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In recent years, semiconductor quantum dots (QDs) have attracted considerable atten-
tion due to their potential for fundamental studies as well as device applications. In 
the present thesis, the electronic and optical properties of such nanostructures have 
been investigated for the well established III-V and the new group-Ill nitride material 
system. 

The influence of Coulomb correlations on the optical spectra of InGaAs QDs are studied 
using a full configuration interaction approach. The resulting multi-exciton spectra for 
up to twelve excitons are investigated in detail. Characteristic features of the spectra 
are explained using simplified Hamiltonians that are derived taking into account the 
relative importance of various interaction contributions. In this way, the strong red-
shift observed in the emission of the energetically lower shells with increasing number 
of electron-hole pairs as well as the remarkable stability of the emission of partly unoc-
cupied shells is explained. Based on our theoretical work, recent experiments involving 
charged exciton complexes are analyzed. 

Additionally, we study the electronic and optical properties of self-assembled InN/GaN 
quantum dots. The one-particle states of these low-dimensional heterostructures are 

on an atomistic level. The existence of an exactly degenerate p-shell is discussed in 
detail. Dipole and Coulomb matrix elements are calculated from these one-particle wave 
functions and serve as an input for configuration interaction calculations. We present 
multi-exciton emission spectra and investigate how Coulomb correlations and oscillator 
strengths are altered by the built-in electrostatic fields present in these structures. From 
our results, we predict vanishing exciton and biexciton ground state emission for small 
lens-shaped dots, which is explained by a careful analysis of the underlying symmetry 
group. For larger structures, a level reordering can lead to a bright exciton ground 
state. In both cases a semi-analytic discussion of the emission spectra is possible and 
provides deeper insight into the involved configurations. 

To study the photoluminescence dynamics of an initially excited QD system, we employ 
a microscopic semiconductor theory. Carrier-carrier correlations beyond the Hartree-
Fock level are included within a cluster expansion truncation scheme up to the singlet-
doublet level. The influence of these correlations on the spectrum and the photolumi-
nescence dynamics is investigated for the emission into free space as well as for QDs 
embedded in an optical microcavity. The two limiting cases of fully correlated and 
uncorrelated carriers are discussed. Our analysis shows that the lack of full correlation 
leads to a non-exponential and excitation-intensity dependent decay of the photolumi-
nescence signal, indicating that approaches based on atomic models can fail to describe 
the photoluminescence dynamics and that a full semiconductor treatment is required. 
A detailed comparison with recent experiments is made. 
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Prologue 

Over the last decade nanostructures in general and semiconductor quantum dots (QDs) 
in particular have shifted more and more into the focus of the research community. The 
keyword 'quantum dots' yields almost 3000 hits in the data base 'Web of Science' even if 
the search is restricted only to the year 2005 and research proposals containing the word 
'nano' seem to flourish [1], The great topical interest in this field is motivated partly 
by the wide range of possible applications, ranging from new [2-4] and/or extremely 
efficient light sources [5] to building blocks for quantum information technology [6-8]. 
Further motivation is provided by the possibility to see fundamental quantum mechanics 
at work and to study the effects of reduced dimensionality on carrier transport [9] and 

The confinement of the carriers in all three dimensions on a nanometer scale is achieved 
by, for example, embedding islands of a material with a smaller bandgap into a wider 
bandgap material. A widespread method of creating such QDs is the Stranski-Krastanow 
growth mode [13-15]: On top of an epitaxial layer of one material another material with 
a smaller bandgap and a different lattice constant is grown. Due to the lattice mismatch, 
a strain field builds up, and at a certain critical thickness it is energetically favorable 
to change the morphology from a flat, homogeneous layer to a thinner two-dimensional 
wetting layer that is decorated with randomly distributed three-dimensional islands. 
Finally overgrowing these nano-islands with substrate material forms the actual QDs. 
Due to the bandgap mismatch the carriers are confined within the QD, which leads to 
a full quantization of the possible eigenenergies and results in a £-like density of states. 
In this respect QDs are very similar to atoms. However, the great advantage of these 
'artificial atoms' is that one is not restricted to the periodic system of elements. Instead 
one can, at least to some extend, tailor the properties as needed [15,16]. 

From an experimental point of view, an advantage of QDs over atoms is the fact that 
no expensive trapping of the 'atoms' is needed. Once a particular well suited QD is 
identified, one can analyze it in detail for weeks and is not restrained due to a limited 
trapping time. To date a drawback of the 'artificial atoms' lies in the difficulty to 
produce QDs with desired properties in a reliable manner. A major hindrance is the 
size fluctuation present in an ensemble of QDs and the corresponding fluctuation in 
the energy levels. Nevertheless, it is expected that this inhomogeneous broadening 
will be well controlled in the near future. Another difference of QDs compared to 
real atoms is the rather strong interaction of the carriers with their surroundings at 
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Prologue 

elevated temperatures, which complicates practical device operation. On the other 
hand, the environment of the QD and in particular the coupling to the continuum of 
wetting layer states can be utilized to continuously inject carriers into the QD states, 
either electrically or by off-resonant optical excitation of energetically higher states 
and subsequent carrier capture into the localized QD states [17,18]. The possibility 
of the off-resonant pumping and of tailoring the emission energy of QDs by varying 
their size and composition are two important aspects that make QDs attractive for 
biomedical image technology [19]. First applications in this rapidly evolving sector are 
already commercially available [20]. Other applications, in which an entire ensemble of 
QDs is utilized, include QD lasers [5,21] as well as color filters and UV-filters for sun 
protection [22]. 
In addition to the well developed InGaAs system, QDs based on group-Ill nitrides 
became a major research focus in recent years. This is in part explained by the fact that 
by alloying together the basic building blocks InN, GaN and A1N the optical spectrum 
can be covered from amber to ultraviolet [23]. Furthermore, the strong chemical bonds 
make this wide bandgap material system suitable for high-power devices [24], A clear 
landmark in the nitride research field is Nakamura's invention of the first high-brightness 
GaN LED in the blue spectral region [25]. Reliable short-wavelength light sources could 
pave the way for fast and inexpensive high-density data storage devices [26]. Once 
the growth-related problems, which still constitute a major hindrance in the field of 
nitride research, are mastered, QDs based on this material should prove to become a 
cornerstone of new opto-electronic applications. 

Yet another door for a variety of interesting physics opens, if one turns away from 
QD ensembles and enters the realm of the physics of single QDs. By means of single 
dot spectroscopy important information not only on the shell structure but also on 
interacting multi-exciton states is gained [11,12,27,28]. Addressing of single QDs is 
made possible by using QD samples with very low dot density and optical focussing via 
a microscope objective [29], employing shadow masks [12,28], or etching small mesas 
out of the samples [4]. Single QDs are furthermore discussed as ideal candidates for 
single-photon sources and qubits, the quantum analogue to the classical bit. The two 
states of the qubit could, for example, be realized by the presence or absence of an 
exciton in the QD [7], or they could be decoded in the spin state of an electron confined 
in the dot. In order to make a useful device out of such a qubit, it must be possible 
to (i) prepare, control and read out the qubit with high accuracy and (ii) to let one 
such qubit interact with other qubits in a controlled way. Only if these prerequisites 
are fulfilled, a realization of a quantum computer based on QDs is possible. 
Single-photon sources are not only interesting from a fundamental point of view, but 
also because an efficient single-photon source is a key building block in many quantum 
cryptographical protocols. One possible realization of such a photon-source makes use of 
the fact that the QD emission spectra is highly sensitive to the number of carriers present 
in the QD. This sensitivity stems from the interaction between the charge carriers and 
can be used to distinguish between photons that are generated by a recombination 
process from, e.g., a three exciton complex and an emission process, in which only 

vi 



a single exciton was present prior to emission. By tuning a frequency filter to the 
exciton resonance, one can therefore always expect to observe one single photon after 
the excitation of the system. By these means one can convert a train of classical light 
pulses into a pulse of single photons [2]. 

The efficiency of such a single-photon source is tremendously improved by embedding 
the QD into a microcavity. In a cavity, the photons are confined in three spatial 
dimensions, which leads to an altered photonic density of states [30], in analogy to 
the electronic density of states that is modified by confining the electrons inside a QD. 
Combining the QD with a microcavity, the light-matter interaction can be tailored 
by means of a good cavity design and the proper placement of the emitters in the 
cavity [31]. The realm of cavity quantum electrodynamics, which was initially only 
accessible using atoms in cavities, and which can now also be investigated in solid-state 
devices, can be divided into two regimes: the weak- and the strong-coupling regime. 
The latter is characterized by a reversible transfer of energy from the cavity mode to 
the emitter. In a solid-state device this regime was realized for the first time less than 
three years ago independently by three groups. It was achieved by coupling a QD to 
a micropillar cavity [32], a photonic crystal defect cavity [33] and a microdisk [34]. 
In contrast, the weak-coupling regime manifests itself in altered spontaneous emission 
behavior ('Purcell effect' ) and was first observed in atomic systems and only much 
later for QD systems [35-37]. While a suppression of spontaneous emission is desired 
in situations in which long-living exciton states are required, in many opto-electronic 
devices a strong enhancement of the spontaneous decay is needed. A high Purcell factor 
means a fast emission and can be used for high-speed LEDs, in which the switching 
time between 'on' and 'off' is ideally only limited by the carrier relaxation time [38]. 
Additionally, an enhanced Purcell factor for a certain cavity mode is used to direct a 
larger fraction of the spontaneously emitted light into this mode and thereby moving 
the laser threshold to lower current densities. 

This thesis covers three different aspects of semiconductor QDs. The first part deals 
with the multi-exciton spectra in InGaAs/GaAs QDs, the second with those of nitride-
based QDs. The third part is dedicated to the investigation of the photoluminescence 
dynamics in the absence and presence of a microcavity. Detailed introductions and 
motivations for the different topics can be found at the beginning of each part. 

Instead of speculating about further development in this rapidly evolving research field, 
we would rather like to conclude this section with a statement sometimes attributed to 
Niels Bohr: 

'Prediction is difficult, especially about the future.' 





Part I 

Multi-Exciton Spectra in InGaAs 
Quantum Dots 





Introduction 

In this part of the thesis, we focus on InGaAs/GaAs quantum dots (QDs). Later, in 
Part II we investigate QDs based on group-Ill nitrides. In contrast to the latter the 
former system has been experimentally thoroughly investigated over the last decades 
and the growth of these structures is by now well controlled so that different shapes, 
aspect ratios, lateral extensions and composition profiles have been realized [13,14]. In 
this way, it is by now possible to tailor their electronic and optical properties to a large 

Even though there exist many applications in which an entire ensemble of QDs is needed, 
like QD lasers [5,21], color filters [22], or frequency selective storage devices [39], much 
work has been dedicated to the investigation and characterization of individual QDs. 
Addressing single QDs has been achieved by several means, for example by employing 
shadow masks [12, 28] or etching small mesas out of the samples [4]. By single-dot 
spectroscopy, important information not only on the single-particle shell structure but 
also on the interaction between different multi-exciton states is gained [11,12,27,28,40]. 
A deeper understanding of the underlying physical processes is of key importance for 
further developments in this field. For single QDs possible applications, which have 
partly already been demonstrated in the laboratory, include single-photon sources [3,41] 
or even sources of entangled photon pairs [42]. Such sources are important ingredients 
for quantum information processing and quantum cryptography [6]. 

mechanical effects of the confined interacting few-carrier systems has inspired many re-
searchers to find an appropriate theoretical description [29,43-49], In the past, configu-
ration interaction calculations for a numerically determined strain-induced confinement 
potential have been performed [47] and a discussion of the energy level structure and lu-
minescence spectra in terms of density functional theory has been given [50]. Additional 
studies employed single-particle states based on k • p models [51,52], pseudopotential-

sulting dipole transitions have been calculated in box-like confinement potentials using 
exact diagonalization [10,29,43] as well as harmonic confinement potentials [12,44,45] 
with a limited number of configurations. 

As we are interested mainly in many-particle effects and the impact of Coulomb corre-
lations on the optical spectra, we adopt in the following an effective-mass model for the 
single-particle states. In this way, the analysis becomes most transparent and allows for 
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Introduction to Part I 

a detailed understanding of the underlying interaction effects, which are not obscured, 
for example, by band-mixing effects. Furthermore, one can in this case solve the prob-
lem of few charge carriers in the discrete states of a given confinement potential without 
further approximations. The choice of an effective-mass model for the single-particle 
states is furthermore underpinned by a recent study, in which an effective-mass model 
was compared to a k • p approach and an effective bond orbital model [49]. A good 
overall agreement between all three methods was found for the investigated structure. 

Based on the single-particle states, we investigate Coulomb correlations in the optical 
spectra of semiconductor QDs using a full configuration interaction (FCI) approach. 
Despite the complexity of the spectra the occurring characteristic features can be ex-
plained in terms of simplified Hamiltonians. These are obtained from the original 
Hamiltonian by retaining dominant terms and neglecting less important ones, such 
that, on the one hand, the essential spectral features are preserved and, on the other 
hand, analytic results can be deduced. The aim is to get a more intuitive picture of the 
influence of Coulomb effects and to provide an alternative to a numerically demanding 
full-diagonalization approach. The trade-off between accuracy and simplicity can be 
reached in several ways and we give two examples whose merits and shortcomings are 
assessed against the full calculation result. 

This part of the thesis is organized as follows. In Chapter 1 the model system is intro-
duced. In particular the choice of harmonic oscillator states for the single-particle states 
is motivated in Section 1.1. Subsequently, the many-body Hamiltonian is introduced 
and the configuration interaction approach is outlined. Following these discussions, re-
sults for the optical spectra based on this exact diagonalization scheme are presented 
in Chapter 2. First we analyze the excitonic and biexcitonic properties and then give 
the results for the emission spectra of a QD initially filled with up to six excitons. The 
thorough discussion of these spectra is postponed to Chapter 3, in which two different 
approximation schemes are derived that lead to a deeper understanding. In particu-
lar Section 3.2 will be concerned with the remarkable stability of the p-shell emission 
as the number of excitons in the dot is increased. Emission of charged multi-exciton 
complexes will be presented in Chapter 4 where they are used to interpret recent exper-
imental findings [54]. Finally in Chapter 5 the influence of higher shells on the optical 
properties is investigated. 
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1 Model System 
Background 

Theoretical 

In this chapter, we introduce the model system that will be investigated throughout 
this part. Furthermore we present the basic idea of the full-configuration interaction 
(FCI) approach, which allows us to calculate the multi-exciton spectra presented in this 
and the following part of the present thesis. We start with a discussion of the single-
particle states of a lens-shaped QD in Section 1.1. Then we introduce the many-body 
Hamiltonian for the system of interacting charge carriers in Section 1.2. The subsequent 
Section 1.3 deals with the FCI approach. 

î-Particle States 

Before proceeding to the many-particle problem, we have to specify an appropriate 

dimensional harmonic oscillator wave functions for the bound-states in the plane per-
pendicular to the growth direction. For the strong confinement in growth direction 
we use an infinite potential well to model the corresponding finite extension of the 
wave function and consider only the energetically lowest subband for this quantization 
direction. 

To motivate this choice of two-dimensional harmonic oscillator wave functions, we follow 
the paper of Wojs et al. [57] and solve the Schrödinger equation 

h2 

Hia = e a i a with H = -~ A + V\(r) 
2m x 

in envelope and effective-mass approximation for the case of flat, cylindrically symmetric 
QDs. We assume that the energetically lowest QD states are well approximated by the 
hh-states. This is motivated by the fact that the strain - which is responsible for the 
very existence of dots grown in the Stranski-Krastanow growth mode [13-15] - together 
with the dimensional reduction, leads to a lifting of the degeneracy of the light- and 

hole band to lower energies [65]. For the shape of the QD we assume a cap of a 
residing on a wetting layer to model the experimentally often found lens-shaped 

L4,57,66]. The QD geometry is schematically depicted in Figure 1.1. Assuming 
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1 Model System and Theoretical Background 

Figure 1.1: Schematic representation of a quantum dot grey) residing on a wetting 

a constant band-offset AE\ , we use for the confinement potential 

VX(T) 
0 

A E A 

r inside the QD and the WL, 
otherwise. 

where A = e in case of electrons and A = h in case of holes. The rotational symmetry 
allows us to classify the single-particle states according to their angular momentum and 
to effectively reduce the three-dimensional problem to a two-dimensional one. Further-
more the flatness of the QD can be used to approximately map the two-dimensional 
problem on a one-dimensional problem [57], which can then be solved numerically. To 
check whether the proposed approximation is valid, we compare the result of the 'adia-
batic approximation' to the solutions of the two-dimensional Schrödinger equation on 
a two-dimensional grid. We find that the approximation is indeed well justified for flat 
dots. 

Using the parameters of Table 1.1, which are typical for the InGaAs/GaAs system and 
similar to those given in [57], we obtain the energy spectrum depicted in Figure 1.2. 
This spectrum resembles very much the energy spectrum of a two-dimensional harmonic 

radius of quantum dot 
of quantum dot 

band off-set 
effective mass 

î'qd = 16 nm 
h = 4.0 nm 
Co = 1.6 nm 
A Ee = 350 meV 
me = 0.065 m0 

Table 1.1: Parameters defining the cylindrical symmetric QD depicted in Figure 1.1. 
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3-Particle States 
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Figure 1.2: QD-energy spectrum for electrons (circles) and the equidistantly spaced energies 
of a two-dimensional harmonic oscillator with hujfit = 38.578meY (dotted lines). The quasi 
continuum of WL states lies energetically above the solid line. 

oscillator [67]. Indeed, if the circles lay exactly on the dotted line, which represent the 
equidistant energies of the harmonic oscillator, the energy spectrum of the bound states 
of the QD would fully coincide with the energy spectrum of the four energetically lowest 
shells of a two-dimensional harmonic oscillator. 

