sequence QN is relatively
compact. We skip this step here and refer the reader to [5] for details.
Second step: Uniqueness of limit points. Now that we know that
the sequence QN is weakly relatively compact, it remains to characterize all
limit points of QN. Let Q* be a limit point and let QNk be a sub-sequence
converging to Q*.

We first prove that Q* is concentrated on absolutely continuous measures
with respect to the Lebesgue measure. Since there is at most one particle
per site,

N~d V \G(x/N)\ .sup
0<t<T

Since, on the other hand, for fixed continuous functions G, the application
which associates to a trajectory n the value supo<^<r | < TT̂ , G > | is contin-
uous, by weak convergence, all limit points are concentrated on trajectories
nt such that

<nt,G>\ < f\G(u)\du
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for all continuous function G and for all 0 < t < T. All limit points are
thus concentrated on absolutely continuous trajectories with respect to the
Lebesgue measure:

Q* [TT; Trt(du) = Trt(u)du] = 1 .

All limit points of the sequence QN are concentrated on trajectories that
at time 0 are equal to po(u)du. Indeed, by weak convergence, for every e > 0,

Q*[\N~d £ G{x/N)no{x) - [G(u)po(u)du\>e\
xeTd

N

< liminfQM|iV-d ^ G{x/N)r)0{x) - I G{u)po{u)du > el
xeT%

G(x/N)r](x) - [G(u)po(u)du > el = 0
/ Jfc-s-oo L I

We now prove that Q* is concentrated on paths n(t, du) = p(t,u)du
whose density is a weak solution of the heat equation. For positive integers
m and n, denote by Cm'"([0,T] x Td) the space of continuous functions with
m continuous derivatives in time and n continuous derivatives in space. For
G : [0, T] x Td -> R of class C1'2, consider the martingale Mf = MG'N given
by

t

o

It is well known (cf. Appendix 1 in [5]) that the process NG = NG'N defined
by

Nt
G = (Mf)2-iV2 [tAG(s)ds

Jo
with AG(s) = LN < ?rf, Gs >

2 - 2 < Trf, Gs> LN < Trf, Gs >

is a martingale with respect to the natural filtration. Straightforward com-
putations show that

[Gs(y/N)-Gs(x/N)]2r,s(x)(l-r,s(y)).
\x-y\=l
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In particular, by Chebychev and Doob inequality,

QN\ sup M? >el < 4e-2EQ>

= 4e-2EQN[JTAG(s)ds] < C{G)T

If we now observe that the difference between 2N2LN < TT^,GS >= <
nf, ANG > and < nf,AG > is of order OJV(1) because the total mass of
nf is bounded by 1 and G is of class C2, we may conclude that every limit
point Q* is concentrated on trajectories such that

<nt,Gt> = <no,Go> + / < ns, dsGs - (1/2) AG, > ds , (2.10)
Jo

for all 0 < t < T because the application from D([0,T],M+) to R which
associates to a trajectory {nt, 0 < t < T} the number

sup
t<T

- (1/2) [ <ns
Jo

<nt,G > - <no,G > - (1/2) / < ns, AG > ds

is continuous as long as G is of class C2.
In conclusion, all limit points are concentrated on absolutely continuous

trajectories nt(du) = nt(u)du that are weak solutions of the heat equation
in the sense of (2.10) and whose density at time 0 is po(-)-
Third step: Uniqueness of weak solutions of the heat equation. We
just proved that every limit point of the sequence QN is concentrated on
weak solutions of the heat equation with initial profile po- To conclude the
proof of the uniqueness of limit points, it remains to show that there exists
only one weak solution of this equation.

There exists many methods. Brezis and Crandall (1979) proved such a
result for a class of quasi-linear second order equations. Their theorem gives
us immediately the uniqueness result we need.

We present in Appendix A2.4 [5] a uniqueness result based on the investiga-
tion of the time evolution of the H_i norm. This method requires, however,
supplementary properties of weak solutions that are not difficult to check in
the case of symmetric simple exclusion processes.

Finally, since the hydrodynamic equation of symmetric simple exclusion
is linear, the methods developed by Oelschlager (1985) give a third possible
approach.
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Note that for any bounded profile po the heat equation admits a strong
solution given by

p(t,u) = po{v) Gt{u - v) dv

if po : ^d -> ^ represents the Td-periodic function identically equal to po
on Td and if Gt{w) is the usual d-dimensional Gaussian kernel: Gt{w) =
(27ri)~d/2exp{—(l/2i)|w|2}. In particular the weak solution is in fact a
strong solution.

In conclusion, with any of these uniqueness results, we proved that the
sequence QN converges to the Dirac measure concentrated on this strong
solution.

Fourth step (Convergence in probability at fixed time). Even if in
general it is false that the application from D([0,T],M+) to M+ obtained
by taking the value at time 0 < t < T of the process is continuous, this
statement is true if the process is almost surely continuous at time t for the
limiting probability measure. In the present context, the limiting proba-
bility measure is concentrated on weakly continuous trajectories. Thus nf
converges in distribution to the deterministic measure nt(u)du. Since con-
vergence in distribution to a deterministic variable implies convergence in
probability, the theorem is proved.

In the previous proof, the initial state fj,N appeared only in the second
step. It was necessary to show that the limit points Q* were concentrated
on trajectories irt(du) that at time 0 were given by

no(du) = po(u) du .

Therefore, the special structure of the measure fiN did not play any par-
ticular role in the proof and the hypothesis of Theorem 2.4 concerning the
initial state can be considerably relaxed:

Theorem 2.5 For po: Td —¥ [0,1], consider a sequence of measures {nN :
N > 1} on {0, 1}TN associated to the profile po;

JV-s-oo
V G{x/N)r){x) - [G{u)po{u)du = 0 .

for every 6 > 0 and every continuous function G: Td —)• M. The conclusions
of Theorem 2.4 remain in force.
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In conclusion, under the hypothesis of a weak law of large numbers at
time 0 for the empirical measure nN, we have proved a law of large numbers
for any later time t.

3 The Entropy Method for Gradient Systems

There are essentially two general methods to prove the hydrodynamic be-
havior of an interacting particle system. We present here the first one, called
the entropy method, due to Guo, Papanicolaou and Varadhan [4].

To illustrate this method, we prove in this chapter the hydrodynamic
behavior of an exclusion process satisfying assumptions (2.3). We have seen
in Chapter 1 that to address such a question, we need first to describe the
equilibrium states of the process. The next result shows that the Bernoulli
product measures are reversible for exclusion processes satisfying assump-
tions (2.3), explaining also the interest of this set of hypotheses.

Lemma 3.1 Consider an exclusion process with generator given by (2.1)
and rates {az(rj)} satisfying (2.3). Then, the Bernoulli product measures
v^ are reversible.

Proof: By assumption ax>x+z(r)) = ax+z,x{r)) and both functions do not
depend on r)(x), r)(x + z). Fix two local functions / , g. A change of variables
£ = a

x>x+zr] gives that

ax>x+z(v) V(x) [1 - v(x + z)] f(ax'x+z

= I ax>x+z(a
x'x+zr,) r,(x + z)[l- r,(x)] f(V) g(ax'x+zr,) dv%

M r,(x + z)[l- V(x)} f(v) 9(<7X'X+Zv) ^

= I ax+z,x(rt) rt(x + z) [1 - „(*)] / ( „ ) g(ax'x+zr,) dv» .

This identity proves that the measures v£ are reversible. •

For z in T^, denote by WXyX+z the current over the bond {x,x + z}.
This is the rate at which a particle jumps from x to x + z minus the rate
at which a particle jumps from x + z to x. With the notation introduced in
the definition of the exclusion process,

Wx>x+Z = a x , x + z ( r ) ) r)(x) [1 - rj{x + z)] - a x + z , x { r j ) rj{x + z ) [ l - r)(x)] .
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We will say that an interacting particle system is gradient if the current can
be written as a local function minus its translation:

Definition 3.2 An exclusion process with jump rates {az(r))} is said to be
gradient if for each z there exist a positive integer nz > 1, local functions
hz,i, 1 < i < nz, and sites xz^, 1 < i < nz, such that

nz

zyihz>i - hz>i} .

We will see below the reason and the importance of this terminology.

3.1 A Gradient Exclusion Process

Everything presented in this chapter relies on the assumptions that the pro-
cess is gradient and that the one-parameter family of invariant states is
explicitly known. However, to fix ideas and keep notation simple, we focus
hereafter on a one-dimensional gradient exclusion process satisfying assump-
tions (2.3).

Consider the one-dimensional exclusion process with rates {az{rj)} given

by
f

az(r,) = { 1 + a[f?(-2)
( 0 if \z\ > 1

for some a > —1/2. These rates satisfy assumption (2.3) so that the product
Bernoulli measures are reversible. An elementary computation shows that
the current Wb,i is given by

W0,i = {/n(T7)-n/»i(Ty)} + {k2(v)-nk2(ri)}, (3.1)

where,

= r){0) - « J ( - 1 ) » J ( 1 ) and h2{r)) =

This process is thus gradient and reversible with respect to the Bernoulli
product measures. Of course, since the process is translation invariant, the
current over the bond {x, x +1} , denoted by Wx,x+u is Jus* * n e current over
the bond {0,1} translated by x:

= TxW0,l •
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Our goal is to prove that under some assumptions on the initial state,
the empirical measure converges to some absolutely continuous measure
p(t,u)du, whose density is the solution of some partial differential equa-
tion. For gradient systems, it is easy to anticipate the PDE which describes
the evolution of the density.

Here is the heuristic derivation of the PDE. Assume that the conserva-
tion of local equilibrium holds and that the empirical measure nf converges
to some p(t,u)du. Fix a smooth function G : T —>• R and consider the
martingale Mf associated to the empirical measure:

Mf =<nf,G> - <ng,G> - f N2LN < ?rf, G > ds .
Jo

By definition of the empirical measure,

N2LN <nN,G>= AT1 J ^ G{x/N)N2LNr]{x) .

LNV(X) is the rate at which rj(x) changes. In our example this happens
only if a particle jumps from a neighbor site to x or from x to one of the
neighbors. By definition of the current, this may be written as

LNr]{x) = Wx-i>x - W
x>x+i

Replacing in the previous sum L^r](x) by this expression and performing a
summation by parts, we obtain that the integral term in the martingale Mf
is equal to

1 Y (VNG)(X/N)NWX>X+1 ,

where VAT is the discrete derivative given by

(VNG)(x/N) = N{G(x + 1/iV) - G(x/N)} .

This first summation by parts, always possible, canceled one of the fac-
tors N. A second summation by parts is also possible because we assumed
the current to be itself the difference of two local functions. Here enters
the gradient assumptions which, as you can see, simplifies considerably the
problem. Without a second integration by parts, we will have to estimate
an expression of order N.
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By (3.1) and a summation by parts, the previous sum is equal to

- (VNG)(x - 1/N)}rxhi
x£TN

£ N{(VNG)(x/N) - (VNG)(x -2/N)}Txh2

= AT1 J ^ G"{x/N)Txhi + 2AT1 J ^ G"{x/N)Txh2

We now return to the martingale. Since the martingale vanishes at time
0, its expectation is constant equal to 0. In particular,

(3.2)

= EliN[[tdsN-1 Y, G"(x/N)rxh(r,s)] + ©(iV"1) ,

where
h = hi + 2h2 •

Recall that we are assuming that the empirical measure converges to
p(t, u)du. In particular, the left hand side of this expression converges to

/ G(u)p(t,u)du — / G(u)po(u)du .
JT JT

On the other hand, the right hand side is equal to

ft

/
Jo

dsN -1

Under the assumption of conservation of local equilibrium, for any fixed
macroscopic time 0 < s < t and any local function / ,

By (2.4), this last expression can be written as f(p(s,x/N)). Therefore,
under the assumption of conservation of local equilibrium, the right hand
side of (3.2) is close, as N f oo, to

/ dsN-1 V G"(x/N)~h(p(s,x/N)) .
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In conclusion, we proved that if there is conservation of local equilibrium
and if the empirical measure converges, it must converges to a measure
p(t, u)du whose density satisfies the identity

f G{u)p{t,u)du - f G{u)po{u)du = f ds f duG"{u)h{p{s,u))
JT JT JO JT

for all smooth functions G and all time t. This means that p is a weak
solution of the PDE

dtp = Ah(p), ( 3 3 )

p(0, •) = po(-) •

A simple computation shows that in our example, h(a) = a + aa2 so
that the equation is

dtp = du(D(p)dup)

with D(a) = 1 + 2aa.

3.2 The Hydrodynamic Behavior

We may now turn to a sketch of a rigorous proof. Technical details can be
find in Chapter 5 of [5]. We presented in Chapter 2 a general method to
prove the hydrodynamic behavior of an interacting particle system, which
consisted in three steps.

Denote by QN the probability measure on the path space D([0, T], M.+ )
corresponding to the Markov process nf, speeded up by N2, and starting
from some measure /J,N- We first prove that QN is tight. This step is
technical and omitted.

We then need to characterize all limit points of the sequence QN. This
step is divided in three statements. We show that all limit points Q* are
concentrated on

1. absolutely continuous trajectories n(t,du) = p(t,u)du;

2. weak solutions of the PDE (3.3);

3. trajectories n(t, du) = p(t, u)du whose density satisfy an energy esti-
mate.

Just as in Chapter 2, since there is at most one particle per site, all limit
points are concentrated on paths ir(t, du) which are absolutely continuous
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with respect to the Lebesgue measure and whose density p(t, u) is positive
and bounded by 1. The first statement is thus trivial.

To prove that all limit points are concentrated on weak solutions, we
follow again the strategy proposed in Chapter 2. For a smooth function
G : T —>• M, consider the martingale Mf introduced in the previous section.
An elementary estimate shows that this martingale vanishes in I? as N f oo.
Therefore, by Doob's inequality, for every 5 > 0,

lim P N \ sup \M$\ > s] = 0 . (3.4)
JV-j-oo '-0<t<T -1

Here appears the first main difference between this gradient exclusion process
and the symmetric simple exclusion process. While in the simple symmetric
case the martingale Mf could be written as a function of the empirical
measure, here Mf, given by

rt
<nf,G> - <n(?,G> - / dsN'1 J^ G"(x/N)Txh(r]s) ,

J 0

is not a function of the empirical measure because product terms as 77(0)77(1)
appear in the definition of (̂77). If we want to proceed as in Chapter 2, we
need to "close" this equation in terms of the empirical measure. This is done
by the replacement lemma below due to Guo, Papanicolaou and Varadhan.
To state this result, we need to introduce some notation.

For a probability measure nN on {0, 1}TJV, denote by H(nN\v£) the
entropy of HN with respect to v^:

\v?) = /log''"

The reader can find in Appendix 1 of [5] the main properties of the entropy in
the context of Markov processes. Just observe that for any local equilibrium

Thus, the entropy of a local equilibrium state with respect to any non-
degenerate invariant state is of order N.
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For each positive integer i and integer x, denote by ^{x) the empirical
density of particles in a box of length It + 1 centered at x:

•fa) = T^TY E ^ • ^
^ ' \v-x\<t

L e m m a 3.3 Fix a sequence fiN of probability measures fiN on {0, 1}T J V .

Assume that H(/j,N\u^) < CQN for some finite constant Co- Then, for
every 5 > 0 and every local function g,

limsuplimsupP^jv / AT"1 V^ TXVSN{I]S) ds > S\ = 0 ,

w/iere

We claim that this lemma permits to express the martingale MP in terms
of the the empirical measure nj*. For e > 0, denote by ie the approximation
of the identity

In particular,

Recall the expression for the integral part of the martingale MP and fix
a smooth function H : T —)• K. Since if is a smooth function, a second order
Taylor expansion shows that

AT1 Y, H{x/N)Txh{Vs)

= iV"1 E 2i^+T E H(y/N)rxh(Vs) +

A summation by parts shows that the previous term can be written as

jV"1 V^ H(r/N) V^ r h(n ) + O(E2)
\y-x\<sN
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By Lemma 3.3 and identity (3.6), this expression is equal to

AT1 £ H(x/N)rxh(< ^,h >) +

where RN,S is an expression which vanishes in probability as N f oo and
then e I 0.

In conclusion, it follows from Lemma 3.3 that the martingale Mf can be
written as

V G"(x/N)Txh(<n?,i6 >) + RN,S

where RN,S is an expression which vanishes in probability as N f oo and then
e 4- 0. This fact, together with (3.4) and the strategy presented in Chapter 2
shows that all limit points Q* of the sequence QN are concentrated on paths
ir(t, du) = p(t, u)du such that

[ G{u)p{t,u)du - [ G{u)po{u)du = [ ds [ duG"{u)h{p{s,u))
T JT JO JT

for all smooth functions G and all times t. Thus all limit points are concen-
trated on weak solutions of (3.3).

In contrast with the symmetric simple exclusion process, whose macro-
scopic evolution is described by the heat equation, we have here a non-linear
parabolic equation and some further properties are needed in order to ensure
uniqueness of weak solutions.

One classical proof of uniqueness relies on the time evolution of the H-\
norm and requires properties on the space derivative of the solution. Such
result is summarized in the next lemma.
Definition 3.4 A measurable function p: [0,T] x T —>• R+ is said to be a
weak solution in Tii of (3.3) provided

1. p(t, •) belongs to Lx(Td) for every 0 < t < T and supo<^<r IIP^IIL1 < °°-

2. There exists a function in L2([0,T] xT), denoted by duh(p(s,u)), such
that for every smooth function G: [0, T] x T ^ l

I ds I du(duG)(s,u)h(p(s,u))
Jo JT

= — I ds I duG(s,u)duh(p(s,u)) .
Jo JT
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3. For every smooth function G: R —>• R and /or ewen/ 0 < £ < T,

I dup(t,u)G(u) — / dupo{u)G(u)
JT JT

= — I ds I duG'(u)duh(p(s,u)) .
Jo JT

Lemma 3.5 There exists a unique weak solution in Tii of (3.3).

In view of this result, to conclude the proof of the uniqueness of limit
points of the sequence QN, we need to prove the following lemma:

Lemma 3.6 All limit points Q* of the sequence QN are concentrated on
paths p(t, u)du with the property that there exists an L2([0, T] x Td) function
denoted by duh(p(s, u)) such that

I ds I du(duG)(s,u)h(p(s,u)) = — I ds duG(s,u)duh(p(s,u))
Jo JTA JO JT1

for all smooth functions G. Moreover,

rT
t ds t

Jo JT

du(duh(p(s,u))) < oo.

These results together show that the sequence QN converges to the mea-
sure Q concentrated on the unique weak solution in Tii of (3.3) provided
the entropy of nN with respect to a reference invariant state v^ is bounded
by CQN, for some finite constant Co, and provided the empirical measure
converges in probability, under nN, to po(u)du.

To conclude the proof of the convergence of n^ to p(t, u)du, we need to
argue, as in Chapter 2, that convergence in the Skorohod space to a con-
tinuous path implies convergence in the uniform norm and that convergence
in distribution to a Dirac measure implies convergence in probability. In
summary, we have proved in this chapter the following result.

Theorem 3.7 Let /j,N be a sequence of probability measures on the path
space {0, 1}T J V . Assume there exists a finite constant Co and a density 0 <
a < 1 such that H{p,N\v^) < CQN. Suppose furthermore that for every
continuous functions H : T —)• R and every 5 > 0,

lim iiN\ I < nN,H > - f duH(u)po(u) > 6} = 0 .
N-yao II Jj )
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Then, for every t > 0, every continuous functions H : T —>• R and every

lim Puivf I < i$,H> - f duH{u)p{t,u) > s\ = 0 ,
N—>-oo p I I y^ J

where p(t,u) is the unique weak solution in %i of (3.3).

4 The Relative Entropy Method

We present in this lecture the second general method to prove the hydro-
dynamic behavior of an interacting particle system. Known as the relative
entropy method, it is due to Yau [9]. While the entropy method presented
in the previous chapter relies on the uniqueness of weak solutions of the hy-
drodynamic equation, the relative entropy method relies on the existence of
a smooth solution.

As in the previous chapters, all proofs omitted here can be found in
Chapter 6 of [5].

To fix ideas, consider the one-dimensional exclusion process with rates
{az{rj)} given by

C
az{rj) = I l + afo(-2)+»y(l)] for z = - 1 ,

( 0 if \z\ > 1

for some a > —1/2. We have seen that the hydrodynamic equation of this
model is the non-linear parabolic equation

dtp = du{D{p)dup) ,

with D(a) = 1 + 2aa. This equation admits a smooth solution, denoted
by p(t,u), twice continuously differentiate in space and once continuously
differentiable in time (cf. [8]).

To avoid uninteresting technical difficulties, we assume that the initial
profile po(') is bounded below and above by strictly positive and finite con-
stants:

0 < a < po(u) < a"1 .

Hereafter, for t > 0, we denote by î jL ̂  the product measure with slowly
varying parameter associated to the profile p(t, •):

S !} > for x
We may now state the main result of this chapter.
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Theorem 4.1 Let (HN)N>I be a sequence of measures on {0, 1}T J V whose
entropy with respect to i /L ^ is of order o(N):

Then, the relative entropy of the state of the process at the macroscopic time
t with respect to vN,t s is also of order o(N):

H^Sfl^) = o(N) for every t>0.

In this formula, Sj^ stands for the semi-group associated to the generator
speeded up by N2.

It is not difficult to deduce from this result a strong version of the hy-
drodynamic limit behavior of the interacting particle system:

Corollary 4.2 Under the assumptions of the theorem, for every cylinder
function ^ and every continuous function H: T —>• R ,

l i m E ^ s g N \ I N - 1 > ' H ( X I N ) T T M * ) ~ I H ( u ) E u ^ _ , W d u \ 1 = 0 .

The proof of Theorem 4.1 is divided in several lemmas. We start intro-
ducing some notation. For 0 < a < 1, v£ stands for a reference invariant
measure and ipN(t) for the Radon-Nikodym derivative of i/jL ^ with respect
to ^ :

dv5< ̂

A simple computation allows to obtain an explicit formula for ipN(t) because
the measures i/jL ,y v^ are product and the profile p(t, •) is bounded below
by a strictly positive constant uniformly in time:

ipN{t) = exp < y , r)\x) log 1— LI — f}yx)\ log

Denote by ^ ^ the measure nN at macroscopic time t:
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by /iv(*) = ft* *ne Radon-Nikodym derivative of nf with respect to the
reference measure v^:

and by i?jv(^) the relative entropy of nf with respect to y.

Since ^^ is absolutely continuous with respect to i/jL .̂ , by the explicit
formula for the relative entropy

p(t,-)

We turn now to the proof of Theorem 4.1. The strategy consists in
estimating the relative entropy ifjv(i) by a term of order o(N) and the time
integral of the entropy multiplied by a constant:

HN{t) < o{N) + 7"1 f HN{s)
Jo
f N{)ds
o

and apply Gronwall lemma to conclude. The first step stated in Lemma 4.3
below gives an upper bound for the entropy production.

Lemma 4.3 For every t > 0,

dtHN{t) < [ - L {N2L*N^f - dttf} ft
N dv» ,

where L*N is the adjoint of LN in L2(u^).

Proof: It is easy to check that /JV(^) is the solution of the Kolmogorov
forward equation

dtfN(t) = N2L*NfN(t) .

Since the profile p(t, •) is smooth, a simple computation shows that

dtHN{t) = I N2L*Nft
N- log [ff\dv»

-A- fiN2T*fN fN d*̂
J I ~
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Since L*N is the adjoint of L^ in L2(va),

JL*Nft
Nd^ = 0.

By the same reason, the first expression on the right hand side may be
rewritten as

The elementary inequality

a [log b — log a] < (b — a)

that holds for positive reals a, b, shows that for every positive function h
and for every generator L of a jump process,

hL(log h) < Lh .

In particular, the last integral is bounded above by

%)K = N2I §
•

We claim that

(4.1)
Vt

N-l

H't'(x/N)[rxho(r]) -ho(p(t,x/N)) -~tio(p(t,x/N))[r,(x) -p{t,x/N)]}
x=0

N-l

Y/[H't(x/N)}2{rxgo(v)-go(p(t,x/N))-g'o(p(t,x/N))[r](x)-p(t,x/N)}},
0x=0

where 0(1) is an expression bounded by a constant uniformly in N and

ho(r,) =

+ ar,(O)r,(l)
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To obtain the above simple formulas, we need to perform some integration
by parts. For instance, instead of obtaining 2a?y(0)?y(l) in ho, one gets

for some positive, finite-supported function r such that Y^x
 r(x) = 2- We

can rewrite this sum as

and integrate by parts the second expression to incorporate it in the order
1 term. This procedure has been done repeatedly to almost all terms.

To prove formula (4.1), first observe that L*N = Ljy because the process is
reversible. Moreover, since ax,x+i{v) = ax+i,x{v)i w e c a n write the generator

as

A straightforward computation shows that

N'

tbF(n) 1)

2 + 0(1) ,

where 0(1) is an expression bounded by a constant uniformly in N, h =
hi + 2/i2 is the local function introduced in the previous chapter and

g(r,) = 77(O)[l -77(1)] + tt

Since

Hl'{u)h{p{t,u))du = - [ duHl{u)h'{p{t,u)){dup){t,u)
JT

= - fdu[H't(u)]2g(p(t,u)),
JT

we obtain that
AT2 T -I,N

"t x=0
N-l

Y/[H't(x/N)]2{rxg(r,)-~g(p(t,x/N))} + 0(1),
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On the other hand an elementary computation shows that

because p(t, u) is the solution of the hydrodynamic equation. Adding the
previous two expressions we get that

_

N-l

x=0
N-l

H't'(x/N){rxh(v) ~ h(p(t,x/N)) - h'(p(t,x/N))[r,(x) - p(t,x/N)]}

-g(p(t,x/N))-g'(p(t,x/N))[r](x)-p(t,x/N)}}

It remains to observe that all linear terms cancel to deduce (4.1).
A microscopic Taylor expansion up to the second order appeared in the

formula (4.1). To take advantage of this expansion, we apply the one block
estimate to replace the cylinder functions ho, go by ho(r]f(x)), go(r]f(x)).

In view of Lemma 4.3 and after the one block estimate, since i?jv(0) =
o(N), we obtain that

ft N-i 2

N^HNit) < Co / dsEliNSN[N-1^2[r,£(x)-p(s,x/N)j J
v '0 z=0

+ o(N,e),

for some finite constant Co which depends only on the solution p(t,u) of
the hydrodynamic equation. In this formula, o(N, £) is an expression which
vanishes as N f oo and then i f oo and comes from the one block estimate.

By the entropy inequality, the main term on the right hand side of the
previous expression is bounded above by

x—U

(4.2)
for every 7 > 0. Since v^, ^ is a product measure, by Holder inequality, the
second term is less than or equal to
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As N f oo this expression converges to

Co

7(2*+ 1)
/ ds I du log E^N

Jo JT P(S'U)

By the large deviations for i.i.d. Bernoulli random variables and Laplace-
Varadhan lemma, as i f oo, this expression converges to

^ fdstdu sup Ue-P(t,u)}2-ip{t,u)(e)\,
7 Jo JT 0<E[O,I] L J

where Ia(-) is the large deviations rate functional given by

Ia(9) = ^ | ^

Since [9 — p(t, u)]2 is quadratic around p(t, u), it is not difficult to show that
there exists 70 > 0, depending only on the solution of the hydrodynamic
equation, such that

sup \l[d-p]2-Ip{d)\ < 0

for all 7 < 70 and all p in the interval [infupo(^))Supupo(^)j- This proves
that the second term in (4.2) vanishes as N f 00 and then i f 00, provide
we choose 7 small enough.

Putting all previous estimates together, we obtain that

N-'H^t) < Co tds1^- + o(N,i)
Jo 7-W

for 7 small enough. Theorem 4.1 follows now from Gronwall inequality.
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Preface

The percolation model, object of these notes, was introduced in the late
1950's by Broadbent and Hammersley [8] as a mathematical model for gas
masks, and has since been studied by mathematicians. Physicists also have
a great interest in it, due to the similar nature of its critical behavior and
that of some physical systems, and due to the fact that percolation has so
many simple features in comparison with many of those systems.

Percolation is the phenomenon of transport of a fluid through a porous
medium. For example, oil or gas through rock, or water through coffee
powder. The medium consists of microscopic pores and channels through
which the fluid might pass. In a simple situation, each channel will be open or
closed to the passage of the fluid, depending on several characteristics of the
medium which could be summed up in a few parameters. The distribution of
open and closed channels could be described probabilistically. In the simplest
case, each channel, independently of the others, is open with probability
p, the single parameter of the model, and closed with probability 1 — p.
We will model the medium microscopically by the d-dimensional hipercubic
lattice, Zd, whose sites and (nearest neighbor) bonds represent the pores and
channels, respectively. This constitutes what we will call the independent
(Bernoulli) bond percolation model (in ifi). It will be focused on in Part I
of these notes.

A basic question is the ocurrence or not of percolation, that is, the ex-
istence of an infinite path, through open bonds only, cutting through the
medium. In the next sections of this introduction, we will define the model
in detail and show its first non-trivial result, establishing the existence of a
phase transition in 2 and higher dimensions, that is, establishing the exis-
tence of a critical value for the parameter p, pc € (0,1), such that the model
does not exhibit percolation almost surely for values of p below pc, and does
exhibit percolation almost surely for values of p above pc.

A reference for Part I is the book of G. Grimmett [19], which covers all
of it and much more. More specific references will be mentioned throughout
the text. The text of Part I is an adaptation of lecture notes of courses given
in Brazil in the last ten years. Those were much inspired in a percolation
course given by C.M. Newman at NYU at the end of the 1990's.

In Part II, we consider an oriented percolation model in a random envi-
ronment which is related to several interesting questions in discrete proba-
bility.
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In Part III, we depart further from the initial model, and consider stochas-
tic Ising models at zero temperature, which are not immediately related to
the models in the previous parts, but rather to a dynamical percolation
model called bootstrap percolation. The material is based in [17].
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Part I

The independent model

1 Introduction

1.1 The model

Consider the hipercubic lattice in d dimensions (Zd, Ed) (denoted simply Zd

when there is no danger of confusion), where Zd is the set of sites of the
lattice and Ed = {(x, y) € ifi : ||a; — y||i = 1} is its set of nearest neighbor
bonds.

To each bond of Ed will be randomly assigned the status open or closed in
the following way. Let X := {Xe,e € Ed} be an independent and identically
distributed (iid) family of Bernoulli random variables with parameter p, that
is,

Pp(Xe = l) = l-Pp(Xe = 0)=p

for all e € Ed, where p is a real number of the closed interval [0,1] and Pp

is the probability associated to X (sometimes denoted Pp^ in these notes).
The expectation with respect to this probability will be denoted by Ep.

More formally, the sample space of the model will be given by Q, =
{0,1}E . The <7-algebra is the usual one, denoted by £, and generated by
the local events, that is, events which depend on bonds in finite subsets of
Ed only. The probability Pp is the product probability in fi assigning weight
p to l's and 1 — p to 0's. Xe is the projection on the coordinate e, that is,

Xe(u) = ue for all w € fi. (1.1)

Xe = 1 will be taken to indicate that the bond e is open and Xe = 0
indicates that e is closed.

A set of bonds of E d , {ei,e2,...,en}, n > 1, where e, = (xi,yi), i =

1,2,..., n, will be caled a path if x\, X2,..., xn are distinct and yi = £j+i,
i = 1,2,... ,n — 1 (there are no loops). A path will be said open if all its
bonds are open (that is, if Xei = 1, i = 1,2,..., n). We will say that two
sites in the lattice, x and y, are connected (notation: x O y) if there exists
an open path {ei, e2,. . . , en} with x\ = x and yn = y. One can check that
connectivity is an equivalence relation. We call the classes of equivalence
(open) clusters. We will denote by Cx the cluster to which belongs x, and
also by C the cluster of the origin. C is a basic object of our study.
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We will be interested initially in \C\, the volume (or cardinality) of the
cluster of the origin; more precisely, in its distribution (which, we note, is
the same as that of \CX\ for every site x € Zd, by the invariance under
translations of Pp). Specifically, we want to know if infinite clusters can
occur (with positive probability).

In dimension 1, the problem is trivial, since, denoting by C_ and C+ the
sites of C to the left and right of the origin, respectively, we have that \C-1
and \C+\ are iid random variables with PP(|C+| > k) =pk. Thus, there are no
infinite clusters almost surely in dimension 1, if p < 1. We restrict attention
to d > 2.

\C\ is a random variable that can take the values 1,2,..., oo. A quantity
of interest will be

0(p) := PP(\C\ = oo). (1.2)

One naive approach is to write

Expressions for Pp(\C\ = k) are relatively simple to compute for small k,
but become combinatorially increasingly complicated when k increases, and
there is no explicit form for general k. The study of 6(p) will have to follow
another route.

In the next section, we prove the main result of this chapter, the first
non-trivial one of this theory, the one establishing the existence of a phase
transition in the independent bond percolation model in 2 or more dimen-
sions, stated next.

Theorem 1.1 For d > 2, there exists a critical value of the parameter p,
denoted pc, pc € (0,1), such that

9(p) = 0, if p < pc;

6{p) > 0, if p>pc.

The intervals [0,pc) and (pc, 1] are called subcritical and supercritical
phases of the model, respectively. We will study key aspects of both phases
in Chapters 3 and 4.
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1.2 First results

As an aid to the proof of Theorem 1.1, we will establish monotonicity prop-
erties of 9{p) as a function of p. For that, we will consider a probability space
where the independent bond percolation models with parameters p € [0,1]
are all imbedded, and in such a way that monotonicity is built in. We will call
this probability space the (independent) uniform (bond percolation) model.
It will come in handy in other situations as well.

Let Z := {Ze,e € Ed} be an iid family of random variables uniformly
distributed in [0,1]. P will denote the underlying probability measure in this
model.

A bond e € Ed will be called p-open if Ze < p, and p-closed otherwise.
The bond model where each bond is declared open if it is p-open and closed
if it is p-closed is a version of the independent bond percolation model with
parameter p, as described in the last section.

Lemma 1.1 9{p) is nondecreasing in p € [0,1].

Proof
Let Cp be the cluster of the origin in the percolation model obtained from

the uniform model with p-open and p-closed bonds, as described above. Then
9{p) = P(|CP| = oo). On the other hand, Cp C Cp> if p < p', since in this case
a p-open bond is also p'-open. We conclude that

6{p) = ¥(\CP\ = oo) < ¥(\Cp/\ = oo) = 6(p'). •

Remark 1.2 By the above lemma, the following is well defined. Let

pc = sup{p : 0 < p < 1 and 0(p) = 0}. (1.3)

Theorem 1.1 can then be restated equivalently as follows: pc € (0,1), where
pc is as defined in (1.3).

We now argue for the monotonicity in the dimension. For that, note that
we can get a bond percolation model in d dimensions as a bond percolation
model in a d-dimensional hiperplane of the d + 1-dimensional bond perco-
lation model containing the origin, by declaring closed all bonds connecting
that hiperplane with the rest of the space, and using X for the remaining
bonds. Denoting by C the cluster of the origin in this model, we have that
C C C and thus

9{p) =: 6(p,d) = Pp,d+i(\C\ = oo) < Pp,d+i(\C\ = oo) = e(p,d+l).
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This proves the following.

Lemma 1.3 6{p,d) is nondecreasing in d.

By Lemmas 1.1 and 1.3 above, in order to prove Theorem 1.1, it suffices
to establish the two following propositions.

Proposi t ion 1.4 For d>2 and p sufficiently close to 0,

9{p) = 0.

Proposi t ion 1.5 For d = 2 and p sufficiently close 1,

9(p) > 0.

As will be seen in the proofs for these results below, it is enough to have
p < l/(2d — 1) in the former result, and p > 2/3 in the latter one.

Proof of Proposition 1.4
It suffices to show that Xp •= Ep\C\ < oo for p close to 0.
We can write

where 1{.} is the usual indicator function, that is,

fl, Hue A
U(w) = < .

[0, otherwise,
for all event A, and thus

We can rewrite the above probability as Pp(U7{7 is open}), where the union
is over paths 7 connecting 0 to x. We thus have, from (1.4) and subadditivity,
that

xezd 7

where the latter sum is over paths 7 connecting 0 to x. The double sum can
be thus reordered as

E E PP(7is open),
n>0 \-y\=n
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where the latter sum is over paths 7 starting out at the origin and having
length n (that is, paths 7 = {ei,. . . , en} with x\ =0). The above probability
equals pn independently of 7, as long as I7I = n. Thus

n>0

where cr(n) denotes the number of distinct paths 7 starting out at the origin
and having length n.

A simple combinatorial argument shows that, for n > 1,

a{n) <2d(2d-l)n~1.

In fact, the first step from the origin has 2d possible site destinations, while
from the second one on, each step has at most Id — 1 possible destination
sites (due to the absence of loops). We then have that

and in order that the series converges, it is enough to take p < l/(2d — 1). •

Proof of Proposition 1.5
Let us consider the two dimensional lattice dual of Z2, Z2 = Z2 +

(1/2,1/2). Z2 is Z2 moved 1/2 unit in each coordinate direction. Super-
imposed finite portions of Z2 and Z2 are illustrated below, that of Z2 in bold
lines, dashed lines for that of Z2.

1

0

0*



112 L.R.G. Fontes & V. Sidoravicius

Note that there is a 1 to 1 relation between the sites and bonds of Z2

and those of Z2. Consider the 1 to 1 relationship e —> e* between bonds of
Z2 and Z2 which associates to each bond in the first lattice the secant bond
in the dual one, as in the following picture.

We define a bond percolation model in Z2 induced by the model in Z2

by declaring e* open or closed according to whether e is open or closed,
respectively.

In what follows, a circuit is a set of bonds {ei,e2,... ,en} such that
{ei, e2,. . . , en_i} and {e2, e$,..., en} are paths and yn = x\, so that a circuit
can be seen as a loop which contains no smaller loops.

The occurrence of a finite cluster of the origin in Z2 is equivalent to the
existence of a closed circuit (that is, a circuit whose bonds are all closed)
in the dual lattice around the origin (of the original lattice). This is due
to the fact that, if the cluster of the origin is finite, then the bonds of the
outer boundary of C (formed by bonds connecting sites in the C with ones
not in C), obviously closed, are always disposed in such a way that the
corresponding dual secant bonds form a circuit, which is then closed, and
encloses the origin. The following picture illustrates this geometric fact (the
cluster of the origin in the original lattice appears in bold lines, its boundary
in dotted ones, and the dual circuit in dashed lines; closed bonds with both
ends in the cluster are absent). We refer to [25], page 386, for a proof.
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We continue with the proof of Proposition 1.5.
We will show that the probability that the cluster of the origin is finite

is strictly less than 1 for p sufficiently close to 1. For that, in view of the
geometric fact above, it will suffice to argue that the probability that there
exists a closed circuit in the dual lattice around the origin of the original
lattice (0) is strictly less than 1 for p sufficiently close to 1. We have

Pp(there is a closed circuit in Z^ around 0) < ^ P p ( 7 i s closed),
7

where the sum is over all the circuits 7 in Z^ around 0. It can be reordered
as follows.

E £ P(7is closed), (1.6)

where the latter sum is over circuits 7 in Z^ around 0 and of length n.
It is clear that the probabilities in the latter sum depend only on n and

equal (1 — p)n. Thus (1.6) becomes

n>4

where A(n) denotes the number of circuits in Z* around 0 and of length n.
The following argument yields a useful upperbound for A(n). Any circuit

of length n in the dual lattice around 0 must cross a bond of the original
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lattice of the form ((0, k), (0, k + 1)), for some —n/2 < k < n/2. Prom this
secant bond, each of the n — 1 subsequent bonds can be chosen in at most 3
different ways. For these reasons, A(n) < nS""1. Replacing this in the above
sum, we get

n>4

which is a continuous decreasing function of p € (2/3,1] that vanishes in
p = 1. It follows that there exists po < 1 such that the above expression is
strictly less than 1 for p > p$. •

An improvement of the above argument which implies that 9{p) is strictly
positive for p > 2/3 is as follows.

Denote by QM the square centered at the origin with side length 2M+1,
that is, QM = {x ^ ^ • \xi\ < M, i = 1 , . . . , d}. Let AM be the event that
all the bonds of QM are open, and let BM be the event that there exists a
closed circuit in the dual lattice completely outsided QM-

Repeating the argument of the above proof, we get

PP(BM) <
n>8M+4 ~

Given p > 2/3, this expression can be made strictly less than 1 by choosing
M sufficiently large, say Mo. Thus

Pp(B
c
Mo) > 0. (1.7)

Now in the intersection of the events AM0 and BMo, the cluster of the ori-
gin is infinite. Moreover, AM0 and BMo are independent, since they depend
on disjoint sets of bonds. Thus, from (1.7), we conclude that

0(p) > Pp(AMo n BMo) = Pp(AMo)Pp(BMo) > 0,

since Pp(AMo) > 0. The argument is complete.

The critical probability pc depends on the dimension and we can denote
it by pc(d). The only nontrivial case where it is known exactly is that of
d = 2: Kesten showed that pc(2) = 1/2 [26]. For general dimensions, the
above propositions establish that

1 2
2<i- l ~Pc^ ' ~ 3'
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Kesten [27] showed that pc(d) ~ l/2d in large dimensions.

Theorem 1.1 says nothing about what happens in p = pc. We will see in
Chapter 4 that 9{p) is a continuous function of p, except possibly in p = pc.
If 9{pc) = 0, then 9{p) is continuous in [0,1] and its graph will resemble that
on the left hand side of the following figure. Otherwise, its graph will look
more like the one on the right.

9(p)

1 -

Pc
•p

Which is the case that holds is an open question for general d, but it is
believed that 9{p) is continuous in [0,1] for all d. This is actually proved in
d = 2 [26] and for large d [20].

2 Some tools

2.1 Introduction

In this chapter, we present auxiliary results which will be used in later chap-
ters. All of them have to do with events and random variables that are
increasing in a sense to be defined next.

We introduce a partial order in Q, as follows.

< J if uie < ui'e for all e <E Ed
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A random variable X will be said increasing if it is increasing in the
partial order above, that is,

X(u) < X(J) if u < u)'.

An event A £ £ will be said increasing if 1A, the indicator function of A, is
increasing. In words, an event A is increasing if for any configuration ui of
open/closed bonds where A occurs, A also occurs in any new configuration u'
obtained from u by opening bonds that are closed in u (if any1). Examples
are {x o y}, in which two sites are connected by an open path, and {|C| =
oo}, in which the cluster of the origin is infinite. \C\ is an example of an
increasing random variable.

Before proceding, we can again use the uniform model Z of last chapter
to extend the result in Lemma 1.1 for expectations of increasing functions.

Proposition 2.1 Suppose X is an increasing random variable whose expec-
tation EP(X) is well define for p in a subinterval I C [0,1]. Then, EP(X)
is an increasing function of p €. I. In particular, Pp(A) is increasing for
p £ [0,1] for any increasing event A.

Proof
Consider, for a given realization ui of the random variables in Z, the

configuration of p-open bonds, denoted up. In other words, (wp(e))eeEd is
such that

fl, ifZe(cj)<p
L)p(e) = < (2.1)

I 0, otherwise
for alle € Ed.

