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Summary:

Integral parameters of the thermal neutron scattering law -

the thermalization binding parameter (M?), the Placzek's moments

of the generalized frequency spectrum of dynamical modes and the

energy transfer moments of the scattering law - are theoretically

discussed. A detailed study of the variation of M7, the thermaliza-

tion time constant and the effective temperature of the vibrating

atoms, with the relative weight between intra-molecular vibrations

and hindered rotations for H?O, is presented. Theoretical results

for different scattering models of H?O are compared with the mea-

surements of integral experiments. A set of integral parameters

for D_O, using Butler's model, have been obtained. Importance

of the structure of hindered rotations of H,O and D^O in the study

of integral parameters has also been discussed.

Printed and distributed in Sept. 1964.
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1. Introduction

It is now increasingly recognised that a comparative study of

different neutron scattering laws can be undertaken in terms of

their integral parameters. These are also sufficient to discuss

the specific details of a given scattering law. Integral parameters

which govern the thermalization properties of neutrons are obtained

from the energy transfer moments. These are the matrix elements

of the scattering operator corresponding to a suitable set of func-

tions used for representing the distribution of thermal neutrons.

On the other hand, parameters which describe the deviation from

the behaviour of high energy neutrons are Placzek's moments.

Matrix elements and Placzek's moments are explicitly given in

terms of the frequency distribution of dynamical modes of the

scattering atoms.

In this paper, we limit the discussion to three sets of integral

parameters, which are extensively used in the analysis of thermal

neutron problems, theoretical as well as experimental - (l), the

matrix element corresponding to the second energy transfer moment

denoted by M-, in literature (introduced by Nelkin (1) in the analysis

of diffusion cooling experiments), (2), Placzek's moments of the

frequency distribution of vibrational modes, (3), the energy transfer

moments of the scattering law for a fixed momentum transfer to

neutrons.

One encounters the parameter M~ in the analysis of neutron
Li

thermalization problems, whenever the neutron flux is represented

by JL, approximation (2). This corresponds to two JLaguerre poly-

nomials in energy variable weighted by the Maxwellian distribution

at the thermodynamic temperature, or by an equivalent expression.

The rate of exchange of energy between thermal neutrons and the

scattering atoms of the moderator is governed by M?.
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Two Placzek s moments, T ff (effective temperature of the

scattering atoms equivalent to 2/3 mean kinetic energy) and X

(Debye-Waller integral) are important integral parameters.

T ,- determines the deviation of the neutron energy spectrum

from the Fermi spectrum given by •=- law. The knowledge of X

is essential to evaluate the elastic as well as inelastic scattering

cross sections. The elastic cross section, for an incoherent

scatterer, is entirely given in terms of one integral parameter

- X.

One may consider M?, T , , and X as the useful integral para-

meters of a neutron scattering law for discussing its details. It is,

therefore, desirable to explore the possibility of estimating their

values for a given moderator from the results of integral experi-

ments.

For the estimation' of M_, one may employ the experimental

results of the thermal diffusion length, the rethermalization cross

section, the diffusion cooling coefficient and the thermalization

time constant. The knowledge oi the variation of the diffusion co-

efficient with energy is essential in the first three cases. Von Dar-

del and Sjöstrand (3) first described the connection between neutron

thermalization and diffusion processes in terms of the diffusion

cooling phenomenon.

From the thermalization time constant obtained from the

pulsed neutron experiments, one may estimate M7. This method

does not depend upon the knowledge of the diffusion coefficient.

Therefore, the uncertainty due to the lack of knowledge about the

energy dependent diffusion coefficient does not occur in this case.

See reference (2(b))

3\fir£
t _J
t
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v = 2 - 2 x 1 0 cms/sec - thermal neutron velocity, f is the
O T)

correction due to Laguerre polynomials greater than two. For

L. approximation, £ is equal to one.

The deviation of total scattering cross section £ (E) from
s

the free particle value /C is governed by the mean kinetic energy
3 m

 soE equal toy T ,.,..

~ ( b E + c ) +

= z
so

r r is the ratio between neutron and moderator atom masses.

In addition to £ (E), the asymptotic neutron flux may also bes
employed to estimate É or T --.

E

Coefficients a, b and c determine the deviation from the Fermi

spectrum. These are characterized by the nature of chemical or

crystalline binding of atoms and the amount of absorption. The

above expressions result from the Placzek-Wick (4) short collision

time expansion of the neutron scattering law. The asymptotic flux

expression was obtained by Corngold (5) using the same expansion.

The Debye-Waller integral (X) can only be given by the diffe-

rential scattering experiments. In the case of solid moderators,

the elastic differential scattering cross section corresponding to

the zero phonon contribution directly provides X.
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£, is the bound atom scattering cross section. K is the momen-

tum transferred to neutrons. It is in units of fo, Planck's con-

stant. E' and E are final and initial energies of scattered neut-

rons respectively.

In addition to the theoretical discussion of integral parameters,

we present a detailed study of M.,, t , and T , , , for H^O in terms
c* Xix exx u

of the relative weight between intra molecular vibrations and hin-

dered rotations- Range of the relative weights covered in this study

include all the neutron scattering models for H?O reported in the

literature. Attempt has been made to predict the relative weight

from the results of integral experiments. The contribution of the

hindered rotations plus translational motion in estimating these

parameters has also been discussed. In the case of D,O, the above

integral parameters at room temperature have been obtained.

Larsson and Dahlborg (6) have derived the generalized frequen-

cy spectra from the cold neutron scattering experiments for H9O

and D«,O, for several temperatures. A comparative study of T f ,

and X for the hindered rotations of H^O and D7O for two cases,

the experimentally derived frequency spectrum and the delta func-

tion (oscillator) representation - has been undertaken.

A short discussion of results is presented at the end.