As the form of the wave function enters the Coulomb matrix elements explicitly, we 
additionally check whether the good agreement between an oscillator model and the 
solution of the Schrödinger equation ends at the level of the energy spectrum, or if it is 
also valid for the wave functions, which is crucial if one aims at replacing the numerically 
evaluated wave functions and energies with those of a two-dimensional harmonic oscil-
lator. A comparison of the QD wave functions and harmonic oscillator wave functions 
is shown in Figure 1.3. These results show that the excellent agreement is not restricted 
to the energy spectrum but is also found between the radial wave functions calculated 
for QD (solid lines) and those of a two-dimensional harmonic oscillator (dashed lines). 
Note that such a good agreement is not only found for the particular set of parameters 
of Table 1.1, but also for a wide variety of other parameters including larger and smaller 
QD as well as different effective masses. The dimension of the particular QD presented 
here is on the one hand small enough to show all the wave functions of the bound states, 
and, on the other hand, large enough to show that the good agreement between the 
harmonic oscillator states does not only hold for the lowest state. 

Due to this overall good agreement, we can replace the single-particle bound-state 
wave functions in the plane of larger extension without hesitation by those of a two-
dimensional harmonic oscillator and a box-like potential in growth direction. The as-
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1 Model System and Theoretical Background 

Figure 1.3: Comparison of the radial wave functions of an electron confined in the quantum 
dot (solid lines) with those of a two-dimensional harmonic oscillator (dashed lines) for different 
angular momenta. 

sumption of harmonic oscillator states is furthermore underpinned by a recent publi-
cation by Sheng et al. where the effective-mass approach is compared to a k.p and a 
tight-binding-like calculation [49]. In the following we will adopt the so-called symmet-
ric case, in which one assumes identical envelopes for the valence- and conduction-band 
electrons, i.e. = = This assumption, which is often employed in the litera-

and is found to be a good approximation for the oscillator potentials used here. Note 
that with the convention pi)C 

opposite angular momenta. 

p * state indices i for electrons and holes indicate h 

In this section the Hamiltonian H of the interacting carrier system is discussed. Here 
we assume that the already very demanding task of realistically describing the electrons 
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Hamiltonian 

inside a QD has been successfully solved on the single-particle level. If this has been 
achieved, these results can be used as input-parameters for a many-body calculation 
that will allow us to determine multi-exciton spectra. 

The Hamiltonian that describes the system of interacting electrons and holes in a QD 
consists of two parts. The free part H0 contains information about the single-particle 
spectrum e- ' h ) and describes a system of non-interacting charge carriers. The Coulomb 
interaction between the charge carriers is included in iïcoui- These Hamiltonians ex-
plicitly read: 

Ho £iei* + J 2 £ h i 
ia ia 

+ + 1 
He oui --Z Vif,kl 4xejvefe°-'e'°- + 9 I ] Vij% hiah^hka'hla 2 / j ijyki la jcr' iU 1 2 / j f-JiKl ig ja' iU 

ijkl ijkl V ' 
aaf <J<J' 

y ^ V i j , fcl hlae]a> eka' hla • 
ijkl 

Here eia (ej^) are annihilation (creation) operators of electrons with spin a in the one-
particle states of energy e\. The corresponding operators and single-particle energies 
for holes are and e'l, respectively. The explicit form of the single-particle wave 
function (r|i, A) = ipi,\(r) enters the description via the Coulomb matrix elements: 

= j d 3 r j d V V ^ W f (r ' )V(r " (1.2) 

with the band index A = e, h and the Coulomb potential Vfr) = e2/47re0err, where 
er is the background dielectric constant. In envelope-function approximation uA is 
decomposed into the product <^A(r)i<£=0(r), where (r) denotes the Bloch function 
and £A(r) is the slowly varying envelope [68]. An additional contribution containing the 
electron-hole exchange terms V^e

fcf
xch = f d3r f d3r'^*(r)i/>?*(r)V(r -

has been omitted in the Hamiltonian, as these matrix elements are strictly zero in 
envelope-function approximation. This is the case because Bloch functions (r) of 
different bands are orthogonal to each other. In more sophisticated approaches based 
on, for example, k • p [49] or tight-binding models [49, 69], these matrix elements 
constitute only a small perturbation, which shows once more that they can be neglected. 
As detailed in Appendix B, in this situation the spin of the electrons and holes are 
separately good quantum numbers. Please note that the electron-hole exchange matrix 
elements V^6

fc'®
xch should not be confused with the exchange Coulomb matrix elements 

= V ^ that can by no means be neglected and are of utmost importance for the 
proper description of the multi-exciton spectra. 

In the symmetric case £i)e = all Coulomb matrix elements are related to the electron-
electron ones by 

— ̂ ki,ij a n d Vij%i — Vij%i • (1-3) 
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1 Model System and Theoretical Background 

- 0.065 m0 

- 0.17 mo 
13.69 
= 5.4 nm 

Table 1.2: Quantum dot parameters used in the multi-exciton calculations; mo denotes the 
vacuum electron mass. 

effective mass me = 
effective hole mass mh = 
dielectric constant er = 

The superscript ee will be dropped in what follows. The six-fold integral of the 
Coulomb-matrix elements (1.2) can be analytically reduced to a one-dimensional in-
tegral, which is evaluated numerically. Due to the cylindrical symmetry of the problem 
the angular momentum is conserved and one has V V J , - I oc d,Ui | ,„ ) . ,„ ( . i 

The many-body Hamiltonian is fully determined by the parameters listed in Table 1.2. 
From these values we obtain the single-particle energies with constant spacing frwe = 
h2/mj2

sc = 40.20meV and hujh = 15.37 meV, as well as the energy scale of the Coulomb 
matrix elements Ec = e2 / 4ntotrlosc = 19.48 meV. In the first part of the following 
chapters we will restrict ourselves to a QD containing an s- and a p-shell for both 
electrons and holes. In this case the orbital part of the single-particle state |?'} can be 
uniquely identified by its angular-momentum, m = 0 for the s-shell and m = ±1 for the 
two p-states. All non-zero Coulomb matrix elements for this case are listed in Table 1.3. 
In Chapter 5 we will then investigate a QD with three shells for each type of carrier. 

/Ec 

(0, 0, 0, 0) 1.1197 
(0, 1, 1, 0), (1, 0, 0, 1) 0.8690 

(0, -1, -1, 0), (-1, 0, 0, -1) 0.8690 

(1 ,1 ,1 ,1 ) 0.7935 
(1, -1, -1,1),(-1,1,1, -1) 0.7935 

(-1, -1, -1, -1) 0.7935 
(0, 0, 1, -1), (0, 0, -1, 1),(1, -1, 0, 0), (-1, 1, 0, 0) 0.2507 

(0, 1, 0, 1), (1, 0, 1, 0) 0.2507 
(0, -1, 0, -1),(-1, 0, -1, 0) 0.2507 
(1,-1,1, -1),(-1,1,-1,1) 0.1753 

Table 1.3: Non-zero Coulomb matrix elements in units of Ec = e2/Aneoerlosc. The indices 
refer to the z-component of the angular momentum: m = 0 for the s-shell and m = ±1 for 
the p-shell. The horizontal lines divide the matrix elements into three groups: direct- (top), 
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1.3 Full Configuration Interaction Scheme 

1.3 Full Configuration Interaction Scheme 

In a semiconductor QD the finite height of the confinement potential leads to a finite 
number of localized states as well as to a continuum of energetically higher delocalized 
states. When the influence of the delocalized states on the discrete QD spectrum 
is neglected, the eigenvalue problem has a finite (albeit large) dimension and can be 
solved without further approximations. In this way the Coulomb interaction between 
the different possible configurations of carriers in the available bound states is fully taken 
into account. In this section we first outline the general idea of the 'full configuration 
interaction scheme' (FCI), which is also called 'exact diagonalization approach'. Then 
we describe how optical properties can be obtained from the Coulomb-correlated few-
particle states and discuss the simplification entailed by the assumption of identical 
envelopes. 

As the Hamiltonian conserves the total number of electrons Ne and holes Nh. the 
Hamiltonian matrix falls into subblocks with basis states corresponding to uncorrelated 
many-particle states of the form 

n ( e i r r n • a -

In spatial representation the set of uncorrelated basis states {| </>»}} corresponds to the 
construction of all possible Slater states for a given number of electrons and holes. In 
order to find the eigenvalues and eigenfunctions of the interacting problem, the Hamil-
tonian H = H0 + //(joui as given by Eq. (1.1) is expressed in terms of the uncorrelated 
basis (1.4). The resulting Hamiltonian matrix {(j)i\H\(j)j) is then diagonalized. For de-
tails of how to construct the Hamiltonian matrix and evaluate the matrix elements the 
reader is referred to Appendix A. By diagonalization, one obtains an expansion of the 
interacting few-particle eigenstates of the system for a given number of electrons 
and holes in terms of the uncorrelated basis states |-0) = a i \ S u c h an expansion 
is desired as it allows one to calculate matrix elements between correlated states rel-
atively easy, once the corresponding matrix elements for the uncorrelated basis states 
are determined. 

As soon as the correlated eigenstates are determined, one can use them to calculate, for 
example, the interband emission or absorption spectra between the Coulomb-correlated 
eigenstates of the QD system. The corresponding emission intensity is calculated using 

W = t E K ^ / I ^ d i p o l e l ^ ) ! 2 m - E f - M . ( 1 . 5 ) 
a f 

Here |-0«) denotes the initial many-particle state in the presence of Coulomb interaction 
with energy Ei. The corresponding quantities of the final states are \i ' jj and E f . 
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1 Model System and Theoretical Background 

A similar expression is found for the absorption spectrum. The Hamiltonian I/<iipoie 
describes the light-matter interaction in dipole approximation and is given by 

H, dipole £(Ed eh 
nm 

t + 

e h +h.c . n, —a to,<T (1.6) 

In this expression d ^ denotes the matrix element (n\er\m) with the single-particle 
states In) and | m) for the electron and hole, respectively. In envelope function ap-
proximation this can be evaluated to dcv(n\m) with the bulk interband matrix element 
dcv [68]. The quantity E is the electric field at the position of the QD and e is the 
elementary charge. As the wavelength of the optical field is typically at least one order 
of magnitude larger than the extension of the QD, variations of the optical field over 
the QD can safely be neglected. Equation (1.6) shows that the optical field always cre-
ates or destroys electron-hole pairs. From this we can conclude that the only non-zero 
transition in Fermi's golden rule, will stem from situations in which the initial and final 
many-particle states differ by exactly one electron-hole pair. 

In the special case of identical envelopes the dipole-matrix elements de^m become di-
agonal, i.e. (n\er\m) oc àTherefore, the coupling of the QD to the optical field is 
conveniently described by the interband dipole operator 

P = Y , Pa = rei—r (1.7) 

and its hermitian conjugate, where d is the modulus of the interband dipole matrix 
element. The operator V describes the recombination of 'mirror-symmetric' pairs, 
that is pairs having opposite - -components of the angular momentum and spin. The 
hermitian conjugate operator V^ creates mirror-symmetric pairs and appears in the 

Throughout the following sections we will use the outlined FCI procedure to calculate 
the optical spectra for different situations. While the principle idea of the FCI approach 
is explained relatively easy, the numerical implementation and the resulting spectra are 
quite involved. Therefore a detailed discussion and interpretation of the numerically 
determined spectra is desirable and constitutes an integral part of the following chap-
ters. 
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2 Full Configuration Interaction 

In this chapter we analyze the multi-exciton spectra calculated using the FCI method 
for a QD that provides an s- and a p-shell for electrons and holes. After some general 
remarks about the symmetries of the system and the initial states, we focus on the 
excitonic absorption and emission properties. The problem with only one electron-
hole pair allows for an analytic discussion of the optical properties and illustrates the 
general procedure. After this, Section 2.3 deals with the biexcitonic problem, i.e., 
the investigation of two interacting electron-hole pairs and their optical properties. 
In Section 2.4 the spectra for an initial filling with up to six excitons are presented. 
The detailed analysis of the striking features observed in these spectra is postponed to 
Chapter 3. 

2.1 Basic Considerations 

Because the single-particle states are eigenstates of the --component, of the angular 
momentum operator, the classification of the uncorrelated Slater states in terms of 
the total angular momentum lez + lhc is straightforward. Furthermore, the states can 
easily be classified according to the total spin --component separately for the electrons 
and the holes. Moreover, the Hamiltonian (1.1) commutes with the total spin of the 
electrons, Sg, as well as with the total spin of the holes, S^, as discussed in Appendix B. 
However, the explicit classification of the Slater states in terms of the total spin is not 
straightforward. While it is relatively simple to find the linear combination of the Slater 
states that diagonalizes the spin operator in the case of two carriers, it is a rather tedious 
task in a more general situation. Instead, a numerical scheme was employed for this 
purpose. 

The rather rich symmetry of the problem can be exploited to separate smaller Hamil-
tonian subblocks and to predict degeneracies. A list of good quantum numbers in this 
system includes Ne,Nh,le

z I The eigenstates are degenerate with re-
spect to SI and Sft. By numerical diagonalization of these subblocks, one obtains the 
Coulomb-correlated states and the corresponding eigenvalues, classified according to 
the above-mentioned quantum numbers. 

Once the Coulomb-correlated eigenstates are determined, the absorption and emission 
spectra can be calculated using Fermi's golden rule. To do so one has to specify the 
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2 Full Configuration Interaction Results for the Optical Spectra 

initial states. In the following sections we restrict ourselves to situations where the 
optical excitation leads to the same number of electrons and holes in the QD, i.e., 
Ne = Nh = Nx, where Nx stands for the number of electron-hole pairs (in the following 
loosely called excitons). Here it is further assumed that energy relaxation of carriers 
within the QD is considerably faster than the carrier recombination, so that the initial 
state for the recombination process with given Nx is the corresponding multi-exciton 
state with the lowest energy (Nx exciton ground state). Moreover, changes of the 
carrier spin during relaxation are neglected [72]. Since an optical excitation only creates 
multi-exciton states in which electrons and holes have opposite Sz values, only states 
with vanishing total --component of the spin are considered as initial states. When 
considering an emission spectrum, the final state can be any (ground or excited) state 
of the system with one exciton removed. The same holds for an absorption spectrum, 
only that in this case one exciton is added to the final state. Later on in Chapter 4, we 
will analyze charged exciton complexes and spectra resulting from excited states. 

2.2 Excitonic Absorption and Emission 

As a first and most simple example we consider the absorption of an initially empty 
QD [44], A schematic representation of the single-particle energy spectrum for a QD 
with two shells is given in Figure 2.1 a). 

In part b) the energy spectrum of a QD filled with one electron-hole pair is shown 

energies belong to the possible final states in an absorption experiment. The different 
energy levels are classified in terms of the total angular momentum - -component IUA = 
jtot,e I /tot./, a r i ([ their degeneracy. Without Coulomb interaction there are four different 
eigenenergies: The lowest energy corresponds to the case in which both electron and 
hole are in the s-shell. The highest energy belongs to a situation in which both carriers 
occupy the p-shell. For the two states energetically in the middle, one of the carriers 
occupies the s- and one the p-shell. The two energies are different because the energetic 
spacing of the single-particle states for electrons and holes are not the same, as indicated 
in part a) of the figure. The influence of the Coulomb interaction on the energy spectrum 
is two-fold: First it shifts the spectrum to lower energies due to the attractive interaction 
between electron and hole, and second it lifts some of the degeneracies. 

(dashed) Coulomb interaction is shown. Bearing the harmonic oscillator model in mind, 
in the absence of Coulomb interaction one expects two lines: one at fuve + Hu>h for the 
s-shell and one at 2(Hue + Huh) for the p-shell (measured relative to the bandgap). The 
ratio of the heights of the lines, here 2 : 1 , reflects the degeneracy of the correspond-
ing shells. Including Coulomb interaction, the absorption lines shift to lower energies 
due to the attractive interaction between electron and hole. Furthermore a transfer of 
oscillator strength from the p-shell to the s-slioll emission line can be observed in the 

12 



2.2 Excitonic Absorption and Emission 
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Figure 2.1: Part a) gives a schematic representation of the single-particle energy spectrum. In 
part b) the energy spectrum of one electron-hole pair with (right) and without (left) Coulomb 
interaction is shown. Additionally the classification in terms of the total angular momentum 
z-component ll

z
oi = llot'e + llot'h and the degeneracy of the energies is given. Vertical arrows 

denote transitions with non-vanishing oscillator strength. In part c) an absorption spectrum 
for an empty QD is shown. The s- and p-shell are clearly visible in the presence (solid line) 
and absence (dotted line) of the attractive Coulomb interaction between the carriers. 

figure. Note that this transfer takes 
unchanged. 

while keeping the sum of the heights 

Whether a certain eigenstate | / ) with one electron-hole pair (which we will conveniently 
denote in the following as IX state) is visible in an absorption experiment depends on 
the matrix element | {0\V\f)\2. If it is zero, the state | / ) will be dark, otherwise it will be 
bright and can be observed. In the present example the initial state is the vacuum state 
|0) with no electron and no hole present. As already mentioned, the operator V destroys 
electron-hole pairs with total angular momentum --component and spin --component 
equal to zero. Therefore, only final states with .S'1;01-' | SwlJ' = 0 and I'f1"' I ItM"h = 0 are 
connected to the vacuum state. Consequently, in the absence of Coulomb interaction 
only two out of the four states can, even in principle, be observed. And indeed these 
two states are bright. According to their symmetry, the other two are necessarily dark. 
Including Coulomb interaction leads to a coupling of different uncorrelated states, so 
that three different energies could in principle be observed. However, the calculation 
yields only two transition lines. The corresponding states in the energy spectrum are 
indicated by vertical arrows in part b) of Figure 2.1. The states with the highest energy 
remain dark even though symmetry arguments do not predict this. 