Let Xp be the random variable in the uniform model such that Xp (ui) =
X(up). Since X is increasing and up < up', if p < p', we have that Xp < Xpi.
Thus,

EP(X) = E(Xp) < E(Xp,) = Ep/(X), (2.2)

if P < p', P,p' € I, where E is the expectation with respect to P. •

lrThe configuration all bonds open is in every increasing event.
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2.2 FKG inequality

Increasing events and random variables in the percolation model have the
property of being positively correlated.

Theorem 2.2 (FKG inequality) Let Y and Z be two bounded increasing
random variables in (£l,£). Then

EP(YZ) > EP(Y)EP(Z). (2.3)

Proof of Theorem 2.2
Let us initially suppose that Y and Z are local, that is, depend on a finite

set of bonds only. Suppose the dependence set of Y and Z is {ei, e2,. . . , en}.
The proof in this case is by induction in n.

For n = 1, Y = f(Xei) and Z = g(Xei), where / and g are increasing
functions from R to R Let X' be an independent copy of Xei (that is, X'
and Xei are iid). Then

[f(Xei)-f(X')][g(Xei)-g(X')}>0,

since / and g are increasing. Thus

Ep {[f(Xei) - f(X')][g(Xei) - g(X')}} > 0.

Expanding the left hand side term, we get

Ep[f(Xei)g(Xei)]+Ep[f(X')g(X')}

> Ep[f(Xei)g(X')] + Ep[f(X')g(Xei)}. (2.4)

By the independence of Xei and Y', the right hand side expression becomes

Ep[f(Xei)]Ep[g(X')] + Ep[f(X')]Ep[g(Xei)].

Since Xei and X' have the same distribution, (2.4) becomes

> Ep[f(Xei)]Ep[g(Xei)} + Ep[f(Xei)}Ep[g(Xei)},

that is,
2Ep[f(Xei)g(Xei)} > 2Ep[f(Xei)]Ep[g(Xei)},

and the result is established for n = 1.
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Supposing it valid for n < k, let n = k + 1. Then

Y = f(xe1,---,Xek,Xek+1) and Z = g(Xei,...,Xek,Xek+1),

with / and g increasing. Now,

EP(YZ) = Ep [f(Xei,.. .,Xek,Xek+1)g(Xei,... ,Xek,Xek+1)]

= Ep {Ep [f(Xei,.. .,Xek,Xek+1)g(Xei,... ,Xek,Xek+1)\Xek+1] } (2.5)

In the conditional expectation above, Xek+1 is fixed and / and g can be seen
as increasing functions of Xei,..., Xek depending on a parameter Xek+1. The
induction hypothesis can be applied, by the independence of Xei,..., Xek

and Xek+1, to yield that the latter expression in (2.5) can be bounded from
below by

Ep {Ep [f(Xei,... ,Xek,Xek+1)\Xek+1] Ep [g(Xei,... ,Xek,Xek+1)\Xek+1] } .

Now, the above conditional expectations are increasing functions of Xek+1;
this follows immediately from the fact that / and g are increasing. A new re-
course to the induction hypothesis yields the result for n = k +1, completing
the induction argument.

To finish the proof, we take Y and Z not necessarily local. Let ei, e2,...
be an enumeration of Ed. By the Martingale Convergence Theorem (see,

e-g., [14]),
Y=limQEp[Y\Xei,...,Xen]

and similarly for Z. By the above, the FKG inequality holds when Y and Z
are replaced by

Ep[Y\Xei,...,Xen] and Ep[Z\Xei,... ,XeJ,

since they are increasing local functions. A passage to the limit in n and the
Dominated Convergence Theorem yield the full result. •

Corollary 2.3 / / A and B are increasing events, then

Pp(AnB)>Pp(A)Pp(B). (2.6)

Proof
Follows by a direct application of Theorem 2.2 with Y = 1A and Z = 1B-

•
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Remark 2.4 (2.6) is equivalent to

PP(A\B) > Pp(A),

which says that the occurrence of an increasing event favors the occurrence
of other increasing events.

Remark 2.5 Theorem 2.2 holds also for two random variables that are de-
creasing (in the partial order), since the inequality is unchanged by replacing
Y and Z by —Y and —Z, which in this case are increasing. Corollary 2.3
holds also for two decreasing events, for the same reason.

Remark 2.6 By standard approximation arguments, inequality (2.3) holds
also for increasing random variables with finite second moments.

Remark 2.7 The above FKG inequality was first proved by Harris [21] and
later extended to other models by Fortuin, Kasteleyn and Ginibre [18], whose
initials finally named it.

2.3 BK inequality

The next inequality goes in the opposite direction to the FKG inequality
one. It involves an intersection of increasing events which is restricted in a
sense to be described next.

Given two increasing events A and B in £, we say that A and B occur
disjointly (for a given configuration w), if there exist two open paths which
are (bond) disjoint (in w), one guaranteeing the occurrence of A, and the
other, that of B. We denote by A o B the disjoint occurrence of A and B.
Alternatively,

A o B = {wEfi: there exist two disjoint paths

7T = {ei, . . . , em} and 7 = {/1,..., /„} such that

w(ei) = ... = u(em) = u(fi) = ...= u(fn) = 1,

C{u\v) C A and C(w|7) C B}, (2.7)

where, for any subset A of Ed and u e H ,

C(W|A) = { w ' e O : tc/(e) = w(e) for all e € A}

is the cone of configurations of Q, that match UJ in A.
For example, in the event {x o y} o \u o v} there are two disjoint open

paths, one connecting the sites x and y, and the other, u and v.
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Theorem 2.8 (BK inequality) Let A and B be increasing local events in
£. Then

Pp(AoB)<Pp(A)Pp(B). (2.8)

The name of the inequality is a reference to its discoverers, van den Berg
and Kesten [6]. The restriction to local events are for technical reasons. It
can be extended to other cases of interest.

For a more complete discussion and proof, see [19]. We will discuss below
the idea of the proof, using as events the ones of the above example, but
restricted to a finite connected sublattice of Zd (for example, the cube QM
of last chapter, for some fixed M), otherwise, they will depend on infinitely
many bonds.

Let us first note that, given the occurrence of {u o v}, we have informa-
tion on some open bonds, which cannot be used in the disjoint occurrence
of {x o y}. This rends plausible that

Pp({x O y} o {u o v}\u O v) < Pp(x O y). (2.9)

The idea of the proof is as follows. Let Q be a finite connected sublattice
of ifi and e a bond of Q. Let us replace e by two parallel bonds e' and e"
which are each open with probability p and closed with probability 1 — p
independently of each other and the other bonds. Consider the disjoint oc-
currence of {x O y} and {u O v} in this new lattice, but with the first
event avoiding e" and the second event avoiding e'. This procedure cannot
decrease the original probability. We continue the procedure inductively,
replacing the bonds / of Q by parallel independent bonds / ' and / " and
considering the disjoint occurrence of {x <-} y} and {u <-} v} in the new
lattice, the occurrence of the first event disregrading " bonds, and the oc-
currence of the second event disregrading ' bonds. The procedure does not
decrease the probability in the previous step. In the end, when all bonds of
Q have been doubled, we have two independent copies of that lattice, one in
which we ask about the occurrence of {x o y}; in the other, we ask about
the occurrence of {u o v}; events thus independent. The final probability is
thus the product of the probabilities of the events and the chain of inequal-
ities lead to the probability of disjoint occurrence of the events in Q, thus
establishing (2.9).

Remark 2.9 (Reimer's inequality) The BK inequality can be extended
to arbitrary local events, provided we have the appropriate restricted inter-
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section. Let A and B be local events. Define

A\3B = { w e f i : there exist two disjoint sets of bonds

K = { e i , . . . , e m } and K' = {fi,...,fn}

such that C(ui\K) C A and C(ui\K>) C B}. (2.10)

Then
PP{AUB) < Pp(A)Pp(B). (2.11)

Inequality (2.11) was conjectured by van den Berg and Kesten and later
proved by Reimer [38]. If both A and B are increasing, then one checks that
A\3B = A o B, and one sees that the BK inequality follows from inequal-
ity (2.11). In case A is increasing and B is decreasing, then A\3B is seen
to equal An B, and one concludes that the FKG inequality is also a special
case of inequality (2.11). In what follows, we will use Reimer's inequality
only in the form of either the BK inequality or the FKG inequality, and we
will refer specifically to those.

2.4 Russo's formula

The next tool is a formula for the derivative in p of the probability of an
increasing event. To obtain it, we will yet again use the uniform model.

Let A be an increasing local event and consider

PP+S(A) - Pp(A) =

= F{LJP+S G A) - F{LJP+S (EA,LJP(E A)

= F(cjp+seA,Ljp<£A). (2.12)

Since A is increasing, LJP £ A and u)p+s G A, there must be at least one
bond e such that ujp(e) = 0 but L}p+$(e) = 1, that is, p < Ze < p + 5. Denote
by J\fP:s the set of such bonds. The probability that \J\fP:s\ > 2 is o(5). The
last probability in (2.12) then becomes

P(wp i A,LJP+S G A, \AfPi5\ = 1) + o(6).

The above probability can be written as

4 , ^ = {e}). (2.13)

Now, if ujp ^ A, u}p+$ £ A and \J\fP:s\ = 1, then the (status of) bond
e in question must be essential in LJP for (the occurrence or not of) A, in
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the sense that up £ A, but u'p € A, where u'p is the configuration obtained
from ujp by changing the status of bond e from 0 to 1. The event inside the
probability sign in (2.13) is then equivalent to the event

{e is essential in LJP for A,p < Ze < p + S,J\fP:g = {e}}.

That probability can then be written as

P[e is essential in up for A,p < Ze < p + 6] (2.14)

- P[e is essential in up for A,p <Ze<p + 6,J\fP:s + {e}]. (2.15)

The probability in (2.15) is bounded above by Pd-A/^l > 2) = o(5).
Notice that the event {e is essential in LJP for A} does not depend on e.

Thus, the probability in (2.14) factors.
Combining the above arguments, we get

PP+5(A) - PP(A)

(e is essential in uip for A)¥(p < Ze < p + 5) + o(5)

= 5 ̂  P(e is essential in wp for A) + o(5)
e

= 6E{N{A)) + o{6),

where N(A) denotes the number of essential bonds in LJP for A.
Modifying the terminology a bit, and coming back to the Bernoulli model,

given an arbitrary event A E £ and a configuration wgf i , we call a bond e
pivotal for A (more precisaly, for (A, LJ)) if, denoting by w' the configuration
identical to UJ in all bonds but e, where UJ are w' different, one of two things
happen. Either

u e i and ui' £ A or ui £ A and ui' £ A.

Let N(A) denote the number of pivotal bonds for A. The above argu-
ments prove the following.

Theorem 2.10 Russo's formula [39] / / A is an increasing local event,
then

±pPp{A)=Ep{N{A)). (2.16)
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(2.16) can be also written as

—PP(A) = ̂ 2 pp(e is pivotal for A),
dp e

The application we will make of Russo's formula starts with the observa-
tion (already made above) that the event {e is pivotal for A} is independent
of e, and thus independent of the event {e is open}, and then by concluding
that

Pp(e is pivotal for A) = -Pp(e is open and is pivotal for A).

Thus, if A is increasing, then upon applying Russo's formula, we get

—PJA) = - y^P p (e is open and is pivotal for A)
dp P^f

1
^ PP(A n {e is pivotal for A})

" e

= - y^Pp(A)Pp(e is pivotal for A\A)
e

= l-Ep{N{A)\A)Pp{A). (2.17)

Dividing the first and last expressions above by Pp(A) and integrating in
\PUPT\ (0 < pi < P2 < 1), we arrive at

PP2(A) = Ppi(A)exp (^jm ±Ep(N(A)\A)dp^ . (2.18)

The above inequality (together with other techniques, including the BK
inequality), will be used in the next chapter to get exponential decay of the
radius of the cluster of the origin in the subcritical phase.

3 Subcritical phase: Exponential decay

We could define other critical points in the percolation model. For example,
recalling that Xp is the expected value of the volume of the cluster of the
origin, that is, Xp = •^>(|C|), let

p = sup{p : xP < oo}- (3.1)
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This is well define, since Xp is increasing in p; see Proposition 2.1. The proof
to Proposition 1.4 shows that p is positive. Of course p < pc (otherwise,
0(p) = pp(\C\ = oo) > 0 and then xP = oo).

In this chapter, we will show that p = pc, eliminating the existence of an
intermediate phase (p,pc) and establishing the so called uniqueness of the
critical point.

For general d, this result was proved independently by Menshikov [34] and
Aizenman and Barsky [1], using different arguments. We will next describe
Menshikov's argument (with an unpublished improvement by Kesten).

Let Sn be the L\ sphere in Zd of radius n and center at the origin, that
is

Sn = {x € Z d : ||a;||i < n}

and let An be the event that there exists an open path connecting the origin
to the boundary of Sn.

Theorem 3.1 If p < pc, then for some ipp > 0

Pp(An) < e~^n for all n. (3.2)

Corollary 3.2 If p < pc, then xP < oo. Thus p = pc.

Remark 3.3 In the supercritical phase, Xp = °°> obviously. One can also
show [19] that

lim Xp = oo.
PtPc

Proof of Corollary 3.2
Theorem 3.1 establishes the exponential decay of the distribution of the
radius of C. From (3.2), we conclude that

PP(\C\ >n)< e~^nl/d, (3.3)

for some tp'p > 0 and all n. Thus,

Remark 3.4 (3.3) establishes a subexponential decay for the distribution of
\C\. With more work, one can get exponential decay for the distribution of
\C\ (see [19]).
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Proof of Theorem 3.1
The proof of Theorem 3.1 will be presented in an introduction and three
additional parts.

Introduction
Define

gp(n) = Pp(An). (3.4)

Note that gp(n) 4- 6(p), when n f oo. Thus, if p < pc, then there exists
p' such that p < p' < pc and thus

n—s-oo

The problem is to show that for some p', if lin^^oo gpi (n) = 0 then for p < p'

gp(n) < e~^n for all n.

We want to bound gp{n) from above in terms of gp>(n) and something else
(it is necessary to improve the trivial bound gp(n) < gp>(n)).

Part 1
Prom the (2.18) version of Russo's formula, we deduce immediately the fol-
lowing inequality for 0 < a < f3 < 1.

ga(n) < gp(n)exp (- f Ep(N(An)\An)dpj , (3.5)

where N(An) is the number of pivotal bonds for the event An (note that An
is a local increasing event).

Part 2
For a given /?, let M denote the (random) radius of the open cluster of
the origin (that is, M = max^c ||a;||i or, equivalently, M = max{A; : Ak

occurs}). Note that if 9{p) > 0, then M = oo with positive probability. If
9(p) = 0, then M is a finite integer random variable.

Let M\,M2,... be independent random variables with the same distri-
bution as M. We will show ahead that

PP(N(An) > k\An) > P((l + Mi) + .. . + (1 + Mfe) < n), (3.6)
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for all k > 0. This relates N(An), when conditioned in An, to a renewal
process. Using standard tecniques for those processes, we will conclude that

oo

Ep{N{An)\An) = "£l
fe=i
00

fe=i
n 1 n

Part 3

We then combine Parts 1 and 2 to obtain for 0 < a < f3 < 1

<7«(n) < 9p(n) exp [(^ - a) - {0 - a) U 1 . (3.8)

Prom that, we get
oo

J ^ < o o , (3.9)8=0

and Theorem 3.1 then follows from (3.8).

Next we give details for Parts 2 and 3.

Part 2
Let {ei, e2,.. . , em} be the open pivotal bonds for An in the order they are
reached when going through an open path from the origin to dSn. (Note
that the order is the same for all such paths due to the pivotality.) Write ej
as (xj,yj) (in the "correct order"; see Figure 1).

The bonds of the cluster of the origin between successive pivotal bonds
form sausages. The cluster of the origin in Sn can then be seen as sausages
of bonds connected by pivotal bonds.

Let

pi =

P2 =

Pn = \\Vn-l ~Xn\\i.
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Figure 1: Open cluster in S7. There are 4 pivotal bonds for A-j in this
configuration, denoted ei, e2, e$ and e±.
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The pj's represent the radii of the successive sausages.
We have that N(An) > k if

(pi + 1) + (p2 + 1) + • • • + (pfe + 1) < n,

that is,
pi + ... + pk <n-k.

Thus,
PP(N(An) > k\An) > Pp(Pl + .. . + pk < n - k\An). (3.10)

We want to show that

PP(pi + -.. + Pk<n- k\An) > Pp(Mi + ... + Mk<n-k), (3.11)

for all n and k, where Mi,M2,... are iid random variables distributed as
the radius of the cluster of the origin (we have already introduced this latter
random variable and denoted it by M).

We will obtain (3.11) from an inequality involving conditional probabil-
ities, as follows.

PP(pk < rk\pi = n , . . . , Pfe-i = r/t-i, An) > P(Mk < rk), (3.12)

for all n, k and r\ + .. . + rk < n — k.

Lemma 3.5 (3.11) follows from (3.12).

Lemma 3.6 (3.12) holds.

Before proving the above lemmas, let us see why (3.11) implies the result
of Part 2.

Prom (3.10) and (3.11), we get

PP(N(An) > k\An) > P((l + Mi) + .. . + (1 + Mfe) < n). (3.13)

Let us consider M[,M'2,... iid random variables distributed as M' =
1 + M A n. We have

PP(N(An) > k\An) > P(M[ + ... + M'k<n).

We now use some elementary renewal theory. Consider a renewal process
with life times M[, M^ ... (and thus renewal times M{, M[ + M^ . . . , M[ +
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Define a random variable K as the number of renewals up to time n plus
one, that is,

K = min{k : M[ + . . . + M'k > n}.

We then have

P(M[ + ... + M'k<n) = P(K >k + l) = P(K -l>k).

Summing over k > 1, we get

n)]^) > E(K - 1) = E{K) - 1.

To obtain a lower bound to E(K), we use Wold's identity [14], which
implies in this case that

E{M[ + ... + M'K) = E(K)E(M').

Since M[ + .. . + M'K > n + 1 > n, we immediately get

E(K) - 1 > p / . , n - 1 = ™ TTT - 1
E(M') L,

as desired.
Let us now prove Lemmas 3.5 and 3.6.
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Proof of Lemma 3.5

Pp(pi + ... + pk <n-k\An)
fe-i

<n-k-^2n\pi =n,...,pk-i =rk-i,An)

x PP(pi =ri,...,pk-i =rk-i\An)
fe-i

ri)Pp(pi = n,...,pk-i = rk-i\An)

<n-k\An)
k

Mk = rk, An)Pp(pi = n,..., pfc-2 = rk-2, Mk = rk\An)
k

=ri,...,pfc_2 = rfc_2,Mk = rk\An)

<n-k\An)

> Pp(Mi + ... + Mk<n-k),

where all the inequalities follow from (3.12).

Proof of Lemma 3.6
We want to show that

Pp(pk<rk\pi=ru...,pk.1=rk-UAn) > Pp(M <rk) (3.14)

when n + . . . + rk < n — k. This is equivalent to (denoting the event {pi =
n,...,pk-i =rk-i} by B)

PP(pk > rk, B, An) < PV{M > rk)Pp{B, An). (3.15)

Note that {M > rk} = Ark+i. For k = 1, the inequality becomes

Pp(pi > ruAn) < Pp{Ari+l)Pp{An), (3.16)

for n < n — 1.
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Figure 2: The pivotal bonds are e, = (xi,yi) for i = 1,2,3,4. Note that
X3 = 2/2 in this configuration. The dashed line represents the boundary dSpi

of SP1. Note the disjoint open paths from the origin to dSpi.

In the event that {pi > ri}, the origin is connected by two disjoint open
paths to x\ and x\ is at distance at least ri + 1 from the origin (see Figure 2).

In the event {p\ > r\\ fl An, there are two disjoint open paths, one from
O to dSri+i and another from O to dSn. Thus,

{PI > M nAnc A-i+i ° An

and the BK inequality yields (3.16) (note that the events involved are local
increasing ones).

For k > 1, we write
B = \jBr,

r
a disjoint union over (detailed) configurations of the sausages up to yt-i-
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Then

PP(B, An) = J£PP(An\Br)PP(Br) (3.17)
r

and

Ppipk > rk,B,An) = ^Pp{pk > rk,An\Br)Pp(Br). (3.18)
r

Thus, it is enough to show that, for each F,

PP{pk > rk,An\Br) < Pp{Ark+l)Pp(An\Br). (3.19)

But the left hand side probability is bounded above by

Pp(there are disjoint open paths from yk-i to dS(yk-i,rk + 1) and from

yk-\ to dSn that do not use bonds on the closure of previous sausages),

where S(yk-i,rk + 1) is the L\ sphere centered in y^-i and of radius r^ + 1.
By closure of a sausage we mean the sausage itself united to its pivotal and
boundary bonds.

As in the case of k = 1, from the BK inequality, this time applied re-
placing Ed by Ed\(bonds on the closure of the previous sausages), it follows
that the above probability is bounded above by

Pp{yk-i <-> dS{yk-i,rk + 1) without using previous bonds)
xPp(Vk-i +* dSn without using previous bonds).

The latter probability equals Pp(An\Br). The former one is less or equal
than

which, by the translation invariance of the model, equals Pp(Ark+i). •

The conclusion that (3.9), and thus Theorem 3.1, follows from (3.8) is
reached through the following lemma, a purely analytical result, for whose
proof we refer to [19].

Lemma 3.7 For p < pc, there exists a 5(p) such that

gv{n) < 6(p)n-^2. (3.20)
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Proof of Theorem 3.1 (continued)
Prom (3.20), we have that

1/2, (3.21)
8=0

for some A(p).

Replacing (3.21) in (3.8), we get

9a (n) < gp (n) exp [(/? - a) - c((3 - a)n^2] , (3.22)

where c is a positive constant, which implies (3.9). (3.2) follows. •

Definition 3.8 We call the probability that two sites x and y are connected
by an open path, Pp(x O y), connectivity function (between x and y), de-
noted Tp(x,y).

The exponential decay of the connectivity function is an immediate con-
sequence of Theorem 3.1.

Corollary 3.9
Tp{x,y)<e-^Wx-y\\\ (3.23)

with (j>v > 0 for p <pc-

We present now another corollary to Theorem 3.1, establishing smooth-
ness of Xp m the subcritical phase.

Corollary 3.10 Xp ?s & times differentiate in p < pc for all k > 1.

Proof
Since p < pc, we can write Xp a s

= n). (3.24)
7 1 = 1

The latter probability can be expressed as

PP(\C\ =n) = 5 > n m 6 p m ( l -p)\ (3.25)
m,b
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where anmb is the number of lattice animals containing the origin with n
sites, m bonds and b boundary bonds, where by a lattice animal we mean
any finite connected set of sites of the lattice.

For n fixed, the following bounds hold for m and b.

n - 1 <m<dn and b < 2dn (3.26)

These yield the following bound for Ylm 6 anmb- For all p € [0,1],

m,b

Thus,

Returning to (3.25), from all the above, we get

dn 2dn

n m=n—l 6=1

Let us now consider two cases. For p = 0, we will prove the stronger fact
that Xp is (real) analytic (that is, it can be written as a convergent power
series of p; this implies smoothness). Then, we will argue smoothness in
0 < p < pc.

Extending Xp formally to the complex plane from (3.28), we have

dn 2dn

E J><Wm(l-*)6- (3-29)E
n m=n—l 6=1

To get analyticity of Xp a t the origin, it is enough to show (by Vitali's
Theorem) that the above series is uniformly convergent in a complex neigh-
borhood of the origin.

From (3.27), we have that

dn 2dn

m=n—l 6=1

dn 2dn

E
m=n—1 6=1

<
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if \z\ < 1, where A depends only on d and c(z) = \z\{7(l + \z\)2}.
For \z\ sufficiently small, c(z) < 1 and we conclude that the series defining

K(z) is uniformly convergent in a complex neighborhood of the origin and,
thus, that Xp is analytic in p = 0.

We now look at the case where 0 < p < pc. Let us differentiate Xp
formally k times, using (3.28), to obtain

dn 2dn

E
n m=n—l 6=1

(3.30)

To get differentiability of Xp m I '•= (0>Pc), it is enough to show that the
above series is uniformly convergent in an arbitrary closed interval of / . For
that we note that

dk

dpk (pm(l-p)b)
r=0

r=0

p \-p

where xr = x\/r\. Thus,

E
n>N

dn 2dn

E
m=n—l 6=1

dk

dn 2dn

(7 M

n>N m=n-16=l

and, thus, (3.3) implies the uniform convergence of (3.30) in closed intervals
of/. •

Remark 3.11 A similar argument, but using exponential decay of the dis-
tribution of \C\ (as discussed in Remark 3.4), proves analyticity of Xp ? n

(0,pc). (See [19].)
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4 Supercritical phase: Uniqueness of the infinite
cluster

The ergodicity of the product measure Pp implies that, almost surely, there
exists somewhere in Zd an infinite open cluster when 9{p) > 0. In fact, the
event that there exists somewhere an infinite open cluster (U^gd-dCs;! = oo})
is translation invariant and thus trivial under Pp. (Triviality also follows from
the fact that this event is a tail event and from Kolmogorov's 0 or 1 Law.)

In this chapter, ergodicity will be explored to yield an important feature
of this phase: the fact that the open cluster is unique (almost surely).

For each u e f i , let us denote by r)(uj) the random variable that counts
the number of distinct infinite open clusters of the configuration LJ. r) is
translation invariant (since translations in UJ do not change the number of
infinite clusters in it). From the fact that the probability measure Pp is
product, and using a known 0 or 1 law, rj is trivial under Pp, that is, it is
Pp-almost surely a constant, which we call kp. Clearly kp = 0, if 9{p) = 0.
In principle, kp could take any positive integer value, when 9{p) > 0, from 1
to oo. The main result of this chapter excludes kp > 2.

Theorem 4.1 For allp € [0,1], either

Pp(n = 0) = 1 (4.1)

or
Pp(n = i) = i. (4.2)

Theorem 4.1 is proved through the following propositions, due to respec-
tively Newman and Schulman [37] and Aizenman, Kesten and Newman [2].
The first proposition, excludes 2 < kp < oo. The second one, excludes
kp > 3. (As will become clear in their proofs, one cannot include oo in the
first one or 2 in the second.)

Proposition 4.2 For all p G [0,1], either

Pp(rj = 0) = 1 (4.3)

or
Pp(v = 1) = 1 (4.4)

or
Pp(r] = oo) = 1. (4.5)
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Proof
For p fixed, let kp be such that Pp(r) = kp) = 1. Assume that 1 < kp < oo.
We will show that this implies that Pp(r) = 1) > 0, and this in turn implies,
by the triviality of 77, that kp = 1.

Indeed, denoting by Qn the cube of side length 2n + 1 centered at the
origin, consider the event

An = {all infinite clusters intersect Qn}- (4-6)

Note that An depends on the bond configuration outside Qn only (including
bonds that connect Qn with its complement). Since kp < 00,

Pp(An, rj = kp) = Pp(rj = kp) = l. (4.7)

Let no be such that Pp(Ano) > 0 and consider the event

Bno = {all the bonds of Qno are open}. (4.8)

Since Bno depends only on the bonds in Qno, it is independent of Ano.
Finally, the event that 77 = 1 contains Ano n Bno. We conclude from all

the above that

PP(r] = 1) > PP(Ano n Bno) = Pp(Ano)Pp(Bno) > 0. • (4.9)

Proposition 4.3 For all p € [0,1], Pp(r] > 3) = 0.

We will present a proof that is different from the original one by Aizen-
man, Kesten and Newman. The following argument, due to Burton and
Keane [9], relies on a geometric argument, which we briefly sketch now.

The occurrence of three or more distinct infinite clusters (and the trans-
lation invariance of Pp) implies the existence of a density of special triple
points. A special triple point is a site x that is connected to three infinite
clusters which would be distinct by removing x as well as the bonds incident
on x from the cluster of x. But a lemma about connected graphs and triple
points (stated below in the form of an exercise) shows that, inside the cube,
there can be a number of special triple points only of the order of the area
of the its boundary. The proposition follows from the contradiction.

Exercise Let G be a connected graph with set of sites V and set of bonds
E. A site x in V will be called a triple point for G if
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Figure 3: a; is a triple point

i) there exist exactly three bonds of E touching x, and

ii) the subgraph G1, in which x is removed from V and the three bonds
incident on x are removed from E, has exactly three connected com-
ponents. (We will denote the set of sites of these three components
Vi(x), V2(x), Vz{x) and we will call them branches of x. See Figure 3.)

a) Let G be a connected graph in which x\,X2,... ,xn are distinct triple
points for G. Show that, for some i, two out of the three branches of
Xi, say V2(xi) and Vz(xi) do not contain any of the other triple points
({x\,..., xn}\{xi}). [Hint: induction in n]

b) For i = 1,. . . , n, consider the graph G\ obtained from G and x\,..., xn

of the previous item by removing from G all the sites of Vz{xi) and all the
bonds touching those sites. For i = 1,. . . , n, show that {x\,...,xn}\{xi}
are triple points of G{.

c) Let G be a connected graph and x\,...,xn distinct triple points of
G. Among the 3n branches Vi(xi), V^rri), ̂ (rri), Vi(x2),..., Vs(xn), show
that one can find at least n + 2 disjoint branches.

Proof of Proposition 4.3
Assume Pp(r) > 3) > 0. Let us look for a contradiction.

Consider the event

Fn = {at least three distinct infinite clusters touch Qn-i}- (4.10)

Note that Fn f {77 > 3} when n f 00. Thus there exists n$ such that
Pp(Fno) > 0. Given yi,V2,y3, three distinct points in the interior of the faces
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2/2

2/1

X

of

2/3

Figure 4: The event F'nQ(yi,y2,yz).

) consider the event

Fno(2/1)2/2,2/3) = {2/1,2/2,2/3 belong to distinct infinite clusters

using bonds exterior to Qno only2}.

Since Fno C Uyi,y2,y3 ^0(2/1,2/2,2/3), we have that

> 0 (4.11)

for some 2/1,2/2,2/3- Given these 2/1,2/2,2/3, let a; = x(yi, y2,2/3) be a site inside
Qn0 with the property that there exist three disjoint paths made with bonds
of the interior of Qno only2 connecting x to 2/1,2/2,2/3 respectively. Define
now the event

F'no (2/1,2/2,2/3) = {the three above mentioned paths are open,

all other bonds of the interior of Qn are closed}.

Excludes bonds with at least one end in Qno-i-
2Bonds of Qno-i united to bonds with an end in Qno-i
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Thus

where the equality follows from the independence of the events (the first one
depends on bonds exterior to Qno only; the second, only on interior bonds).

Let us now say that a triple point (according to the definition in the
above exercise) is a special triple point if all of its branches are infinite. Note
that

{ (̂2/1,2/2,2/3) is a special triple point} D ^0(2/1,2/2,2/3) H F'nQ (yu y2, y3).

Prom the above discussion, we conclude that, if Pp(r) > 3) > 0, then

Pp(x is a special triple point) > 0. (4-12)

The above probability does not depend on x, by the translation invariance
of Pp. Let us denote that probability by p. It follows that

-E'P(#{special triple points in Qn-i}) = (2n - l)dp, (4.13)

thus

Pp[#(special triple points in Qn-i) > (2n - l)dp)] > 0 (4.14)

for all n (since, for any integrable random variable X, P(X > E(X)) > 0).
On the other hand, it is a consequence of the above exercise, to be argued

below, that the number of special triple points in Qn-i is bounded above by
2d(2n — I)**"1 for o l l u e ! ] and all n, and this contradicts (4.14) for n large
enough. The result follows from the contradiction.

Let us now argue the claim in the beginning of last paragraph. Each
branch of each special triple point (stp) touches one (or more) sites in some
face of dQn (whose sites total 2d(2n — l)d~l in number). Consider the
connected components of the stp's using bonds of the interior of Qn only.
Let us say that the components contain 711,712,... stp's each (that is, the
i-th. component contains n, stp's). Thus

711+712 + . . . (4.15)

gives the total number of stp's in Qn-\. Using the language of the above
exercise, the i-th. component contains n, triple points. Prom the result in
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that exercise, we can find at least n, + 2 disjoint branches among the 3n,
possibilities. Thus, we can find at least

(m + 2) + (n2 + 2) + . . . (4.16)

disjoint branches of all those triple points. Since each branch touches at
least one site in the faces of Qn, it will be necessary that

m + n2 + . . . < (ni + 2) + (n2 + 2) + . . . < 2d(2n - I)*"1, (4.17)

as claimed. •

We next present some corollaries to Theorem 4.1. We recall that TP(X, y)
is the connectivity function between the sites x and y, that is,

Tp(x,y) = Pp{x^y).

Corollary 4.4
rp(x,y)>[e(p)}2 (4.18)

This result implies that in the supercritical phase, the connectivity func-
tion between two points does not decay to zero as their distance increases.

Proof

Tp(x, y) > Pp(x are y are in the same infinite cluster)

= PP(\CX\ = \Cy\ = oo) > Pp(\Cx\ = oo)Pp(\Cy\ = oo) = 9(p)2,

where the first equality follows from Theorem 4.1 and the last inequality is
FKG. •

Corollary 4.5 6(p) is left continuous in (pc, 1].

Proof
Let us use the uniform model (to have percolation models for all p G [0,1]
coupled), where we have an iid family of Uniform in [0,1] random variables,
Z = {Ze, e € Ed}, and we declare a bond e p-open if Ze <p (as in the proof
of monotonicity of 6(p) in p). Let Cp be the cluster of the origin when we
use p-open bonds as open bonds. If n < p then C% C Cp and

Iim0(7r) = limPflCrl = oo) = P(UW<P{|C,| = oo}).
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We want to show that the last probability above equals 9{p). We consider

9{p) - F(U*<P{\C*\ = ex,}) = ¥(\CP\ = cx>, I d < CXJVTT < p) (4.19)

for p > pc. To conclude that the last expression vanishes, it is enough
to argue that if \CP\ = 0 0 and the infinite p-open cluster is unique, then
\CW\ = 00 for some n < p. Indeed, take a such that pc < a < p. Then,
almost surely there exists an a-open infinite cluster, Ia, which has to satisfy
Ia C Cp, since otherwise there would be two infinite p-open clusters. Thus,
there exists a (finite) path of p-open bonds, 7, connecting the origin to Ia.
Since 7 is finite and each e in it has Ze < p, then

H = max{Ze, e G 7} < p.

Let IT be such that n > a and /J, < IT < p. Then Ia and 7 are ?r-open. Thus
|C,r|=OO. •

The above result, together with the following one (which is not a corollary
of the uniqueness of the inifinite cluster), tells us that 9{p) is continuous in
(Pel]-

Proposition 4.6 9{p) is right continuous in [0,1].

Proof
For n > 1, let An be the event that the origin is connected to the boundary
of Sn by an open path. (An)n>\ is a decreasing sequence of events and

Pp(An)l6(p)

when n I 00. Pp(An) is continuous in [0,1] for all n > 1 (since it is a
polynomial; this follows by the facts that An is a local event and that Pp

probabilities of local events are always polynomials) and is increasing in
[0,1] for all n > 1 (since An is increasing; see Proposition 2.1). Thus, 9{p)
is the decreasing limit of increasing continuous functions. An analytical
result about lower semicontinuous functions (or a direct argument) yields
the result. •

Remark 4.7 As a consequence of the two latter results and the results in
Chapter 1, we have that 9{p) is continuous in [0,1] if and only if 9{pc) = 0.
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For the next corollary, we will say that there occurs a left-right crossing
in the cube Qn, if there exists an open path in Qn connecting the left and
right faces of Qn. We will denote by LRn the event that a left-right crossing
occurs. LRn can be seen as a finite volume version of the event that there is
percolation. It is a consequence of the exponential decay of the connectivity
function (see Corollary 3.9) that Pp(LRn) —> 0 when n —> oo in this case
(check!). The supercritical case will be considered next.

Corollary 4.8 If 9(p) > 0, then

Pp{LRn) -* 1 (4.20)

when n —> oo.

Proof
Let Im be the event that some site in Qm belongs to an infinite cluster.
Given e > 0, choose m large enough so that

PP(Im) > 1 - e (4.21)

(this is possible for reasons already discussed in the beginning of this chap-
ter).

We have that, for n > m,

Im C U?£x {Qm o Ft in Qn} , (4.22)

where F\,..., i^^ are the faces of Qn.
Thus,

> [l-Pp(Qm^FmQn)]
2d, (4.23)

where F € {F\,..., i ^ } and the last inequality follows from the FKG in-
equality by the fact that the events in the intersection are all decreasing and
also from the fact that all these events have the same probability.

From (4.21) and (4.23), we have that

PP {Qm <* F in Qn) > 1 - e 1 ^ . (4.24)
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Figure 5: The event A m n

Let Fi and Fr be the left and right faces of Qn, respectively. By the FKG
inequality and (4.24), we have that

PP ({Q inQn} n {Qm o Fr inQn}) > (1 - (4.25)

Let now AmjTl be the event that there are two sites of dQm in two disjoint
open clusters, both touching dQn. We have that AmjTl C Am,n+i and AmjTl \.
Am when n f oo, where Am is the event that there exist two distinct infinite
open clusters touching Qm. We conclude that

Pp\Am,n) ~~̂  Pp\Am) — "

when n —> oo and, thus, from

Pp(LRn) > (1 " t1/2d? ~ Pp(Am,n),

which follows from

{Qm o Ft inQn} n {Qm o Fr inQn} cLRnU,

we have that
liminiPJLRn) > (1 - e1 /2d)2

n—s-oo
and the result follows since e is arbitrary. •

(4.26)

(4.27)

(4.28)

(4.29)
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Remark 4.9 We just argued that

{ ° i f P < P a n d (4.30)
ife(P)>o.

The case of p = pc is thus left out (if one assumes that 9(pc) = 0). In
two dimensions, where pc = 1/2 and 9(pc) = 9(1/2) = 0 are known to hold
(see end of Chapter 1), one finds a distinctive behavior at criticality. Indeed,
one can show that limn_).0OPi 2(LRn) = 1/2.

5 The model in two dimensions

In this chapter, we will consider the two dimensional percolation model.
Relying on the self duality of Z2, we will prove that its critical probability
equals 1/2 and that 9{pc) = 0. This in particular establishes the continuity
of 9{p) in all the interval [0,1] in two dimensions. Besides self duality, other
ingredients of the proof are the exponential decay of the distribution of the
radius of C inp < pc (Theorem 3.1) and the uniqueness of the infinite cluster
in 9{p) > 0 (Theorem 4.1).

Let us again consider, as in the proof of Proposition 1.5, the two dimen-
sional dual lattice of Z2,

Z2 is isomorphic to Z2 (for this reason we say Z2 is self dual). This is a
crucial fact for what follows. Another crucial fact, which we have already
used in the proof of Proposition 1.5, is the following geometric property of
Z2.

Proposition 5.1 Let G be a finite connected graph of 7A2. Then there exists
a unique circuit T of Z2 containing G with the property that every bond in
F crosses a bond of AG, the boundary of G (that is, the collection of bonds
of Z2 \G that are incident on sites of G).

Theorem 5.2 In two dimensions,

pc = 1/2 and 9{pc) = 0.

Theorem 5.2 will be proved through the following two lemmas.
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Lemma 5.3 In two dimensions,

9(1/2) = 0.

Remark 5.4 This result has the immediate consequence that in two dimen-
sions

Pc > 1/2.

Lemma 5.5 In two dimensions,

Pc < 1/2.

The heuristics for the first lemma are: if 0(1/2) > 0, then there will be
an infinite open cluster in Z2 and an infinite closed cluster in Z2. The two
infinite clusters cannot touch (recall that the bonds of Z2 have the same
status as the respective secant bonds of Z2 — see proof of Proposition 1.5)
and Z2 is too small for that.

For the second lemma, the heuristics are that in p < pc, there are only
finite open clusters (islands) in Z2 in a sea of closed bonds of the dual.
Presumably, these form an infinite cluster. Thus, 1 — p > pc whenever
p < pc, and the result follows.

Proof of Lemma 5.3
The unpublished argument is due to Y. Zhang. We will use the square

root trick of Cox &: Durrett (already used in the proof of Corollary 4.8): If

are increasing events with the same probability, then

i - Pp(^T=iAi) = PP(nr=lA<;) > [i - Pp(Ai)]m,

where the inequality is FKG. Thus,

Suppose that
0(1/2) > 0. (5.1)
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Let Ae
n be the event that some site on the left of Tn = [0,n]2 is in an

infinite open cluster of Z2 without using other sites of Tn. Define A%, A^
and Ab

n similarly, substituting left side with right side, top side and bottom
side, respectively. As a consequence of (5.1)

P\/2 (there exists an infinite open cluster) = 1,

from which we conclude that

when n —> oo.
By the square root trick,

P1/2{Al) -+ 1 (5.2)

as n —> oo for u = e,d, c, b.
Let N be such that

Pi/2{AU
N) > 7/8 and P1/2{AU

N_1) > 7/8 (5.3)

for u = e,d, c, b.
In the dual lattice, let A%(n) be the event that some site of the left side of

T* = [0, n — 1] + (1/2,1/2) is in an infinite closed cluster of Z2 without using
other sites of T£. Ad(n), A^(n) and A\(n) are similarly defined, substituting
left side with right side, top side and bottom side, respectively.

We have
P1/2{Al{N)) = P i / 2 ( ^ _ 1 ) > 7/8. (5.4)

Consider
A = ANnAd

Nn A$(N) n A*(N).

Note that, in A, if there is only one infinite open cluster in Z2 and only one
infinite closed cluster in Z2, then the infinite open paths to the left and right
of TN will have to connect through the inside of T^, since in the outside the
infinite closed paths on the top and bottom of TN block the way. Similarly,
the infinite closed paths on the top and bottom of TN will have to connect
through the inside of TN- But in this case, the open and closed connections
TN and TN will have to cross, but that is impossible. Thus, in A there must
be either two infinite closed clusters in Z2 or two infinite open clusters in Z2

(see Figure 6). We conclude from Theorem 4.1 that

Pl/2(A)=0. (5.5)
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Figure 6: The sites a and b are in infinite open clusters of Z2\7V and the
sites x and y are in infinite closed clusters of Z2\T^-. If there is a unique
infinite open cluster, then there exists an open path n connecting a to b, and
in consequence the infinite closed clusters in x and y are disjoint.
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M

Figure 7: A sketch of the event AM

On the other hand

P1/2{AC) < P1/2[{A%f] + P1/2[{Ad
nf] + P1/2[(AUN))C] + P1/2[(Al(N))c]

< 1/2

by (5.3) and (5.4). Thus, P1/2{A) > 1/2, in contradiction with (5.5), and
the lemma is proved. •

Proof of Lemma 5.5
Let us show that, if p < pc, then there exists an infinite closed cluster in

the dual with positive probability, which implies that 1 — p > pc, which in
turn yields the lemma.

If p < pc, then from Corollary 3.2 we have that

(5.6)
n=l

Let M be a positive integer and

AM = {There exists an open path n in Z2 connecting some site of the form

(k, 0) where k < 0 to some other of the form (1,0) where I > M with

the property that all bonds of n but the extreme ones are above the

horizontal axis}
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Thus

PP(AM) < PP ( ( J {(k, 0) «-> (/,0) for some A < 0} J
\l=M /

Pp((k, 0) <H> (/, 0) for some k < 0)

Pp((0,0) o (k - 1,0) for some k < 0)

Pp((0,0) <-> (I + m, 0) for some m > 0)

\l=M
oo

oo

<

(5.6) allows us to choose M such that

PP{AM) < 1/2. (5.7)

Let now
L = {(m + 1/2,1/2) : - 1 < m < M}.

