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ABSTRACT 
 
We propose and briefly suggest how to apply the analytical tools of nonlinear modal analysis (NMA) 
to problems of nuclear reactor kinetics, NPP dynamics, and NPP instrumentation and control. The 
proposed method is closely related with recent approaches by modal analysis using the reactivity matrix 
with feedbacks to couple neutron kinetics with thermal hydraulics in the reactor’s core. A nonlinear 
system of ordinary differential equations for mode amplitudes is obtained, projecting the dynamic 
equations of a model of NPP onto the eigenfunctions of a suitable adjoint operator. A steady state solution 
of the equations is taken as a reference, and the behaviour of transient solutions in some neighbourhood 
of the steady state solution is studied by an extension of Liapunov's First Method that enables to cope 
directly with the non-linear terms in the dynamics. In NPP dynamics these differential equations for the 
mode amplitudes are of polynomial type of low degree A few dominant modes can usually be identified. 
These mode amplitudes evolve almost independently of the other modes, more slowly and tending to 
slave the other mode amplitudes. Using asymptotic methods, it is possible to calculate a closed form 
analytical approximation to the response to finite amplitude perturbations from the given steady spatial 
pattern (the origin of the space of mode amplitudes).When there is finite amplitude instability, the method 
allows us to calculate the threshold amplitude as a well defined function of system's parameters. This is a 
most significant accomplishment that the other methods cannot afford.   
 
 

1. INTRODUCTION 
 
 
Instabilities in neutron kinetics and coolant flow are important both in NPP design and 
NPP operation (Waisman, [1], Rust, [2]). In some cases these instabilities appear after 
very small (infinitesimal) perturbations from the reactors or NPP steady state. But in 
other cases the instabilities appear only when the perturbation moves the NPP state far 
enough from its steady state of operation.  
One of the goals of reactor design and operation is to restrict the possible states of the 
reactor, during steady operation and during transients, to remain inside a certain 
bounded set of admissible states. Also, during transients, certain restrictions must be 
imposed on the time scale of evolution of the reactor's state. So some pertinent question 
are: Will the state after a perturbation remain bounded within some specified set of state 
functions and rates of change?. Will the state of the system return to the original steady 
state? Will it move farther away approaching to a new steady-state or to another 



attractor set, such as an oscillating pattern, as is the case of neutron-thermal-hydraulic 
oscillations in BWR, or xenon oscillations in large reactors? Or will the state of the 
system suffer such a severe runaway that in some instant of time its physical integrity 
will be lost? (As could happen in some unstable (at low power) designs, or in certain 
sub- critical multiplying systems). 
The best known method to study stability problems is the First Method of Liapunov, 
also known as local linearization, or stability in the presence of infinitesimal 
perturbations. It allows us to study strictly only the stability of the linear version of the 
dynamic system. However, with the aid of a theorem due to Hartman and Grobman 
(Nicolis [3]), its scope can be extended to study the stability of non-linear systems in a 
small enough neighborhood of the steady state. But it can't cope with stability problems 
in the large (that is, the response to non-infinitesimal perturbations), like the ones posed 
in reactors design, operation and control.  
The analytical methods of non linear modal analysis (NMA) allow us to tackle some of 
these problems. They can be considered an extension of Liapunov's First Method to 
cope directly with the non-linear terms in the dynamics. These methods complement 
both, numerical methods ab-initio, and the results obtained after applying some 
summarizing function criterion to determine a region of stability, like Liapunov's 
functions (Liapunov´s Second or Direct Method) and the like, that are often applied in 
theoretical discussions of reactors control (Stacey [4]).  
The purpose of this paper is to propose the use of certain asymptotic methods of 
NMA, mainly but not exclusively to derive thresholds of instability in nuclear 
power reactors. These analytical methods were developed to cope with finite amplitude 
instabilities in fluid mechanics. The original ideas can be found in W. Eckhaus [5] and 
M.Denn [6]. 
 During the sixties and the seventies the NMA methods were applied to the study of 
stability problems in distributed parameter systems, including mass transport processes 
and chemical reactions in continuous flow chemical reactors and other systems of 
interest from an engineering standpoint. 
 But NMA methods for distributed parameter systems, such as Eckhaus’ Methods, do 
not seem to have been applied at all in the nuclear engineering field. 
 It was Liapunov’s Direct Method that attracted the attention of people interested in 
mathematical methods applied to reactors kinetics. This was mainly due to the 
capability to analyze the finite –amplitude behavior of nonlinear point kinetic equations 
without ever solving them. 
However, the main problem in practice has been the difficulties in constructing 
Liapunov’s functions which define stability regions of enough extension to be useful to 
introduce less conservative criteria for design purposes. Moreover, almost all the work 
was done beginning directly with lumped parameters models of the reactor. 
In modal analysis the different fields that give the space-time evolution of a distributed 
parameters system with a bounded space domain, are expanded in series of 
eigenfunctions of a certain suitably chosen linear operator, including the boundary 
conditions of the problem. These eigenfunctions (spatial modes) depend only of the 
space coordinates and are defined in the bounded domain. In each expansion 
corresponding to a given field, these spatial modes are weighted by unknown time 
dependent modal amplitudes. The modal amplitudes may be determined so that the 
series expansions represent a solution of the dynamic field equations verifying the 
initial and boundary conditions in the bounded space domain. The original nonlinear 
partial differential equations with time and space as independent variables are 
substituted by an equivalent system of nonlinear ordinary differential equations for the 