2. Thermalization binding parameter (M, or M7 »)
• ' • • • ' ' " ' » • " . . i . . . , , . . • ^ i . .i ^jjU—•

M, or M7 ft is a special case of the general associated inte-
' thgral M, obtained from the k energy transfer moment of the

•K, p

scattering kernel. These integrals arise in the study of neutron

therrnalization whenever the thermal neutron flux is represented

by a polynomial in energy variable, weighted by the Maxwellian

distribution. Mathematically, M, is given by a double inte-

gral (2(c))
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M.

E

exp - •=-
k , p

f£ (E-*El) (E1- EfdE'dE (5)
s

T is the the r mo dyna mi c temperature. £ (E-*E') is the partial
s

differential scattering cross section. M, n is obtained by taking

k = 2 (second energy transfer moment) and p = 0. It is the second

energy transfer moment weighted by the Maxwellian distribution

at temperature T.

•30

M2,0 exp --f- /Ze(E-*E') (E' - E)2dE'dE (6)

From the detailed balance theorem in terms of the first moment

it is also equal to

M, n = - 2 / ~ exp -™ / £ (E->E') (E1 - E) dE'dEz , u j T ^ i y s
o o

To be consistent with the notation in literature, we shall al-

ways use M- for M_ .

In terms of the well known neutron scattering formalism of

van Hove, we obtain (2(c))

' b
T2.2 dr,

+oo
dt

3/2 (7)

n=o

p(t, Y\ ) is given in terms of the width function y(t). The real part

of y(t) describes the mean square displacement of the vibrating

atoms in terms of the "collision time" t between neutron and

scattering atom.



~ Y(t)] • (8)

The above result for M- is exact. However, the evaluation

of the time integral without resorting'to expansion or approxima-

tion for y(t) is not trivial. y(t) is given by

Vr £($) fexp(-ilt) - l]
= djr (9)

£(exp f ~ 1)

f(f) is the generalized frequency distribution. For solids,

is the frequency distribution of phonons. For liquids, it is the

frequency distribution of the velocity auto-cor relation function.

The integral, given by Eq. (7), has been studied in two .

cases.

a) The mass expansion (2(d))

b) The generalized Doppler approximation (2(c))

The mass expansion involves the expansion of M7 in powers

of (—). It is the extension of Placzek's mass expansion, used in

the study of the scattering cross section, for the determination

of M .̂ The generalized Doppler approximation is based upon the

representation of the width function by a quadratic expression in

"t" the collision time.

a) Mass expansion

M 2 = TT .
n=l

n n
«. (10)
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+°
G i =

exp -

2 ?. sm h

exp Z (2TZ}n+3 Kn+1(Z) [i (H>

•where

z ~ L—, 2T

X =

-Oo
5(exp# - 1)

K ,(Z) = Modified Bes sel function of the second
n+1

kind of argument Z.

(12)

The above expression for M? is valid for all moderators in

the incoherent approximation. We denote the first term of the

mass expansion result by M? . The prefix stands for the first

term of the expansion.

7
4MT sin h

(13)

2T

The above integral differs by a constant factor at a given tem-

perature from M defined by Schofield (7) and (14).

m

M
M (14)

For a heavy moderator M_ = M_ . Therefore, M_ iv=; given

by a single integral involving f{?). For illustration, for heavy
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Debye and Einstein crystals and heavy gas, we have the following

expressions.

i) Heavy Debye crystal

f (?) d\ =
3S 2 d% (0 - Debye temperature in

energy units)
(15)

3 2,. rn + * £5 K-

4 T M 0" sin h 2T

(16)

ii). Heavy Einstein crystal

(f; - oscillator energy) (17)

M.2 " 2 T M

3 K (L°.

sin h to
2T

(18)

using / f(?) d? = 1 norinalization condition.

o

i ii) Heavy gas

This is the weak binding case. Therefore x = rp= « 1. For

small x

K2(x) =
x

Sin h x = x

(19)

With above formulae, we get tlv well known heavy gas result

_ o y
b M

(20)
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b) Generalized Doppler approximation (2(c))

The width function is represented in the following form.

Y(t) = c i2 t2 + b i t - a (21)

a, b and c depend upon the physical model. Three cases - the

mono-atomic gas, the detailed balance Doppler approximation and

the Krieger-Nelkin approximation for the rotating molecules of a

gas - were discussed in the above reference. For mono-atomic

gas, a = 0, b = 1 and c = T. For the above width function, M-,

is given by

g
2

a c + (1 + ~ b)2+ 4 ^ a T
M M

2

In the calculation of M, for H^O, we shall use the above re-

sult to obtain the correction to the mass expansion result, a, b

and c parameters are to be defined in the later section for the de-

tailed balance Doppler approximation case. The width function in

this case meets the requirement of the imaginary time translational

invariance. Consequently, this property ensures the validity of the

detailed balance theorem. However, Placzek's moment theorems

important, on the high energy end, are not satisfied. It may well

be argued that M? is essentially a parameter of thermal neutrons,

therefore, the failure of moments theorems may not be important.

In addition to the above examples, we discuss the determina-

tion of M7 for a rigid hindered rotator.

c) Rigid hindered rotator

Yip and Osborn (8) formulated a model for the study of scatter-

ing of neutrons by a rigid hindered rotator. The rotations of a mole-
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cule having the permanent electric dipole moment f* are assumed

to be hindered by the presence of the local electric field e genera-

ted by the neighbouring molecules. As H70 molecules have the

permanent dipole moment, therefore, this model was applied to

the study of scattering of neutrons by H7O molecules. Based upon

the intermediate scattering function, as given by Yip and Osborn,

we derive the expression for M?

T K /V2AB\

M2 - 2T L-* dJt, q
-

sin h

Details of the above derivation are given in the Appendix II.