Denote by C(L) the set of sites of the dual that are connected to L by closed
paths in the dual.

If |C(L)| < oo, then there exists an open circuit in the dual of Z^, that
is, Z2, around C(L) (by Proposition 5.1). Thus there must be an open path
in Z2 connecting sites of the form (k, 0) with k < 0 to (1,0) with I > M
entirely within the upper half plane. Then

PP(\C(L)\ < oo) < PP(AM) < 1/2. (5.8)

Thus PP(|C(L)| = oo) > 1/2. But then, at least one site of L must be in an
infinite closed cluster. We conclude that

Pp(0* is in an infinite closed cluster) > ——-Pp(\C(L)\ = oo)

- 2(M + 1)

and the lemma is proved. •
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Figure 8: S5 and its dual SI

We present now an alternative argument for Lemma 5.5, with an inter-
esting by-product.

Another proof of Lemma 5.5
Consider the following sets of sites

An = {x € Z2 : 0 < xi < n + 1, 0 < x2 < n)

A* = {x + (1/2,1/2), x € 1? : 0 < xi < n, - 1 < x2 < n},

the subgraphs

Sn = An U {nearest neighbor bonds of An except

(x, y) with x\ = y\ = 0 or x\ = y\ = n + 1}

5* = A* U {nearest neighbor bonds of A* except

(x, y) with X2=y2 = —1 or X2 = y2 = n}
and the events An that there exists an open path in Sn connecting its left
side to its right side and A* that there exists a closed path in 5* connecting
its bottom side to its top side.

We have that
AnnA*n = 0, (5.9)
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Figure 9: Illustration of the fact that if there is no open path crossing Sn

from left to right, then there is a closed path crossing 5* from top to bottom.

otherwise there will be a crossing between the open path in Sn with the
closed path of 5*, and that is impossible.

On the other hand
AnUA*n = tt. (5.10)

In fact, suppose that An does not occur. Let D be the set of sites of Sn

reached from the left side together with the bonds between those sites. By
a variant of Proposition 5.1, there exists a path in Z* cutting through 5*
from top to bottom, secant to bonds of Sn in the boundary of D only. Thus
this path is closed and A*n occurs (see Figure 9).

From (5.9) and (5.10)

But PP{A*n) = Pi-p{An). Thus

Pl/2(An) = 1/2

(5.11)

(5.12)

(for all n).
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But it pc > 1/2, then Pi/2{An) —> 0 as n —> oo (by a variant of the
argument that says that Pp(LRn) —> 0 as n —> oo if p < pc mentioned in the
previous chapter).

The contradiction proves the lemma. •

The interesting by-product of this argument aluded to before is the fact
that Pi/2{An) = 1/2 independently of n. One can argue, as for LRn in the
previous chapter, that

Pp(An) -»• 0 or 1

as n —> oo depending on whether p < pc or p > pc, respectively. See
Remark 4.9.

Part II

Dependent percolation models

6 Oriented percolation in a dependent random en-
vironment

6.1 Model and results

In this section we consider the following north-east oriented site percolation
model on Z+: the lines Hi := {(x, y): x + y = i} are first declared to be
"bad" (or "good"), independently of each other, with probability 5 (1 — 5,
respectively); sites on good lines are open with probability p, and on bad
lines they are open with probability A, independently of each other, given
the configuration of lines. More formally, on a suitable probability space
(£1, A, V), let us consider a Bernoulli sequence £ = (£j: i £ Z+) with P(£j =
1) = 6 = 1 - P(£i = 0), which determines Ht to be "bad" or "good", and
a family of occupation variables (rjz: z £ Z>+ x Z+) which are conditionally
independent given £, with P(rjz = 1 |£) = A = 1 — P(rjz = 0 | £) if z G Hi
with & = 1, and P(r)z = l\£)=p = l - P(r)z = 0 | 0 if z <E Ht with & = 0.
If rjz = 1 the site z is open, and otherwise it is closed.

The interesting situation is when p > pc, the critical probability for
oriented site percolation on Z + x Z + , and A a small positive number. Given
p and A we ask if 5 > 0 may be taken small enough so that there is a positive
probability of percolation to infinity from the origin. In the setup described
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above, let
Q(p,A,8) = P(C0 is infinite ),

where Co denotes the oriented open cluster of the origin.

Theorem 5.1 [29] If p > pc and A > 0 one can find So = So(p, A) > 0 so
that

e(p,A,6)>0

for all S < So-

The main motivation for the study of this question lies in its tight con-
nection to several interesting questions which appeared in the past decade
in various subfields of probability theory: Winkler's problem of compatibil-
ity of random binary sequences (closely related to problems in distributive
computing), existence of percolation of arbitrary words when p is close to 1
(the general problem was introduced and studied at p = \ by Benjamini and
Kesten [5], see also [30] for discussions), percolation on randomly stretched
lattice in dimension two (introduced and studied in dimension larger than or
equal to three by the method of paths with exponential intersection tails by
Jonasson, Mossel and Peres [24], and recently by C. Hoffman [22] in dimen-
sion two). In spite of their very different appearance, these problems have
much in common: one way or another, all of them could be reformulated
as Bernoulli percolation in a dependent random environment. We will not
discuss here how all these questions can be restated as Bernoulli percolation
problem, (this is indeed not very difficult task), but just observe that our
oriented percolation model gives an affirmative answer to the second and the
third question. The proof is based on multiscale analysis and we will present
some key steps of the argument.

Generally speaking, multiscale analysis is a technique designed to study
systems in the presence of disorder. Typically, if the homogeneous (some-
times called "ordered") system exhibits, for example, two different types
of behavior which can be obtained by varying one or more parameters of
the system, then the ordered phase is characterized by the existence of long
range order in the system, and a localized phase is characterized by the de-
cay of some correlation function (eg. Ising model, Bernoulli percolation).
In the presence of disorder when the system is not globally ordered, there
are present arbitrarily large regions where the system is strongly correlated,
and thus each phase may manifest itself in infinitely many arbitrarily large
regions, in which parameters of the system will be on the range typical for
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these phases (in our set up good and bad lines play the role of such regions).
Such situation appears in many models of classical and quantum statistical
mechanics (eg. random Shroedinger operators, Ising model and percolation,
various models of interacting particle systems).

In order to obtain control on the global behavior of the system in pres-
ence of disorder one firstly has to provide good estimates on the typical
distances between such regions (not only in space but also in time, if one
treats a dynamics, see Ch. 7), and secondly to obtain good estimates on the
"influence" of such regions on the system.

The basic idea of multiscale analysis could be informally described as fol-
lows: depending on the model and the nature of the problem one introduces
an increasing sequence of length scales, and at each scale takes a partition
of the space in to blocks of corresponding size. If we are expecting some
property to hold for the whole system, then for some cases it is likely that
this property will start to manifest itself (possibly in some "local form") in
most of individual large blocks .

Thus, if using recursive estimates and already knowing that blocks of
scale k are "good" (i.e. have desired properties) with large probability, we
can obtain that a block of k + 1-th scale is "good" if most of its constituent
blocks of scale k are also "good" (i.e. the appearance of few bad blocks on
the previous scale do not affect system too much at given scale), with even
larger probability, then this under certain conditions may bring us to the
conclusion that the whole system is "good".

The proof of theorem 5.1 is rather involved and we will discuss key ideas
on simplified version of the problem, the so called hierarchical model, and
with p being close enough to 1. Similar ideas for the non-oriented case were
used in [22].

6.2 Hierarchical model

1. Hierarchical model. We begin with the description of the "hierarchical"
binary sequence £L. In order to do that we firstly define a semiinfinite
sequence £L = {£f}j>i G NN by setting:

if Lk | n, and Lk+1 \ n,
if L \ n.

The binary sequence £L is obtained from £L by replacing each element & =
k, k > 2 of £L by a string of k consecutive l's. Informally speaking, at the
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place where it appears the element £f = k, k > 2, we remove it, and insert
k consecutive l's, shifting the part {ff }«>j+i of the original sequence fL by
k — 1 units to the right. The string o£ k, k > 1 consecutive l's will be called
the cluster of mass k. We renumerate all clusters from left to right, {Cj}«>i,
and m(Ci) denotes the mass of the ith cluster. Prom the construction we
obtain the following important property of the hierarchical system: if C^
Cj2 are two clusters such that min{m(Cj1),m(Cj2)} > k for some k > 1,
then

d(Ch,Ci2)>Lk.

Further by a, = ai(Ci) (resp. w, = Wj(Cj)) we denote the position of the
first (resp. the last) 1 in the cluster. If m(Ci) = 1 we have a, = w,.

2. Construction of renormalized sites. The goal of this step is to construct a
sequence of partitions {Hfc}fc>0 of Z + x Z + into "horizontal" layers in such
a way that Hfc = {Hkd}j>0, and Hkjjl n HKJ2 = 0 and UjHkd = Z+ x Z+.
(For convenience, from now on we will rotate the picture by 45°; so that
good or bad lines become horizontal, and the percolation process is directed
upwards.) We will do the construction in an iterative way. We denote
T = {i: & = 1}.

Step 0. To begin, we define 0-level layers in the following way: Hoj = Hj =
{x + y = j}. If j € F we say that 0-level layer HQJ is "bad", and otherwise
it is called "good". These names are justified by the fact that vertices which
belong to good 0-level layers are open with large probability (namely, p), and
vertices which belong to bad 0-level layers are open with small probability
(namely A).

Step 1. Take {CIJ}J>I. We recall that a(Cj) and w(Cj) are respectively, its
start- and end- points. We set, for each j > 1:

i = M c , - ) + 3, if m(Cj) = l,
j \U(Cj), if m(Cj)>l,

and
i _ \a{Cj) - L + 4, if miCj) = 1,

aj ~ \a(Cj), if m(Cj) > 1.

For j ' > 1 define Hij = Lis{HojS: s € [aLwj]}. To complete a partition
we define Hit0 = uf=oHoti, and set Hi = {Hij, j > 0}.
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Step 2. Among all clusters {Cj}j>i we now consider the clusters which have
mass at least 2, and temporarily rename them as Cj, j > 1 (always from left
to right). Since m(Cj) > 2, we know from the previous step that for each j
there exist ij so that Cj = [a].,ail]. Thus we set:

if m(Cj) = 2,

if m(Cj) > 2,

and
if m(Cj) = 2,

if m(Cj) > 2.

We set H2j = Us{Hhs: Hhs n [a?,wj] / 0}, if j > 1. To complete the
partition we set ii/2,0 = Ug_0.ffijS, and set H2 = {H2J, j > 0}.

Step k. Having proceeded with the previous construction up to step k — 1,
among all clusters {Cj}j>\ we now consider the clusters which have mass
at least k, and temporarily rename them as Cj, j > 1 (always from left to
right).

Since m(Cj) > k, as before, we know from the previous construction,
that for each j > 1 there exist ij so that Cj = [a*."1,^*."1].

We set
K i f rn(Cj)=k,

if m(Cj)>k,

and
if m(C) = k

if m(Cj) > k.

We then set Hk,j = V){Hk-i,s'- Hk-i,s H [aj)wj] / 0}> if J > 1- To complete
a partition we set Hkjo = (J^=0Hk-ijS, and set H^ = {Hkjj, j > 0}.

For simplicity of writing we change variables; instead of Z + x Z + we
consider Z+ = {(x,y) G Z x Z + : x + y is even}. We also define Hk,j =
Hkj n Z_|_. The renormalized sites Sfj with (i,j) £ Ẑ _ will be defined as
follows:
Level 0. 5(°.J} = (i,j), for (», j) e Z^.

Level 1. For any (i, j) G Z^, we set

n
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Level k (k > 2).We set, recursively, for any k > 2 and (i, j) G "L\:

Remark. The layers #fc,o correspond to the union of three layers of each of
the previous levels 0 , . . . , k — 1 starting from the origin; they will be used to
define the "starting" seed of level k — 1 (see definitions below), from which
the system percolates into 5QJ0.

For any k > 1 we call a site Sk being bad, if it consists only of bad layers
of level 0, and corresponding cluster has mass larger than k. For any k > 1
we call a site Sk being good if it is not bad. From the above construction
it follows that for any k > 1 a good site Sk of the k-th. level can be of two
types:

A good site 5 1 is of type 1, if it contains a bad layer of level 0, i.e. a
single bad line, and its internal structure is the following: it contains L — 3
good lines of level 0 which are followed by a single bad line of level 0, which
is followed by three good lines of level 0. If 5 1 doesn't contain bad line, it
is called of type 2, and consists only of L — 3 good lines of level 0. Observe
that 5 1 is of type 2 if and only if it is followed by a bad layer of level higher
than or equal to 1 (i.e. layer, which corresponds to some cluster of mass
larger than or equal to 2).

Sk is of type 1 if it contains a bad layer of level k — 1. In this case it
contains L — 3 layers of "good" sites of level k — 1, which are followed by a
"bad" layer which consists of exactly k bad layers of level 0, and this bad
layer is followed by three layers of "good" sites of level k — 1. Observe that
among the first L — 3 layers of "good" sites of level k — 1, the first L — 2
layers are of type 1, i.e. necessarily contain a bad line of level k — 2, and the
last, L — 3-th layer is of type 2 and has no bad layer of level k — 2. The first
L - 3 layers of Sk will be called a kernel of Sk and denoted by K(Sk).

Sk is of type 2 if it contains no bad layer of level k — 1. In this case it
contains only L — 3 layers of "good" sites of level k — 1, where again the first
L — 2 layers are of type 1, and necessarily contain a bad line of level k — 2
and the last, (L — 3)-th layer is of type 2, and has no bad layer of level k — 2.
In this situation K{Sk) = Sk. Sk is of type 2 if and only if followed by a
"bad" layer of level higher than or equal to k.

0-level site with the coordinates
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will be called the "the central" site of Sf. v Next we define the segment:& -y

: y €

Three sites S^t) C 5(
fe. ̂  such that S^t) D Bk(S^ ^ / 0 will be called

centrally located sites of S^ .̂
Moreover we define

Observe, that B*(5^,) C S * . ^ U S§
We also define rectangles:

x

Next we will introduce several key definitions: a seed, s-passability (to
be passable from the seed), and c-passability (to be passable from the the
centrally located sites).
Seed of level 0. The rooted seed Q^ of level 0 is a set of three open sitesQ
in Z%, disposed as follows: Q(°) = Qf] = {(i,j), (i + l,j + 1), (i -l,j + 1)}.
(When the location is not important we will eliminate the subscript.) In
this case the sites (i — l,j + 1) and (i + 1, j + 1) are called the active sites of
Q(°>, and we denote A(QW) = {(* -l,j + 1), (* + l,j + 1)}. The site (i,j)
is called the root of Q(°\ and we write R(Q^) = {(i,j)}. (When the level
of the seed is clear we will eliminate the superscript too.)
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s-passability. Level 1. A "good" renormalized site S1 of level 1 is said to be
passable from a seed Q^ C Bl(Sl) if:
1) There exist two rooted seeds (of level 0) QiiS1) and Q^S1), located
respectively in D^S1) and Dt(S

l) of S1,
2) R(Qi(S1)) and R(Qr(S

1)) are connected to A(Q(°)) by an open oriented
path (and consequently also connected to

Seed for level 1. A level-1 rooted seed consists of three level-1 "good" sites

Sjy), s(i-ij+iy S(i+i,j+i) i n s u c h a w a v t h a t :

1) 5^-j is passable from the root Q(°) = Q C B 1 ^ ^ ) ;
2) S(j_ij+i) and S ^ ^ are passable from Qi{S^) and QAS^), re-
spectively.

In this case,

= 5 w ) u 4 - u + i ) u 5S+i j+Du

is called a rooted seed of level 1, and we set

= R(Q),

U

The site i?(Q) is called the root of Q^ and the sites in A(QW) are called
the active sites of ^^

s-passability at level k. A level-A; "good" renormalized site 5*,- is said to be
passable from the (rooted) seed Q^"1) c Bk{Sl^ij)) if:

1) There exist two (rooted) seeds (of level k — 1) Qi(Sk) and Qr(S
k), located

respectively at Dt(S
k) and Dr(S

k) of Sk,
2) R(Qi(Sk)) and R(Qr(S

k)) are connected to A(Q(k~V) by an open oriented
path (and consequently also connected to

Rooted seed of level k. It consists of three level-A; "good" renormalized sites
5cb)' 5 5 - I J + I )

 a n d 55+ij+i)' i n s u c h a w a y t h a t :

1) Sk
id) is passable from the root Q^"1) G Bk(Sk

ij));
2) 5 j _ l j . + 1 ) and 5fj+lj.+1) are passable from Qi(Sk

i:j)) and QASfa), re-
spectively.
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In this case,

is called a rooted seed of level k and we set

U A(Qr(S
k
i+lJ+l))).

In this way, R(Q^) is a site (of level 0) in Ẑ _, called the root of Q^; the
sites in A(QW) are called the active sites of

In the proof we shall also need the notion of centrally passable renor-
malized sites, which we define below. A level-0 site (i,j) £ Z+ is centrally

passable if and only if it is open.
c-passability. A level-1 "good" renormalized site S1 is centrally passable

if there exist two seeds of level-0 Qi(Sx) and QriS1) located on the top of
Sl, as before, and such that R(Qi(S1)) and R(Qr(S

1)) are connected by an
open path to at least one centrally located site of Sl.

A level-A; "good" renormalized site Sk is centrally passable if:
1) at least one centrally located site 5, J1 € CSk of Sk is centrally passable;
2) there exist two seeds of level k-1, Qi(Sk) and Qr(S

k) located at Dt(S
k)

and Dr(S
k) respectively, and such that R(Qi(Sk)) and R(Qr(S

k)) are con-
nected to A(Qi(S,.~-\)) or A(Qr(S,.~-\)).

We will say that two sites 5*,- and Sk
+l + 1 (5*_1 , + 1 resp.) are connected,

if Skj is s- or c-passable, and Sk
+l J + 1 (5*_x J + 1 resp.) is passable from

Qr(S?d) (QiiS^) resp.).
We also will say that Sk belongs to an open cluster of Sk (denoted by

Sk G Ĉ A,), if Sk is s- or c-passable, and there exists a sequence of sites Sk =
S$, Sk,...,Sk = Sk such that Sf is connected to 5|_x for all 1 < j < n.
Moreover by CSj \v we denote the connected cluster of 5 J restricted to the
volume V (i.e. all sites which are connected within the volume V).

If Q is a fixed seed from which we will check if Sk is s-passable or not,
we will use Qs(«S'fe) for Q.
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Definition 5.2 (sp-, and cydense kernel) Level 1. Given p > 1/2 we say
that 5 1 has s^-dense kernel, if

and K W ^ ^ O D f (S1)] > ^

Analogously, we define c^-dense kernel.
Prom now on we say that S1 is s^-passable, if it is s-passable and has sp-
dense kernel. If confusion doesn't arrise we simply will use s-passable for
sr/io-passable.

Level k. We say that Sk has s^-dense kernel, if

\CQBm\K{aU) HD?(Sk)\ > ±
12

Analogously we define c^-dense kernel.
We say that Sk is s^-passable, if it is 5-passable and has s^-dense kernel.

Observe, that if the site Sk has sp dense kernel, it implies that each site
of level k — 1 which belongs to the cluster CqiSk\ \KrSk\ by itself is s^-passable,
and thus, each site Sk~l which is on the top layer of the K(Sk) (notice, that
in this case 5 f e - 1 = K(Sk~1)), has at least pcL sites Sk~2 on its top layer
which are s^-passable, etc., and therefore each Sk~x has at least (pcL)k~x

0-level sites on its top layer, which are connected to the origin.

3. Passability in the reversed direction. Reversed sites. We begin with the
horizonal layers at all scales.

Step 0. We consider the level-0 layers Hoj = Hj = {x + y = j}.

Step 1. Take {CIJ}J>I as before. We set, for each j > 1:

if m(Ci>i) = l,
if m(ClJ)>l,

and
+ L - 4 , if m(Cij) = 1,

if m(Cij) > 1.

For each j > 1 define H\j = L){Ho,s'- s G [cDj,aj]}, and write

Step 2. As before, among {C2,j}j>i consider the clusters which have mass
at least 2, and rename them as Cj, j > 1 (always from left to right).
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From the previous construction, since m(Cj) > 2 we know that for each

j there exist ij so that Cj = [cD|. ,aj.]. In this case we define

£? f3i-3> i f m(Cj) = 2,
"j [a]., if m(Cj)>2,

and

{cD1 , if m(C) = 2,

££., if m(Cj)>2,

We then set tf2j = U{#i,s: tfM n [tD?,a?] / 0}, if j > 1, and H2,j =

Step k. Among {Cj}j>\ consider the clusters which have mass at least k,
and rename them as Cj,j > 1 (always from left to right).

Prom the previous construction, since m(Cj) > k we know that for each
j there exist ij so that Cj = [u)krl,cik71]-

In this case we define

{ akl if m(C) = k

ak7l, if rn(Cj) > k,
and

Sfe = f C£+L-4> if m(Pi) = k'
j \wf.~1, if rn(Cj) > k,

We then set Hkj = U{Hk-ljS: Hk-i,s D [tDj, of] / 0}, if j > 1, and write

The renormalized sites Sf „• with (i, j) € Ẑ _ will be defined as follows:

Level 0. 5?. -̂  = (i,j), for (i,j) € Ẑ _.
Level 1. For any (i,j) € Ẑ _, we set

Slid) = ( j c L ' ̂  + ^ ^ x ^1^+1 n g+-

Level k (k > 2).We set, recursively, for any k > 2 and (i,j)
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Figure 10: Renormalized site Sk

Notions of the seed, s~— and c— passability are introduced in a similar

way.

4. Probability estimates. Firstly we fix p > 1/2. It is well known that
given p > pc, the homogeneus supercritical oriented percolation process with
parameter p presents linear growth with positive slope j(p) and asymptotic
density of the oriented cluster p(p). Take p* = ini{p : p{p) > 1/2}. Now for
p > p* take e > 0 small enough such that p := p{p) — e > 1/2, and denote
p = p-1/2.
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We denote:

Pp(S
k is Sp-passable from the rooted seed Q = QB(Sk)) = Pk, k > 1,

and let qu = 1—pk- The following Lemma is the key ingredient of the proof:

Lemma 5.3 Given A > 0 and p close enough to 1 (in particular, p > p* >
pc), there exists L large enough such that

Qk < 4-i (6-1)

for any k > 1, and where qo = 1 — p-
Below we present the key steps of the proof.

The proof of the lemma is by induction on k. For any k > 0, and any
j > 1, we will say that two sites Sfc ^ and S&, ^ (on the same horizontal
layer) are well separated, if \i' — i\ > 4.

If k = 1 we choose L > 0, large enough, such that:

2
Pp{Sl has Cp-dense kernel) > 1 - ^ , (6.2)

5

and, given a seed QB(SX),

2

Pp{Sl has Sp-dense kernel starting from QB{S1)) > 1 - %. (6.3)
5

If S 1 has Sp-dense kernel it implies that each of rectangles D^S1) and
D^(Sl) contains at least j^pcL sites of level 0 connected to the origin, and
thus at least j$pcL among them are well separated. Fix N such that

(l-pl)N<qf (6.4)

If among jg/ScL sites at least N (say Sh -y Sh -y ... Sh J would be con-
nected by an open path to N open 0-level sites Sh -+2y Sh -+2y ... Sh +2)
on the first good layer after the bad line, then the probability to find at least
one open seed of level 0 which follows one of such open sites Sh -+2y would

be bounded from below by 1 — ^ .
Thus, we collect j$pcL well separated sites into N disjoint groups in

Df^(Sl) (and D^(Sl) resp.), in such a way that each group contains at
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least -^pcL well separated 0 level sites connected to the origin. So, given
N and p, we have to choose L > 0 such that:

2

JV(1- Ap)*iwPcL < ^ .
5

In fact we will need a stronger condition on L, which will be required at later
step, and thus in order to work for general k, the above inequality should be
replaced by

2 2

M l - Ap)&v^cL < ^ .
5

This gives 1 — ^ as the lower bound for the probability of the event:

GDKrsi\ = [in each of N groups of well separated sites in D^S1)

there exists at least one open path which starts at

site -Sfjj), goes through the bad line, and ends at the

open site S g J ]

Denote by QDK(S1) *ne set °f sites ^ 7+2) w n i c n a r e connected through the
bad line to S9t.y If we assume that the root of the seed Q°(S1) is connected
to the origin it implies that for each site in GDK/SI\ there exists and open path
connecting it to the origin. Observe that sites ofQDK/si\ are well separated.
This implies that for each site from GDK(S1)

 w e c a n check independently,
if it is followed by an open 0-level seed or not. Thus if the event GDKrsi\
occurs, from (6.4) we get:

2

P(at least one site in QDKISI\ is followed by an open seed Q?) > 1 —jr-

Collecting all together we get:

PpiS1 is Sp-passable from QB(S0)) =pi > 1 - go-

Assume now that (6.1) holds for k — 1, and thus we have:

Pp(5
fe"1is VPassable from QB(5fe"1)) = pk-i > 1 - q2

k_2. (6.5)

Estimate (6.5) and the choice of L > 0 in the first step immediately imply:

1 -a2

Pp(S
k has Cp-dense kernel) > -f^1, (6.6)
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and, if QB(Sk~x) is given, we also get

1 -a2

Pp(S
k has Sp-dense kernel staring from QB^'1) > - ^ . (6.7)

o
If Sk has sp- or c^-dense kernel it implies that we can find at least j | /

well separated sites Sk~l in D^(Sk) (and in D^(Sk)), which by themselves
are s^-dense (this follows from the iterative definition of the dense kernel
and passability). As in the first step, we collect well separated sites Sk~l

in Df(Sk) (D^(Sk), resp.) into N disjoint groups in such a way, that each
group contains at least -^pcL well separated k — 1-th level sites connected
to the seed of Sk.

At the next step, given that Sfr.j e ^QB(sk)\K(sk) n D^iS1*), we will
estimate the probability of the following event:

[the site S?r}+2, is c^-passable, and the root of at least one

of the open seeds Qi{Sk^+2>) or Qr{S^+2\) on the top part

of S, r1
 2, is connected to the origin].

Presence of a site with the property just mentioned above would play the
role analogous to the role of 0-level site in the first step, from which we were
checking if it is followed or not by an open seed of level 0. In the present
case (step k), if the site S,r\_2-. has at least one seed, say Qi(S,r.\_2-.), on its

top conneced (via its root) to the origin, it allows us to check if Skr\ +3^ is

Sp-passable from this seed, and therefore, if it does, S^z\ ,-+3N might be the
first site of the seed of level k.

In order to obtain this estimate, consider a site Sfr.j located in Dfi(Sk),

the "forward" site Skr^+2) and reversed site Skr^+1) located in £>i(Sk). The

site Skr^ is separated from Skr^+2, and S^r}+1, by the bad line of level k — 1,
hih i f k i b d li f l l 0 P h d f i i i fwhich consists of k consecutive bad lines of level 0. Prom the definition of

forward and reverse partitions we have that in this case S,^-1,^ C S 1

Now observe that if the site S^-l is s^-dense and the site S,^-1,^ is cp-
dense (in reverse direction), it implies that there are at least j^pcL pairs
of sites Sk-2

t) G Df{Skr^) and Sk~2
+2) G Di(SJff+1)) on opposite sides of

the bad line, which are sp- and s^-dense and have the same first coordinate.
Each such pair Sk~2 and Sk~2 contains at least \pcL sites Sk~3 and Sk~3

on opposite sides of the bad line, which have the same first coordinate and
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are sp- and s^-dense. (We get jj instead of ^ because on lower levels we are
counting such pairs in both, the left and the right regions.) Continuing the
argument we conclude that each pair S,^X and S,^-1,^, provided they are
sp- and Cp-dense respectively, contain at least ^(^pcL)k~l distinct pairs of 0
level sites which either have the same (if k is odd), or different by — 1 (if k is
even) first coordinate. Denote this set of 0-level sites by E ^ S ^ ^ 1

and by Et. (S^, S*r}+1)) c E(S^, S*r}+1)) the sites which belong to

and i M S * - } , ' ^ - ^ ) C EiS^'s^) the sites which belong to k

Now observe that if the site S,.~-\_o^ is co-passable and at the same time

the site S,^\^ is c^-dense, then each 0-level site of the set A{Qi{S,^\

is connected by an open 0-level path to each 0-level site of the set E

S(i~j+i\) a nd each 0-level site of the set A(Qr(S,i~-+2^)) is connected by an

open 0-level path to each 0-level site of the set Er+(S,i~-y 5^~-+1\).

On the other side if Sk is sp dense, and the root of the seed Qs(«S'fe) is
connected to the origin, then for each 0-level site of i?j_(S£~.w S^+1^) and

Er-(S
k
i~ySkrl

+1A there exists a 0-level open path which connects this site
to the origin. For each such pair S°{iJ) G Et-(S^, Skr^+1)) and SgJ+fc+1) G
£|+(S,r.>,S,.~.+1>) (here we are assuming k is odd), we define a "straight
path" HslJySlJ+k+1)) = U*=1S°+(_ i r j+ r ) linking S^ to S^J+k+l)

through the bad wall.
Notice that if in each one of N groups of sites of level k — 1 at least

one 0-level pair from the set Ei(S^~y S^~l
+1^) is connected through the bad

wall by an open path, it immediately implies that either root of the seed
Ql{S(i~.\.2)) o r Qr(«Sfj~,+2))> (or both) is connected to the origin by an open
0-level path. Taking into account that each group has at least ^^pcL well
separated sites of level k — 1, and the fact that the probability that the site
Srfj1^) is Cp-passable and at the same time the site S,^1,^ is c^-dense is
bounded from above by p\_i (FKG and the inductive assumption), we get
from Cramer theorem that with probability at least 1 — exp(—ci (1 — pl_x)~

l)

we have at least ^^^fPcL well separated "triples" of sites S^r}, Skrl
+2,

and Skrl
+1, of the level k — 1 such that Sfr.j is s^-passable, S^l

+2, is cp-

passable and S^l
+1, is c^-dense. Each pair of sites S£~.i and S^l

+1, from

this triple has at least ^(^pcL)k~l pairs of 0-level sites with the same first
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/ reverse partition

^\ forward partition

reverse partition

Figure 11: Connection through the bad line

coordinate. Thus, we easily get, that the probability of the event

[at least one of "straight paths" nv connecting a pair of 0-level sites

on the opposite sites of the bad line within a given group is open]

is bounded from below by

and thus, due to our choice of N and L, the probability that in each of N
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blocks there exists at least one connecting path is bounded from below by
2 2

By QoKlsk) w e denote the set of sites S,t ~-\2\, such that S,r.\_2-. is cp- pass-
able, and the root of at least one of the open seeds Qi{Sk^+2>) or Qr{Sk^+2^)
on the top part of S,^1 , is connected to the origin.

Prom the choice of N we have:
2

(1 -Pk-l)N < —^~,
O

which implies that with probability at least 1 —k^L we will find a seed of
level k — 1 which follows one of sites Sk~l £ Qr)K(sk) wnich are located right
after the bad line and have seeds connected to the origin.

All together implies that

P(Sk is sp- passable) > 1 - qjj._u

as well as
P(Sk is Cp- passable) > 1 - q\_x.

This completes proof of the Lemma.

To complete the proof of the theorem (for the case of the hierarchical
environment and p sufficiently close to 1), we observe that from the con-
struction of horizontal layers we have that for any k > 1, the first layer
of level k always contains exactly four "good" layers of the previous level.
They will be used to construct a "starting open seed" for each level. Namely,
starting from the level 1 we get that the probability that the first 0-level site
is open equals to p = po, and the probability that this site is followed by an
open 0-level seed is at least p$. Therefore, with probability at least p$ the
first level-1 site has an open seed from which we check if it is s^-passable.
But this happens with probability at least pi, and this site is followed by an
open leve-1 seed with probability at least pf, thus forming the seed for the
first site of level 2. Observe, that proceeding this way, once we have an open
seed of level k it implies (from the construction), that there exists an open
0-level path connecting the origin to the top layer of the seed. Continuing
the procedure, and using the Lemma, we get:

+0O

P(there exists an infinite cluster starting from the origin) > IT p\ > 0.
8=0
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This completes the proof.

Part III

A related stochastic process

7 A zero temperature dynamics for the Ising model

7.1 Model and results

In this chapter we discuss the long-time behavior of a class of continuous time
Markov processes, which describe ±1 spin flip dynamics on the hypercubic
lattice Zd, d > 2. Even though these models are not immediately related
to the percolation models of previous chapters, they have to do with the
bootstrap percolation model, described below (on page 176).

To each vertex of Zd one attributes a spin which can take values —1 or
+1, so that the state space of the system is £ = {—1, +1}Z . We write crt(x)
for the value of the spin at vertex x £ Zd, at time t > 0. The system evolves
as a Markov process on the state space S, with generator L acting on local
functions / as

(Lf)(a) = £ ca{x,o){f{o*) - f(a)), (7.1)

where ax is the configuration obtained from a by flipping the spin at vertex
x, and ca(x, a) is the flip rate of the spin at vertex x, when the system is in
the state a. We consider the following rates

{1, if more than d neighbors of x have its opposite spin;
a, if exactly d neighbors of x have its opposite spin;
0, otherwise,

(7.2)
where 0 < a < 1 is a fixed parameter. These dynamics can be regarded
as 0-temperature stochastic Ising models corresponding to a uniform ferro-
magnetic interaction between nearest neighbors (no external magnetic field).
The case a = 1 corresponds to Metropolis dynamics and the case a = 1/2
corresponds to the Gibbs sampler (or heat bath) dynamics. Note that the
dynamics is symmetric with respect to the interchange of the roles of —1
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and +1 and is attractive (i.e., ca(x, a) is increasing in a when o{x) = — 1,
and decreasing in a when <J(X) = +1).

We will consider the long-time behavior of these systems when started
from Bernoulli product measure with Fp(<Jo(x) = +1) = p, for each x € Zd.
While most of the previous study of these systems has been concentrated
on the case p = 1/2 (see [35], [36] and [10] and references therein), we will
address the case in which p is close to 1. The evolutions that we consider
arise from modeling the behavior of a magnetic system which is initially at
high temperature under a strong external magnetic field, and from time 0
on is suddenly subject to a very low temperature and to no external field.
For an introduction to the physics of this problem, see, e.g., the review [7].

In addition to the motivation from physics discussed above, it is worth
pointing out that the models studied here are (generally non-linear) voter
models (in the case a = 1, the model is a threshold voter model) and the
study of such models, started from product measures, is a subject of consid-
erable interest (see [33] and references therein).

For each value of p, we will say that the system fixates if for each x € Zd

the spin at x flips only finitely many times (locally the system becomes
trapped).

In the d = 1, a = 1/2 case, our system is the well known linear voter
model, which is known not to fixate for any p € (0,1). In this case the
boundaries between blocks of spins —1 and +1 behave as annihilating ran-
dom walks. A similar result should also hold for every 0 < a < 1, since in
this more general case the boundaries between blocks of spins —1 and +1
behave as the same annihilating random walks which now interact, but only
when they are at distance 1 from each other. This minor interaction should
not have any major effect on the qualitative behavior of the system.

In d > 2, the behavior is more challenging. In d = 2, [35] proved that if
p = 1/2, the system does not fixate:

P1/2(cr*(0) flips i.o.) = 1. (7.3)

Recently, stronger results were obtained in this case in [10]. It is not known
if (7.3) is true in higher dimensions (see [36] and references therein).

In contrast, here we:

Theorem 7.1 (Upper bound. Fixation) For d > 2 and any 0 < a < 1
there exists po = po{d, a) < I, such that for any p > po and e > 0

Fp(at(0) = -1 ) < Fp(as(0) = - 1 for some s > t) < e-*(1/d)"e, (7.4)
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for t large enough. In particular, for any p > po

Fp(at{0) = + 1 eventually) = 1. (7.5)

T h e o r e m 7.2 (Lower b o u n d ) For d = 2, any 0 < a < l , 0 < p < l , and

e > 0

Pp(at(0) = - 1 ) > Pp((7,(0) = - l V s < * ) > e-* (1 /2 )+e,

for t large enough.

Theorems 7.1 and 7.2 show that in d = 2, for large p, fixation occurs as
fast as, but not faster than, a stretched exponential. Note that the theorems
above also identify in d = 2 the correct "stretch" of the exponential as a
power 1/2, i.e.,

U m log(-log(PpK(0) = -

In [23] decay of temporal correlations in equilibrium for stochastic Ising
models at low temperatures were analyzed. Non-rigorous arguments in that
paper suggested that in 2 dimensions these correlations decay in time as
stretched exponentials with exponent 1/2. As far as we know, the stretched
exponential fixation in the context of Theorems 7.1 and 7.2 had not been
proposed before in the literature. Some similarities between the arguments
in [23] and those here will be apparent. Specifically, in both cases estimates
on the density of droplets of the minority spins and on the time to eliminate
them are crucial.

It is natural to ask whether in d > 3 the fixation also occurs only as
fast as a stretched exponential, and if so, with what exponent. The non-
rigorous analysis in [23] of the decay of temporal correlations in equilibrium
at low temperatures indicates that dimension 3 plays the role of upper critical
dimension for that problem, with the decay being exponential in time in d >
3 (possibly with a logarithmic correction in d = 3). The relations between
their analysis and ours suggest that also in our case fixation may actually
occur exponentially fast in time (no stretch) in d > 3 (again, possibly with
a logarithmic correction in d = 3).

Few papers exist with rigorous proofs of stretched exponential loss of
memory. One notable example is [41], where a one-dimensional spin system
with constraints was studied.
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Comparing (7.3) with Theorem 7.1, raises the question of the values of
p for which there is fixation in the state with all spins +1. We believe that
this happens for every p > 1/2. Similarly, it seems reasonable to conjecture
that at low positive temperatures the stochastic Ising model started from
homogeneous product measure with Pp(ao(O) = +1) = p > 1/2, converges
weakly to the (+)-phase (see Open Problem 7, p.225, of [32]). Our results
also suggest the conjecture that in d = 2 this convergence occurs as fast as,
but not faster than, a stretched exponential.

The proof of Theorem 7.1 will be based on a multiscale analysis. It is
worth mentioning that even to just prove fixation for large p, i.e., (7.5), we
felt the need to use this technique.

From this point on, we restrict attention to the case d = 2, a = 1, which
already contains the main arguments for the general case [17].

A basic ingredient in the proofs of the theorems above are estimates on
the time needed for the dynamics to "eliminate droplets", by which we mean
the following. Suppose that the process is started from the configuration in
which the cube R = {1,2, ...,L}2 is occupied by spins —1 and all other
spins are +1. It is clear that the spins outside R will never flip and that
eventually the configuration with all spins +1 will be reached, with the
system becoming trapped there. Let T be the random time when the system
reaches this trapping configuration. We need to estimate how T grows with
L. Heuristically, one expects the droplet to shrink with its boundary being
well approximated, when L is large, by a surface moving by mean-curvature
(see, e.g., [31], [23], [42], [11] and references therein). This leads to T being of
the order of L2. The following result contains rigorous estimates supporting
this picture (in d = 2; we have weaker results; see Remark 7.4 below). For
later use, we also consider the random time T when the spin at the site
(L-L/2J, |_£/2J) is for the first time in state +1. Clearly f <T.

Proposition 7.3 (Single-droplet erosion time estimates)

(a) There exist C, 7 G (0, 00) such that for all large L

F(T>CL2) < e"7L.

(b) For any 6 > 0,

lim F(T <L2/(logL)l+s) = lim P(f < L2/(logL)l+s) = 0.
L—s-oo L—s-oo
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Remark 7.4 Note that the upper and lower bounds in this propositions show
that the erosion time is roughly of order L2. That we can show in d = 2 only.
In d > 3 we have a worse upper bound than the one in (a) above (see [17],
Theorem 1.3). The logarithmic denominator in (b) is probably spurious, but
removing it from the estimate seems technically difficult (compare with the
sharper results for a modified dynamics in [11])- Non-rigorous arguments,
based on approximation by motion by mean curvature, suggest that in any
d > 2, T ~ T ~ L2 (see [23], equation (2.3) and following discussion).

This chapter is organized as follows. In the following section, we in-
troduce some terminology, notation and basic tools, including the bootstrap
percolation process. In Section 7.3, we prove Proposition 7.3. In Section 7.4,
we prove Theorem 7.1, after explaining the heuristics behind the proof. In
Section 7.5, we prove Theorem 7.2.

7.2 Definitions and tools

We begin with several standard definitions. As already mentioned we shall
consider models on the lattice Z2. The cardinality of a set A C Z2 will be
denoted by |A|. The distance between vertices of Z2 will be measured by the
Ll norm || • ||, and denoted dist(a;,y) = ||a; — y\\. A (selfavoiding) path is a
sequence of distinct vertices x\,X2, • • • ,xn, such that \\xi — £j+i|| = 1, and
the vertices x\ and xn are called the start- and end-points of the path.

At each vertex in Z2 there is a spin which can take values —1 or + 1 . The
configurations will therefore be elements of the set £ = {—1,+1}Z . Given
(r £ E, we write <J(X) for the value of the spin at vertex x £ Z2. The single
spin space {—1, +1} is endowed with the discrete topology and £ is endowed
with the corresponding product topology.

The time evolution (a spin flip system) is a Markov process on the state
space S, whose generator L and flip rates cl(x, a) are given by the formu-
lae (7.1-7.2).

Graphical construction. In most of our proofs it will be convenient to use
the following graphical construction of the process, called Harris' graphical
representation, and which provides a specific version of what is known as ba-
sic coupling (it provides versions of the whole family of processes either on
the infinite lattice Z2 or on any of its finite subsets with arbitrary boundary
conditions and starting from any initial configuration, all on the same prob-
ability space). Namely, to each vertex x £ Z2 we associate two independent
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Poisson processes, each one of rate cmax, the maximal among all possible
rates (in our case it equals 1). We will denote the successive arrival times
(after time 0) of these Poisson processes by {j£n}n=i,2... and {jxn}n=i,2...i
assuming that the Poisson processes associated to different vertices are also
mutually independent. We say that at each space-time point of the form
(x, T+n) there is an upward mark and at each point of the form (x, T~n)
there is a downward mark. We associate to each arrival time T* n (where *
stands for + or —) a random variable U* n with uniform distribution between
0 and 1. All these random variables are supposed independent among them-
selves and independent from the previously introduced Poisson processes.
This finishes the construction of the probability space. The process then is
defined as follows: we update the state of the process at each space-time
location where there is a mark according to the following rules. If the mark
that we are considering is at the point (x, T*n), and the configuration imme-
diately before time T* n restricted to x and its neighboring sites was identical
to a configuration a, then

i) if c(x) = — 1 (resp. a(x) = +1), then the spin at x can flip only if the
mark is an upward (resp. downward) one;

ii) if the mark is upward and c(x) = — 1, or if the mark is downward and
<j(x) = +1, then the spin at x flips if and only if U*n < cl(x, a)/cmax.

This construction gives the proper rates and defines a process according
to eqs. (7.1-7.2) (see for instance [15] for details). The use of upward and
downward marks, in combination with the fact that the rates are attractive,
guarantees that if we compare the evolution started from two configurations
which are comparable in the sense that wherever the former has a spin +1,
so does the latter, then this property is preserved by the evolution. We
will make extensive use of such comparisons. For more on this fundamental
technique and the related notion of stochastic order, we refer the reader to
Sections II.2 and III.2 of [32].