In the following paragraph, we give an analytic explanation of this behavior. Further-
more this simple example will clarify the general procedure. As already mentioned, 
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2 Full Configuration Interaction Results for the Optical Spectra 

\0a) 

2.2: Configurations classified ' 

\0b) 

i tot ,e I i to t ,h 
lz + lz 0 and + 0. An additional 

restriction to the subspace S"!0*'6 = \ and S = — \ is possible due spin degeneracy. 

only states with ^ o t ' e + ,S'';0L/' = 0 and /';0L' + l M J ' = 0 can be connected to the vacuum 
state by the dipole Hamiltonian. Therefore it is sufficient to restrict the analysis to this 
particular subspace. Additionally, ,S'kjl-' and SL'jLh are good quantum numbers of the 
problem, so that the Hamiltonian matrix can be separated into subblocks with constant 
spin --component. Therefore we can restrict ourselves to the block with Sl

z
ot'e = \ and 

gtot,h —i [44], The corresponding configurations are shown in Figure 2.2. All three 
states can directly be created from the vacuum by the action of V^ and are therefore 
called bright. These are the states seen in the spectrum in Figure 2.1 in the absence 
of Coulomb interaction. In the presence of Coulomb interaction, these states become 
mixed. The Hamiltonian matrix that describes this mixing contains only the non-
interacting energies and the electron-hole interaction, because the contributions from 
electron-electron and hole-hole interaction vanish in a situation in which only one car-
rier of each type is present. Then the Hamiltonian matrix in the basis of Figure 2.2 is 

H 

( 

\ 

£e + £h - Ds 

- X , 

-X 

sp 

X - sp 

£e I £h _ D 
£p + £p DPP 

X \ 
sp 

X pp 

sp X 

(2.1) 

pp 
£ e I £ h D 
£ p + £ p D P P J 

Here X^ = V^- denotes the exchange and Dij = Vijji the direct Coulomb interaction 
terms. Due to the simple structure of this matrix, the eigenvalues and eigenvectors 
can be determined analytically. The eigenvector with the highest eigenenergy, namely 
£<p + £p ~ Dpp + Xpp is proportional to the transposed vector (0, —1, 1 )'. The other 
states are slightly more complicated and therefore here omitted. In order to determine 
the absorption spectrum, the transition matrix elements \(0\V\f}\2 = \(I\V]'\(Ï)\2 have 
to be evaluated. Because the configurations in Figure 2.2 are bright, one has V^\0) = 
\ipa) + \ipb) + I"0c) + |"0r)? where |-0r) denotes other states that are orthogonal on the 
set {|ipa), Iipb), I"0c)}- More precisely |-0r) consists of the states that are generated from 
{\4>a), \4>b), I"0c)} by flipping all the spins. For an arbitrary linear combination of the 
possible final configurations of Figure 2.2 | / ) = a\ipa) + ß\tpb) + l\4>c), one obtains 
{/|-PT|0)|2 = ri | | - This shows in particular that the eigenvector proportional 

to ( a , ß , ^Y = (0, —1, 1 )' is not observable in an absorption spectrum, which provides 
the explanation of the aforementioned result of the dark third eigenstate. 
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2.3 The Biexciton Problem 
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Figure 2.3: Excitonic and biexcitonic energy spectrum with and without Coulomb interaction 
(left). Right: Ground state emission spectra for an exciton and a biexciton. In the presence of 
Coulomb interaction an overall shift to lower energies is visible both in the energy spectrum 
and the emission lines. Furthermore a negative biexciton binding energy can be inferred. For 
better comparison the height of the excitonic line is doubled. 

If one considers now the ground state emission spectrum from a QD with an initial 
filling of IX, exactly one line is found both with and without Coulomb interaction, 
and in both cases the lines are exactly the low-energy lines found in the absorption 

2.3 The Biexciton Problem 

As a second example for the calculation of multi-exciton spectra, the excitonic and 
biexcitonic energy spectrum in the presence and absence of Coulomb interaction is 
shown in the left part of Figure 2.3. Again, the effect of Coulomb interaction is an overall 
shift to lower energies together with a reduction of degeneracies. The corresponding 
emission spectra are depicted on the right hand side of Figure 2.3. In the absence of 
Coulomb interaction the exciton and biexcitonic line coincide energetically and can be 
found at huje + hjJi,. Including the interaction, the ground state emission spectrum of 
the biexciton lies energetically below the excitonic line. From this, a biexciton binding 
energy, defined by 

Bxx = E^(2X)-2Egs(lX) , (2.2) 

of — 1.90meV can be deduced. Here £ ,
g s(IX) and Egs(2X) denote the ground state 

energy of the exciton and biexciton, respectively. A negative binding energy shows that 
it is energetically favorable to build a combined state out of the two electrons and the 
two holes. 
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2 Full Configuration Interaction Results for the Optical Spectra 

Our value for the binding energy is in excellent agreement with recent measurements 
of BXx = —1.96 meV reported in Ref. [42] and the calculated value of approximately 
—2meV given in Ref. [73]. Such a good agreement is rather surprising if one bears in 
mind that the shape, composition and strain are neither precisely known nor accounted 
for in our model. Other groups [74-76] report for III-V systems somewhat larger values 
around — 3meV, which is - again due to the many unknown parameters - still a very 
satisfying result. 

Considering the huge number of different configurations that interact in the biexciton 
problem and the fact that in this situation Coulomb interaction between equal carri-
ers plays a role, it is not surprising that no simple analytic expression for the biexciton 
binding energy can be given. In order to understand the smallness of the biexciton bind-
ing energy it is illuminating to compare the QD biexciton problem with the hydrogen 
molecule (Heitler-London) theory. In the latter, the positive charges keep an optimal 
distance from one another and allow the negative ones to take the space between. In the 
QD, due to the discrete one-particle spectrum, no such geometrical flexibility is allowed: 
The carriers take preferentially the lowest available states, in which all the charges are 
superimposed. In the limiting case of identical envelopes the exciton is not only globally 
but also locally neutral, so that the two excitons do not interact at all, which would lead 
to a vanishing biexciton binding energy. The corrections to this picture stem from con-
tributions of higher-state configurations that allow for a rearrangement of the charges. 

keeps these admixtures small, and with it the biexciton binding energy. 

2.4 Multi-Exciton Emission Spectra 

After this investigation of the exciton and biexciton problem, let us consider the more 
general case, in which the number of excitons is step by step increased between one and 
the maximum number of excitons that the QD can confine. For the ground state, the 
analysis of Coulomb-correlated multi-exciton states shows that for an even number of 
excitons Nx, the spin-symmetry is singlet-singlet (ss), i.e., Se = Sh = 0. These states 
are non-degenerate. In contrast, for odd Nx one has doublet-doublet (dd) ground 
states with Se = S h = 1/2 that are four times degenerate. For the choice of the 
initial states discussed in Section 2.1 only two states contribute as initial states to the 
emission formula with a weighting factor of 1/2 each. The other two states are also 
dipole-allowed, but are eliminated from the emission formula Eq. (1.5) because their 
total spin --component .S";01"' + .S'1;01"'' is nonzero. (By the same arguments one may 
be concerned about eliminating the states not having total angular momentum zero, 
but, as expected, no such ground states occur.) Note that if one would include these 
additional ground states only the height of some peaks is changed but no additional 
lines were introduced. 

The results for the multi-exciton spectra are shown in Figure 2.4 for increasing popu-
lation. First one observes the excitonic emission line, then the biexcitonic line, which 
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2.4 Multi-Exciton Emission Spectra 

Figure 2.4: Ground state emission spectra for a QD with different number of excitons. The 
labels indicate the total spin of the final state for electrons and holes, respectively: s-singlet, 
d-doublet, t-triplet. The total angular momentum z-component is always zero. In the case of 
an odd number of excitons the spectrum is averaged over the two different ST' + S? > = 0 
ground states. All energies are measured relative to the band-gap. The dotted lines are guides 
for the eye. 

is shifted to lower energies due to the binding energy. Both lines stem from recombina-
tion processes that mainly involve configurations in which an exciton from the .s-shell 
is removed. For a filling with three or more excitons, there are, in addition to the 
s-shell lines (ho < 35 meV), peaks that stem from recombinations, in which mainly an 
electron-hole pair of the p-shell is removed. We therefore call the signature with ho > 
80 meV p-shell emission. Note that such a spectral separation of about 50 meV between 
the energetically lower and the energetically higher side of a multi-exciton spectrum is 
also observed in typical experiments [29,40]. A closer look at the low-energy side reveals 
that the .s-lines are arranged approximately in a descending ladder. In contrast to that, 
the energies of the p-lines show a remarkable stability. This stability was attributed to 
a 'hidden symmetry' property, which will be discussed in detail in Section 3.2. 

The dipole operator V has no simple commutation relation with the spin operators 
Sg, Si and therefore the spin symmetry of the final state is not determined by that of 
the initial state. This is why we encounter as final states all possible spin symmetries 
(ss, dd, tt, st, ts), as indicated in the figure. 
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2 Full Configuration Interaction Results for the Optical Spectra 

By restricting the present discussion to an s- and a p-shell, the Hamiltonian (1.1) 
is identical, up to nonessential differences in the parameters, to the case analyzed in 
Ref. [44]. Nevertheless, the full diagonalization procedure used here leads to different 
relative line intensities and, more importantly, to the appearance of new emission lines. 
Namely, the st- and ts-lines that are altogether missing in Ref. [44]. 

After the investigation of the exciton and biexciton problem, we have presented in this 
chapter FCI results for an initially filling of the QD with up to six excitons and pointed 
out some of the intriguing regularities in these spectra. The next chapter is devoted to 
an explanation of these features. To this end, we will employ approximate Hamiltonians 
that retain the overall features and allow for a simpler analysis. 
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3 Approximation Schemes 

The interaction between different configurations, as given by the FCI method, shows a 

Even though we have considered electron-hole pairs that are optically created in 'mirror-
symmetric' states, the Coulomb interaction mixes them strongly with configurations in 
which the electrons and holes are not arranged symmetrically. For instance, promoting 
two holes from the s-slioll to the p-shell is energetically less costly than promoting one 
electron and one hole. The second case is more symmetric, but the first produces a state 
which is energetically closer to the original state and therefore it is the second state 
that will participate stronger in the exact interacting eigenstate. This may explain the 
disagreement with the line intensities found in Ref. [44], where only symmetric states 
are considered. 

On the other hand, the relatively regular structure of the emission lines seems to indicate 
that an intuitive picture should be possible. This is achieved by turning to simpler, 
approximate Hamiltonians that allow analytic solutions and at the same time retain the 
essential features of the full problem. In the following section we consider a Hamiltonian 
that is diagonal in the free states. As we will see, this Hamiltonian is already able to 
explain the main features of the multi-exciton spectra. However, it overestimates the 
splitting observed for the p-shell emission and does not reproduce its stability as the 
number of excitons is increased in the QD. This 'hidden symmetry' property will be 
discussed in detail in Section 3.2. There we introduce the 'adiabatic Hamiltonian' that 
is able to explain both the ladder-like structure observed for the .s-shell emission and 
the remarkable stability of the p-shell emission lines. 

3.1 Diagonal Hamiltonian 

In this section we derive a Hamiltonian that is diagonal in the uncorrelated many-
particle basis states. The derivation is based on the relative importance of various 
interaction matrix elements. With the help of this Hamiltonian, it is possible to give 
an intuitive explanation for the main trends observed in the multi-exciton emission 
spectra shown in Figure 2.4 in the previous chapter. To this end we examine the list of 
all Coulomb matrix elements in Table 1.3 on page 8. There it can be seen that the largest 
Coulomb matrix elements are the direct ones, V^-jj = I),, = Dji. Their contribution to 
Hcoui can be expressed solely in terms of the occupation number operators, ffi(J = e\aei(T 

and = hlahia. Therefore this part is diagonal in the non-interacting basis states 
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3 Approximation Schemes 

given in Eq. (1.4) on page 9. The same is true for the exchange matrix elements 
Vijtij = Xij = Xji with / / j provided one includes their contribution only in the e-e 
and h-h interaction terms involving the same spin (a = a'). In this way, one obtains a 
Hamiltonian that is diagonal in the free states: 

HA; diag = Ç - ^ + Ç - \D* )% 

2 
(3.1) 

The prime in the last summation indicates that the i 
Similarly nf stands for n% + h\ n) denotes n^ + n^. 'il-

j terms have to be omitted and 
Of course, for this Hamiltonian 

there is no configuration interaction. The non-correlated states are eigenstates and 
the eigenvalues are derived from the formula above by inserting the corresponding 
occupation numbers. 

If we now consider only 'symmetric'basis states1, that is, only Slater states from 
Eq. (1.4), in which the same single-particle states are occupied by the electrons and 
holes ( ne

ia = = nfa) we obtain for the eigenenergies of these states: 

E = £ (e? + eh - Da) n f - 2 J ] Xi] nX n f a 
i<j 

(3.2) 

Here is one if the -particle state |i, a) is occupied by an electron (and thus 
a hole as we consider only symmetric states) and zero otherwise. The spin index was 

Note that the second sum runs only over pairs of excitons. 

E X + e1} — Da where the binding energy 
results from the direct electron-hole Coulomb attraction. When the electron and hole 
envelope functions are identical, the excitons are not only globally but also locally 
neutral and the direct electrostatic interaction between different excitons vanishes. To 
better understand the physical reason for this, let us take a look at Figure 3.1. There, a 
typical symmetric state with two electrons and two holes is depicted. If we now consider, 
for example, the s-electron, the Coulomb interaction for this electron consists of three 
terms: The interaction with the /^-electron and the interaction with the .s- and p-hole. 
As we assumed identical envelopes the repulsive contribution of the p-electron and the 
attractive contribution of the p-hole on the .s-electron exactly cancel each other and we 
are left with the attractive interaction of the .s-hole. A similar argument applies for 

Only these states are optically active in the non-interacting case, so that one expects them to 
the main contribution to the spectrum. 
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3.1 Diagonal Hamiltonian 

terms Dij cancel 

'diagonal' direct terms Dii 

Figure 3.1: (color online) For symmetric population, only the diagonal direct term Da en-
ters the approximate energy because the off-diagonal direct terms D^ cancel exactly in the 
considered case of identical envelopes. 

all the charge carriers. Therefore only the diagonal direct terms Da contribute. In the 
approximate Hamiltonian (3.2) the only interaction between different excitons is due 
to the exchange terms and takes place between excitons with the same spin structure2. 
Consequently, the biexciton binding energy is zero in this approximation. In the case 
of a dot with only two shells the exciton energy Ef depends only on the shell and not 
on the state /). Furthermore the exchange-interaction XtJ is completely described by 
the two numbers Xsp and Xpp as one has: 

V i j i j 

fDss 
X X
 sp X \ Xsp 

Xsp Dpp X p p 

\Xsp XPP Dpp y 

numbers describe the QD in terms of the diagonal Hamiltonian: E*, Ep , Xsp and Xpp. 
For example, using this notation, the state in Figure 3.1 has the energy: Ex+Ep — 2Xsp. 

A comparison of the results from the diagonal model with those from the full Hamil-
tonian is given in Figure 3.2. The approximate Hamiltonian indeed reproduces the 
dominant features of the multi-exciton emission spectra. It shows a ladder-like struc-
ture of the s-lines, with the corresponding spacing in good agreement with the full 
calculation. However, it overestimates the splitting in the p-shell and blue-shifts the 
s-shell transitions. Furthermore, there is a discrepancy in the peak height as the os-
cillator strength in the simplified picture takes only integer values. This is the case 
because any allowed transition between Slater states enters with an oscillator strength 
of one. Since we have a good overall agreement between the full calculation and the 

2 Since we only consider electron-hole pairs with opposite ^-components of the spin, the exciton spin 
is always zero. Exchange interaction between two excitons is possible when the ^-components of the 
spin for the two electrons agree, which is then also true for the holes. 

j 
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Figure 3.2: (color online) Comparison of results from the diagonal Hamiltonian (red) and 
the full diagonalization (blue) for ground state emission spectra with increasing number of 
excitons. The dominant features are well reproduced by the approximate scheme. 
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simplified model and the latter is diagonal in the uncorrelated states, we can use these 
non-interacting states to discuss the features of the excitonic emission spectrum. 

For example, starting from the ground state of the QD filled with three excitons (see 
Figure 3.3) either the /^-electron recombines with the p-hole, which results in the high-
energy line, or one of the .s-electrons recombines with an .s-hole, resulting in the low 
energy lines. The splitting of the latter is due to the exchange terms X^ [29, 53]. 
Depending on which of the two s-shell electrons recombine, the remaining electron can 
or cannot lower its energy by exchange. In the approximate scheme the splitting is 
given by the exchange interaction between carriers in the s- and p-shell: According to 
Eq. (3.2) the energy change for the removal of one s-exciton with a given spin structure 
is proportional to the number of p-excitons having the same spin structure. Adding 
equal contributions from electrons and holes, the coefficient is 2Xsp. A similar splitting 
can be observed for an initial filling with five excitons. In addition to the main peaks, 
which can be explained in the approximate picture, there are smaller peaks in the 
spectrum that stem from admixtures of more complicated configurations. 

As the exchange terms are responsible for the .s-shell splitting in the three and five 
exciton emission spectrum it is easy to understand why there is no splitting in the case 
of four and six excitons: In this case, no matter which of the s-electrons recombines, 
it always has an exchange partner, so that there is no energy difference between these 
configurations, as depicted in Figure 3.4. 
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3.1 Diagonal Hamiltonian 

Figure 3.3: 3X —• 2X emission spectra obtained from the full calculation and interpretation 
of the main peaks using the diagonal Hamiltonian. The exchange integrals are responsible for 
the splitting of the major s-shell lines. As we consider only symmetrically populated states in 
the approximate description, it is sufficient to depict only the electronic configurations. 

Even though the diagonal Hamiltonian gives an intuitive picture of the main features 
in terms of uncorrelated states, the following shortcomings of this model need to be 
discussed: The ground state of the four exciton problem is inaccurately given by the 
diagonal model as a triplet-triplet state, as predicted by Hund's rule. It is known that 
Hund's rule does not always apply in QDs and this is such a case. The true ground 

symmetry, as mentioned in the previous section. It is this singlet-singlet state that is 
used as initial state in the emission spectrum obtained from the diagonal Hamiltonian, 
red line in Figure 3.2, in order to make the comparison meaningful. Additionally the 
diagonal Hamiltonian entails a ladder-like structure for the p-lines too, with a spacing 
of 2Xpp, which is not confirmed by the full calculation. As explained in the next section, 
this stems from neglecting important contributions from the interaction. 