X =. j*£ and B is the rotational constant to /2I with h equal to

Planck's constant and I equal to the moment of inertia, d. is
X, q

defined in the Appendix II.

For X = 1 and q = 0 (large moment of inertia case), we ob-

tain the following simple result

s3
Jb

2T sin h
2T

2 2 T i "± _ . £ . \ / - i / i \

(rrmBb ) (24)

On comparing the above expression with that of a heavy Ein-

stein oscillator-result of Eq. (18), one notes the oscillator energy

equal to V̂ XB . An effective mass M , , associated with the oscilla-

tor may also be defined.

Meff = ~1~Z ( 2 5 )

e " 4 B hl

b is the distance between the scattering nucleus and the centre of

mass of the molecule. For details, see Appendix II.
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3. Placzek's moments of the frequency spectrum

Placzek's moments (4(a)) are introduced .whenever the width

function is expanded by the short-collision time expansion. Let

the n Placzek's moment of the frequency spectrum of vibratory

modes be defined as

.

By the rearrangement, it can be shown that

oo

(gn) = (_ l)n / %n-1 f(g) d§ for odd n (27)

oo

(|n) = / §n" 1 f(5) Coth r~ dS for even n (28)

The first three moments are as follows

,S0/ = / !i!i Coth ~ ; d ? (Debye-Waller factor (29)

o integral)

- - 1 (Normalization integral) (30)

oo

2 T , , (Effective temperature

integral)
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The mean kinetic energy of the vibrating atoms

E = | Teff (32)

T
In Schofield's notation (7) ——• = f (See reference (14)).

We discuss the evaluation of the above integrals.

For odd n, % is easier to evaluate. However, for even n

after rearranging, we write

(33)

In order to evaluate the second integral we decompose it into

two parts from 0 to b and from b tow. The integral from. 0 to

b may-be evaluated by using the Bernoulli number's expansion.

See Jahnke - Emde (9).

04)- O ~ £5 q"

B = Bernoulli numbers.
q

From b to oo one may use the following expansion

•p#- (35)
r x /

 P=i

Combining above expansions, one obtains
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= 2 r, B
d>

"1 f(%) di + £ /*(*) exp - % (36)

In the case of Debye frequency spectrum, these integrals are

extremely simple to evaluate. For the special case of weak binding,

the convergence is extremely rapid. The limit b is such that

r= < 2fT, This condition makes the first series rapidly convergent.

These integrals can be evaluated for f(l) of the Gaussian distribu-

tion form. The final result involves the error functions.

4. Moments of the scattering law.

th
Let us define the n energy transfer moment of the incoherent

scattering law S(K, w) for a fixed momentum transfer K. and w = E-E'.

-{-Go -}-

(K) = JL
217- (exp-iwt)x (K,t) dt dw (37)

X (K, t) is the intermediate scattering function, and may be ex-

pressed in two alternate forms.

<*,
X(K, t ) = ! + / _ , „ ,

v = l
— ('t)Y (38)

X(K,t) =
DO

T—\

v = l
f (it) (39)
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Coefficients X are the cumulants of the distribution x(K, t), as
v

defined by Cramers (10). oc are expressible in terms of X and

vice versa.

»1 = Xl

= X2 + Xl

= X3

(40)

(41)

(42)

4 X l
(43)

The n moment of the scattering law is, therefore, given by

b=0
(44)

The above result is based upon the Fourier transform repre-

sentation of the Dirac Delta function.

? (K) = oc
Inc x ' n

(45)

X is given in terms of the Placzek's moments. It is very

well known that the intermediate scattering function may be ex-

pressed in terms of these moments.

X(K,t) = expK
2M

f (S) exp - i I t

-oo

(46)

Expanding exp-i^t, one obtains
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X(K,t) = exp (it) (47)
v = l

2M
(48)

/ is the v Placzek's moment.

The first three moments are explicitly given by

w.
o
Inc = 1 (49)

1
Inc

K
2M

(50}

w.Inc
K2

2M eff 2M (51)

Using Eqs. (45) and (48), higher moments can also be given.

Thus, we note that from the knowledge of the moments of the scatter-

ing law it is possible to obtain the Placzek's moments. The second

moment gives T ,, or the mean kinetic energy E.

5. Integral parameters of H?O and D?O

From the discussion of integral parameters in previous sec-

tions, we note that the knowledge of the generalized frequency

spectrum of the dynamical modes is essential to obtain the integral

quantities. We first discuss the case of H^O.

5. 1. Integral parameters of H,O

We construct the frequency spectrum to describe the dynamical

modes in H?O.
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(a) Frequency spectrum

Let us assume that the dynamics of atomic motions in H,O

can be given by three independent motions - translational, rota-

tional and vibrational. The translational motion is of mass 18

(molecule) and represents small energy transfers. However, in

the detailed analysis, it must be replaced by the hindered trans-

lational (acoustic) plus diffusive motions. The vibrational motion

consists of three independent intra-molecular vibrations of ener-

gies equal to 0.205, 0.474 and 0.488 eV. This follows from

the fact that a non-linear triatomic molecule, such as BLO or

D2O, has three intra-molecular vibrations. Rotations which

contribute significantly to the transfer of energy to thermal neut-

rons are hindered. These modes have broad structure centered

around 0. 06 eV at the room temperature. See Larsson and Dahl-

borg (6).