unknown mode amplitudes, with time as the only independent variable. From the initial 
conditions verified by the fields, a set of initial conditions for the mode amplitudes are 
obtained. Thus a complex space- time field dynamics is reduced to the study of the 
evolution of a representative point in the space of mode amplitudes. Often it is possible 
to work with a relatively small number of mode amplitudes, after reducing the original 
high order dynamics to a low order one, as will be suggested below.  To be able to apply 
the asymptotic methods of nonlinear modal analysis proposed here, a proper choice of 
the linear operator and its eigenfunctions must be done starting from the nonlinear field 
equations for neutron dynamics. The critical assumption of Eckhaus’ Asymptotic 
Method is that the eigenvalues of this linear operator are widely spaced. For the nuclear 
reactors case the assumption is excellent and the method should be widely applicable. 
Here we discuss first some background aspects of NMA, as well as their connection 
with the reactivity matrix and the modal point kinetic equations. Then we give a simple 
example of a reactor core with a static instability of the “run away” type. Finally we 
suggest several possible applications of the proposed NMA methods, and we discuss 
some of the limitations of the methods.  
 
 

2. DESCRIPTION OF THE METHODS 
 

2.1. General Background 
 
The starting point is a nonlinear system of equations of evolution of the NPP variables, 
with focus on the reactor, and including several parameters of interest.  
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The first three equations describe the neutron kinetics in the core, using a multi-group 
diffusion approximation. Here, φ is the vector of neutron fluxes in each energy group. 
The variables kc are the concentration of delayed neutron emitters. And x  is the state 
vector of concentration fields of relevant fission products (like xenon, iodine and 
samarium). The last two equations describe the dynamics of the thermal- hydraulics 
variables in the core (state vector w ) and the dynamics of the variables of interest 
outside the core (state vector pw ). Amongst the thermal hydraulics variables in the core 

we have the temperature field in fuel, moderator, reflector and coolant, as well as the 
flow velocity fields of coolant in the core. Amongst the remaining variables of the NPP, 
we have those stemming from the primary circuit piping and circulating pumps, heat 
exchangers, turbines and electric power generating machines with their electric loads, or 
a suitable subset of these equations, depending on the purpose. The details of each 
model depend strongly of the type of NPP and of the problem that is going to be 



considered. The symbolsβ, βk, λk, χp, χd, [ ]1−
v  and S have their usual meaning in multi-

group diffusion theory (Stacey [4]). The scalar fission operator M̂  and the vector 

destruction operator L̂  are linear functions of the vector fieldφ . Moreover, they are 
direct functions of the feedback variables x  and w . Furthermore, due to the 
heterogeneity of the core, these operators are explicit functions of the position vector. 
 Next we consider a steady state solution φ0, 0,kc , 0x , 0w , 0,pw  of the equations, after 