These spectral features have been described previously [10,29]. Here we show which 
terms of the full Hamiltonian are responsible for them and that these terms can be 
included in an exactly solvable approximate Hamiltonian Hdiag. Note that the eigenen-
ergies of the diagonal Hamiltonian coincide exactly with those obtained by evalua-
tion of the matrix elements (î/^l-ff |V;«} with |i.v) being a Slater state, or by a non-self-
consistent HF-theory. Therefore the resulting approximate eigenenergies are sometimes 
referred to as the HF-eigenenergies, see, e.g., Ref. [46,53,77]. Here we have presented 
an independent derivation of these approximate eigenenergies based on an analysis of 
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3 Approximation Schemes 

Figure 3.4: AX —• 3X emission spectra obtained from the full calculation and interpretation 
of the main peak using the diagonal Hamiltonian. Only the electronic configurations and one 

the importance of the different Coulomb matrix elements. Furthermore the derived 
Hamiltonian Il<xmg is formally richer than a HF-Hamiltonian because I/<iiag is a genuine 
two-particle Hamiltonian while a HF-Hamiltonian is always an effective one-particle 
Hamiltonian [711. 

3.2 Adiabatic Hamiltonian 

Clearly, the diagonal Hamiltonian discussed above allows for an intuitive picture of the 
most important features in terms of uncorrelated states. The main drawback, however, 
is that it predicts a ladder-like structure for the p-shell emission lines as a function of 
the number of excitons in this shell. In contrast, the full calculation does not yield 
such a ladder structure but a remarkable energetic stability of the p-shell emission, see 

Before we move on to study an approximate Hamiltonian not entailing such a ladder 
structure for the p-shell and therefore accounting more accurately for the emission 
spectra, we will briefly review the argument for the stable p-shell emission as presented 
in the literature. This stability is the topic of a series of papers published by P. Hawrylak 
and co-workers [12,49,57,78,79] who introduced the phrase 'hidden symmetry' for this 
intriguing property to the QD community. Their analysis assumes a single, degenerate 
shell, which means assuming that there exists only one shell, or in case of several shells, 
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3.2 Adiabatic Hamiltonian 

that these shells are completely decoupled from each other. The central point is now to 
assume that one has to a good approximation [iîSheii, ^sheii] = —^Lii^sheib where / /s>icn 
is the Hamiltonian in Eq. (1.1) restricted to a single shell and 'Psheii denotes a ^ia e-i-a 
with i running over the states of this single shell. If the aforementioned commutator 
indeed holds and if \ip, Nx +1) is an eigenstate of Hshen with energy E\^>Nx+i) containing 
Nx + 1 excitons, then "Psiieiil''- Nx + 1) is also an eigenstate of //shcii, with eigenenergy 
E = E \^,Nx +1) - E X 

shell and one electron-hole pair less than the original state. The 
proof of this statement runs in close analogy to the case of the algebraic solution of 
the harmonic oscillator known from elementary quantum mechanics [67,70], in which 
the annihilation operator â obeys the equation |//no- a\ = —à, and is given here for 
completeness: 

tfshell ( ^ s h e l l l N X + 1 ) ) = ([-ffshell) ^shell] + ^ s h e l A h e l l ) NX + 1) 4 

= ( " 4 L l l + ^,JVX+1>) (nhelll^, NX + 1)) • 

As the new state is created by the action of "Psheii, the transition matrix element 
\(ip, Nx\VSh.eü\ip, Nx + 1)12 is non-zero. Consequently, a line at the energy difference 
E^ e l l will be observable in an emission spectrum irrespective of the initial number of 
electron-hole pairs in the system. This is at the heart of 'hidden symmetry'. 

In other words, the energetic stability of the emission line with increasing number of 
excitons means that the energy increases linearly with the number of excitons in the 
system. This idea is borrowed from a completely different research field, namely, from 
the community of ultra-high magnetic fields in two-dimensional electron gases, see, for 
example, Ref. [80, 81], where similar results were found. In a strong magnetic field 
directed perpendicular to the two-dimensional electron gas, the energy bands for the 
electrons and holes split into discrete and highly degenerate Landau levels [71]. In the 
strong-field limit all carriers are confined in the lowest of these levels. It is exactly in 
this limit that the linear increase of the total energy with increasing number of excitons 
is found. The connection to the case of a QD is made if one realizes that this lowest 
Landau level provides exactly the single-degenerate shell discussed above. 

Unfortunately, the aforementioned commutator does not hold in general. In particular, 
the proof of the argument makes use of the assumption that one deals with a single 
degenerate shell, while in fact several, not weakly interacting shells are always present. 
Therefore, it is by no means clear if the 'hidden symmetry' result holds, and, if it 
does, why and in what form. We show that in the adiabatic approach, and due to 
certain peculiarities of the problem, the 'hidden symmetry' can be recovered, albeit 
with the parameters renormalized by the interaction between the shells. The adiabatic 
Hamiltonian is more realistic than the assumption of a single, degenerate shell because it 
captures the essential part of the inter-shell interaction, as we will see from a comparison 
of the multi-exciton spectrum of this adiabatic Hamiltonian and the full calculation. 
The discussion of the conditions in which the 'hidden-symmetry' commutator holds 
sheds light on the limits of validity of the 'hidden symmetry' argument. 
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Refinement of the approximate Hamiltonian 

Now we turn to the refinement of the approximate Hamiltonian regarding the p-shell 
emission. This can be achieved in the following way: An examination of the ground 
states for a situation with three or more excitons, calculated with the full diagonal-
ization procedure, shows that it is safe to assume that in such states the .s-shell is 
completely filled. The states with full s-shell configurations appear with a weighting 
factor of at least 0.95. Therefore, as far as the ground states and the lower excited 
states are concerned, it is possible to construct an approximate Hamiltonian that de-
scribes the fully interacting p-states following 'adiabatically' an external field provided 
by the 'frozen' s-carriers. Practically, this is obtained from the full interacting Hamil-
tonian (1.1) along the same lines as before, but this time one enforces diagonality only 
with respect to the s-occupation numbers. In other words, one discards only those terms 
that contain s-state creation or annihilation operators but cannot be expressed in terms 
of s-state occupation numbers. In this way, fully correlated p-states at given s-orbital 
fillings are obtained. The resulting Hamiltonian is called 'adiabatic', because we use 
some degrees of freedom, namely the s-shell excitons, as parameters. This is in princi-
ple like the Born-Oppenheimer approximation, in which the nuclei are taken out of the 
dynamics and their positions are used as parameters. 

In the resulting 'adiabatic' Hamiltonian Had = ll'^J + I11''/ + ll'^l'' we have separated 
the terms describing the s- and p-shell as well as the s-p-interaction. The p-shell part 
retains the form of Eq. (1.1) with the summation restricted to the p-orbitals. Therefore, 
in the following equations, the indices i, j, k, I label only p-states while for the s-states 
the explicit subscript s is taken. Using the symmetry relations of the Coulomb matrix 
elements, Eq. (1.3), and bringing close the operators with the same spin, H^J can be ad 

rewritten as 

Had = £* ~ 2 £ + Ç ^ ~ 2 ^ V t j 'k j h ' a h k a 

i(j ijka ia ijka 

^ , x , x (3.5) 
+ g Y1 Vii'kl ( e U<V ~ H A ^ J - / 4 ; ( A > ' J , 

ki 

where the new one-particle Coulomb terms (the second and fourth term in Eq. (3.5)) 
result from the reordering of operators and the resulting Kronecker delta. The s-shell 
part and the s-p-interaction are similar to the diagonal Hamiltonian, Eq. (3.1), 

H{
A

SJ = - K + ( e ? - NH
S +

 L-DSS {IFS - NH
SF , (3 .6 ) 

H i t = DSP (K - nh
s) (ne

p - n j ) - £ ( n ^ n ^ + hh
s>an

h
p>a) , (3.7) 

a 

where ne
s^ is the total population of electrons or holes in the s- or p-shell, respectively. 

Note that the first line collapses to (£e
s+£^—Dss)nft0. in the case of symmetric population 

and the second one yields in this case —2Xsp "la1'p.a-
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3.2 Adiabatic Hamiltonian 

It is important to note that - with the Coulomb matrix elements listed in Table 1.3 on 
page 8 - in the one-particle Coulomb terms in the first line of Eq. (3.5) only contributions 
with i = k appear. This can be traced back to the angular momentum conservation 
which leads to Vijkj oc ômi+mj}mk+mj = ômi,mk in the circular symmetric system and 
the fact that in the present case the states are uniquely identified by their angular 
momentum. Therefore one has oc d,j, and the one-particle Coulomb terms in 
Eq. (3.5) describe a renormalization of the one-particle energies e{h. Moreover, these 
renormalized energies do not depend on the index i within the p-shell, so that H^J 
describes a 'single degenerate shell' [44,56,78], and can be rewritten as 

ti(p) _ ( e _ 1 n _ \ v -~Y 1 r>h 
11 ad \cp 2 pp 2 I p \ p 2 p 2 I p 

+ I Vii'kl (e*>eI,* - h U h i , * ) ( e l ^ y - / 4 ; ( A > ' ) . ^ ^ 
ijkl 

With the help of the adiabatic Hamiltonian Had the full emission spectrum depicted 
in Figure 2.4 can be explained as follows: For the .s-lines the arguments showing the 
formation of a ladder with the spacing of 2Xsp are as in the case of the diagonal 
Hamiltonian / /,iiag. The energetic position of the p-shell emission can be deduced from 
the commutation relation of Had with the p-shell dipole-transition operator Vp, defined 
as in Eq. (1.7) but this time with the sum restricted only to p-states. It is readily 
verified, that 

p\ p- — h\ h. V a J,& j .ai
 P

 p j, a 0 

and therefore Vp commutes with the second line of Eq. (3.8). As explained at the 
beginning of this section, this is the core of the 'hidden symmetry' property [56, 78] 
showing that the interaction part plays no role in this argument. The commutation of 
Vp with the occupation number operators of the shells is rather obvious, because the 
application of Vp corresponds to a population reduction by one electron-hole pair in the 
p-states and no change in the s-states. Correspondingly, one can verify [i)'ph. Vp] = —Vp 

when commuting Vp with the total 
I it 

relations arise and [nt'h,Vp] = 
number operator of the p-shell, not with individual number operators. This is 
is important to have a degenerate shell. 

Assuming that the .s-states are fully occupied = 1), one obtains from these results 

[Had, Vp] — — [ep + e'h — Dpp — Xpp — 2A S p) Vp (3.1 

As detailed in the beginning of this section, this shows that the removal of one p-exciton 
is accompanied by an energy decrease that does not depend on the number of excitons. 
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Figure 3.5: (color online) Comparison of results from the adiabatic Hamiltonian (red) and 
the full diagonalization (blue) for QD emission spectra with increasing number of excitons. 
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The value of this energy, 

fX _ _e i h _ D — X — 2 X 
Ep fcp + fcp Dpp Xpp 2 X s p 

— Ep — Xpp — 2 Xsp , (3.11) 

is in excellent agreement with the exact diagonalization result, see Figure 3.5. Indeed, 
using the values in Table 1.3 one obtains = 82.5 meV. The emission spectrum 
associated with the adiabatic Hamiltonian is shown in Figure 3.5 and consists of p-lines 
having all this common value, while the .s-line ladder remains the same as given by the 
diagonal Hamiltonian. 

Connection to the literature 

The 'hidden symmetry' argument, as discussed by Wojs and Hawrylak [44, 56,78], is 
based on the assumptions that (i) one has identical envelopes for the electrons and holes 
and (ii) the one-particle levels form 'a single degenerate shell'. In these hypotheses, one 
gets approximately a constant energy value at the removal of each exciton, and this 
value depends only on the parameters of this shell. To see this, let us start with the 

28 



3.2 Adiabatic Hamiltonian 

Hamiltonian 

^shell — £shell ŝhell 2 £ ^ ^ ^ £»he11 ŝhell 2 £ ^ ^ 

+ 
1 

ijkl 
aa' 

t 
ij,kl l ei_n - h { a h i , r ) ( hk,<r' hj,<?' 

(3. 

jVijij. If the 

that can be deduced for any single, degenerate shell and not only for the p-shell, as it 
was done in Eq. (3.8). In this Hamiltonian r;/Jiell denotes the total number operator for 
the electron in this shell, nf is defined via v'- • + v'- and 11', is given by 
commutator ['PSheii, #sheii] is evaluated, one finds again that the last line in 
plays no role and one is left with (£ghell + '̂ iieiii^sheii — ^ While 11»; does not 
depend on the state index i in the case of a p-shell, in general it will, so that it is 
impossible to recast the expression into the form of /^Lii^sheii- Nevertheless the desired 
form can be reached in an approximation, in which Wi is replaced by its average value 

(3.1 

• E i Wi Nshell 
states within the shell. 

, where the quantity iVSheii denotes the number of degenerate 
this approximation 

E. shell eshell + shell (3.1 

If the 'hidden-symmetry' argument is applied to the s-shell one obtains VFsheii = Dss 

and therefore transition energies in accordance with the diagonal Hamiltonian. Eval-
uating this expression, however, for the p-shell yields li'siicn = l)pp — Xpp and shows 
a discrepancy with the result of the adiabatic Hamiltonian of —2Xsp . This missing 
contribution — 2 X s p stems from the important interaction between the s and the 
that is completely neglected in the argument by Hawrylak and coworkers [44, 56, 
But it is only the corrected value obtained from the adiabatic Hamiltonian that is in 
very good agreement with the full result. 

The 'hidden symmetry' argument is always analyzed for a single, degenerate shell. In 
contrast, the Hamiltonian under discussion and generally used in the literature, is rather 
describing several interacting shells, so that is not obvious why (if at all) the argument 
holds. In the present case the answer is contained in the adiabatic Hamiltonian. In it 
the p-shell is the 'single degenerate shell' because (i) the s-shell is 'frozen' and higher 
shells are absent in the considered situation and (ii) the field created by the s-shell 
carriers does not remove the degeneracy of the p-shell. Under such conditions the 
adiabatic Hamiltonian obeys the 'hidden symmetry' commutation relations exactly. In 
this picture the energy for the removal of a p-exciton, Eq. (3.11), contains also terms 
coming from the s-p-interaction, and it is this value that is in agreement with the full 
diagonalization. 

This analysis also shows the validity range of the 'hidden symmetry'. For instance, 
the presence of higher shells (but also depending on the actual model parameters) may 
spoil the argument. This seems to be the case described in Ref. [29], where the p-lines 
are not independent of the exciton number, but are arranged in a descending ladder 

2 

i 
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too. Also, the field of the 'frozen' states may remove some of the degeneracy of the 
shell in question. For example if the outer shell is a d-shell, the state with zero angular 
momentum and those with angular momentum ±2 will experience the field created by 
the s-sliell carriers differently. Nevertheless, if these differences are small compared to 
the non-interacting energies, one may still observe a stable d-shell emission, as we will 
see in Section 5. 

It may be argued that by approximating the full Hamiltonian, Eq. (1.1), with the adi-
abatic one, Eqs. (3.5)-(3.7), the interaction inside the p-shell is still too complicated 
to allow analytic diagonalization, i.e., the 'hidden symmetry' property is a simple re-
lation between otherwise complex, strongly correlated states. Nevertheless, the Fock 
subspace generated by the p-orbitals is significantly smaller and this is in itself a numer-
ical simplification. Symmetry arguments also can be used to reduce the blocks to be 
diagonalized and at least the ground states can be obtained analytically. A procedure 

V p 
on the 'vacuum' (full s-shell, empty p-shell) state as detailed earlier in this chapter and 

As a concluding remark we would like to point out that the 'hidden symmetry' com-
mutator holds exactly for an arbitrary single, degenerate shell in the r/-picture. That 
is, the whole argument holds if the {e^}» and {e'- ) , rather than the {e'j ) , and {e1'}, 
are each degenerate within one band. The proof of this strong statement relies on the 
formal equivalency of the interband operator V and the spin-operator S_ and is given 
in Appendix B. In the e-h picture the single-particle energies are renormalized due to 
the Hartree-Fock terms originating from the full valence band. These renormalizations 
can be different for different individual states of a given shell and can therefore spoil 
the symmetry as outlined in the discussion of Eq. (3.13). 

In summary, an explanation for the formation of the s-shell ladder was given in this 
chapter. Additionally, we discussed in detail the 'hidden symmetry' property. Moti-
vated by recent experiments, the next chapter deals with charged exciton complexes 
and the emission from excited states. 
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4 Charged Excitons 

So far we have investigated neutral multi-exciton complexes. But of course one can 
additionally study the emission properties of charged complexes [43,45,53,59, 82-85] 
as they might be observed due to background doping [73], electrical charging of the 
system [86] or resonant excitation of acceptor levels [28]. These complexes consist of 
multi-exciton configurations in which the number of electrons and holes is not equal. 
We were led to investigate these complexes in more detail by the results of a series of 
intriguing experiments performed jointly by Sven Ulrich et al. in the group of Prof. 
Peter Michler, University of Stuttgart, and by Matthias Schwab and coworkers in the 
group of Prof. Manfred Bayer, University of Dortmund. More information about the 
experiments can be found in [54,87]. In the following we first report on the experimental 
findings and give the interpretation of those results that were rather well understood 
from other experiments. Then new and more surprising experimental results are dis-
cussed that led to a vivid exchange between the two experimental groups and our group 
as we accounted for these findings. 

4.1 Experimental Findings 

The experiments were performed on self-assembled InAs QDs grown on a n-doped GaAs 
substrate. In order to enable studies on individual QDs, an array of mesa structures 
was fabricated in a post-growth step by electron beam lithography and wet chemical 
etching. The experiments were then performed using a combined low-temperature (4 K) 
micro-photoluminescence (//-PL) system and a Hanbury Brown and Twiss-type photon 
correlation setup [88]. A tunable Ti:sapphire laser was used to allow either for quasi-
resonant pumping of the p-shell or off-resonant excitation energetically above the GaAs 
barrier. 