Let us write

TTfUHafrr, (g) + b f ., (?) + c £„ .($) (52)
M v ' Trans 1 ' vibx ; H. rotv ' K '

As the translational motion is of mass 18 (molecule), therefore,

f T r a n s <*) = < f > f
g a s & <53>

The translational motion corresponds to the extremely weak

binding gas case. In the absence of intensity data for the vibrations,

we assume the vibrations to have equal weights. Two higher vibra-

tions of almost equal energy (0. 474 and 0. 488 eV) may be replaced

by a single vibration of energy equal to 0.481 eV. Let M be the

effective mass associated with each intra-molecular vibration. As

the weight factor is equivalent to the reciprocal of the effective

mass, therefore,
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fvib
m
M

(54)

= 0.205 eV and = 0.481 eV

For hindered rotations,

Cf u .(S) =
H. rot* '

M

(55)

oc

The integral in the denominator ensures the correct normalization

of the experimental fH (£) between oc and /& limits. M is the

effective rotational mass. If fH t(E) is represented by an oscil-

lator of energy then

H. rot (56)

Nelkin (11) assumed £ to be equal to 0.06 eV. This was based

upon the earlier neutron scattering experiments of Brockhouse. It

must be remarked that the peak of hindered rotations shifts to the

lower energy side with the broadened distribution, with the increase

in temperature and vice versa.

For a rigid hindered rotator, as discussed by Yip and Osborn (8)
-3t = /2AB. For H,O molecule, X = 0. 825 eV and B = 2 • 2 x 10

o c,
one obtains % = 0. 0603 eV. X and B were defined in section 2(c).

eV,

Combining Eqs. (52) to (55), we obtain putting neutron mass

m = 1

is sr
f H • (57)



- 20 -

M
X = ~ — (Relative weight between one in.tr a -molecular (58)

vibration and hindered rotations)

f(§) contains two parameters M and X. One of them, M ,

may be obtained from the normalization condition, provided X

is given.

o r

f(£) d5 = 1 • (59)

~ + ~ - (1 + 3X) = 1
r

The scattering model represented by f(E) of Eq. (57) is essen-

tially a one parameter model. That parameter is X.

(b) Relative weight between one intra-molecular vibration and

hindered rotations

Exact theoretical and experimental estimates of the relative

weight between the intra-molecular vibration and hindered rotations

are not available. Theoretically, the hindered rotations (which are

least understood) complicate its evaluation. On the other hand, the

present neutron scattering experiments do not cover energy trans-

fers of the magnitude of intra-molecular vibrations due to intensity

reasons.

In Table 1, we present parameters for four cases which differ

from one another with regard to the relative weight between the

intra-molecular vibration and hindered rotations (X). The corre-

sponding effective rotational and vibrational masses are also listed.

In Nelkin's model (11) the effective mass for the hindered rotations
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is obtained from the mass tensor concept of Sachs-Teller. Rela-

tive weights for the General Atomic case, and Egelstaff's scatter-

ing law have presumably been obtained from the analysis of the

neutron scattering law data on H?O, as described in references

(12) (a) and (b).

In addition to the above three cases, the hindered rotator

case has also been included. The weight factor for this case has

been obtained from the values of constants given by Yip and

Osborn (8). It must be pointed out that these authors do not deal

with the effective mass concept for describing the weight of the

hindered rotations. We have attempted to obtain an effective mass

for this case in order to compare with the other cases. Detailed

discussion of this case has been given in the Appendix II. Effective

mass for the hindered rotator case is found to be equal to 1. 764.-

It is almost equal to 3/4 of the value for the effective rotational

mass (2. 32) given by Nelkin (11),

(c) Estimation of M, and t ,

For the calculation of M7, we use the following procedure.

M2(Exact) = AM 2
! (60)

A is the ratio between the exact and first term of the mass expan-

sion results. For a heavy moderator A = 1. Unfortunately, this

does not hold good for the neutron scattering by the bound hydrogen

atom. The calculation of A using the exact formula can only be

undertaken by the computing machines and is very laborious. We

calculate A in this paper using the Detailed balance Doppler

approximation (2(c)).
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For this case,

M2(D) =
m oo
M "T

3/2

_ 1 T M " T ] [ M J

(61)

If we resort to the mass expansion and retain only the first

term, then

M2
1(D)= (6Z)

(D) indicates the use of the Detailed balance Doppler approxima-

tion. A and «, are given by

XT = I(4-) £(?) d% < Coth j= - Cosech
L

(63)

Oä

T
Smh

(64)

£(£} = Frequency spectrum of dynamical modes.

Therefore,

A =
M2(D)

(65)

A =
m

3 / 2
m

m .For bound hydrogen atoms in K?O, -TT is equal to one

(66}
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„ 2
In Figs. 1, 2 and 3 we have plotted M or j , A and

as a function of X (relative -weight between one intr a-molecular

vibration and hindered rotations). Points obtained by assuming

the structure of hindered rotations, as given by experimental fre-

quency spectrum, are also shown. These parameters are insensi-

tive to the structure of hindered rotations but are extremely sensi-

tive to the variation in X. We have also shown, by the arrows,

points corresponding to four cases of Table 1.

The ther ma libation time constant (t,, ) for H,O versus M2 is

shown in Fig. 4 for two cases - f equal to 1. 0 and 1. 15. The

latter is the correction factor due to Laguerre polynomials greater

than two for the hydrogen gas. It must be remarked that the correc-

tion factor merely shifts the curve. Möller and Sjöstrand (13) re-

ported t,, = 4. 1-t 0.4 y. sees from the pulsed neutron experiments.

T
(d) Effective temperature (—-=—)

From Eqs. (31) and (57), we evaluate T f f/T. "We plot in Fig. 5

T rf/T versus X. Results obtained by using the experimental struc-

ture for hindered rotations are also shown. T ,./i is found to be

insensitive to the structure of hindered rotations.

In order to compare different scattering models in the light of

experimental results, we plot the thermalization time constant as

a function of T ff/T in Fig. 6. The experimental point correspond-

ing to the results-of Möller and Sjöstrand (13) for t , and of the

Harwell group (Poole, Schofield et al.) (14) for T .Ji is also given.

The rectangle drawn by the dotted lines represents the area of un-

certainty in these measurements.

Schofield (7) has plotted M versus T ., for a few moderators.