removing the external neutron source S. This solution corresponds to a critical state of 
the nuclear reactor core. 
 The problem to be considered now is the behavior of the transient solutions in some 
neighborhood of this steady state. 
 The modal methods of solution of the field equations represent the fields as linear 
combinations of known space functions weighted by unknown time functions (mode 
amplitudes). This tentative solution is substituted in the evolution equations. Applying a 
suitable criterion, a system of ordinary differential equations for the mode amplitudes is 
obtained. In the cases that we are going to consider, the set of known space functions is 
the numerable set of eigenvalues of a linear operator. This operator, not necessarily self 
– adjoint, is constructed from the field equations. The criterion that is applied to obtain 
the evolution equations for the modal amplitudes is the projection onto each 
eigenfunction of the adjoint operator.  If the so called Lambda – modes are chosen as 
the abovementioned set of space functions, the equations of evolution of the 
corresponding mode amplitudes are a generalization of the point kinetics with feedback, 
known as modal point kinetics. Each mode amplitude is coupled with the others through 
a reactivity matrix (Turso et alter [7]; Ikeda et alter [8]; Ginestar et alter [9]). The 
feedback variables appear in the elements of the reactivity matrix.  
However, to apply the asymptotic NMA methods proposed in this paper, the choice of 
the set of modal space functions has to be done in a different way. In the equation for 
the neutron flux field, the following linear operator is identified, fixing x  and w  at their 

steady – state values: [ ] ( ) [ ] [ ] [ ] [ ]00000 ,,ˆ,,ˆ1ˆ wxLvvwxMA p φχφβφ ⋅−⋅⋅−= . Then, the 

reaction diffusion equation for the neutron flux can be written as follows:  
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 Here 0N̂  is a non linear operator. Fixing 00 , wwxx −−  , this operator is linear inφ . It 
can be expanded as a sum of multi-linear operators of its arguments, beginning with a 
bilinear one. Usually a small number of multi-linear terms (two or three) will be 
enough. 

  We pose the eigenfunction – eigenvalue problem for the operator 0Â . We use these 

eigenfunctions to develop the neutron fluxes φ and the concentration vector of delayed 
neutron emitters [ ] dk vc χ⋅⋅  in series expansions in terms of the abovementioned 
eigenfunctions. 
 Then we represent the field w  of feedback variables defined in the reactor core, also as 
a linear combination of suitable eigenfunctions with the corresponding time dependent 
mode amplitudes. 
 Substituting this new ansatz in the evolution equations and projecting onto the 

eigenfunctions of the adjoint operator +

0Â , we obtain a system of nonlinear ordinary 
differential equations. 
 The regularity of the non-linear operator in the original field equation has as a 



consequence that the differential equations for the mode amplitudes are of polynomial 
type (each second member is a polynomial in the mode amplitudes). In nuclear reactor 
dynamics, it is possible to work with polynomials of low degree (not greater than 3). 
The non-linear terms almost always involve a certain degree of coupling between mode 
amplitudes. However, choosing   the linear operator as suggested above, the linear term 
in each one of the equations of evolution that corresponds to mode amplitudes, appears 
uncoupled from the other mode amplitudes. The importance of this uncoupling will be 
seen in the example of reactor run away developed in 2.2.  
In order to apply an analytical approach is necessary to construct simplified 
mathematical models of the reactor core and the remaining of the NPP. It is advisable to 
lump parameters to describe the evolution of as many state variables as possible. The 
number of different “nodes” to be used depends of the frequencies of the transients that 
are going to be studied (Akcasu et alter [10]).  
In any case, we obtain a coupled system of ordinary differential equations with mode 
amplitudes as state variables. In these equations a certain number of geometric, 
mechanical, thermal, hydraulic and neutronic parameters appear. Each combination can 
be represented as a point in a parameters space. 
Depending of the problem, it is always possible to work with a finite and relatively 
small number of eigenfunctions.  So, in practice, the space of mode amplitudes will be 
of finite dimension. 
 To apply analytical methods, it is advisable to work in spaces of low dimensions. 
There are two general procedures to reduce a dynamics of high dimension to a dynamics 
of low dimension: the center manifold theory and the slow manifold theory. [3]  
In both cases a few dominant mode amplitudes can often be identified, so that the 
behavior of the system is essentially determined by these dominant modes. Then the 
mathematical problem may   result simple enough to enable the use of the analytical 
tools of NMA. 
In the center manifold theory, the stability of the equilibrium solutions is studied in the 
parameters space. The system is approximated by a linear one in each neighborhood of 
an equilibrium solution. The critical points in parameters space where the real part of 
one or a few eigenvalues change it sign are identified. In a neighborhood of these 
critical values of the parameters, central manifold theory allows us to use the 
corresponding modes as dominant modes. Let us suppose that the equilibrium solution 
is the origin of the space of mode amplitudes. Applying the procedure described here to 
choose the linear operator in the field equations of NPP dynamics, as in each equation 
of evolution the corresponding mode amplitude appears uncoupled from the others at 
least up to linear terms, the eigenvalues will be the coefficients of these uncoupled 
linear terms. If the real part of these coefficient changes its sign, the mode amplitude 
will exhibit a critical slowing down relative to the others. So, in a neighborhood of a 
critical point in parameters space, these slowed down mode amplitudes will dominate 
the dynamics. The center manifold theory can be applied to study transients near a 
critical state of the reactor core. 
The slow manifold theory allows us to identify a few dominant modes, even far from 
criticality in parameters space. In principle it may be applied to study transients far from 
criticality in parameters space. However, to be able to apply it, a so called slow 
manifold, of low dimension, has to be identified in the space of mode amplitudes. 
Furthermore, this slow manifold must be stable in the sense that any orbit, after a short 
transient, should approach and remain near the manifold. It is called slow because after 
this approach the state of the system changes slowly in comparison with the initial 
transient. The slow manifold theory may be applied to study transients, including 