In the upper left part of Figure 4.1 the //-PL spectrum as obtained for off-resonant 
excitation is shown. Apart from an almost unstructured small PL background the 
spectral window of interest is dominated by a pair of intense narrow lines at 1.3414 eV 
and 1.3372 eV, which exhibit nearly resolution-limited linewidths. As is depicted in the 

super-linear (slope = 2.3) increase of intensity with excitation density over almost two 
orders of magnitude. 

The different dependence of the PL on the excitation power can, at least qualitatively, 
be understood by a somewhat hand-wavy argument. In this spirit one may expect 
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for off-resonant (i.e. above barrier) laser excitation (upper part) and spectrum taken on the 
same QD under quasi-resonant (p-shell) excitation (lower part). Horizontal markers: filter 

of the neutral exciton and biexciton line under off-resonant excitation. Lower figure: Cross-
correlation trace obtained from the 1.3400 eV (Z: 'start' ) and 1.3362 eV (Y: 'stop' ) PL lines. 
Conclusions about the assignment of X and Y lines to specific configurations will be drawn in 
the text. 

the intensity of the PL line of an exciton to be proportional to the probability of 
creating an exciton. This probability is then assumed to be proportional to the pump 
intensity. Therefore one would expect a slope of one in a log-log plot of the PL intensity 
versus excitation power. The PL intensity of the biexcitonic line is in this oversimplified 
picture proportional to the joint probability of creating a second exciton if a first exciton 
is already present. If we assume the probability of creating a second exciton to be 
independent of the presence of the first one, we approximate the joint probability by 
the square of the probability to create a single exciton. Then we get Ixx oc /2

ump, from 
which we would expect a slope of two in the log-log plot. The measured slopes are close 
to the values obtained from this simple argument, which, for example, does not take 
any kind of saturation into account. Maybe even more important than the plausibility 
considerations given above is the fact that the slopes are in good agreement to those 
typically found in an experiment for the pump-power dependence of the PL intensity 
of an excitonic and biexcitonic line [28,761. 
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Additionally, it can be seen in Figure 4.1 that the line with the larger slope starts 
at higher excitation power and saturates later than the one with the smaller slope. 
This, too, fits into the picture of an exciton-biexciton cascade. Further evidence is 
obtained from time-resolved spectroscopy providing a radiative lifetime Tx ~ 1.0 ns and 
TXX ~ 500 ps for these lines. That the decay-time for a biexciton is faster by almost 
a factor of two [89] can be understood by the fact that the biexciton has two decay 
channels (either of the two excitons forming the biexciton complex may decay), whereas 
the exciton has only one decay channel. The assignment of both peaks to the same QD 
is moreover supported by the observed line spacing of A E x ~ x x = 4.2 ± 0.1 meV, which 
is consistent with the biexciton-binding energy range reported for such dots. 

The observed PL spectrum changes dramatically if the pumping condition is varied for 
the same QD from off-resonant to resonant excitation into the p-shell at 1.4068 eV. In 
this case, which is shown in the lower part of the left panel in Figure 4.1, one finds a 
new set of almost background-free narrow intense lines at 1.3400 eV and 1.3362 eV and 
a weak third signature at 1.3342 eV. These lines appear shifted to lower energies with 
respect to the strongly suppressed excitonic and biexcitonic PL (marked by arrows in 

In order to obtain information about the temporal ordering of the emission events, a 
modified Hanbury Brown &; Twiss setup, schematically shown in Figure 4.2, was used. 
In such an experiment light from the QD is sent to a 50/50 beamsplitter. Then each 
of the two beams is sent through a narrow band filter and is focussed onto a photo 
detector. By tuning the transmission of one of the filters to the energy of transition 
line 'Y' and the other to the energy of the line 'Z ' , it is possible to use the photon 
with energy hujY as the 'start ' and the photon with energy Iujz as the 'stop' signal and 

In a large number of repeated experiments, one obtains in this way the correlation 
distribution n(r) between photons of type 'Z' that reach the stop detector with a time 
delay r after the photon of type 'Y' has triggered the start photo detector. In other 
words, one obtains a measure of the conditional probability that a photon from the 
emission event 'Z' will be emitted at a time r after the recombination process 'Y' has 

possible to measure negative delay times: If one puts a time-delay of, e.g., 20 ns into 
the path and measures a time delay of 5 ns one can conclude that emission signal that 
is detected at the stop-detector was emitted 15 ns prior to the emission event to which 
the start-detector is tuned. This is conveniently expressed as r = —15 ns. 

The result of such a so-called cross-correlation measurement is shown in the lower right 

i.e., an increased number of correlation counts, whereas for negative delay times an 
anti-bunching behavior, i.e., a reduced number or correlation counts, is observed. This 
clearly indicates that one deals here with a cascaded emission of 'Y' and 'Z' , that 
is, the emission 'Z' is only possible after the emission 'Y' has occurred. The same 
behavior is found in a biexciton-exciton cascade, where it is only possible to observe 
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Figure 4.2: Modified Hanbury Brown & Twiss setup for cross-correlation measurements. The 
incoming beam is split by a non-polarizing 50/50 beamsplitter (BS). Each of the two beams 
pass a tunable narrow bandpass filter and is focused onto a photo detector (PD). The number 
of detection events n(r) as a function of the time-delay r between the 'start' and 'stop' signal 
is recorded. 

the excitonic emission after the biexcitonic recombination process has already taken 
place. Additionally, the cross-correlation measurement leads to the conclusion that the 
two lines originate from the same QD, as such a strong temporal correlation is not 
expected for statistically independent emission events from different QDs. It is quite 
noteworthy that in a biexciton-exciton cascade for this type of QDs the photon with 
lower energy comes first and is followed by a photon with higher energy, whereas in 
this new cascade the high-energy photon comes first and is followed by a photon with 
lower energy. This surprising observation and the fact that an n-doped GaAs substrate 
was used, led us to investigate whether charged excitons could be responsible for the 
observed cascade. 

The possibility that the observed PL under quasi-resonant excitation originates from 
charged QD carrier complexes whereas neutral complexes are responsible for the PL 
under off-resonant excitation is supported by a simple model scheme: In the absence of 
laser excitation a doping-related or intrinsic (i.e., donor-type) impurity in the vicinity of 
an individual QD enables an excess electron to relax into the QD ground state. In this 
way one is initially left with a charged dot and a nearby ionized impurity. Under p-shell 
excitation, electrons and holes are injected pairwise into the QD and can consecutively 
relax into available lower s-states. Therefore, the creation of charged complexes (e-h 
pairs plus an extra electron) should be favored. In contrast to this, for above-barrier 
pumping the effect of photo-depletion [73,90] is expected: The dissociation of hot e-h 
pairs through the Coulomb field of the local QD-impurity leads to the attraction of holes 
into the QD, whereas excess electrons are partly trapped by the impurity centers. Under 
these conditions, the radiative decay of neutral A and XX complexes is expected. 
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4.2 Theoretical Analysis 

4.2 Theoretical Analysis 

In our first attempt to assign multi-exciton complexes to the observed PL lines, we 
considered ground-state emission of charged excitons and biexcitons. We used the full 
diagonalization approach including an s- and a p-shell for both the electrons and the 
holes. Results for the exciton and biexciton as well as the corresponding negatively and, 
for completeness, positively charged complexes ( X~, XX~ and 1, XX+) are shown in 
Figure 4.3. The left part corresponds to the case of equal envelopes with the parameters 
discussed in Chapter 1 whereas the right panel shows a case in which the envelopes of 
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1 

identical envelopes 
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XX-

XX 
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31 32 
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33 

Figure 4.3: Ground state emission lines of the neutral exciton (X) and biexciton (XX) 
and the corresponding negatively and positively charged complexes. Left: identical envelopes, 

the holes have larger extension than those of the electrons (IQSC = 6nm, /qsc = 7nm). 
In case of equal envelopes, the emission lines of the charged exciton complex are all in-
between those of the neutral ones. In this case, the e-h-pairs are not only globally but 
also locally neutral. On the other hand, in case of non-identical envelopes the exciton is 
locally charged and should - as a consequence - be more sensitive to the presence of an 
additional charge. Indeed, the relative position of the emission stemming from charged 
exciton complexes are changed with respect to the neutral ones in the case of non-equal 

parameters in a reasonable regime - not possible to increase the splitting between lines 
of equally charged complexes significantly. As it seems impossible to reproduce the 

2 

0 
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4 Charged Excitons 

order and the large splitting of the lines as it is observed in the experiment, we focus 
in what follows on emission involving excited states. 

In Figure 4.4 the emission line corresponding to the ground state emission of the neg-
atively charged biexciton is shown. The recombination process leads to an excited 
negatively charged exciton or excited trion state. It is this state that was used to cal-
culate the subsequent emission shown as the X~* line in Figure 4.4. Additionally the 
figure contains the emission lines of the neutral complexes as a reference. 

30 31 32 

hco/ meV 

Figure 4.4: Configuration interaction results for the two emission lines of the X X - ^ X-* ^ 
e cascade, schematically depicted in Figure 4.5. The emission lines of the neutral exciton and 
biexciton are included as a reference. The cascaded emission involving the excited trion state 
explains clearly both the large splitting and the energetic order found in the experiment. 

By comparing the ground-state emission of the negatively charged complexes in the 
left panel of Figure 4.3 one can observe that the charged biexciton PL is shifted below 
the charged exciton ground state emission line. This is due to the (charged) biexciton 
binding energy. As will become clearer in what follows, in the case of the excited 
trionic line the exchange interaction between the s-shell and p-shell carriers overcomes 
the small biexcitonic binding energy and reverses the order of the lines as depicted in 
Figure 4.4. It is this order and the large splitting between the two lines that agrees 
with the experimental findings. 

The eigenstates provided by the CI calculations are combinations of many configu-

the cascade are shown. Their high participation ratio (> 96%) allows us to estimate 
the corresponding energies according to the approximation scheme discussed in Chap-
ter 3. For the energy of the initial charged biexciton configuration A this leads to 
EA = 2 E F + £ P — XSP, i.e., the sum of two s-exciton energies EF, the one-particle p-shell 
electronic energy ee and the (attractive) exchange energy Xsp between s and p electrons 
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f - -

if. 
XX X 

A B C 

Figure 4.5: Schematic representation of one possible XX~ —• X~* —>• e cascade: Starting 
from the charged biexciton ground state A, an excited trion state B is reached by a e-h 
recombination process. The subsequent recombination step leads to an excited dot state C 
with only one electron. Here only the dominant configurations are shown. 

with parallel spin. Similarly, EB = Ef I e' — Xsp and E( ^C Strictly speaking, the 
additivity of different energy contributions leaves out some configuration-interaction ef-
fects. One of them is the biexcitonic binding energy, which can be accounted for only by 
the interaction of the configurations of Figure 4.5 with the other possible arrangements 
of the carriers in the available states. Considering only the s- and p-shells and based 
on the material parameters of Chapter 1, we obtain from FCI calculations a biexciton 
binding energy of ~ 2 meV for the neutral biexciton and ~ 1.2 meV for the charged 
one. Including this configuration-interaction effect, the energy of configuration A reads 

2 Ef — A Is ' , — Xsp with the charged biexciton binding energy A. As a result, A E 
one finds the following emission energies: 

Exx EA — Eß — ESX — A 
EX-* — Eß — EC — EX — X 

(4.1) 
sp 

The difference in the positions of the two lines is given by Xsp — A. The exchange 
integral Xsp (in our CctSG ~ 4.9 meV) is significantly larger than the charged biexcitonic 
binding energy A, which explains the energetic order Ex-* < EXx~-

We would like to point out that the charged biexciton binding energy being smaller 
than the s-p exchange energy is not a matter of special parameters. While our explicit 
example used the material parameters of Chapter 1, there are more general arguments 
showing that the discussed situation is expected rather than coincidental. In Section 2.3 
we compared the QD biexciton problem with the Heitler-London theory of the hydrogen 
molecule and found that the biexciton binding energy is small, because a binding can 
only occur if contributions of higher-state configurations allow for a rearrangement of 

in zero-dimensional systems and keeps these admixtures small. This results in a small 
biexciton binding energy. This picture applies even more to the case of the charged 
biexciton, because the presence of the additional carrier in the p-shell limits the available 
higher states. This explains the numerical results that the charged biexciton binding 
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4 Charged Excitons 

energy is smaller than the binding energy of the neutral biexciton. Therefore it is not 
a numerical accident but rather a physical fact that one obtains, for a whole range 
of reasonable parameters, the same conclusion: the s-p exchange energy overtakes the 
(charged) biexciton binding energy and the X~* line appears therefore at an appreciably 
lower energy. 

4 - -

B2 

Figure 4.6: Additional to the configuration B in Figure 4.5 the trion configurations B\ with 
opposite spins for the s and p electrons can occur in a final state configuration of an emission 
process. Due to Coulomb interaction, B\ is mixed with B2, a configuration that cannot be 
reached directly from the charged biexciton state A. 

So far we have considered only the possible decay channel depicted in Figure 4.5. How-
ever, for the recombination of the first electron-hole pair in the cascade there are in 
fact two possible decay paths. The one discussed so far leads to a final charged exci-
ton state in which the two electrons have identical spin orientations (see Figure 4.5). 
Additionally, the other e-h-pair can recombine, which then leads to two electrons with 
opposite spins as depicted in configuration Bi in Figure 4.6. In this case, the above 
argument seems to fail, since the exchange integral apparently plays no role any more. 
However, the FCI calculation shows that this is not the case. Actually, the configura-
tion Bi alone is not an eigenstate of the problem. It gets mixed with the configuration 
B2 (which cannot directly be obtained from the radiative decay of configuration A in 
Figure 4.5) and results in a state with exactly the same energy as state B. This is 
by no means a coincidence: The electrons in the configuration B have the spin state 
Se = 1, Se

z = 1 and the sum of t>\ and B2 corresponds to .S" 1. .S", 0. These states 
are necessarily degenerate in an eigenvalue problem which conserves both the electron 
and hole spin. Additionally, the admixture of Bi and B2 can produce an electronic 

integral. Consequently, the transition from the charged biexciton complex to this state 
falls outside the energy range of interest. To complete the discussion, we point out that 
the initial charged biexciton state is actually fourfold degenerate, since four states are 
available to the p-electron. As these four states all produce the same emission spectrum, 
a separate analysis of the individual cases is not necessary. 
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If the symmetry of the problem is reduced, some of the degeneracies are removed and 
additional lines may appear in PL. For example, if it is the rotation symmetry that is 
broken, the two p-states are not equivalent any more. One then expects different single-
particle energies for the 'left' and 'right' p-states and also the exchange integral would 
take two different values. By examining Eq. (4.1), one sees that both emission energies 
are insensitive to the position of the p-level while only the X~* line is sensitive to the 
change in the Xsp integral. In this case it is only the lower line which becomes split 
by the symmetry lowering. This might be a possible explanation for the appearance of 
a third line below X~*. However, since it was currently not possible to use the weak 
signal of this line for correlation measurements, its identification has to be left for future 
investigations. 

By combining all this evidence, we conclude that the emission lines observed under 
quasi-resonant excitation conditions stem from charged exciton and biexciton carrier 
complexes. Furthermore we found clear indications for a predominant recombination 
of an excited trion state, which reflects a long-lived excess electron spin configuration. 
As a result, we assign the 'Z'-line in Figure 4.1 to the charged biexciton emission and 
the 'Y' line to the excited trion emission. 

In this chapter we presented results for charged exciton complexes. We showed how our 
theoretical analysis could be used to assign multi-exciton configurations to the different 
emission lines found in recent experiments. In the next and final chapter of Part I, we 
investigate the influence of higher shells on the emission spectra. 
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5 Influence of higher shells 

In the previous chapters, we have investigated the optical properties of a QD with 
two shells per carrier type. Such a situation is often encountered for small QDs. For 
larger dots, however, additional shells may be present. Here, we restrict ourselves to a 
situation where an additional d-shell is provided by the confinement potential. As a d-
shell can accommodate up to six carriers the total number of confined states is doubled 
by this additional shell. This factor of two translates into a factor of 24 = 16 for the 
number of involved Coulomb matrix elements. More important, the dimension of the 
largest Hilbert space occurring in the calculation of the multi-exciton energy spectra is 
more than three orders of magnitude larger than the corresponding one for a QD with 
two shells. This leads to an enormous need of computer memory that is necessary to 
store and handle the involved matrices. Therefore, the analysis of the multi-exciton 
spectra was only possible at the supercomputer 'JUMP' at the Forschungszentrum 
Jülich with its huge shared-memory architecture [91]. The main problem that cannot 
be circumvented is the fact that one needs to calculate all the eigenstates of the Nx — 1-
exciton problem for the final states and not just a couple of the energetically lowest. 
Therefore the extremely fast and less memory consuming algorithms that are established 
for the latter purpose cannot be used. Due to the huge number of states involved, a 
detailed analysis of each peak is not feasible. However, the knowledge gained by our 
studies of a dot with two shells will be of great help for the discussion of the complicated 
emission spectra. 

This chapter is organized as follows: In Section 5.1 we start with the investigation of 
the absorption spectrum of an initially empty QD. This is the most simple situation 
and even though an analytic treatment is not possible, some general statements about 
the spectrum can be derived. In particular we compare our results with those found in 
Ref. [83] and explain the origin of the differences. Then we present in Section 5.2 the 
multi-exciton emission spectra for up to twelve excitons and study the main features 
and trends. 

5.1 Absorption 

In the absence of Coulomb interaction the absorption spectrum consists of three distinct 
lines: the s-shell absorption at hcoe + frioh, the p-shell absorption at 2(hcoe + hjjh ), and, 
finally, the d-shell absorption at 3(fkve + fkvh). The ratio of the peak heights is 1 : 2 : 3 
and reflects the degeneracy of the different shells. In Figure 5.1 the corresponding 
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5 Influence of higher shells 

\a) \b), \c) \e), \f) \h) 

Figure 5.1: Six bright exciton states |a) to |/) together with the two dark exciton states 
Ig) and \h). Moving the electron and hole in the second and third configuration according 
to the blue arrows, generates the other states in this subspace. All states are classified by 

— A, and become mixed by Coulomb interaction. lz + lz = 0, SZ = Ê AND SZ 

final state configurations are depicted as the states |a) to | / ) . Additionally, two 'dark' 
configurations, |g) and //>), are shown that are mixed to the 'bright' configurations |a) 

I/) by Coulomb interaction. 