The author has discussed the variation of M, with T , , for a heavy
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crystal (2{d)). Neither M nor M? can be obtained directly from

experiments, therefore, the point corresponding to the real physi

cal case which can only be provided by experiments is missing in

these studies.

(e) Contribution of hindered rotations

The contribution of hindered rotational plus translational

motions to M, and T ,, is plotted in Figs. 7 and 8 respectively.

The major contribution to M? is due to hindered rotational plus

translational motions. The effect of adding vibrations is to de-

crease its value. Qn the other hand, the major contribution to

T jr/T is from the intra-molecular vibrations.

(f) JEgelstaff - Schofield_width model_ -_. (15(a))

It is also of interest to obtain integral parameters for ELO

for the width model. The frequency spectrum for this model is

given in terms of the modified Bes sel function of the second kind.

f(g) ål = ^ Sinh ^ Kj f f ) d% (67)

2 1 ! / 2

a=(c + { ) (68)

In reactor spectrum calculations with H?O as the moderator,

the width model with one parameter (d = c = l/q) has been used.

At room temperature (q = 3. 7). See reference (15(b)).

Integral parameters for q equal to 3. 7 and 4. 0 for the width

model and for the cases of Table 1 are listed in Table 2.

For a detailed theoretical discussion of the integral parameters

of the width model, we refer to the Appendix III.
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5. 2, Integral parameters of D?O

The dynamics of atomic motions in D?O is analogous to that

of KLO, except for small energy transfers which are important

for estimating the coherent elastic scattering. Therefore, one

may construct the frequency spectrum, to study thermal neutron

scattering by deuterons and oxygen atoms in By® a*on§; t n e simi-

lar lines as for HLO. In the case of D?O the contribution of oxy-

gen atoms compared to deuterons cannot be neglected, as is done

in the case of HLO.

Let us write the frequency spectrum for studying scattering of

neutrons by deuterons or oxygen atoms in D?O as follows:

m
M

f{S) = m gas
M trans MH. rot

(69)

The above equation represents the frequency spectrum for

studying thermal neutron scattering by an atom of mass M. It in-

volves three independent motions - translational, hindered rota~

tional and vibrational.

The translational motion (free gas) is of mass M. . Hindered
x & ' trans

rotations are represented by an oscillator of energy g eV with an
effective mass MT, ... Each of the three intra-molecular vibra-ri, rot

tions has an equal effective mass, M ., . Two of them have equal

energy £_ (eV), and the third has energy equal to JL eV. In the case

of D9O .5 , g, and S7 are equal to 0.05, 0. 146 and 0.339 eV

respectively.

• According to Butler (16) for D7Q, effective weights for diffe-

rent vibrations are as follows:

For deuterons

Kl M
H. rot j, O r t j vib 1 O __= 4. 39 and = 13. 52
m m
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For oxygen

. , M , M T T •• • M . ,
•M = 1 6 __l£ans = H, rot = g 8 __vib
m xxx m m

The above weights ensure the correct normalization of the

frequency spectrum according to Eq. (69). Integral parameters

for D?O are given in Table 3.

Hindered rotations of H?O and D-,O are usually replaced by

the torsional oscillators. Energy of the oscillator corresponds to

the energy of the peak of the scattered neutron intensity in this

region. For H^O it is equal to about 0. 06 eV and for D_O around

0. 05 eV at room temperature. The effect of the replacement of

this structure by a delta function in the determination of reactor

physics quantities has yet to be fully investigated.

We present results for two integral parameters - X (Debye -

Waller Integral) and T ,Ji for three temperatures of H?O (365°,

295° and 275 °K) and for two temperatures (428° and 295 °K) of

D?O in Table 4. For each temperature, two cases are given. The

first corresponds to the experimental frequency spectrum and the

second to the delta function (oscillator) representation. The equiva-

lent oscillator energies obtained from the first case are listed for

comparison.

6. Discussion

We present a short discussion of results obtained in previous

sections.

The thermalization binding parameter (M_) has been obtained

by calculating the first term of the mass expansion (M) exactly and

the correction factor due to higher terms by the Doppler approxima-
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tion. M9 for H,O, by this procedure for Nelkin's model, is

estimated to be equal to 3 • 122 cm" , using the free particle

scattering cross section Jjc = 1- 33 cm . See Table II. The

corresponding value of M-, for one hydrogen atom is equal to

46 • 88 barns, with the bound hydrogen atom cross section <*• =

= 80 barns. Recent calculations at Studsvik for H,O using

Nelkin's model have given M~ equal to 3.21 cm" . The diffe-

rence between two values of M7, one obtained by the exact nurae-

rical computation and the other by the Doppler approximation is

of the order of 5 %. Therefore, the above procedure based upon

the Doppler approximation may be adopted for discussing the vari-

ation of M7 with the binding parameter.

As shown in Fig. 3, M? decreases with the increase in the

relative weight (x) between the intra molecular vibration and hin-

dered rotations. Consequently, the thermalization time constant

(t,,),: which is inversely proportional to M?, increases with X.

Therefore, it must be concluded that in the establishment of ther-

mal neutron equilibrium hindered rotations centered around 0. 06 eV

in|H?O (around 0.05 eV in D_O) play the predominant role compared

to the intra molecular vibrations. By increasing the weight of intra

molecular vibrations (or binding) the process of neutron thermaliza-

tion is retarded.

The estimation of t , in L, approximation (neutron flux repre-

sented by two La guerre polynomials, weighted by the Maxwellian

distribution) is straigth-forward, as it involves the knowledge of M?

only. This corresponds to f, = 1.0 according to Eq. (1). For this

case, the experimental value of t , = 4. 1 t 0. 4 ^secs for H?O, as

reported by Möller and Sjöstrand (13) corresponds to X = o. 7, accord-

ing to Fig. 4. This value of X corresponds to the case given by the

General Atomic group (IZ(b)).