nonlinear oscillations, in NPP dynamics, due to this happy circumstance: 
There is a hierarchy of widely separated time scales in nuclear reactor dynamics 
(Lewins, [11]). This goes from prompt neutron – dominated effects (hundredths of 
seconds), to heat transfer from fuel to coolant (tenths of seconds), coolant transit times 
through core and precursor dominated effects (seconds), coolant transit time through the 
entire primary circuit (tens of seconds), diurnal electric load variations and xenon flux 
tilting (tens of hours), samarium production (months), and fuel burn-up and transuranic 
isotope production (years). These widely separated time scales allows us to apply the 
methods of singular perturbation theory to simplify the description (Lin and Segel, 
[12]). When the variables of interest (variables of reference) belong to a certain time 
scale, it is possible to simplify the dynamic analysis applying the following two 
principles to link scales of different orders of magnitude. 1-The variables belonging to 
processes with time scales at least an order of magnitude greater than the reference time 
scale, can be considered as frozen. 
 2- The variables belonging to processes that evolve with time scales at least an order of 
magnitude smaller than the variables of reference, after a short transient (produced in 
the so called inner time scale) can be considered as relaxed to equilibrium with these 
variables (evolving in the so called outer time scale).   
Using these principles, a slow manifold and a few dominant modes can usually be 
identified. These mode amplitudes evolve almost independently of the other modes, 
more slowly and tending to slave the other mode amplitudes in the same sense used in 
Synergetics (Haken, [13]). So, a high dimensional dynamics is reduced to a low 
dimensional one in a slow manifold constructed in the space of mode amplitudes. 
As we said before, to study the stability of the steady state of a nuclear reactor, we must 
study the stability of the origin in the space of dominant mode amplitudes. Using fairly 
well developed asymptotic methods (Nicolis, [3]; Denn [6]), it is possible to calculate a 
closed form analytical approximation to the response to finite amplitude perturbations 
from the given steady spatial pattern (in this case simply represented by the origin of the 
space of mode amplitudes).When there is finite amplitude instability, the method allows 
us to calculate the threshold amplitude as a well defined function of system's 
parameters. This is a most significant accomplishment that the other methods 
cannot afford. 
 