In the presence of Coulomb interaction, the resulting absorption spectrum is shown in 
Figure 5.2. One can observe three main peaks that we refer to as s-, p-, and d-line as 
well as three smaller peaks: one between the s- and p-line, one at the tail of the d-peak, 
and additionally a tiny third peak between the p- and d-peak at around 120 meV that 
is only visible on the logarithmic scale in the inset of Figure 5.2. Moreover, a clear 
transfer of oscillator strength from the energetically higher to the energetically lower 
emission lines can be inferred. 

When we compared this result with those given in Ref. [83] we were at first left somewhat 
irritated. In this reference the authors state that the 8 x 8 block, generated by the states 

100 

hw/ mcV 

Figure 5.2: Absorption spectrum of an initially empty QD confining three shells. Different 
regions that are characterized mainly by the creation of an s-, p-, or d- exciton can be identified. 
Besides the three major peaks, there are three additional peaks. The smallest is only visible 
on the logarithmic scale in the inset. 
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5.1 Absorption 

I a) to I h) of Figure 5.1, can analytically be separated into a block of dimension five, 
containing dark and bright exciton states, and a 3 x 3 block, containing solely dark 
exciton states. If such a decomposition were valid, one could observe at most five lines 
in the absorption spectrum. However, the close inspection of our absorption spectrum 
shows a tiny sixth peak, which should - if the statement in Ref. [83] were true - not be 
there at all. To see where this discrepancy stems from, we follow here the arguments 
given in Ref. [83]. We find that the discussed separation is in general not possible. 
Instead, one stays with a six by six block containing bright exciton states, and will 
therefore in general observe six lines in the spectrum. 

In terms of the basis states depicted in Figure 5.1 the free part of the Hamiltonian (1.1) 
contains along its diagonal the elements: 

(Hue + Huh), 2(Hue + Huh), 2(Hue + Huh), 3(Hue + huh), 

3(hue + Huh), 3(hue + Huh), Hue + 3Huh , 3Hue + Huh . 

All off-diagonal matrix elements vanish. In order to have a one-to-one comparison 
between our results and those of Ref. [83], we adopt in this section their notation and 
introduce V0 = y^Ec = -\/f 47r£

e
£0; ? the kinetic energy t = hue + hui, and evaluate the 

Coulomb matrix elements in the pure two-dimensional limit. In this case the Coulomb 
matrix elements can be evaluated analytically and the interacting part reads: 

Ä c o u l - - V o 

1 1 1 3 3 3 1 1 L 4 4 32 32 16 4 4 

l 11 3 31 15 7 1 1 
4 16 16 128 128 64 16 16 

1 3 11 15 31 7 1 1 
4 16 16 128 128 64 16 16 

3 31 15 585 105 57 9 9 
32 128 128 1024 1024 512 128 128 

3 15 31 105 585 57 9 9 
32 128 128 1024 1024 512 128 128 

3 7 7 57 57 153 7 7 
16 64 64 512 512 256 64 64 

1 1 1 9 9 7 11 3 
4 16 16 128 128 64 16 16 

1 1 1 9 9 7 3 11 
4 16 16 128 128 64 16 16 . 

Now we can calculate the absorption spectrum by diagonalizing the 8 x 8 matrix and 
evaluating the oscillator strength \{4>n\P+\Q)\2 for the numerically determined eigen-
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5 Influence of higher shells 

states \4>n)- Instead of ' so, we follow Ref. introducing the new basis set: 

A) = \a), 

B) = ±(\b) + \c)), 

C) = b) - \c)), 

D) = -j=(\d) + \e) + \f)), 

E ) 
1 

1 

( \d) - \e ) ) , 

E) = ~?={\d) + |e) — 2|/}), 

G) = -j=(\g)-\h)), 

1 \H) = -j=(\g) + \h)). 

If we now sort the basis as [A, B, H, D, F,G,C, E] the Hamiltonian transforms into 

H 

t -1 V2 
4 V2 4 

V3 
8 

Vë 
32 0 0 

V2 
4 2t-l 1 

8 
5Ve 
32 

3V3 
64 0 0 

4 
l 
8 

Vë 
96 

23 A/3 
192 AE 0 

V3 
8 

5A/6 
32 

Ve 
96 

_ 51 0 1 64 
3a/2 
256 0 0 

V6 
32 

3^3 
64 

23v/3 
192 

3^2 
256 3+ _ 243 0 1 512 0 0 

0 0 A E 0 0 2 1 - \ 0 

0 0 0 0 0 0 21 -

0 0 0 0 0 0 l s 

0 

0 

0 

0 

0 

0 

32 

where we have introduced AE = hujh — huje and measured all elements in units of V0. 
In this new basis the matrix separates into a 6 x 6 and a 2 x 2 block. Only in the special 
case of AE = 0 the 6 x 6-block further separates into a 5 x 5 and a 1 x 1-block. 

Note that the 2 x 2 block does not need to be considered for an absorption spectrum, 
because these states are always dark. This can be seen by expressing V+\0) in terms of 
the new basis: V+\0} = |A) + \ /2 |B) + \ /3 |D), see Ref. [83]. As the eigenstates from 
the 2 x 2-block are linear combinations of | C) and | E), they always have a vanishing 
oscillator strength. In the absence of Coulomb interaction, the states |A), \B), and 
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5.1 Absorption 

ID) are eigenstates of the Hamiltonian and occur as final states |/}. The resulting 
oscillator strengths \ (f\V+\0}\2 for the transitions are 1, 2 and 3 in accordance with the 
degeneracy of the respective shells. 

It is interesting to note that the claimed separation into a 5 x 5 and a 3 x 3-block is not 
spoiled by the Coulomb interaction, but by the free part of the Hamiltonian, because 
the non-interacting part is not diagonal in the new basis: 

(G\H0\H) = \ [(g\H0\g) + (g\H0\h) - (h\H0\g) - (h\H0\h)] 

= ^[(g\Ho\g)-(h\Ho\h)] 

= - [ (3fojJh + hiOe) — (frlOh + 3hüüe)) ] = frlüh — hiüe = AE . 

It is exactly this matrix element that couples the upper 5 x 5-block to one state of the 
lower 3 x 3-block and that is responsible for the origin of a sixth, albeit tiny, line in the 
spectrum. 

tko j meV 

Figure 5.3: Same as Figure 5.2 but with a kinetic energy, which is distributed equally over 
the level spacings (fvjJh = = t/2). In this particular case even on the logarithmic scale in 
the inset only five lines can be observed. 

To further support this result and test our programs we artificially distributed the 
kinetic energy t in equal parts on the level spacings Hcoh and fkoe, which leads to AE = 0. 
For this case the result of the full calculation is depicted in Figure 5.3 and shows 
indeed only five lines. While the peaks at the low- and at the high-energy side are 
almost unaffected by the redistribution of the single-particle energy, a strong transfer of 
oscillator strength is observed for the mid-energy region. This can mainly be attributed 
to the fact that the non-interacting states with, say, the electron in the s- and the hole 
in the d-shell is energetically degenerate with the state where both carriers are in the 
p-shell. As a consequence of this degeneracy in the absence of Coulomb interaction, the 
states Ig) and |h) will intermix strongly with the states |b) and |c) in the presence of 
Coulomb interaction. 
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5.2 Multi-Exciton Emission 

The multi-exciton emission spectrum of a QD containing three shells is depicted in 
5.4. As initial states the ground states with ,S'L;

olj = 0 are chosen. One can 
separate three energetic regions: A low-energetic region (hco < 40meV), in 

which the emission is dominated by the .s-cxciton, a mid-energy range (roughly between 
50 and 90meV), which is characterized by p-shell emission, and an high-energy side 
(hu) > 130 meV) that stems from d-shell emission. For an initial filling with one and 
two excitons, we observe solely one line, namely, the excitonic and the biexcitonic 
line. The latter line is redshifted with respect to the former and reveals the biexciton 
binding energy. For more than two excitons the p-shell is populated and can henceforth 
be observed in an emission spectrum. When more than six excitons occupy the QD yet 
another set of lines appears that can be attributed to emission of the d-shell. 

There are several interesting features in the spectrum. Let us first concentrate on 
the low-energy side. By starting to populate the p-shell, the .s-shell emission starts 
to redshift due to the possibility of lowering the energy by acquiring exchange matrix 
elements as the number of carriers is increased. This was already discussed in Section 2 
and further explained in Section 3.1 for a QD with two shells. Additionally, the peak 
heights become less pronounced as the number of carriers in the p- and later in the 
d-shell is increased. This can mainly be attributed to the increased number of peaks 
over which the oscillator strength is distributed and only to a small part to an overall 
change of oscillator strength in the different energetic regions. In the range of seven to 
nine excitons the s-shell emission lines are barely visible, but for ten and more excitons 
the peaks recover oscillator strength again. 

The p-shell starts with an occupation of three excitons and shows a rather stable transi-
tion energy for up to six excitons. The origin of the remarkable stability was detailed in 
Section 3.2. If the number of excitons is further increased, we can clearly observe a red-
shift in the p-shell emission which, again due to additional exchange matrix elements, 
forms a ladder-like structure. 

For more than six excitons the additional emission from the d-shell enriches the spec-
trum. Here one observes, exactly as in the case of the p-shell for lower exciton numbers, 
that the energetic position of the emission is quite stable and does only slightly change 
with increasing number of excitons. This is in particular intriguing as the arguments 
for the 'hidden symmetry' fail in this situation as already indicated in Section 3.2. 

In order to gain further insight into the multi-exciton spectra in the presence of an 
additional d-shell, we first compare the spectra with those obtained when only two 
shells are confined. This comparison is shown in Figure 5.5. On the high energy side 
a redshift of the emission lines due to the presence of the r/-shell can be observed. 
Furthermore, one may notice that the oscillator strength of the transition lines in case 
of three shells is slightly enhanced. Qualitatively, however, the high energy side does not 
change. In contrast to that, one observes qualitative changes on the low-energy side for 
more than two excitons. These changes will be discussed in the following paragraphs. 
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Figure 5.4: Ground state emission spectrum of a quantum dot that confines an s-, p-, and 
a d-shell. The initial filling varies from one to twelve excitons and the ground states with 
STOT = 0 were selected. Three energetic regions, corresponding mainly to the recombination of 
an s-, a p- and a d-shell excitons, can be distinguished. 

0 

s-Shell Emission 

For one and two excitons we observe in Figure 5.5 a redshift of the lines that are 
influenced by the d-shell. The red shift of the ground state excitonic emission can easily 
be explained by noting that the ground state energy of a system is always reduced when 
the Hilbert space, out of which the wave function can be constructed, is enlarged. The 
increased biexciton binding energy reveals that this lowering of the ground state energy 
is even more effective in the case of two electron-hole pairs. This can be attributed 
to the increased number of configurations that are available for the redistribution of 
the charge carriers, see the discussion of the biexciton binding energy in Section 2.3. 
The reader should be warned, however, that the observed redshift of the p-shell cannot 
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Figure 5.5: (color online) Ground state emission spectrum for an initial filling of one to 
six excitons. Blue solid lines correspond to a QD confining three shells. The dotted red line 
corresponds to a calculation including only two shells. 

0 

directly be linked to the lowering of the ground state energies. Such a conclusion is not 
possible as a transition spectrum always shows energy differences. 

Comparing the 3X emission in the presence and absence of a r/-shell in Figure 5.5, one 
additional line (the second from the left) at the low-energy side of the spectrum can be 
seen. Note that the left-most transition line of the 'sp'-QD overlaps exactly with the 
one of the 'spcP -QD. The new line in the 3X spectrum stems from a splitting in the 

degenerate in the case of two shells. In order to understand how an additional shell can 
lead to this splitting, let us first recall why the st and ts-transition are degenerate in 
the case of two shells. To this end we consider first only the electrons. The dominant 
configurations that occur as final states of the low-energy transitions are depicted in 
Figure 5.6. In the case of two shells only the state |ipa) together with the one generated 
by flipping all spins exist. These can either form a spin singlet or a spin triplet-state. 
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The Hamiltonian matrix for these two states is given 

El/t 
£e + £e + Dee 

s p ^ sp 

- X e e 
sp 

Xs
e
p
e 

sp 

£ e + £ e + Dee 
s p sp 

= (el + ei + D%)i-Xr sp (5.1) 

The eigenvalues are Es/t e's I e'p I De
s
e
p ± X's'p which reveals a splitting of 2X^, with 

the singlet state being higher in energy. For the holes, one finds a similar matrix and 
deduces a splitting of 2 X ^ . Therefore one gains by going from an t.s- to an .s/.-spin 
state the energy 2 X'N'p and looses '2 X . In case of identical envelopes the net change is 
zero and we find a degenerate transition line in the case of two shells. 

It is important to note that the singlet-triplet splitting for each type of carrier does not 
depend on the single-particle energies only because the two involved configurations have 
identical energies in the diagonal approximation. Therefore the interaction between the 
two configurations depends only on X ^ while the diagonal contribution leads to an 
overall shift of the energies. In the presence of a f/-shell, the states \ i'h) and |tpc) become 
mixed to the configuration |ipa) of Figure 5.6 and their counterparts that are obtained 
by flipping all the spins simultaneously. As these configurations involve a d-shell carrier, 
already the non-interacting energies differ and it is not possible to write the Hamiltonian 
in the form Edmgl + A where A includes only off-diagonal terms. Consequently, the 

energies. Because the single-particle energies for electrons and holes are different, the 
singlet-triplet splitting differs for electrons and holes. This leads to a splitting of the st 
and ts transitions even in the case of identical envelopes. 

Figure 5.6:(color online) Configuration | 0a) is one of the typical electronic configurations one 
encounters in a final state of the 3X —• 2X low-energy transition. The blue arrow indicates 
that states in which all the spins are flipped lie in the same symmetry class. In the presence 
of a d-shell, the states \il>b) and | 0C) are also in this symmetry class and are coupled to | 0a) 
via Coulomb interaction. This coupling will lead to a singlet-triplet splitting. 

Without a r/-shell, the 4X emission spectrum is dominated by one line at the high and 
one line at the low-energy side. By including an additional shell, the s-shell emission line 

explanation for this splitting in terms of a couple of contributing states. Instead, the 
distribution of the oscillator strength over many peaks is a result of an interplay of many 
different interacting states. The existence of an entire series of different transition lines 
at the low-energy side of the spectrum is common for an initial filling of four to ten 
excitons and is worth analyzing in some more detail. 
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5 Influence of higher shells 
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Figure 5.7: Typical configuration with seven excitons together with a typical configuration 
that is created by removing one p or one s-exciton. For clarity only the electronic configuration 
is shown and a symmetric configuration for the holes is assumed. By moving the carriers inside 
the shell, new states can be created with the same non-interacting energy. The number of states 
that can be created in this way is indicated next to the shell. If an s-shell carrier is removed 
there are additional qualitatively different degenerate states, which are depicted in the figure. 
All in all one finds for the case of a removed p-shell carrier 2 x 3 = 6 and for an s-shell carrier 
3 + 3 x 3 x 4 = 39 degenerate symmetric configurations within this subblock. 

In the absence of Coulomb interaction, the low-energy transition is produced by remov-
ing an electron-hole pair from the s-shell. Coulomb interaction mixes these states with 
other configurations that have the same symmetry properties. Within these states, 
a particular strong interaction is expected for those states that have the same non-
interacting energy. In the presence of a d-shell, a new class of configurations is possible, 
which does not exist in the case of two shells: These configurations are created by 
replacing an electron pair from the p-shell by one electron in the .s- and one electron 
in the d-shell and either doing the same for the holes or leaving them unaffected. By 
changing the configurations for the electrons and holes in a symmetric way, one makes 
automatically sure that a certain symmetry subspace is not left. In Figure 5.7 an ex-
ample of these new states and the number of degenerate configurations, which can be 
created out of this state, is given. Obviously, one may only move a carrier from the 
p-shell into the d-shell, if a site with the right spin is unoccupied in the latter shell. 
Unless the d-shell is highly populated, there are many different states within this new 
class. Henceforth there are - in general - many more degenerate configurations for the 
.s-shell transition than for the p-shell transition. This explains why the .s-shell transi-
tion splits in general into more different peaks than the p-shell transitions. As the shell 
population approaches the maximum filling of twelve carriers for both the electrons and 
holes, the number of possible configurations decreases and less lines are observed in the 
spectrum. In the extreme case of twelve excitons there are three strong lines and two 
smaller lines visible in the spectrum. Actually, in analogy to the absorption spectrum, 
there is even a third tiny line with extremely small oscillator strength, that cannot be 
discerned in the presented figure. 
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5.2 Multi-Exciton Emission 

p-Shell Emission 

As long as the d-shell is not occupied, one observes a remarkable stable p-shell emission 
from three to six excitons. For a QD with two shells, this was already discussed in 
Section 3.2. The presence of the additional shell has only slight impact on the position 
of the lines for the studied set of parameters. 

Hu/ meV 

Figure 5.8: Ground state emission spectrum for an initial filling of seven to twelve excitons 
for a QD confining three shells. Ground states with Stot = 0 are chosen. The dotted lines are 
included as a guide for the eye. A three-step ladder in the p-shell emission can be inferred. 

