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Abstract

A strong first order phase transition is needed for generating the baryon asym-

metry; and also to save it during the electroweak phase transition (EWPT). However

this condition is not fulfilled within the Standard Model (SM), but in its extensions.

It is widely believed that the existence of singlet scalars in some Standard Model

extensions can easily make the EWPT strongly first order. In this work, we will

examine the strength of the EWPT in the simplest extension of the SM with a real

gauge singlet using the sphaleron energy at the critical temperature. We find that

the phase transition is stronger by adding a singlet; and also that the criterion for

a strong phase transition Ω(Tc)/Tc & 1, where Ω = (υ2 + (x − x0)
2)

1
2 and x (x0) is

the singlet vacuum expectation value in the broken (symmetric) phase, is not valid

for models containing singlets, even though often used in the literature. The usual

condition υc/Tc & 1 is more meaningful, and it is satisfied for the major part of

the parameter space for physically allowed Higgs masses. Then it is convenient to

study the EWPT in models with singlets that couple only to the Higgs doublets, by

replacing the singlets by their vevs.
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Chapter 1

Introduction

Cosmology, the study of the Universe, was of major interest for human beings since

very early history. But an elegant theory (The Big Bang) that describes the universe

appeared only last century following the work of Friedmann in 1922 and Lemaitre.

It was based on the assumption of a homogeneous and isotropic Universe, which

started in a very hot and dense phase; then cooled with time. This scenario was

much elaborated upon by Gamow and others in the forties who clarified the phys-

ical picture of the model. The particle physics development in the sixties and sev-

enties allowed to work it out in greater details. The development of a new version

within the extended framework of gauge theories had a significant impact on this

model and led to the so called standard Big Bang model in the seventies and eight-

ies. The inflationary paradigm was introduced by Guth [1], to cure some of the

pathological problems of the hot Big Bang model (notably the horizon and flatness

problems), but it succeeded also to cure other problems of this model.

In recent years, the tremendous progress in observational cosmology has led to

a huge increase in data both in volume as well as in accuracy. Then a new dialogue

was opened between cosmology and particle physics, as particle physics started in-

vestigating different problems in cosmology; using cosmology as a relatively cheap

laboratory to probe physics beyond the ability of the existing and next-generation

accelerators.

Ever since the introduction of the idea of antimatter [2], where for every parti-

cle there exists an anti-particle which has the same mass, decay width but opposite

7



8 CHAPTER 1. INTRODUCTION

quantum charges, and since its effective observation [3]; was asked with insistence

the question is asked about what happened to the antimatter in our universe. All of

the observations favor an asymmetry between matter and antimatter rather than the

scenario where antimatter is separated from matter and thus difficult to detect [4].

This asymmetry has to be explained within the known physics; this is what is

called the baryogenesis problem. In 1967, Sakharov presented the famous three con-

ditions for baryogenesis; which are B violation, C and CP violation; and a departure

from thermal equilibrium [5].

It appears that the Standard Model (SM) contains all baryogenesis ingredi-

ents, but most of the computations fail to get the exact value of baryon density

nb/nγ ∼ 10−10 [6], within the SM range. The basic reasons are that the CP violation

is found to be too small; and the departure from equilibrium cannot be obtained in

the minimal SM.

This being the case, it is only logical to go beyond the SM, especially after it

became evident that the SM was not a fundamental theory notably with the obser-

vation of neutrino oscillations [7]. There are many models that give an acceptable

value for the baryon density in the universe, but not all of them are testable by avail-

able or near-future experiments. Only models that operate at and below TeV scale

will be testable.

The electroweak baryogenesis scenario [8] is one of these testable models. The

baryon number is violated in the anomalous non-perturbative interactions at the

quantum level [9], where some CP violation sources are assumed to exist; and the

departure from thermal equilibrium is realized via a strong first order phase transi-

tion.

In the SM, the electroweak phase transition (EWPT) is so weak [10] unless

the Higgs upper bound is less than 45 GeV [11]; which is in conflict with present

data [12]. Therefore there is basically no departure from equilibrium in the SM. But

when extending the SM with additional gauge singlets, the EWPT gets stronger with

physically allowed Higgs masses [13, 14, 15].

The EWPT has been extensively studied in the literature, in the SM with a

gauge singlet [13, 14], in the singlet Majoron model [15], in the SM with a six-
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dimension Higgs operator with a low cut-off [16], in the MSSM perturbatively [17]

or on the lattice [18], in the MSSM through charge and color breaking [19]; and using

many techniques like dimensional reduction [20].

In our work, we will focus on the SM extension with an additional singlet. The

importance of singlets comes from the fact that many SM extensions at higher scales

contain hidden sectors with elements that transform non-trivially under a hidden

sector gauge group but as a singlet under the SM gauge group. It has recently been

noticed that the SM Higgs φ field plays a very special role with respect to such hid-

den sector; because it can provide a window into this sector through renormalizable

interactions like φ+φS2 where S is a SM gauge singlet [21]. Such a coupling to the

hidden sector can have important phenomenological implications [21, 22].

A strong first order EWPT is easily obtained in the SM with a gauge singlet

when this singlet develops a vacuum expectation value (vev) during the transition.

Therefore we will focus on models with a singlet where it seems that the singlet vev

plays a significant role in making the EWPT strongly first order. We will consider

the SM with a real gauge singlet S, and study the EWPT strength using the model-

independent criterion [23], which is based on the Sphaleron solution [24], and then

compare the results with those coming from the simpler one in [14]. We find that

the last criterion is not valid for this kind of models; and we will give the valid one.

This work is organized as follow: in the second chapter, we give a brief re-

view of the hot Big Bang model, then we discuss the problem of baryon number

of the universe. This is followed by a review of the Sakharov conditions and their

fulfillment in the SM. In the last section, a brief review is given about some pop-

ular scenarios for baryogenesis. In the third chapter, we give a general discussion

on the electroweak phase transition, by first introducing the main tool used in that

context, namely the effective potential technique. We then show the meaning of the

phase transition strength, taking the EWPT in the SM as an example. After that,

we show how a first order phase transition proceeds. The translation of the EWPT

model-independent criterion in [23]; to the simple criterion for the SM case, which is

widely used in the literature, is shown in the next section. Finally, we discuss briefly

the EWPT in some SM extensions. In the fourth chapter, we study the EWPT in
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the SM with a gauge singlet, starting by introducing the model and imposing some

physical constraints on it. After that, we find the sphaleron solution for this model

followed by the study of the EWPT using the model-independent criterion. In the

last section, we check the validity of the simpler criterion in [14] and give the correct

simple criterion. Finally, we summarize our results. Some notes about the standard

cosmology and a brief history of the universe are given in appendix A. In appendix

B, we give the values of the thermal bosonic masses that are needed for the effective

potential. In appendix C, we find the boundary conditions of the sphaleron solution

of the field equations for the SM with a singlet. Finally, the numerical method used

to solve the field equations in the sphaleron configuration is described in appendix

D.



Chapter 2

The Baryon Number in the Universe

2.1 The Hot Big Bang

Modern cosmology started to develop when Einstein introduced his general the-

ory of relativity in the beginning of the last century. However, the development of

particle physics in the recent years, has also infused new important ideas into cos-

mology, which can be applied to the study of the birth (or creation) of the universe

and its evolution in the earliest epochs until today. The hot Big Bang model is the

accepted cosmological theory up to date, it is based upon general relativity and the

Friedmann model for the expanding universe. According to this theory, the exis-

tence of the universe starts in extreme conditions: ultra-huge energy density and

temperature. Today, we observe just the consequences of different processes during

the universe expansion. The Standard Cosmological Model (or the hot Big-bang sce-

nario), and its different stages and evolution, are well described in an elegant way

by the authors of [25, 26]. A detailed discussion on the formulation of this theory is

given by Weinberg [27], Kolb and Turner [28]; Mukhanov [29], and Linde [30], while

brief reviews can be found in [31].

The beginning of the theory was with Friedmann in 1922, when he assumed

that the universe is spatially homogeneous and isotropic, which is based on Ein-

stein’s cosmological principle; and created a model for an expanding universe. This

theory became the cornerstone of modern cosmology only, when it was experimen-

11



12 CHAPTER 2. THE BARYON NUMBER IN THE UNIVERSE

tally supported by Hubble’s and Slipher’s observations of the galactic redshift in

1929.

Up to the mid–sixties it was not clear whether the universe had started as a hot

or a cold big-bang. The new era in cosmology was opened when Penzias and Wilson

discovered the 2. 70K microwave background radiation in 1964–65 [32], which had

been predicted by the hot universe theory. The radiation detected by Penzias and

Wilson was the relic of the initially hot photon gas emitted at the decoupling time,

which cooled down during the expansion of the universe. This was the second stage

in the development of modern cosmology and was decisive in the establishment of

the hot Big Bang model as the Standard Cosmological Model.

In Friedmann’s model1, the universe scale factor a, which represents some-

how the universe radius, is a function of time; and its evolution obeys the equations

of general relativity. These equations relate the geometry of the universe with its

matter components. A qualitative and approximate solution indicates that the uni-

verse was at first dominated by the interactions of hot ultra-relativistic particles like

photons and neutrinos, that is called the radiation-dominated era. After cooling, it

became dominated by non-relativistic particles (also called sometimes dust); this era

is called matter-dominated era. After this era until now, it is not clear what is the

dominant component: curvature or cosmological constant?

The hot Big Bang Model is supported by a number of important observations:

the expansion of the universe observed by Edwin Hubble in 1929. The second one

is the abundance of the light elements H, He, Li, where the model predicts that

these light elements should have been formed from protons and neutrons in the

first few minutes after the Big Bang with certain ratios. The third important one is

the cosmic microwave background (CMB) radiation which showed that the early

universe should have been very hot. These three measurable signatures strongly

support the notion that our universe evolved from a dense, nearly featureless hot

gas, just as the Big Bang model predicts.

However there remain serious problems for the Standard Cosmological Model:

What is the nature of Dark Matter? Why does the universe expand, or what is the

1See Appendix A, where a brief review of this model is given.
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nature of Dark Energy? And also, how to explain the origin of the usual known

matter (baryons)?

2.2 The Baryon Asymmetry in the Universe

The CPT theorem assures that for each particle X there exists an anti-particle X̄

with exactly the same mass, mX = mX̄, and decay width, ΓX = ΓX̄, and opposite

charges QX = −QX [2]. This symmetry easily leads us to conclude that the Universe

contains an equal number density for particles and anti-particles nX = nX̄, which

is not true in the observed Universe. We do not observe any anti-matter within the

solar system except some anti-protons p in the cosmic rays, which are believed to be

produced as secondaries in collisions pp → 3p + p with the observed ratio

n p̄

np
∼ 3 × 10−4; (2.1)

and also the experimental limit on n̄4He/n4He is of the order of 10−6 [33]. This means

that our solar system is entirely made of matter.

However, we can presume that matter dominance over anti-matter is only lo-

cal, and it is realized up to a certain length scale ℓB, beyond which the picture is

different and islands of anti-matter may exist. This picture predicts that:

• The size of the matter domain, which we consider our domain, should be

quite large, roughly speaking ℓB ≥ 10 Mpc [4].

• Robust gamma rays bursts must be detected as results of matter-antimatter

co-annihilation at the domain’s borders.

• The existence of domains of anti-matter will destroy the spectrum of the

cosmic microwave background radiation.

Since no gamma rays and no inhomogeneities in the CMB radiation are ob-

served, matter dominates over anti-matter everywhere or at least in a huge scale.

It is well known, that ordinary (baryonic) matter represents only 4% of the

Universe budget, which includes galaxies, our Milky Way, our Solar System and of

course ourselves. The rest of the Universe budget is about 70% of Dark Energy or

vacuum energy, a component with negative pressure responsible of Universe ex-
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pansion, about 25% of Dark Matter, a component that has no electromagnetic in-

teractions; and therefore can not be easily detected; and less than 1% of primordial

neutrinos [28].

The important question now is, whether the origin of this baryonic component

is well understood within the known physics, i. e. particle physics theories and

general relativity.

Since the Universe is expanding, it is not convenient to speak about the bary-

onic density; it will be better to rescale it by such a quantity like the photon number

density nγ or the entropy density s (s = 7.04nγ), in order that the resulting quantity

remains nearly constant after the decoupling during the Universe expansion.

From the theoretical point of view, there is no justification to assume that

the Universe started its evolution with a defined baryon asymmetry; nb (t = 0) >

nb̄ (t = 0). The natural assumption is the Universe was initially zero 2. It has been

shown that the universe contains no appreciable primordial anti-matter; by direct

observations like the Big Bang nucleosynthesis which requires that the ratio of the

effective baryon number (nb − nb̄) to the entropy density should be between

2.6 × 10−10
< η ≡ nb − nb̄

s
< 6.2 × 10−10. (2.2)

This number has been independently determined to be η = (8. 7± 0. 3)× 10−11 from

precise measurements of the relative heights of the first two microwave background

(CMB) acoustic peaks by the WMAP satellite [6].

In the Standard Cosmological Model, there is no obvious explanation for such

a small value of η, consistent with nucleosynthesis and CMB; and it has to be im-

posed by hand as an initial condition, which is not elegant theoretically. In addition

to that, does this asymmetry survive during different eras in the Universe evolution?

Thus, many questions are naturally asked: At what time during the Universe

evolution did this asymmetry emerge? What are the processes responsible for the

generation of this specific baryon asymmetry? Are the scenarios considered in

agreement with different particle physics constraints?

2Even if there exists primordial baryonic asymmetry, it will be diluted during the inflation period;

then any surviving asymmetry should be generated after the inflation.
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2.3 Sakharov Criteria

After the inflation end, the Universe was initially baryon symmetric (nb = nb̄) al-

though the baryon number versus the number of anti-baryons appears to be large

today (nb & 109nb̄). The problem to get the parameter η in the range (2.2) is called

the Baryogenesis problem, which is one the fundamental open questions in modern

cosmology.

However, it has been suggested by Sakharov long ago (in 1967) [5] that a tiny

baryon asymmetry may have been produced in the early Universe. He forwarded

his three famous necessary criteria for a successful baryogenesis:

• Violation of the baryon number (B) symmetry.

• Violation of the discrete symmetries C (charge conjugation) and CP (the com-

bination of parity and C).

• A departure from thermal equilibrium.

Let us discuss each criterion on its own.

2.3.1 The Baryon Number Violation

This condition is obvious, since the baryon number is conserved in all processes,

then a baryon asymmetry will be never generated. Then at a certain period, there

must be interactions that violate the baryon number. The question is: in which

theory does this possibility exist?

Grand Unified Theories (GUTs) [34] describe the fundamental interactions by

a unique gauge group G which includes the Standard Model (SM) gauge group

SU(3)C ⊗ SU(2)L ⊗ U(1)Y as subgroup. The key idea of GUTs is that at energies

higher than a certain scale MGUT, the symmetry group is G and that; at lower en-

ergies this symmetry is broken down to the SM gauge symmetry. The symmetry

breaking may also go through a chain of several steps. The main motivation for

this scenario is that the running gauge couplings of the SM unify to a single gauge

coupling, at the scale MGUT ≃ 2 × 1016 GeV [35].

GUTs have an interesting property which is the representation of quarks and

leptons in the same multiplet; therefore it is possible for scalar and gauge bosons to
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mediate gauge interactions among fermions having different baryon number. Then

baryon number violation seems to be very natural in GUTs.