2.2. An Example of Static Instability 
 

Let us consider a homogeneous bare reactor, whose extrapolated core fills a region B. 
This example is posed only as a way to show as directly and as simply as possible how 
threshold amplitudes for instability can be derived from the methods of nonlinear modal 
analysis Because of that it is not intended to be a realistic model to be applied to some 
practical problem. For that reason, we shall work with only one group of neutrons, and 
with only one group of delayed neutron precursors. Following an approach similar to 
that employed by Tyror and Vaughan [14] we suppose that the neutron field flux, the 
precursor field and a feedback variable verify the equations of evolution  
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Here t is time, r
r

 is position vector, ( )rt
r

,φ  is neutron flux, l  is a characteristic lifetime 
of neutrons,  β  is the delayed neutron fraction,  ( )rtd

r
,φ   is a flux proportional to the 

density of delayed neutron precursor atoms,  τd=1/λ  is a characteristic time scale of 
precursor decay (with decay constant λ), 2M  is the quotient between the diffusion 
coefficient and the macroscopic absorption cross-section, k  is the multiplication factor 
and oS is a source term due to the presence of external neutrons that are being emitted 
with this emission rate, w is a feedback variable, τw is a characteristic time scale of 
evolution of w, and the parameter K links the neutron flux with the rate of variation of 
w. Furthermore, we supposed that there are some feedback mechanisms that make the 
multiplication factor k  a polynomial function of w  
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Here 0k , 1k  and 2k  are positive parameters. As a consequence, if w increases from 
zero, k  first increases and then decreases. The boundary conditions are ( ) 0, =brt

r
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 , for every t  and every Brb ∂∈
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 (the boundary of region 
B).  

Now, our purpose will be to study the stability of the stationary solutions of equations 
(1a), (1b), (1c). Let us suppose that the source of external neutrons vanishes, so 
that ( ) 00 =r

r
φ , ( ) 00, =rd

r
φ , and ( ) 00 =rw

r
, is a possible steady-state solution (zero power 

solution). However we may introduce a suitable distributed source of external neutrons, 
during a while, to produce a perturbation in the field variables relative to the strictly 
zero-power solution. After the desired perturbation is produced, the source will be 
removed. 

In this case the linear operator [ ]φ0Â  obtained fixing w  at its steady state value w  = 
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Then equation (1a) may be cast as follows, in a form suitable to begin with NMA 
methods: 

[ ] [ ] 000

11
;ˆˆ SwNA

t
d

d l
+++=

∂

∂
φ

τ
φφ

φ
 .  

 In this case the eigenfunction- eigenvalue problem for the operator [ ]φÂ   with 
homogeneous boundary conditions for φ     is equivalent to the eigenfunction- 
eigenvalue problem for the operator [ ]φ2∇−  with the same boundary conditions forφ  . 
The eigenfunctions are the same for both operators, and the corresponding eigenvalues 
are related by a straight line . As a consequence,to study the stability of the zero-power 
solution, we represent the three fields as series of eigenfunctions of the operator [ ]2∇−  
with homogeneous Dirichlet’s boundary conditions in the boundary of the domain B : 
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(3a,b,c) in Eqs.(1a,b,c) and projecting onto each eigenfunction pϕ , the following 

infinite system of nonlinear ordinary differential equation is obtained 
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for every mode index ,....3,2,1,0p = and at least one of the forcing terms 0Sp ≠ , then a 

perturbation will be produced from the zero-power solution. Once every 
projection ( )tSp has vanished, the perturbation is already established and the next task is 

to determine its future evolution. 
Will the flux return to zero everywhere, or at least remain bounded and relatively near 
zero? 
Or will it suffer a severe runaway, either approaching a new steady-state solution or 
even reaching values that put in danger the physical integrity of the reactor? 
To continue, let us suppose that at zero-power the reactor is sub-critical. This means that 
the inequality 2

0
2

0 1 µMk +<  is verified, and because 2
0

2 µµ >p   if 0≠p , all the 

coefficients of the linear terms are negative in Equation (4a). Let us further suppose that  

0
221 kM p −+ µ  for p=0 is smaller than all the other terms with p≠0. Furthermore, we 

suppose that the outer time scale of the neutron flux ( )0
2
0

2
0 1 kM −+= µτ l  is an order 

of magnitude greater than the time constant of evolution of variable w and the 



characteristic time of precursor decay. In this case, applying the second principle to link 
time scales, we can consider that both w and φd are in equilibrium with the neutron flux. 
With this assumption, the system of equations (4a,4b,4c) reduces to the following:   
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Let us take as our time origin the instant in which all the external forcing terms pS  

vanish. Then, as the linear terms have negative coefficients, it is clear that for a 
perturbation near enough to zero, the state of the system given by the mode amplitudes 