We will refer to the Poisson marks and the associated uniformly dis-
tributed random variables, as the "graphical marks".

The probability measure corresponding to choosing initially a random
configuration according to homogeneous product measure with density p of
spins +1, and letting the system evolve using the graphical marks will be
denoted by Pp.

Bootstrap percolation. In the definition below we consider configurations in
{u, s}z , where u (for "unstable") and s (for "stable") are arbitrary symbols.
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Definition 7.5 The d-dimensional (u ->• s) bootstrap percolation process
with threshold £, defined in a finite or infinite volume A C Z2, starting from
the initial configuration r/o € {u, s} A is a cellular automaton which evolves
in discrete time t = 0, 1, 2 , . . . , and such that at each time unit t > 1 the
current configuration is updated according to the following rules. For each
x € A,

1. Ifr]t-i{x) = s, then rjt{x) = s.
2. If 7/i-i (x) = u, and at time t — 1 the vertex x has at least I nearest

neighbors in A in state s, then i]t(x) = s; otherwise the spin at vertex x
remains unchanged, i.e., r]t(x) =u.

If |A| < oo, it is immediate from the Definition 7.5, that the procedure
described above converges in a finite time to a fixed configuration. In this
context, we say that we bootstrap the initial configuration r/o, the result of
which is the final configuration of the bootstrap percolation dynamics.

Of special importance to us will be the case in which the threshold I is
2, due to its close relation to the spin flip systems that we are considering,
as explained in the heuristics background to the proof of Theorem 7.1 (see
the beginning of Section 7.4). It is also of technical importance for us, and
will be used in the proof of Theorem 7.1.

In the case of threshold £ = 2, when A is a rectangle (i.e., a product
of intervals), the bootstrapped configuration can be described as follows
(see [16], [3]). Say that a family of disjoint subsets of Z2 is well separated
if there is no vertex in Z2 at distance less than or equal to 1 from two sets
in the family. For any initial r/o, the bootstrapped configuration takes the
value s on the smallest collection of well separated rectangles contained in A
which contains all the sites x at which T]Q(X) = s. We say that the rectangle
R C A is internally spanned by the configuration r/ € {u, s} A , if bootstrap
percolation restricted to the volume R, started from r/o = r]\R, ends up with
all sites in R in state s.

The following lemma provides us with a crucial estimate.

Lemma 7.6 (Aizenman-Lebowitz, [3]) Suppose thatn € {1,2,...} is fix-
ed, that A is a finite rectangle and rj € {u, s} A is a configuration with the
property that when we perform (u —> s) t = 2 bootstrap percolation in A
started from r/, we obtain a final configuration which includes a rectangle
with one of its sides larger than n fully occupied by s. Then there must
exist some rectangle R C A with larger side in {[n/2\ — 1 , . . . ,n} which is
internally spanned by r/.
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This lemma may be seen as providing the existence of a "bottleneck event": if
a large rectangle full of s is going to occur in the bootstrapped configuration,
then, for arbitrary n between 1 and the size of the larger side of this rectangle,
also rectangles of "size of order n" are going to be internally spanned. One
can then optimize on the choice of n to obtain an upper bound on the
probability of large rectangles occurring in the bootstrapped configuration.
(The "bottleneck event" is the occurrence of an internally spanned rectangle
of "size of the order of the optimal n", i.e., the n which minimizes the
probability of this event.)

7.3 Proof of Proposition 7.3

Proof of Claim (a). We want to analyze the evolution of the process started
from the configuration in which the cube R = {1,2, ...,L}2 is occupied by
spins —1 and all other spins are +1. We will compare this evolution with the
one in which the initial configuration has spins —1 in the quadrant {1,2, . . .} 2 ,
and spins +1 at the other sites. We will refer to this comparison system as
the quadrant evolution. Note that in the quadrant evolution, when the site
{x,y), x, y > 1 has a spin +1, the sites {x',y') with x' < x and y' < y also
have spins +1. Let T' be the first time that in the quadrant evolution the
site (L,L) has a spin +1, and note that in this evolution at time T' the
square R is fully occupied by spins +1. Therefore, by attractiveness, T' is
stochastically larger than T, i.e., for any t > 0,

p(r > t) < p(r' > t).

In order to estimate T', we use a well-known relation between the quad-
rant evolution and the exclusion process. In the relevant version of the
exclusion process, particles are initially located at each negative site in Z,
with the positive sites and the origin being empty. Particles try to jump
independently of everything else one step to the right at rate 1/2 and one
step to the left at rate 1/2. The only interaction among the particles being
that a jump is suppressed if a particle is attempting to jump to an occupied
site. After accelerating the quadrant evolution by a factor of 1/2, it can be
mapped into the evolution of this exclusion process in the following way, as
explained in [32], pp. 411, 412. Let Xi{t) be the position at time t of the
exclusion process particle initially at the site — i, i = 1,2,.... In the quadrant
evolution, the site (x,y), x,y > 1 is occupied by a spin +1 at time t if and
only if, in the exclusion process at time t the displacement Xy(t) + y of the



Percolation 179

particle initially at — y is at least x. In particular,

P(T' > CL2) < F{XL{2CL2) < 0) = P I ̂  l{Xi{2CL2) > 0} < L
\

where 1A is the indicator of the event A.
If it were not for the exclusion constraint, the quantities -X (̂-) in the

sum above would be independent simple symmetric random walks, and in
that case the result would follow by standard arguments about sums of
independent random variables and the single simple symmetric random walk
distribution (which we leave for the reader to check). However, under the
exclusion constraint, the estimate obtained for independent particles is an
upper bound for the latter probability above. This is due to a negative
association property of exclusion particles; see Proposition VIII. 1.7 in [32].
So, we get the result.

Proof of Claim (b). We will compare the evolution of our system to 4 quad-
rant evolutions, as defined in Step 1 of the proof of Claim (a). Each one of
these 4 quadrant evolutions will be related to the evolution of our system
close to one of the corners of the square R. Consider first a single quadrant
evolution, and define T\ as the first time when in this evolution the vertex
(1,1) has spin +1. We will compare the distribution of T to that of 1),
with I close to L/2. For this purpose, let T be the first time in our orig-
inal evolution, when one of the following 8 sites is occupied by a spin +1:
(LL/2j,l),(LL/2j +1,1),(1,LL/2J),(1,LV2J + 1), (L, [L/2\), (L, [L/2\ +
l)(|_L/2j,L), ([L/2\ + 1,L). (These are pairs of sites, roughly at the cen-
ter of each side of the square R.) Due to the geometric properties of our
original evolution, before time T, we can see the +1 spins inside R in this
evolution as a superposition of 4 independent quadrant evolutions, (with
the axes properly reoriented and shifted), one for each corner of the square.
Exploiting the symmetries of the model, we have then, for t > 0,

P(T < t) < P(f < t) < P(f < t) < 8P {TyL/2\-i < t) . (7.6)

In order to estimate 1), we use again the relation between the quadrant
evolution and the exclusion process, used in the proof of Claim (a) in the
d = 2 case. With the notation introduced in Step 1, above, let Ms = X\{s)
be the position at time s > 0 of the rightmost particle in the exclusion
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process. Then

P (T, < t/2) < P ( sup Ms > I - 1 ) .
Vo<*<« /

It is known from [4] that

—4 — \f\ogs —¥ 0 a.s. as s —¥ oo.

This implies that, for 6 > 0

P (T, < I2/(log 01 + 5 / 2) ^ 0 as I -»• oo.

Hence

p(r L L / 2 j_ i<L 2 / ( logL) 1 + *) ^ 0 as L ^ o o . (7.7)

Claim (b) follows from (7.6-7.7). •

7.4 Proof of Theorem 7.1

The proof of this theorem will be rather complicated, so that to make it
more readable, we first explain some ideas behind it.

At first sight, one could think that if p is close to 1, so that the spins
—1 form initially only finite clusters dispersed in a sea of spins +1, the spins
+1 would easily take over and eliminate the spins — 1. The actual subtlety
in the behavior of the system, even in this case, may be seen as resulting
from the subtlety of the behavior of bootstrap percolation. One can roughly
see the system as a competition between a (—1 —> +1) threshold I = d
bootstrap percolation process and a (+1 —> — 1) threshold I = d bootstrap
percolation process. (We say "roughly" because both bootstrap percolation
processes are running in continuous time.) In particular, if the spins —1 did
not flip at all, and the spins +1 flipped with the rules of our dynamics, then
the set of sites which would eventually be in state —1 would be precisely
the set resulting from the (+1 —> —1) threshold £ = d bootstrap percolation
dynamics applied to the initial configuration. And it is known (see [16]
and [40]) that, contrary to what one might first guess, even when p < 1 is
very close to 1, this dynamics leads to each site being eventually in state — 1.
This means that to show that our dynamics in reality leads to each site being
eventually in state +1, one must show that the significantly larger initial
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density of spins +1 allows them, as they expand via their own bootstrap
percolation mechanism, to prevent the —1 spins from expanding.

Motivated by the picture discussed above, it is natural to try to use re-
sults and techniques which allow one to control from above the speed with
which — 1 spins can expand via their bootstrap percolation mechanism. Re-
sults of this kind are available from [3], specifically, in the form of Lemma 7.6
(here) and its uses. Once control is gained on how fast —1 spins can expand,
one can hope to use the estimate in Proposition 7.3 (a) to show that before
the — l's can expand, the spins +1 will typically eliminate them.

The need to consider a hierarchy of space and time scales in the analysis
(multiscale analysis) arises then as follows. The approach mentioned in the
previous paragraph can be used to show that there are space and time scales,
li and ti, so that for regions of size li, the spins +1 will typically eradicate
the spins —1 in a time t\. But on the infinite lattice Z2, there will exist
rare regions of size l\ which at time t\ still contain spins — 1. Our approach
relies then on considering a coarser (rescaled) lattice, with rescaled sites
corresponding to original blocks of size l\. One starts then at time t\ with a
very low density of rescaled sites containing spins — 1. The arguments from
the previous paragraph can be applied at this rescaled level, and produce
space and time scales, fo and t2, so that for regions of size fa in the rescaled
lattice, typically only rescaled sites with no spins —1 are left in a time £2-
The procedure can be iterated, producing rapidly growing sequences of space
and time scales. To control the eradication of spins —1 in the k-th. scale,
one uses induction in k, taking as input the results of the analysis of the
(k — l)-th scale.

One further idea is needed in the implementation of the scheme sketched
above. In order to analyze the behavior of the system at each scale, one
needs to know not only that the starting configuration in this step has a
low density of rescaled sites which contain spins — 1, but one needs also to
know that the joint distribution of these rare "bad" rescaled sites is well
behaved. To recursively obtain this sort of control, we will be considering a
modified dynamics in which interaction is restricted in range. The compar-
ison between the original dynamics and this modified one will be obtained
from attractiveness and from estimates on the speed with which effects can
propagate.

We should mention also that an approach in spirit similar to ours, by
using a combination of multiscale arguments with estimates involving boot-
strap percolation, was taken by H.-N. Chen (see [12], [13]), studying the
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stability of "growth models with sexual reproduction".

We turn now to the specification of the space and time scales that will
be used in the analysis, and various related objects.

We will use the notation q = 1 — p. For e > 0, and small positive x > 0,
to be chosen later, we set

and inductively define

K l \ 2 + 2 e | / 1 \ 2 + e

Qk-iJ J \Qk-iJ
Set also

Lk=£o-h 4 , Tk = t0 + h + --- + tk. (7.9)
Now we define the hypercubes of scale k, k = 0, 1 , . . . as

Note that the hypercubes of scale 0 are of size 1, that for each k, {Bj., i €
is a partition of Z2, and that for k > 1, each hypercube of scale k is the
disjoint union of (lk)

2 hypercubes of scale k — 1.
For A; > 1, with each Bj., i £ Z2, we also associate a larger hypercube,

denoted by Bj., which roughly speaking is concentric with B\. and has side-
length (1 + \)Lk (see Fig. 12). We will need B\. to be a union of hypercubes
of scale k — 1, and with this in mind we define

B{ = (Uj-e^B^J+Lfc*, where Bk = j - |^/fcJ , . . . , lk + |^= j
For simplicity we abbreviate Bk = B% and Bk = B^.

Theorem 7.1 will be obtained through a comparison of the original sys-
tem (7.1-7.2) with a modified dynamics, further referred to as block-dynamics,
coupled to the original dynamics in that it will be constructed on the same
probability space, using the same graphical marks, and defined by Rules 1-3
below. The block-dynamics will be so constructed as to have the following
properties.

(A) The block-dynamics favors —1 spins, in the sense that at any site and
time where the original dynamics has a —1 spin, also the block-dynamics
has a —1 spin.
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Lk/3

R

Figure 12: Solid lines separate blocks BJ., i £ Z2; dashed lines indicate the
block Bk, associated with the block B^, which is shaded. The outer corridors
between the boundaries of B^ and B^ are of width Lk/3.

(B) In the block-dynamics at the time T& all hypercubes of the kih scale
will be 'monochromatic', i.e., they will be entirely filled in either by +1 or
—1 spins. In the former case we will say that the block is in state +1 , and
in the latter case that it is in state — 1.

(C) For each k > 1, the random field r/̂  that associates to each i e Z 2 a
random variable i]k(i) which takes the value +1 (resp. —1) if at time T&
the block B\ is in state +1 (resp. —1) is a 1-dependent random field. This
means that for each n, if ii,...,in € Z2 are such that dist(xi,Xj) > 1 for
i ^ j , then the random variables rjk(ii), ••••,f]k{in) a r e independent.

To assure that (C) above is satisfied, in the block-dynamics, the evolution
of the spins in each box Bj., i € Z2, during the interval of time [Tfc_i,Tfc],
will depend only on the configuration at time T^-i and the graphical marks
inside the corresponding box B\.

To define the block-dynamics so that (A) above is also satisfied, we

first introduce a notion of 'influence time', associated with the box Bj.. Let

(cr~i
k~1)s>Tk_1 be the evolution in the box Bi, with boundary condition (

outside this box, started at time T^-i from the configuration £ inside the
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box and obtained using the graphical marks. Set, now,

4 = mi{s>Tk_l:afk-Hx) + af^lx) for some x

and some £ G {-1, +l}Bi }. (7.11)

Note that by attractiveness, evolutions with other boundary conditions will
be bounded from above and below by the two evolutions which appear in
the definition of T|. Therefore we can think of T| as the first (random) time
after T&_i, when spins in Bj. can suffer any influence from the spins outside
of B\ at timerfe_!.

In order to define the evolution in the block-dynamics of the spins inside
each box B\, i £ Z2, from T^_i to T/., we use now the following rules.

Rule 1. During the interval of time [2fc_i, Tk) we observe the evolution inside
the box Bj. with +1 boundary conditions. We assign to the spins in the box
B\ up to time min{r|, Tk} the values that we see in that evolution.

Rule 2. If it is the case that T| < Tk, then at the time T| all spins in Bj. will
be declared to be —1, and persist at this state without change up to time
Tk-

Rule 3. If, following the two rules above, there is any spin in state —1 in B\
at times which are arbitrarily close to Tk, then at time Tk all the spins in
B\ are declared to be in state —1. Otherwise, at time Tk all the spins in B\
are declared to be in state +1.

It is immediate from Rules 1-3 that the block-dynamics satisfies properties
(A), (B) and (C) above. (Note that for this we need the initial distribution
to be 1-dependent, which is the case, since it is a product measure. The
properties can then be verified by induction in k.)

Let (jk, k > 0, denote the probability that at the time Tk the block Bk

is in the state —1. Note that qo = qo- The following is our main technical
estimate in order to prove Theorem 7.1.

Lemma 7.7 If q is small enough, then qm < qm for all m > 0.

The following estimates will be needed in the proof of Lemma 7.7 and
Theorem 7.1. Let

q = sup {x > 0 : if q £ (0, x), then qk < q, k = 0,1,...}.
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Note that if q > 0 is small enough, then q\ < qo = q and then, by induction,
qk is decreasing in ft. Therefore q > 0. Several times we will need to take q,
to assure that certain inequalities hold regardless of the value of ft. In other
words, we will need this assumption in order to assure uniformity over scales
in the choice of constants in the multiscale scheme.

One can show [17] that for arbitrary 8 > 0, if q is small enough, then

<lk-i<lk-2---qiqo > (<lk)S, for ft > 1. (7.12)

From the definitions of Lk and lk, it is clear that for small q,

Lk > h > K — , (7-13)
2 \<lk-ij

for ft > 1. For a bound in the opposite direction, we use (7.12) to obtain the
following. For arbitrary 8 > 0, if q is small enough, then for ft > 1

. 94_O, / , . _ * _ \ 2 + 2 e

\ 2 + 2 e / / l \ 3 + 5 \J) ( ( ) I (
qk-iqk-2 • • • qiqo J \\<lkj / \<lk

7A.I Proof of Lemma 7.7

We use induction on m. The statement is obviously true for m = 0. Assume
now that it is true for m = ft, and we will show that cfk+i < qk+i-

Following Rule 1, we observe the evolution inside the box -B&+1 with +1
boundary conditions, during the interval of time [Tfc,Tk_|_i). Let Fk+\ be the
event that in this evolution —1 spins are present in the box -B&+1 at times
which are arbitrarily close to T^+i. We will show that

(7-15)

We will also show that

(7-16)

where Tk+i = T^+1. Combining (7.15) and (7.16) yields the desired inequality
Clk+i < Qk+u since qk+i < Fp(Fk+i) +Fp(Tk+i < Tk+i).

The proof of (7.15) will be divided into two steps. In the first step, we
will analyze the random configuration inside Bk+i at the time Tk, and use
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methods from the study of bootstrap percolation to show that all the —1
spins in this configuration are likely to be contained in a collection of well
separated rectangles which are not too large. In the second step, we will
analyze the evolution inside the box B^+i with +1 boundary conditions,
during the interval of time [Tfc,Tfc_|_i), conditioned on the configuration at
time T/. having this property.

The third step in the proof of Lemma 7.7 will be the proof of (7.16).

Step 1. Control of bootstrapping at time T^. We will cover all the sites in
Bk+i which have a spin —1 at time T& with a collection R\, R2, ..., RN
of well separated rectangles. (Recall that a family of disjoint subsets of Z2

is well separated if there is no vertex in Z2 at distance less than or equal
to 1 from two sets in the family.) At time T\. all blocks Bj. of scale k are
monochromatic, i.e., entirely occupied by spins —1 or +1 , and now they will
play the role of "renormalized sites" of Bk+i • F° r the sake of notation, we
identify these "renormalized sites" with elements of Bk+i (see (7.10). For
i £ .Bfc+i, let r]k(i) be +1 (resp. —1) if the block B\ is in state +1 (resp.
—1) at time T^. We obtain first the collection of rectangles R\, R2, ...,
RN, by applying the (+1 —> —1) 1 = 2 bootstrap percolation rule to the
random field rjk in Bk+i- Recall that this means that Ri, R2, ..., RN is the
smallest collection of well separated rectangles in B^+i which contain all the
renormalized sites i € B^+i which have rjk(i) = — 1. Let now i?n = LL-e£ i?j[,
n = 1,..., N, and note that R\,R2,..., RN have the desired properties.

By translation invariance and from the induction hypothesis, for each i

Wp(r]k(i) = - 1 ) = Qk < Qk- (7.17)

For b > 0 to be chosen later (small enough), we define the following
event.

= < .Ri, .R2) •••) RN have sides of length at most — > . (7.18)
I UfcJJ

Our goal in this step is to show that if b and x are chosen properly (inde-
pendently of k) and q is small enough, then (7.17) implies

(7.19)

In order to show (7.19), we will use Lemma 7.6, with the choice

n = | A | . (7.20)
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We have

# of r e c t a n g l e s i n s i d e B f c + i w i t h t h e l e n g t h ^ I f f
of t h e l a r g e r s i d e b e i n g i n { [ n / 2 j — 1 , . . . , n } — I 3 ^ + 1

where the first term on the right hand side of (7.21) is an upper bound on
the number of choices of positions for the corner of the rectangle with all
maximal coordinates, and the second term is an upper bound on the number
of choices of sidelengths of the rectangle.

We claim that if R C -B& is a rectangle of size n\ x 712, with n\ < 712,
then for the bootstrap percolation process that we are considering,

¥p(R is internally spanned) < (2niqk)L
n2W. (7.22)

To see this, let R[:R2:--,R'n2 be the segments of size n\ which partition
R according to the value of the 2-nd coordinate, and ordered according to
increasing values of this coordinate. If R is internally spanned, then for
each 1 < ji < 712 — 1, Rj U Rj+i must contain some vertex i at which
Vk{i) = ~1 (otherwise each of these vertices will have at most 1 neighboring
vertex i' € R with r]h(i') = —1 and therefore will remain in state +1 in the
bootstrap percolation process in R that we are considering). We can now
use the fact that the random field (Vk(i))iez2 is 1-dependent, to conclude
that for j = 1,4,7,10,..., (|_?W3j — 1) • 3 + 1, the corresponding events are
independent. In combination with (7.17), this leads to (7.22), since for each

Maximizing the r.h.s. of (7.22) over choices of n\ < 712, with 712 €
{[n/2j — 1 , . . . , n}, with n given by (7.20), we obtain

Pp(i? is internally spanned)

< (2(n2)<?fe)
Ln2/3J < ( 2 & ) b / ^ ) = e x p ( ^ ^ H , (7.23)

provided 26 < 1 and q is small enough. Using Lemma 7.6 with the choice
made above of n, (7.21) and (7.23), we have

2 rblog(2b)\
exp {• J

For small b > 0, 61og(26) is negative. So, choosing b > 0 which maximizes
-6Iog(26) and x= -|61og(26) > 0, yields (7.19).
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Step 2. Erosion of {—I)-rectangles. We will show in this step that, for q
small enough,

¥p(Fk+l\Ek+l) < ^ t l . (7.25)

In combination with (7.19), this implies (7.15),

< ¥p(Fk+l\Ek+l) + ¥p((Ek+l)
c).

By the Markov property, we need to estimate the probability that start-
ing at time Tk from a configuration in Bk+\ compatible with the event Ek+\
and letting the system evolve with +1 boundary conditions, some spin —1
will be present at time Tk+\. By attractiveness, an upper bound can be
obtained on this probability by starting the evolution inside Bk+i at time
Tk with —1 spins at all sites of the rectangles i?i, ...,RN described in Step
1. Clearly, no spin —1 can appear in this evolution outside of the rectangles
i?i,..., RN- Also, once a rectangle is "destroyed", meaning that it contains no
—1 spins, no —1 spins will ever be created inside of it again, in the evolution
that we are considering here.

If Ek+\ occurs, then each rectangle Rn, n = 1,...,N, is contained in a
cube of sidelength bounded above by

for small q, where we used (7.14). By attractiveness, the time needed to erode
Rn is therefore stochastically bounded above by the time needed to erode a
cube with sidelength equal to this upper bound. Prom Proposition 7.3(a) we
conclude then that, for small q, for each n = 1, ...,N, the probability that
at time Tk+i =Tk+ tk+i = Tk + (l/qk)^

2+^ there is any spin - 1 inside Rn
is bounded above by

( \e x p l - 7 1 — I I,

where 7 is a positive constant. But, clearly, for small q,

2 -,

N < B,fc+i
,3 ^ 7 - qk+i

by (7.14). From the bounds in the last two displays, we obtain

Fp(Fk+l\Ek+l) < exp - 7 - < ^ ;
Qk+i \ \qkj / 4
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for small q. This completes the proof of (7.25), and hence of (7.15).

Step 3. Control of the outer influence. In this step we will prove (7.16).
We begin with the notion of a discrepancy process. Consider two evo-

lutions o~ h and o~ h , t > Tk, starting at time Tk from the same

configuration £ in B^+i, with (+) and (—) boundary condition outside Bk+ii
respectively, and using the same graphical marks. We say that at time t >Tk
there is a discrepancy at a vertex x € Bk+i if <J~ h (x) / a~ * (a;),

for some £. Otherwise, the vertex x is called an agreement vertex.
According to this terminology and our choice of the conditions for the

dynamics at Tk, all vertices in Bk+i at time Tk are agreement vertices and
all vertices outside Bk+i have discrepancies. Moreover, the influence time

is the time of occurrence of the first discrepancy in B^+i.
We observe that the occurrence of a discrepancy at time s at vertex z €

implies, that at time s— there must be at least one neighboring vertex
of z occupied by a discrepancy. This follows straightforwardly from the
fact that the two^evolutions that we are considering use the same graphical
marks. For x € Bk+u we define

T(x) = inf {s > Tk : afh (x) + afh (x) for some

We recall that a (self-avoiding) path TT on Z2 is a sequence of distinct vertices
7T = {xi, X2,..., xn}, such that \\xi — xi+i\\ = 1, 1 < i < n. A chronological
path in the epoch (Tfc,Tfc_|_i) is a path n = {x\, X2-, ••••, xn} such that

Tk < T{Xl) < T{x2) <•••< T{xn) < Tk+i.

In this case we say that the chronological path starts at x\ and ends at xn.
In what follows, for any volume A

dA = { I G A : there is a nearest neighbor of x not in A}; (7.26)

<9A = {x ^ A : there is a nearest neighbor of x in A}. (7.27)

Proceeding with the argument, we claim that if some vertex x € dBl
k+l at

time t > Tk is occupied by a discrepancy, then there exists a chronological
path in the epoch (Tk, t) which starts at some vertex of dBl

k+l and ends at
x € dBJ.+l. Note that the above claim is a deterministic statement and does
not depend on the randomness of the evolution. Once this is realized, the
proof of (7.16) is completed by estimating the probability of such an event.
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To prove the above claim we will construct a chronological path ending
at x € dBJ.+l by moving backwards in time. Assume that x = x\ € dBJ.+l

and T(xi) < t. So at time T{x\) there must exist at least one neighboring
vertex x2 € Bj.+l of x\ occupied by a discrepancy with T{x2) < T{x\). At
time T(x2) there must exist at least one neighboring vertex x$ € Bl

k+l oix2,
occupied by a discrepancy with T(xs) < T(x2). Note that x$ ^ x\. It also
follows that T{xz) < T(x2). Now we iterate the procedure, thus producing
a self-avoiding path moving backwards in time, such that Xj ^ 3bi for j ^ i
and T{XJ) < T ( z , _ i ) < ••• < T{x2) < T{xx) <t.

This time-reversed path can be made to end in a site xr in dBi+l after
finitely many steps. For the finiteness of the number of steps, notice that
during the epoch (Tk,t), with t < 2V|_i, only finitely many Poisson marks
occur in the interior of 5 | + 1 P-a.s. Due to the coupling we are using, a
discrepancy at some vertex cannot be created without the presence of at
least one other discrepancy at some neighboring vertex and at time !&, the
discrepancies are located only outside B\+i- So our path must be traced
back to some xr € dB^-^.

To get a forwards in time path, we invert the order and set Xj = xT+i-j,
1 < j < f, and obtain a chronological path starting at x\ € d-Bfc+i and
ending at xr € dB\+1.

From the claim it follows that, if T^+I < T^+i, then there exists a
chronological path connecting dBk+i to dBk+i, thus covering a distance
which, for small q, is at least

l / l \ 2 + 2 e

> 9 y ,
where in the last inequality we used (7.13).

The number of possible starting points for this chronological path equals

C
< CLk+i < ,k+i ,

Qk+i
for small q, where C is a dimension dependent constant, and we used (7.14)
in the last inequality.

On the other hand, the probability that any given path of length r is
a chronological path during the epoch (Tk,Tk+i) is clearly bounded above
by ¥(Z > r — 1), where Z is a Poisson random variable with mean T^+i —
Tk = ife+i = (qk)~ e^• Using the standard large deviation estimate for
Poisson random variables (see, e.g., (A.2) in [28], p.467) ¥{Z > r - 1} <
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-i)r^ together with the upper bound 4r on the number of self-
avoiding paths of length r starting from a given vertex, we obtain the fol-
lowing estimate. If q is chosen small enough, then for appropriate constants
C" and C", for any k > 1, PP(TVI_I < Tk+i) is bounded above by

where we used the fact that r/tk+i can be made arbitrarily large, uniformly
in k and r > rk, by taking q small enough.

This proves (7.16), and completes the proof of Lemma 7.7. •

7.4.2 Conclusion of proof of Theorem 7.1

Set a = 1/(2 + e) and note for later use that for any e > 0

a > l- - e. (7.28)

We will first prove that if q is small enough, then there are C\, C2 £ (0, 00)
such that

Pp(ai(0) = -1) < Cie"C2*a, (7.29)

for t > 0.
We consider first times of the form t = Tk for some k > 1. From (7.8)

it follows that qk = e~^th^a. Comparing the original dynamics with the
block-dynamics at time Tk (recall Property (A) of the block dynamics, and
note that the origin is in the block Bk) and using Lemma 7.7, we get

Fp(at{0) = -1 ) = Fp(aTk{0) = - 1 ) < qk < qk = e~x(tfc)°. (7.30)

In order to replace tk with Tk in the exponent, we observe that T\ = t\, and
there exists 0 < c < 1, such that, for small q, for all k > 2,

tk-i =

^Qk-2

and thus

Tk = ti + ••• + tk < tk (l + c + c + . . . ) = (1 — c)~ tk . (7.32)
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So, for t = Tk, from (7.30) and (7.31) we get

Fp(at(0) = -1) < e " ^ ) a < e - * ( ( i - W = e

where we take C = x( l — c)a.

In order to extend the result to all positive times t > 0 we will be
comparing evolutions started from product measures with different values of
q. For this purpose, we write qk(q), tk(q) and Tk(q) for the corresponding
values of qk, tk and Tk defined by (7.8) and (7.9) with qo = q. Summarizing
the conclusion in (7.33), we know that there exists q £ (0, q) and C > 0,
such that for all g £ (0,q\, if for some k > 1, t = Tk(q), then

P P M 0 ) = -1) < e~cta. (7.34)

We will write qk = qk(q), tk = tk(q) and Tk = Tk(q). Since q <E (0,<?), qk

decreases with k, and therefore tk increases with k.
Note that, for each fixed k > 1, if we imagine the parameter q decreasing

continuously from q to qi, we will have the corresponding Tk(q) increasing
continuously from Tk{q) = fk toTk{qi)^ h(qi) + . . .+ tk(qi) = t2(g) +
... + tk+i{q) = Tk+i(q) - t\{q)j= Tk+i - t\. Thus, by continuity, any t > 0
which is not in Uk>i[Tk —1\, Tk), can be written as t = Tk^(q(t)), for some
k(t) > 1 and some q = q(t) £ {qi,q\- Set p(t) = 1 — q{t). Then for any
q G (0, q\) we have p = 1 — q > 1 — q\ > 1 — q(t) = p(t). Therefore, by
attractiveness and (7.34), we have

Pp(ff*(0) = - l ) < Pp(i)(ai(0) = - l ) < e~cta. (7.35)

This establishes the validity of (7.29) for q < qi and t > 0 which is not in
Ufc>i[Tfc — ti, Tk). To extend the result to t in this excluded set, observe
that for each k and t £ [Tk — ii, Tk], if (7̂ (0) = — 1 and the spin at the origin
does not flip between times t and Tk, then oq, (0) = —1. Using the Markov
property, we obtain then

PPMO) = -1) < J r P p ( f f f t ( 0 ) = - l ) < C'
e

(7.36)
where the term e 4l is a lower bound on the probability of the event that
no flips occur at the origin from t to Tk. This completes the proof of (7.29).

To derive (7.4) from (7.29), we first note that an argument similar to the
one used to derive the first inequality in (7.36) (but now using the strong
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Markov property) gives, for t > 1,

Fp(as(0) = - 1 for some s€[t-l, t)) < e¥p(at(O) = - 1 ) < eCie~°2ta.

Consequently

Pp(crs(0) = - 1 for some s>t)

Pp(<7s(0) = - 1 for some s € [t + n, t + n + 1))
n=0
°° a r°° a

n=0 "'*

Observe now that for arbitrary 6 > 0,

for large i. To see this, note that e"C2*a < C2(a - 6)sa-s-1e-c^a \ for
large s, and integrate both sides from t to oo.

Prom the last two displays, we obtain

PpMO) = - 1 for some s > t) < eCx e~C2ta~S < e"*a"M,

for large t.
This completes the proof of (7.4), since from (7.28) we have a — 26 >

(1/2) - e, for small 6 > 0. •

7.5 Proof of Theorem 7.2

Set
F(t) = PpMO) = - 1 Vs < t). (7.38)

It is clear that since the flip rates are at most 1,

F(t) > qe'K

The next lemma is the main step in the proof of Theorem 7.2.

Lemma 7.8 Suppose that for some a > 0 there are Ci,C2 £ (0, oo) such
that

F(t) > Cxe-C2t\ (7.39)
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for t>0, and that 8 > 0. Then there are C[,C2 G (0, oo) such that

2g(l+f)
F(t) > C[e-c'^'M+l , (7.40)

for i > 0.

Since, in Lemma 7.8, the output (7.40) is of the same form as the in-
put (7.39), we can iterate the lemma and obtain the following stronger con-
clusion. Under the same hypothesis, for n = 1,2,..., there are CJ , C2 £
(0, 00) such that

F(t) > C W e - ^ i ( 2 " + 1 - 2 ) " + 1 , (7.41)

for t > 0.
Prom (7.38) we know that the hypothesis of Lemma 7.8 is satisfied with

a = 1. Therefore, (7.41) also holds with a = 1, and taking then n large
enough there, we learn that for any 6 > 0, there are C\, C<i £ (0,00) such
that

F(t) >

for t > 0. This is clearly equivalent to the claim in Theorem 7.2.

Proof of Lemma 7.8 If a € (0,1/2], then (2a)/(2a + 1) > a, so that the
claim is trivially true with C[ = C\ and C2 = C*2. We suppose therefore
that a > 1/2.

Set

/ = k35+I I K =
l+S I

TJ-
Note that, since a > 1/2, we have 1 << K << /, for large t. Define also the
following subsets of Z:

K

and the following subsets of 1? (see Fig 2):

Q = Ax A, Q = (Ax B) U (B x A).

The set Q is a square of sidelength 21K+2. (Note that 2/if+2 -
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J

2lK + 2

i

l-2

Figure 13: The set Q. (The set Q is the square obtained by filling all the
holes in Q.

as t —> oo.) The set Q is a subset of Q, which can be seen as a porous
structure obtained by removing {2K)2 squares of sidelength 1 — 2 from Q.
(Note that 2K ~ 2*(2a-1)(1+5)/(4a+2), and / - 2 ~ tCi+WPa+i^ a g t ^ ^
The horizontal and vertical strips whose union defines Q are of width 2. This
assures that the only sites in Q which do not have at least three neighbors also
in Q are the four corner sites in Q: {-IK, -IK), {-IK, IK+l), (IK+l, -IK)
and {IK + 1, IK + 1). This implies that if Q is fully occupied by spins —1 at
time 0, no one of these spins can flip until one of the spins at a corner site
of Q flips.

Define

with C as in Proposition 7.3(a). Let E\ be the event that Q is fully occupied
by spins —1 at time 0. Let E<i be the event that the spins at the four corner
sites of Q are —1 from time 0 to time t. Using the fact that E\ and E2 are
decreasing events, (7.39) and translation invariance, we obtain, for large i,

(7.42)
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If Ei and E2 happen, the spins in Q are frozen as —1 from time 0 to
time t. We can therefore use Proposition 7.3(a), with the roles of —1 and
+1 spins switched, to see that for each of the (2K)2 square holes of size
(I — 2) x (I — 2) in Q, the probability that it is not fully occupied by spins
—1 at time t (which is > C(l — 2)2) is bounded above by exp(—j(l — 2)2) <
exp(-(7/2)t2(1+<5)/(2a+1)), for large t. Let E3 be the event that Q is fully
occupied by spins —1 at time t. We conclude that for large i,

> 1 - {2K e -

(7.43)

Figure 14: The set Q. (The set Q is the square obtained by filling all the
holes in Q.

Since the origin is contained in Q, on
time 0 to time t. Therefore,

the origin has spin —1 from

Pp (a,(0) = - 1 Vs < 11 = Pp (a,(0) = - 1 Vs G [t, *] )
(7.44)

Note that the event EiE2Ez only depends on the evolution of the process up
to time t, and that on E1E2E3, at time t the origin is at the center of a square
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of sidelength 21K + 2 ~ 2*(1/2)(i+<5) fuuy o c c u p i e ( i by spins - 1 . Therefore,

from the Markov property, Proposition 7.3(b), and attractiveness, we have

Pp (a,(0) = - 1 Va G [t,t] I ElE2Ez) > 1, (7.45)

for large t.
Prom (7.42), (7.43), (7.44) and (7.45) we obtain

F(t) > PpMO) = - 1 Vs

^ (7.46)

for large i.
By choosing C[ sufficiently small, we obtain (7.40), for all t > 0. •
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Abstract

Over the last twenty-five years random motions in random media
have been intensively investigated and some new general methods and
paradigms have by now emerged. Random walks in random environ-
ment constitute one of the canonical models of the field. However in
dimension bigger than one they are still poorly understood and many
of the basic issues remain to this day unresolved. The present series
of lectures attempt to give an account of the progresses which have
been made over the last few years, especially in the study of multi-
dimensional random walks in random environment with ballistic be-
havior.
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1 Presentation of the model-dimension one

In this first lecture we will introduce the subject in a one-dimensional con-
text. There are many different ways to "inject" randomness in a medium,
where a stochastic motion is performed. Here are two emblematic examples:

a) Site randomness:

q(x,u)

x — 1 x x + 1

one chooses i.i.d. variables p(x,uj), x € 7L, with values in [0,1], q(x, UJ) —
1 — p(x, UJ), and for a given realization UJ of the environment, one considers
the Markov chain (Xn) on 7L, which has probability p(x,uj) of jumping to
the right neighbor x + 1 and q(x,uj) of jumping to the left neighbor x — 1,
given it is located in x. This is the so-called "random walk in random
environment".

The model goes back to Chernov [8], Temkin [44], and was at first intro-
duced as a toy-model for the replication of DNA-chains.

b) Bond randomness:

q(x,u)

x — 1 cx-ijX x cXjX+i x + 1

one now chooses i.i.d. variables CXJX+I(UJ), x € 7L, with values in (0, oo), and
for a given realization of the environment, (Xn) is a Markov chain on 7L per-
forming jumps to nearest neighbors with a transition kernel now determined

by

This is essentially a random conductivity model of the type introduced in
disordered media physics going at least back to Fatt [15] or Kirkpatrick [22],
(see also the book of Hughes [16]).



208 A.S. Sznitman

Both models in a), b) are easily generalized to higher dimension. It is
striking that they turn out to exhibit quite different behaviors. We will now
discuss in the context of model a) and b) one of the general techniques of
random motions in random media.

A) The environment viewed from the particle

This technique has been quite powerful in the study of various kinds of ran-
dom motions in random media. It focuses on the investigation of the envi-
ronment as viewed from the current location of the walker. More specifically
in the case of b), for 0 < a < b < oo,

O = [a, b]s with 6 — {{x, x + 1}, x € 7L), the set of nearest-neighbor

bonds on 7L, endowed with the canonical product cr-field B

P = a product measure on fi, making the canonical coordinates i.i.d. (2)

tx,x € 7L, the canonical translations on fi: (tyuj)({x,x + 1}) =

u({x + y, x + y + 1})

Px,ui x € 7Z, the canonical law of the Markov chain on 7Z with

transition probability described in b), with cXjX+i(ui) — ui({x:x + 1}).

The environment viewed from the particle is the ovalued process:

w n = i x n w , n > 0 . (5)

Fact: (see Lecture 1 of [5]).

Under PQ,UJ, w £ fi, or under PQ — P x PQJUJ, uJn is a Markov chain with
state space fi, transition kernel:

Rf(uj) — p(0, u) f o ti(u) + q(0, UJ) f o i_i(w), / bounded measurable on fi ,

(6)
and respective initial laws 6W (Dirac mass at UJ) and P .

The above fact is a-priori of little use because this Markov chain has a
huge state space (in particular it accommodates simultaneously all possible
static laws P of the environment!). However what makes it useful is that
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one has in case b) an explicit invariant probability Q for the kernel R (i.e.
QR — Q), which is absolutely continuous with respect to P. Namely define:

Q = — (w({-l, 0}) + w({0,1})) P (Z: normalization constant) (7)

then

I hRg dQ (=} I h(p(0, u) g o h + q(0, u)go t-i) dQ (=}

translation

\ I hu{{0,l})got1dP + ± I
similar

i y /»ot_1W({-i,o})SdP+i y ftoi^ao,!})^^^^011 y

In other words:

Q is reversible for R (and hence invariant for R). (8)

Using general arguments (see Lecture 1 of [5] or Kozlov [24]), one has:

Q is an ergodic invariant probability of the Markov chain on , •.
(ft, B) attached to R. ^ '

It is in fact the only invariant measure of R absolutely continuous
with respect to P (from general arguments, one knows that it is also equiv-
alent to P, here this is obvious by direct inspection of (7)). The fact that
P was an i.i.d. measure does not play an important role and a translation
invariant ergodic measure P would work as well (i.e. txP — P for all x, and
AeB with t~l{A) = A for all x => P(A) = 0 or 1).

The measure Q plays an important role. In particular it enables to apply
the ergodic theorem (cf. [13], Chapter 6 §2) to the Markov chain Wn. For
instance consider

p(x, u) - q(x, u) = #x,w[Xi - Xo] = d(x, u)
the local drift at x in the environment LO .

If Tn — cr(Xa,..., Xn) is the filtration generated by (X,), then

7 1 - 1

Mn — Xn — XQ — ̂ 2 d(Xk, LO) is an (^J-martingale under Po,w
o

with increments bounded by c = 2.
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As a result of Azuma's inequality (cf. [1]):

PQ^[±Mn > AcVn] < exp | - — | , for A > 0, n > 0. (12)

Choosing 0 < e < | , A = ne, we see from Borel-Cantelli's lemma that

M
for u G Q, P0>w-a.s., — -> 0, (13)

and hence questions on the limit of ^ are transferred to questions on the
limit of £ E J " 1 £*(**>") = ^ E o ~ d(0,wfc). As a result of Birkhoff's
ergodic theorem, (cf. [13]), we conclude that:

1 ™~1 f
for Q-a.e. u, (or P-a.e. w), POja;-a.s., - ^ d(0,wjt) -> / d(0,w)dQ

n o ^ n

(14)
and specifically,

d(0, o;)dQ (=} 1 / [w({0,1}) - « ( { - l , 0})] dP = 0,
(io) z y

so that

Po-a.s. (or equivalently for P-a.e. CJ, PQ w-a.s.) — -> 0, (15)
' n

(incidentally, one can also argue that under the semi-product measure Q x
PQ,U, the sequence (Xk+i — X^^Q is stationary, ergodic, and from this fact
recover (15)).

We thus conclude that the walk has a vanishing limiting velocity in the
case of model b). For much more on this model, in arbitrary dimension, we
refer to [2], [3], [21], [27], [28].