However the situation is different for the case of Standard Model. In the Stan-

dard Model, the Lagrangian contains only color singlet Higgs fields, and is auto-

matically invariant under global abelian symmetries which may describe the bary-

onic and leptonic numbers, and therefore, B and L are called accidental symmetries

which are never violated at tree-level or at any perturbative order. Nevertheless

in 1976, ’t Hooft found that instantons, which are non-perturbative effects, may

give rise to processes which violate the combination B + L, but not its orthogonal

combination B − L; but the probability of these processes at zero temperature is es-

timated to be strongly suppressed Γ ∼ exp
(

−16π2/g2
)

≃ 10−162 [9], where the

pre-exponential factor in this case is not important.

Since baryon and lepton symmetries are anomalous at the quantum level [36],

their respective Noether currents j
µ
B and j

µ
L are not conserved, but satisfy

∂µ j
µ
B = ∂µ j

µ
L =

n f

32π2

(

g2Fa
µν F̃aµν − g′2 fµν f̃ µν

)

=
n f

32π2

(

g2∂µKµ − g′2∂µkµ
)

(2.3)

Kµ = ǫµναβFa
να Aa

β −
g

3
ǫabc Aa

ν Ab
α Ac

β, kµ = ǫµναβ fναaβ,

where n f is the number of families, g (g′) is the gauge coupling of SU(2)L (U(1)Y),

Aa
ν and aν are the gauge fields of SU(2)L and U(1)Y respectively; and F̃µν = 1

2 ǫµναβFαβ

( f̃ µν = 1
2ǫµναβ fαβ) is the dual of the SU(2)L (U(1)Y) field strength tensor. From eq.

(2.3), one can compute the variation in baryon number from the initial time ti to

some arbitrary final time t = t f as

B
(

t f

)

− B (ti) = n f [NCS(t f )− NCS(ti)]; (2.4)

and NCS is the Chern-Simons number

NCS(t) ≡ g2

32π2

∫

d3x ǫijk Tr

(

Ai∂j Ak +
2

3
igAi Aj Ak

)

. (2.5)

This quantity is not gauge invariant, but the difference ∆NCS is. For a tran-

sition between two neighboring vacua, NCS is changed by unity, and therefore B;

and simultaneously L, is changed by n f = 3; and therefore 9 left-handed quarks (3

color states for each generation) and 3 left-handed leptons (one per generation) are

created.
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All the field configurations that have integer Chern-Simons number NCS are

equivalent; and the transition between these degenerate vacua of the gauge theory

is suppressed due to existence of a barrier in between them (see Fig. 2.1). Then,

in order to understand this transition in the electroweak theory, one needs to know

the field configuration that interpolates between two nearest vacua and makes the

transition possible. Klinkhamer and Manton found that this configuration exists,

and it is a saddle point solution to the equations of motion with a single negative

eigenvalue squared. Its Chern-Simons number is 1/2, and they called it Sphaleron, a

Greek word, which means: ’ready to fall’ [24]. In Fig. 2.1, the dependence of the static

energy of the system on NCS is shown, where there exist barriers between different

vacua.

Figure 2.1: Schematic plot of the static energy as function of the winding number that

represent equivalent gauge and Higgs fields configuration. The minima correspond to the

classical vacua.

As mentioned before, the rate of baryon number violation at zero temperature

suppressed by about 160 orders of magnitude. However, this is not the case at finite

temperature. In the symmetric phase, sphalerons lead to very fast B + L violating

processes with the transition rate per unit volume [38]:

Γsph ∼ α5
W ln(1/αW)T4, (2.6)

where αW = g2/4π is the fine structure constant. This estimate for the transition
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rate suggests that sphaleron processes are in thermal equilibrium for 100 GeV .

T < 1012 GeV. In the broken phase, this rate is exponentially suppressed by a factor

exp
(

−ESp/T
)

, where ESp is called sphaleron mass or energy, which is the static

energy of the system at the top of the barrier in Fig. 2.1. In the next chapter, we will

study this case in more detail.

2.3.2 C & CP Violation

It was mentioned before that B violating processes are needed for baryogenesis,

however we know from particle physics that every process

Z → X + Y (2.7)

has a conjugate process:

Z̄ → Ȳ + X̄ (2.8)

where Z̄, Ȳ and X̄ are the anti-particles of Z, X and Y, respectively; and if Z is a

left-handed fermion then Z̄ is a right-handed anti-fermion.

If the process (2.7) violates baryon number and a baryon density nb will be

generated after some time, then, within the same period, the conjugate process (2.8)

generate with the same way a baryon density nb̄ = −nb. therefore the total gener-

ated baryon density is nb + nb̄ = 0. The only way to get a nonzero baryon num-

ber density is that the processes (2.7) and (2.8) have a property that nb 6= −nb̄, or

nb = − (1 + ǫ) nb̄, where ǫ refers to such an asymmetry. This is exactly the meaning

of the second Sakharov condition. This is one of the potential properties of the CP

violation.

Let us recall briefly how C, P and CP operate on scalar fields, spinors, and

vector fields. For complex scalars

C : φ → φ∗

P : φ(t,~r) → ±φ(t,−~r)

CP : φ(t,~r) → ±φ∗(t,−~r), (2.9)
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for vector bosons

C : Aµ → −Aµ

P : Aµ(t,~r) → (A0,−~A)(t,−~r)

CP : Aµ(t,~r) → (−A0, ~A)(t,−~r); (2.10)

and for fermions

C : ψL → iσ2ψ∗
R, ψR → −iσ2ψ∗

L, ψ → iγ2ψ∗

P : ψL → ψR(t,−~r), ψR → ψL(t,−~r), ψ → γ0ψ(t,−~r)

CP : ψL → iσ2ψ∗
R(t,−~r), ψR → −iσ2ψ∗

L(t,−~r), ψ → iγ2ψ∗(t,−~r) (2.11)

In the electroweak theory, only left-handed fermions are SU(2)L gauge cou-

pled; and are represented in chiral doublets, therefore C is maximally broken in the

SM. CP violation is seen experimentally in the neutral kaon system through K0, K̄0

mixing. Thus, CP violation is a natural feature of the standard electroweak model.

Moreover, it is well known that CP violation exists due to the phase eiδ; in the

so-called Cabibbo-Kobayashi-Maskawa (CKM) matrix, a matrix transforming weak

interaction eigenstates to mass squared eigenstates:

VCKM =









Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb









=









c1 −s1c3 −s1s3

s1c2 c1c2c3−s2s3eiδ c1c2s3+s2c3eiδ

s1s2 c1s2c3+c2s3eiδ c2s2s3−c2c3eiδ









, (2.12)

where ci (si) is a shortcut for cosθi (sinθi). However there is no unique way to express

CP violation in an invariant quantity. Jarlskog introduced the determinant of the

commutator of mass matrices of up and down quarks [39]

J = det
[

M2
u, M2

d

]

= (m2
t − m2

c)(m2
t − m2

u)(m2
c − m2

u)

×(m2
b − m2

s )(m2
b − m2

d)(m2
s − m2

d) K (2.13)

K = s2
1s2s3c1c2c3 sin δ = Im ViiVjjV

∗
ij V

∗
ji for i 6= j.

Forming a dimensionless quantity out of J by dividing by the critical temperature

where the sphaleron processes are efficient, gives:

J/T12
c ∼ J/ (100 GeV)12 ∼ 10−20, (2.14)
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which is much too small3 to account for the required value of η ∼ 10−10.

Since CP violation amount is not large enough in the Standard Model, it is

natural to extend the SM in some fashion that increases the amount of CP violation

in the theory while does not lead to results in a conflict with current experimental

data, especially bounds on the electron and neutron electric dipole moment [42]. In

some models like two Higgs Doublet (2HD), we can have CP violation at tree level,

in the quadratic or quartic terms. In a well-motivated SM extension, the minimal

supersymmetric standard model (MSSM), CP violation effect can exists explicitly in

the µ-term in the superpotential or in the soft gauginos mass terms.

In GUTs, CP violation arises in loop-diagram corrections to baryon number

violating bosonic decays.

2.3.3 The Departure from Equilibrium

One can easily understand this criterion by considering again the B violating pro-

cess (2.7), which is supposed to be in thermal equilibrium. Then the number of

transitions for (2.7) is by definition the same as that of the inverse process:

X + Y → Z, (2.15)

therefore any produced B number by (2.7) will be destroyed by (2.15). If the mass

of Z is larger that temperature (MZ > T), then the decay (2.7) is out of thermal

equilibrium. In this case the process (2.15) is kinematically forbidden and its rate is

Boltzmann suppressed:

Γ (X + Y → Z) ∼ e−MZ/T, (2.16)

then the thermal equilibrium should be lost in order to get a net baryon number

density if the two preceding conditions are satisfied.

3Farrar and Shaposhnikov [40], tried to correct this argumentation: CP violation effect that comes

from the box diagram in KK̄ system is not proportional to J, and the relevant scale is much smaller

than 100 GeV, which is the mass of K0. Then the fact that J/T12 measures CP violation, is meaningful

only if all the ratios of mass to temperature can be treated as perturbatively small, which is not the

case for the ratio of the top quark mass to the K0 mass [41].



2.4. DIFFERENT SCENARIOS FOR BARYOGENESIS 21

One can see the importance of this condition from another corner: if B and

CP violating processes are in thermal equilibrium, the mean value of the baryon

number at temperature T is:

〈B〉T = Tr
{

e−H/T B
}

= Tr
{

(CPT)−1 CPT e−H/T B
}

= Tr
{

e−H/T CPT B (CPT)−1
}

= −Tr
{

e−H/T B
}

= − 〈B〉T = 0,(2.17)

the later step because B is odd under CPT (see eqs. (2.9-2.11)).

If CPT is violated, even only during a very early time in the universe evolution,

the third condition is not required for successful baryogenesis [43].

In most of the successful baryogenesis scenarios, this condition is fulfilled in

one of two ways: the first one via an out-of-equilibrium decay of a (super)heavy

particle like Leptogenesis and GUTs scenarios. In general, these scenarios operate at

higher scales. The second one is during a rapid (strongly first order) phase transition

like the case of electroweak baryogenesis.

2.4 Different Scenarios for Baryogenesis

Baryogenesis is a very attractive subject for physicists. A huge number of papers

discussing this subject exists; some of them are giving different mechanisms, and

the rest are discussing the realization of these mechanisms within some models of

particle physics or imposing on them constraints using the available data from cos-

mological observation or particle physics experiments. The evolution of the publi-

cations number on baryogenesis as a function of time is shown in Fig. 2.2.

In this section we will describe briefly some of the scenarios which are: the

oldest one, GUTs baryogenesis [5, 44], Baryogenesis via Leptogenesis [45], which is

the most popular these days, and Electroweak baryogenesis [8], which was exten-

sively studied last years due the possibility of testing with the next generation of

accelerators like LHC.

Of course these are not the only popular models. One of the most favored mod-

els is Affleck-Dine mechanism [46], which is based on the out-of-equilibrium decay

of a scalar condensate that carries a baryon number. There are also, as mentioned
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Figure 2.2: The Number of publications on Baryogenesis with the time. This figure is taken

from [41].

above, mechanisms based on CPT violation at early stages of the Universe [43]; and

also models based on Lorentz violation [47].

2.4.1 GUT Baryogenesis

As noted before, Sakharov conditions are satisfied in GUTs if there exist particles

whose decay is out-of-equilibrium. Indeed in SU(5), and also in SO(10), the Higgs

and Gauge bosons mediate transitions between the elements of the same irreducible

representation; and therefore B is naturally violated; and also C is violated. It was

shown that CP violation occurs naturally at two-loop level [48].

For baryogenesis scenarios that operate at very high scales (≫ 100 GeV), the

combination B − L should be violated to avoid the washout processes above the

electroweak scale, which is the case for the SO(10) model.

In general, GUTs models contain super-heavy Higgs and Gauge bosons with

B-violating and CP-violating Yukawa couplings to quarks and leptons. To show a

simple realization of GUTs baryogenesis, let us consider a super-heavy leptoquark

gauge boson X, which is supposed to have the quark-quark and anti-quark-lepton
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decay channels:

X → qq

X → ℓq̄. (2.18)

As it is clear, the first decay breaks B by 2/3 units, while the second by -1/3. If r (r̄)

is the branching ratio of the first (second) decay in (2.18), then the baryon number

produced in the decays of X and X̄ is

BX =
2

3
r − 1

3
(1 − r)

BX̄ = −2

3
r̄ +

1

3
(1 − r̄); (2.19)

and the net baryon number produced is

∆BX ≡ BX + BX̄ = r − r̄

=
Γ(X → qq)

Γtot(X)
− Γ(X̄ → q̄q̄)

Γtot(X̄)

=
Γ(X → qq) − Γ(X̄ → q̄q̄)

Γtot
, (2.20)

where Γtot(X) = Γtot(X̄) due to CPT invariance. It is obvious that if C or CP are

conserved then ∆BX will be relaxed to 0.

However GUT baryogenesis seems to be in conflict with inflation in its old

picture and it suffers from some problems; it should happen after inflation, where

all particles were created from the decay of the inflaton4, at a temperature TR =

1013 GeV in a generic inflation scenario. Therefore the creation of X bosons from

the decay of the inflaton is kinematically forbidden because MX ∼ MGUT ∼ 1016

GeV ≫ TR. If one tries to make MX ∼ TR, then gravitinos5 would be abundance

during nucleosynthesis and destroy the good agreement of the theory with the ob-

servations [51].

4The inflaton is the scalar field which is responsible of the inflation; and this mechanism is called

reheating [49].
5The gravitino is a spin-(3/2) particle which appears in the extension of supersymmetry to super-

gravity [50], which is the fermionic superpartner of the graviton. Its mass is of the order of TeV and

it couples very weakly to the SM particles and their superpartners, α ∼ 1/Mpl . And therefore it has

a slow decay rate.
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Recently, GUTs baryogenesis has re-emerged with the realization that reheat-

ing may differ significantly from the old picture where in the first stage of reheating,

called preheating [52], nonlinear effects may lead to an extremely effective dissipat-

ing dynamics and explosive particle production even when single particle decay is

kinematically forbidden, and particles can be produced in the regime of a broad

parametric resonance. Indeed, it was shown in [53] that the baryon asymmetry can

be produced efficiently just after the preheating era, thus many problems of GUTs

baryogenesis are solved.

2.4.2 Baryogenesis via Leptogenesis

A very popular mechanism for baryogenesis today is leptogenesis, invented by

Fukugita and Yanagida in 1986 [45] (for a review see [54]). Leptogenesis is a very

natural mechanism, which ties in with currently observed properties of neutrinos;

hence its popularity. The simplest versions of leptogenesis occur at untestably high

energies, similar to GUT baryogenesis, but it is possible to bring leptogenesis down

to the TeV scale [55].

In the leptogenesis scenario, a lepton asymmetry is created at a scale above

the electroweak one, while this asymmetry should reside only in neutrinos in order

to save the electric charge neutrality of the universe. Since sphaleron processes,

that involve all left handed fermions, violate B + L, and at the same time conserve

B − L, an excess in L will be transformed to produce a baryon number asymmetry.