( )tAp
 will return to the origin of the space of mode amplitudes. Now, even when we 

assumed that 0
2
0

21 kM −+ µ  is very near zero, the coefficients of the linear parts of the 
equations for the other mode amplitudes are not near zero. This is always fulfilled in a 
bare core of standard dimensions.  
Let us suppose also that the external source excites mainly the zero-order mode 
amplitude, ( )tA0 , because ( )tS0  is much greater than ( )tS p  for 0≠p . Then the 

amplitude ( )tA0   will be dominant, and it is possible to uncouple it from the others 
mode amplitudes. We obtain the evolution equation for the uncoupled dominant mode 
(This applies for t<0 if the time origin is taken when the perturbation is already 
completed) 
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The others mode amplitudes evolve fairly approximately this way, slaved by the 
dominant mode 
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The others nonlinear terms are negligible (a foundation for this kind of asymptotic 
analysis can be found in references [5], [6]). 
Now, the external sources are withdrawn in the instant 0t = , and we have the initial 
conditions ( ) ( ) K,0A,0A 10  with ( )0A0  much greater than the other ( )0Ap  . Let us 

put ( ) 0tS0 = . The resulting homogeneous equation  
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If ( ) u,00 A0A < , then ( )tA0  will return to zero dragging the other mode amplitudes to 

zero.  
But if ( ) u,00 A0A > , ( )tA0  will grow tending to e,0A  and dragging the other mode 

amplitudes to follow it. We suppose that the time scales ( )0
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higher order mode amplitudes (p≠0) are an order of magnitude smaller than the time 
scale 0τ  of the dominant mode amplitude ( )tA0 . Then, after a short transient relative 

to 0τ , the slaved mode amplitudes will behave approximately as           
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So, the whole neutron flux will leave the set of states attracted by the zero flux 
condition, and will tend to another stable steady-state flux. 
If the negative feedback is weak enough, the evolution equation for the dominant mode 
simplifies to  
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and the threshold amplitude is given by ( )
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has moved away to infinity.  Given an initial condition ( )0A0 , the solution of Equation 
(10) is given by  
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if ( ) u,00 A0A < , ( )tA0  approaches zero, and for t  big enough, it approaches as te ω− .  But 

if ( ) u,00 A0A > , ( )tA0  will runaway and for a finite time it will approach infinity. 
 
If we take 2

0µ  as a parameter to vary, it is inversely proportional to the square of 

characteristic linear dimension of the reactors core.  If the core is small enough, 2
0µ  will 



be big enough so that   
00002

2
000

2
1

0
2
0

2

4
1

Ik

Ik
kM >−+ µ  . Then the zero flux will be the only 

steady state solution, and it will attract all the other states. So, no matter the amplitude 
of a perturbation, it will never cause instability.  
But if the core is big enough to reverse the above inequality, a  threshold amplitude 
appears and with it, an instability to finite perturbations is produced, even if the zero 
flux remains locally stable. 
 The method allows us to calculate the global bifurcation of two branches, one 
corresponding to u,0A  and the other to S,0A , when 2

0µ  reaches a critical value (Figure 

1). 
 
 

 
Fig. 1 : Bifurcation diagram for equilibrium amplitudes 

    
3. DISCUSSION AND CONCLUSIONS 

 
We gave a brief description of the procedure to obtain appropriate modal equations in 
order to apply asymptotic NMA methods in NPP dynamics. We suggested how to 
reduce the order of the dynamics in the equations for the evolution of mode amplitudes, 
using the central manifold theory or the slow manifold theory. Then in the example of a 
runaway in a simplified model of a nuclear reactor, we saw how to find a formula for a 
threshold amplitude (when it exists) that can be used to determine the minimum 
amplitude of a perturbation that leads to instability, even when there is stability for 
suitably bounded perturbations. In the reactor model, the feedback variable w could be, 
for example, a difference between a local temperature and a reference temperature 
(perhaps a mean coolant temperature). In that case the parameter K would be given by 
κ/(2vcF) where c  is the specific heat capacity, F is coolant volumetric flow, v is the 
average neutron velocity in the one group description and κ  gives the heat power per 
neutron (see reference [11]). Then we could discuss the influence of coolant flow 
considered as a parameter, on threshold amplitudes and other aspects of modal 
dynamics in the reactor. 
 