For more than six excitons, that is when the d-shell starts to be populated, one can 
witness the formation of a ladder-like structure in the p-shell emission. This is in 
analogy to the formation of a ladder in the s-shell as soon as carriers are filled into 
the p-shell. As the ground state for seven to twelve excitons is a doublet state for an 
odd number of excitons and a singlet state for an even number of excitons, one expects 
- in full analogy of the explanation of the s-ladder in Section 3.1 - a formation of a 
ladder with three steps. Each step is formed by the possibility of the final configuration 
to reduce its energy by means of an additional exchange integral. Even though the 
ladder is not as pronounced as the s-shell ladder in the case of a QD with two shells, 
this three-step ladder of the p-shell emission with increasing number of excitons can 
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5 Influence of higher shells 

indeed be found in the spectrum in Figure 5.8. While the spacing in the s-shell was 
to a good approximation given by 2Xsp, one cannot find a similar simple expression 
for the p-ladder, because there is not just one exchange matrix element but three 
different ones, namely, Xp+d_, Xp+do and Xp+d+ (and identical ones for the combination 
involving the state Here we explicitly give the angular-momentum --component 
as +, 0, — for lz = +2, 0, —2 for the d-shell and +, — for lz = +1, —1 for the p-shell. In 
addition to the different exchange matrix elements, the ground states themselves show 
that the different sites are non-equivalent when the interaction is introduced, as the 
m = 0 and m = ±2 states of the d-shell are differently populated. All this hampers 
a simple expression of the step size. However, the total distance spanned by all three 
steps is to a very good approximation given by 2Xp+d_ -\-2Xp+do-\-2Xp+d+ = 18.16 meV. 

d-Shell Emission 

For more than six excitons the d-shell becomes populated. This results in the appear-
ance of a strong high-energy transition line. One can see from Figure 5.4 that these 
transition lines are quite stable as the number of excitons is increased, exactly as in 
the case of the p-shell emission for lower population. This is somewhat surprising be-
cause the 'hidden symmetry' argument, which relied on the commutation of [H, Pp] 
being proportional to Vp and was exact in the adiabatic treatment of a QD with an 
s- and a p-shell, is spoiled in the presence of a d-shell as already indicated at the end 
of Section 3.2. As the full calculation shows nevertheless this intriguing stability, we 
try to approximately determine the energetic position of this emission. For this, we 
follow the derivation of the stable p-shell emission analyzed in Section 3.2. Then we see 
whether the argument fails badly for the d-shell or can be recovered using additional 
approximations. 

In analogy to the discussion presented in Section 3.2 we obtain the adiabatic Hamilto-
nian Had = H^J + H^fJ + H + H{fd

a> + H{
a
a
d' from the full interacting Hamiltonian (1.1) 

by enforcing diagonality with respect to the s- and /^occupation numbers. As we are 
interested only in the energetic position of the d-shell emission line, which is closely 
connected to the commutator [Had,Vd], we do not need to consider the contributions 
H^J and 1I^'J, which contain only .s- and p-shell operators and therefore commute with 
Vdl the dipole-transition operator restricted to the f/-shell. 

The contribution H ^ describes the interaction between the 'frozen' s-shell and the 
d-shell carriers. Its explicit form is given by 

r(p) r(sd) r(pd) r(d) 

H (sd) 
ad £ 

je{+,0,-} 
D s d j ( n s - n h ) ( n d j - n h j ) - £ 

je{+,0,-},CT 

X s d j ( n s , , n d j , , + n* n",. _ ) 

(5.2) 
As the first term contains the total s-shell population operator he

s, which commutes with 
Vdi it plays no role in the argument. Because one has X„ ,/ = X„ ,/ / X„ ,/in the matrix 
element Xsd. in the second term cannot be pulled in front of the sum. Consequently, 
one cannot rewrite the second term in the form Xsd ("'s.a + '''' - ) • But this S,(T d,u 

52 



5.2 Multi-Exciton Emission 

would be necessary for the 'hidden symmetry' argument as Vd is the lowering operator 
for the total population. Therefore the fact that different d-shell states experience the 
influence of the 'frozen' s-shell differently, spoils the 'hidden symmetry' argument. In 
the same way, the interaction of the d-shell carriers with the 'frozen' p-shell - described 
by the Hamiltonian of the form Eq. (5.2), in which all s labels are replaced by p - spoils 
the commutation relation, because XPudj takes different values for different i G {+, —} 
and j G {+, 0, - } . 
In the adiabatic description, the correlation between the d-shell carriers is fully taken 
into account. Therefore the Hamiltonian for the part I/,','// retains the form of the 
general Hamiltonian (1.1) but now with the indices restricted to the d-shell. Along the 
lines discussed in Section 3.2 the Hamiltonian can then be rewritten as 

W W . _ L Ah _ I V^ w . KJ =ee
dhl--^Wi nt + ee

d nn
d - - ^ W , 

+ 2 £ V i j M (e*><V ~ hLh i>*) ( e W - hl ,a 'h3^') 
ijkl 
aa' 

where 11»; is given by V • Vvv. If one evaluates now the commutator \Vtl. I o n e finds 
again that the last line in Eq. (5.3) plays no role and one is left with (ee

d + e''i)V,i — 
f 1/ e\h\. In the case of the d-shell, we have U'| = U'_ / Ho, so that it is impossible 

to recast the expression into the form of 'constant x Vd • To summarize, the interaction 
of the d-shell carriers with the 'frozen' .s- and p-shell as well as the interaction of the 
d-shell carriers among each other spoils the 'hidden symmetry' argument. 
To obtain nevertheless an approximate expression for the position of the f/-shell, one 
can proceed as follows: (i) replace Xsdj with j G {+, 0, —} by its average value Xs,h (ii) 
similarly approximate XPi >dj by Xpd and (iii) replace 11', as well by its average W. In 
this way, one obtains for the position of the d-shell emission 

£d ~ + 4 - W - 2(Xsd + 2 X p d ) (5.4) -d ~ bd "t" fcd - vv - ^ ( ^ s d - r 

where the term —2 ( X s d + 2 X p d ) stems from the interaction with the 'frozen' .s- and 
p-shell. Evaluating the expression leads to £f « 133 meV, which is in very good 
agreement with the full result and shows that replacing the different matrix elements 
by its averages does - for the present set of parameters - not produce too much of an 
error. This can be attributed to the fact that while the different matrix elements that 
are replaced in the steps (i) to (iii) by an averaged value differ by more than a factor 
of two from each other, the deviations are small compared to the energy scale defined 
by the non-interacting energies huje + hui,. 
We investigated in this chapter the influence of higher shells on the emission and ab-
sorption spectra. The huge number of interacting configurations leads to manifold 
splittings of lines, which are degenerate in the absence of the additional shell. This 
greatly complicates the interpretation of the series of multi-exciton spectra as the num-
ber of excitons in the QD is increased. Nevertheless, major trends, like, the formation 
of a p-shell ladder and the stability of the emission of open shells can be observed. 
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5 Influence of higher shells 

This discussion concludes the analysis of multi-exciton spectra in conventional III-V 
semiconductor QDs. The next part is dedicated to the multi-exciton spectra of QDs 
based on group-Ill nitrides. As we will see, the resulting spectra deviate strongly from 
those of the InGaAs system. 
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Part II 

Multi-Exciton Spectra in Nitride 
Quantum Dots 





Introduction 

In the fast evolving research field of semiconductor nanostructures, there was in re-
cent years an increasing level of interest in quantum dots based on group-Ill nitrides, 
i.e., A1N, GaN, and InN. Compared to conventional group-Ill arsenide semiconductor 
materials, nitride-based nanostructures have the huge advantage that it is in principle 
possible to span the spectrum from amber to ultraviolet. This is achieved by properly 
alloying together the three building blocks A1N, GaN, and InN and thereby engineering 
the direct band gap of these materials [23]. Furthermore the strong chemical bonds 
in the nitride system make them mechanically more stable and therefore suitable for 
high-power devices [24] as the generated heat has only a smaller impact on the device. 
Nevertheless and despite the intense research on nitride QDs over the last decade the 
understanding of this material system is - compared to other III-V materials - still in 
its infancy. From an experimental point of view this is mainly due to the fact that it 
remains difficult to grow QDs with a precision similar to the one routinely achieved in 
more conventional group-Ill arsenide dots. This has, at least in part, to be attributed 
to the lack of a proper substrate for these systems in terms of lattice constants and 
thermal expansion coefficients [24,92] in particular as bulk nitrides are very hard to 
synthesize. Furthermore the spontaneous polarization fields in nitrides are much larger 
than those in conventional group-Ill arsenide systems [92,93], which leads to a reduction 
in oscillator strength for opto-electronic applications. Another curious point about the 
nitride system is the fact that the band gap of InN is still controversial in the literature. 

value shifted to about 0.7eV [23,951. 

From the theoretical point of view, one challenge is the proper inclusion of effects that 
stem from the altered microscopic structure of the underlying lattice. While most of 
the nitrides can crystallize both in the zinc-blende and the wurtzite phase, the latter 
is by far more stable [94]. Additionally the strong built-in field needs to be accounted 
for. Furthermore, and in contrast to many other III-V semiconductors, the spin-orbit 
coupling in the nitrides is rather weak [23] so that the calculation of the electronic 
states in terms of a simple effective-mass approximation is not possible due to strong 
valence-band mixing effects. Instead, a microscopic description of the single-particle 
states based on, for example, a tight-binding model or pseudo-potential calculation 
is necessary. Another difference to InGaAs QDs is the background dielectric constant, 
which is typically smaller in nitride structures. Therefore effects of Coulomb interaction 
become even more pronounced in these systems. 
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Introduction to Part III 

In the past a large amount of experimental and theoretical work was dedicated to the 
optical properties of III-V and II-VI semiconductor QD structures based on, amongst 
others, InGaAs/GaAs or CdSe/ZnSe. One important aspect concerned the analysis of 
absorption and emission spectra of QDs as a function of the excitation density. A large 
bulk of literature deals with this problem [10,12,39,43-45,48, 78,84,96]. A common 
result is that the transitions mainly involve 'diagonal' transitions, i.e., transitions con-
necting, for example, s-shell electrons with s-shell holes or p-shell electrons with p-shell 
holes. This is due to the fact that the dipole matrix elements d,y = ''') are to 
a good approximation shell diagonal: In envelope-function approximation the dipole-
matrix elements are proportional to the overlap of the electron and hole wave function. 
In the case of identical envelopes one obtains in particular d,y oc à-,,. This picture has 
been proven to be very fruitful for conventional III-V materials and is oftentimes car-
ried over to the nitride system where emission spectra are then calculated using these 
'diagonal' excitons [97-102]. Our analysis shows, however, that such an approach is in 
general not adequate for the description of nitride QDs. 
In particular, we find for the nitrides that the emission is dominated by recombination 
of 'skew' excitons. These excitons consist of one s-shell carrier of one band and a 

carrier from the other band. This selection rule cannot be explained in a sim-
effective-mass picture but necessitates a microscopic, multi-band approach for the 

electronic single-particle states that properly accounts for the underlying atomic lattice. 
These new selection rules, which are dictated by the altered dipole-matrix elements, are 
the main reason for dramatically different optical spectra in nitrides. For small lens-
shaped QDs, they lead to the prediction of dark exciton and biexciton ground states. 
Additionally, the transitions that occur in systems with a higher population of excitons 
(three or more excitons) differ strongly from those known from the InGaAs/GaAs sys-
tem. For large nitride QDs the energetic order of the s-shell and p-shell is interchanged, 
with the p-shell being lowest in energy. This results in an optical active exciton and 
biexciton ground state. However, as it is known from the quantum confined Stark effect 

increasing height of the QD due to the separation of the electron and hole wave func-
tions in the strong internal electric fields. This may turn out to be the real limiting 
factor for opto-electronic device applications. 
In this thesis we study the multi-exciton emission spectra of nitride QDs and discuss 
the resulting complicated peak structure in detail. Restricting ourselves to the two 
lowest shells allows even a semi-analytic description of the problem. The single-particle 
states are deduced from a microscopic theory based on a tight-binding model. But also 
without the microscopically determined single-particle states that initially led us to the 
intriguing selection rules, it is quite interesting to investigate the impact of the changed 
symmetry on the dipole-matrix elements and thereby on the multi-exciton spectra. 

This part of the thesis is divided into three chapters. Chapter 6 starts with a general 
introduction to the calculation of electronic properties within the framework of a tight-
binding treatment. Then Section 6.2 gives details about the actually implemented 
TB-approach and presents results for single-particle wave function as they have been 
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calculated by Stefan Schulz in the group of Prof. Gerd Czycholl [69]. This is followed 
by a short discussion of how Coulomb and dipole-matrix elements can be obtained from 
these single-particle states. 

At the beginning of Chapter 7 some of the most important aspects of the symmetry 
group of the wurtzite lattice structure are introduced and contrasted to those of the 
zinc-blende lattice. Section 7.1 deals with degeneracies that can be predicted from these 
symmetry groups. The following Section 7.2 is devoted to the transformation properties 
of the single-particle wave functions, which are used in Section 7.3 for the derivation 
of selection rules for the dipole matrix elements. In particular we will find that the 
dipole-matrix elements are dominated by off-diagonal contributions. These will lead to 
the aforementioned 'skew' excitons. 

In the first part of Chapter 8 the symmetry properties of the single-particle wave func-
tions and the resulting optical selection rules are briefly summarized. Then the absorp-
tion spectrum of an initially empty QD is discussed, followed by a brief analysis of the 
exciton and biexciton emission spectrum. Results for an initial filling with up to six 
excitons are provided in Section 8.3 and major trends are described in Section 8.4 in 
terms of an approximate Hamiltonian. This is proceeded by a detailed, semi-analytic 
discussion of the observed multi-exciton spectra. In the subsequent Section 8.6 the 
influence of the strong built-in field is investigated. Finally, the spectra for a larger 
nitride QD is presented in Section 8.7 and compared to those found for the smaller 
structure. 
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6 
!-Particle States in Nitride 

Even though our ultimate goal is the investigation of the many-body effects on the 
optical spectra, a proper description of the single-particle states is needed. In particular 
we find that by just carrying over the intuition gained by the analysis of InGaAs/GaAs 
QDs to the nitride system one obtains wrong results, even qualitatively. This is at least 
in part due to the fact that the spin-orbit coupling in nitrides is quite small compared 
to conventional III-V systems1. Therefore at least a two-band treatment of the valence 
band structure is needed. So far, most of the theoretical work concerning InN QD 
structures is based on effective-mass [97-102,104] and k • p calculations [105]. As both 
approaches constitute in effect a continuum description of the quantum dot, important 
parts of the microscopic structure of the underlying lattice is neglected. Therefore a 
microscopic description in terms of more sophisticated models, like a tight-binding (TB) 
model, is desirable and we are in the fortunate situation of having a vivid cooperation 
with the group of Prof. Gerd Czycholl, University of Bremen. In his group the actual 
calculation of the single-particle wave function and energies in the framework of a TB 
model have been performed by Stefan Schulz. Starting from these single-particle states 
the Coulomb and dipole-matrix elements have been jointly evaluated by S. Schulz and 
Stefan Schumacher [69]. The details of the TB-approach and the calculation of the 
matrix elements are beyond the scope of the present thesis and can be found in [69,106]. 
Once the interaction and dipole-matrix elements are determined, they are used as input 
data for the configuration interaction (CI) calculation presented in Section 8. 

In a first motivating step, the general idea behind the TB-approach is outlined in 
Section 6.1. To give a faint flavor of this sophisticated and computationally intense 
approach, the description is extremely simplified. For the avid reader Ref. [107,108] 
are recommended for details of this research field. In a second step, we will present in 
Section 6.2 the method employed by S. Schulz for the calculation and give results for 
the one-particle states. Within this method, it is in particular possible to study the 
influence of the internal electrostatic fields on the wave functions by artificially turning 
the fields on and off [69]. A brief discussion of how dipole- and interaction matrix 
elements can be determined from the TB single-particle states concludes the present 
chapter. 

1 Here we denote as conventional III-V semiconductors those composed from In, Ga, Al, and As. 
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6 Tight-Binding Single-Particle States in Nitride Quan tum Dots 

t-Binding Model 

In this Section we present the basic idea behind a microscopic tight-binding descrip-
tion of the electronic properties in solids. To this end an ideal infinitely extended 
one-dimensional structure and its generalization to a heterostructure is discussed. Fur-
thermore the necessary changes for the description of a realistic structure are addressed. 

The starting point for this description are wave functions that are each mainly localized 
around a certain atom and represent the wave functions of the electrons of the outer 
shell (s) of the lattice atoms. Using this basis set one has to find the linear combinations 
that are the eigenstates of an electron moving in the potential Vion generated by all 
the core-ions. If \a, R) denotes an orbital a, which is located around the lattice point 
R, it is at least plausible that the matrix elements (R', a'\ — + l/ion(^)|R, oi) are 
largest for nearby lattice points. This should be the case as the wave functions are well 
localized. Indeed, it turns out that it is often sufficient to consider hopping to just 

— O — O — O — O — O — O — 
i —1 i i+1 

Figure 6.1: Schematic representation of a one-dimensional crystal and a nearest neighbor 
hoping matrix elements t. 

t t 

a few neighbors. In order to understand how such a model can lead to the formation 
of a band structure, let us consider the one-dimensional chain of atoms depicted in 
Figure 6.1 and assume for simplicity that only one orbital a is present at each lattice 
site. In this case the states Rn ) can be characterized solely by the site index /. For the 
sake of a simplified discussion we further assume that (Rj, n, — ^ A 2 + Vion(r)\Tij, a,j) 
can be written as £ +15 i tj±i. The quantity t is the so-called hopping matrix element, 
which connects nearest neighbors and is related to the probability of an electron moving 
from one site to another [71]. The onsite matrix element £ is connected to the orbital 
energies. The corresponding TB-Hamiltonian then reads 

H = 5>|i><i| + *£(!* + l><i| + \i ~ l><i|) (6.1) 
i i 

and has the eigenvectors \tpi) and energies Ei given by 

= > E , = e + 2 * c o s ( ^ ) . (6.2) 
m 

Here I labels the eigenstates and N denotes the number of lattice sites and the integer 
m runs from 0 to N — 1. For the diagonalization of the Hamiltonian periodic bound-
ary conditions have been assumed. The corresponding energy spectrum is depicted in 
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6.1 Basic Idea of a t-Binding Model 

6.2. For N 
2?t i 

oo the energy spectrum forms a continuum. identifying the 
0 one 

finds Ei « e + 2t — 2tk2. From this it is possible to infer that the hopping matrix 
element t is, in this simplified model, basically determined by the effective mass. 

quantity jj-l with the wave vector k and expanding the expression around k 

cq 
m 
CP 
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ö 
CP 

£ + 2\t\ 

- 2|t|-
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l 
Figure 6.2: Eigenvalue spectrum of the one-dimensional chain depicted in 
hopping matrix element t < 0 was assumed. 