If a lepton asymmetry Li, is created before the sphaleron processes, then the final

asymmetry in B results after the SU(2)L ⊗ U(1)Y breaking, which is given by [56]

B f =







− 28
79 in the SM

− 8
23 in the MSSM







Li ∼ −1

3
Li. (2.21)

The lepton asymmetry is produced via the out-of-equilibrium decay of a heavy

right-handed neutrino νR (sometimes denoted in the literature by N or NR). The dis-

covery of neutrino oscillations [7] gave a strong evidence that neutrinos are massive,

their masses should be max(mν) .
√

△m2
Atm ∼ 4. 8 × 10−2 eV. The only natural

mechanism which makes the left-handed neutrino mass very small is the so-called
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seesaw mechanism [50, 57], which is, in its simplest version, based on the neutrino

mass terms

yijν̄R,i HLj + h. c. − 1

2

(

Mijν̄
c
R,iνR,j + h. c.

)

, (2.22)

here y is the Yukawa coupling matrix for left handed neutrinos; and M is the right

handed neutrino mass before the symmetry breaking. After the Higgs develops its

vev, the mass matrix in the basis νL and νR is




0 mD

mT
D M



 , (2.23)

where the Dirac mass matrix is (mD)ij = υyij. Then the matrix (2.23) can be partially

diagonalized to diag(−mDmT
D/M, M). This means that the light neutrino masses are

very small ∼ y2υ2/M and the heavy neutrino masses are of order M. If we assume

the largest mass of the light neutrinos to be mν = 0. 05 eV, then the size of the νR

mass scale should about M ∼ y2 × 1014 GeV.

The CP violation sources arise from the interference of tree-level and one loop

diagrams of the decay and can be parameterized by the dimensionless quantity

ǫ1 =

∣

∣

∣
MνR,1→lH

∣

∣

∣

2
−

∣

∣

∣
MνR,1→l̄ H̄

∣

∣

∣

2

∣

∣

∣
MνR,1→all

∣

∣

∣

2
= − 3

16π ∑
i

Im(y†y)2
i1

(y†y)11

M1

Mi
, (2.24)

where νR,1 is the lightest right handed neutrino. The baryon asymmetry can be

expressed as

η = 10−2ǫ1κ, (2.25)

where κ is the efficiency factor, which takes into account the washout processes:

inverse decay, LH scattering and LνR scattering. In general, all leptogenesis models

put constraints on neutrino mass values, mixing and/or the form of the mass matrix

. . . etc.

2.4.3 The Electroweak Baryogenesis

This scenario was extensively studied last years, because it works at a relatively low

scale i. e, the electroweak scale. The physics at this scale will be explored in much
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detail next years within the new generation of accelerators like Large Hadronic Col-

lider (LHC), that start giving results next year.

At scales much below the GUTs scale, the universe expansion rate (∼ T2/Mpl)

is much slower than the particle’s interaction rate (∼ T), then the third Sakharov

condition will be never fulfilled via the universe expansion.

The possibility to get a net baryon asymmetry at the electroweak scale was first

discussed by Kuzmin et. al [8], where Sakharov conditions seemed to be satisfied

within the Standard Model. As noted above, B is violated via the anomalous pro-

cesses, CP violation effects arises in the CKM matrix phase; and the third condition

could not be reached by the universe expansion; but via a strong first order phase

transition6. For reviews see [59].

Here, we will not discuss how each one of Sakharov conditions is satisfied in

the SM or in its extensions. We will just describe how this mechanism works.

In the case of a first order phase transition, the Higgs field gets its vev through

tunneling via bubble nucleation due to the existing barrier between the stable (true)

and the metastable (false) minima, these bubbles expand until the space is filled by

the true vacuum. As we will see later in detail, the rate of processes that violate B

and CP is very huge at the symmetric phase (〈h〉 = 0) Γ ∼ T4, but exponentially

suppressed in the broken phase (〈h〉 6= 0) Γ ∼ 0. When the bubble wall passes

through a region in space in which B and CP are violated, an asymmetry occurs in

the broken phase and persists due to the suddenly suppressed back-reaction.

Historically, this mechanism has been separated into two categories:

a) Nonlocal baryogenesis [60]: when the bubble wall passes through a region

where CP and another quantum number than B, are violated, an asymmetry is gen-

erated for this quantum number. Then this asymmetry is converted to a baryon

asymmetry. This mechanism is called sometimes in the literature ’charge transport

mechanism’.

b) Local baryogenesis [61]: in this case, CP and B together are violated in a region

that the bubble wall passes through, and a resulting baryon asymmetry resides in

6The departure from thermal equilibrium could be caused also by TeV scale topological defects

that can arise in SM extensions [58].
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the broken phase.

In general, both local and nonlocal baryogenesis will occur and the baryon

asymmetry will be the sum of the asymmetries generated by the two processes.

However, if the speed of the wall is greater than the sound speed in the plasma,

then local baryogenesis dominates. In other cases, nonlocal baryogenesis is usually

more efficient.

The electroweak baryogenesis scenario seems to be well working in some SM

extensions like the two-Higgs doublets model (2HDM) [62], the MSSM [63]; and

also for some MSSM extensions [64, 65].

In practice, the calculation of the resulting baryon asymmetry depends on

many parameters like the thickness of the bubble wall (thin or thick wall regime),

the speed of the bubble wall, the nature of processes that violate the discrete sym-

metry CP; and the diffusion dynamics of the asymmetry into the broken phase.



28 CHAPTER 2. THE BARYON NUMBER IN THE UNIVERSE



Chapter 3

The Electroweak Phase Transition

One of the most interesting scenarios for baryogenesis is the electroweak baryo-

genesis. A successful electroweak baryogenesis scenario requires a strong first or-

der phase transition at the electroweak scale. In order to investigate how the elec-

troweak phase transition (EWPT) could have occurred at an early stage of the Uni-

verse evolution, we need to work within the framework of quantum field theory at

high temperatures. The basic tool here is called the effective potential, that means

the potential free energy density of the system under consideration.

In the first section, we discuss in detail the notion of the effective potential.

The idea of the phase transition strength is discussed in the second section taking

the standard electroweak theory as a clarifying example. In the third section, the

dynamics of the first order phase transition in terms of bubble nucleation is shown.

After that, we review how the condition for a strong first transition order is derived

starting from the saddle point solution of the field equations. Finally, we present the

status of phase transition in some of the Standard Model extensions.

3.1 The Effective Potential

The effective potential for quantum field theories was originally introduced by Eu-

ler, Heisenberg and Schwinger [66], and applied to studies of spontaneous symme-

try breaking by Goldstone, Salam, Weinberg and Jona-Lasinio [67]. Calculations of

29
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the effective potential were initially performed at one-loop by Coleman and E. Wein-

berg [68] and at higher-loop by Jackiw [69] and Iliopoulos, Itzykson and Martin [70].

Quantum field theories involve virtual particles, that affect the field energy

density through emission and reabsorbing processes. The generalization of the clas-

sical theory by including quantum corrections is known as the effective theory; and

its corresponding potential density is called the effective potential. The minimiza-

tion of the effective potential gives the field configuration with the minimal energy,

i. e. the vacuum of the theory.

Proceeding further, analysis of matter behavior at non zero temperatures in-

volves thermal fluctuations of the fields that one should take into account. Thus,

a generalization of the effective potential at finite temperature is also needed, for

the inclusion of temperature dependent quantum effects. As will be clear in what

follows from the mathematical definition the effective action has the meaning of the

free energy of the quantum system under consideration. The finite temperature ef-

fective potential V(φ, T) as Linde [30] states at its extreme coincides with the free

energy density.

The effective potential has been studied extensively in the literature. An el-

egant discussion on the physical meaning of the effective potential and its calcu-

lation is presented by Coleman [71]. A detailed analysis of the theory of the ef-

fective potential at zero and finite temperature with applications to cosmological

models is given by Brandenberger [72]. The electroweak Higgs potential for the

Standard Model and its extensions has been investigated by Sher [73]. Generaliza-

tion of the effective potential to finite temperature is given by Dolan and Jackiw [74]

and Linde [30, 75]. In what follows we give a formal discussion on the notion of the

effective potential as it appears in the framework of quantum field theory at zero

and non zero temperature.

3.1.1 At Zero Temperature

Any quantum field theory is described by the Lagrangian density L or the action S,

which is given by

S[φ] =
∫

d4xL{φ, ∂µφ}, (3.1)
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where φ denotes scalars, vectors and fermions, and the Lagrangian density contains

kinetic terms for all fields, potential term for scalars and the Yukawa terms. Let

us focus for the moment only on pure scalar theories, therefore in what follows φ

denotes only scalars. Then the connected correlation functions are generated by the

energy functional W [J] in the presence of an external field J, which is given by

Z[J] = eiW[J] =
∫

Dφei
∫

d4x(L[φ]+Jφ), (3.2)

where Z[J] is the Green functions generating functional. The functional derivative

of W[J] leads to the vacuum expectation value of the field in the presence of the

external source J, which is defined as the classical field φcl,

φcl (x) = −δW[J]

δJ(x)
=

∫

Dφφ (x) ei
∫

d4x(L[φ]+Jφ)

∫

Dφei
∫

d4x(L[φ]+Jφ)
=

〈0| φ (x) |0〉J

〈0| 0〉J

. (3.3)

The effective action is the Legendre transformation of W[J], which is analogous to

the Gibbs free energy in thermodynamics, it equals

Γ[φcl ] = W[J] −
∫

d4yJ(y)φcl(y). (3.4)

Since the derivative of Γ[φcl ] with respect to φcl vanishes in the absence of the ex-

ternal source J = 0, then φcl can be a stable or metastable state of the theory. Then

W[J] can be expanded in a power series of J, to obtain its representation in terms of

connected Green functions G(n) as

iW[j] =
∞

∑
n=0

in

n!

∫

d4x1 . . . d4xn J(x1) . . . J(xn)G(n)(x1, . . . , xn). (3.5)

Similarly the effective action can be expanded in powers of φcl as

Γ[φcl ] =
∞

∑
n=0

1

n!

∫

d4x1 . . . d4xnφcl(x1) . . . φcl(xn)Γ(n)(x1, . . . , xn), (3.6)

where Γ(n) are the one-particle irreducible (1PI) Green functions. Usually one con-

siders a theory which is invariant under space-time translation, and therefore the

solution for φcl is constant and independent of x. Then, removing an overall factor

of space-time volume, we define the effective potential Veff(φcl) as

Γ[φcl ] = −
∫

d4xVeff(φcl). (3.7)
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The 1PI diagrams are evaluated with no propagators on the external lines, therefore

the Fourier transform of (3.6) can be written as

Γ(φcl) =
∞

∑
n=0

1

n!
φn

cl(2π)4δ(4)(0)Γ(n)(pi = 0) =
∞

∑
n=0

1

n!
φn

clΓ
(n)(pi = 0)

∫

d4x; (3.8)

and comparing it with (3.7) we obtain the final expression

Veff(φcl) = −
∞

∑
n=0

1

n!
φn

clΓ
(n)(pi = 0). (3.9)

The calculation of the effective potential by summing infinite series of Feynman

graphs at vanishing external momentum is simple at the one-loop level. However

this not always the case at higher-loop level. A beautiful calculation has been carried

out in Ref. [69], we try to give the interesting results.

Let us consider again a scalar theory with a Lagrangian L. One can define

another Lagrangian L̂ as

∫

d4xL̂{φcl; φ(x)} ≡ S {φcl + φ} − S {φcl} − φ
δS {φcl}

δφcl
. (3.10)

The second term in (3.10) makes the vacuum energy equal to zero, and the third term

is there to cancel the tadpole part of the shifted action. One denotes by D{φcl ; x− y}
the propagator of the (new) shifted theory

iD−1{φcl; x − y} =
δ2S[φ]

δφ(x)δφ(y)

∣

∣

∣

∣

φ=φcl

, (3.11)

and iD−1 {φcl; p} its Fourier transform, the effective potential is found to be given

by [69]

Veff(φcl) = V0 (φcl) −
i

2

∫

d4p

(2π)4
log

{

det
{

iD−1 {φcl; p}
}}

+i

〈

exp

[

i
∫

d4xL̂Interaction{φcl; φ(x)}
]〉

(3.12)

The first term in (3.12) is just the classical tree-level potential. The second term

is the one-loop potential, where the determinant operates on any possible internal

indices defining the propagator. The third term summarizes all higher order correc-

tions starting from two-loop level. In a simple example of a theory of one real scalar
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field, the one-loop term (the second term in (3.12)), is computed to be

V1(φcl) = − i

2

∫

d4p

(2π)4
log[p2 − m2(φcl)]. (3.13)

The mass m2(φcl) is computed in the shifted theory like

m2(φcl) =
∂2V0 {φcl + φ}

∂φ2

∣

∣

∣

∣

φ=0

. (3.14)

The two-loop effective potential is harder to compute than the one-loop term, but

usually manageable. All the previous procedures can be applied to theories contain-

ing fermions and gauge bosons.

For the calculation of the integral (3.12), some simplifications are needed. One

should make Wick rotation p0 = ip0
E and therefore the integral can be computed in

an Euclidian four dimensional space-time. Then eq. (3.12) becomes

V1(φcl) =
1

2

∫

d4p

(2π)4
log[p2 + m2(φcl)]. (3.15)

This formula (3.15) is valid only for a theory with single scalar field. For a theory

with multiple scalars, the contribution of these scalars to the one-loop correction for

the potential is given by

V1(φcl) =
1

2

∫

d4p

(2π)4
Tr log[p2 + M2(φa, φb)] (3.16)

M2(φa, φb) =
∂2V0 (φ)

∂φ†
a ∂φb

,

where the trace acts on the field indices space. A similar formula exists for fermions,

V1(φcl) = −λ
∫

d4p

(2π)4
Tr log[p2 + M2

f (φcl)], (3.17)

where the parameter λ equals 1 if the field is a Weyl fermion and 2 in the case of a

Dirac one, and the trace acts on the field space. For gauge bosons, their contribution,

in Landau gauge, is given by

V1(φcl) =
3

2

∫

d4p

(2π)4
Tr log[p2 + M2

G(φcl)]. (3.18)
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Since we are concerned in our work only with the one-loop level, we will not

discuss higher-order corrections. It is clear that the integrals (3.15), (3.16), (3.17) and

(3.18) are ultraviolet-divergent.

As it is known in quantum field theories, the theory is meaningful only if the

divergences can be absorbed by some counterterms in the Lagrangian, whereby the

theory parameters get renormalized. However there is no unique way to make the

theory finite, different procedures are called renormalization schemes. For example,

to make the integral (3.15) finite, one can cut it by a scale mass Λ and then apply

the renormalization conditions, so that one finally gets a finite theory where the La-

grangian contains explicitly the scale Λ. This scheme is called cut-off regularization.

Within this scheme the gauge invariance can be broken, and therefore this scheme

is not widely used. Another scheme is called Dimensional regularization where the

integral (3.15) is computed in 4− 2ε dimensions and the infinities are parameterized

by 1/ε. The result can be expressed as

V1(φcl) = −
{

−1

ε
− γE + log 4π

}

m4(φcl)

64π2
+

m4(φcl)

64π2

{

log
m2(φcl)

Λ2
− 3

2
+ O (ε)

}

,

(3.19)

where γE = 0. 5772156649 is called Euler-Mascheroni constant; and Λ is a mass

scale. In the so-called MS renormalization scheme [76], the first term in (3.19) is

absorbed by counterterms, and therefore the one-loop correction to the potential is

given by

V1(φcl) =
1

64π2 ∑
i

niaim
4
i (φcl)

[

log
m2

i (φcl)

Λ2
− Ci

]

, (3.20)

where ni is the degree of freedom of the particle i; and (ai, Ci) are
(

1, 3
2

)

for scalars,
(

−2, 3
2

)

for fermions; or
(

3, 5
6

)

for gauge bosons. The popular scheme is a variant

of MS scheme, called DR where the calculations are done in Landau gauge, all Ci’s

have the same value 3
2 and ai’s are absorbed by redefining the degrees freedom like

V1(φcl) =
1

64π2 ∑
i

nim
4
i (φcl)

{

log
m2

i (φcl)

Λ2
− 3

2

}

. (3.21)

In what follows, we will use DR renormalization scheme.
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3.1.2 At Finite Temperature

In order to investigate the electroweak phase transition, our theory should be de-

scribed at finite temperature and therefore the one-loop corrections to the potential

(3.21) should be generalized to be valid at finite temperature.