Unfortunately, the L. approximation is not adequate. The

correction due to higher polyn<. mials in the form of f factor for



28 -

each theoretical point must be obtained. This requires the know-

ledge of the associated integrals (Eq. (5)) or the matrix elements

corresponding to energy transfer moments greater than two. For

the sake of analysis, let us assume f. for the "bound hydrogen

atom to be equal to 1. 15 (hydrogen gas value). This factor raises

the curve corresponding to f = 1.0 by 15 %, as shown by the

second curve in Fig. 4. The experimental value does not lie on this

curve. However, one may guess that the corrected result for t ,

would correspond to X = 0. 222, as given by the hindered rota-

tor case.

The calculation of T «/T is straight-forward. There is no

uncertainty in its estimation for a given frequency spectrum of

dynamical modes as it is based upon the evaluation of a simple

integral. The experimental value of T rji for H,O equal to

3. 9 T 0. 4, as reported by the Harwell group Poole, Schofield et

al. (14) , corresponds to X — 0.24 according to Fig. 5. It is of

the same order as the hindered rotator value.

Prediction of the same relative weight between the intra mole-

cular vibration and hindered rotations by two different integral ex-

periments is to be considered encouraging. It must be remarked

that t , and T ,,. are parameters of two different energy scales.

The former characterises thermal, neutrons and the latter epither-

mal neutrons. Hindered rotations and translational motion, low

energy transfer modes, are important in the estimation of M?

according to Figs. 7 and 3, consequently in the determination of

t., . On the other hand, the intra molecular vibrations high energy

transfer modes provide the major contribution in the estimation of

T f f/T. This is evident from Figs. 8 and 5.

In the opinion of the author, the study of the variation of t ,

versus T ff/T may prove to be -extremely useful. One may substi-

tute for t.j other measured parameters - diffusion cooling coeffi-

cient, thermal diffusion length ere. Fig. 6 describes the variation

of t , versus T j^/T. There is always one point (from experiments)

Recent measurements reported by the General Atomic group give

T fr-0. 113 "t .006 ev

See GA-4659, 1964.

T fr-0. 113 "t .006 ev (presumably at the room temperature).
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in this plot which is exact and corresponds to the real moderator.

The theoretical problem, therefore, reduces to matching the ex-

perimental point which corresponds to the. physical situation with

that obtained from a suitable theoretical scattering law.

It must be noted that the theoretical curve can be fixed in the

horizontal direction as the variable T ff/T along this direction

can be calculated with any desired accuracy for a given frequency

spectrum. The uncertainty in the theoretical curve arises only in

the vertical direction. It lies in the calculation of the exact therma-

lization time c'onstant. This can be estimated with less than 5 %

uncertainty in the* L. approximation, as this involves the know-

ledge of only M_. As discussed earlier, this can be estimated in

a simple manner with an uncertainty of less than 5 % using the ge-

neralized Doppler approximation. However, the correction due

to higher polynomials other than L. increases the value of. the

time constant. For the hydrogen gas, it is of the order of 15 %.

For the sake of analysis, let us assume that the maximum uncer-

tainty in the estimation of time constant for the bound hydrogen

case is of the order of 2 0 %. Even if raise the theoretical curve

by 20 %, the theoretical model predicted from, the experimental

point does not alter. This is due to the fact that the theoretical

curve is flat inside the rectangle representing the area of uncer-

tainty. We are, therefore, led to conclude that the relative weight

between one intra-molecular vibration and hindered rotations,

according to the present integral experiments lies between x =

= 0. 18 and 0. 31. This predicts the effective hindered rotational

mass to be between 1. 63 and 2. 04.

The above prediction favours the rigid rotator case with an

effective mass of 1. 764 derived from the Yip-Osborn (8) model

for treating hindered rotations in H~O. Nelkin's model (11) and

the width model of Egelstaff and Schofield (15(a)), especially of

q = 3. 7, give better agreement with the experimental point than

the other two cases - General Atomic and Egelstaff - reported
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in (12). A comparative study of all these cases may be undertaken

from the integral parameters listed in Table 2.'

It must be mentioned that the width model has been proposed

for the reactor spectrum calculations. See Leslie and Terry (I5(b)).

The basic argument in its favour is the closed mathematical form

of the scattering law S(K, w). The width model was proposed origi-

nally by Egelstaff and Schofield (I5(a)) from intuitive:arguments to

describe the diffusive part of the atomic motions in liquids. The

width function of this model satisfies the short and long time require-

ments. However, the representation of the intermediate time region

described by the inelastic scattering processes is not physically

plausible. No attempt is made to discuss the variation of integral

parameters with the parameter q of this model. Though it must be

mentioned that q = 3. 7 appears to give better agreement with the

experimental results than q = 4. 0.

The estimated theoretical value of Mn for D~O at the room

temperature is equal to 0. 38 cm" . According to Sjöstrand (17),

from the experimental value of the diffusion cooling coefficient, M,

is estimated to be equal to 0. 35 t 0. 07 cm" at 20 °C. This value

may still have to be corrected for the contribution of polynomials

higher than L, . However, it must be concluded that M? for DJD

is of the above order. It is almost ten times smaller than for H7O.
-1

The thermalization time constant corresponding to M, = 0. 38 cm
1

is equal to 32 /<secs in JL, approximation. See Table 3.

From the results for X and T t t for the hindered rotations
eff

of H,O and D~O given in Tables 4(a) and (b), it is evident that in

order to duplicate Placzek's moments correctly the representation

of hindered rotations by an oscillator of one energy is inadequate.

