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Abstract: 
We consider the three dimensional non relativistic eigenvalue problem in the case of a 
Coulomb potential plus linear and quadratic radial terms. In the framework of the Rayleigh-
Schrfidinger Perturbation Theory, using a specific choice of the unperturbed Hamiltonian, we 
obtain approximate analytic expressions for the eigenvalues of orbital excitations. The 
implications and the range of validity of the obtained analytic expression are discussed. 
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1. I N T R O D U C T I O N 

Here we are interested in the non relativistic eigenenergies of a Hamiltonian with radial 
interaction in the form of a Coulomb potential plus linear and quadratic radial terms: 

V(r) = - - + <T-r + b-r2 with a,cr,f>20 (1) 
r 

This form of central potential (1) has attracted a great interest in atomic, molecular and 
particle physics [1-8]. For b = 0 , the interaction (1) corresponds to a spherical Stark effect in 
hydrogenic atoms [1-3] and is, also, a successful phenomenological model for the description 
of heavy quark antiquark bound states [4-5]. For <r = 0 , the potential (1) has been studied for 
the description of the ion-sphere models in plasma physics [6] and the quadratic Zeeman 
effect in hydrogenic atoms [7], More generally (a,b > 0) , the potential (1) describes both 
hydrogenic atoms in external fields and the quark antiquark interaction [5,8]. 
It is generally known that the bound states problem can be solved analytically only for few 
potentials. For the interaction (1), in the two last decades, different approximation methods 
[9-18] have been used to obtain approximate analytic expression for the eigenenergies. In the 
context of the 1/N expansion or the shifted 1/N expansion [13-16], the obtained analytic 
expressions are cumbersome if one needs to determine the derivative of eigenvalues for 
further analytic investigation [17], In the framework'of the Rayleigh-SchrOdinger Perturbation 
Theory (RSPT), by taking the unperturbed Hamiltonian as the Coulomb Hamiltonian, one 
deals with divergent series which are summed by different techniques [9-11, 17-18], and the 
approximate analytic eigenenergies are expressed in the form of Pad6 approximants. 
Furthermore, for both approaches, analytic expressions have been given for only a restricted 
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number of excited states and the reliability of the approximate analytic eigenvalues depends 
strongly on the particular values of the parameters a, a and b [9*18]. 
In the present work, we consider only orbital excitations of the ground state. For some 
particular relations between a, a and b, the potential (1) is a quasi-exactly solvable potential 
[12-13] and analytic solutions for the eigenvalues can be found. In die framework of the 
RSPT, we use this last property to define an unperturbed Hamiltonian such that the 
perturbation is a regular one [19]. A first order calculation, leads us to obtain compact 
approximate analytic eigenevalues in terms of the confluent hypergeometric function 
y/(a,b,x) [20]. We discuss die implications and the range of validity of the obtained analytic 
expression. 

2. METHOD OF CALCULATION 

The two-body time independent SchrOdinger equation with the central potential (1) can be 
written (in h = c = 1 units) as: 

( ) - y . A r ) = 0 (2) 
mar mr 

where mil is the reduced mass of the system, £„_, and _>>„_, (r) are respectively the eigenvalue 
and the reduced radial wave function, describing a bound state of radial and orbital angular 
momentum quantum numbers n and I respectively (n counting the number of nodes of the 
wave function). The wave function obeys the following boundary conditions: 

^(0) = ^(®) = 0 (3) 

Taking the parameter A in the form* = m-a>', setting x = r ma, the scaling property of the 
SchrOdinger equation allows to write (2) in the following dimensionessless form: 

{H-S„)ymJ{x) = 0 (4) 

where: 

„ d2 1(1+1) 1 , ... 

w (6) 

(7) ma 

From now, we consider only orbital excitations of the ground state i.e. n = 0 . Using the 
property of the quasi solvability [12-13] of the Hamihonian given by (5), we define the 
unperturbed part as: 
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with the following eigenfunctions and eigenvalues': 