At finite temperature, the scalar field is in a thermal bath where the back-

ground can be matter or radiation with non-vanishing temperature and density, the

Feynmann rules of the theory get modified.

There are two known methods to generalize a zero temperature quantum field

theory to a finite temperature one; imaginary time formalism and real time formal-

ism [77,78,79]. We just give here the general results according to the imaginary time

formalism.

In the imaginary time formalism, the bosonic and fermionic fields are respec-

tively written as

φ (τ,~r) =
∞

∑
n=−∞

φ̃n (~r) eiωb
nτ (3.22)

ψ (τ,~r) =
∞

∑
n=−∞

ψ̃n (~r) eiω
f
nτ, (3.23)

where τ = it is the Euclidean time, n represents the Matsubara mode, and ωb
n’s

(ω
f
n’s) are bosonic (fermionic) Matsubara frequencies which are given by ωb

n =

2πnT and ω
f
n = (2n + 1) πT. Feynman rules are summarized by

Boson propagator :
i

p2 − m2
; pµ = [iωb

n,~p ]

Fermion propagator :
i

γ · p − m
; pµ = [iω

f
n,~p ]

Loop integral : iT
∞

∑
n=−∞

∫

d3p

(2π)3

Vertex : − i(2π)3

T
δ∑ ωi

δ(3)(∑
i

~pi). (3.24)

Then non-zero temperature scalar contribution to the effective potential are given



36 CHAPTER 3. THE ELECTROWEAK PHASE TRANSITION

by recomputing eq. (3.15) using (3.24), as [74]

V1(φcl, T) =
T

2

∞

∑
n=−∞

∫

d3p

(2π)3
log[

(

ω
b, f
n

)2
+~p2 + m2(φcl)]

=
m4(φcl)

64π2

{

log
m2(φcl)

Λ2
− 3

2

}

+
T4

2π2
JB

(

m2(φcl)/T2
)

, (3.25)

JB (θ) =
∫ ∞

0
dx x2 log

{

1 − exp
[

−
√

x2 + θ
]}

. (3.26)

The gauge boson contribution also gives similar results; however fermionic contri-

bution is different. Recomputing (3.17), one gets

V1(φcl , T) = −λT
∞

∑
n=−∞

∫

d3p

(2π)3
log[(2n + 1)2 π2T2 + ~p2 + M2

f (φcl)]

= −λ
M4

f (φcl)

32π2

{

log
M2

f (φcl)

Λ2
− 3

2

}

− λ
T4

π2
JF

(

M2
f (φcl)/T2

)

,(3.27)

JF (θ) =
∫ ∞

0
dx x2 log

{

1 + exp
[

−
√

x2 + θ
]}

. (3.28)

These functions (3.26) and (3.28), can be expanded in the limit θ ≪ 1 i. e. at high

temperature like

JB(θ) ≃ −π4

45 + π2

12 θ − π
6 θ3/2 − θ2

32 log θ
ab
− 2π7/2

∞

∑
l=1

(−1)l ζ(2l+1)
(l+1)!

Γ
(

l + 1
2

) (

θ
4π2

)l+2
,

(3.29)

JF(θ) ≃ 7π4

360 − π2

24 θ − θ2

32 log θ
a f
− π7/2

4

∞

∑
l=1

(−1)l ζ(2l+1)
(l+1)!

(

1 − 2−2l−1
)

Γ
(

l + 1
2

) (

θ
π2

)l+2
,

(3.30)

where ab = 16π2 exp(3/2 − 2γE), a f = π2 exp(3/2 − 2γE) and ζ is the Riemann

ζ-function.

Finally one can write the full one-loop effective potential at finite temperature

like

Ve f f (φcl, T) = V0 (φcl) + ∑ ni
m4

i (φcl)

64π2

{

log
m2

i (φcl)

Λ2
− 3

2

}

+
T4

2π2 ∑ ni JB,F

(

m2(φcl)/T2
)

. (3.31)

where ni are modified degrees of freedom mentioned before (3.21). One should

mention that both imaginary and real time formalisms give the same result.
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3.2 The First-Order Phase Transition

Phase transitions play a very important role in modern cosmology. They are de-

scribed by the evolution of an order parameter with respect to the temperature,

which in the case of the EWPT is the expectation value of the scalar Higgs. In parti-

cle physics, a phase transition occurs if the state of the theory at certain temperature

does not correspond to the global minimum of the potential. Then the field changes

its value to the true ground state (i. e. the minimum of the potential which is the

stable one). This can happened gradually or by tunneling when a barrier exists

between the two minima. The transition can be first order or second order. To un-

derstand well what the difference between these two types is, let us consider the

phase transition in the Standard electroweak theory as an example.

Using the high temperature expansion in (3.29) and (3.30), the effective po-

tential of the Standard Model in the background Higgs field configuration, 〈φ〉 =

h/
√

2, is given by1

Ve f f (h, T) = D(T2 − T2
0 )h2 − ETh3 + λ(T)

4 h4, (3.32)

where the coefficients are given by

D =
2m2

W+m2
Z+2m2

t

8υ2 , E =
2m3

W+m3
Z

4πυ3 , T2
0 =

m2
h−8Bυ2

4D , B =
3(2m4

W+m4
Z−4m4

t )
64π2υ4

λ(T) = λ − 3
16π2υ4

(

2m4
W log

m2
W

ABT2 + m4
Z log

m2
Z

ABT2 − 4m4
t log

m2
t

AFT2

)

,

here log AB = log ab − 3/2 and log AF = log aF − 3/2, and aB, aF are given in (3.29)

and (3.30). The parameter λ(T) is slowly changing with temperature, so we can

consider it as a constant. At this special temperature value:

T2
c =

λDT2
0

λD − E2
, (3.33)

the potential has two degenerate minima: h = 0 and

hc = 2ETc/λ. (3.34)

1We assume that mh ≪ mW , and therefore only the contributions of gauge bosons and top quark

to the effective potential are considered.
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Tc is called the critical temperature. At temperatures below this value the minimum

h = 0 becomes unfavored energetically (false vacuum) and therefore the decay to

the true ground state h 6= 0 is possible by tunneling or thermal fluctuations. At the

temperature T = T0, the barrier between the two vacua disappears and the field can

move directly to the true vacuum without tunneling. The behavior of the effective

potential is given in Fig. 3.1 for different temperature values.
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Figure 3.1: The behavior of the effective potential for differen values of the temperature.

In Fig. 3.2, we plot the value of the absolute minimum of the potential (vev)

as a function of the temperature for two cases where we give by hand two different

values for the parameter E in (3.32), we find that for the larger value of E, there is a

discontinuity at T = Tc, and this is the character of a first-order phase transition. If the

condition2

υc/Tc > 1, (3.35)

is fulfilled then we have a strong first order phase transition [80].

However for an extremely small (zero) E value, the absolute minimum of the

potential changes continuously to zero, and then we have a continuous phase tran-

sition, and the quantity υc/Tc ∼ 0. Only in a strong first order phase transition, a

(very) violent deviation from equilibrium does exist.

2We will see in Sec. 3.5 how this condition (3.35) is derived.
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Figure 3.2: The order parameter υ(T) as a function of the temperature T. The solid line cor-

responds to a first order phase transition, while the dashed one corresponds to a continuous

order one. For the first order case we put by hand E = 0.1 in (3.32) where Tc = 318.9 GeV.

For the second order one we put by hand also E = 10−5, where Tc = 300 GeV.

In the case of first order phase transition the transition occurs via bubble nu-

cleation. Inside the bubbles the field acquires the true vacuum value. If the rate

of bubble nucleation exceeds the universe expansion rate, the bubbles collide and

therefore the space is filled by true vacuum.

The condition (3.35) leads to an upper bound on the Higgs mass [11]

mh . 42 GeV. (3.36)

The constraint gets even stronger when the two-loops effects and a proper

treatment of the top quark are included [81]. It is clear that this bound is in con-

tradiction with the lower bound coming from LEP mh > 114 GeV [12] and any gen-

erated baryon asymmetry within the Standard Model will be washed out. Therefore

it is quite natural to look for extensions of Standard Model to increase this bound or

to make it irrelevant.
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3.3 The Bubble Formation

In the first order phase transition case, at temperatures just below the critical one Tc,

there appears a new (true) vacuum, and the false vacuum starts to decay to the true

one via thermal fluctuation. However another term is widely used in the literature:

Thermal tunneling. This transition can be understood in terms of bubble nucleation

of the broken phase in the sea of the symmetric one. As mentioned before, once this

has happened, the bubbles spread throughout the universe converting false vacuum

into the true one.

To understand the dynamics of this kind of transitions, an important value

should be computed: the rate of bubble nucleation. The tunneling probability per

unit time per unit volume was computed analogously to a simple quantum mechan-

ical one-dimensional system of a particle trying to penetrate a potential barrier, the

result is [82]

Γ ∝ exp {−SE} , (3.37)

where SE is the four dimensional Euclidean action

SE =
∫

dτd3x

[

1

2

(

∂
∂τ h

)2
+ 1

2

(

~▽h
)2

+ V (h)

]

; (3.38)

and the field obeys the equation of motion

(

∂2

∂τ2 + ~▽2
)

h − ∂

∂h
V (h) = 0, (3.39)

with boundary conditions h → 0 for τ → ±∞, r → ∞ and ∂h/∂τ = ∂h/∂r = 0 for

τ = r = 0. The solution of (3.39) is O(4) symmetric, i. e. h = h(
√

τ2 + r2).

At finite temperature, to compute this quantity (3.37), one needs to take into

account that the Euclidean time τ is periodic with the period T−1, and the potential

becomes an effective potential at finite T. The tunneling rate per unit time per unit

volume is given by [83]

Γ ∝ A (T) exp {−S3/T} , (3.40)
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where the prefactor A is of the order T4. The three-dimensional action S3 is:

S3 =
∫

d3x

[

1
2

(

~▽h
)2

+ Ve f f (h, T)

]

= 4π
∫

dr r2

[

1
2

(

∂

∂r
h

)2

+ Ve f f (h, T)

]

, (3.41)

and the equation of motion is similar to (3.39) in the static (time-independent) case:

∂2

∂r2
h +

2

r

∂

∂r
h − ∂

∂h
V (h) = 0, (3.42)

with the same boundary conditions h → 0 for r → ∞; and ∂h/∂r = 0 for r = 0. The

solution in this case is O(3) symmetric. The three-dimensional action (3.41) can be

rewritten as [10]

S3 = 4π
∫ R

0
dr r2

[

1
2

(

∂

∂r
h

)2

+ Ve f f (h, T)

]

, (3.43)

where R is the bubble radius. There are two contribution to S3 in (3.43), which are

S3 ∼ 2πR2

(

δh

δR

)2

δR +
4πR3 〈V〉

3
, (3.44)

where δh ∼ htrue, δR is the thickness of the bubble wall, and 〈V〉 is the average

of the potential inside the bubble. The first term is a surface term coming from

kinetic contribution in (3.43), and the second one is a volume term coming from the

potential contribution in (3.43).

The bubbles start to nucleate at a temperature called Tn below the critical one

(see eq. (3.33)), which can be defined by the tunneling probability of one bubble

inside a causal horizon volume, ∼ 2. 16× 10−4 M3
Pl/T6, to be of the order O(1) [84]

∫ ∞

Tn

dT

T

(

2ζMPl

T

)4

exp{−S3(T)/T} = O(1)

ζ =
1

4π

√

45/πg∗, (3.45)

where g∗ is the effective number of degrees of freedom. In the case where the barrier

between the two minima is high enough, the volume term in (3.44) is dominant

and therefore the amount δR/R ≪ 1 is very small. This means that the nucleated



42 CHAPTER 3. THE ELECTROWEAK PHASE TRANSITION

bubbles in this case are thin-wall bubbles. In contrary, when the surface term is the

dominant one, δR/R ∼ O(1) which corresponds to thick-wall bubbles.

If the energy difference between the two potential minima, true and false one,

is small compared to the height of the potential barrier, the radius of the bubble

becomes much larger than the thickness of the bubble wall [82]. This leads to the

so-called thin-wall regime.

At late time t where the bubble wall is already flat, it is more suitable to work

in one dimension, then we use the variable z=x-vwt in order to be in the wall frame,

where vw is the wall velocity. Then the equation of motion becomes

∂2

∂z2
h − ∂

∂h
V (h) = 0. (3.46)

The wall profile in the case of the effective potential (3.32) is obtained by solving of

(3.46), and the exact solution is:

h(r) =
α

cosh {z/ζ} + β
; (3.47)

with

α =
4D(T2−T2

0)√
λD−E2

√
T2

c −T2
, β = 2 T

T0

√

T2
c −T2

0

T2
c −T2 and ζ = λυ2

√
8D
√

T2−T2
0

.

In Fig. (3.3), we show the complete solution of (3.42) for different values of the

temperature.

Inside the bubble, the field is in the true vacuum whereas outside it is still in

the false one. In the SM case the term E in (3.32) is very small and therefore the

barrier between the two minima is also small. This leads to the thick wall regime.

3.4 Sphalerons and the EWPT

We have seen in section 2.3 when we discussed the baryon number violation pro-

cesses in the Standard Model, that their rate is suppressed by 160 orders of magni-

tude. However the situation looks different at high temperatures, where the field

can move from a vacuum configuration to another classically over the barrier with-

out tunneling.
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Figure 3.3: The Bubble wall profile for different values of temperature T1,5. The field config-

uration h(r) is rescaled by its vacuum expectation value at temperature Ti; υ(Ti). The values

of T1,5 are T0 + (Tc − T0)/5 , T0 + 2(Tc − T0)/5, T0 + 3(Tc − T0)/5, T0 + 4(Tc − T0)/5

and Tc, respectively; and Tc and T0 are given in (3.33) and (3.32).

As noted before, the properties of the field configuration known as Sphaleron

are needed to estimate the transition rate. Let us first define the Sphaleron configu-

ration.

The sphaleron is identified to be the static (time independent: A0 = 0, ∂0Ai =

0) configuration which is the barrier between two adjacent vacua (∆NCS = ±1)

whose minimal energy along a path among all the paths.