Therefore, a strong argument exists for using the experimentally

derived frequency spectrum for the hindered rotations in the cal-

culation of the thermal neutron scattering matrix for H?O and

DO.
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7. Conclusion

Integral experiments may be sufficient to .predict one para-

meter of the neutron scattering law with the same accuracy as

that of the experimental results. Available scattering models f c

H^O must be termed as the one parameter - the relative weight

between one intra-molecular vibration and hindered rotations -

models. In the absence of the reliable theoretical and experi-

mental estimates of this parameter, due to the least understood

hindered rotations in the theoretical case and due to the nexxtvnn

intensity factor in the case of experiments, results of integral

experiments may be exploited to predict this parameter.

The study of the variation of a parameter of thermal neutron,';,

such as the thermal! zation time constant (or the diffusion cooling

coefficient, the diffusion length and the rethermalization cross

section) with a parameter of epithermal neutrons (the mean kinetic

energy of the vibrating atoms) may prove to be extremely valuable

in the comparative study of different neutron scattering laws for a

moderator. It is hoped that this study will stimulate the analysis

of integral experiments to investigate the details of thermal

neutron scattering law for a rn.odera.tor.
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9. ,Appendices

9. 1. Asymptotic neutron flux According to Eq. (3), as given

by Corngold (5).

1 -
E

fl? + ^l/2 E 1.(1)

where

a =
(1 - 3M

1.(2)

m Neutron mass
M Scattering atom mass

2Ea(KT)

c =
8 (1 - —)

1.(4)

o (KT) = Absorption cross section at energy KT

Z, = Free atom scattering cross section
s
o
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For neutron scattering by

E 1 -
(KT) 1 (z -

E \3 E 1.(5)

using m
M

9. 2. Derivation of M, for rigid symmetrical hindered rotator

According to Yip and Osbor^ (8) the intermediate scattering

function x(K, t) for a rigid symmetrical hindered rotator is given

by

, t) =
r

- Z -1- exp Z) II. (1)

where

X(2+ 1) 1) j j (Kb)

4 q Sin h

Z = itvT +

v =
and

B = rotational constant =
21

I = Moment of inertia of the molecule

X = JA (dipole moment) x £ (intensity of the local electrical

field due to the neighbouring molecules).
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K = Momentum transfer in units of to

b = nuclear position from the centre of mass.

j (Kb) = X. th spherical Bes sel function of argument Kb

The partial differential scattering cross section £, (E—»-E1)

is obtained by undertaking the Fourier transform with aspect to

time t (van Hove formalism) and the angular integration of

X(K, t) function.

£ 1/2 } r
^(E-*E') - -7- (%) / / expi (E'-E)tx(K, t) dt d/i II. (2)

- 1 -to

In order to undertake the angular integration, we expand j £ (Kb)

using the Neumann expansion, as given by Watson (Bessel functions,

page 147, Eq. 6).

Therefore,

( K b ) 2bKh (Kb) =

O S (-I)qr(2q+2i+2)
n.(4)

On using the above expansion, the angular integration can be

immediately undertaken. Further, the time integration in Eq. II. (2)

is trivial. We use the following result from the Fourier transform

theo ry.

j expixt dt = 5(x) II. (5)
- D o
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Therefore, we obtain finally

- 1 / 2 A f

) | |+vT)| | 11.(6)

where

A =_ P

32n Sinh ~ r(2jT+q+2) T

m. = mass of neutron.

From the definition of M2

Oo oo

( ) ( ) ( ) ( q ) ( ^ J
d = a— II. (8)

M2 = ~ / / E e x p - - | £s(E-*E') (E1- E)2 dE* dE H. (9)

o o

Substituting the expression for £ (E-+E1) from Eq. II. (6) and
s

carrying out E' integration we obtain.

^ v2

where
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+v
exp- f exp - f {(VETVT +

- (VE+vT - VE d E II. (11)

and I is obtained by changing the sign of v in the above equation.

From the Laplace Transform theory, Erdelyi (Higher Trans-

cendental functions vol. 1 page 140 Eq. ( 30)} we have

Z nexp -~ (jE+l/ETJ)Zn - {\JETH - dE =

= 2Tn xn exp II. (12)

K (T^T) = Modified Bessel functions of the second kind.

Therefore,

-) (for n. = II. (13)

Using Kn(-x) = (-l)nKn(x).n (

Finally, for M? we obtain

n.(14)
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Large moment of inertia case

Let us calculate M? for a molecule of large moment of in-

ertia, small v or large n case. We retain d,. - and d, « terms

in the above expression. From Eq. II. (8) we have

d0, 0

6r\ Sm h

Therefore, M? in this approximation reduces to

11.(16)

£ m(̂ /2ÄB)3K ( 4 P ) 4 2
M = _ b L ^ 2 T (f Bb2) II. (17)

2 (^) 3

) (4P) 4 2L^ 2 T (f Bb2)
Sinh(^-) 3

Reminding ourselves that M? is M_ n as given by Eq. (6) in

the text, "we can compare the above result with that of a heavy-

Einstein oscillator as given by Eq. (17).

The above result corresponds to that of a rigid hindered rotator

undergoing torsional oscillations with energy (V2ÄB). One may also

define an effective rotational mass M ff by comparing Eq. (17) in

text with Eq. II. (17).

M f = -3—r- II. (18)

Examplej H_,O_

As an illustration, we use the H?O molecule. Yip and Osborn

gave the following parameters

B = 2. 2 x 10 e. v b = 9. 0 x 10" cm and X = 0. 825 e. v.



- 38 -

Fr,om these, we obtain

p = 1.764 and (2XB) ' = 0. 0603 e. v.

The oscillator energy corresponds to that of the hindered rota-

tion peak around 0. 06 e. v. , as given by neutron scattering experi-

ments. The value of 1. 764 for the effective mass associated with

the hindered rotation is about 3/4 of the value, as given by Nelkin

(11), which is equal to 2. 32.