With the above - established background we can consider now some problems where 
NMA analytical methods could be of some help. This approach could be applied to 
derive analytical formulae for the stability limits and the stabilities boundaries of the 
fundamental and the first (azymuthal) mode in higher mode oscillation states of BWR 
(Dennig, personal communication). It can be applied also to Xenon spatial oscillations 
(Suárez-Ántola, [15]) in order to derive analytical formulae for stability boundaries and 
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the period of oscillation.     
The example of a fairly idealized sub-critical reactor with a distributed external neutron 
source, developed in this paper, could be modified and extended to study the space time 
dynamics of sub-critical multiplying systems driven by external neutron sources. This 
could be a complement, from NMA standpoint, to the physics of these systems (Gandini 
and Salvatore, [16]).   
 
The methods like Liapunov's Direct Method, allow the construction of a priori bounds 
for stability without a detailed consideration of the evolution of the state of the system. 
On the contrary, NMA focuses as much as possible in a description of the dynamics. 
Instead of identifying a region around the steady state such that any state located there 
will be attracted to the steady state, or at least will remain in the region, NMA gives 
estimates of the onset of instability: it allows the identification of the perturbation 
amplitudes that take out the state of the system from the admissible region. This could 
have practical importance in relation with reactor design and operation, because one of 
the design and operation goals, as already said, is to maintain the state of the reactor 
inside a set of admissible states. Now, regions determined by other methods may be 
unduly restrictive, in comparison with the regions determined applying NMA. 
Due to pragmatic and understandable reasons, the design criteria usually adopted in 
many countries are, even know, fairly conservative. Most of them guarantee stability 
under almost all conceivable operation conditions. So that, in at least the first stages of 
design often linear stability tools are enough, perhaps with the exception of early safety 
studies.  
The price that this has is the higher costs of construction and operation, so less 
conservative criteria are being developed. In this process, NMA could be of some help. 
Last, but not least, we can mention some of the main limitations of NMA methods. As 
Morton Denn [6] says, these are asymptotic methods that depend of some sort of 
regularity in the non-linear operator of the field equation. This regularity produces some 
kind of continuity of behavior between the linear and the non-linear regimes. The 
danger of this is that if the phenomena of interest are produced beyond the range of 
validity of the approximations, they could pass unnoticed.  
The other disadvantage is that if there aren't a few dominant modes the analytical 
approach probably will not succeed, and a numerical calculation should be undertaken. 
In this point it is necessary to assess if it is better to leave NMA equations and use a 
computer code for an ab-initio discretization of field equations. 
In any case, NMA methods that allow an estimation of the response to finite-amplitude 
disturbances using an extension of Liapunov’s First Method are straightforward in 
principle. They can provide a considerable amount of information, of value by itself and 
for the design of digital simulations applying computer codes corresponding to more 
complex and realistic mathematical models of the nuclear reactors. 
 The calculations needed to apply the asymptotic methods of NMA may be fairly long 
and tedious. However, powerful symbol manipulation packages are now available to 
develop complex symbolic calculations in the computer. Of course, these tools were 
unavailable when the original approach to NMA was constructed. As a consequence, 
daunting pencil and paper calculations had to be undertaken during the sixties and the 
seventies to apply NMA methods. Then, it was natural that people shifted to other 
analytical tools easier to use, and to numerical methods, applied from the very 
beginning. Nevertheless, new and useful results can be obtained making digital 
simulations with the ordinary differential equations obtained from NMA of partial 
differential equations. A famous example is the numerical discovery of chaos, at the 



beginning of the sixties, during numerical simulations of the dynamics corresponding to 
Lorentz equations.  These nonlinear ordinary differential equations are the equations of 
evolution of the coupled mode amplitudes obtained from a very simplified model of an 
atmosphere.   
The situation now is different. Even if present day symbolic packages may be still crude 
for certain specific manipulations, the processes of improving them are going on very 
fast. Furthermore, the contemporary tools of nonlinear science and a very significant 
amount of experience in applying them is already available. 
So, it seems that the proposal to apply NMA methods to study stability problems in 
NPP, made in this paper, may be timely enough. 
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