In the case of Standard Model, with the U(1)Y gauge is neglected3 (θW → 0),

and using the orthogonal gauge

xi · Ai = 0, (3.48)

3The contribution of the UY(1) field to the Sphaleron energy is very small, less than 0.2%, see

ref. [24].
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the Sphaleron solution has the following form [24]:

i
2 gσa Aa

i = f (r) (∂iU
∞) (U∞)−1

or Aa
i =

2 f (r)

gr2
ǫaikxk

φ = υ√
2
h(r) U∞





0

1





U∞(θ, ϕ) =





cos θ eiϕ sin θ

−e−iϕ sin θ cos θ



 . (3.49)

Here Ai is the SU(2)L gauge field, φ is the Higgs doublet; σa and are Pauli

matrices. In particular, the gauge transformation [37]

U (~r) = exp

{

−i
π

2

~σ ·~r
r

}

; (3.50)

transforms the ansatz (3.49) into the following background field:

Aa
i =

2 {1 − f (r)}
gr2

ǫaikxk

φ = υ√
2
h(r)





0

1



 ; (3.51)

and the energy functional is:

E =
∫

d3x

[

1

4
Fa

ijF
a
ij + (Diφ)†(Diφ) + V(φ)

]

(3.52)

where V(φ) is the potential of the Higgs field. For the Sphaleron solution, the energy

(3.52) can be rewritten as

Esp = 4πυ
g

∫ ∞

0
dζ

[

4
(

d f
dζ

)2
+ 8

ζ2 [ f (1 − f )]2 + ζ2

2

(

dh
dζ

)2

+ [h(1 − f )]2 + ζ2

g2 V
(

υ√
2
h(ζ)

)]

, (3.53)

where ζ = gυr is a dimensionless coordinate.

The field equations can be obtained via inserting (3.49) into the Euler-Lagrange

equations, or via minimizing (3.52), therefore the field equations are given by

ζ2 ∂2

∂ζ2
f = 2 f (1 − f ) (1 − 2 f )− 1

4ζ2h2 (1 − f )

∂

∂ζ
ζ2 ∂

∂ζ
h = 2h (1 − f )2 +

ζ2

g2υ3

∂

∂φ
V (φ)

∣

∣

∣

∣

φ=υh(ζ)/
√

2

; (3.54)
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taking into account that the energy must be finite, the functions f and h should have

the boundary conditions

f (ζ) →







∼ ζ2, ζ → 0

1, ζ → ∞
; h(ζ) →







∼ ζ, ζ → 0

1, ζ → ∞.
(3.55)

The profiles of f and L are given in Fig. 3.4.

Figure 3.4: The profiles of the functions f and L for the SU(2)L Higgs-gauge system. This

figure is taken from in Klinkhamer & Manton in [24]. The results are were obtained for λ=0

and ξ =gυr is the dimensionless radial distance.

If the theory is in the vacuum characterized by NCS = 0, then the transition to

the next vacuum NCS = 1, proceeds with the help of Sphaleron configuration; which

interpolates between NCS = 0 and NCS = 1. The Sphaleron energy is basically the

contribution of the Higgs field and of the gauge configuration. The latter is more

important than that of the Higgs field.

A more accurate result may be found by means of variational methods [24]

Esp =
4πυ

g
B

(

λ

g2

)

, (3.56)

where λ is the self-coupling of the Higgs field; and B is a function which depends

very weakly on λ/g2: B(0) ≃ 1. 52 and B(∞) ≃ 2. 72. The previous computation of
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the Sphaleron energy was performed at zero temperature. The Sphaleron at finite

temperature in the broken phase was computed in [85], it was shown that its energy

follows approximately the scaling law4

Esp(T)

υ(T)
=

Esp(T = 0)

υ(T = 0)
, (3.57)

here υ(T) is the vev of the Higgs field at finite temperature. Then (3.56) can be

rewritten at finite temperature as:

Esp(T) =
4πυ (T)

g
B

(

λ

g2

)

. (3.58)

In case of Standard Model, the Sphaleron transition rate per unit time per unit

volume was computed in a semi-classical way to be a Boltzmann suppression factor

exp(−Esp(T)/T) up to a prefactor. This prefactor contains the determinant of all

zero and non-zero modes, and near the critical temperature Tc, it can play a more

important role, and the rate obtains the form [87]

Γ = κ
T4ω−
mW

(αW

4π

)4
Ntr Nrot

(

2mW

αWT

)7

exp

(

−Esp

T

)

. (3.59)

Here the factors Ntr and Nrot come from the zero mode normalization, which are

given by Ntr ≃ 26, Nrot ≃ 5. 3 × 103 for the case of SM [88], ω− is the eigenvalue

of the negative mode [89, 37]; and κ is the functional determinant associated with

fluctuations around the sphaleron [90]. It has been estimated to be in the range:

10−4 . κ . 10−1 [87, 91].

The dilution of the baryon asymmetry in the anomalous processes can be de-

scribed by the equation [87]
∂

∂t
S = −R(t)S, (3.60)

where R(t) is the rate of B violating processes. If one supposes that the electroweak

transition proceeds in a constant temperature, then the solution is [80]

S = exp

{

−13

2
ζn f

MplΓ

T5

}

, (3.61)

4This scaling law has been checked to be satisfied for the Minimal Supersymmetric Standard

Model (MSSM) by Moreno et al. in ref [86].
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where ζ is given in (3.45). If we take T = Tc ∼ 100 GeV, n f = 3 and B = 1. 87 (B

from eq. (3.56)); and we impose the condition S & 10−5, then the ratio Esp(Tc)/Tc

must satisfy the inequality

Esp(Tc)/Tc & 7 log(Esp(Tc)/Tc) + 9 log 10 + log κ (3.62)

which is translated for the upper bound of κ = 10−1 to [23]

Esp(Tc)/Tc & 45 (3.63)

and for the lower bound of κ = 10−4, 37 instead of 45. Since Esp(T) scales like

υ(T) (see eq. (3.57)), then (3.63) transforms into υ(Tc)/Tc & 1. 3 or υ(Tc)/Tc & 1

for the case of κ = 10−4, which is the famous condition of a strongly first order

phase transition (see eq. (3.35)). If this condition is not satisfied, any existing baryon

number will be washed out.

3.5 The EWPT within some SM Extensions

It was shown in Section 3. 2 that the EWPT can not be strongly first order due to the

severe bound (3.36) on the Higgs mass. In addition to the observation of neutrino

oscillations [7], which represents a strong evidence that the SM is not a fundamental

theory, it is quit natural to go beyond the SM looking for a strong first order EWPT.

There are many SM extensions, in many directions, to get a strong first order

EWPT. In this section, we will review the EWPT in some of these models.

The EWPT within the SM with scalar Singlets

This is the simplest SM extension, that has been investigated to get a strong

first order EWPT. In Ref. [10, 13], the authors added a gauge complex singlet to the

SM spectrum, where this complex singlet couples only to the Higgs doublet and

does not develop a vev. In this case, the cubic term in (3.32) gets larger due to the

singlet contribution to the effective potential and the Higgs upper bound (3.36) is

weakened up to ∼100 GeV.

In Ref. [14], the authors added to the SM a real singlet S, where the symmetry
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allows explicit cubic terms5, S3 and φ+φS, in the potential at tree level; and this

singlet develops a vev x. The transition occurs from the false vacuum (0, x0) to the

true one (υ, x). Therefore it is believed that the EWPT gets stronger without the need

of the thermal induced cubic term.

In Ref. [14], the authors modified the criterion of a strong first order EWPT

(3.35); by replacing υ with the distance between the true and false minima in the

singlet-Higgs space, i. e. , Ω =
{

υ2 + (x − x0)
2
}

1
2 . Since we have always Ω ≥ υ,

the modified condition is more easily fulfilled than the SM one for a large part of the

physically allowed parameter space. Then unlike in the works done by [10, 13], the

strong first order EWPT is not, in reality, obtained due to the increased cubic term

in (3.32); but the reason is due to the singlet vev contribution to Ω(Tc). Until now, it

is not proven that the last condition is viable for these kinds of models.

Similar works were carried out in [15], with a difference in defining the gauge

singlet; it was considered as the singlet Majoron6, but it plays the same role in the

EWPT as in [14].

The EWPT within Supersymmetric Extensions

The most physically motivated SM extension is the Minimal Supersymmetric

Standard Model (MSSM). Supersymmetry requires that each boson (fermion) have a

fermionic (bosonic) superpartner. Therefore, the MSSM contains the particle content

of the SM and their superpartner plus an extra Higgs doublet with its superpartner.

In this case, new free parameters are introduced into the theory; but many of them

are constrained by supersymmetry and by existing accelerator measurements.

In the context of baryogenesis, a strong electroweak phase transition is not

the only motivation for the MSSM, but also new sources of CP violation can exist

explicitly or spontaneously.

In the existence of bosons that strongly couple to the Higgs, the cubic term is

increased and therefore the EWPT gets stronger. In the MSSM, both left- and right-

handed top quark superpartners t̃L,R (stops) couple to the Higgs field background

5The cubic terms can exist at tree-level potential even if the singlet is complex like {S3+h.c} and

{φ+φS+h.c}.
6The Majoron is a hypothetical type of Goldstone boson that helps to generate the neutrino mass,

but violates the U(1)B−L symmetry.
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configuration with strength of the order of top Yukawa coupling; this makes the

EWPT strong better than the minimal SM case but with condition that the right-

handed stop should be lighter than the top quark itself [17]. The EWPT was ex-

tensively studied using different techniques [20]. In some choices of parameters,

the stop can condense and develop a vacuum expectation value and both color and

charge are broken, but the absolute minimum is that of the scalar Higgs. The color

charge breaking (CCB) should occur before the electroweak symmetry breaking; this

can increase the strength of the EWPT [19].

However the MSSM is not a perfect SM extension; it suffers from some prob-

lems. One of them is the so-called µ−problem, which is the mass mixing term be-

tween the two Higgs doublets in the superpotential. This term must be of the order

of the electroweak scale for the consistency of the theory, which is much smaller than

the GUT scale or Planck scale; and it is also stable under perturbative corrections.

However, there is no a priori reason for µ to have such a small value.

An elegant way to solve this problem is to introduce a gauge Singlet into the

spectrum. The µ-term should be replaced by SH1H2 in the superpotential ; and the

mass term is obtained dynamically when the singlet develops its vev. This is what

is called the Next-to-Minimal Supersymmetric Standard Model (NMSSM)7 [92].

Within the N(n)MSSM, the EWPT was studied by many authors [65, 93, 94],

the authors found that the EWPT gets stronger easier than in the case of MSSM, in

addition to that there are additional CP violating sources.

In Ref. [93], The authors studied the EWPT in the minimal nonminimal super-

symmetric standard model (MNMSSM), where they took the criterion of the first

order EWPT to be Ω/T =
{

υ2
1 + υ2

2 + (x − x0)
2
}

/T > 1 at T = Tc, instead that

used in [65,94], where x is the singlet vev. Then the reason to get a strong first order

EWPT may be the large singlet vev contribution to Ω(Tc).

In Ref. [65], the authors took the simplest form of the singlet superpotential.

They minimized the scalar potential and computed the singlet minimum as a func-

7Sometimes it is called nMSSM, but the main difference is how to choose the pure singlet sector

in the superpotential. The singlet couples only to the Higgs doublets, and the only constrains come

from the stability of the theory and that the singlet vev should be of the order of the electroweak

scale.
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tion of the two Higgs vevs, then the problem is reduced to an MSSM-like model but

a with different potential which leads to a strong first order EWPT easier than the

MSSM case. Similar work was carried out in [94], where the authors look whether

or not the condition (3.35) is satisfied along the path ∂Ve f f /∂S
∣

∣

S=x
= 0.



Chapter 4

The EWPT in the Standard Model

with a Singlet

It is well known that the Standard Model (SM) of electroweak and strong interac-

tions can not be a fundamental theory, due its failure in answering many open ques-

tions (the hierarchy, neutrino masses, cosmological constant and flavor problems,

the origin of baryons, the Dark Matter and Dark Energy of the Universe, . . . ), but

it can be rather an effective theory with a low physical cutoff that can be probed at

the LHC experiment.

Many SM extensions contain hidden sectors with a matter content that is trans-

formed non-trivially under a hidden sector gauge group but singlet with respect to

the SM. It has been noticed that the SM Higgs field h plays a very special role with

respect to such hidden sector since it can provide a window (a portal [21]) into it

through the renormalizable interaction H2Si where the bosons Si are SM singlets.

This coupling to the hidden sector can have important implications both theoreti-

cally and for LHC phenomenology as has been discussed in recent literature [21,22].

Usually the electroweak phase transition (EWPT) is at most weakly first order

due the temperature induced cubic term in the Lagrangian. However in models

with singlet(s) the cubic term is present at tree-level; this is why it is widely believed

that in these models, one can get easily a strong first order phase transition.

A model independent criterion for a strong first order phase transition is given

51
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in (3.63), which is translated into (3.35) for the of standard model. Indeed, the pas-

sage from (3.63) to (3.35) is true due to scaling law in (3.57). In this chapter, we

check whether this passage holds for models involving a singlet. We will focus on

the minimal standard model plus a real singlet (’SM+S’).

First, we will briefly introduce the model, and give the effective potential. In

the second section, we will find the Sphaleron solution in this model. In the third

section, we will study the EWPT in this model. In the last section, we will discuss

the criterion for a strong first order EWPT in this model; and give our conclusion.

Most of the results are summarized in [95].

4.1 The ’SM+S’ Model

Let us consider an extension of the Standard Model by a singlet real scalar S coupled

only to the standard Higgs. We concentrate here on the scalar sector (SM Higgs and

the added singlet) and the SU(2)L gauge sectors. 1

4.1.1 The Effective Lagrangian

The Lagrangian is given by

L = − 1
4 Fa

µνFaµν +
(

Dµφ
)†

(Dµφ) + 1
2

(

∂µS
)

(∂µS) − V0 (φ, S) , (4.1)

where φ is the Higgs doublet

φT = 1/
√

2
(

χ1 + iχ2, h + iχ3

)

, (4.2)

and h is the scalar standard Higgs, χ’s are the three Goldstone bosons; and Fa
µν is the

SU(2)L field strength

Fa
µν = ∂µAa

ν − ∂νAa
µ + gǫabc Ab

µ Ac
ν, (4.3)

Dµ is the covariant derivative. When neglecting the U(1)Y gauge, it is given by

Dµ = ∂µ − i
2 gσa Aa

µ. (4.4)

1Since we are interested here in the Sphaleron solution, we assume that the UY(1) contribution to

the sphaleron energy is negligible as in the case of the Standard Model [96].
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Finally V0 (φ, S) is the tree-level effective potential, which is given by

V0 (φ, S) = λ |φ|4 − µ2
h |φ|2 + ω |φ|2 S2 + ρ |φ|2 S + λS

4 S4 − α
3 S3 − µ2

S
2 S2. (4.5)

We can eliminate µ2
h and µ2

S by making (υ, x) as the absolute minimum of the one-

loop effective potential at zero temperature, where υ = 246. 22 GeV is the standard

Higgs vev.

Now we write the explicit formula of the one-loop effective potential. We will

consider the contributions of the gauge bosons, the standard Higgs h, the singlet S,

the Goldstone bosons χ1,2,3 and the top quark. The field-dependent masses at zero

temperature are given by

m2
t = 1

2y2
t h2, m2

Z =
ḡ2+g

′2
4 h2, m2

W =
g2

4 h2, m2
χ = λh2 − µ2

h + ωS2 + ρS, (4.6)

where yt is the Yukawa coupling for the top quark, and ḡ2 = g2 + g
′2, however we

have already neglected the U(1)Y group; and therefore g
′
= 0 and mZ = mW . The

Higgs-Singlet mass matrix is




3λh2 − µ2
h + ωS2 + ρS 2ωhS + ρh

2ωhS + ρh ωh2 + 3λSS2 − 2αS − µ2
S



 , (4.7)

which leads to the eigenmasses:

m2
1,2 = 1

2

{

(3λ + ω) h2 + (3λS + ω) S2 + (ρ − 2α) S − µ2
h − µ2

S

∓
√

(

(3λ − ω) h2 − (3λS − ω) S2 + (ρ + 2α) S − µ2
h + µ2

S

)2
+ 4 (2ωS + ρ)2 h2

}

.