Physically, the reduction of the effective mass for the hindered

rotations corresponds to assigning higher weight or more degrees

of-freedom to the hindered rotations compared to the intra molecu-

lar vibrations.

Frequency spectrum as given by Egelstaff and Schofield (15(a))

for the width model is:

(f) 111.(1)

2 1 /+f III. (2)

a and d parameters are to be obtained from the neutron scattering

law.

T —
Effective temperature —^— or (-~ nfr).

T = ~ ~ J x K j (2ax) Cosh x dx III. (3)

o
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M.
M or j , as discussed in the text, is given by

8 ; '• M T

_da
17M = —~— / x K^(x) K, (ZaxJ cix III. (4)

o

XT and -=r, required to obtain the correction factor A of Eq. (66)

in order to obtain exact M7, are given by the following integrals.

4 da / K i ( 2 a : x : ) f
XT = ~ ~ / - i Coshx-U dx

TT J x L

/TT J x
o

III. (5)

Kj(2ax) dx III. (6)

In order to evaluate the above integrals, one may undertake

numerical integration between limits x = 0 to x = 4. From x = 4

to x = w, one may use the asymptotic expression for K,(2ax) and

carry out the integrals analytically.

1/2
exp - 2ax 1 + 16 ax

III. (7)

Therefore,

eff
T

8 ad
TT

4

/

x K, (2ax) Cosh x dx +

j) + G(b2)J III. (8)
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where,

G(b) = 2 ,, , nr
b" e x p " 4 b +V 4b

(1 - erf

b , = (2a - 1) and b-> = (2a + 1)

IE. (9)

III. (10)

oc
For *T and ~ we obtain

XT a 4 daj
IT x

(Cosh x - 1) dx +

. o

and

III. (11)

" e r f

b, = 2a - 1 and b ? = 2a IE.(13)

8 da
4
f x Kj(2ax) dx +

1/2 1/2
III. (14)
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Table 1.
Parameters of scattering models of HnO

Model X M

Hindered rotator* 0.222 1.764
Nelkin 0.397 2.32
General Atomic 0.674 3.195
Egelstaff+ 1.288 5.15

7.94
5.84
4.74
4.0

Reference

Appendix II
,(11)

Based upon the intermediate scattering function of
Yip and Osborn (8).

Weights of Egelstaff's scattering model may be con.
sidrered preliminary, as indicated by Dr. P. Schofield
in a seminar at Studsvik.

M =
V

Effective mass for hindered rotations.

Effective mass for each intra-molecular vibration.

M

Table 2.

Integral parameters for scattering models of Il^O (Temp - 0.025 eV)

Model

Hindered rotator
Nclkin
General Atomic
Egelstaff
Width
(Egelstaff-Schofield)
(a) q = 3.7
(b) q = 4.0

V

0.222
0.397
0.674
1.288

Teff

T

3.86
4.66
5.38
6.16

4.43
4.76

M or
82, T 2

0.395
0.316
0.245
0.175

0.315
0.311

A

0.190
0.232
0.281
0.342

0.203
0.217

M2

—~= M2 (cm-1)
T

3.195
3.12
2.93
2.55

2.72
2.87

f t = i . o

3.78
3.87
4.12
4.74

4.44
4,21

(jtsecs)

ff = 1.15

4.35
4.45
4.74
5.45

5.11
4.84

Experiment 3.9 + 0.4
Poole et al. (14)

4.1 + 0.4 fxsecs
Möilei-Sjbslranå (13)

From reference (14)

'eff = 6.19 (Egelstaff)
= 4.64 (Neikin)

M = 0.18 (Egelstaff)
= 0.32 (Nelkin)

*1 and <n = 80 barnsNote: ( I ) £ s (H2O) = 1.33cm

M2 [from Eq. (6]

(2) M2 [from Eq. (1)] = £
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Table 3.

Integral parameters of DgO (Temp = 0.025 eV)

Parameter

Lh (cm'1)

M2
J (cm'1)

A

M2 (cm"1)

t(h * (.sees)

De uterons

0.5094

0.823

0.4006

0.3297

Oxygen

0.1421

0.0611

0.824

0.0503

Total

0.8841

0.38

31.8
40.7

Remark

<ft = i.o)

(ft = 1.28)

Heavy gas

In J approximation f = 1.0. For the heavy gas the converged value
for ttjj gives ft = 1.28.

Note; M* and IVL are in units of 1/T2.

Table 4 (a).

Debye-Waller integral (XT) for hindered rotations of I^O and D2

No.

1

2

3

4

5

Moderator

D20

H2O

H20

H2O

Temp (K)

428

295

365

295

275

Temp (eV)

0.0369

0.0254

0.0314

0.0254

0.0237

(S )p t <oV)

0.0433

0.05

0.06

0.0633

0.0733

(VT),

1.6557

0.7343

1.0346

0.6736

0.5615

(XT)n

1.6120

0.6730

0.7052

0.4737

0.3541

( f o ) D W (eV)

0.0424

0.047

0.0477

0.0495

0.0523

Toble 4(b).
Teff

Effective temperature { "•••) for hindered rotations of HLO and DOO

T T

No. Moderator l~T')l '"T^H ( V K E.(eV>

1 D20 1.2005 1.1098 0.059

2 D20 1.4685 1.3031 0.0635

3 H O 1.3248 1.2882 0.0659

4 H2O 1.5039 1.4705 0.066

5 H2O 1.6392 1.6941 0.0687

Note: ! - Experimental frequency spectrum for hindered rotations.

II - Oscillator of (f )« , energy for hindered rotations.
o Peak e

(I L « - EquivaJent oscillator energy corresponding to (^T)r.

(SJj. g - Equivalent oscillator energy corresponding to (T ef j /T)j .

(S )p , - Oscillator energy corresponding to the peak of the structure of hindered rotations.
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