^ W ^ E x r f - ^ - ^ . . ) P) 

Hence, the total Hamiltonian (S) can be written as: 

H = Hm + g-x (11) 

where the dimensionessless coupling g is given by: 

Jal a a 1 „„ 
" TO " ^VTTT (12) 

The term g.x in the total Hamiltonian (11) is considered as a perturbation, the 
dimensionessless parameter g being die parameter expansion. In die framework of RSPT, one 
can write die eigenenergies as [9-11»17-19]: 

ioj - £<r./'V 03) 

The most important feature of our method with die quasi solvability of die interaction (1) lies 
in the fact that the perturbation g.x is negligible, for both large and small x limit, 
comparatively to the unperturbed potential defined in (8). Thus die perturbation problem 
defined by equations (8-13) is a regular perturbation [19]. This means that die perturbative 
series (13) is not an asymptotic divergent series but a convergent series [19]. Furthermore, 
from equations (7) and (10), one can see that the zero older eigenenergies: 

have already the correct asymptotic behaviour for both limits m,a-*0 and a, a -» 0. Along 
these lines, we will show, in this work, that the first order calculation allows to obtain reliable 
compact analytic expressions. 
The first order eigenenergies coefficient is given by [19]: 

) d x x y j \ x f 

OS) 
\dx y,}\xf 
t 

By a simple change in the integration variable* = aa""4 s, one can write (IS) as: 

1 The upper indice (0) stands for die unperturbed put 
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1 1(21+2, ft) v 

where: 

/(«,j9) = Jot* JEqH-x1 - 2ftx ) (17) 
o 

2 ( / + l ) 

3. ANALYTIC EVALUATION OF I(n,p) 

In this section, we consider the analytic calculation of the integral I(n,ft) defined by 
equation (17). As a first step, let us make the following change of variable: 

t~y* + 2ftx (19) 

Taking the branch corresponding to positive x, (5 being positive (see eq. (18)), one has: 

x = 4 f t i + l - f t (20) 

After standard manipulations, one can show that 

x"dx = (2ft)—1 t" (1+tip1)-"11 2 

v 
dt (21) 

[l+Jl+tlft*, 

Using the following properties of hypergeometric functions [20]: 

+ =2^][»/2, w/2+1/2, n+li z] (22) 

^{a, b, c; z] = ( l - z r ° - ' c-a, c-b, c\ 2] (23) 

equation (21) can be written in the following form: 

*"<ft = (2£)—11 f nl2+1/2, n+1; dt 

Relations (19) and (24) allow to write the integral (17) in the simplified form: 

(24) 

)dtf ^ /(«,/?) = (2/*)"- ' jdtt" ^ b / 2 + 1 / 2 , h /2+1 , » + ! ; Exp(-t) (25) 

Expanding in the integrand of (25) the hypergeometric2F, function in the variable-f//?2 , 
integrating term by term, one easily obtains: 
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/(»,/£D=(2fir n\ j ^ n / 2 + 1 / 2 , i . / 2+ l , ; ^ - j (26) 

The hypergeometricj^o function is related to the confluent hypergeometric function f 
through the relation (see eg. (3) of Sec. 6.6 of Ref. [20]): 

b, ; = ¥(a, a-A+1; r) (27) 

and the integral I (n,f i ) reads: 

/(«,/?) = (2)"-' «! "PC-^yi, l ^ 1 ) (28) 

Finally, from equations (16) and (28), the first order eigenenergies coefficient is given as: 

W ' = C+3 /2 ) (29) 
W + f . ^ ) 

4. RESULTS AND DISCUSSION 

Considering the eigenenergies expansion (13) at first order, collecting all previous results, 
one has: 

. ¥ ( / + 2 , - i f i 1 ) 
m fa.(21+3)-—3/2) = - 2 (30) 

where a,, g and p are defined respectively by equations (6), (12) and (18). 
In Tables 1-6, we have compared the approximate analytical expression (30) with the 
"theoretical" result obtained from a high precision numerical resolution of the 
dimensionnessless SchrOdinger equation (4). 