As we will now see things run quite differently in the case of model a)
i.e. for random walks in random environment. We now choose

n = [a, 6]z with 0 < a < | < & < l , (16)

and keep similar notations as in (1) - (5), with obvious modifications, we
also set p(x,uj) — UJ(X). An important role is played by the quantity

^ ^ l (we will write p for p(0,u)). (17)p(x,uj) = ^ l
P(X,UJ)

It will be instructive to discuss the following result of Solomon [36]:
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Theorem 1.1. 1) Depending on whether Eflogp] < 0, > 0, = 0,

Po-a.s. lim Xn — +oo, or
n

lim Xn - -oo, or

lim sup Xn — +oo, liminf Xn — —oo .
n n

2) Moreover, Po-a.s. ^ —> v, where in case

1 E ^ ] - 1

JensenJensen

Remarks: 1) Since Er -11 < E[p], i), ii), iii) cover the only possible
positions of 1 relative to E[p] and 1

2) As a result of Jensen's inequality in i) of 2),

E[/>] = E[--I1 =E[-1 - I > - ^ - I ,

L^J Vp J Vp\ ~ E[p]

and 0 < u -> j ^ is a decreasing function, we thus see that
2 L_

0 < u < j ^ = 2E[p] - 1 = E[p] - E[g] = E[d(0, w)], (20)

and the right inequality is strict when the law of p is not concentrated on
one point. Analogously exchanging the role of "left" and "right", in case iii)

0>u>E[p]-E[g]=E[d(0 ,w)] , (21)

with a strict inequality when the law of p is not concentrated on one point.

E[p] — E[g] can be viewed as the naive (but wrong) guess for the asymp-
totic velocity. Hence from (20), (21), one already senses that some slowdown
of the walk occurs.
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3) In case (19) ii), the particle can move very slowly, see B) further below.
In particular it has been shown by Sinai [35], that when 0 < E[(log/9)2] < oo
and Eflogp] = 0, Xn has typical size ~ (logn)2 under PQ, see also Kesten
[19], Revesz [32]. •

Sketch of proof of Theorem 1.1:

• (1.18): One defines for a < b:

na,b = na<2 /<6 p(y, u) ( = 1 , when a = b), (22)

as well as:

f(x, u) = - ^2 n<M> for x > 0,

(23)
n-J, fora;<0,

x<z<0

(so/(0,w) =0,/(l,w) = -land for a; €7Z,p(x,u) f(x+l,u)+q(x,u) f(x-
l,u) = f(x,u)).

As a result of the law of large numbers:

P-a.s.: n 0 z — exp{^(E[logp] + o(l))}, as z -> oo,
(24)

U~l = exp{z(E[logp] + o(l))}, as z -> - o o .

So for instance when E[logp] < 0:

P-a.s., lim f(x,u) - -c < 0, lim f(x,u)=+oo. (25)
x—>oo x—>•—oo

On the other hand using the Markov property:

f(Xn:ui) is a martingale under Po,w • (26)

Using the martingale convergence theorem PojUJ-a..s., f(Xn,u) converges to
a finite limit, which is necessarily —c. Hence

for P-a.e. ui, Po^-a-.s.: lim Xn — +oo . (27)

Analogously we obtain the statement in (18) concerning the case E[logp] > 0.
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In the case E[logp] = 0: One can now show that

P-a.s.: lim f(x,uj) — — oo, lim f(x,uj) — +00. (28)
x—>-oo x—»•—00

Defining for A > 0,

T = inf-0 > 0, Xfe > A} and 5 = inf{A: > 0, Xk < -A},

one argues by looking at the martingales f{Xn/\T-, ui) /(XnA5,o;), and the
martingale convergence theorem that

P-a.s., PQ^T < 00 and S < 00] = 1. (29)

Letting A —> 00, we obtain the statement (18).

• (1.19): We first look at case i):

The method of the environment viewed from the particle applies. Indeed, if
we define:

Q = /(«) P, with /(«) = i ^ | M (1 + p(0,«)) ( £ Ho,,) (30)

i n d e"1B d e n c e
(note that / > 0, and / f(u) dP inde"1Bdence 1=|M (l+E[/9])(En>0 E|p]») =

i)
1 because E[p] < 1). Moreover:

QR = (p(-l, w) / o t_! + g(l, W) / 0 ix) P

(because Q(Rg) = f f(u) (p(0, w) jo t i + g(0, w) g o t_i) dP
l itranslation

invariance j ( p ^ w ) / o t - 1

and as we now see QR — Q, because:

(32)
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Hence Q is the only invariant probability absolutely continuous with respect
to P and by similar arguments as in (15), for P-a.e. u, PotU1-&.s.,

u)dQ =^ ^ fd(0,
n J

E[{p(0,u)-q(0,u))(l+p(0,u))(l + p{\,

l-p(O,u)

invariance 1 E[p]
X ( i -

This proves i). The claim iii) is of course entirely analogous.

We now turn to case ii): We will use an argument of comparison to
deduce ii) from i) and iii). To this end we observe that if CJ, u/ € fi (see
(1.16)) and

u(x) < u'(x), for all x € TL, (34)

then we can construct a Markov chain on ^gven — {^ — ixix') ^ ^2> x—x'&
27Z}, (Xn,X'n), with law Px,ui,ui' for any s = (a:,a:') € ^even> s u c n t n a t

under Px,u),u)>i (Xn) has same law as under PXjW

under Px,u,u>i (X'n) has same law as under PXIJUJ (35)

if x < x', then Px,u,u'[Xn < X'n, for all n] — I, (x — (x,x')).

Indeed we choose the probability of the Markov chain by letting the particle
jump independently when located at x — (x: x') with x ^ x', with respective
probabilities p(x, ui) — ui(x), p(x:ui') — ui'(x') of respectively moving to x + 1
andrr '+l , and q(x,ui) — 1—ui(x), q(x':ui') — l—ui'(x') of respectively moving
to x — 1, and x' — 1. On the other hand, when

x — (x, x) the chain jumps with probability w(x) : (x, x) -> (x + 1, x + 1)

ui'(x) — ui(x) : (x, a;) —> (a; — 1, a; + 1)

1 — w'(a;) : (a;, a;) —> (a; — 1, a; — 1).

In particular if we define u/ > LO via:

u'(x) = w(s)(l -rj)+r]b, (recall 6 > ^, cf. (16)), r; G (0,1), (36)
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then by taking r] large enough E[p'] < 1, and by (35) and i)

for P-a.e. w, Pr0 0) w w'-a.s., lim — < lim —^ = lim —^ = ——- (37)
n n "71 n n 1 + Jti p

by adjusting r], we can make the right hand side arbitrarily small and hence

Po-a.s., E n — < 0 . (38)
n n

By an entirely analogous argument:

Po-a.s., lim — > 0 , (39)
n n

and this finishes the proof of (19) in case ii). •

Remarks : 1) Note that unlike (19), (18) does not rely on the independence
of the variables p(x, w) — u(x), x € 7L, but only on the fact that they are
stationary and ergodic, (in the case Eflogp] = 0, one can use a result of
Kesten [18] on stationary sequences to conclude that P-a.s., IIoj2: does not
tend to zero as z tends to ±oo, so that (28) holds). For the correct gener-
alization of (19) for a stationary ergodic environment we refer to Theorem
2.1.12 of Zeitouni [45], see also Molchanov [26], p. 277.

2) Let us point out that it is possible that

E[d(0,w)] =E[p(0,w)] -E[g(0,w)] > 0, but

Po-a.s. Xn -> —oo (although with null limiting velocity because of (21)).

3 2Indeed if with probability - : ui — po with - < po < 1
4 o

- : UJ — e with e > 0 small,

then E[p(0,w)] > | x po > \ and hence E[rf(0,w)] = 2E[p(0,w)] - I > 0.
On the other hand:

^ + i lEpogp] = \ log —^ + i log —- > 0 if e is small.

•
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B) The effect of traps in model a)

The above proof of (19) however sheds little light on the nature of the phe-
nomenon taking place and in particular leading to the fact that under (19)
ii) (i.e. Ef/9"1]"1 < 1 < E[p]) the limiting velocity v vanishes. We will now
see that this is related to certain large deviation effects leading to the
presence of certain "traps" in the medium. To explain this we assume that

and for specificity
m — E[log p] < 0.

(40)

(41)

By (1.18) we know that the walk tends Po"a-S- to °°- We introduce the
strictly convex analytic function

F(u) = log(E[p«]), (42)

- l ) and F(l) > 0
=0,F'(0) < 0

We are going to create a type of trap in U — [-L , L+]

-L- 0 L+

"general trend "general trend
to go to the right" to go to the left"
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To quantitatively measure the "trapping effect" taking place in U, we observe
that from the martingale property of f(Xn,uj), with

Hz
 d= inf{& > 0, Xk = z}, for z € TL, (43)

D \ TJ ^ TJ 1
•Cl,o; L"0 "^ " L + + l J

with the notation:

f(L+ + l,u
f(L+ + l,u

> (l-exp{-,

1 • s-

)-/(l,w)
) _ /(0, w)

r-J+R[l,L+]})-
II def
R+

^ logp(a;,w

— i

f

.)

/(0,w)

' (0 ,w) -

E
0<«<LH

II (23)

~/(l,w)
/(L+ + l,w)

II (23)

h

(44)

(45)
xeJ

for J a non-empty finite subset of TL and \J\ — cardinality of J. In a similar
fashion:

fl-
ii def

P-!,w[Ho < H_{L-+1)] > (1 - exp{L_ %- ,_! ]})+ . (46)

Let us write .R^ for Ru L], when L > 1. The law of large numbers yields
that

RL —^ m = Eflogp] < 0, P-a.s. and in LX (P) . (47)
L—>-oo

But large deviations do occur and from Cramer's theory (see [12] or [11]),
for e > 0,

P(RL > e) = exp{-L(/(e) + o(l))} as L -> oo, (48)

where for a; € R,

/(a;) = sup {ux - F(u)} (49)
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/(•) = oo

slope min
e>o e

x
m 0

log /9max( > 0)
(40)

If we now set for U — [-L , L+]

j(U) = 1 A max(exp{L~iT }, exp{-L+R+})

then with TJJ the exit time from U:

Tu = inf{k > 0, Xk i U},

we see from the strong Markov property that

(50)

(51)

(52)

(with HQ — inf{& > 1, Xk — 0} the hitting time of 0). In particular, if
n"1 :

PoATu > " ] > ( ! - l{U))n > c = e~2 > 0, for n large. (53)

Note that for L~ > T^-, log n, L+, e with L+ e > log n,

<j , R+ > (54)

using independence, (47), (48), for 6 > 0 (small) and large n:

>\ exp{-/(e)L+(l + ̂ )}.

We can now optimize e, L+ by looking at:

inf{/(e)L+; eL+ > logn} = inf { ^ x e L + , eL+ > log n\ = iinf ^
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and observe that infe>o -*p is the slope of the tangent to /(•) which is passing
through the origin of the coordinate axes. On the other hand (cf. [12], p. 55):

F(u) — sup(a;n — I(x)) (compare with (49)). (55)

Hence if a — min - ^ (> 0) we see that F(a) — 0. In other words:
e > 0 e V ' V '

min —— — s is the positive zero of the function F(-) (by assumption s < 1)
e>0 e

(56)

Hence for a suitable K > 0 and any 8 > 0, for large n:

P[Po,w[r[_A:togn>A:iogn] > n] > e"2] > n " ^ 1 + 5 ) . (57)

With (57) we have a have bound on the probability of creating a "trap"
centered at the origin of size ~ log n, which typically will retain the walk for
n units of time. If s' > s, choosing 8 small in (57), we can easily infer that
for large n, there will be many analogous such "traps" both in [—ns' ,0] and

block of size 2K log n

These traps will induce slowdowns of the walk and will typically prevent
that it moves to distances ns from the origin before time n. More precisely
for large n:

P0[Xn > ns'] < Poin + • • • + TM < n,
X, reaches the center of the i.th block i — 1 , . . . , M]

with M the number of blocks in [0,ns ] (which is of order const jf-^), and
T{ the time to exit the i.th block after reaching its center. So picking A > 0,
and applying Chebychev's inequality

< e x p A n E 0 [ e x p { - X ( T i + ••• + TM)},

X, reaches the center of the i.th block i — 1,..., M].
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Using the strong Markov property under Po,w> the independence under P of
environments in different blocks, and the stationarity, we find

(57)
< exp{An} (1 -

e - 2

+
< exp{An-M-^(l-e-^)}

, using 1 — x < e

const n"

if we now choose 6 small, A = \ n
s'-s(1+2S)~1

j for n large

_ 1 r}s'-s{l+2S)< exp { - -
= e x p ns

Estimating similarly Po[Xn < —ns ], we find that Yln ̂ b[|-^n| > ns ] < oo,
and from Borel Cantelli's lemma we conclude that:

\X I
Po-&.s. lim -—^ = 0, for s' > s — positive zero of F (recall that s < 1),

n ns

(59)
(more detailed results can be found in [20]).

We see from (59) that the walk is truly moving sublinearly (in a more
precise fashion than explained in (19), ii)). The role of traps in this
slowdown is also brought to light, (see also [10]).

2 Higher dimension - traps - conditions (T) and
en

We are now turning to higher dimensional random walks in random
environment, and we have the following setting:

u(x,e)

x x + e

UJ(X, •) are i.i.d., x
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n = Vfd where K € (0, ^ ] is the "ellipticity constant" and (60)

"PK = the collection of (2d)-vectors (j»(e))|e|=1 with

p(e) G [K, 1] for all e and X!|e|=i ^(e) = 1 •

P = product measure on fi, making the u(x, •), a; € Z5d, (61)

i.i.d. with common distribution \i.

Px,wi x £ ^di the canonical law of the Markov chain on 7Ld (62)

with transition probability w(y, e) of jumping to y + e

when located in y.

Px — ]P x PXjUJ, (this is a semi-direct product). The integration (63)

over P restores some translation invariance but typically

destroys the Markov property. One can however represent

the law of the walk under Px as a type of "edge oriented

reinforced random walk", see for instance [14].

In the multi-dimensional context (d > 2), there is no known simple classifi-
cation of the asymptotic behavior of the walk in the fashion of (18) and (19)
of Lecture 1. Such a classification of possible asymptotic behaviors of the
walk as far as recurrence, transience, ballistic and diffusive behavior of the
walks are concerned, is still very much "under construction". The method
of the environment viewed from the particle has had so far relatively little
impact on the study of multi-dimensional random walks in random envi-
ronment. There are no explicit formulas as (30), and the existence of the
dynamic invariant measure Q is only known in a few cases, cf. [4], [23], [25].
One substantial difficulty for the mathematical investigation of the model
stems from its genuinely non-reversible character. Until recently few refer-
ences dealt with multi-dimensional random walks in random environment
(see Kalikow [17], for a sufficient condition for transience, Lawler [25] for a
central limit theorem for driftless walks, and Bricmont-Kupiainen [7] for a
central limit theorem for small isotropic perturbations of the simple random
walk, when d > 3). However over the last few years there has been progress
in the understanding of the situation where the walk has a non-degenerate
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limiting velocity thanks to certain conditions which we describe further be-
low. For other recent developments see [4], [6], [45], [46], [47], [48]. We
further refer to [9], [31], [45] for dependent environments, and to [23], [34],
for continuous time and state space.

Traps and spectral considerations

This is maybe one of the most important effects for random walks in random
environment. We have already seen the importance of traps in the one-
dimensional context when discussing (19) ii) at the end of Lecture 1).

Informally traps are "pockets where the walk can spend a long time with
a comparatively high probability". We are now going to define a spectral
quantity to measure trapping effects.

For 4> ^ U C 7Ld, we define

u(x,e)f(x + e), (64)
= l

in other words RYu is the transition kernel of the walk killed when exiting
U. I f < w = ( i ^ > , n > l

R%u f(x) = Ex>ul[f(Xn), TV > n], with Tv = inf{n > 0, Xn £ U},
(65)

the exit time from U.

Observe that
ll#n,JI°o,oo = sup PXtj[Tu > n],

X

and by sub-multiplicativity (||i^+m!J|oo,oo < W.JIoo.oo K,J|oo,oo) we
can define

= I im- i log |K,J|oo,oo G [0,oo]

" (66)
= SUP-- log ||i^J|oo,oo-

71

In other words e~^u^ is the spectral radius of RY^ acting on L°°(U) (cf.
Rudin [33], p. 234-325). The number Aw(f7) quantifies the strength of the
trap created by LO in U. The smaller X,j(U) the stronger the trapping
effect.

One should however be aware that we are dealing with a quite non-
self adjoint situation, see also [5] p. 32, 33, and Aw(f7) offers a quantitative
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lower bound on ||-R^<J| 00,00 (namely as follows from the second line of (66),

1100,00 > e~nXu>(u\ n > 1), but in general does not provide a quantita-
tive upper bound on ||-R^cJ|oo,oo — PXjU1 [ > n]. A trivial example to
feel the problem is:

U — {0 , . . . , n} (depending on n), d — 1, LO: "jump to the right"

1 1 1 1 1 1 1

H V
0 n

then \u(U) — 00, but PO,U[TJJ > n] — 1 which is not dominated by e nX"(u).
The problem comes from the fact that ^(U) only measures an asymp-
totic ability for survival. However the above remark on the non-quantitative
character of Aw(f7) should be taken with a grain of salt, as we will explain
further below, (cf. (75)).

Before expanding on this last remark, let us first discuss the fact that
there is a classification of the strength of possible traps which can be
created by a random environment. To this end we consider the local
drift at x in the environment ui:

d(x,u) — ^ uix, e)e — EXjUJ[Xi - Xo],
|e|=l

(67)

and introduce

KQ — the convex hull of the support of the law of d(0, ui) under P . (68)

"An example of KQ in the plain nestling case"
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The position of 0 with respect to KQ plays a crucial role. Namely (cf. The-
orem 1.2 in [40]), with BL — B(0,L) D 7Ld, and ci,C2 two positive constants
depending on d and the single site distribution \i\

• in the "non-nestling case" (i.e. 0 ^ KQ):

i) P-a.s., c2 < \U{BL) < CI, L > 1,

• in the "marginal nestling case":

ii) P-a.s., H < AW(£L), L > 1, and P [ A W ( £ L ) < ^ ] > 0,L

• in the "plain nestling case":

iii) P-a.s., e"C2L < \W{BL), L > 1, and P[AW(£L) < e"ClL] > 0,L large.
(69)

The above list corresponds to an increasing strength of the possible traps.
In case iii) the rightmost control is for instance obtained by creating "naive
traps" corresponding to the event

TL = {w : Vx € BL\{0}, d(x,«,) • ̂ - < - 7 } , (70)

when 7 > 0 is chosen such that

inf P[(d(0, w) -w)-> 7] > 7 > 0
S41

(using the plain-nestling assumption and P[X > ^ E[X]] > \ § | w , for X

a positive variable).

"A naive trap in the plain nestling case, cf. (70)"
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As was alluded to above, the number \W{U) can be used to produce quanti-
tative lower bounds (i.e. non-exclusively asymptotic) on the probability of
surviving in U. For instance

Lemma 2.1.

For L > 0, n > 0, P0[ |^n| < 2L] > P0[TB2L > n] >-?— E[exp{-nAa;(SL)}]
\£>L\

(71)

translation

Proof. For x £ BL, P0[TB2L > n] > P0[TBL.X > n] i nvai:ance PX[TBL > n], so
that summing over x € Bi:

P0[TB2L > n] > — Y^ P*[TBL > n] = ^ E [ £ PX^[TBL > n]]

(66) second line \

D

There is a-priori no quantitative upper-bounds in general. One can how-
ever introduce for <f> ^ U C 7Ld,

, where iw(f7) = inf < n > 0, ||-Rn,wlloo,oo < ; ? £ { 1 , - - ,00} ,

/* \
yields quantitative upper bound on decay of

(72)

From the inequality e~Xu>Wtu>^ < | , when tu(U) < 00, we infer

K,(u). (73)

Of course these numbers can be very different, for instance in the example
given above (67), Aw(?7) = oo, but Aw(?7) = %& !!!

However one can devise an upper bound for Aw(f7) in terms of A
and when Aw(f7)|f7| is small then Aw(f7) is small as well:
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Lemma 2.2. (<f> ^U finite, u g f i j

~ 2
there exist XQ € U, such that PXo u,[HXo > Tu] <

(HXo — inf{n > l,Xn — XQ} the hitting time of

^ (75)

or equivalently:

Proof. For some x\ € U, \ < PXI,U[TJJ > tw(U)] and by a classical Markov
chain calculation

> Ttr] mf Ptf>w[fftf >

and (74) follows. Then observe that for y € f7

fe ] n < Py>w[TD- > n] <

(this has very much the same flavor as (52)), and hence taking the n-th root
and letting n tend to infinity:

P%uj[Hy <Tu] = l - Py^Hy > TV]. (76)

If we now choose y — XQ, we obtain our claim. •

Observe that (75) offers some quantitative upper-bound on the decay of
||.R^J|oo,oo (via an upper-bound on tw{U)) from the knowledge of XW{U) and
\U\. This is the grain of salt alluded to after the example above (67).

We now turn to the discussion of ballistic walks, and begin with the
definition of conditions which have far reaching consequences.



Topics in Random Walks in Random Environment 227

Conditions (T) and (T'):

• Ue,b,L — { x e /L , - o h < x - i < L )

TUtbL=wf{n>0,Xn$Utjb,L}

\
exit time from

Definition 2.3. (I € S*'1, 0 < 7 < 1)

The condition (T)7 holds relative to £ €. 5 d - 1 (notation: (T)7|£^; if

for all £' € 5 d - 1 in a neighborhood of I,

Em L-T log Pot^r. • £' < 0] < 0; for all b > 0.
(77)

Terminology:

• The condition (T) relative to I is (T)7=i \£

• The condition (T') relative to I is (T)7|£ for all 0 < 7 < 1.

It is clear that:

(T)|£ => (T)\l => (T)7|£, for 0 < 7 < 1 • (78)

The belief is that in fact the above conditions are equivalent. Some partial
results in this direction are known, (for instance this is known when d — 1,
and all conditions in (65) are equivalent to Po[lim^n • •£ = 00] = 1, see
Proposition 2.6 of [40], and when d > 2, (T)\l <^> (T)7|£ if \ < 7 < 1).

We will now provide an equivalent formulation of (T)7|£ in terms of
certain regeneration times.
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Notation: for I G S*"1, u € U,

T!. = infln > 0, Xn • I > u\, T* = inf{n > 0, Xn • I < u\

(79)
Dl = inf {n >0,Xn-i<X0-i}.

Assume that
P0[lim Xn • £ = oo] = 1 , (80)

n

then for an arbitrary a > 0, we will define a random variable TI, Po~a-S- finite
which is "the first time where Xn • t goes by an amount at least a above its
previous local maxima and never goes below this level from then on", (this
variable will not be a stopping time relative to the natural filtration of Xn).

WV \/M2 + a

/ a
"0

More precisely:

SQ — 0, Mo = XQ • £; (0: canonical shift on space of trajectories)

Si = Tffo+a < oo, fli = ^ o 0Sl + Si < oo,

Mi = sup{Xn • £, 0 < n < Ri} < oo

and by induction:

Sfe+i = Tfth+a < oo, i?fe+i = D* o 0S/fe+1 + Sk+1 < oo,

Mfe+i = sup{Xn • I, 0 < n <
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With (80) it is not hard to show (see Proposition 1.2 of [43])

P0[De — oo] > 0, and Po"a-S- K < oo, provided

K — inf{& > 1, Sk < oo and Rk — oo}.

We can then define the regeneration time

T\ = OK • \P")

As we will now explain the conditions (T)7|£ can be rephrased in terms of
an estimate on the size of the trajectory Xk, 0 < k < T\, (cf. [41], Theorem
1.1).

T h e o r e m 2.4. (I € S"*"1, 0 < 7 < l ; a > 0 ;

One has the equivalence

ii) (80) and for some c > 0, Eo[exp{c sup |Xfc|7}] < oo . ^ '
<fe<

Sketch of proof: For simplicity we assume 7 = 1 .

i) ^^- ii): We choose an orthonormal basis (fi)i<i<d of R^ with / i = I, and
for each 2 < i < d, unit vectors l{j+, l{t- in R / i + R / j , such that:

ti,± • h > 0, £i,+ -fi>0, ii,- • fi < 0, a n d (84)

iim L~l logP0[XTu • g < 0] < 0, for g = i, ii&, £ and 6 > 0.

(85)

We can now pick numbers ai,± > 0 large enough so that
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V

V= {x G Ud, \x • £\ < 1, x • £,± > - 1 , for i = 2 , . . . , d}

C {a; G Rd , a; • £i;± < aj, is a compact set).
(86)

(Such a choice is possible because \x • £\ — \x • / i | < 1 and \x • fi\ is bounded
for i > 2, when x G 2?}). Then define for L > 1:

AL = {a; G Kd, £ • a; G ( -L, L), £ i j± • a; > - L for i = 2 , . . . , d}

C LT>n7Ld (so AL is a finite set).
(87)

Because of (77), we see that X, tends to exit A^ "through the right". Namely
if TAL is the exit time from A^,

(88)lim L~l log P0[TAL <T[}<0.
L-KX>

Note that P0[T[ = oo] < PQ[TAL < T[] ^ ^ 0 and hence

Po-a.s. lim Xn • £ = oo . (89)
n

As a next step we observe that

lim L" 1 log Po \T{ o6Ti < T | , o 9Te] < 0. (90)
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Indeed:

P0[T{oOTi < Ti o9TA < P0[TAL < T[]+P0[T{ O 9Ti < Ti o 9Ti,TAL =

2 L 3 ^ 2 ^ 3 ^

using translation invariance and the strong Markov property

< P0[TAL < Ti] + |0AL| PQ[f\ < Ti]
2 3

and (90) follows from (88).
Applying Borel-Cantelli's lemma:

P0-a.s. for large integer L,T{ <T[ + T{O 0Ti . (91)
ZL 2 L

So on a set of full Po-measure we can construct L& € N f oo, with Lfe+i =
[| Lk] and T/fc+i < T^+T^ o0 T | , for A; > 0. This implies that (80) holds,

i.e.
Po-a.s. lim Xn • £ — oo.

n

(as noted above (81) follows). For the next lemma we use the notation

M = sup{Xfe -e-X0'£, 0 < k < D1-}. (92)

Lemma 2.5. (Assuming (80)^

Under PQ, XTl • t is stochastically dominated by a + 1 + Gj, where
Go — 0 and Gn «s the sum of i.i.d. variables Mi,..., Mn distributed
like M + a + 1 under PQ[ -\D* < oo] and J «s an independent geometric
variable with parameter PQ[D^ < oo].

(93)

Sketch of proof of Lemma 2.5: F(-) > 0, non-decreasing, then

EO[F(XT1 • 1)] ( 8 i } ^ E0[F(XSk • I), Sk < oo, Dl o 0S/fe = oo]

[ jk ), Sk < oo, XS/fe = x] Px,w \Dl = oo] ]
fe>l jjgzd " v ' " v '

a(ui(y,-);i-y<i-x)—meas. a(ui(y,-);i-y>i-x)—meas.

independence v1 IT FfiVV ^\ « / ^ l P f n < ™1

(94)
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Then for k > 2:

E0[F(XSk • l),Sk < oo] < ^ [ ^ ( M f e . ! + a + 1), 5fe_i < o o , ^ o 0 ^ < oo]

i + a + 1), 5fe_i < oo, X ^ = x, D1 o 0Sjk_1 < oo]

and arguing as above

< £0 ^ P ^ • i + M), Sk-i < oo] P0[D* < oo]
by induction f^/u -,\

< £ o x ^ ( }[F(a + 1 + Mi • • • + Mfc_i)] P o [ ^ < oop" 1 )
(95)

and one checks directly that (95) also holds when k — 1. Inserting this in
(94) we find EQ[F(XT1 • £)] < £?[F(a + 1 + Gj)], and our claim follows. D

As a result for c > 0,
E0[exp{cXT1 • £}]

< e<a+VPv[Dl = oo] S

(96)
and if we show that for some c' > 0, £ro[ec'M|.E^ < oo] < oo, it will follow
that for some small c > 0,

E0[exp{cXTl • I}] < oo. (97)

To finish proving (97), note that for large k

and E(j[ec M\Di < oo] < oo for some c' > 0, easily follows and (97) as well.

We can now finish the proof of i) ==$- ii). We pick r > 0 such that
V C B(0,r) (see (86)) and hence AL C B(0,rL). Then for large u > 0:

sup |Xn | > u] < P0[TA u < n ] < P

(97),(88)
< exp{-constn}M l

and ii) follows.
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ii) =>• i): Under (80), one can in fact use T\ as a regeneration time and see
that under PQ, XTl+. — Xn has same distribution as X. under PQ[ -\D^ — oo]
and then iterate:

T2 = T-\_{X) + Ti(XT1+. — XT1) (— oo, if T\ — oo), and by induction

rk+1 = Tl(X) + Tk(XTl+. -Xn), (see [43]).

One obtains the crucial renewal property:

under Po, (XTlA.), (X(Tl+.)AT2 - XT1),..., (X(T/fe+.)AT/fe+1 - Xn) (99)

are independent and except for the first variable distributed like (XTlA.) un-
der
P0[-\Di = OO].

Incidentally note that Tk+i — Tk is indistinguishable from a measurable
function of
((X(T/fe+.)AT — XTft), (namely the first time when the trajectory remains
from then on constant).

Prom the integrability of supfe<Tl \Xk\ under P Q H - ^ — °°] a n d the law
of large numbers, we easily deduce that

P0-a.s., \Xn\ -> oo and ^ - , v=
\X\

and of course v • t > 0.

The next step is that one considers for e > 0, u > 0

C£'u the intersection of TLd with the cylinder uR(( - e, ̂ ) x Bd-i (0, | ) )

(B:(d- l)-dim. ball)
(101)

(R some rotation such that R(ei) — d).

Ce,u

0
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One has with the help of the exponential bound in ii), the renewal property
(99), and a Cramer-type large deviation control,

Ihn" n"1 log Po \TCcu < i f 1 < 0, (102)
U—>-0O e

(see Lemma 1.3 of [41] or Lemma 2.3 of [40]). But since v-l > 0, by making
e > 0 small in (101), i) follows immediately. •

Remarks: 1) Under (T)7|£

PQ-SL.S., \Xn\ —> oo and " —> v € Sd~l deterministic, and (103)

(T)7 \£' holds if and only if v • £' > 0. (104)

2) Note that in i) we have only used the fact that

lim L" 7 log Po [XTu • t < 0] < 0, for b > 0,
Jj £ ,b,L

for finitely many £' such that V in (86) is a compact subset of

Open problem: Is (T)7|£ equivalent to

lim L-T logPo[XTutibiL • £ < 0], for b > 0,

(in other words: only £' — t is needed)? •

As we will see (83) i) and (83) ii) have different merits. On one
hand (83) i) will be more appropriate to derive sufficient criteria for checking
(T)7 or analyzing possible equivalences of these conditions, cf. below (78).
On the other hand (83) ii) together with the renewal property (99), will be
more handy to derive consequences of (T) or (T') on the asymptotic behavior
of the walk.

3 Checking conditions (T) and (T')

We are now going to discuss various ways of checking conditions (T)
and (T').

Conditions (T) and (T'), cf. (77), require a control on the large L asymp-
totics of the exit distribution of X. from slabs U^L, under PQ. This is not
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a-priori an easy task, since in particular the walk X. under PQ does not
have the Markov property. We will now discuss two ways of handling this
difficulty.

Kalikow's approach: The idea is to reintroduce a Markovian character to
the problem by introducing certain auxiliary Markov chains, following
[17]. Namely, for U £ TLd a connected subset containing 0, one defines a
Markov chain with state space U U dU and transition kernel:

&, x -f a —
{0, x, w)J (105)

Pu(x, x) = 1, when x G dU (d= {z G f/c, 3a/ G tf, |z - z'| = 1}),

here we use the notation "gui'i '•>w) f° r * n e function:

Tu
gu(x, y, u) = EXjU1\j2 l{Xn = y}] , (106)

0

which is a slight modification (on dU) of the Green function, cf. (164). We
denote by Px>u the law of the canonical Markov chain starting at x G UUdU,
corresponding to the transition kernel (105). The interest of this notion
introduced by Kalikow is

Lemma 3 .1. / / PQ,U[TU < oo] = 1, then Po[Tu < oo] = 1 and XTu has
same law under Po,J7 and Po-

(This "reduces" the calculation of the exit distribution of X from U
under Po, to a Markovian problem).

Proof, (the i.i.d. character of P , plays no role).

For x G U U dU, u G fi, we deduce from the simple Markov property the
following equation:

gu(0, x, w) = S0jX+^2 gu(0, y, w) w(y, x-y), with u(x, z) = 0, when \z\ ^ I

Integrating over P , we obtain

Egtr(0, s, w)] = (̂ ô  + ^ Egtr(O, y, w) u(y, x - y)]

(107)
)



236 A.S. Sznitman

Moreover:

gu(x) = %,v [ £ l{*fc = x}\, x € U U 8U, (108)
fe=0

is the minimal non-negative solution of the equation:

f(x) = 60,x + £) f(v) ?u(y, x-y), f:UUdU^U+, (109)
yeu

(one observes that du,n(x) = -E'o,J7[X]̂ =o™ H^fe — x}] satisfies:

9U,n+l{x) = ^0,x + Y 3U,n{v) PuiVi x ~ V) >

and by induction one also sees that / > ~gu,n, s o that letting n —> oo, / >
follows).

Hence from (107), we find

gu(x) <E\gu(0,x,u)], xtUUdU. (110)

Moreover, for x € dU,

gu(x) = P0,u[Tu < oo, XTV = x], E,\gu(0,x,u)] = Po[Tu < cx>,XTu = x]

and by assumption YlxedU §u(x) — ̂ > s o that from (110) we obtain

gu(x) = -E\(ju(0,x,u>)]; x £ 3U.

(It is also not hard to see that this equality in fact holds for x € U and as a
by-product of summing over x in U, one finds that EOtu[Tu] — EQ[TU]). •

One way to make use of this is to introduce the auxiliary local drift:

Mx) = ExpiXi -X0],x€UUdU, (111)

and introduce the Kalikow condition relative to t € 5 d~ 1 , (Notation
(K)\£):

inf du(x) -1 = e(l, n) > 0. (112)
U£U

As we now see it implies condition (T) (and hence (T')).

Proposition 3.2. (£ G Sd~1,d> 1)

(K)\£^(T)\£ (113)
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Proof. We can find 7 > 0, such that for 9 G [0,1], \u\ < 1,

\e-
0u - 1 + 9u\ < j92 .

Hence for n > 0, U as in (105): with (^n)n>0 the filtration of X., x €

W V ^^( n G U}

EXn>u[exp{-9(X1 - Xo) • £}]), Px,u-&.s..

Because of (112), for 0 < 9 < 9(e), and y G U:

Ey,u[e-9{Xl-XoH} < 1 - 9dv(y) -£ + J92<1. (114)

Hence we have:

e-9(e)xn-i^ n > o, is an (J>i)-supermartingale under PXJJ . (H5)

Prom the stopping theorem we immediately obtain:

iim L" 1 log Po \XTu • £ < 0l < -W(e) < 0 (116)

(recall the notations above (77)).

Note also that (K)\£ =$• (K)\£' for all £' in some neighborhood of £, so
that applying (116) to such £', we obtain (T)\£. •

One can then provide conditions (much more explicit than (112) which
imply (K)\£ and hence (T)|£.

Proposi t ion 3.3. (£ G 5 d" 1 ,d > 1̂

J/E[(d(0,w) •£)+] > - E[(d(0,w) •£)_], i/ien (K)\£ and hence (T)\£ hold.
(117)

(K is defined in (60)^.

Proof. For U as in (105), and x G [/", by a standard Markov chain calculation:

9u{ ' 'w ) = P [ ^ > r F ] E
|e|=l
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(Hx: entrance time, Hx: hitting time). Now
l P F P[

(0,x,u)] L £ u(x,e)Px+e,UJ[Hx>Tu]
|e|=l

< 2V]

i

J

E[<ft/(O, x, u)] Lmax
|e|=l

and using independence

(x,
1 . .

(d(x,

E
e|=l

(118)

and our claim follows. D

With the above proposition we already have a variety of concrete situa-
tions where (T)|£ holds. We will now discuss another approach to check (T')
(and possibly (T) but this is open for the time being).

Effective Criterion:

d+B

L + 2
sV^L-2

Notations: £ € Sd~\ R is a rotation of Ud with R(ei) = £, L > 2, L > 0,

£ = fl((-(L - 2),L + 2) x ( -L,L)^ 1) n ^ : a box

d+B = dB D {x £ 7ld, £ • x > L + 2, \R(ei) -x\<L, for each i > 2}
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One has an equivalent characterization of (T')|£ in terms of moments of the
PB'S. Note that pB has some flavor of p in (17).

Theorem 3.4. (I G S*-1)

(T')|£ is equivalent to

i y i d ~ 1 ) } 1 (120)

where B in the above infimum varies over the collection of boxes B corre-
sponding to an arbitrary rotation R, L > C2(d), and ZVd < L < L3, and
ci(d), C2(d) are dimension dependent constants bigger than one.

Remarks: 1) The interest of the theorem comes from the infimum in (120)
and the effective character of (120). In other words it suffices to find a box
B and an a for which:

to know that (T')|£ holds. If this is the case the infimum in (120) is in fact
0.

2) The condition (120) has some flavor of the condition E[p] < 1, in (19),
in the one-dimensional case, which ensures the ballistic behavior of the
walk. In particular (120) involves a small denominator question (namely
POJUJ[XTB G d+B] may be small), which is related to the possibility of atyp-
ical exit probabilities of the walk, a phenomenon which is related to the
occurrence of traps in the medium. •

Some comments on the proof: (for more details see Section 2 of [41])

• (120) => (T)\t

The idea is to define a sequence of boxes B^, which grow, but not too fast,
and tend to look like "infinite slabs", and use a control on a moment of pBk

to obtain a control on a moment of PBk+1- This is a "renormalization
method", where a certain induction hypothesis concerning the smallness
of certain moments of psk is propelled "from one scale to the next scale".
Specifically one defines for a suitable no G (0,1]:

(const(d)\k k(k i) j (Lk\
3

T , .
Lk - I ) 8 2 L0 ) Lk - I — I Lo (121)
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, -* ,and one controls for a suitable ao € (0,1], E[/9g°2 "], (one shows that

c(d) L^Lk E [tfg-h] < K"° i* , (122)

by induction). Note that

and from (122) one can prove that for some c > 0,

iim L~l exp{c(log L) 5 } log P o [ ^ & L
< 0] < 0, for all b > 0 . (123)

Then by a perturbat ion argument one shows that a similar control as (120)
holds for all small enough perturbations £' of I and one obtains for (! in a
neighborhood of t controls like (123), which in fact is more than enough to
show (T')|£.

In fact we explain (T)7 |£ =^- (120), when \ < 7 < 1, which of course implies
the claim.

We choose the box B of the form:

L large, L — AL, where A is some constant (depending on {T,I)

R any rotation with R(ei) — £.

C£>L

(124)

L = AL

L-2 =—= L + 2
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If C6'1* is defined as in (88), choosing e > 0 small we have for all large L:

PQ,W [Tl = TCC,L] < POAXTB e d+B]. (125)
e

Hence for a G (0,1] and c > 0:

nP%\ < nP%,P»AXTB € d+B] > e~cL1] + TE[P%,P0,U1[XTB G d+B] < e~cL

using the fact that E[Za] < E[Z]a, for Z > 0, since 0 < a < 1,

< eacL7 P 0 [ ^ r s £ d+B]a

using ellipticity

(125) K-c(d)aL

< eacL1 Po [Tf > TCc,L]a + 3 ^ Po [Tl > TCC,L] .

(126)

Now under (T7)|£, the control corresponding to (89) is:

lim n" 7 log P0[TCe,n < i f ] < 0. (127)

Hence choosing a — L~2 and c sufficiently small in (126), we obtain:

EmL-fr-^logEIpjf *] < 0, (128)

and this is more than enough to prove (120). •

We see that (120) implies already a condition which formally looks stronger
than (T)\£, cf. (123), (77), (78). One has in fact the

Open problem: Are all (T)7|£, for 0 < 7 < 1, equivalent? (And of course
then equivalent to (120)).

The effective criterion is interesting from different perspectives. On
the one hand it is a theoretical tool: for instance we have seen thanks to
(121) that

for \ < 7 < 1, I (E S*-1, (Ty)\£ and (T)\£ are equivalent. (129)

One can also rather easily check with the help of (120) that the set of single
site distributions fj, on VK (we have P = /i®z ) for which (T')|£ holds is
open for the weak topology (i.e. (T')|£ is stable under small perturbations
of the distribution). This is not so clear from the definition of (T')|£ in (77)
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or even from (83), on the other hand the continuity of /J, —> E[/9^] for B,
a as in (120), is straightforward. Indeed, PQ^[XTB G 8+B,TB < M], for
M —> oo, are polynomials with positive coefficients in the variables UJ(X, e),
x G .B, |e| = 1, which uniformly in w converge to PQJW[XTB G 0+-B] which is
uniformly positive by ellipticity. This continuity and (120) now implies the
claim.

On the other hand the effective criterion as we later will see is also an
instrument to construct examples where (T') holds.

4 Asymptotic behavior under (T) and (T')

We will now discuss some consequences of conditions (T) and (T').
This will explain the interest of these conditions.

Law of large numbers and central limit theorem:

The full strength of conditions (T) or (T') appears when d > 2. When
d — 1, (T)7|£ is equivalent to Po[lim^n ••£ = oo] = 1, for any 0 < 7 < 1, and
I — ±1 , cf. [41]. Hence in the one-dimensional context, all these conditions
are equivalent to a transient behavior of the walk in the direction £, and as
we have seen in (18), (19) ii) this may happen without a ballistic behavior
of the walk. The multi-dimensional case turns out to be different.

Theorem 4.1. (d > 2, I G Sd~l, under (T)\l)

Po-a.s., — —> v deterministic with v • £ > 0, (130)

Bn = X{.n] -[•»]» converges in law on the space D(B+,B*) (131)

of right continuous Mr-valued trajectories

with left limits, to a Brownian motion with

non-degenerate covariance matrix A.

Sketch of Proof: With the help of the renewal property (99), the law of large
numbers follows in essence from the estimate:

= oo] < oo, (132)

and as a matter of fact

_ E0[XT1\D* = oo]
V
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In a similar vein the functional central limit theorem follows from the esti-
mate

E0[rf\De = oo] <oo , (134)

and the limiting covariance is then:

A ~ E0[T1\D* = oo] •

For details see [43] and also [39]. In some sense proving (130) and (131) boils
down to controlling the tail of T\. We discuss these estimates further below.
•

Open problem: When d > 2, are (T') or (T) characteristic of ballistic
behavior: does a strong law of large numbers with non-vanishing limiting
velocity imply (T) (and of course (T'))? More generally, does (80) imply

Tail estimates on the regeneration times
As we now see under (T') (and of course (T)), n has finite moments of
arbitrary order under PQ, when d > 2. This is quite different of the one-
dimensional situation, and this feature should be viewed as a reflection of
the weakening effect of traps as dimension increases.

Theorem 4.2. (d > 2, under (T')|£, a > 0) (a enters the definition of T\
above (81),)

Po[n > u] < exp{-(logn)a} ; for large u,
2d ( 1 3 6 )

when a < -—- (<— number bigger than 11) .