(4.8)

Then the one loop correction to the effective potential at zero temperature is given

by (see eq. (3.21))

VT=0
1 (h, S) = ∑

i=W,Z,t,h,S,χ

niG
(

m2
i (h, S)

)

(4.9)

G (x) =
x2

64π2

{

log

(

x

Q2

)

− 3

2

}

,

here Q is the renormalization scale, which we take to be the SM Higgs vev Q =

246.22 GeV, ni is the i−particle degree of freedom; which are

nW = 6, nZ = 3, nh = 1, nχ = 3, nS = 1, nt = −12.
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The temperature-dependent part at one loop is given by

VT 6=0
1 (h, S) =

T4

2π2 ∑
i=W,Z,t,h,S,χ

ni JB,F

(

m2
i (h, S)/T2

)

, (4.10)

where JB,F are given in (3.26) and (3.28). We will use the high temperature (mi ≪ T)

expansions (3.29) and (3.30). Since the bosonic contribution (3.29) involves a term

like
(

m2
i

)
3
2 T, the probability of a negative m2

i is present for the case of Higgs-Singlet

(m2
1,2 < 0) and Goldstone bosons (m2

χ < 0), which can make problems to the po-

tential behavior in some regions in the plane (h, S). This problem can be solved the

same way as the infrared divergences are solved by considering the so-called ring

(or daisy) contribution to the effective potential [97], where the mass in the cubic

term is replaced by the thermal mass. The ring contribution is given by

Vring (h, S, T) = − T
12π ∑

i=W,Z,h,S,χ

ni

{

(

M2
i (h, S, T)

) 3
2 −

(

m2
i (h, S)

) 3
2

}

, (4.11)

where M2
i (h, S, T) is the thermal mass of the bosons i (All bosonic thermal masses

are given in Appendix B). The full one-loop effective potential at finite temperature

is the summation of (4.5), (4.9), (4.10) and (4.11)

V (h, S, T) = V0 (h, S) + ∑
i=W,Z,t,h,S,χ

niG
(

m2
i (h, S)

)

+
T4

2π2 ∑
i=W,Z,t,h,S,χ

ni JB,F

(

m2
i (h, S)/T2

)

− T
12π ∑

i=W,Z,h,S,χ

ni

{

(

M2
i (h, S, T)

)
3
2 −

(

m2
i (h, S)

)
3
2

}

. (4.12)

4.1.2 The Space of Parameters

In our theory we have quite a few parameters

λ, λS, ω, ρ, α, µ2
h, µ2

S;

in addition to the singlet vev x. As mentioned above, µ2
h and µ2

S can be eliminated

as

µ2
h = λυ2 + ωx2 + ρx +

1

υ

∂

∂h
VT=0

1 (h, S) (4.13)

µ2
S = ωυ2 +

ρυ2

2x + λSx2 − αx +
1

x

∂

∂S
VT=0

1 (h, S) , (4.14)
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after which our free parameters are λ, λS, ω, ρ, α and x. Since the theory is invariant

under the discrete symmetry (x,ρ,α)→(-x,-ρ,-α), we will assume only positive values

for the singlet vev x. We want also to keep the perturbativity of theory by imposing

λ, λS, |ω| ≪ 1. We choose the parameters λ, λS, ω, ρ, α and x lying in the ranges:

0.001 ≤ λ, λS ≤ 0.6

−0.6 ≤ ω ≤ 0.6

100 ≤ x/GeV ≤ 350

−350 ≤ α/GeV ≤ 350

−350 ≤ ρ/GeV ≤ 350. (4.15)

The stability of the theory implies that the potential goes to infinity when the

field goes to the infinity in any direction, which implies ω2 < λ × λS. Moreover, we

impose that any minimum or extremum of the potential should be in the range of

the electroweak theory; let us say that all the minima and extrema must be inside

the circle h2 + S2 = {600 GeV}2 in the h − S plane; and therefore the potential is

monotonically increasing outside this circle in any direction.

In the Standard Model the Higgs mass lower bound is given by mSM
h > 114

GeV [12]. The mixing between the standard Higgs and the singlet makes both

Singlet-Higgs eigenstates (h1,2) coupled to the gauge bosons and leptons but with

the standard couplings multiplied by cos θ and sin θ respectively, where

cos 2θ =
M2

11−M2
22

√

(M2
11−M2

22)
2
+4M4

12

, sin 2θ =
2M2

12
√

(M2
11−M2

22)
2
+4M4

12

, (4.16)

and Mij are given in (4.7). Therefore the standard bound is not valid. In our work,

we will not derive the new lower bound for the Higgs mass, but we will restrict

ourselves only to masses m1,2 in the range 65 GeV to 450 GeV.
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4.2 The Sphaleron Solution in the ’SM+S’ Model

In order to find the sphaleron solution for this model 2, we should follow the same

steps as in the SU(2)L Higgs-gauge model (see Sec 3.4). Applying Euler-Lagrange

condition to the Lagrangian (4.1) where we replace the tree-level potential by the

effective one Ve f f (h, S, T), one finds the field equations

∂γFqγτ − gǫqab Ab
αFaατ + 1

4 g2h2Aqτ = 0

∂2h − 1
4 g2hAa

µ Aaµ + ∂
∂h Ve f f (h, S, T) = 0

∂2S + ∂
∂SVe f f (h, S, T) = 0. (4.17)

We choose the orthogonal gauge where

A0 = 0, xi · Ai = 0. (4.18)

We will not use the spherically symmetric ansatz for {φ, Ai} in [24], but another

equivalent one [37],

Aa
i (r) = 2 (1 − f (r))

ǫaijxj

gr2

H (r) = h√
2





0

1



 , h = υL (r)

S (r) = xR (r) . (4.19)

where υ and x are the Higgs and singlet vevs in the general case (zero and nonzero

temperature). Then one can rewrite the field equations (4.17) as

ζ2 ∂2

∂ζ2
f = 2 f (1 − f ) (1 − 2 f ) − 1

4

υ2

Ω2
ζ2L2 (1 − f )

∂

∂ζ
ζ2 ∂

∂ζ
L = 2L (1 − f )2 +

ζ2

g2υΩ2

∂

∂h
Ve f f (h, S, T)

∣

∣

∣

∣

h=υL,S=xR

∂

∂ζ
ζ2 ∂

∂ζ
R =

ζ2

g2xΩ2

∂

∂S
Ve f f (h, S, T)

∣

∣

∣

∣

h=υL,S=xR

, (4.20)

2There is a similar work done in [98], however there is a difference in the definition in the theory

parameters, and also there is an error in the r.h.s of the first equation in (19) in this paper, where the

term u2/υ2 should be corrected as u2/V2 according to his notation. In our notation it is the term

υ2/Ω2 in (4.20).
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where ζ = gΩr, where the parameter Ω can take any non-vanishing value of mass

dimension one (for example υ, x or
√

υ2 + x2); and the energy functional is then

given by

ESp =
4πΩ

g

∫ +∞

0
dζ

{

4

(

∂

∂ζ
f

)2

+
8

ζ2
f 2 (1 − f )2 + 1

2

υ2

Ω2
ζ2

(

∂

∂ζ
L

)2

+
υ2

Ω2
L2 (1 − f )2

+ 1
2

x2

Ω2
ζ2

(

∂

∂ζ
R

)2

+
ζ2

g2Ω4
{V (υL, xR) − V (υ, x)}

}

, (4.21)

with the boundary conditions (See Appendix C)

for ζ ∼ 0 f (0) = 0 for ζ → ∞ f → 1

L (0) = 0 L → 1

R′ (0) = 0 R → 1.

(4.22)

Let us compare the energy functional (4.21) to that of the minimal Standard

Model (Eq. (10) in Klinkhamer & Manton in [24]). The difference between these

quantities is of course the contribution of the singlet, which contains the kinetic

term, the mixing with the standard Higgs, and a contribution to the potential term.

However if we compare (4.21) with the same quantity in the MSSM case (eq. (2.

22) in [86]), we find that in the MSSM both Higgs fields, h1 and h2, have similar

contributions to the sphaleron energy, and its general form remains invariant under

h1 ↔ h2. However this is not the case for (4.21) if h ↔ S, because of a missing term

like R2 (1 − f )2 3.

For the MSSM sphaleron energy, its form is invariant under h1 ↔ h2, and it

scales like {υ2
1 + υ2

2}
1
2 . For our model (’SM+S’), a similar invariance is absent. Could

it nevertheless be that ESp ∝ {υ2 + (x − x0)
2} 1

2 ? We will check this in section 4.4.

But when comparing (4.21) with the same quantity for the Next-to-Supersymmetric

Standard Model (NMSSM) (eq. (2.20) in [100]; after eliminating explicit CP phases),

we find no large difference except for what comes from the fact that the NMSSM

contains a doublet more than the ’SM+S’; and we remark that the equations of mo-

tion and boundary conditions are also similar.

3To be more precise, the absence of a coupling term of the singlet to the gauge field is not the only

reason to spoil this invariance, but this invariance is absent also in the tree-level potential.
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The analytic solution of the system (4.20) is not possible, this should be done

numerically. To solve this system numerically, we need to transform it into a system

of 6 first order differential equations, and therefore we have a two-point boundary

problem. We use the so-called relaxation method to solve it. The details are given in

Appendix D.

A B C D E F

λ 0.4000 0.4000 0.5000 0.4150 0.5000 0.5000

λS 0.4003 0.4200 0.4100 0.5500 0.6000 0.6000

ω 0.3818 0.2818 0.3818 0.3000 0.4909 0.1636

x/GeV 200 250 350 350 200 300

α/GeV -38.89 38.89 38.89 194.44 38.89 116.67

ρ/GeV -272.22 -194.44 -272.22 -300 -272.22 -194.44

m1/GeV 178.00 204.00 244.74 203.05 222.76 219.81

m2/GeV 311.92 269.80 333.96 318.80 302.61 323.43

Tc/GeV 141.55 241.34 389.94 270.08 223.54 294.07

ESp(0)/GeV 9618.6 9721.3 9883.3 9726.6 9845.1 9832.4

υc/Tc 1.680 0.838 0.495 0.386 1.050 0.638

Ωc/Tc 3.138 1.232 1.436 0.703 1.321 0.942

ESp(Tc)/Tc 64.851 32.980 20.459 13.577 41.540 25.667

Table 4.1: Representative parameter values and the corresponding values of the scalar

masses, critical temperature and different ratios needed for the criterion of a strong first

order phase transition.

As an example, we solve the system (4.20) for some chosen sets of parameters

(A, B, C, D, E and F), in the ranges (4.15), and then we can compute the sphaleron

energy at any temperature T < Tc. These chosen sets of parameter values give the

results summarized in Table. 4.1.

It is clear from Table. 4.1 that the case A satisfies both conditions (3.35) and

(3.63), the case D does not satisfy either of them, the case B satisfies (3.35) but not

(3.63); and the case C satisfies (3.63) but not (3.35). The profiles of the functions f , L
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and R for the sets A, B, C, D, E and F are shown in Fig. 4.1.

From Fig. 4.1, we remark that the profile forms of the functions f and L are not

different from those in the case of SU(2)L model in (Fig. 3.4). However the function

R behaves differently from f and L, it is not much different from unity; this is due

to the Neuman type boundary at r = 0. Thus we expect that the contribution of the

singlet S should not be as significant as the contribution of the Higgs scalar and the

gauge field.

4.3 The EWPT Strength in the ’SM+S’ Model

As shown before, in order that the electroweak baryogenesis scenario to be success-

ful, a strong first order EWPT is required. This condition is satisfied in some SM

extensions (see Section 3.4). In this section we are interested in the EWPT in the

’SM+S’ model.

In Ref. [14], the authors studied the EWPT in this model with some differences

in the parameter definitions. They found that the EWPT gets much stronger than

in the SM. The reason according to the authors is the presence of cubic terms at tree

level in the potential (4.5), which make the barrier between the two minima larger;

and therefore distance between them (in the plane h − S) becomes larger. Then

Ω (T) /T =
{

υ2 + (x − x0)
2
}

1
2

/T ≥ 1, (4.23)

is satisfied easier than (3.35) at the critical temperature Tc. This is shown in Fig. 4.2.

Given that always Ω (Tc) ≥ υ (Tc), the condition (4.23) leads to a strong first

order EWPT easier than without being in conflict with the Higgs mass bound (3.36).

As mentioned before in section 3.5, the condition (4.23) was used in [14], to

describe a strong first order EWPT. We use here the model independent condition

(3.63) to check whether the EWPT strength gets increased in the ’SM+S’ or not, and

compare the results against the conditions (3.63) and (4.23).

We take about 3000 randomly chosen sets of parameters λ, λS, ω, ρ, α and x in

the ranges (4.15), and then compute the critical temperature Tc, the value of Ω (Tc);

and the sphaleron energy (4.21) at the critical temperature ESp(Tc). The results are
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Figure 4.1: A, B, C, D, E and F represent the profiles of the functions f, L and R for the sets

of parameters A, B, C, D, E and F in Table- 4.1 respectively. The continuous lines represent

the profiles at zero temperature and the dashed ones represent the profiles of the functions at

finite temperature.



4.3. THE EWPT STRENGTH IN THE ’SM+S’ MODEL 61
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Ω

Figure 4.2: A diagram showing the EWPT at the critical temperature in the ’SM+S’ model

in the h-S plane. The transition occurs from the false vacuum (0, x0) to the true one (υ, x).

plotted in Fig. 4.3 as functions of the lightest Higgs-Singlet mass m1.

Comparing the points in Fig. 4.3-a with the curve which represents the Stan-

dard Model case, we remark that the addition of a singlet increases, in general, the

quantity ESp(Tc)/Tc which is relevant to the EWPT strength; and that there are even

a large number of points above the line ESp(Tc)/Tc = 45.

When comparing the number of points above and below the dash-dotted line

in both figures Fig. 4.3-a and Fig. 4.3-b, we find that the first order EWPT is stronger

than that of the SM according to both conditions (3.63) and (4.23). However accord-

ing to the large number of points below the dash-dotted line in (a); and the relatively

small number of point below the corresponding line in (b) , we conclude that there

are a lot of points which satisfy (4.23) but they do not really give a strong first order

EWPT, i. e. , they do not satisfy (3.63).

In our work, we have chosen the singlet vev to be of the electroweak scale order

x/υ = O(1), therefore the contribution of the singlet S to Ω in (4.23) is significant
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Figure 4.3: The points above the dash-dotted lines in (a) and (b), the electroweak phase

transition is strongly first order according to ( 3.63) and (4.23), respectively. In (a), the

continuous curve represents ESP(Tc)/Tc as a function of the Higgs mass for the case of the

Standard Model.
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and can be larger than that of the Higgs field h. However we claimed in the previous

section that the contribution of the singlet S to the sphaleron energy (4.21) should

be small. If this is true then there is a contradiction between (3.63) and (4.23); and

the later condition does not describe a strong first order EWPT.

4.4 The Criterion for a Strong First Order EWPT

In this section we will discuss whether the passage from (3.63) to (4.23) for this

model (’SM+S’) works as in the SM case, i.e. , the passage from (3.63) to (3.35), (see

section 3.4); or not?

The passage from the criterion (3.63), which is model-independent, to (3.35)

for the SM case, was based on two assumptions [80]:

(I) The sphaleron energy at T = 0, is taken to be 1.87 in units of 4πυ/g.

