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Abstract 
• Following a method initiated by Bertlmann and Martin, a series of recurrent 

inequalities connecting the even moments of the ground state density pu(r) to the energy of 
yrast levels was developed in the framework of two-body non relativistic quantum mechanics. 
These inequalities can be corrected to obtain approximative relationships for a large class of 
potentials. The moments of /?,,(>) are derived from the spectrum and used to reconstruct the 
form factor F(q), i.e., the Fourier transform of/7,,(r). F(q) is approximated by using the 
technique of Pad6 approximants. The estimate of central ground state density is discussed as 
well as the possible reconstruction of the potential. 

Keywords: 'Bertlmann-Martin inequalities", "form factor", "Padi approximants", "central 
density". 

I- INTRODUCTION 

About two decades ago, while studying the properties of heavy qq mesons in the 
framework of two-body non relativistic quantum mechanics, Bertlmann and Martin [1] 
derived inequalities and estimates of radii and kinetic energies. 
For instance, they obtained: 

where (r1^ is the mean square radius (rms ) of the ground state, D the number of space 
dimensions, Eu the ground state energy and i ^ t h e lowest p-state energy; m is the particle 
mass, which is replaced by the reduced mass in two body problem. 

The inequality (1) has been generalized by Lombard and Mar6s [2], starting from the 
sum rules linear in energy for the successive multipole transitions. This leads to a suite of 
recurrent relations connecting the energy of the yrast levels Eu to the moments of the ground 
state density. Furthermore, a system of approximate recurrence relations can be derived from 
these inequalities by adding a correction factor [1,3].Hie recurrence relations can be used as 
following. 
From a measured energy spectrum, they allow us to reconstruct the ground' state wave 
function pu(r)via its Fourier transform F (q). The integration of F (q) over q y ie ldsp y , ( r ) . 
The final accuracy depends on two factors: the precision of die correction factor and the 
number of available energy levels. 
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We begin by recall briefly the recurrence relation in section 2. Section 3 is devoted to the 
determination of the form factor. In section 4 we derive the ground state density. In section S 
we discuss a way to get an estimation of the potential. Conclusions are drawn in section S. 

II- THE GENERALIZED BERTLMANN-MARTIN INEQUALITIES 

The starting point is a series of inequalities obtained from the sum rule linear in energy 
of the operator Q, „(r)= r 'Yf&t ) : 

( e „ - £ J £ | ( o | a > / ) | 1 s E f e , -£u ) |<o|e ,o |«/) | 3 (2) 

H tt 

It leads to [2]: 

+ (3) 
Note that we are not using the spectroscopic notation of atomic physics. Here, nl denotes the 
n-th level of angular momentum /; the number of nodes of the wave function is given by n-1. 
A correction factor [3] converts these relations into approximate equalities. 
( , » ) » 11/ (2 / + 1), ^ J l - ' C(/)l (4) 
\ ' 2M

 1 ; ( £ „ - £ J L 2(/ + l) W J 
In these expressions (r* ) is the k-th moment of the ground state density. 
( ' ' ) = J M ' ) | V d V (S) 

' <j>u is the ground state wave function, ju the reduced mass and£„ the lowest eigenvalue of 
angular momentum /. 
The correction factors C(l) depend on the potential. Thus, the usefulness of Eq. (4) is clearly 
linked to the possibility of finding an expression forC(/) valid for a large class of potentials. 
Generalizing the prescription of Bertlmann and Martin [1], we found [3] 

C(/)= £{/*i). + - 2£n (6) 

It is straight forward to check that C (I) =0 and C (I) =1 W in the cases of the harmonic 
oscillator and the Coulomb potential respectively as suggested by B.M (1). In both cases, Eq. 
(4) is a recurrent suite of equalities as suggested by Bertlmaxm and Martin. 
The form (6) is not universal; its application merely reduces Eq. (4) to a collection of 
approximate relationships. Our first goal was to check the validity of Eq. (4) for confining 
potentials. For instance, accuracy better than 1% is then reached. This approximation appears 
quite satisfactory in many cases. 
Among several possibilities, we have chosen the case of Hulth6n potential to test Eq. (4) by 
comparing the estimates of £„ to approximations developed by others authors. The Hulth£n 
potential has been widely studied, the problem of approximating the energies of states with 
1 ± 0, however is still studied. 
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Its radial form is: 

H ' h - v ^ 

^,(r)and£„are known analytically. The parameter A governs the strength of the potential 
and its range (screening). The units used are h = m= 1. 
The yrast spectrum has been calculated for three values ofX. The results are displayed in 
Table I and compared to the values obtained by Aguilera-Navano et al. [4] and Dutt and 
Mukheiji [5]. 
In view of the simplicity of the method, the agreement of the results with those of [4] and [5] 
is remarkable. It goes beyond 1% for the lp and the 1 d states, but reaches a factor 2 once the 
binding energy becomes too small. The tendency is to underestimate the binding in this latter 
case. 