Let us mention that in the plain nestling situation, under the above assump-
tions, we can use the naive traps discussed in (70) and obtain the lower
bound

Po[n >u]> exp{-c(logn)d}, for large u. (137)

Essentially one chooses L — K logn, with K large and one constrains the
walk to remain in Bi up to time [u] + 2 and be in 0 at time [u] + 1 or
[u] + 2, depending on the parity of [u], which happens with a not too small
probability > exp{—const(logn)}, uniformly for w in the trapping event 71
of (70), if K is chosen large. On the other hand P[7L] > exp{—const Ld} in
the plain nestling situation, and (137) easily follows.
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Sketch of proof of (136): We will explain how certain estimates on the occur-
rence of atypical quenched exit dis t r ibut ions of the walk from certain
asymmetric large slabs are crucial in the derivation of (136). We need some
notations:

G [0,1], and Upj, = {x£7Zd,x-l£ (-L^, (138)

We want to control the P-probability that Po,w [XTV • I > 0] is atypically

small, (this should not be confused with (77)!).

naive trap
of size K L?

Plain nestling situation

"An event ensuring that PQui[XTu • t > 0] < e~cL0v~cL0v

The crucial role of such controls in the derivation of (136) comes from the

Proposition 4.3. (d > 2, (T)\l)

Assume (3 G (0,1) is such that for all c > 0,

1
lim

L—>-oo L
8,L

£ > 0] < e~cL ] < 0, then

lim (logn) ^ log P0[n > u] <0, for any ( < - ,
u—>-oo p

(139)

(140)

(when (T)\£ holds one can choose ( — \).
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Proof. We choose some ( as in (140).

We define An = 8\ogu and L(u) — A(n)? ^> A(n), where 8 > 0 is small
and chosen below (143). Then for large u,

Po[n >u}< P0[TI > u,TC L ( U ) < n ] + Po[TcL(u) > u] , (141)

with the notation Cr — (—§, | ) d . Since TcL{u) < n forces sup0<fe<Tl \Xk\ >

~Y^-, applying Chebychev's inequality and (83) ii) with 7 close to 1, so that

% > C> w e obtain for large u:

< exp{-(logn)c} + Po[TcL(u) > u] .

We thus only need to estimate the last term. In the notation of (72) we
have:

PO[TCL(U) >u]< EIPO^TC^ > u], tw{CL{u)) <

Markov
property

(logu)'

[ u -1 property /1

(logn)? J (74) V2
(142)

P[for some x0 G CL{u), Px^[HXo > TCL(U)] < - |CL ( u ) | ( togu)?].

On the event inside the above probability, for x ^ XQ

PX0AHX0 > TCL(U)] > PX0[HX0 > Hx] PXfi,[HX0 > TCL(U)] . (143)

Hence choosing x ~ xo + 2A(n)£ (recall x G ̂ d ) , provided ^ = ^(d, K) (K the
ellipticity constant) is chosen small, for large u we find

' ~* \H >Tn 1 (144)
1 *

+

"One way to exit CL(U) before reaching XQ when starting at x"
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Note that - ^ = e " ^ A ( u ) = e"^L ( u ) ' 3 , so that from (139), (142) and trans-
lation invariance, for large u:

u]
(139)

< exp{—const L(u)}.

Together with (141), the claim (140) follows.
•

In view of the above Proposition, the heart of the matter in the proof of
(136) comes from the crucial estimate:

Theorem 4.4. (d > 2, (T)\i)

For c > 0, /? G (0,1),

e~cL0[XTu0 L4 > 0] < e~cL0\ <0fora< [ ^
(145)

(one can replace Po,w[^7V -^ > 0] by \U(BL) in (145), see Proposition 4.7
of [40], where this is shown under (T), but also holds under (T')^

a = d/3

a — 2 ,

(lower bound in the plain nestling case,
see below (138);

L (general upper bound, see (145),)

d+l

For details about the proof of (145), we refer to Lemma 3.2, 3.3 in [41].



Topics in Random Walks in Random Environment 247

v limiting velocity

o — - + e 4— small

+ 1 - X

The idea of the proof of (145) for \ < (3 < 1, and a < d(2(3 - 1), is to
construct within distance ~ L@ of 0 a number of potential escape routes for
the walk along thin tubes in the direction of the limiting velocity v. These
tubes are made by piling up smaller boxes of height Lx and base of size Lx^°
with flo close to ^. One uses a renormalization step showing that if a certain
estimate holds on the smaller boxes then the probability that none of the
escape routes along the tubes yields a probability at least e~cL to exit UptL
through the "right side" is smaller than exp{—L^2^"1)"^} (77 small) for L
large.

The case a < a® = ^ - < 1, follows rather straightforwardly from the
previous bound. One defines U — {x € 7Ld,x-l € (—ifl, L7)}, with 7 = ao +
e < 1, (e small). One notes that Po^[XTu-£ > 0] = POjU,[XTu L-l> 0]+rem.,
where rem. = PQ>W[XTV • £ > 0, XTV • £ < 0]. But from Chebychev's
inequality and the control on M below (97), for large L, P[rem. > e~cL ] <

g_L«o j j e n c e o n e o n iy n e e ( j s to estimate PfPo^t^r^ •£ > 0] < e~% L ], when
L is large. But the claim follows from the previous bound and the identity
U = UiL1, with \ < £ < 1, (e is small). •

This completes our sketch of the proof of (136). •
Open problems:

Can one pick a — dfi in (145)?

Can one have an upper bound in (136) of comparable order to the lower
bound (137)?
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Both issues are closely related (cf. Proposition 4.3), and the implicit
question at hand is "whether there is anything truly better than naive traps",
to make T\ big or to provoke an atypical exit distribution from slabs like C^,L?
Note that some traps may not be massive like the naive traps of (70), but
diffuse, and functioning for instance like a fountain which works both with
the help and against gravity.

a diffuse trap
"like a fountain"

Slowdowns: We now turn to large deviations of ^ under PQ or
An interesting effect takes place in the nestling case when we assume
(T) or (T). First of all (cf. Theorem 4.1 of [40])

, v — limiting velocity

"The segment [0, v] is critical in the nestling case"

Theorem 4.5. (d > 2, under (T)\£)

If O is a neighborhood of [0, v], then

Em" - logP0[— i (146)

In the non-nestling case, (146) holds for O a neighborhood of v. In the
nestling case on the other hand, for U an open set with U D [0, v] ̂  0,

lim - logPof—
n n in

= 0. (147)
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Open problem: Prove a large deviation principle for ^ under Po, with a
rate function necessarily vanishing on [0,v], in the nestling case.

On the other hand under PQ,U, one has in the nestling situation a large
deviation principle due to Zerner [46].

Theorem 4.6. (nestling case)

For P-a.e. w, ^ satisfies a large deviation principle on Ptd under PojW with
speed n and deterministic continuous convex rate function /(•) which is finite
on {x € Rd , \xi\-\ h \x,i\ < 1} and infinite outside. In addition when (T)
holds:

{J( . )=O} = [O,t;]. (148)

We thus see in view of (147) and (148) the critical nature of large
deviations of ^ in the neighborhood of [0,v]. Such large deviations can be
viewed as slowdowns of the walk, where the general direction of the motion
is kept unchanged but the pace is slower.

To begin the discussion of this finer effect we start with the case of
walks which are neutral or biased to the right, where the theory is
quite successful and slowdowns are linked to another well-known effect. The
walks are now such that for some 8 > 0:

(149)

ii) P[{w(0, .) = -}]>0, P[{d(0,U) • ei > 8}] > 0.

Note that in view of (117), (T)|ei is satisfied. The description of the critical
large deviations comes in the next theorem:

Theorem 4.7. (d > I, under (149)^

//Mn[0,ti] ^4>, U open

lim n~d+2 logP0 [— G w] > -oo . (150)
n L n J

If O is a neighborhood of v:

Ihn" 7 1 - ^ 2 k ) g P o [ ^ <td\ < 0 . (151)
n L n J

Moreover P-a.s., forll and O as above similar estimate hold under Po,w with

n~dh replaced by
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The above asymptotics are strongly reminiscent both in the annealed
and quenched situation to what happens in the problem of the "long time
survival of Brownian motion among Poissonian obstacles", see [37], Chapter
4 §5.

Intuitively in the annealed situation: ^ ~ v' G [0, v]

usual medium

atypical neutral pocket of size ~ const nd+2

"The configuration presents an atypical neutral pocket where the walk
spends a fraction of the time n before moving close to v'n at time n"

Of course the upper bound (151) is much harder to prove than the lower
bound (150). The crucial control comes from an estimate (cf. [38], Theorem
2.4)

lim u ^+2 log po[n > u] < 0 (152)
n

(compare with (136)), which in turn follows from controls in the case of
walks neutral or biased to the right an analogous role to (145), namely (cf.
[38], Proposition 3.1):

for some p0 G (| , 1), lim" L~d \o%V[P^[XTu • ei > 0] < p0] < 0,
L—>-oo L

with UL = {x € 7Zd, \x • ei| < L}.
(153)

Intuitively in the quenched situation, the walk uses neutral pockets
typically present in the medium "in its way"
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v'n

jyk^ls ~—~- P-typical neutral pocket of size (log n) a

"The walk uses a P-typical neutral pocket where it spends a
fraction of the time n before moving close to v'n at time n"

In the case of walks neutral or biased to the right the role of neutral pockets
is clearly brought to light, and roughly speaking there is nothing truly better
than neutral pockets to slowdown the walk. When d — 1, a critical large
deviation principle has even been proved by Pisztora-Povel-Zeitouni, [30] in
the annealed case and by Pisztora-Povel, [29] in the quenched case.

Open problem: Prove a critical large deviation principle, when d > 2.

In the general case the estimates on slowdowns are less complete, cf.
[40], Theorem 4.3, [41], Theorem 3.4.

Theorem 4.8. (d > 2, under (T))

For U and O as in (150), (151), in the plain nestling case:

Urn (logn)-d logPo \—€U] > -oo , (154)
n L n J

and in the general case:

Ihn" (logn)"a logP0 f— G o] < 0, for a < -^- . (155)
n I n J d + 1

i

(for the quenched estimates (logn) d is replaced by e° °^"— and (logn) a

by £ ec( l os")«;.

Of course (155) is substantially more delicate than (154) and relies in a
crucial way on the renewal property (99) and (136). The rates in the plain-
nestling situation lower bound and in the general upper bound do not quite
match, and the leading role of traps in slowdowns is not fully demonstrated.

Open problem: Can one choose a — dm. (155)? (This question is closely
linked to the open problems below (145).)
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5 Small perturbations of the simple random walk

We now discuss some examples of walks satisfying condition (T"). In
(117), we have already provided with the help of Kalikow's condition (112),
some concrete examples where (T) and hence (T') hold. The class we now
discuss turns out to provide examples where (T') holds but Kalikow's con-
dition breaks down.

We assume d > 3, and for e € (0,1) introduce

Se = {(p(e))|e|=i, with £ P(e) = 1 and \p(e) - ^ | < ^ for each e}

C V _ i in the notations of (60).
K A A V ''id

(156)

The (2d)-vectors in Se should be viewed as "small perturbations" of the
simple random walk. Unlike [7], we investigate an anisotropic situation.

Theorem 5.1. (d > 3)

For 7] £ (0,1), there exists eo(d,r]) £ (0,1) such that for 0 < e < eo, when
the single site distribution \i is supported on S£ and

A = E[d(0, ui) • ei] > 62"^, when d — 3 ,
(157)

when d > 4,

then (T')|ei holds.

One interest of the above result is that it reads the ballistic nature of
the walk directly from an expectation of the local drift with respect to the
static measure P = //®z , and not from an expectation with respect to the
so far unknown dynamic measure Q (cf. beginning of Lecture 1). As we
will later see the fact that the exponents of e which appear in (157) can
exceed 2, plays an important role. It enables to construct examples of walks
for which (T')|ei holds but Kalikow's condition (K)\l is not fulfilled for any
£ G 5 d - 1 . Let us also mention that (157) cannot be replaced by the weaker
assumption A > 0, (for more on this see the remark following the sketch of
proof of Theorem 5.1, above (185)).

Sketch of proof, (for more details see [42]). This is an application of the
effective criterion (see (120)). One shows that for 0 < e < eo(d,rf) and A as
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in (157)

with

(158)

(cf- ( "9) for t h e notations)

and S is the box in the figure below.

As mentioned before in checking (158) there is a problem of a possible
small denominator in ps corresponding to atypical exit distributions. To
take care of this difficulty we chop B in layers of thickness L ~ const e"1.
Since /J, is concentrated on Se, the walk is pretty much comparable to a
simple random walk if one only considers times up to the exit time from a
slab of thickness 2L.

T L ~ const e~l

J A

• 0

i

Lo = NL,N = L3

L0 = \ (NLf

~ const e 4

One shows that for e < ei (d, 77)

< o—const Lo (159)

e-constLo. t e r m controlling exit of B

through dB n {z : sup |jzr • e,-| >
i>2
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with

p(O,u,)=sup { ^ 4 , xeB, x . e i = 0 } , (160)
x ^p(X,UJ) i

where in the notations of (66):

q{x,«,) = 1 -p{x,«,) = PX,U,[T-L < TL\ • (161)

Define the slab U:
U = {xt7Ld, | x . e i | < L } , (162)

then using the fact that Xn • e\ — XQ • e\ — X^o"1 d(Xk,w) • e\ is a PXjUJ-
martingale and the stopping theorem we find

(163)

where

Tu-l

d(Xk,u) • ei I
o (164)

gu(x,z,u})d(z,u) -ei
zeu

(gu stands for Green function of the walk killed outside U).
Now since u(z, •) € Se for all z, L ~ const e"1 (const: small), one sees

with a comparison of Gu with Gv attached to the simple random walk that

p(0,w) < 3 4— we do not have a small denominator problem. (165)

One now wants to see that E[p(0,w)] < 1, and in essence this amounts to
showing that for

L>\UJ) = LrU\fl ' elj(.Uj , (^""]

E[D] dominates the fluctuations of Gu(d-ei)(x) one encounters when writing

(167)

Crucial controls: for a suitable c(d) > 0, when e < €2(^,77):

E[D] >2c\0L
2, and (168)
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2

P[\D(u) - E[D]| > u] < 2 exp ( - —}, for u > 0, (169)
I. 2VD i

where VvD< e2~2, d — 3,

e, d > 5,

and Ao = el"1*, d = 3 , (cf. (157))
= e3"^, d > 4 .

Then with these estimates one has

+ 3\{x € B, x • ei = 0}| P [L» - E[L>] < -cA0L2] .

<cons t (L 4 ) 3 ( d - 1 ) , . f
— v ' <const exp -̂  — c %j

° (170)

W \0L
2 > const (d, r}) e^~v, d = 3,

const (d, rj) e1"77, d > 4,

and hence:
A0L

2 > V^c • (171)

As a result for e < 63 (d, 77)

< l - f AOL,

and inserting this in (159), we find:

f / + e"C°nStL° <^ 2 1 /f
1 — y / 1 — 2 o O

(172)
and this is more than enough to prove (158).

Let us give some comments on the proof of (168), (169) which are the
crucial controls showing that the expectation of D dominates the relevant
fluctuations of D around its mean. For instance for (168), we can write

E[£>] = E[(GtrA)(0)] + E[Gv(d • ei - A)(0)]. (173)

Now because Gu is close to G^, (see notations above (165)), it is no hard
to see that:

(Gu\)(0) > c'(d) XL2 > c'(d) X0L
2 (174)
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so that the same holds for E[G[/(A)(0)]. One wants then to see that E[Gjj(d-
e\ — A)(0)] is small compared to c'(d) XQL2. Observe that E[d(x,uj)-ei —A] =
0, but \d(x, UJ) • e\ — A| can a-priori be of order ~ e ̂ > Ao (see below (169)),
and to prove that E[Gjj(d • e\ — A)(0)] is small compared to c'{d) XQL2 one
needs to use cancellations. One writes (see (118))

Gu(d• e i - A)(0) = TV] (175)

and introducing

Px,ui - Px,ux, where uJx(y, •) is w(y, •), for y ̂  x, and E[w(0, •)], for y - x ,
(176)

one can single out the effect of ui(x: 0) in the denominator through:

TV]+

iei=1
ii def

8(x,e)

Coming back to (175), using an expansion and the fact that:

— x Id v - < -

Tu]

(177)

8(x,e)Pl+e'"[Hx>Tu]

PA* <<
K ~ K ~ 2

one finds:

Gu(d'ei-X)(0) = , where

(z, w) • ei - A)

^x,wl-nx > J-u\

(observe that using independence E[A] — 0)

{d(x, uj) • ei — A)B — —
x(zjj Px,

\C\ < c(d)e3L2.

. Px

;, e) _
P

x+eul
[Hx

= l

(178)
Note that e3L2 <C AoL2 for small e. However if one brutally bounds B, one
obtains \E[B]\ < conste2L2 and e2L2 ^> Ao-k2, which is a serious matter,
since we plan to show that E[Gu(d • h - A)(0)] = E[A] + E[B] + E[C] is
small compared to c'(d)XoL2\
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To overcome this difficulty, observe that

tf(z,e) = 0, (179)
|e|=l

so we can introduce a counterterm in the last sum in B not depending on e
and obtain:

B — — } =rJ—~ (d(x,uj) • ei — A)
P [ H > J

E -J7 x Px+e,w[Hx > TJJ] — Px+eiUJ[Hx > TJJ]
o(x,e) = ~

|e |=l Px,w[Hx > Tu]

and then one finds in a rather straightforward fashion

\E[B]\ < const e2 ^ gu(0,x,u) \gu(x + e,x,u) - gu(x + eux,u)\

with the notation of (164) for the Green function.
Now the idea is that when x is in the bulk of U, i.e. far from dU, gu(x+

e, x, UJ) —gjj(x + ei,x, UJ) is close to the same expression where gjj is replaced
by the Green function of the simple random walk, but because of the isotropy
of the simple random walk, the corresponding expression vanishes. On the
other hand when x is "close to dU", then gu(x + e,x,UJ) — gu(x + ei, x, UJ)
need not be small but X^close to9*7 9U(0,X,CJ) <C L2 since the walk will not
stay too long near the boundary of U where it can get killed. In fact one
shows:

|E[B]| < const e2 x (elogL + i ) L2 < A0L
2 , (181)

and this is how the above "special cancellation of the e2L2 term" potentially
present in B enables to prove (168).

The bound (169) controlling the fluctuations of D is obtained by using
the "martingale method" (see Proposition 3.2 of [42]), i.e. by considering
the martingale

Hn = E[Gu(d • ei)(0)\Gn], with Qn =a(u(xu •), • • •,u>(xn, •)),

n > 0, {0, ft}, for n = 0 , (182)

(so Hn = Gv{d • ei)(0), Ho = E[Gtr(d- ei)(0)]),

with Xi,i > 1, an enumeration of U. By showing that

\Hn — Hn-i\ < 7n <— deterministic numbers, (183)
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one finds with a slight variation on Azuma's inequality, cf. [1], that for u > 0,

2

n\Gu(d • ei)(0) - E[Gu(d • ei)(0)]| > u] < 2 exp { - ^ ^ } • (184)

"-1
In spirit, to prove (169), one shows that

"7« < const ego,u(O,xn)"

where go,u(^,y) — (Gu^y)(x) is the Green function of the simple random
walk killed outside U, (the actual control on j n are slightly weaker).

Note the heuristic bound on X!n>i Tn:

Y^ <?9o,u(°> x)2 ~ e2L ~ e « (A0L
2)2, when d = 3,

e2 log L ~ elog - < (A0L
2)2, when rf = 4,

e2 < (A0£
2)2, when d > 5 .

This provides some rationale for the value of Ao, see (157) and (169). •

Remark: It is a natural question whether one can replace (157) with the
weaker condition A > 0, and derive a similar conclusion. This is not the case
and some examples where E[d(0,w)] ^ 0, and the walk exhibits a diffusive
behavior can be found in the article [6]. •

Back to Kalikow's condition:

We now explain how the above result provides examples of walks for which
Kalikow's condition does not hold for any I € Sd-1 but (T')|ei is
satisfied.

In particular, unlike what is known to happen when d — 1, cf. [43],
Kalikow's condition does not characterize ballistic behavior when d > 3.

To describe the example, we consider d > 3 , 0 < e < l , 0 < p < l and a
law fj, on Se (cf. (156)) which is:

invariant under the rotations of TLd preserving ei, (185)

and such that

varP(u;(0, ei)) = varP(u;(0, -e i ) ) > pe2 , (186)

covP(w(0,ei),w(0,-ei)) < (1 - p) varp(w(0,ei)). (187)
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One possible example of such a law corresponds to choosing an isotropic
on .Si for which:

2

var^(p(ei)) > pe2, cov^(p(ei), p ( -e i ) ) < (1 - p) var?(p(ei)) (188)

and defining /i as the image of j2 under the map

p(e) -> p(e) + ^ e • ei, for |e| = 1 (189)

with A a number in (—^, ^ ) .

We now introduce

U+ = {y G Z d , y • ei > 0}, ?7_ = < 0} , (190)

and recall the definition of the auxiliary local drifts djj+(-) and djj_(-) in
(111).

U- u+

Proposition 5.2. (under (185), (186), (187);

With A = E[d(0,w) • e\], provided:

K2

then
du+(0) = v+ei, dv_(0) = i/_ei, tui 0, ^_ < 0,

(191)

(192)

(and hence (K)\l fails for every £ G Sd 1).

Sketch of proof: Note that when R is a rotation preserving 7Ld, u G fi,

under Pa;,a;, (-R(^n))n>o is distributed as X n under

PR(x),Rw w i t n (Ru)(y,e) = ^ ( ^ " ^ y ) , .R" 1 ^) ) .
(193)
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Using (185) if R is a rotation preserving e\ and sending ej in —ei, for a given
i > 2, we see that for f7 = [/+ or U-, with the definitions (105), (111):

_

(because <ft/(0,0, Rw) — gjj(0,0,u}) and d(0, Rui) • ei — —d(0,uj) • ei) and
hence

du(0) is colinear to ei, (recall here f7 is C/+ or U-). (194)

Moreover by an analogous calculation as in (175) - (178)

E[gu(0,0, u) d(0, u) • e{\ = au + pu + -ru, (195)

where with the notation (176), (177)

(where we have used (179) and Y,\e\=i ^(0>e) ^.wt-ffo <

l 7 l r | < 2 ( - ) (- <- because of (191)) .

We will now see that "/3j7 dominates". In contrast to the situation above
(181), the boundary effects are now predominant. Indeed using indepen-
dence:

|=l Po,o;[-ffo

Note that by (185) and (193),

E e '" ~ remains the same for all e with e • ei = 0. (196)
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So using (179), we find:

Pu = -E\(6(0,ei) -S(0,-ei))(S(0,ei) + S(0,-ei))] E|

- £ *(0,e)
e-ei=O

e=±ei

Note that because varp(w(0, ei)) = varp(w(O, —ei)) the first term vanishes
and we find

(186)-(187)>/92e2

Pu = [varP(w(0, ei)) - covP(w(0, ei), w(0, -ei))]

0,o;[ >

Therefore specifying f7 = f7+ or f7_ we find

Pu+ > W2e2, Pu- < ~np2e2, (197)

and hence by (195) and (197)

^22 2 2 ^ y (198)

whereas

;)] < ^ e 2 - np2e2 + 2 ( ^ ) 3 (199)

and the claim (192) follows. •

Combining Theorem 5.1 and the above proposition, we see that for p, rj €
(0,1), we can find H(d,r],p) € (0,1) such that when /J, concentrated on Se

satisfies (185), (186), (187) and

el"7* < A < ^ p2e2, when d = 3,
(200)

e3"7? < A < y p2e2, when d > 4,
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then (K)\e fails for every I € S"*"1, but (T')|ei satisfied (and the walk is
ballistic).

This concludes this brief account of some of the recent advances concern-
ing random walks in random environment. Some of the ideas and paradigms
discussed in these notes are currently investigated for diffusions in random
environment, cf. [23],[34], and for dependent environments, cf. [9],[31],[45].
Hopefully it will clear from reading these notes that although some issues
are better understood, much remains to be done.
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1 Introduction

A perfect matching of a graph is a subset of edges which covers every
vertex exactly once, that is, for every vertex there is exactly one edge in the
set with that vertex as endpoint. The dimer model is the study of the
set of perfect matchings of a (possibly infinite) graph. The most well-known
example is when the graph is Z2, for which perfect matchings are equivalent
(via a simple duality) to domino tilings, that is, tilings of the plane with
2 x 1 and 1 x 2 rectangles.

In the first three sections we study domino tilings of the plane and of finite
polygonal regions, or equivalently, perfect matchings on Z2 and subgraphs
ofZ2.

In the last two sections we study the FK-percolation model and the dimer
model on a more general family of planar graphs.

2 The number of domino tilings of a chessboard

Figure 1: Random tiling of a square

A famous result of Kasteleyn [8] and Temperley and Fisher [18] counts the
number of domino tilings of a chessboard (or any other rectangular region).
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In this section we explain Kasteleyn's proof.

2.1 Combinatorics

Let R be the region bounded by a simple closed polygonal curve in Z2. A
domino tiling of R corresponds to a perfect matching of G, the dual graph
of R: G has a vertex for each lattice square in R, with two vertices adjacent
if and only if the corresponding lattice squares share an edge.

Theorem 1 [Kasteleyn, 1961] The number of domino tilings ofR is yj\ det K\,
where K is the weighted adjacency matrix of the graph G, with horizontal
edges weighted 1 and vertical edges weighted i — >/—I.

For example for the 2 x 3 region in Figure 2, the matrix K is

/ 0 0 0 * 1 0 \
0 0 0 1 * 1
0 0 0 0 1 *
* 1 0 0 0 0
1 * 1 0 0 0

V 0 1 i 0 0 0 )

whose determinant has absolute value 9 = 32 .

K =

F i g u r e 2: 2 x 3 rectangle and dual graph.

Proof: Since the graph G is bipartite (one can color vertices black and
white so that black vertices are only adjacent to white vertices and vice

versa) K can be written K — I .t I, so we must evaluate
\ A U )

d e t A = • • • k na(n)
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Each term in this sum is zero unless black vertex a(i) is adjacent to white
vertex i for each i. Therefore we have exactly one term for each matching
of G. It suffices to show that two nonzero terms have the same sign.

Suppose we have two matchings; draw them one on top of the other.
Their superposition is a union of (doubled) edges and disjoint cycles. One
can transform the first matching into the second by "rotating" each cycle in
turn. In particular it suffices to show that if two matchings differ only along
a single cycle, the corresponding terms in the determinant have the same
sign.

This is supplied by the following lemma, which is easily proved by induc-
tion. •

L e m m a 1 Let C — {VQ, ... ,V2k-i,V2k — vo} be a simple closed curve in
Z2 . Let mi be the product of the weights on edges VQVI, V2V3,... and 7712 the
product of the weights on the remaining edges v\V2,... (recall that vertical
edges are weighted i and horizontal edges 1). Then mi = (—\)n+k+lrri2,
where n is the number of vertices strictly enclosed by c and k is 1/2 of the
length of c.

2.2 Rectangles

Suppose the graph G is an m by n rectangle, with vertices {1 ,2 , . . . , m} x
{1 ,2 , . . . , n}. To compute the determinant of its adjacency matrix, we com-
pute its eigenvectors and their eigenvalues.

For j , k G Z define

f(x,y) =sin—— sin
771+1 n + 1

It is easy to check that / is an eigenvector of K, with eigenvalue

2 cos h 2i cos .
771 + 1 n + 1

We didn't pull this formula out of a hat: since G is a "product" of two
line graphs, the eigenvectors are the product of the eigenvectors of the line
graphs individually.

As j , k vary over integers in [1,771] x [1, n], the / form an orthogonal basis
of eigenvectors. Therefore the determinant of K is

171 n . 1

det K — Y[ Y\. ^ cos 1" ~*~ ̂  cos
m+1 n+1

j=lk=l
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Evaluating yf\ detK| for m — n — 8 gives 12988816 tilings of a chess-
board.

One may show that for m, n both large the number of tilings is exp(Gmn/ir+
O(m + n)), where G — 1 — p + ĝ  — yj + .. . is Catalan's constant.

2.3 Tori

It will be useful shortly to compute the number of tilings for a graph on a
torus as well (e.g. a rectangle with its opposite sides identified). Kasteleyn
showed that this could be accomplished by a linear combination of four
determinants. In essence these four determinants correspond to the four
inequivalent "discrete spin structures" on the graph G embedded on the
torus. Rather than go into details, we just note that the above proof fails on
a torus since two matchings may differ on a loop which goes around the torus
(is not null-homologous). The change in sign in the determinant from one
matching to the next is then a function of the homology class in i?i(T, Z/2Z)
of the loop. The result is that (for m, n both even) the number of tilings of
an m x n torus is

Zm,n = ̂ (-POO + Pol + PlO + Pll),

where
p°r= n n

zm=(-i)°- wn=(-iy

Note that actually Poo = 0 in this case. For details see [8] or [4].

lim logZmn = —.
n^oo mn n

One can show that

2.4 Inverse Kasteleyn matrix

We are primarily interested in the uniform measure on perfect matchings
of a graph G.

A very useful consequence of Kasteleyn's counting theorem is

Theorem 2 ([10]) Let T — {(wi, bi),..., (wk,bk)} be a subset of dimers,
(with the jth dimer covering white vertex Wj and black vertex bj). The
probability that all dimers in T appear in a uniformly chosen matching is
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The advantage of this result is that the determinant for the joint probability
of k dimers is of size k independently of the size of the matrix K. In particular
to compute the probability that a single edge appears, one just needs a single
element of K~l.

If we can compute asymptotics of K~l for large rectangles we can then
understand easily the limiting measures on tilings of the plane. We'll do this
later.

A more general class of measures on perfect matchings uses graphs with
weighted edges. If edges are weighted u(e) > 0, the weight of a perfect
matching is the product of its edge weights, and the probability measure we
are interested in is that which gives a matching a probability proportional to
its weight (for finite graphs). There is a simple generalization of Theorems
1 and 2 for weighted graphs.

We should also point out that versions of Theorems 1 and 2 hold for
arbitrary planar graphs, see [9] and [10].

3 The arctic circle phenomenon

The order-n Aztec diamond is the region shown. It was defined and studied
in [6, 3]. A random tiling is also shown. Why does it not look homogeneous,
as does the tiling of a square?

Near the corners, you only see tiles of one "type". The way to understand
this phenomenon is via the height function.

3.1 Heights

A domino tiling can be thought of as an interface in 2 + 1 dimensions.
Specifically, to a tiling we associate an integer-valued function h on the
vertices of the region tiled, as follows. Rather than define the height, we
define the height difference between two adjacent lattice points. If edge vw
is not crossed by a domino, the height difference h(w) — h(v) is 1 if the face
to the left of vw is black, and —1 otherwise. If the edge is crossed by a
domino, h(w) — h(v) is —3 or +3 according to whether the face to the left is
black or white. This defines a "one-form", that is a function on the oriented
edges of the graph G satisfying /(—e) = —f(e). Moreover the one-form is
closed: the sum around any oriented cycle is zero (since the sum around
any face is zero: a domino crosses exactly one edge of each face). Therefore
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there is a function h, well defined up to an additive constant, with these
edge-differences.

Figure 3: Random tiling of Aztec diamond

The height function of a tiling gives a map from Z2 to Z. One of the
principal motivations for studying dominos is to study the model of random
maps of this sort.

Note that a tiling determines a height function, and vice versa. Also, the
height function on the boundary of the region to be tiled is independent of
the tiling.

For the 2n x 2n square, the boundary function is asymptotically flat, in
fact assuming the value at a corner is 0, it alternates on edge edge between
0 and 1 or 0 and — 1: see Figure 4. However for the Aztec diamond of order
n, it is linear on each edge:

For a non-planar region such as a torus, the height might not be well-
defined: it can be well-defined locally, but on a path winding around the
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torus it may have a non-trivial period. Indeed, for a graph on the mxn torus
the height will have a well-defined horizontal period hx and vertical period
hy, both integers, such that the height change on any closed path winding
once horizontally around the torus is hx, and similary hy for vertically-
winding paths.

The height of a random tiling on a planar region is a random function
with those given boundary values. It is easy to guess that the height at an
interior point of a random tiling of a square of side n is o(n). However for
the Aztec diamond it is not at all clear what the height of a random tiling
will be. In fact it will typically lie near (within o(n)) of its mean value.
Moreover its mean value can be determined by solving a certain variational
principle (minimizing a certain energy). That is the content of this section.

3.2 CKP theorem

The theorem of Cohn-Kenyon-Propp states this in general: given a Jordan
domain U with function u : dU —> M, and a sequence of domains in eZ2

converging to U, with boundary height functions he converging to u, that is
ehe —> u, then with probability tending to 1 the height of a random tiling will
lie near (within o(n)) its mean value, and the mean value ho is the unique
function / maximizing a certain "entropy"

Ent(/) = f ent(dxf,dyf)dxdy.
Ju

Here

ent(s, t) = - (L(npa) + L(npb) + L(npc) + L(npd)) ,
TV

where L(x) — — JQ
Xlog2sintdt is Lobachevsky's function, and Pa

are certain probabilities which are determined by the following equations.

2{Pa-Pb) = S
2(Pd -Pc) = *

Pa+Pb+Pc+Pd = 1
sin npa sin npt, — sin npc sin irpd.

The proof of the first part of this theorem is somewhat standard. The
harder part is the computation of the function ent.

The idea of the proof of the first part is the following. Each height
function is a Lipschitz function with Lipschitz constant 3, since \f(xi,yi) —
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f(x\ +1, 2/1) | < 3 and similarly for the y-direction. In fact we have a stronger
condition that when x\ — £2,2/1 — 2/2 are even,

|/(zi,2/i) ~ f(x2,2/2)| < 2max-{>i -Z2U2/1 — 2/21} (1)

Let L be the class of functions satisfying (1). When we scale the x— and
2/-coordinates by e, then ef is still in L. Note that L is compact (in the
uniform topology).

On this space, the functional Ent is upper semicontinuous: its value can
only increase at a limit point. This follows from the strict concavity of the
function ent(s,i). Concavity also proves unicity of the maximizing function.

Since L is compact, cover it with a finite number of metric balls Bf(5)
of radius 5. We will show that for any / G L, the number of tilings for
which eh lies within 6 of / is exp(^Ent(/)(l + o(l))). This determines the
size of each Bf (5). Therefore when e is small, the number of tilings whose
normalized height function lies close to /max overwhelmingly dominates the
number of other tilings, even combined.

Thus almost all tilings lie near /max-
To count the number of tilings whose height function lies near a given

function / G L, triangulate U with a fine mesh, large on the scale of e but
with mesh size tending to zero. Since a Lipschitz function is differentiable
almost everywhere, on almost all triangles the function / is almost linear. A
tiling which lies close to / will lie close to a linear function on most triangles.
So it suffices to count the number of tilings whose height function is close to
a linear function.

However a short technical lemma (essentially subadditivity) proves that
if R is a triangular region (or other nice region), the number of tilings with
height function lying close to a fixed linear function £ on that region is
exp(yl • ent(£) -(l + o(l))), where A is the area of R and ent(£) is a function
depending only on the slope of £.

The explicit computation of ent(s,i) comes from computing the number
of tilings on a torus with a given slope (s, t), that is, a given horizontal height
change [sm] going horizontally around the torus, and [in] vertically.

To compute this we use staggered weights a, b, c, d on the edges of Z2, as
in Figure 6.

If we put these weights in the Kasteleyn matrix then its determinant is
the sum over tilings of the weight of a tiling (product of the edge weights).
That is, A/| detK| is the partition function Z(a, b, c, d) of tilings with
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a b ^ a

Figure 6: Weights on torus graph

these weights. For a tiling of the torus with these weights, the number of
dominos of type a, b, c, d determines the height change around the torus: the
horizontal height change is (N^ — Nc)/n and the vertical height change is
(Na — Nb)/m. Therefore once we know

Z(a,b,c,d) =

we have

matchings

Z(a, I/a, c, 1/c) = ^ amhyc-nhx

matchings

and we need only extract the appropriate coefficient to get the number of
tilings of given slope.

In [4] the asymtotic formula is given

log Z(a, b, c, d) = 2 / / log(a +
(2m)z Jsi Jsi

from which the above formula for ent follows.

z w
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3.3 Flats

For the Aztec diamond, the function /m a x is not analytic, only piecewise
analytic. In the four regions outside of the inscribed circle /max is linear (as
you can approximately see in the example tiling). Inside it is analytic. On
the boundary of the inscribed circle (the arctic circle, since it separates
the "frozen region" from the "temperate" zone) the function is Cl but not
C2. In fact it is CL 5 except at the four boundary-edge midpoints.

These frozen regions result from the degeneration of the ellipticity of the
PDE defining /max at the boundary of the domain of definition.

It is very interesting to study what happens exactly at the boundary.
We won't discuss this here though.

4 Conformal invariance

The scaling limit (limit when the lattice spacing tends to zero) of the height
function on domino tilings tends to a nice conformally invariant continuous
process, the "massless Gaussian free field", a sort of two-dimensional version
of Brownian motion. In this section we discuss the ideas behind the proof.
The original references are [11, 12].

4.1 if as Dirac operator

We had a lot of choice in definition of the Kasteleyn matrix. If you go back to
the proof, you will see that we could have chosen any edge weights with the
property that the weights on a lattice square a, /?,7,5 satisfy the condition
that a"f/f35 is real and negative. It is convenient to put weights as in Figure
7.

Lemma 1 holds for these weights as well, as do Theorems 1 and 2.
Let us now study K~l for these weights. Because of bipartiteness,

K~l(vi,V2) — 0 unless one of ui,U2 is black and the other is white. Let
B denote the black vertices and W the white vertices. Let w G W. If
/ G CB, then Kf = 0 means

f(w + 1) - f(w - 1) + i(f(w + i)- f(w - i)) = 0

that is "e?x + idy
nf - 0. We say / G CB is discrete analytic if Kf - 0.

Let BQ,BI be the black vertices whose coordinates are both even (re-
spectively, both odd). Similarly let WojW î be the white vertices whose
coordinates are (1,0) mod 2, respectively (0,1) mod 2.
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Figure 7:

Lemma 2 // / 6 CB is discrete analytic, then f is harmonic on BQ and B\
separately, that is,

4/(6) = f(b + 2) + f(b - 2) + f(b + 2.) + f(b - 2»).

Moreover, these two harmonic functions are conjugate.

The proof follows from the observation that K*K is the Laplacian when
restricted to any of the sublattices BQ,B\, WQ, W\, see Figure 8.

As a consequence K~l can be related to the Green's function.

4.2 K~l and the Green's function

For a fixed w, K~1(w, b) (considered as a function of 6) is discrete analytic,
except at w. This follows from KK~l — I.

In fact K~l can be written in terms of the Green's function G. Recall
that G(u, v) is defined to be the function satisfying AG(u, v) — 6u(v) (taking
the Laplacian wrt the second variable). For a fixed w,

^w, •) = K*KK~\w, •) = (K*6W)(-) = 6w+l - 5W-X - i
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K*

Figure 8:

Thus K~l(w, •) is a sum of four Green's functions. When restricted to BQ,
it is the difference of two Greens functions, K~l (w, 6) — G(w + 1,6) — G(w —
1,6).

4.3 On a rectangle

We can easily compute K~l for a rectangle, since we already diagonalized
the matrix K. Because K is symmetric, we have the following:

where fj are the orthonormalized eigenvectors with eigenvalue Xj.
In the limit when the rectangle gets large, and ui,«2 are far from the

boundaries, we can find

J(x9+y<P)
-.d9d<t>, (1)2i sin 9 — 2 sin (f>

where (x,y) — V2 — v\ G Z2.
This formula defines, along with Theorem 2, a measure on tilings of the

plane. This measure is the unique weak limit of measures on rectangles. It is
also the unique entropy-maximizing translation-invariant measure on tilings
[2]. Some values of K~l are shown in Figure 9.

Asymptotically, if w G WQ, we have

beBl.
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These are reversed if w G

4.4 Bounded domains

We can similarly compute the asymptotics of K~l on bounded domains.
Let U be a Jordan domain. Let U2e be a domain in 2eZ2 which approxi-

mates U. It is a well-known fact that the discrete Dirichlet Green's function
on U2e (defined by: G(x,y) is the expected number of passages at y of a sim-
ple random walk started at x and stopped at the boundary, alternatively,
G(x, y) is the inverse of the discrete Laplacian with Dirichlet boundary con-
ditions) approximates the continuous Dirichlet Green's function on U.

We can use this fact to construct a graph Ue G eZ2 for which the K~l

operator converges nicely to the corresponding continuous object on U.
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The graph Ue has a black vertex for each vertex and face of U2t, and a
white vertex for each edge of U2e (and Ue is the superposition of U2e and its
dual). However we remove from Ue one black vertex &o on the outer face.

Lemma 3 Ue has the same number of black and white vertices.

This follows simply from the Euler formula V — E + F — 1 applied to
U2t- In fact spanning trees of U2e rooted at &o are in bijection with perfect
matchings of Ue (see [17, 14]).

Let G(u, v) be the continuous Dirichlet Green's function on U. Let
G(u,v) be the analytic function of v whose real part is G(u,v). On Ue we
have K~l — 2edG + o(e), in the following sense. Define FQ,FI and F+,F-
by

dG(u,v) — -(Fo(u,v)dux + iFi(u,v)duy)

= -(F+(u,v)du + F-(u,v)du).

Theorem 3 When \w — b\ is not O(e) we have

{ eReF0(w, b) + o(e) w G Wo and b G Bo

€iImF0(w, b) + o(e) w G Wo and b G Bi
eReFi{w, b) + o(e) w G Wi and b G Bo

eiImFi(w, b) + o(e) w eWi and b G B]_.
For example on R2 we have G(u, v) = -± Iog(«-u), so dG = ^ d t t ^ y

and FQ — F\ — ^ ^ 3 ^ . As another example, on the upper half plane we have
G(u, v) — — ̂  log ^5f, from which we get

~ 1 ( du du
dG(u, v) = —

2TT \V — u v — u

As a consequence F+(u,v) = ^ ^ y and F-(u,v) = -7r(u
2_^).

It is easier to work with the functions F± — FQ ± F\ since they transform
nicely. Recall that G is conformally invariant, that is if <fi : V —> U is a con-
formal homeomorphism then Gy(u, u) = Gjj(<j>(u),<j>(v)). As a consequence
F± are conformally covariant:
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This allows us to compute asymptotics of K~l on any Jordan domain.
More precisely, the result is the following. When w, b are far apart, we

can use the above asymptotic formulas. When they are close together, the
dominant term is controlled by (1) with a deviation of order e given by the
function(s) F+(u,v) — ̂ _u\ and F-(u,v).

4.5 Height moment

Here is a sample computation, the expected value of h{p)h(q) in the upper
half plane.

Let aj, bi be the horizontal edges on a vertical path from p to the z-axis,
the a,i being those with a white left vertex, and similarly let Ci,di be those
for q, see Figure 10.