(II) The sphaleron energy ESp(T) scales like the vev υ(T). 4

It is clear that if the two assumptions are satisfied for our model (i.e, ESp(0) =

1.87 × 4πΩ(0)/g and ESp(T) ∝ Ω(T)), then (4.23) will be exactly the strong first

order EWPT criterion. Let us now estimate the influence of the deviation from each

assumption on spoiling the passage from (3.63) to (4.23) for the ’SM+S’ model.

Supposing that the assumption (II) is satisfied in our model ’SM+S’, i.e.

ESp (T) ∝ Ω (T) ; (4.24)

we plot the ratio ESp (0) /(4πΩ (0) /g) for 3000 randomly chosen sets of parameters

λ, λS, ω, ρ, α and x; in the ranges (4.15) as a function of the lightest scalar Higgs

mass m1. The results are shown in Fig. 4.4.

The ratio ESp (0) /(4πΩ (0) /g) in our model depends on many parameters

unlike in the SM case where it depends only on one parameter (the Higgs self-

coupling). We remark from Fig. 4.4, that this quantity is significantly different from

the value 1.87; and therefore the criterion (4.23) should be relaxed to Ωc/Tc & 1 + δ,

if the assumption (II) is still satisfied; and δ describes the deviation from the assump-

tion (I).

4As noted in section 3.4, this was verified for the SM [85]; and the MSSM [86].
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Figure 4.4: The ratio ESp(0)/( 4πΩ(0)/g) for 3000 randomly chosen sets of parameters.

The dash-dotted line represents the value ESp(0) = 1.87×(4πΩ(0)/g).

In order to probe the assumption (II) for our case, i.e. (4.24), we take the

sets A, B, C, D, E and F that were used previously in Table-4.1; and plot the ratios

υ (T) /υ (0), Ω (T) /Ω (0) and ESp (T) /ESp (0); as functions of temperature, which

lies between the critical temperature and another value. The results are shown in

Fig. 4.5.

Let us here comment on each case in Fig. 4.5:

Case (A): the ratio ESp(T)/ESp(0) is close to both υ(T)/υ(0) and Ω(T)/Ω(0),

which is almost 1 at Tc.

Case (B): the ratio ESp(T)/ESp(0) is very close to υ(T)/υ(0); however it is dif-

ferent a little bit from 1 at Tc. At the temperature T = 204. 5 GeV, there exist a

secondary first order phase transition, it happens on the axis h = 0, where the false

vacuum (0, x0) is changed suddenly.

Case (C): the ratio ESp(T)/ESp(0) is closer to υ(T)/υ(0) than to Ω(T)/Ω(0); it is

also different from 1 at Tc.

Case (D): there is also a secondary first order phase transition around T ≃ 256
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Figure 4.5: The solid line denotes the ratio υ (T) /υ, the dashed one denotes Ω (T) /Ω; and

the dot-dashed one denotes ESp(T)/ESp(0). All the plots end at the critical temperature.
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GeV; where the true vacuum (υ, x) changes discontinuously. We cannot call this an

electroweak phase transition because the scalar h has already developed its vev. The

ratio ESp(T)/ESp(0) is still scaling like υ(T)/υ(0), but significantly different from 1 at

Tc.

Case (E): as in the case (B), there is a secondary phase transition in the axis

h = 0; and the ratio ESp(T)/ESp(0) is close to υ(T)/υ(0); and also very close to 1 at

Tc.

Case (F): the ratio ESp(T)/ESp(0) is very close to υ(T)/υ(0), but far from Ω(T)/Ω(0);

and different a bit from 1 at Tc.

It is clear that ESp(T) does not scale like Ω(T), but roughly speaking it scales

like υ(T); with a little deviation in some cases.

We claimed previously that the contribution of the singlet S to the sphaleron

energy is small, and therefore may be this is the reason why ESp(T) does not behave

like Ω(T); and also does not behave exactly like υ(T). In order to estimate the effect

of the Singlet field S on the sphaleron energy (4.21), we compute the sphaleron en-

ergy (4.21) with replacing the singlet S by its vev x, which we denote ESp(T). Then

the fifth term in (4.21) disappears and the third equation in (4.17 and 4.20) disap-

pears also; the problem is reduced to a SU(2)L Higgs-gauge like in section 3. 4 but

with a modified potential V(h)=Ve f f (h, x, T). In Fig. 4.6, we show the behavior of

the quantity {(ESp(T)-ESp(T))/ESp(T)} that can well describe this relative difference;

as a function of temperature for the sets A, B, C, D, E and F.

We can remark that the singlet S gives a negative contribution to the value of

the sphaleron energy (4.21); and its contribution is larger at higher temperatures.

But the contribution size is, generally, negligible:

Case (A): the singlet contribution is less or equal 2.1 %.

Case (B): in this case, it is less than 1.1 %.

Case (C): here it almost zero, it is less than 0.08 %.

Case (D): there are here two different phases. At the first one before the sec-

ondary phase transition i.e, Tc > T > 256 GeV; the singlet contribution here is

significant (between 8∼9 %), this may be due to the smallness of the Higgs doublet

vev at this range. While in the second phase T < 256 GeV; the singlet contribution,
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Figure 4.6: The quantity {ESp(T)-ESp(T)}/ESp(T) as a function of temperature T for the

sets A, B, C, D, E and F. The temperatures are in GeV; and all the plots end at the critical

temperature and start from another temperature value.
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as in the other cases, is small and less than 2 %.

Case (E): in this case the singlet contribution is less than 1.1 %.

Case (F): the same remark here; it is less than 1.9 %.

Then in the absence of secondary first order phase transitions, we can neglect

the singlet contribution, but in its presence the singlet contribution can be sizeable

but not as large as the doublet or gauge field contributions.

To justify this picture, we take again 3000 random sets of parameters and plot

ESp(Tc)/Tc as a function of Ωc/Tc in Fig. 4.7.

Since there exist too many points in the region (ESp(Tc)/Tc ≤ 45 ∩ Ω(Tc)/Tc ≥
1), Ω(Tc)/Tc ≥ 1 is not the definition of a strong first order EWPT. However (4.23) is

satisfied for all points that give really a strong first order EWPT except for 2 points

due to the existence of secondary first order phase transitions. Then we are now

sure that (4.23) does not describe a strong first order EWPT.

In the sphaleron transitions, the singlet S has no relation to lepton or baryon

number breaking phenomena. It does not couple to fermions or gauge bosons; it is

just a compensating field in the field equations; (4.17) and (4.20); and its effect on

the sphaleron transition is negligible as shown above. Then we claim that only the

Higgs doublet vev is relevant for the phase transition strength.

We take 3000 random sets of parameters used previously, and plot ESp(Tc)/Tc

as a function of υc/Tc in Fig. 4.8.

It is clear that ESp(Tc)/Tc scales exactly5 like υc/Tc except for some points,

and (3.35) can describe the strong first order EWPT criterion for most of the points.

Then when studying the EWPT in models with a gauge singlet, one should treat the

problem as in the SM case (in case of one doublet) with replacing the singlet by its

vev; and look for the Higgs vev in the path ∂Ve f f (h, S)/∂S
∣

∣

S=x
= 0; whether it is

larger than the critical temperature i.e, υc/Tc ≥ 1?

With this modified potential Ve f f (h) = Ve f f (h, S)
∣

∣

S=x
; the EWPT can be ob-

tained easily as done by the authors in [65, 94].

5Except some points due to the existence of secondary first order phase transitions; or due to the

significant singlet contribution to the sphaleron energy; especially for smaller Higgs vev values.
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Chapter 5

Summary

The EWPT was investigated in the SM extended by a gauge singlet. We focused on

the criterion of a strong first order phase transition in this model.

For a successful baryogenesis at the electroweak scale the Sakharov conditions

have to be fulfilled. The third condition necessitates a rapid (strong) first order phase

transition, since the expansion of the universe, H ≃ T2/MPl , is very slow compared

to the relevant interactions that violate B number, Γ ∼ T, and is not sufficient to

cause a deviation from equilibrium without a phase transition.

In the first order EWPT case, the field changes its value from the false vac-

uum to the true one through tunneling due to the existing barrier between the two

minima; and the tunneling proceeds via bubble nucleation. The baryon asymmetry

generation has to occur close to the moving bubble walls.

During the strong first order EWPT, the B violating processes are in thermal

equilibrium outside the bubble, but exponentially suppressed inside in order to

save any generated baryon asymmetry. Thus a strong first order EWPT is not only

needed to create the baryon number asymmetry at the electroweak scale, but also to

preserve it from any washout effect after the transition is completed.

A model independent criterion for a strong first EWPT was found in [23]:

ESp(Tc)/Tc ≥ 45,

in order to save at least 10−5 of the violated B density number. This criterion is

translated for the case of SM (and also MSSM) to a simpler condition υc/Tc ≥ 1.

71
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This condition leads to an unacceptable upper bound on the Higgs scalar mh < 42

GeV and therefore a departure from thermal equilibrium can not be obtained within

the SM.

The natural way is to go beyond SM in order to have a departure from thermal

equilibrium. One of the economical extensions is to add a gauge singlet to the SM.

In this case the singlet can induce cubic terms in the tree-level potential, which en-

hances the EWPT strength. Depending on the theory parameters, this gauge singlet

may develop a condensate. When this is the case, the criterion of a strong first order

EWPT, υc/Tc ≥ 1, is modified in many references [14, 15], by replacing υ with the

distance between the two degenerate minima at the critical temperature in the field

space, i.e Ω =
{

υ2 + (x − x0)
2
}1/2

; where x and x0 are the singlet values in the true

and false vacua respectively.

The contribution of the singlet vev to Ω can be large with respect to the contri-

bution of υ if x is large enough or x0 is shifted too much into a negative value; and

therefore Ω(T) ≥ T can be easily obtained at the critical temperature. However the

singlet does not look relevant for the Sphaleron processes, so how could it enhance

significantly the EWPT strength?

In this work, we examined this modified criterion for the Standard Model with

a real singlet using the model-independent criterion.

Firstly, we introduced this model and we discussed the physical constraints on

it. Then we found the effective potential at zero- and finite-temperature, which is

the relevant tool to study the EWPT. In order to study the EWPT strength using the

model-independent criterion, we found the sphaleron solution for this model.

We found that the EWPT gets stronger even for Higgs masses larger than 100

GeV and that this model does not suffer from the severe Higgs mass bound (3.36).

The same conclusion was found by many authors for the same model [14], where

they used the modified criterion. However, we remarked that a sizeable number

of the parameters satisfy the modified criterion but do not really give a strong first

order EWPT. This allowed us to conclude that the ’modified criterion’ is not the

criterion that describes a strong first order EWPT.

In order to understand why this modified criterion is not viable in this case,
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we returned back to the SM to see how the passage from the model-independent

criterion to the simpler one proceeds. We found that the two assumptions needed

for the passage to the simpler criterion are not fulfilled, in general, in our model

’SM+S’:

◦ The sphaleron energy at zero temperature is different from the value1.87 in

units of (4πΩ/g).

◦ The sphaleron energy at finite temperature does not scale like Ω (T).

We guess that the reason for this is that the singlet does not couple to the gauge

field, and the missing of some contributions to the sphaleron energy like R2 (1 − f )2

in (4.21), can spoil the scaling law, ESp (T) ∝ Ω (T). This can be compared with the

case of the MSSM, where this scaling law does work; and the general form of the

sphaleron energy is invariant under h1 ↔ h2. The fact that the singlet does couple

only to the Higgs doublet leads to a singlet profile in the sphaleron configuration of

a Neumann type at r = 0, which makes the singlet contribution too small. Another

important remark is that the possibility of secondary first order phase transitions

can, sometimes, spoil this scaling law.

As a conclusion, we can say that the condition Ωc/Tc ≥ 1 is not valid as a

strongly first order phase transition criterion. But the usual condition υc/Tc ≥ 1 is

still the viable one, which can describe the strong first order phase transition for the

majority of the physically allowed parameters as stated in Fig. 4.8. Moreover, this

can be satisfied even for Higgs masses in excess of 100 GeV unlike in the Standard

Model.

Then in such a model where the singlets couple only the Higgs doublets, it

is convenient to study the EWPT within an effective model that contains only the

doublets, while the singlets are replaced by their vevs.

We expect similar conclusions for models like the Next-to-Minimal Supersym-

metric Standard Model (NMSSM), where in this model the singlet couples only to

the two Higgs doublets; and its boundary conditions at r = 0 of Neumann type

in the sphaleron configuration. Then the criterion for a strong first order EWPT is
{

υ2
1 + υ2

2

}
1
2 /T ≥ 1 at the critical temperature, instead of

{

υ2
1 + υ2

2 + (x − x0)
2
}

1
2 /T ≥

1.
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Appendix A

Some Notes about Standard

Cosmology

The standard cosmology is based on the following homogeneous and isotropic space-

time metric, the so-called Robertson-Walker metric 1

ds2 = dt2 − a(t)2

{

dr2

1 − kr2
+ r2

(

dθ2 + sin2 θ dφ2
)

}

, (A.1)

where a(t) is the ’scale factor’ of the expanding universe, t is the cosmic time, r

is a dimensionless radius; and (t, r, θ, φ) are called the comoving coordinates. The

Universe obeys the so-called Einstein equation that relates the energy-momentum

tensor to the space-time curvature. For a perfect fluid with the above metric, the

energy-momentum tensor is Tµν = diag(ρ, p, p, p), where ρ(t) and p(t) denote the

energy density and the pressure, respectively.

The Einstein field equations, in the general case, are:

Gµν = −8πTµν

M2
Pl

, (A.2)

1And also called the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. Historically, Fried-

mann presented the dynamical equation (A.4) only for the case of pressureless dust, while Lemaitre

extended it to include the case of radiation and also wrote down the conservation equation (A.6).

75



76 CHAPTER A. SOME NOTES ABOUT STANDARD COSMOLOGY

with

Gµν = Rµν − 1
2 gµνRc

Rµν = gαβRαµβν

Rc = gµνRµν, (A.3)

where Gµν is the Einstein tensor, MPl is the Planck mass, gµν is the space-time met-

ric, Rµν is called Ricci tensor, Rc is the Ricci scalar; and Rαµβν is the Riemann tensor

which represents the space-time curvature. In the case of FLRW Universe, the Ein-

stein equations, can be expressed as:

(

ȧ

a

)2

+
k

a2
=

8πG

3
ρ (A.4)

ä = − 4πρ

3M2
Pl

(ρ + 3p) a. (A.5)

The equation (A.4) is called Friedmann equation, it describes the expansion of the

Universe, while the acceleration of the Universe expansion is described by (A.5).

The energy-momentum conservation, T
µν

;ν = 0, leads to the equation:

d
(

ρa3
)

dt
= −p

d

dt

(

a3
)

, (A.6)

which is nothing but the first law of thermodynamics; and it describes the dilution

of the energy density due to the expansion.

Notice that the above relation (A.6) holds for each decoupled component of the

energy density ρi due to the fact that the energy-momentum conservation T
µν
i ;ν = 0

is satisfied separately for each component i.