Table 1. Absolute error r| (in %) between the analytical expression (30) and the theoretical 
value for 1 = 0 and a, =0.1 for different values of the coupling g. 

g 0.01 0.1 0.2 0.5 1 2 5 
1 w 0.0033 0.27 0.89 3.6 8.65 17.9 38.6 

Table 2. Absolute error r| (in %) between the analytical expression (30) and die theoretical 
value for I = 0 and a} = 1 for different values of the coupling g. 

0.01 0.1 0.2 0.5 1 2 5 
n(%) 0.00012 0.012 0.046 0.26 0.87 2.62 8.99 
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Table 3. Absolute error t) (in %) between the analytical expression (30) and the theoretical 
value for 0 and a, =10 for different values of the coupling g. 

g 0.01 0.1 0.2 0.5 1 2 5 
t l (%) 4.6 10"* 0.00045 0.0018 0.011 0.042 0.16 0.82 

Table4. Absolute error 
value for / = 10 and a 

•p (in %) between die analytical expression (30) and die theoretical 
, - 0 . 1 for different values of the coupling g. 

X 0.01 0.1 0.2 0.5 1 2 5 
n(%) 0.00082 0.075 0.27 1.35 3.93 9.85 26.23 

Table 5. Absolute error rj (in %) between the analytical expression (30) and the theoretical 
value for I = 10 and a, = 1 for different values of the coupling g. 

g 0.01 0.1 0.2 0.5 1 2 5 
t i (%) 0.000026 0.0026 0.010 0.060 0.22 0.76 3.34 

Table 6. Absolute error 11 (in %) between the analytical expression (30) and die theoretical 
value for / » 1 0 and a, * 1 0 for different values of the coupling g. 

g 0.01 0.1 0.2 0.5 1 2 5 
n m 8.4 10-' 0.000084 0.00033 0.0021 0.0081 0.032 0.18 

11m main features of our analytic result (30) are summarized as Mows. On one hand, as 
illustrated in Tables 1-6, the reliability of the approximate expression (30) is not restricted to 
a limited number of orbital excitations, as it is the case in other works [17], In feet, for fixed 
«, and g, the accuracy of the relation (30J Increases with increasing /. On the other hand, for 
fixed I, the range of validity of the analytical approximation (30) increases with increasing a^. 
Indeed, the obtained result (30) is a very high accurate approximation for large a1, while most 
approaches were restricted to small values of the parameter a, [9-11,13-18]. Furthermore, we 
note that, for fixed I, the range of validity in £ of the analytical approximation (30) depends 
strongly on the parameter a,. For a, smaller than unity, the perturbative parameter g has to 
be small enough to obtain a good accuracy (see Table 1 and Table 4). However, one should 
note that, for a} smaller than unity, the range of validity of the obtained expression (30) is not 
worst than those obtained in previous works [9-11,13-18]. 

5. CONCLUSION 

In summary, we have considered in this work the eigenenergies of orbital excitations of a 
Hamiltonian with radial interaction in the form of a Coulomb potential plus linear and 
quadratic radial terms. Using the quasi-exaetly solvabability feature of this potential [12-13], 
in the framework of ftSPT, we have obtained, through a first order calculation, an 
approximate analytical simple and compact expression for the eigenvalues of orbital 
excitations. Comparatively to other approaches [9-11,13-18], our approximate expression is 
not restricted to a limited number of excited orbital excitations and has an extended range of 
validity in the parameters g and Jj. 
Since the perturbative problem we have defined in our method is a regular one, a second order 
calculation will improve the accuracy of the present calculations. Furthermore, it would be 
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very interesting to incorporate, in our method, the radial excitations. These important issues 
need further investigations which are beyond the purpose of the present paper. 
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