P

b 3 # O

a 3 O • q

b2 • O &2% O

a2O • c2o
bi# O di#

a i O • ciO

Figure 10:

We have h(p) = 4 £ \ a{ - b{, h(q) = 4 J2j Cj ~ dj. So

E(h(p)h(q)) = 1

Each of these terms can be written as the determinant of a 2 x 2 matrix with
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,c,)

entries in K 1. For example

k K~l(ai ,Cj ) K~l(c- ,Cj ) j

where a\ ,a\ are the white and black vertices of aj, and likewise for Cj. The
diagonal terms will all cancel out, and after a certain amount of rearranging,
one finds in the limit

n(h(p)-h(p))(h(q)-h(q)))
•/71,72

•/71

0
F+(z2,zi)

0

,72

,72

0

0

F+{z2,Zl)

0

F-{zuz2)
0

F-{zuz2)
0

F+(zuz2)
0

dz\dz2

dz\dz2

For the upper half-plane we have F+(zi,z2) — ,z
 2_z * and F-(zi,z2) —

mS t h e S e i n SiveS

"~2 / / 7 7 2 ^ 1 ^ 2 + -o / / 7 =
^ ./71 ̂ 78 (Z2 - ^l) 7T2 y71 y72 («2 - Zl

H 2 / / 7= T2^lC^2 2 / / 7= =

The first of these integrals gives

2 1 O § ^
T*' It7T2

Therefore
4 ( 9R 1 (P~<l)(r-S)

- - g - 2 R e l o g 7 TT r
7T2 V (p-a)(r-g)

Note that this quantity is a multiple of the Dirichlet Green's function
G(p,q).
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4.6 The Gaussian free field

Let hoip) — h(p) — h(p) be the fluctuation of h away from the mean. More
generally one finds that all the moments of the height fluctuations can be
written in terms of Green's functions:

Theorem 4 Let U be a Jordan domain with smooth boundary. Letpi,... ,Pk
U be distinct points. If k is odd we have lime_»o ̂ (ho ipi) " ' hoipk)) — 0. If
k is even we have

JimE(/»o(pi) • • • hoipk)) = ( - — J 2 ^ G(pa{l),pa{2)) • • • G(Pcr(fc-i),JV(fc))-
pairings a

By Wick's theorem, this implies that /io(^) is the unique Gaussian process
with covariance function ~E(ho(x)ho(y)) — G(x,y). This can be taken as a
definition of the massless Gaussian free field.

An alternate description is as follows.
On U let {ej} be an orthonormal eigenbasis of the Laplacian with Dirich-

let boundary conditions, and Aej = Ajej.
Define

where q are independent Gaussians of mean 0 and variance 1.
This series defines a distribution, not a function: the series diverges

almost surely almost everywhere. However for a smooth function ip the
series

converges almost surely.

= ei(x)i>(x)dx
\Xi\ Ju

Theorem 5 ([12]) As e tends to 0, ho tends weakly in distribution to
times the massless free field GFF on U in the sense that for any smooth func-
tion ip on U, the random variable e2^2xeU ip(x)ho(x) tends in distribution
to ±GFF(i/,).

It is worth pointing out that, although values of ho are integral (after
adding a non-random smooth function h), ho converges to a continuous
object.
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There is a lot more that can be said about the distribution of the value
of h and ho at a point, or the joint punctual distributions. It can be proved
that the distribution of h at a point tends, when scaled by Wlog^, to a
Gaussian with variance equal to some universal constant.

5 FK percolation on critical planar graphs

Up to now we have been working on subgraphs of Z2. For the dimer model on
certain other regular graphs, such as the honeycomb graph, similar results
can be obtained. However for more general periodic planar graphs, the
situation can be more complicated. In this section we discuss a different but
related model, the FK-percolation model, on an interesting family of planar
graphs the "isoradial" graphs. For this family of graphs we have a surprising
property of the partition function and measures that they depend only on
the local structure of the graph, not its long-range order.

In the subsequent section we return to dimers but again on this same
family of isoradial graphs.

In this section we will show that the partition function of the random
cluster model has a particular form for this special family of planar graphs
(which includes the case Z2).

Recall the definition of the FK-percolation (random cluster) model. Let
G be a graph. The space of configurations is X — {w : E —> {0,1}} (each
edge is open or closed).

Let v : E —> (1, oo) be an assignment of weights to the edges, and q > 0
a constant.

We define a probability measure on X,

e open

where c is the number of connected componets of open edges of w, the
product is over open edges of w, and Z is a normalizing constant, called the
partition function:

C n *&•
e open

Note that when q — 1 we are reduced to the standard peroclation model.
More generally when q is an integer the model is equivalent to the g-state
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Potts model [1]; in an appropriate limit q —> 0 the model is equivalent to the
spanning tree model.

For further information on the model see [7].

5.1 Duality

If G is planar let G* be its planar dual. Let v* be weights on edges e* of G*,
defined by u*(e*) — q/v{e).

Lemma 4 For any configuration of edges of G with c components, k edges
and r cycles, we have c — r + k — V, where V is the number of vertices of
G.

Then we have the following identity between Z and Z*, the dual partition
function:

Proposition 1
Z* = Z • qE-v/W,

where W is the product of all of the edge weights W — IleeB u(e)-

Proof: Suppose A is a configuration of open edges, with c components
and weight qcY\eeA

u(e)- ^ ^ e dual configuration has edges E — A and d
components. Its weight is

/ n ̂ e*)=«c' n iy=^n^).
eeE-A eeE-A *• ' eeA

where W is the product of all edge weights of G. But by the Lemma,
c + A — d — V, so the weight of a dual configuration is a constant qE~v/W
times the weight of the primal configuration. •

In particular the duality is an isomorphism between the corresponding
probability spaces. As a consequence we have pe +pe* — 1, where pe,pe* are
the edge probabilities.

5.2 Y — A transformation

We can sometimes transform G while preserving the measure /J,. See Figure
11.

Given a triangle in G with vertices ^1,^2,^3 and edge weights e23 =
o, ei3 = 6, ei2 = c, and a ' V with the same vertices and edge weights A, B, C,
(as in Figure 11) we have
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Figure 11:

event weight in A weight in Y
i, «2, V3 connected
wi,«2 connected
vi,«3 connected
V2,«3 connected
none connected 1 + oj ab-\-ac-\-bc-\-abc

AB + BC + AC + ABC
+ AB+

Here the events on the left refer to connections via open edges outside
the triangle. The central column gives the additional (multiplicative) weight
due to the possible open edges inside the triangle. The left column gives the
additional (multiplicative) weight due to the possible open edges inside the
Y.

The Y — A transformation preserves the measures on condition that the
weights in the 'A' column be proportional to the weights in the 'V column.
This gives 4 polynomial equations for the weights a, b, c, A, B, C.

Lemma 5 These equations have a solution only if

and
-q2 -q(A

In this case the solution is

—q + ab + ac + be + a6c = 0

? + C) + ABC = 0.

(1)

(2)

b (3)
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For certain types of graphs/weights, these transformations take on a
particularly nice form:

5.3 Isoradial embeddings

This notion is due to Duffin [5] and Mercat [16]. We say G has an isoradial
embedding if G is drawn so that each face is a cyclic polygon, that is, is
inscribable in a circle, and all the circles have radius 1.

Figure 12: Isoradial embedding of a graph

In this case we can embed G* isoradially as well, using the circle centers
(at least as long as the circle centers are in the interior of the corresponding
faces of G). Each edge has a rhombus around it whose vertices are the
vertices of the edge and its dual (Figure 13).

Let 9 be the half-angle of the rhombus and define

= ^ -
sin(f(§-0))

where r — cos 1(y/q/2).
Then one may check that
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Figure 13:

Lemma 6 A Y—A transformation preserves isoradiality under these weights.

This follows from plugging in the weights v(e) into (1), and using the
fact that a triangle exists only when 9a + 0), + 0c = TT/2.

5.4 Periodic graphs

A planar graph G is periodic if translations in Z2 are (weight-preserving)
isomorphisms. In this case Gn — G/nZ2 is a toroidal graph. Let Zn be
the partition function on Gn. we define Z — limn_^oo^n • This is the
partition function per site for the infinite periodic graph G.

5.5 Main theorem

Here is the main result of this section:

Theorem 6 There exists a function Fq : [0, | ] —> R such that for any pe-
riodic, isoradial planar graph G, with edge weights v as above, the partition
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function per site is

edges in a f.d.

The proof doesn't tell us anything about the function Fq. However Fq

was computed (non-rigorously) by Baxter [1] (for the graph Z2, and hence
for any isoradial graph). For q G (0,4) the answer is

Tp (fi\ / _ ' ' v 7T ' Jj.
9 2 J_oo tsinh(Trt) cosh(rt)

Any information about this integral would be greatly appreciated.

Proof sketch: Each Y -O- A changes the partition function by

7 7 q2

Ly — Z/A~i~-

abc

Define a new-fangled "partition function"
* =

It is easy to check that Zy — Z&.
The idea is to use Y — A transformations to turn the graph into a graph

with large blocks which are copies of big pieces of Z2. Because G is periodic,
each bi-infinite rhombus chain is parallel to copies of itself. We'll rearrange
the graph so as to move these chains adjacent to each other in clumps, so
that the resulting rhombus tiling consists of large rhombi each tiled with N2

copies of smaller versions of themselves (Figure 15).
How do we do this transformation? Convert rhombus chains into strings

as in Figure 14
Slide the strings around without creating new intersections. When a

string crosses the intersection of another pair of strings, the crossing corre-
sponds to a Y — A transformation on the underlying graph. We can slide
the strings around until the graph looks like a union of blocks, each tiled
by parallel rhombi, as in Figure 15. That is, we can do this unless some
rhombus chain is separated from its translates by a third chain which does
not intersect either but whose rhombi have a different common parallel. In
this case it is possible to show that simply exchanging the chains does not
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Figure 14:

change the partition function. (One way to see this is to add an extra edge
and it's "negative" at the same place so that you can exchange the two rows
using a sequence of Y — A moves...)

Now by subadditivity, when there are only large blocks, the partition
function can be computed separately on each block and the results multiplied
together (with an error of lower order). But on each block the graph is a
piece of 1? and the partition function is exp(ylc(l + o(l))) where A is the
area and c a function of the angle only. Letting N —> oo we can conclude in
that Z = Hedges Fg(e) f o r s o m e FQ- T h e r e s u l t follows- D

This theorem has some nontrivial consquences even without knowing Fq.
For example let Zrect be the partition function per site for the graph Z2 with
edge lengths 1 vertically and \/3 horizontally (and corresponding weights v
as above). Let Zhex be the partition function per site for the honeycomb
graph with edge lengths 1. Then

rect 2cos(|cos-1(^))
,1/6

As another "application" of the theory, it is natural to conjecture that
the FK-percolation model is critical for weights v. For example in standard
percolation (q — 1) we should have pc/(l — Pc) — v.
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Figure 15:

For example on the on the honeycomb lattice the critical probability
should be

2 cos |

This was in fact proved for the honeycomb lattice by Wierman [19].

Proposition 2 The only function f for which (a, b, c) — {f{Oa),f{Ob),
satisfies (1) when 9a + Of, + 9C — TT/2 and (3) is

where r — cos~l(y/q/2).

6 Integrability and dimers on critical planar graphs

Surprisingly, the same isoradiality condition which worked so well in the
random cluster model also has a simplifying effect on the dimer partition
function.
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Let G be a bipartite planar graph. We embed G isoradially. Let v(e) —
sin 20, where 6 is the half-angle of the corresponding rhombus. We use these
weights to define a probability measure on perfect matchings of (finite sub-
graphs of) G as we did before: the probability of a matching is proportional
to the product of its edge weights.

We define a Kasteleyn matrix as follows: if e = wb is an edge with dual
edge e* = p*q*, then K(w, b) — i(p* — q*).

Figure 16:

Lemma 7 K is a Kasteleyn matrix for (any finite simply connected subpiece
of)G.

Note that \K(w,b)\ = 2sin0.
Proof: It suffices to show that K is Kasteleyn-flat [15], that is, we must
show that for each face of G\ with vertices u\, v\,..., um, vm in cyclic order,
we have

... K(um, vm)) — . . . K(vm-i, um)K(v

(This identity implies that two dimer configurations which only differ around
a single face have the same argument in the expansion of the determinant.
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By [15], any two configurations can be obtained from one another by such
displacements.) To prove this identity, note that it is true if the points are
regularly spaced along a 2ra-gon, and note that it remains true if you move
one point at a time. •

There are two main results in this section, an explicit computation of Z
and K~l.

Theorem 7 The determinant per site of K satisfies

= ̂  E -
iV z — ' TV

edges e

() -
TV TV

where v(e) — 2sin(0(e)), N is the number of vertices in a fundamental do-
main, the sum is over the edges in a fundamental domain, and L is the
Lobachevsky function,

rx

x) — —
Jo

L(

To describe K l, first define for any complex parameter z an elemen-
tary discrete analytic function to be a function satisfying /„> = fv/(z —
e%a), if vv' leads away from a white, or towards a black vertex, and /„> =
fv-(z — e%a), iivv' leads away from a black, or towards a white vertex. Such
an / is well-defined the product of the multipliers going around a rhombus
leads back to the starting value.

Theorem 8 We have

poles e^

where the angles 9 G IK are chosen appropriately. This can be written

1 f MZL^ A-r^ / . , \ log zdz,
4TT2« JC fwo{z)

where C is a closed contour surrounding cclw the part of the circle {ei6 \ 6 G
[6Q — it + €,6Q + it — e]} which contains all the poles of fa, and with the origin
in its exterior.
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Proof: Let F(b) denote the right-hand side of (1). We will show that
J2beB K{wi b)F(b) — 6Wo(w), and F(b) tends to zero when b —> oo.

Let CQ be a small loop around ei6 in C We have

beB

-ei9j+ei9j-1) E 0-ReSz=eie(fbj)
J= l poles eie

I
poles eie j = l

dz

1 v ^ 0 f ,
— > / Odz — 0.

2TT f" 2mJcpoles elV "

However when w — WQ we have

2TT«

so that

since the angles increase by 2TT around wo-
To complete the proof, one must show that F(b) —> 0 as b —> oo. •

Proposition 3 We have

2TT \b-w (b-w)

where j — /;,(()) = e-«(*i+^)[|ei(-^+«j)) anrf ^ e angles are as illustrated
in Figure 11.



300 R. Kenyan

w

Figure 17:

6.1 Determinants

For a finite graph G we define the normalized determinant, or determi-
nant per site, deti M of an operator M: CG —> CG to be

where |G| is the number of vertices of G.
For an operator M on a finite graph, det M is a function of the matrix

entries M(i,j) which is linear in each entry separately. In particular for
an edge e = ij, as a function of the matrix entry M(i,j) we have det M —
a+f3M(i,j), where /? is (—1)*+J times the determinant of the minor obtained
by removing row i and column j . That is,

d(detM)
= M L(j,i)-detM,

or
d(log det M)

(2)
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Suppose that G is periodic under translates by a lattice A. Let Gn —
G/nA, the finite graph which is the quotient of G by nA. Now if we sum (2)
for all A-translates of edge ij in Gn, and then divide both sides by \Gn\, it
yields

d(logdetlM)_ 1 _ , .
\Gi

(3)

where M(i,j) is now the common weight of all translates of edge ij, that is,
the left-hand side is the change in log deti M when the weight of all translates
of ij changes. Note that this equation is independent of n.

It is now a short computation to compute the determinant of K from
the exact form of K~l....see [13]

6.2 Isoradial embeddings

The set of isoradial embeddings ISO(G), when parametrised by the rhombus
angles, is convex. This follows because an isoradial embedding is determined
from a set of rhombus angles by the linear conditions that the sum around
each vertex must be n.

There is a unique (possibly degenerate) isoradial embedding maximizing
Z, because Z is strictly concave on ISO(G).

(Joint with J-M. Schlenker) A zig-zag path in a planar graph is a path
which turns maximally left at a vertex, then maximally right at the next
vertex, then maximally left, and so on. That is, it leaves from a vertex along
an edge which is adjacent in cyclic order to the edge it entered on, alteranting
to the right and to the left. A planar graph has an isoradial embedding if
and only if the following two conditions are satisfied (Figure 18):

1. No zig-zag path crosses itself
2. No two zig-zag paths cross more than once.

Figure 18: Not allowed in isoradial graphs
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It is not hard to see why these conditions are necessary: a zig-zag path
corresponds to a rhombus chain in an isoradial embedding, and such a chain
is monotone and so cannot cross itself. Two such chains cannot cross more
than once due to the orientation of their common rhombi.

6.3 Hyperbolic ideal polyhedra

To an isoradially embedded graph G we can associate an ideal polyhedron in
B3 as follows. Suppose G is embedded on the xy plane which is the boundary
at oo of the upper half-space model of B3 . Vertices of P are vertices of G*
(circle centers) and edges of P are geodesies which project vertically to the
edges of G*.

The volume of P per fundamental domain can be seen to be the same as
the entropy per fundamental domain of the dimer model on G. That is,

-Vol(P) = - X) L W = l o S Z ~ 5Z Pr(e)logi>(e).
n n eef.d. eef.d.

Moreover the term

Q
Pr(e)logi/(e)= V -log2sin9

eef.d. eef.d. ^

can be associated with the mean curvature of P, which is by definition the
sum over the edges of the dihedral angle times the (normalized) hyperbolic
edge length.

Question: Can one construct a tiling in some canonical (entropy-preserving)
way using the geodesic flow inside PI
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1 Mathematical problems from critical
phenomena

These lectures will focus on recent rigorous work on continuum limits of pla-
nar lattice models from statistical physics at criticality. For an introduction,
I would like to discuss the general problem of critical exponents and scal-
ing limits for lattice models in equilibrium statistical mechanics. There are
a number of models, [e.g., self-avoiding walk (polymers), percolation, loop-
erased random walk (uniform spanning trees, domino tilings), Ising model,
Potts model, nonintersecting simple random walks] that fall under this gen-
eral framework.

As an example, we consider the self-avoiding walk (SAW). A SAW of
length n (starting at the origin) in the integer lattice Zd is a finite sequence
of points u) = [UJQ = 0, w i , . . . , wn] in Zd with \LJJ — uij-i \ = 1, j = 1 , . . . , n and
ujj ^ Wfc, 0 < j < k < n. The SAW is a simple lattice model for polymers (by
simple I mean simple to define, not necessarily simple to analyze!). Let Cn

denote the number of SAWs of length n. It is easy to see that Cn+m < CnCm,
or, in other words, log Cn is a subadditive function. Also Cn > dn (since any
walk taking steps only of +1 in the d coordinate directions is a self-avoiding
walk) and Cn < (2d) • (2d— I ) " " 1 (since immediate reversals are prohibited).
It follows from the subadditivity of the function log Cn that

lim n~1logCn = inf n~1logCn,
n—KX> n—KX>

i.e., there is a number $j 6 [d, 2d — 1] such that Cn —^ $ j . This number is
sometimes called the connective constant; roughly speaking, on the average,
there are ^ ways to extend an n-step SAW to an (n + l)-step walk. Also,
Cn> P2- T n e generating function for SAWs is

n=0

The critical value for the generating function is s = 1//?<$; this is the value at
which the generating function becomes infinite. For s < l/(3d we can consider
the probability measure on SAWs, « i | A W , that assigns measure Gd(s)"1 sn

to each SAW of length n. One can describe the criticality problem for SAW
as the problem of analyzing the measure "igAW a s s t VAJ- There is a very
closely related problem to consider the behavior of the uniform measure
on SAWs of length n as n —> oo. One example of an interesting critical



310 G.F. Lawler

exponent for the SAW is the root mean-square displacement exponent v
defined by (|cc;n|

2)n fa v?v. Here {-)n denotes expectation with respect to
the uniform measure on n-step SAWs (we could define v similarly in terms
of the measures "igAw)- ^or m o r e information on rigorous results on SAW,
see [45].

The general features that are conjectured to be true for all of these critical
statistical physics models are the following:

• The behavior at criticality (i.e., the values of the critical exponents
and the scaling limit at ciriticality) depends strongly on the spatial
dimension d.

• The behavior at criticality does not depend on the choice of lattice or
other microsopic details.

— This conjecture is sometimes referred to as universality.

— For example, a non-nearest neighbor SAW on the integer lattice
Zd is expected to have the same qualitative behavior as the nearest
neighbor SAW on Zd (provided the walk is truely d-dimensional).

• There is a critical dimension dc such that above this dimension the
critical behavior is "mean-field" and easy to describe.

— The term mean-field means different things for different models.
In the case of random walks with interactions or potentials (such
as SAW), mean-field means the same as non-interacting walks,
i.e., the "mean-field" theory for SAWs is just simple random walk.

— While it is conjectured that the behavior is easy to describe in high
dimensions, it is by no means trivial to prove that this behavior
holds. As an example of results in this direction see [1, 7, 20, 25,
45].

— For SAW and most of the other models listed above dc = 4. For
percolation dc is conjectured to be 6.

— Simple random walk paths have "fractal dimension" 2. This fol-
lows from the fact that in n steps they tend to be distance n1/2

from the origin. This can be restated by saying that the number
of points in the path in a disk of radius R looks like R2. Two
2-dimensional sets tend to intersect in dimensions less than four
and tend not to intersect in greater than four dimensions. This



Conformally Invariant Processes 311

is the heuristic reason why dc = 4 for models like the SAW for
which the intersection of random walk paths is important.

At the critical dimension dc there is mean-field behavior with logarith-
mic corrections.

— For the SAW in d = 4, it is conjectured that (|cc;(n)|2)n ~ en (log n)1/4.
While this is still conjecture, the analogous result has been proved
for SAWs on a "hierarchical lattice" [6].

— Rigorous results at the critical dimension have been obtained for
some models, see [19, 26, 25].

Below the critical dimension, the scaling limit and critical exponents
do not display mean-field behavior. However, it is believed that a limit
exists that is scale invariant and also invariant under rotations.

— For the SAW, the exponent v is conjectured to be 3/4 for d = 2
and approximately .588 • • • for d = 3.

In d = 2, since the limit is scale and rotationally invariant, it is, in
fact, conformally invariant. The exponents are expected to be rational
numbers.

— Theoretical physicists used nonrigorous methods from conformal
field theory to give exact predictions for these exponents. See,
for example, [5, 11, 21] for a discussion of these ideas. Since their
predictions are very consistent with numerical simulations, it is
generally believed that these predictions are correct.

— The existence of a conformally invariant limit has not been proved
for SAW. However, under the assumption of such a conformally
invariant limit, the critical behavior can be determined [40].

In dimensions strictly between 2 and dc, there is no reason to believe
that the exponents will be rational numbers or in any other way com-
putable.

— These dimensions are the hardest for rigorous analysis and remain
open problems today.

— It is generally difficult to show that the exponent exists. In the
case of the random walk intersection exponent it can be shown
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that it is the same as the Brownian motion intersection exponent
and this can be shown to exist in d = 3 (see §4.2 for more details).
However, the exact value has not been determined and perhaps
no exact expression can be found for it.

These lectures will consider the case d = 2. Mathematicians are now
starting to understand rigorously the scaling limit of two-dimensional sys-
tems. For most of these models, the general strategy can be described as:

• Construct possible continuum limits for these models. Show that there
are only a limited number of such limits that are conformally invariant.

• Prove that the lattice model approaches the continuum limit.

We should think of the first step as being similar for all of these models.
We will spend the next couple of lectures discussing the continuum limits.
One example you should already know — the scaling limit of simple random
walk is Brownian motion (which in two dimensions is conformally invariant).
The important new ideas are restriction measures and stochastic Loewner
evolution (SLE). The later lectures will discuss rigorous results about lattice
models approaching the continuum limit — we will discuss nonintersecting
random walks (which can be shown to be equivalent to problems about
exceptional sets of Brownian paths), percolation on the triangular lattice,
and the loop-erased random walk. As a rule, the methods used for the second
step are particular to each model.

2 Brownian motion and restriction measures

2.1 Review of complex analysis

If D C C is a domain (i.e., a nonempty, connected, open subset), a function /
is analytic or holomorphic on D if the (complex) derivative exists everywhere
on D. Recall that if / = u + i v, then / is analytic at z = x + iy, if
and only if ux,uy,vx,vy exist and satisfy the Cauchy-Riemann equations
ux = Vy,uy = —vx. f is conformal at z if it is analytic with f'(z) ^ 0;
an analytic function is conformal at z if and only if it is locally one-to-one.
We will say that / : D —> D' is a conformal transformation if / is analytic,
one-to-one, and onto. Let D = {z 6 C : \z\ < 1}.

A domain D is said to be simply connected if the complement of D is
connected. The Riemann mapping theorem states that if D is any simply
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connected subset of C other than the entire plane C and z 6 D, then there is
a unique conformal transformation / : D —> D such that f(z) = 0, /'(z) > 0.

2.2 Conformal invariance of Brownian motion

Let Bt be a complex Brownian motion, i.e., Bt = B\ +iB^, where B\,Bi are
independent one dimensional standard Brownian motions. If D is a domain,
let

TD = inf{t : Bt 0 D}.

Proposition 1 Suppose f : .D —> C is a nonconstant analytic function.
Then Yt = f(Bt),0 <t<Tn is a time change of a Brownian motion. More
precisely, Yt = f(Bat) is a standard Brownian motion where at satisfies

n
Jo

Proof (Sketch). The Cauchy-Riemann equations imply that u, v are har-
monic on D, i.e., Au(z) = Av(z) = 0, z 6 D. Ito's formula then gives (for
* < TO),

d[u(Bt)] = ux{Bt) dB\ + Uy(Bt) dB\

d[v(Bt)} = vx(Bt) dB\ + Vy(Bt) dB? = -uy(Bt) dB\ + vx(Bt) dB%.

In particular,

{u(B))t = {v(B))t = f[ux{Bsf + uy{Bsf] ds = f \f'(Bs)\
2 ds,

Jo Jo

<md(u(B),v(B))t=0.

If 7 : [0, T] —>• C, 7* : [0, T*] —>• C are two continuous curves, we will write
Pili 7*) < e if there is an increasing homeomorphism <f> : [0, T] —>• [0, T*] such
that |7(t) - 7*(<£(*)) | < e, 0 < t < T. Note that p is a metric on the set C of
equivalence classes of curves 7 where two curves are equivalent if one is just
an increasing reparametrization of the other. When we discuss measures on
C we will mean measures on the Borel cr-algebra generated by this metric.

Suppose D C C is a simply connected domain other than the entire plane
and suppose Bt is a Brownian motion starting at z 6 D. With probability
one, TD < 00. Then if we consider Bt,0 < t < TD, the Brownian motion
generates a probability measure on C that we denote HD{Z)- It is supported
on curves that start at z and stay in D except for the terminal point which
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lies in dD. Since we are considering HD(Z) as a measure on C, i.e., we are
ignoring the parametrization of the curve, we get the following corollary of
Proposition 1.

Proposition 2 If D is a simply connected domain other than C, z 6 D and
f : D —> D' is a conformal transformation, then

f OfJ,D(Z) = fJ,D,(f(Z)).

Here we have used / o fj,D for the natural pullback measure satisfying
(/ ° Mc){/ ° J • J E V} = HD(V). Suppose, for ease, that dD is smooth.
Consider the harmonic measure of D starting at z, i.e., the distribution of
B(TD) given BQ = z. Since dD is smooth, we can write this distribution as
HD{Z,W) d\w\ where HE>(Z,W) is the Poisson kernel for D. Similarly we can
write

VD(Z) = / HD(Z,W) d\w\,
JdD

where (J,D(Z,W) represents a measure on C supported on curves starting at
z leaving D at w. The total mass \HD(Z,W)\ is HD(Z,W). The probability
measure [J,D(Z,W)/\[J,D(Z,W)\ can be considered as the conditional distri-
bution on Brownian paths starting at z conditioned to leave D at w. If
/ : D -> D' is a conformal transformation that is C1 up to the boundary,
then f o nD(z,w) = \f'(w)\iiD>(f(z),f(w)).

2.3 Hulls

If U is a simply connected domain of the Riemann sphere C* = C U {oo}
whose complement H* = C* \ U is larger than a single point, then we call
H := H* n C a hull. If D is a simply connected domain, Let %Q{D),%I{D),

%2 (D), respectively, be the set of hulls H contained in D whose intersection
with dD consists of exactly 0,1,2 points respectively. Note that if if 6
'Hj(D) then D \ H is: conformally equivalent to an annulus if j = 0; simply
connected if j = 1; and the union of two disjoint simply connected domains
if 3=2.

If 7 : [0,T] —>• D is a continuous curve, define the hull of 7, H(j), to
be the path of 7 "filled in". More precisely, if (7) is the complement of the
unbounded component of C\7[0,T]. We can consider HD{Z) or fio(z,w) as
measures on T-L\{D). In order to be precise, we need to specify a cr-algebra
on the set of all hulls. The cr-algebra we need is generated by events of the
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form Vu where U is a simply connected subset of D containing z and Vy
is the collections of hulls that are contained in U (except for the boundary
point). A finite measure HD{Z) is determined by giving the ̂ D(Z) measure
of the event Vu for each U. Note that the probability that the hull #(7)
stays in U is the same as the probability that the path 7 stays in U. This
probability is the measure of dD with respect to harmonic measure in U
starting at z\ in other words, it is the probability that a Brownian motion
starting at z reaches dD without leaving U earlier.

2.4 Brownian excursions

Let D be a simply connected domain with smooth boundary, and let z 6 dD.
Let n be the normal pointing into D at z and let ze = z + en. The Brownian
excursion measure (at z) I^D(Z) is defined to be the infinite measure

This measure is supported on curves that start at z, immediately go into
D, act like Brownian motions in D, and then are killed when they hit dD.
The scaling is such that if A is a closed subarc of dD not containing z, then
the HD{Z) measure of the set of curves starting at z and leaving D at A is
strictly between zero and infinity. It is fairly straightforward to show that if
/ : D —> D' is a conformal transformation and z 6 dD, then

The extra factor \f'(z)\ comes from the fact that f(ze) « f(z) + \f'(z)\ n*
where n* is the unit normal pointing into D' at f(z). We can write

= /
Jd

w) d\w\,
dD

where [ID(Z,W) is a measure on curves starting at z and ending at w. The
total mass \[J,D(Z,W)\ is strictly between zero and infinity for z ^ w (here we
are using the smoothness oidD). These measures satisfy the scaling relation

fo(iD(z,w) = \f'{z)\ \f'(w)\ fiD'{f{z),f{w)).

The excursion measure \IB is defined by

VD = / VD{Z) d\z\ = / (J,D{Z,W) \dz\ \dw\.
JdD JdD JdD
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Note that

= / f°VD(z) \dz\
JdD

= f \f'(z)\»D,(f(z))\dz\
JdD

= / VD>(W) d\w\ = HD>-

JdD'

In other words, the excursion measure is invariant under conformal trans-
formations.

If z, w 6 3D with z ^ w and we normalize so that HD (Z, W) is a probabil-
ity measure, then we can consider this as the measure on Brownian motion
starting at z conditioned to immediately enter D and then leave at w (of
course, this is conditioning on an event of probability zero, but one can make
rigorous sense of this). This probability measure is conformally invariant. In
order to study the process, one needs only study it on the most convenient
domain. One convenient domain is the upper half plane H = {x+iy : y > 0}
with boundary points 0 and oo. Then an excursion Zt has the same distribu-
tion as i?$+i|W$|, where B\,Wt are independent; B\ is a standard Brownian
motion; and Wt is a three dimensional Brownian motion. \Wt\ has the same
distribution as a process Yt satisfying the Bessel equation

dYt = ^-dt + dBl (1)

Exercise. To check that the imaginary part of a Brownian excursion in
H from 0 to oo satisfies the Bessel equation, one needs to verify that one
dimensional Brownian motions Yt conditioned to remain positive at all times
(defined in a natural way) satisfy (1). Verify this using either the "Girsanov
transformation" or "/t-processes."

Exercise. Suppose A is a compact subset not containing the origin such
that H \ A is simply connected. Suppose $ : I H I \ . A — ^ H l i s a conformal
transformation with $(0) = 0, $(oo) = oo, and such that §{z) = z + 0(1)
as z —> oo. Show that the probability that the path of a Brownian excursion
from 0 to oo in H does not intersect A is $'(0).

2.5 Restriction property

Suppose D' C D are simply connected domains (other than C) with smooth
boundaries, z, w 6 dD, and 3D' and 3D agree near z and w. Then the
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measure /J,D'(Z,W) is the same as /J,D(Z,W) restricted to hulls H 6
with H D D C D'. We call this property the restriction property. Similar
restriction properties hold for HD{Z) and \in-

The restriction property is almost immediate from the definition and it
hardly seems important to mention it. However there are many conformally
invariant families of measures that do not satisfy this property, but (essen-
tially) only a one parameter conformally invariant family that satisfies the
property.

2.6 Chordal restriction measures

Suppose m£>(z,w) is a family of measures on hulls, where D ranges over
simply connected subsets of C with (nonempty) smooth boundary and z, w
are distinct points on dD. Assume that m£>(z,w) is supported on hulls
H 6 %2{D) with H DdD = {z,w}. We call such a family a (chordal)
restriction family with exponent a if

• For each D,z,w, \m,D(z,w)\ 6 (0,oo);

• Restriction property: if D' C D, and dD' agrees with dD near z, w,
then m£)i(z, w) is m£>(z, w) restricted to hulls H with H D D C D'\

• Conformal covariance: if / : D —> D' is a conformal transformation,
then

fomD(z,w) = \f(z)\a \f(w)\a mD,(f(z),f(w)). (2)

Remarks

1. The term conformal covariance is used to indicate conformal invariance
up to a scalar correction factor.

2. We could consider restriction measures with other scaling factors

fomD(z,w) = C(z,w,D,f) mD'(f(z)J(w)).

However, it can be shown that the only possibility for C(z, w, D, f) is
\f'(z)\a \f'(w)\a for some a.

3. Exercise. If D,D' are simply connected domains with smooth bound-
aries and z,w 6 dD,z',w' 6 dD' are distinct boundary points, then
there are infinitely many conformal transformations / : D —> D' with
f(z) = z',f(w) = w'. However, the quantity |/ '(^)| |/'(w)| is the same
for all of these transformations.
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4. We could also consider the probability measures m^z, w) = moiz, w)j
\m,D(z,w)\. This family of measures satisfies conformal invariance

f o m*(z, w) = m*,(f(z), f(w)).

The restriction property can be stated in terms of conditional distri-
butions of the TO*(£,W). These probability measures are well defined
even if 3D is not smooth.

5. The chordal restriction family with exponent a is determined by TOB(—1,1)
since m,D(z,w) for other D,z,w can be determined from (2).

6. Let TOD(—1,1) = MD(—1,1) where [j, denotes the Brownian excursion
measure. For other D,z,w, define ran by (2). Then this gives a re-
striction family with exponent a = 1.

7. Exercise. Suppose m1
D(z,w),m2-)(z, w) are two restriction families

with exponents a1, a2, respectively. Define m£>(z,w) = ml
D(z,w) x

m2
D(z, w), considered as a measure on hulls by the following proce-

dure: if Hl,H2 are nondisjoint hulls, let H be the hull generated by
H1 UH2; if if1, if2 are bounded, then H is the complement of the un-
bounded component of H1 U H2. Equivalently, if Vu is the event that
the intersection of the hull with D is contained in a simply connected
U, then

mD(z,w)[Vu] =m1
D(z, w)[Vu] m2

D(z,w)[Vu}.

Then mo(z,w) is a restriction family with exponent a1 + a2. In par-
ticular, for positive integer a, the union of a Brownian excursions gives
a restriction family with exponent a.

8. Universality. For each a, there is at most one restriction measure
with exponent a satisfying |TOD(—1,1) | = 1. We can see this since
TOD(—1,1) determines the family, but if U is a simply connected subset
of D whose boundary contains neighborhoods of — 1 and 1 in dB, then
the mjs>{—1,1) probability that the hull stays in U can be determined
using (2). For this reason we talk of the restriction family of exponent
a (which is really defined only up to a multiplicative constant).

9. We have considered restriction families of measures on hulls. One could
also define restriction families of measure on curves. However, the
universality result does not hold in this case. This is why we consider
the hulls generated by curves rather than the paths of the curves.
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10. For small a > 0, no restriction family exists. To see this assume
m,D(z,w) is such a family with |TOB(—1,1)| = 1. Consider the slit
domains,

D1=B\[0,i], L>2 = ID\H,0] .

Then the raD(-l, 1) probability that ahull stays in D1 is | / ' ( - l ) | a | / ' ( l ) | a

where / : D1 —> B is a conformal transformation with /(—I) =
—1,/(1) = 1. Similarly, the mjs>{—1,1) probability that a hull stays in
.D2 is also |/'(—l)|a | / ' ( l ) | a . However, these events are disjoint; hence
we must have 2 | / ' ( - l ) | a | / ' ( l) | a < 1. By finding / explicitly, we see
that we need a > 1/2. (Of course, this argument does not show that
families exist when a > 1/2.)

The term "universality" may seem a little strange for the uniqueness
result. However, another way to think of it is that any lattice model whose
continuum limit gives a chordal restriction family (i.e., satisfies restriction
and conformal covariance) must lie in a one parameter family of measures.
The parameter a can be considered (roughly) as the "number" of Brownian
excursions. Of course, this only makes precise sense for positive integer a.
We finish this section by stating a theorem without proof that tells us when
restriction families exist.

Theorem 3 [41] Chordal restriction families m£>(z,w) exist for alia > 5/8
and no other values of a. For a = 5/8, the measures are supported on simple
(non-self-intersecting) curves. For a > 5/8, the measures are not supported
on simple curves. If a = 5/8 and |TOB(—1,1)| = 1, then TOB(—1,1) is the
same as the distribution of chordal SLE$/3 from —1 to 1 in IB.

In the next section, we will define SLE8/S.

3 Stochastic Loewner evolution (SLE)

3.1 Motivation

Suppose D is a simply connected domain and z, w are distinct points in
dD. We will be interested in probability measures on continuous curves
7 : [0, T] —> D with 7(0) = z, 7(T) = w. We will be interested in curves
modulo parametrization, i.e., if 71[0, T1] —> D is another curve, we will
say that 7 and 71 are equivalent if there is an increasing homeomorphism
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<f> : [0,T] -> [O.T1] such that j(t) = 71(4>(*)), 0 < t < T. We will allow
curves to have self-intersections but we do not allow them to have self-
crossings. This means that the curve can hit its past, but if it does it always
immediately reflects into the unbounded component of the complement of the
path. We will call such curves non-crossing. Note that Brownian excursions
in D do not have this property.

We will consider probability measures qo(z,w) on non-crossing curves
(modulo reparameterization) connecting z to w. We will choose parametriza-
tions so that T = oo. We will be interested in measures satisfying two
conditions:

• Conformal invariance: if / : D —> D' is a conformal transformation
that is continuous up to the boundary, then

foqD(z,w) =qD'(f(z),f(w))-

• "Markovian" property: suppose we know the curve 7 up to time t.
Then conditioned on 7[0, t] the distribution of 7ft, 00) is the same as
QDt(7(t),w). Here, Dt is the connected component of D\j[0,t] whose
boundary includes w.

We will also consider probability measures qo (z, w) on non-crossing curves
in D from a boundary point z to an interior point w. We will be interested in
curves modulo parametrization and we will choose a parametrization so that
7(0) = z,w $ 7[0, oo),lim(_>.oo7(i) = w. In this situation we let Dt be the
component of D \ 7[0, t] which contains w. We make the same assumptions
(conformal invariance and "Markovian" property) as above. Since we are
assuming conformal invariance, it suffices to define the measures qD(z,w),
<1D(Z, W) for particularly nice domains. We will choose qm(0,00) and qv>(w, 0),
where H is the upper half plane, D is the unit disk, and \w\ = 1.

3.2 Loewner differential equation

3.2.1 An exercise

In the following sections we will need some properties about maps from the
a subset of H onto EL We will list these properties here, but we leave the
verification as an exercise. Suppose A is a compact subset of H such that
M.A = H \ A is simply connected. Then the following hold.
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There is a unique conformal transformation gA ' HI4 —> H such that

lim #,4(2) - z = 0.

There is a number a (A) > 0 such that as z —> 00,

Let .Bs be a standard Brownian motion starting at z 6 H4 and let

T = TA = inf{s : Bs

Then

In particular,
lim yBiy[Im{BT)} =a{A).

yxx>

(Hint: consider h(z) = Im[z — gA(z)] which is bounded, harmonic on
UA.)

If r > 0, then a(rA) = r2a(A)

There exist constants c\, C2 such that for all A, if

VA= | J B(x + iy,y),

(where B(z,e) is the closed disc of radius e about z), then

3.2.2 Chordal

Suppose 7 : [0, 00) —> H is a continuous non-crossing curve with 7(i) —> 00
as t —> 00. For each i, let Hfc be the unbounded connected component of
H \ 7[0,i], and let gt be the unique conformal transformation of E^ onto H
such that g'i(^) — « = o(l) as « —> 00. Then ^ has an expansion at infinity,
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Exercise. Show that a(t) is continuous and nondecreasing in t. Moreover,
if s < t and Hfc + H*, then a(t) > a(s).

With the aid of the exercise, we see that if we make the (only slightly)
stronger assumption that a(t) —>• oo as t —>• oo, then we can reparametrize 7
so that a(t) = 2t. We call this parametrization by capacity (from 00 in M).
For the remainder of this section we assume that 7 has been parametrized
this way. Given this, it can be shown (see, e.g., [32, Proposition 2.1]), that
gt satisfies the chordal Loewner differential equation

{) ( 3 )= 9t{z)-W 9°{Z)=Z' (3)

where Ut = gt(j(t))- This equation is sometime written in terms of the
inverse transformation ft(z) = g^~ (z),

dtft(z) = -—^-.

Conversely, if U : [0,00) —> R, is a continuous function, then for each
z 6 H, we can solve the initial value problem (3). This solution is well defined
up to a time Tz 6 (0, 00]. For fixed t, gt is the conformal transformation of
Bt := {z : Tz > t} onto H with gt(z) - z = o(l) as z ->• 00. (This takes
a little work; see [32] for a proof.) It is not always the case, however, that
there is a curve 7 so that Hj is the unbounded component of H \ 7[0, t] and
Ut = gt(j(t))- One sufficient (but not necessary) condition is that Ut has
sufficiently small H61der-(l/2) norm [47]; in this case, 7 is a simple curve.

Exercise. Find gt and j(t) if Ut = 0 for all t.

3.2.3 Behavior under conformal maps

Suppose 7 is a curve as in the previous subsection, and suppose $ : J\f —>• H is
a conformal transformation defined in a neighborhood J\f of 0 in H containing
7[0,t] sending a ^ n M t o l Let j(t) = $ o 7 ( t ) , and let gt denote the
conformal transformation of the unbounded component of H \ j[0, t] onto H
with gt{z) — z = o(l) as z —>• 00. Let ht = gt ° $ ° g^1 •

Exercise. Let a(t) = a(j[0,t]). Under the assumptions above, show that
dta(t) = h't(Ut)

2. (Recall from §3.2.1 that a(rA) = r2a(A).)

Exercise. Show that gt{z) satisfies the modified Loewner equation

2 h't(Ut)
2 „ , ,

9t(z) - Ut



Conformally Invariant Processes 323

where Ut = gt°<&° l(t) =gt°$° 9tl{ut)-

With the aid of the exercise and the chain rule, we can see that

2h't{Ut? 2K(z)
otht{z) = ———f- - -——,

h(z) -Ut z-Ut

at least for z near Ut- Also,

- Urn £f£-!«$--»?(*). (4)
z-yUt ht{z) -Ut Z - Ut

Similarly, one can show that

2h't(z) 2h'l{z) 2h't(Ut)2h't(z)
Z) {z-Utf z-Ut

and

Here we are using ' to denote ^-derivatives.