In terms of Hubble parameter H = ȧ/a, reduced Planck mass MPl ≡ (8πG)−1/2 =

2. 4 × 1018 GeV, critical energy density ρcrit ≡ 3M2
Pl H

2 and density parameters

Ωi ≡ ρi/ρcrit, Friedmann equation (A.4) can be rewritten as

ΩR + ΩM + ΩV =
ρR + ρM + ρV

ρcrit
= 1 +

k

a2H2
, (A.7)

where the subscripts R, M and V denote: radiation, matter and vacuum2 respec-

tively. During each era, the universe evolution was driven by a dominant compo-

2Using ’vacuum’ might not be correct, since the ’dark energy’ component can be a dynamical

value, like ’quintessence’, instead of a cosmological constant.
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nent; and the equation of state and the energy density behavior are summarized

as

Radiation p = ρ/3 ρ ∝ a−4

Matter p ≃ 0 ρ ∝ a−3

Vacuum p = −ρ ρ = const.

The present3 Hubble expansion rate is H0 = 100 h [km s−1 Mpc−1], where h ≃ 0. 7,

and hence the critical energy density is ρcrit(t0) = 3M2
Pl H

2
0 = 1. 9 h2 × 10−29 [g cm−3].

In terms of density parameters Ωi, the total energy density is given by Ω(t0) ≃
1, which includes:

• Radiation: ΩR(t0) = (2. 47 + 0. 56N
e f f
ν ) h−2 × 10−5, where N

e f f
ν is the num-

ber of the generations of neutrinos which are still relativistic today.

• Matter: ΩM(t0) ≃ 0. 3, it contains baryons with the fraction ΩB(t0) ≃
0. 02h−2. Most of the matter is dominated by the so-called ’Cold Dark Matter’,

whose nature is still a big puzzle in cosmology today.

• Vacuum Energy: ΩV(t0) ≃ 0. 7. Its nature is also still a puzzle in cosmology,

where there are many candidates: a cosmological constant, a slow-roll scalar field,

or ...?

The cosmic evolution can be understood in a way that after a certain time in

the very early universe, where the temperature was very huge, all particles are ex-

pected to be in thermal equilibrium because of their rapid interactions whose rates

are faster than the universe expansion due to the increasing density and temper-

ature. The species i decouple from this hot soup at the time when the expansion

interaction rate H equals its rate Γi due to the universe expansion and the decreas-

ing temperature.

Without going further in details about thermodynamics of the universe in dif-

ferent epochs, we give a brief history of the universe:

• T ≥ 1019 GeV. Nothing is known about this epoch except that the gravita-

tional interactions are strong.

• T ∼ 1016 GeV. It is thought that at this scale, some GUTs (SU(5), SO(10), E6

...?) break down into the standard model gauge group, SU(3)C ⊗ SU(2)L ⊗ U(1)Y;

3In general, the script 0 refers to the values of the quantities at the present time t = t0.
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may be via a chain of phase transitions. Little is known about this transition.

• T ∼ 102 GeV. The Standard Model gauge symmetry breaks into SU(3)C ⊗
UEM(1).

• T ∼ 101 − 103 GeV. Weakly interacting dark matter candidates with GeV–TeV

scale masses freeze-out [101].

• T ∼ 0.3 GeV. The QCD phase transition occurs, which drives the confinement

of quarks and gluons into hadrons.

• T ∼ 1 MeV. Neutrino decoupling occurs.

• T ∼ 100 keV. Nucleosynthesis: protons and neutrons fuse into light elements

(D, 3He, 4He, Li). The standard Big Bang nucleosynthesis (BBN) provides stringent

constraints on the Big Bang theory.

• T ∼ 1 eV. The matter density becomes equal to that of the radiation, allowing

for the formation of structure to begin.

• T ∼ 0.4 eV. Photon decoupling produces the cosmic background radiation

(CMB).

• T = 2.7 0K ∼ 10−4 eV. Today.

In the following diagram, we show the evolution of the universe and the cor-

responding effective theories of particle physics describing these epochs:
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Figure A.1: The History of the Universe. This figure is taken from S. Sarkar in [31].
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Appendix B

The Bosonic Thermal Masses

In this appendix, we will show how the thermal corrections to the bosonic masses

are computed, and will give the results for our model. The thermal mass of a bosonic

field is given by

M2
i (h, S, T) = m2

i (h, S) + Πi (h, S, T) , (B.1)

where Πi (h, S, T) is the self-energy estimated at finite temperature. This quan-

tity is, in general, the contributions of many diagrams. For our model, there are

three kinds of one-loop contributions, which are shown if Fig. B.1. The diagram

(B.1a) comes from the quartic interactions, (B.1-b) comes from the interaction with

fermionic fields; and (B.1c) from the cubic interactions with scalars.

The contribution of the diagrams (B.1-a), (B.1-b) and (B.1-c) are proportional

to the integrals Ib(m2), I f (m2) and Kb(m2
1, m2

2), respectively. Therefore one should

know their values, which are given by [102]:

Ib

(

m2
)

= Tµ2ǫ
∞

∑
n=−∞

∫

d3−2ǫk

(2π)3−2ǫ

1

k2 + (2πnT)2 + m2

≃ −mT

4π
+

T2

12
− m2

16π2

[

1

ǫ
+ γE − log

(

4πT2

µ2

)]

, (B.2)

I f

(

m2
)

= Tµ2ǫ
∞

∑
n=−∞

∫

d3−2ǫk

(2π)3−2ǫ

1

k2 + ((2n + 1) πT)2 + m2

≃ −T2

24
− m2

16π2

[

1

ǫ
+ γE − log

(

4πT2

µ2

)]

, (B.3)
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Kb

(

m2
1, m2

2

)

= Tµ2ǫ
∞

∑
n=−∞

∫

d3−2ǫk

(2π)3−2ǫ

1
{

k2 + (2πnT)2 + m2
1

}

{

(

~k − ~p
)2

+ (2πnT)2 + m2
2

}

=
∫ 1

0

{

− ∂

∂α (x)
Ib (α (x))

}

dx; α (x) = −x (x + 1) p2 + (1 − x) m2
1 + xm2

2

≃ − T

8π

∫ 1

0

dx
√

α (x)
− 1

16π2

[

1

ǫ
+ γE − log

(

4πT2

µ2

)]

. (B.4)

It is clear from the integrals (B.2) and (B.3), that the dominant contribution is

T2, therefore we will neglect the rest, and also any term containing (B.4) will be

neglected. For example the correction to the pure Singlet mass m2
SS, is given by:

ΠSS = 3λS Ib

(

m2
SS

)

+ 2ωIb

(

m2
hh

)

+ 3 · 2ωIb

(

m2
χ

)

+ 2 {α − 3λSx}2 Kb

(

m2
SS, m2

SS

)

+2
{

ωx +
ρ

2

}2
Kb

(

m2
hh, m2

hh

)

+ 3 · 2
{

ωx +
ρ

2

}2
Kb

(

m2
χ, m2

χ

)

≃ 3 · λS ·
T2

12
+ 2 · ω · T2

12
+ 3 · 2 · ω · T2

12
. (B.5)

Here, only the contributions of the first three terms are relevant. The situation is

different for gauge bosons W and Z, because only the longitudinal components get

a thermal mass correction and the transversal ones will not.

In our model, the bosonic self energies are given by:

ΠL
W =

11

6
g2T2

ΠL
Z =

11

6
g2T2

ΠT
W = ΠT

Z = 0

Πχ =

(

g2

4
+

λ

2
+

y2
t

4
+

ω

6

)

T2

Πhh =

(

g2

4
+

3λ

4
+

y2
t

4
+

ω

6

)

T2

ΠSS =

(

λS

4
+

2ω

3

)

T2

ΠhS ≃ 0, (B.6)
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and the thermal masses are given by:

M2
WL (h, T) = m2

W (h) + ΠL
W (B.7)

M2
ZL (h, T) = m2

Z (h) + ΠL
Z (B.8)

M2
WT (h, T) = m2

W (h) (B.9)

M2
ZT (h, T) = m2

Z (h) (B.10)

M2
χ (h, S, T) = m2

χ (h, S) + Πχ; (B.11)

the masses of Higgs-Singlets are

M2
hh (h, S, T) = m2

hh (h, S) + Πhh

M2
SS (h, S, T) = m2

SS (h, S) + ΠSS

M2
hS (h, S, T) ≃ m2

hS (h, S) , (B.12)

and the physical masses are

M2
1,2 (h, S, T) ≃ 1

2

{

M2
hh (h, S, T) + M2

SS (h, S, T)

∓
√

(

M2
hh (h, S, T)− M2

SS (h, S, T)
)2

+ 4m2
hS (h, S)

}

(B.13)

2m 2
1m

2
2m

)(c)(a )(b

2
1m

2
2m

Figure B.1: The one-loop contributions to the effective thermal masses.
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Appendix C

The Boundary conditions

To find the boundary conditions of (4.20), one should take into account that the

energy functional (4.21) should be finite. It is clear that in order for the contributions

of the second and fourth term in (4.21) to be finite, f must go to unity in the limit

ζ → ∞. According to the sphaleron definition, scalars go to their vacuum at infinity,

i. e. L, R → 1 when ζ → ∞, which makes the last term contribution to (4.21) finite.

Thus one can write all the functions as 1 − ci exp {−diζ}, and find the values of ci

and di by inserting this behavior into the differential equations (4.20).

In the limit ζ → 0, let us assume that the functions f , L and R have the

profiles

f (ζ) ∼ ζn f

L(ζ) ∼ c1 + ζnL

R(ζ) ∼ c2 + ζnR , (C.1)

where n f , nL and nR are some positive constants. In this limit (4.20) can be approxi-

mated as

∂2

∂ζ2
f ≃ 2

ζ2
f − 1

4

υ2

Ω2
L2

∂2

∂ζ2
L ≃ −2

ζ

∂

∂ζ
L +

2

ζ2
L

∂2

∂ζ2
R ≃ −2

ζ

∂

∂ζ
R +

1

g2xΩ2

∂Ve f f (h, S, T)

∂S

∣

∣

∣

∣

h=υL,S=xR

. (C.2)
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From the second equation in (C.2) one can easily conclude that L ∼ ζ or ∼ ζ−2.

However the second choice makes the energy functional integral (4.21) divergent,

thus L ∼ ζ or {c1 = 0, nL = 1}. Using this result, one can conclude from first equa-

tion in (C.2) that f ∼ ζ2. However the situation is different for the last equation in

(C.2), then one can make

1
g2xΩ2

∂Ve f f (h, S, T)

∂S

∣

∣

∣

∣

h=υL
S=xR

∼ aζ2 +
{

A + bζ2
}

R (ζ) + BR2 (ζ) + CR3 (ζ) , (C.3)

then inserting (C.1) in (C.3), one finds that the only possibilities are nR = −1 and

nR = 2, where the first choice is excluded in order that the energy functional in-

tegral (4.21) be convergent, thus R ∼ a + bζ2. Therefore at ζ = 0, R satisfies the

boundary condition of Neumann type, while f and L satisfy those of Dirichlet type.

The boundary conditions are summarized in (4.22).



Appendix D

The Relaxation Method

The relaxation method is a good method to solve two-point boundary value prob-

lems numerically. In this appendix, I give a brief review for this technique. Let us

suppose the following system of N first-order ordinary differential equations:

d

dt
yi = Fi (y, t) i = 1, N, (D.1)

with the conditions at the boundaries t=tin and t=tfi are:

Ei (y (tin) , tin) = 0, i = 1, n (D.2)

Ei

(

y
(

t f i

)

, t f i

)

= 0, i = n + 1, N. (D.3)

We divide the interval [tin, t f i] into M equal parts, and therefore we have M + 1

points (with t1 = tin and tM+1 = t f i). The length of every interval is h = (t f i −
tin)/M. Using the approximation between the two point k, k − 1:

dyi (tk)

dt
≃ (yi,k − yi,k−1)/h

yi (tk) ≃ (yi,k + yi,k−1)/2,

the system (D.1) can be approximated into a finite difference equations system as

(yi,k − yi,k−1)/h = Fi

(

1
2 (yk + yk−1) , 1

2 (tk + tk−1)
)

. (D.4)

We call Ei,k the quantities

Ei,k = yi,k − yi,k−1 − h × Fi

(

1
2 (yk + yk−1) , 1

2 (tk + tk−1)
)

k = 2, M (D.5)
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At the first boundary we call (D.2) Ei,1 = 0, (i = 1, n); and at the last boundary, we

call (D.3) Ei,M+1 = 0, (i = n + 1, M), totally we have N × M E’s elements. It is clear

that y represent the solutions of (D.1) only when all the elements E’s vanish at every

point k.

As usually done, we will start from trial functions yi,k and look for some correc-

tions ∆yi,k where yi,k + ∆yi,k make all Ei’s vanishing for all points k, i. e. yi,k + ∆yi,k

are the needed solutions. Assuming that the trial functions are chosen to be close

enough to the real solutions, then corrections ∆yi,k are small enough to expand

around the trials yi,k, then we can write

Ei,k (yk + ∆yk) ≃ Ei,k (yk) +
∂Ei,k

∂yj,k
∆yj,k k = 1

Ei,k (yk + ∆yk, yk−1 + ∆yk−1) ≃ Ei,k (yk, yk−1) +
∂Ei,k

∂yj,k
∆yj,k +

∂Ei,k

∂yj,k−1
∆yj,k−1 k = 2, M

Ei,k (yk−1 + ∆yk−1) ≃ Ei,k (yk−1) +
∂Ei,k

∂yj,k−1
∆yj,k−1 k = M + 1, (D.6)

since yi,k + ∆yi,k is the solution, one can write

∑
j=1,N

Si,j+N × ∆yj,1 = −Ei,1 k = 1

∑
j=1,N

Si,j+N × ∆yj,k + ∑
j=1,N

Si,j × ∆yj,k−1 = −Ei,k k = 2, M

∑
j=1,N

Si,j × ∆yj,M = −Ei,M+1 k = M + 1, (D.7)

where

Si,j+N =
∂Ei,k

∂yj,k
i = 1, n; j = 1, N; k = 1

Si,j =
∂Ei,k

∂yj,k−1
, Si,j+N =

∂Ei,k

∂yj,k
i = 1, N; j = 1, N; k = 2, M

Si,j =
∂Ei,k

∂yj,k−1
i = n + 1, N; j = 1, N; k = M + 1. (D.8)

Here the element Ei,k depends only on yi,k, yi,k−1, tk and tk−1, therefore we do not

need to solve the (N × M) system of equations, or to diagonalize the whole ma-

trix (N × M)×(N × M), we need only to start with sub-blocks at each point k, and

sub-block after sub-block (See Fig. D.1). This means that the first subsystem is of
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Figure D.1: Matrix structure of a set of linear finite-difference equations (D.5) with bound-

ary conditions (D.2,D.3). Here X represents a coefficient of (D.8), V represents a component

of the unknown solution vector ∆yi,k, and B is a component of the known right-hand side

−Ei,k. Empty spaces represent zeros. In this example, we took n1 = 3 and N = 5.

n1 linear equations, the last one is of N − n1 linear equations, and in between all

subsystems are of N linear equations.

Using the Gaussian elimination method, every submatrix can be rewritten in a

way where all the diagonal elements equal to 1 and the lower part with respect the

diagonal elements should be zero (See Fig. D.2). Then we make a backsubstitution

to get the values ∆yj,k.

We redo the same procedure many times until we get the required precision,

and our mean error can be parameterized by

∑
i,k
|Ei,k|

N × M
(D.9)

For more details, this method is well described in Section 17.3 in Numerical Recipes

[99]. The routine name doing this procedure is ’solvde’.
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Figure D.2: Target structure of the Gaussian elimination. Once the matrix of Fig. D.1 has

been reduced to this form, the solution follows quickly by backsubstitution.
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