Table I. Energies of the yrast line for the Hulthln potential. 

Ref. Eip EM EV E/g E,h 

X - 0.025 

[3] 
[4] 
[5] 

-0.112758 
-0.112760 
•0.112484 

-0.043606 
-0.043603 
-0.043604 

-0.019719 
-0.019691 
-0.019906 

-0.009020 

-0.009387 

-0.00358 

-0.00415 
X = 0.050 

[3] 
[4] 
f51 

-0.101001 
-0.101042 
-0.100560 

-0.032738 
-0.032751 
-0.033027 

-0.010124 
-0.010056 
-0.011031 

-0.00108 

-0.00265 

Unbound 

-0.00007 
3l = 0.075 

[3] 
[4] 
[5] 

-0.089749 

-0.089233 

-0.022970 

-0.023825 

-0.002490 
-0.002524 
-0.004624 

Unbound 

Unbound 

We remark, that Eq. (4) can be used in another way: we take spectroscopic data from 
experiments and deduce the ground state moments. 
Determining/7,,(r) from its moments is not an easy task. One possible method consists in 
constructing its form factor namely its Fourier transform. 
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III-THE FORM FACTOR 

The Fourier transform of the Is state density pu{r) = — MuMP defines the form factor 
Ax 

= -fsin(qr)|?l„(r)(!rdr 

/ 2.V 
(?) 

For a finite number of known moments, the series expansion is truncated and the accuracy of 
the results depends on this number. It has been shown that, in the case of a restricted set of 
known moments, the technique of Pade approximants [6] can be used to approximate the high 
q behaviour. The method has been tested in different cases for which the ground state wave 
function is known analytically [7] (for instance, power-law 
potentials V(r) = sign(a), a =-1,1,2) The Pade approximants are quoted according to the 
standard notation: P (N, M) where N and M are the degrees of the numerator and the 
denominator, respectively; the degree of the highest moment used in the series expansion (7) 
is N+M. Some constraints restrict the choice of N and M; it means that in the three-
dimensional space, F (q) has to decrease at least as q* which implies M>N+4. 
The results are displayed for the cases of the Coulomb potential (a=-l) in Fig.l and the linear 
potential (a=l) in Fig.2. 

Fig. 1: Form factor of the ground state density in the case of the Coulomb potential. The Pad6 
approximants are indistinguishable from the exact results (solid line). The dashed line 
represents the form factor obtained with the uncorrected moments [7]. 

o 2 3 4 6 6 7 

q (fin"') 
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For u--1, the convergence is last as expected. The exact form factor is accurately reproduced 
by fitting the moments up to order 4 with P (0, 4). Including higher moments and fitting Pade 
of higher degrees yields results indistinguishable from P (0,4). 
Moments of order 8 and 10 are needed to fit F(g) up to <j=3-4 when we are interested for 
linear potential. 
The results are not sensible to the difference between the exact and approximate moments, 
since the correction factorC(/)is close to 0. The Pade approximants P (0, 8) and P (0, 10) 
converge correctly to the exact P{q). 
P (2, 8) generates zeros; it must be taken into account when establishing the average value 
among possible approximants. It has to be noticed, that in general, two kinds of zeros have to 
be distinguished. True zeros in F(g) are normally stable (or quasi-stable) in position as the 
order of the Pade approximant varies. 
On the contrary, "ghost" zeros generated by the truncation of the series expansion move 
towards infinity as the Pade order increases. 

Fig. 2: Form factor of the ground state density in the case of the linear potential. The exact 
value (solid line) is compared to the three Pade approximants P (0, 8) (dotted line), P (0, 10) 
(dashed line) and P (2, 8) ((dot-dash line) [7], 

IV.l T h e central ground state density 

Some techniques have been developed to invert the form factor and recover the density taking 
into account uncertainties, especially those due to the high q behaviour. Such techniques have 
been applied to the analysis of electron scattering from nuclear distributions [8], It consists in 
taking the average over the largest possible space of trial functions compatible with the 
known part of the form factor. 
The present method based on Pade approximants constitutes an alternative. We consider that 
all approximants, compatible with the set of known moments and the constraints, are equally 
probable; so we invert the average and calculate the uncertainty from the dispersion of the 
approximants. 
F(q) gives access to pu(o) by means of 

iu H 

IV-THE G R O U N D STATE DENSITY 

K 
(8) 
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This aspect has been investigated for a = -1 and 1. 
For the coulombian case, since the F(0,4) saturates expansion, the integration is analytical. 

We have pu(o) = 0.3183 for the exact case and p„(0)= 0.2689 for the uncorrected 
moments, respectively. 
For a = l (linear potential), the fonn factors corresponding to the different Pad6 
approximants have been integrated numerically. The corresponding p(o) is displayed in 
Table II. As noticed previously forFfo), P (0,10) provides a correct approximation. 