3.2.4 Radial

Suppose 7 : [0, oo) —>• D is a non-crossing curve with 7(0) = w 6 e?B,
0 0 7[0, CXD) and j(t) ->• 0 as t ->• CXD. Let A be the component of D \ 7[0, t]
containing the origin and let gt be the unique conformal transformation of
Dt onto D with ^(0) > 0. If s < t and Z>s ^ Dt, then we can see that
g't (0) > ^ (0); hence we can parametrize 7 by capacity (from 0 in 3) so that

= e*. In this case, gt satisfies the radial Loewner differential equation

9t{z) ~

where ?7 : [0,oo) -^ R is continuous and gt(7(*)) = eiUt. If ^(^) = eiht(-z)
(locally) we can write the differential equation as

a u 1 \ ^rht(z) - Ut,dtht(z) = c o t [ — ^ ].
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3.3 Stochastic Loewner evolution

3.3.1 Chordal

Suppose we have a probability distribution on non-crossing curves 7 : [0,00) —>
H with 7(0) = 0, that are parametrized by capacity satisfying the conditions
of §3.1. Then, the maps gt are random and satisfy (3). This gives conditions
on the functions Ut'- in fact, we can see that for s <t,Ut — Us is independent
of Ur,0 < r < s, and has the same distribution as Ut-S. It is well known
that the only process with continuous paths satisfying this is Brownian mo-
tion. There are two parameters we can choose: the drift \i and the variance
a2. If we impose a symmetry condition, that the distribution qm(0, 00) is
symmetric about the imaginary axis, then we will know that \i = 0. It is
standard to use K for the variance.

Definition. The (chordal) stochastic Loewner evolution with parameter K >
0, denoted by SLEK, is the random collection of maps gt generated by the
initial value problem (3) where Ut = yfn Bt and Bt is a standard (one-
dimensional) Brownian motion.

It is not obvious, but has been proved [48, 39], that there exist random
curves 7 that generate gt; in other words, gt is a conformal transformation
of the unbounded component of H \ 7[0,£] onto H and gt(j(t)) = y/H Bt.
The curves are also referred to as (chordal) SLEK.

Exercise (Scaling Law). Suppose j(t) is an SLEK path, r > 0, and 7*(t) =
vy(t). Show that 7* has the distribution of a time change of SLEK. Give
the time change explicitly.

Properties of SLEK paths
The following properties hold with probability one.

• The Hausdorff dimension of the paths is conjectured to be min{l +
(K/8), 2}. This has been proved in the cases n = 8/3,6 (see [4, 37, 53])
and the upper bound is known for all K [48]. (See §4.1 for a review of
Hausdorff dimension.)

• If K < 4, then 7 is a simple path avoiding the boundary, i.e., if 0 < s <
t, then 7(s),7(t) € HI and 7(s) + j(t).

• If 4 < K < 8, then the paths of SLE have self-intersections. The paths
also hit the real line, and C\t>o^k = 0-
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• K > 8, the paths are space-filling. (The upper bound on the dimension
shows that the paths are not space-filling for K < 8.)

The way to derive such geometric and fractal properties of the curve
7 is by analyzing one dimensional stochastic differential equations. Let us
consider the case of double points—how do we determine for which K the
paths have double points? Consider what would happen if the curve had
double points. Since the "past" of the curve is conformally equivalent to a
segment of the real line, it would mean that the curve had a chance to hit the
real line. So we can ask a similar question: consider the hull Kt :=
What is Kt D R? For topological reasons we know that Kt D R is a compact
interval containing 0, perhaps the trivial one-point interval.

Let x > 0 and consider the probability that x 6 Kt. Note that if a; $ Kt,
then dMt contains an open interval in R about x. In this case, gt(x) is
well defined and satisfies the Loewner equation (3) with Ut = yfn Bt. The
first time t at which x 6 Kt can be characterized as the first time that
gt(x) = Ut. Let Yt = (gt(x) — Ut)/^/n. Then Yt satisfies the stochastic
differential equation

dYt = ^dt + dBt,
*t

where a = 2/n and Bt = ~Bt- The solution to this equation is a Bessel
process; if a = (d — l)/2, then the process has the same distribution as the
absolute value of a d-dimensional Brownian motion. It is well known that
Bessel processes hit the origin if and only if a < 1/2.

3.3.2 Locality for K = 6

Suppose A is a compact subset of H not containing the origin such that
A = A n i and H \ A is simply connected. Let $ = &A be the conformal
transformation of H \ A onto H with $(0) = 0, $(oo) = oo and $(z) ~ z as
z —>• oo. Let 7 be a chordal SLEK path starting at the origin and let T be
the first time t that A n i r t . Let j(t) = $ o j(t).

Proposition 4 (Locality) If n = 6, then 7(t),0 < t < T, has the same
distribution as a time change of SLEK.

The proposition is proved using Ito's formula and (4). We get

dUt = d[ht(Ut)] = v ^ h't{Ut) dBt + [dMUt) + %h1(Ut)] dt

= v ^ h't(Ut) dBt + [(«/2) - 3] h'liUt) dt.
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The Ito's lemma that we are using is a slight generalization of the usual
formula since the function ht depends on the Brownian motion Bs, 0 < s < t.
However, since the distribution of ht does not depend on the future and ht
is C1 in t and C2 in the space variable, the usual formula is still valid.
When K = 6, the "di" term drops out and Ut is a martingale. If K ̂  6, the
distribution of 7 is absolutely continuous with respect to (a time change of)
SLEK.

3.3.3 Radial

Radial SLEK is defined as the solution to the radial Loewner equation (5)
where Ut = \[K Bt. Radial SLEK is closely related to chordal SLEK with
the same K. Let 7 denote a chordal SLEK path starting at the origin driven
by the Ut = ^/nBt. Let j(t) = exp{ij(t)} and let T be the first time that
7 forms a closed loop about the origin, i.e., the first time t such that there
is an s < t with j(t) - j(s) = ±2TT. Let $(z) = eiz. If t < T, then
there is a neighborhood J\f of 0 in H containing 7[0, t] such that $ maps J\f
conformally and one-to-one into B. Let tp denote the branch of —i log(̂ r)
on $(J\f) with tp(l) = 0. Let gt be the conformal transformation of the
connected component of B \ $ o 7[0, t] containing the origin onto B with
gt(0)=0,g't(0)>0. Then

dt[tp ° gt(z)] = log$(°) cot[ *— -],

whre Ut = ifi o <jt($ ° T(*))- I n particular, Ut = ip ° gt ° $ ° g^
Using these ideas, one can show that the distribution of a radial SLEK

path is absolutely continuous with the distribution of exp{«7(i)} where 7 is a
chordal SLEK path, at least up to the time where the path exp{«7(£)} forms
a closed loop about the origin. For K = 6, they have the same distribution
(modulo time change) up to the first time the loop is formed. One thing
this tells us is that the qualitative behavior of radial SLEK paths (such as
Hausdorff dimension) is the same as for chordal SLEK.

3.3.4 Restriction property for K = 8/3

Consider chordal SLEK for K < 4, so that the path 7 = 7[0,00) is a simple
path with 7(0,00) C EL Let A is a compact subset of H not containing the
origin such that A = A n i and H \ A is simply connected and let $A be
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the transformation as in §3.3.2. For n < 4, P{7 nA = $}>0. For n = 8/3,
the formula is particular nice.

Proposition 5 7/7 = 7[0, oo) is the path of chordal SLE8/3, then

(6)

A corollary of the proposition is the fact that SLE8/% satisfies the follow-
ing restriction property: the conditional distribution of the path ^c^fO, oo),
considered as a measure on paths modulo reparameterization, conditioned
on the event J7[0, oo) D A = 0} is the same as the distribution of SLE8/S.
For K < 4 other than K = 8/3, the probability in (6) takes a more compli-
cated form than just $'A(0)a. This restriction property does not hold for
these values. The proof of (6) is similar to that of the proof of locality
for K = 6 although the calculation is a little more complicated. Instead of
studying ht(Ut), one needs to use Ito's formula to find the semimartingale
representation of Mt := h't(Ut)5^8 and show that this is, in fact, a martingale.
As a corollary of the calculation we can see that we can define the chordal
restriction measure with exponent 5/8 using SLE8/3.

Exercise. Explain why h't(Ut) is the probability that a Brownian excursion
in H going from Ut to infinity never intersects the set gt(A).

There is a similar formula for radial SLE8/3. Suppose A is a compact
subset of D with 0,1 £ A, A = Af)3 and such that D \ A is a simply
connected domain containing the origin. Let ^!A be the conformal transfor-
mation of D \ A onto D with *A(0 ) = 0, tf^(0) > 0.

Proposition 6 7/7 = 7[0, oo) is the path of radial SLE8/3 going from 1 to
0 in the unit disk, then

P { 7 n A = 0} = ^(o) 5 / 4 8 |^( i ) l 5 / 8 -

Radial SLE8/3 also satisfies the restriction property: the conditional
distribution of the ^A ° 7 conditioned on P{7 D A = 0} is the same as that
of radial SLE8/3 (modulo time change).

4 Applications to Brownian paths

The first major application of the stochastic Loewner evolution was in the
computation of the intersection exponents for planar Brownian motion from
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which one can derive the Hausdorff dimension of certain exceptional sets
of a Brownian path. The proof combines the idea of universality from the
first section (which states roughly that the exponents for any conformally
invariant process satisfying the restriction property are the same as the union
of Brownian paths) and the fact that exponents for SLE can be computed.
In this section, we let Bt = B\ + iB\ denote a standard Brownian motion
inC.

4.1 Hausdorff dimension

Here we review the definition and some basic facts about Hausdorff dimen-
sion. Suppose A is a bounded, Borel subset in Rd. For each a > 0 and any
e > 0, let

where the infimum is over all covers U\, U2, • • • of A by sets of diameter less
than e. The Hausdorff a-measure of A is defined by

na(A) = lim H?(A).

The Hausdorff dimension of A, which we denote by dimh(A), is the unique
G-O 6 [0,d] such that Ua{A) = 00 for a < a0 and Ua{A) = 0 for a > a0.
Here we give two standard ways to estimate Hausdorff dimensions, one which
gives upper bounds and one that gives lower bounds. For proofs and more
details about Hausdorff measure and dimension see, e.g., [17].

Proposition 7 Suppose that for all e sufficiently small, A can be covered
by the union of e~a sets of diamter e. Then dim/^-A) < a.

Proposition 8 Suppose there is a positive measure /j, with 0 < n(A) < 00,
fj,(Rd \A)=0, and such that

II \x-y\a

Then dim.h(A) > a.

Exercise. Using the two propositions, find the Hausdorff dimension of the
Cantor set A. Recall that A = DnAn where Ao = [0,1], Ax = [0, l/3]U[2/3,1]
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and recursively An+i is obtained from An by removing the open "middle
third" from each interval. (Hint: the measure \i to consider is the measure
that gives measure 2~n to each of the 2n intervals in An.)

Kaufman [22] was the first to prove the following fact about complex
Brownian motions. Note the order of quantifiers in the proposition: there
is a single null event such that off that event, the dimension doubles for all
Borel sets A.

Proposition 9 // Bt is a complex Brownian motion, then with probability
one, for all Borel A C [0,1], dimh[B(A)] = 2dimh(A).

Exercise. Explain why the following one dimensional version of Kaufman's
theorem is false. Let Bt be a standard one-dimensional Brownian motion.
Then with probability one, for every Borel A C [0,1],

<&mh[B{A)\ =min{l,2dim/l(A)}.

4.2 Cut/frontier/pioneer points for Brownian paths

A time t 6 [0,1] is called a cut time and Bt is a cut point for Brownian motion
on [0,1] if B[0,t) n B(t, 1] = 0. It is not obvious that a planar Brownian
path has cut times; Burdzy [8] was the first to show this.

Exercise. Show that for each t 6 [0,1], with probability one t is not a cut
time. Conclude that with probability one, the (one dimensional) Lebesgue
measure of the set of cut times is zero.

Exercise. Show that with probability one, the set of cut times t 6 [0,1] is
a closed, nowhere dense set.

In [27], it was shown that one can give the Hausdorff dimension of the
set of cut times and cut points in terms of a particular intersection exponent
for Brownian motion. The basic idea is simple. Let / denote the set of cut
times in [1/4,3/4], say. Call I(k,n) := [(k - l)2"n,A;2-n] an "approximate
cut interval" if B[0, (k-l)2-n]nB[k2-n, 1] = 0 and let In be the union of the
approximate cut intervals I(k, n) for 1/4 < k2~n < 3/4. Then I\ D 1^ D • • •
and I = n/n . If J(k, n) denotes the event that I(k, n) is an approximate cut
interval, subadditivity arguments can be used to show that there is a £ such
that P[J(k,n)] « 2~n&2 as n —> oo and relatively easy estimates show that
£ < 2 . Roughly speaking this says that it takes on the order of 2n^~^'2

intervals of length 2~n to cover / and hence one would guess that the fractal
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dimension of / is (2 — £)/2. In order to make this a rigorous argument for
the Hausdorff dimension, it was necessary to improve the convergence rate
given by the subadditivity argument. In particular it was shown that there
were constants c\, c2 such that

^2, (7)

< P[J(j,n) n J(k,n)} < c22-n^2\k-j\-^2, j + k.

These estimates were established without knowing the exact value of £. Com-
bining these estimates with the basic propositions in §4.1, one can show that
(with positive probability) the Hausdorff dimension of / is (2 — £)/2 and,
using a result of Kaufman, we get that the set of cut points, i.e., B(I), has
Hausdorff dimension 2 — £. The same argument was used for a number of
other exceptional sets (see [30] for a discussion of this method for finding
Hausdorff dimensions of sets).

Exercise. Prove the following fact that is used in the derivation of (7):
suppose f(n) is a function from {1,2, . . . , n } into (0, oo) such that there
exist Ci, c2, 6 (0, oo) such that for all n, m,

ci f(n) f(m) < f(n + m) < c2 f(n) f(m).

Then there exist Ci, C2, a 6 (—00,00) such that for all n

d ean <f(n)< C2 ean.

Theorem 10

A time t < to is called a cut time and Bt is called a cut point for
B[0,t0] if

B[0,t)nB(t,t0] = 0.

The frontier or outer boundary Ft of B[0, t] is the set of points "con-
nected to infinity"; more precisely, it is the boundary of the unbounded
component of C \ B[0, t].

A time t is called a pioneer time and Bt is called a pioneer point if
Bt 6 Ft.



Conformally Invariant Processes 331

Then with probability one the cut points, frontier, and pioneer points have
Hausdorff dimension 2 — £(1,1), 2 — £(2,0), 2 — £(1,0), respectively, where
these exponents are defined by

> e ] n B [ + e , l ] = 0 } « « « > >

, ^ ~ e2] u B[- + e2,1] does not disconnect

B1/2 from infinity} m e^2'°\

~P{B[e2,1] does not disconnect 0 from infinity} fa e^1 '0 ', e —> 0+

As one might guess from the notation there is a whole family of inter-
section exponents £(j,k) (and, in fact, £(ji , . . . , jk), see [42]). Theorem 10
was proved without knowing the exact values of the exponents. However,
SLE and "universality" has allowed us to establish all the values of the
intersection exponent; in particular

£(1,1) = 5/4, £(2,0) =2/3 , £(1,0) = 1/4.

These values had been conjectured using nonrigorous arguments; see [13] for
£(1,1) and [46] for £(2,0).

Remark. The definition of cut points also makes sense for d-dimensional
Brownian motion. For d = 1, there are no cut points [16] and for d = 4
all points are cut points [15]. The interesting open dimension is d = 3;
here [27] we can show that the Hausdorff dimension of the set of cut points
is 2 —£3(1,1) where £3(1,1) is defined as £(1,1), except using a 3-dimensional
Brownian motion. While we know that £3(1,1) exists, we do not know its
exact value nor do we even have any reason to believe that this number is
rational. Rigorously we know that 1/2 < £3(1,1) < 1 [10, 29] and numerical
simulations suggest £3(1,1) « .58.

Remark. One can state analagous problems for simple random walks. Let
S1^2 be independent simple (nearest neighbor) random walks starting at
the origin and (1,0) respectivly in the integer lattice Z2. Let

Sj[0,n] ={S( :k = 0,l,...,n2}
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be the set of points visited by the jth. walker in the first n steps. Define
the simple random walk intersection exponents £(1, 1),£(2,0), £, 0) by the
relations

P{51[0,n] n S2[0,n] = 0} x n ^ 1 ' 1 ) ,

PjS^O,/!,] U S2[0,n] does not disconnect (0,1) from infinity } x n~c(2'0),

P{51[0,n] does not disconnect (0,1) from infinity } x n"^1 '0).

Here x means that the ratio of both sides is bounded away from 0 and
infinity. Then it can be shown [9, 33] that these exponents exist and are
the same as £(1, l)/2,£(2,0)/2,£(l,0)/2. (The factor of 2 comes from the
fact that it takes about n2 steps of a random walk to go distance n.) In
fact, the only known proofs that the random walk exponents exist show
existence by establishing that the random walk exponents are the same as
the Brownian exponents. (The Brownian exponents can be shown to exist
using a subadditivity argument.) The proofs that the exponents are the same
do not use the exact value of the exponents and are also valid for d = 3. The
numerical estimates for £3(1,1) have actually been estimates of (̂ 3(1,1), i.e.,
they have been done by Monte Carlo simulations of simple random walks.
The rigorous relations £3(1,1) = £3(1, l)/2 makes this approach valid.

4.3 A half plane exponent

We are left with the problem of finding the Brownian intersection exponents.
Because the proof is slightly similar (but has all of the major new ideas), we
will discuss a similar family of exponents, the half-plane (also called rectangle
or chordat) Brownian intersection exponents. These can be defined in terms
of the Brownian excursion measure. Let 1ZL be the open rectangle,

TIL = {x + iy : 0 < x < L, 0 < y < n},

and let d\ = [0, iri] and #2 = di,L = [L, L + iri] denote the vertical bound-
aries. Let fiTzL denote the Brownian excursion measure on IZL restricted to
excursions that go from d\ to 82-

Exercise. Show that there exist constants ci,C2, such that for all L > 1,

ci e"L < \HKL\ < c2 e"L.

(You may wish to start by establishing the following estimate for Brownian
motion: suppose Bt is a complex Brownian motion starting at z = l + (ir/2)i
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and let r be the first time that the Brownian motion reaches 8TZL- Show
that there exist constants c\, c2 such that

ci e~L < PZ{BT 6 d2} < c2 e"L.

If we had chosen 1Z-L,a = (0, L) x (0, a) and started the Brownian motion at
z = 1 + (a/2)i, then a similar estimate holds with e~L replaced by e~L'a.)

Definition. If D is a simply connected domain and Ai,A2 are nontrivial
disjoint arcs on dD, then the ir-extremal distance between A\ and A2 in
D, denoted L(Ai,A2;D) is the unique L such that there is a conformal
transformation of D onto TZL such that Ai,A2 are mapped onto di and cfe.

The 7r-extremal distance is n times the extremal length or extremal dis-
tance as defined in complex function theory (see, e.g., [2]). We choose to
use 7r-extremal distance rather than the usual extremal distance because 1ZL
has the simplest crossing exponent, 1 (see the exercise above). Prom the
definition, it is obvious that this is a conformal invariant.

Suppose 7 is an excursion from d\ to d2 in IZL- Let D+ = ^+(7) be the
connected component of 7^L\7 whose boundary includes the upper horizontal
boundary [iri, L + iri]. The half-plane intersection exponent £(1, A) is defined
for A > 0 by the relation

HnL [exp{-\L(diDdD+,d2ndD+;D+)}] x e " ^ 1 ' ^ , L -> 00. (8)

Here we have used nnL [F] for the integral of F with respect to the measure
HnL • We use x to indicate that both sides are bounded by constants times
the other side. One needs to show such a f(l,A) exists and that one can
bound both sides up to multiplicative constants; this is done is a way similar
to the derivation of (7). In particular, this argument does not give the value
of the exponent £(1, A).

Exercise. Consider the nnL
 x HnL measure of pairs of excursions (7X,72)

connecting d\ and d2. Let V = VL be the event that the paths of the
exucursions do not intersection. Show that

»nL
 x »nL (V) « e"^1 '1^, L -> 00.

You may assume that (8) holds.

Exercise. Consider the fiTzL x HTZL
 X ^nL measure of triples of excursions

connecting d\ and d2. Let V = VL be the event that the paths of the
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exucursions are mutually disjoint. . Show that

Mr. x tmL x ixnL (V) « e-f(i.«(1.1))^, L ->• oo.

[This result is sometimes called the cascade relation and can be written as

f(i, 1,1) =f(i, £(

4.4 Crossing exponent for chordal

Here we discuss a similar crossing exponent for SLEQ. Suppose 7 is the
path of SLEQ in TZL starting at in and ending at L + «TT. (Recall that
this is the same as the image of SLEQ in the upper half plane under a
conformal transformation of H onto RL sending 0 to in and 00 to L + in.)
Let T be the first time t that 7(t) 6 $2, and let V = VL be the event that
7[0, T] n [0, L] = 0. On the event V, let V be the connected component of
TZ-L \7[0,T] whose boundary includes the lower horizontal boundary [0,L],
and let t = L(di D&D,d2n dT>; V). On the event Vc, let t = 00. For £ > 0,
we define the chordal crossing exponent v = v(/3) by the relation

E[exp{-/?£}] « e-"L, L -> 00.

(Here we set e"^00) = 0 even for /? = 0, i.e., E[exp{-/9£}] = E[exp{-/?£} ly].)
This is the SLE$ analogue of ^(1, /?). Here we have used « to indicate that
the logarithms are asymptotic; in fact the derivation of the exponent v shows
that E[exp{-/?£}] x e~uL.

The first step is to reduce this problem to an easier computation for
SLEQ. Here we give the main idea of the reduction but leave out a number
of details that need to be verified to give a complete proof. The first step
is to move the problem to the upper half plane. Let $ be the conformal
transformation of 1ZL onto H with $(ni) = 0, $(0) = 1,${L + ni) = 00.
This uniquely specifies $ and it is easy to show that $(L) x eL. Let 7 be
an SLEQ path in H starting at the origin going to infinity, let

r = inf{t:7( t)6(eL ,oo)};

note that P{T < 00} = 1 since 6 > 4. Let £ be the 7r-extremal distance
between [0,1] and [eL,7(T)j in H \ 7[0,T]. Then by conformal invariance of
7r-extremal distance,

E[exp{-/?£}] « e~uL = (eL)~u.
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Scaling can be used to show that the left hand side is comparable to the
quantity with C replaced by C, the 7r-extremal distance between [xo, 1] and
[t, oo] in H \ 7[0, t2], where t = eL and x0 > 0 is such that d(M \ j[0, t2]) D
[0,1] = [xo, 1]. • By conformal invariance, C is the 7r-extremal distance
between [^2(0),^2(1)] and [gt2(t),oo) in EL In the terms that dominate,
gt-z{t) — ^2(1) is of order t. Hence, we can see that

-gt2(x0)]
- 1

Our final approximation is [^2(1) — gp{x(j)] ~ ^2(1)- If we accept all these
approximations (they can be verified, but it takes some work), we get the
relation

B[g[2(lf] = E[exp{/?log^2(l)}] « *"("-« , * -)• 00.

The quantity E[<^2(1)"] can be estimated using the Loewner equation.
For t > 0, x > 0, let

h(t,x) = hKfp(t,x) = B[exp{/3logg't(x)}].

We need to find the asymptotics of h(t2,1) as t —> oo. The scaling law for
SLE implies that h(t,x) = h(l,x/^) = <f>(x/^) for some function <f> of
one variable, and (if v exists), 4>(y) m yv~$ as y -> 0+. Differentiating the
Loewner equation (3) gives

dt\og\\gt{x) - Ut]'] = dtlogg[(x) = - 2_

or, if Yt = gt(x) - Ut,

- ^ / —^ ds}.
JO rs

rt

/o

Since Yt satisfies the stochastic differential equation

2
diYf ^ — do — v K u>-£jti

with K = 6, the Feynman - Kac formula tells us that h(t, x) satisfies the
PDE

„ 2 2/3
= on H—n ^-n,

a; xz
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and hence <f> satisfies the second order ODE

The two linear independent solutions can be given in terms of hypergeometric
functions. However, since we are only interested in the behavior as y —> 0+,
let us assume that we have a solution of the form <f>(y) = yv~^v{y) where v
is smooth and nonzero at the origin and v > f3. Then by plugging in and
considering the lowest order term, we see that

2 2/3
-P-l) + -{y-P)-J±=0,

i.e.,

If V is the event defined earlier in this subsection, then P(V) decays like
e-vL = e-L/3 a s L ̂  oo.

We have done calculations for K = 6, but similar calculations can be done
for other values of K. However, the next corollary uses the locality property
for K = 6.

Corollary 11 Suppose 7 is a chordal SLEQ path from iri to L + iri in
1ZL(L > 1). Let D C 1ZL be a simply connected subdomain with [iri, L+iri] c
3D. Then

where C is the n-extremal distance between 3D D [0, ni] and 3D D [L, L + ni]
in D.

Exercise. Explain why the corollary follows from the exponent calculation
for K = 6. The argument should use the locality property for SLEQ.

4.5 Using v(P) to compute f(l,A)

Here we will show how to find f(l , A) given v(/3). The same basic strategy
is used to find £(1,1),£(2,0),£(1,0) from SLEQ exponents, but for ease we
will restrict our discussion to £(1, A).

Let 7 be an SLEQ from iri to L+iri in TZL, with the driving Brownian mo-
tion defined with respect to a probability P . Let 7' be a Brownian excursion
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from di to d2 in TIL denned with respect to HTIL. Let D+, V be the domains
as denned in the previous two subsections and let £ denote the event that
7(^7' = 0. On the event £, let D = D+ C\V which is a simply connected do-
main whose boundary includes nontrivial arcs d[ := d\ D 3D, c?2 := c?2 D 3D.
For a > 0, define the exponent p by

[ If exp{—aL(d[,S/^D)}] w exp{—p(a) L}, L —>• 00.

We find p by doing the double integral two ways: once integrating with
respect to P first and the other integrating with respect to HTIL first.

Suppose 7 is given. Then conditioned on 7, conformal invariance tells us
that

exp{-a L{j5ty, %; D)} } « M7^ [ exp{-a L{dx n d£>+, 92 n

Here £ is as in the previous subsection. Therefore,

P ® /iwL [ If exp{-a L(di, ^2; £>)} ] « P [exp{-f (1, a) £} ]

and p(o;) = i/(f(l,a)). Suppose 7' is given. Then conditioned on 7', confor-
mal invariance and the locality property for SLEQ tell us

P [ l f exp{-a L(d[, d2; £>)} ] « exp{-i/(a) L(9i n dD+, 82 n

Therefore,

[If
n 9D+, ^ n 9D+; D)}

giving p(a) = £(1, v{a)). We therefore know that ^(£(1, a)) = £(1, v(a))
for all a > 0.

Suppose a = 0. Since i/(0) = 1/3 and £(1,0) = 1, we get f (1,1/3) =
i/(l) = 2. Since i/(l) = 2, |(1,1) = i/(2) = 10/3. Continuing, we get | (1 , A)
for a countable collection of A. A similar argument (using two domains D
and D- rather than just one), can be used to find f (1, A) for all A > 0,

2 1
£(1,A) = A + - + --

See [34, 35, 36, 37] for other values of f and
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Figure 1: The boundary between black and white clusters in percolation on the triangular
lattice (picture produced by Oded Schramm).

5 Critical Percolation

Let T denote the planar triangular lattice. This is a graph whose vertices
(considered as elements of C) are

1 \/3
{j + i k V 3 : j , k E Z } U {{j + - ) + i k ^ j - : j , k e Z } ,

and whose edges are the line segments of length 1 connecting vertices. Each
vertex has six nearest neighbors. In a natural way we can associate to each
vertex in T a hexagon whose center in the vertex and whose vertices are
the midpoints of the edges incident to that vertex. These vertices (with
the line segments of the hexagon) form the dual lattice which is called the
hexagonal lattice. In the dual lattice each vertex has degree 3 and the faces
are hexagons. Critical percolation on T is the process that colors each vertex
in the triangular lattice (or, equivalently, each face in the hexagonal lattice)
independently black or white with the probability of white being 1/2. (See
Figure 1).

Suppose D is a simply connected domain with smooth boundary. Let
Ai,A2 be nontrivial disjoint arcs on dD. Suppose we consider the lattice
6T and study p(Ai,A2,D;S), the probability that there is a connected set
of white hexagons in D connecting A\, A2 in the lattice ST. Topological
considerations show that either A\ and A2 are connected by white hexagons
or the complementary arcs are connected by black hexagons. It has been
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believed for a long time that the limit

\imp(Ai,A2,D;6) =p(AuA2,D)
5 > 0

exists and is in (0,1). By symmetry, if D is a square and Ai,A2 are opposites
sides, thenp(Ai,A2; D) = 1/2. Other properties have also been conjectured:

• The value is the same for critical percolation on other planar lattices.
For example, if one considered bond percolation on the square lattice
Z2 (each bond is open or closed independently with probability 1/2),
then the analogous limit would be the same.

• The quantity p(Ai, A2; D) is a conformal invariant, i.e., if / : D —> D'
is a conformal transformation, then p{f{A\), f(A2); D') = p(Ai, A2; D)
(see [24]).

Assuming conformal invariance and using techniques of conformal field
theory, Cardy [12] gave a prediction for p(Ai,A2;D) that is now called
Cardy's formula. His techniques assumed that the scaling limit produced
a conformally invariant "field"; he did not use any specific lattice model of
percolation (he was using the universality hypothesis that all planar models
of independent percolation have the same scaling limit at criticality). Since
he was assuming conformal invariance of p(Ai, A2;D), he could use any do-
main; he chose the upper half plane H for D and A\, A2 were intervals on the
real line. He found the probability as the solution of a differential equation,
and the formula was given in terms of hypergeometric functions. Carleson
noted that the function Cardy produced took a particularly nice form if one
chooses D to be an equilateral triangle of side length 1, A\ one of the sides,
and A2 an interval with one endpoint on the vertex opposite A\. In this
case, Cardy's prediction for p(Ai,A2, D) is just the length of A2.

Schramm [49], also assuming conformal invariance of the scaling limit,
showed that the boundary between percolation clusters was given by SLE$.
More precisely, consider the path in Figure 1. It is obtained by considering
critical percolation on the triangular lattice in the half-plane where hexagons
are colored black or white independently with probability 1/2 for each ex-
cept that the lower boundary consists of all black hexagons to the left of
the origin and all white hexagons to the right. There is a curve starting at
the origin that forms a boundary between black and white hexagons. This
discrete curve moves according to a simple rule. At each step there are two
possible bonds to choose from (since the boundary lies on the hexagonal
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lattice and each vertex has degree three on this lattice) — if the hexagon
whose boundary includes those two bonds is already known, this determines
the next move. Otherwise, one looks at this hexagon to determine which
way to move. This process is sometimes called the percolation exploration
process. Schramm showed that, under the assumption of a conformally in-
variant limit, the limit of this process is SLEQ. (The nature of the process
shows that it is "local" in nature.)

Smirnov [51] recently proved Cardy's formula for the percolation explo-
ration process on the triangular lattice. This has made the identification of
the boundary SLEQ rigorous. As an example let D be the equilateral trian-
gle as above and consider the set of sites connected to As by white hexagons.
The boundary of the "hull" formed by these open sites is the same as the
hull of an SLEQ path from the vertex A\ D A% to the vertex A2 D A%. This
process can also be given in terms of Brownian motion in D reflected at an
oblique angle (see [53]).

6 Loop-erased random walk

The loop-erased random walk (LERW) is obtained from simple random walk
by erasing loops. There are a number of equivalent ways to define this
measure. In fact, one of the reasons that the process is interesting is that it
arises in a number of different ways.

6.1 Definitions

Let 5 denote simple random walk in Zd. If A is a finite subset of Zd we write

dA = {z 6 Zd \ A : distfo A) = 1}, TA = ini{j > 0 : S(j) <£ A}.

lix,y 6 A,z 6 dA, let

GA(x,y) = Ex[^2 1{S(,>»}], HA(x,z) = Px{S(rA) = z}.
3=0

6.1.1 Loop erasure

If w = [uo, wi, . . . , wn] is a nearest neighbor path in Zd, we define its (chrono-
logical) loop-erasure L(u) as follows. Let

jo = max{j : ujj = (jj0}.
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If jo = n, we set I = 0. Inductively, if jk < n, we define

jk+i = max{j : UJ = Ujh+i},

and let I be the first k such that jk = n. Then,

L(u) = [ufaUft,...,^,].

Note that L(u) is a self-avoiding subpath of u from wo to wn.
If A is a finite subset (or, in fact, any subset with the property that

TA < oo with probability one), the loop-erased random walk (LERW) starting
at x in A (stopped upon leaving A) is the measure on paths given by

where 5 is a simple random walk with 5(0) = x. This measure is supported
on self-avoiding paths starting at x that lie in A except for the terminal
point which is in dA.

Exercise. Suppose A is a finite subset of Zd and x 6 A. Let u = [wo,..., wn]
be a nearest neighbor self-avoiding path with wo = x, {uo, • • •, ̂ n-i\ C A
and ujn 0 A. Then the probability that the LERW starting at x in A
produces the path UJ is (2d)~nQ(uj(j, wi, . . . , wn_i; A) where

7 1 - 1

Here AQ = A and Aj = A U {wo,..., Wj_i} for j > 0.

The way to solve the previous exercise is to consider how many ways
one can add loops back onto a self-avoiding path to get a simple path. The
order is which one adds the loops comes from the chronological nature of
the definition of the LERW. However, as the next exercise demonstrates, we
can give any order to the vertices and get the same distribution when one
adds loops.

Exercise. Show that if A, u are as in the previous exercise and a : {0,1, . . . , n-
1} —>• {0,1, . . . , n — 1} is a permutation, then

Q(ua(o), wo-(i), • • •,ua(n-iy,A) = Qi^o, wi, . . . , un-i;A). (11)

(Hint: it suffices to show that for each k this holds for the permutation that
transposes k and k + 1.)
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6.1.2 Laplacian random walk

If A is a finite subset of Zd and V C dA, we let

p(x; A, V) = Px{S(rA) 6 V} =

Note tha t p(-;A, V) is discrete harmonic in A with boundary value l o n F
and 0 on dA \ V. (A function G : Z d —> R is discrete harmonic at 2 if

If a £ R, the Laplacian random walk with exponent a in A starting at x is the
process 5(j) with 5(0) = x and (if wo,. . . , tc^-i 6 A and Iwfc — Wfc-i| = 1),

P{S(k) = ujk I [5(0) , . . . S(k-1)] = [u0,..., w*-i]} =

p(uk, A \

This walk was introduced in [44]; however, the case a = 1 was already known
to be the same as the loop-erased walk. We leave this as an exercise.

Exercise. The Laplacian random walk with exponent a = 1 starting at x
in A is the same as the LERW starting at x in A .

6.1.3 Uniform spanning trees

There is a close relationship between LERW and spanning trees chosen from
the uniform distribution. The nicest description of this is due to Wilson [55]
and is referred to as Wilson's algorithm. Let A be a finite subset of Zd. We
will "wire" the boundary, i.e., we will consider the graph Q{A) whose vertices
are A plus a single extra vertex called dA. Two vertices in A are adjacent if
they are nearest neighbors and x 6 A is adjacent to dA if dist(x, Z d \ A) = 1.
A spanning tree of Q{A) is a connected subgraph of Q{A) with no cycles
containing all vertices. Wilson's algoithm to generate a spanning tree of
Q{A) goes as follows:

• Choose some x E A and do LERW from x in A. Put all edges of the
LERW in the tree. This gives a tree. If this is a spanning tree, stop.



Conformally Invariant Processes 343

• Otherwise, choose a vertex that is not in the tree, and run LERW
in the set of vertices not in the tree. (In other words, start a simple
random walk at that vertex, let it run until it leaves A or reaches a
vertex that has already been added to the tree, and the erase loops
from this path.) Add all edges from this path to the tree — note that
we still have a tree.

• Continue until we have a spanning tree.

Exercise. Show that Wilson's algorithm chooses a tree from the uniform
distribution of all spanning trees. (Hint: For a given spanning tree T, write
down an expression for the probability that it is chosen. Use (11) to show
this is the same for all trees.)

In particular, if x 6 A, then the distribution of the unique self-avoiding
path from x to dA in a uniform spanning tree is the same as that of LERW
starting at x in A.

6.2 LERW in the plane

Let A denote the set of finite, simply connected subsets of Z2 containing the
origin (we say that A is simply connected if A and 1?\A are both connected).
Let inrad(-A) = min{|^| : z 6 dA}. Suppose z 6 dA and consider LERW
conditioned so that it leaves A at z (which is the same as the loop erasure
of a simple random walk 5 with 5(0) = 0 conditioned so that S(TA) = z).

Now suppose D is a bounded simply connected domain in C containing
the origin and z is a point on 3D. Consider a grid 51? and on this grid take
the LERW from 0 to (a lattice point near z). One would expect that there
should be a limit distribution on curves connecting 0 to z (or z to 0). Since
the scaling limit of random walk (Brownian motion) is conformally invariant
and the order of points (which is all that is relevant for the loop-erasing
procedure) does not change under conformal transformation, one could con-
jecture that the limit is conformally invariant. In fact, Schramm [49] first de-
veloped the stochastic Loewner evolution in order to understand the limit of
LERW — under the assumption of a conformally invariant limit, he showed
that the limit must be (radial) SLE2. The choice K = 2 was determined by a
certain exponent for loop-erased walk that Kenyon had recently established
rigorously [23] (also using a conformal invariance argument). Recently [39],
Schramm, Werner, and I proved that the scaling limit of planar LERW is



344 G.F. Lawler

SLE2. In this subsection I will discuss this theorem, although I will not give
the proof.

6.2.1 LERW as a Markov chain on domains

If A 6 A and z 6 dA, we can consider LERW as a measure on self-avoiding
paths u = [uo, • • •, wi] with UJQ = z,ui = 0, and {ui,..., ui} C A (this is
the time reversal of the LERW starting at the origin conditioned to leave A
at z). We can also look at this as a Markov chain on ordered pairs (A',w)
where A' 6 A and w 6 dA',

(Ao,h)o), (Ai,ui), (A2,u)2), ..., (Ai,ui),

where AQ = A; for j = 1,2,..., I — 1, Aj is the connected component of A \
{wo,... ,ujj} containing the origin; and Ai = 0 (in this setup, the "terminal
point" (0,0) should be added to the state space as an absorbing state).
Suppose A 6 A, z 6 dA, w 6 A with \w — z\ = 1, and A' denotes the
connected component of A\{w} containing the origin. Then the probability
of the transition (A, z) i-> (A',w) is the probability that a LERW starting
at the origin in A conditioned to leave A at z visits w as its last visit in A
before hitting z (or, equivalently, the first step of the reversed walk starting
at z is to w, or, equivalently, that the last step of the simple random walk
from 0 to z is to w).

As we have defined it, the time to make the transition (A, z) i-̂  (A',w)
is 1. This is not the most convenient parametrization from the perspective
of scaling limits. We will instead use discrete parameterization by capacity.
If A 6 A, define the (discrete, simple random walk) capacity of A to be
GA(0,0).

Exercise. If A 6 A and x 6 A, x ^ 0, let Ax denote the connected
component of A \ {x} containing the origin.

• If dist(x,dA) = 1, then Ax 6 A. (Is this true if dist(z, dA) > 1?)

GA(0,0) - GAx(0,0) = HAx(0,x)GA(x,0) = HAx(0,x)2GA(x,x).

Parametrization by discrete capacity will be the parametrization that
says that the time to make the transition (A, z) i-̂  (A',w) is GA(0,0) —
GA'(0,0).
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Remark. Everything we have done so far in this subsubsection applies to
arbitrary graphs. However, the fact below only holds for the square lattice.

Fact, (see, e.g., [25]) There is a positive constant c such that for all A E A,

| G A ( 0 , 0 ) - - log[inrad(A)] | < c.

Moreover, if Cr = {z 6 Z2 : \z\ < r},

[GCr(0,0)-hogr\<c/r.

6.2.2 LERW as a Markov chain on conformal maps

For any A E A, let A be the simply connected domain obtained from A by
replacing each lattice point with the square of side length 1 centered at the
point. Let <f>A be the unique conformal transformation of A onto the unit
disk D with cf>A(O) = 0, ̂ ( 0 ) > 0. If z E dA, We will abuse notation slightly
and write $A(Z)- This should be interpreted as <J>A(Z') where z' is the point
of dA closest to z (if there is more than one closest point, we can make any
choice, it will not matter for what we discuss here). Note that |<^>A(^)| = 1-
We call — log (j>'A (0) the continuous capacity of A (with respect to the origin).
A standard estimate shows that there is a c > 0 such that

| loginrad(A) + l o g ^ ( 0 ) | < c.

In fact, one can show that there is a function 5r —> 0 as r —> oo such that

\^GA(0,0)+log(f>'A(0)\<6r, (12)

provided that inrad(A) > r. (6r can be chosen to be cr~a for some a > 0.)
A realization of the LERW, (AO,LJO),(AI,LJI),. .., gives a sequence of

conformal maps <f>o,<f>i,... where 4>j = 4>Ar Let ipj = 4>j ° ^c^1- Then ipj
is the unique conformal transformation of <fio(Aj) onto D with tpj(O) = 0
and tpj(O) > 0. In fact, log ̂ i-(O) is the difference between the continuous
capacities of A and Aj. Let Wj = <fij(zj), so that wo,wi,... is a process
taking values on the unit circle. Define a process Yt on the unit circle by
yjog ^ (o) = wj a n d by linear interpolation for other values of t. The main
result in [39] can be stated as follows.

Theorem. For each T < oo, there is a 6r = 6r>T with 6r —>• 0 as r —>• oo
such that if A E A with inrad(-A) > r and Yt is defined as above, then Yt
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and a standard one dimensional Brownian motion Bt can be defined on the
same probability space so that, except for an event of probability 5r,

sup \Yt - exp{iV2Bt}\ < 5r.
0<t<T

Remarks .

• We chose to define Yt using continuous capacity. We could have simi-
larly defined Yt using discrete capacity, i.e., choosing Ys(j) = Wj where
s(j) = (TT/2) [GA(0,0) - GAj(0,0)]. The result would still hold. An
important part of the proof is the fact that discrete and continuous
capacities are very close, see (12).

• Let gt be the solution of the radial Loewner equation (5) with Ut =
V%Bt. Then gt gives the conformal maps for radial SLE2. Let ft =
g^1. Prom the theorem and properties of the (deterministic) Loewner
equation, we can show that for every T there is a 6r = 6TJT as above
such that, except perhaps on an event of probability 6r,

sup sup \ft{z) - 4>tl{z)\ < Sr.
0<t<T \z\<l-Sr

(Here 4>j n a s been extended in a natural way to a 4>t parameterized by
capacity.) This gives a (weak) form of the convergence of LERW to
SLE2.

7 Self-Avoiding Walk

At the moment we do not know how to prove that the scaling limit of self-
avoiding walks exists. However, it is believed that the limit should be in
some sense a conformally invariant (or conformally covariant) measure on
simple paths. The nature of the limit, if it exists, shows that the limiting
measure should also satisfy the restriction property. This makes SLE%/Z

the only possible limit. Nonrigorous predicitions about critical exponents
for self-avoiding walks can be reinterpreted as rigorous scaling exponents for
SLE8/3. See [40] for details.
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