Table II. pu(o) obtained by integrating the Pad6 approximants numerically is compared to 
the exact value in the case of linear potential [7]. 

Exact P(0,8) P(0,10) P(2,8) 

0.1591 0.1698 0.1599 0.1332 

IV.2- The ground state density 

Reconstructing the ground state density p,,(r) from its moments can be achieved via its 
Fourier transfonn F(q), 

p „ ( r ) = - ^ r | ° F ( ? ) ? s i n 9 d 9 (9) 

This equation provides us with a way of determining numerically p,,(r) noted p ) J t r . 
The method was tested in different eases especially those for which the ground state wave 
function is known analytically (for instance, power-law potentials V(r) = sign(a), a = -1,1,2). 
Results for He atom are displayed in Fig.3. 

- - P(0.8)GBM 
P(Q,12)GBM 

— P(0,14)GBM 

10 

Fig.3: The ground state density pllEX (r) for He atom 
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We can also consider some reasonable trial density functions to compare the corresponding 
moments to those obtained with pUKX . 
The four following trial functions are adopted: 
Pi(r) = Pcte~ar 

P<a 
cosh (or) 

Mr) cosh(ar) 
Pt{r) = pM{be-f%,x +e-") 

The parameters .were determined by a fit to r-moments obtained using Bertlmann-Martin 
inequalities corrected (noted GBMIC) (Eq.4). p,{r), p2(r), p,(r) were fitted to the raw 
radius (k=2), for pt (r) the fit was made to the rms and die r-moments of order 12 and 14. 
In table IU we summarize the values of the different parameters. 

Table III. Parameters of the trial densities p„ i = 1,4. 

Mr) a = 2.944 
P,<r) a= 1.5796 P,<r) a = 2.9851 
p . to 
P.ir) a = 2.6793 b = 0.3024 >9 = 1.428 

The moments (rk ^ can be, then, calculated with the new density pusx(r) and compared to 
{r*) obtained by using recurrent relations (4) and the four trial densities. Results are 
displayed in Fig. 4. 

IBMO corr 
- • — I B M © non corr -'—0,(0 

P,(0 

Fig.4: Moments of the ground state density for He atom 
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V. - AN APPROXIMATE ESTIMATION OF THE POTENTIAL 

Our aim is to explore the possibilities and limitations of the approach to give an 
approximate estimation of the corresponding potential to a ground state density (r). 
We look at the corresponding potential which is obtained by inverting the SchrOdinger 
equation, 

<10) 

The prime and double prime indicate the first and second derivative with respect to r, 
respectively. is taken as the square root of the density. The potential is then introduced 
into the SchrOdinger equation, which is solved numerically. The calculated eigenvalues are 
compared.with the actual spectrum. The method was already applied to the Pb muonic 
atom; the results 

are displayed and carefully discussed in [9]. 
The case of He atom is presently studied. Some results are available, they are showed in 
Table IV. 

Eu 
Experimental -2.90366 -2.23303 -2.20545 -2.05192 
Calculated 
numerically 
from V(r) 

-2.90383 -2.14595 -2.12382 -2.05558 

Table IV. Eigenvalues obtained numerically with V(r) calculated, compared to the 
experimental values. 

VI- CONCLUSIONS 

We have applied a new approximation method for the Schrfidinger equation in 3 
dimensions. It is based on relationships connecting the moments of ground state density to the 
energy differences between the Is and the yrast (1/) levels. It is valid in the case of a particle 
in a central potential or two particles interacting via a scalar interaction. 
On the one hand, the method can be applied to estimate the yrast energies from moments. It 
provides us a good test of the accuracy of the yrast spectrum from the ground state moments 
compared to the exact values. The agreement easily reaches 1% for deeply bounds states. 
On the other hand, since it is simpler to measure spectra than moments, the method is better 
designed to derive predictions for the moments of the ground state density and the form factor 
from the experimental energy levels. 
We have shown that the use of Pad6 approximants is of great help to discuss the high q 
behaviour of the form factor F(q). The integration of F(q) yields the value of the central 
density. It is possible to reconstruct the ground state wave function by using Fourier transform 
ofF{q) and comparison with results derived from some reasonable trial functions. 
The reconstruction of the local equivalent potential was also investigated. 

Though the present work is not exhaustive it clearly underlines the possibilities of the method, 
as well as the difficulties, we could face in a more systematic approach. A next attempt 
requires more thorough iterative procedure, particularly in order to determine the correction 
factor C{l) with sufficient accuracy. The comparison between the calculated spectrum and 
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moments and the measured energies and GBMIC moments at each step can be a valuable 
source of information. Some calculations are achieved by treating the He atom and trying to 
generalize the method to any spectrum. 
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