A 

So far we have considered the case of just one hopping matrix element at each lattice site. 
This matrix element could for example originate from the overlap between adjunct s-
orbitals. If we consider instead various hopping matrix elements connecting neighboring 
lattice sites, as they could, for example, originate from additionally including p-orbitals, 
one obtains further energy bands. Note that the assumed periodicity in the above ex-
ample allowed us to map the V-dimensional matrix problem onto a scalar problem via 
a Fourier transform. In the general case of a bulk material it is Bloch's theorem that al-
lows us to reduce the matrix dimension from iVunit c en s x iVatom p e r u n i t ceil x ^orbiiais p e r a t 0 m 

to N, atom per unit cell X A^^itals per atom a gigantic simplification. Unfortunately in the case 
of a heterostructure the translational symmetry is broken, so that one can no 
apply Bloch's theorem. Instead one is left with a matrix problem of extremely 
dimension that can only be tackled with today's supercomputers. 

A B A 

tA tA tß tß tA tA 

Figure 6.3: Schematic representation of a one-dimensional heterostructure, together with 
some nearest neighbor hoping matrix elements for the two materials A and B. 

£ 

0 
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6 Tight-Binding Single-Particle States in Nitride Quantum Dots 

A very appealing point of the description of a heterostructure within the TB-approach 
is that its principle idea is very simple. One just assigns the hopping matrix element 
at each site according to the material of the occupying atom and its neighboring site, 
which is connected by this hopping matrix element. This is illustrated in Figure 6.3 for a 
simple one-dimensional model consisting of a material B sandwiched between materials 
of type A. This example includes only hopping to nearest neighbors, one atom per unit 
cell and one orbital per atom. The two materials differ not only in the hopping matrix 
elements, that is, to first approximation, in their effective masses, but also in their 
onsite energies The difference £a~£b is similar to the potential step A V used in the 
effective mass calculation in Chapter 1.1 and is mainly responsible for the confinement 
of the carriers in the QD. Of course all the simplifying assumption of hopping only to 
nearest neighbors, one atom per unit cell and one orbital per atom can in general not 
be used in a realistic description of a QD, as outlined in the next section. 

-Binding Model Quantum 

So far we have presented the general idea of a tight-binding model. In this section we 
briefly discuss the TB-model actually utilized for the calculation of the single-particle 
energies and wave function for nitride QDs and present results obtained from this 
approach. 

Before we can start the modeling of a nanostructure we have to determine the tight-
binding parameters for the involved bulk materials. To this end we use for the nitride 
system a TB-model with an sp3 basis <\. R). That means that we consider one .s-state 
(a = s) and three p-states (a = px,py,pz) per spin direction at each lattice site R. In 
this basis set the TB matrix elements are given by: 

E a R , a ' R ' (aR|i7 |c/R'} (6.3) 

We include non-diagonal elements of the TB Hamiltonian matrix up to nearest neighbors 
and use the two-center approximation of Slater and Köster [109] to evaluate the overlap 
matrix elements with the bulk Hamiltonian Hhulk. This yields nine independent TB-
parameters EAr;Q:'r'. In contrast to most other III-V and II-VI semiconductors, one 
can neglect spin-orbit coupling and crystal-field splitting in InN and GaN, which are of 
the order of ~ 10 meV [23,110]. Using Bloch's theorem the electronic properties of the 
pure bulk materials is contained in a 16 x 16 matrix _ffbulk(k) for each k point [111]. 
The matrix dimension is given by Aatoms per unit ceii x Aorbitais per at0m = 4 x 4 = 16. The 
matrix elements depend on the different TB-parameters EAr;Q,'r' , which are empirically 
determined by adjusting the TB-parameter such that the characteristic properties of 
the bulk band structure [112,113] in the vicinity of the T point are reproduced. 

Once the bulk TB-parameters are determined, one can model the QD on an atomistic 
level. For this, the TB wave function ipi(r) is expressed as a linear combination of the 
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6.2 Tight-Binding Model for the InN/GaN Quantum Dot 

18.5 nm 

7.0 nm 

GaN 

16.0 nm 

InN WL 

Figure 6.4: Illustration of the finite-size supercell in which the QD geometry is modeled 

(WL) and has circular symmetry around the z-axis. The InN QD-WL-system is embedded in 
a GaN matrix. The actual numbers refer to the small dot investigated here. (Figure adopted 

orbitals </W(r) = (r|o. R) localized at lattice site R using the TB coefficients c ^ : 

= £ C R a < W r ) - (6-4) 
R a 

The corresponding Schrödinger equation reads 

J ] ( a /
1 R / | i / | a 1 R ) C ^ - = 0, (6.5) 

R a 

and constitutes a huge, but finite dimensional eigenvalue problem. The quantity E% 

denotes the energy and for the matrix elements (a', ~ R ! \ H \ a , R) the TB-parameters 
of the bulk materials are used. The parameters for each site are set according to 
the occupying atoms (N, In, Ga) in the InN/GaN heterostructure. At the InN/GaN 
interfaces averages of the TB-parameters are used [106] to take into account that the 
Nitrogen atoms cannot unambiguously be attributed to the InN or the GaN material. 
The valence band offset between the two materials is included by shifting the diagonal 
matrix elements of the bulk system by 0.5 eV [69]. To model an InN QD embedded in a 
GaN matrix, a finite wurtzite lattice within a supercell with fixed boundary conditions 
is chosen. We use these boundary conditions to avoid artificial dot-dot coupling, which 
could be produced in case of periodic boundary conditions, if the boundaries are not 
pushed far enough from the QD, and employ a large supercell. Typically the matrix size 
is of the order of 106 x 106. Such a large supercell is necessary to avoid numerical artifacts 
for the localized QD states, especially due to the cubic symmetry of the boundaries. 
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As discussed in detail in the next chapter the cubic symmetry of the supercell could in 
principle destroy the symmetry of the single-particle wave functions which is determined 

the underlying lattice. More specifically, we consider lens-shaped InN QDs, grown in 
)-direction on top of an InN wetting layer (WL). The embedded QD-WL-system 

is schematically shown in Figure 6.4. For the WL we assume a thickness of one lattice 
constant c. 

So far we have not addressed the electrostatic built-in fields that play in general an im-
portant role in nitride systems and can significantly modify both the electronic structure 
and the optical properties. In contrast to cubic III-V semiconductor heterostructures, 
based on InAs or GaAs and crystalized in the zinc-blende structure, the III-V wurtzite 
nitrides exhibit considerably larger electrostatic built-in fields for several reasons [93]: 
First of all the shape of the unit cell in InN and GaN differs slightly from the ideal sym-
metry in the wurtzite structure2. This small aberration causes a polarization, which is 
referred to as the spontaneous polarization p s P ° n t . Additionally, a quite strong strain-
induced piezoelectric polarization p P i e z o occurs in InN/GaN heterostructures. In order 
to incorporate the electrostatic fields in the TB model, the potential <j)p is needed. This 
potential enters the description as a site-diagonal contribution Vp(r) = —ecf)p(r) to the 
TB Hamiltonian. This approach has previously been applied to quantum well [114] 
and QD [115] structures. The electrostatic potential then follows from the solution of 
the Poisson equation A (f>p = — j^Pp where the polarization charge pp is deduced from 
d i v P = — pp. Small effects due to the different dielectric constants tr in the QD and 
the surrounding material are neglected. As already mentioned, the polarization P has 
two contributions, the spontaneous polarization P s P ° n t and the piezo-electric part p p i e z 0 

due to strain inside the material. The spontaneous part P s P ° n t in the wurtzite crystal 
structure lies within the (OOOl)-direction, which we assume to be the growth direction, 
pspont _ psponte^ p o r the strain contribution we use the approximation described in 
Ref. [97] and assume p p i e z 0 ~ e ; . This is justified for the present QD geometry, as 
even a more sophisticated inclusion of strain effects will generate merely small lateral 
contributions to the piezoelectric field [115]. If one is just interested in a rough estimate 
for the electrostatic field strength inside the QD, a simple capacitor model can be used. 
Such an estimation yields a value of approximately 5.5 MV/cm. 

The small QD schematically depicted in Figure 6.4 confines three bound states for the 
electrons. The corresponding probability densities are shown together with the three 
energetically lowest hole states in Figure 6.5. The influence of the built-in field was 
included in the calculation. For each state the atomic orbital character of the TB wave 
functions is given and the dominant contributions are highlighted. According to their 
nodal structure, the depicted electron states ^1,2,3 c a n be classified as .s- and p-like 
states. Obviously such a classification based on the nodal structure is not possible for 
the hole states due to strong band mixing effects. 

2 In an ideal wurtzite structure the two lattice constants c and a have a ratio ^ = y/S/3 « 1.633, 
where the lattice constants are defined as shown, for example, in Figure 7.1 on page 70. For InN one 
finds a ratio 1.609 and for GaN 1.6259, see Ref. [23]. 
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6.2 Tight-Binding Model for the InN/GaN Quantum Dot 
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Figure 6.5: (Color online). The QD geometry is shown from atop. The structure is visualized 
and isosurfaces of the charge density in the presence of the built-in field for the three energet-
ically lowest electron (left) and hole (right) states are included for 10 % (blue) and 50 % (red) 
of the maximum value. For the holes the atomistic structure of the wurtzite crystal becomes 
most apparent for the excited p-states. The corresponding energies 3) of electron and hole 
states measured from the valence band maximum of bulk GaN and the atomic orbital charac-
ter for each wave function are given. The dominant contributions are highlighted.(d=4.5nm, 
h—1.6nm.) 

If one compares the single-particle states with and without the inclusion of the built-
in field, one finds that in the presence of the fields, the electron states are squeezed 
into the cap of the QD, while the hole states are constraint to a few atomic layers at 
the bottom of the QD, near the wetting layer [69]. The influence of the electrostatic 
field on the one-particle densities is much more pronounced for larger QD. In this case 
a clear spatial separation of electron and hole probability densities is observed. This 
lowers the direct spatial overlap of electron and hole wave functions and leads to a 
strongly reduced dipole matrix elements for larger structures. Besides the influence on 
the oscillator strength, the additional confinement of the electrons into the cap of the 
QD increases the electronic Coulomb matrix elements [69]. Furthermore the single-
particle energies are strongly affected by the built-in field: The electrostatic field shifts 
the electron single-particle states to lower energies, whereas the hole states are shifted 
to higher energies. Consequently, the built-in field leads to an overall red-shift in the 
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6 Tight-Binding Single-Particle States in Nitride Quantum Dots 

6.3 Evaluation of Dipole-
Elements 

Interaction Matrix 

Starting with the TB single-particle wave-functions one can determine dipole- and 
Coulomb matrix elements. Here we will only give the general idea of how the ma-
trix elements are numerically determined and refer the reader to Ref. [69] for further 
details. General properties of these matrix elements, that can be deduced from the 
underlying symmetry of the system, are discussed in Chapter 7. 
As emphasized above, a TB model represents an atomistic approach to describe the 
electronic structure of low-dimensional heterostructures. However, explicit knowledge 
about a basis set of the localized states is not required for the calculation of one-particle 
energies and wave functions. Only the basic assumptions about the localized (atomic) 
orbitals, i.e. symmetry, spatial orientation, and orthogonality, enter the TB Hamilto-
nian [109]. Nevertheless, for the calculation of dipole and Coulomb matrix elements 
one needs - in principle - the localized basis states. For the Coulomb matrix elements, 
however, which are dominated by long-range contributions, the explicit knowledge of 
the atomic orbitals is in practice not required. This is because the structure of the 
localized orbitals is of significance only for on-site and nearest-neighbor interactions, 
which contribute less than 5 % to the total Coulomb matrix elements. These findings 
are in agreement with Ref. [116]. Thus, the matrix elements are approximated by a 
sum over the TB coefficients at atom sites R, R' with orbital indices a, ß: 

V ijkl Y , Y - R ' l ' 
RR' aß 

j c
k J vc"R' ß JTt m Jt (6.6) 

The labels i, j. k, I refer either to electron or to hole states in case of the repulsive 
electron-electron and hole-hole interaction, or i, I label electron and j, k hole states for 
the attractive electron-hole interaction. The considerably smaller matrix elements of 
the electron-hole exchange interaction are neglected. The electronic charge and the 
vacuum dielectric constant are denoted by e0 and e0, respectively. We use the InN 
dielectric constant er = 8.4 according to Ref. [104] since the wave functions are almost 
completely confined inside the QD. 
For the calculation of dipole matrix elements dfj1 = e0(V>f M tp j ) , the explicit structure 
of the localized orbitals is required as the dipole-operator has mainly local character. 
Standard Slater orbitals [117] have been used in earlier calculations [118] within or-
thogonal TB models. While they include the correct symmetry properties, the missing 
orthogonality limits their applicability. To overcome this problem, we use numerically 
orthogonalized Slater orbitals. 
In this chapter the TB-model and the resulting single-particle wave function have been 
presented. Additionally we discussed how Coulomb and dipole matrix elements can 
be evaluated based on these one-particle states. The next chapter is concerned with 
general statements about the single-particle properties and interaction matrix elements 
that can be deduced based on the wurtzite symmetry of the underlying atomic lattice. 
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7 Symmetry Considerations 

In the following, the influence of symmetries on the energy spectrum, the single-particle 
states as well as on the dipole-matrix and Coulomb matrix elements is addressed. Sym-
metry considerations play an important role for the prediction of energy degeneracies 
and of optical selection rules [119,120]. The overall symmetry of the QD is determined 
by two factors: (i) the crystal symmetry of the underlying lattice and (ii) the symmetry 
of the QD geometry or, in general, the geometry of the heterostructure [121]. In partic-
ular we are interested in lens-shaped QDs placed on a WL, determining the geometry, 
grown in the wurtzite phase, which dictates the lattice structure. Additionally we will 
compare these QDs to dots grown in the zinc-blende structure and disk-like QDs. 

In order to illustrate the interplay of the dot geometry and the underlying lattice, let 
us consider a lens-shaped QD. The geometry of the QD has a C^-symmetry. This 
means that the geometry is left unchanged by any rotation around the --axis (here we 
choose the --axis to be directed along the growth direction) and that one furthermore 
has arbitrary many vertical (perpendicular to the x-y-plane) mirror planes. Because 
these operations form a non-commutative group, the symmetry predicts - as we 
will discuss in more detail later on - degeneracies in the energy spectrum. In the 
effective mass approximation or in the k • p-theory the underlying atomic structure 
is not resolved so that one obtains degenerate energies for the lens-shaped QD (see, 
for example, Section 1.1). If one takes the atomistic structure into account, as it is 
done in a TB-calculation [69,122] or a pseudo-potential calculation [53], the symmetry 
will be reduced and degeneracies may be lifted [121]. For example, a lens-shaped QD 
grown on a wurtzite lattice has only a ( '.>,,, symmetry. If the same QD is grown in the 
zinc-blende phase, one is left with a C2v symmetry. As we will see in the next section, 
the (',>„, symmetry group is still rich enough for the prediction of degeneracies, while 
no statements about the degeneracy of states can be deduced from the C2v symmetry 
group. Even though one needs to include the atomistic lattice for the correct description 
of degeneracies and selection rules, it is expected that those derived from continuum 
models will hold - at least approximately - for sufficiently smooth nanostructures. 

The conventional group-Ill nitrides InN, GaN, and A1N can crystallize in principle 
both in the zinc-blende and in the wurtzite phase [23,94]. Nevertheless the predomi-
nant phase for the group-Ill nitrides is the wurtzite structure [23] as it usually is the 
thermodynamically stable phase of bulk InN, GaN, and A1N [94]. The conventional 
unit cell of a wurtzite crystal is shown in Figure 7.1. In the case of InN the blue spheres 
represent the Indium atoms and the orange spheres the Nitrogen atoms. The chemical 
bonds are shown as thick lines. Additional thin lines are introduced as guides for the 
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7 Symmetry Considerations 

wurtzite structure 

Figure 7.1: (color online) Conventional unit cell of the wurtzite crystal (middle) together with 
a top- and side-view (right side) and the tetrahedral atom arrangement of nearest neighbors. 
In the case of InN the larger orange spheres symbolize the Nitrogen atom, the smaller blue 
spheres the Indium atom. 

eyes to clarify the relative position. As can be inferred from the side-view in Figure 7.1 
the crystal is in vertical direction composed of alternating layers of Nitrogen and In-
dium atoms. Each atom sort alone forms a hexagonal closed packed (hep) structure. In 
horizontal direction, the individual layers have a hexagonal symmetry with a six-fold 
axis. Nevertheless the wurtzite crystal has only a three-fold axis as adjacent layers are 
displaced in the horizontal direction (see Figure 7.1). That there can be at most a 
three-fold axis may also be inferred from the top view in Figure 7.1. The three-fold 
rotation around the --axis (here we chose the --axis along the c axis of the unit-cell) 
is also evident in the atomic arrangement in the .s/Z'-liybridizcd orbitals of the Nitro-
gen atom shown in the left-most part of Figure 7.1. Another symmetry that can be 
identified is the IC2x symmetry, that is, a rotation around the ./-axis by ~ followed by 
an inversion or, equivalently, a mirroring across the plane normal to tlie x-axis defined 
by (x, y, z) —• (—x, y, z). The wurtzite bulk material has additional, more complicated 
symmetries, like, a rotation followed by a non-primitive1 translation. But all these 
symmetries are spoiled by the geometry of the QD and are therefore not of interest 

1 In contrast to a primitive translation, a non-primitive translation does not map the lattice onto itself. 
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zinc-blende structure 

•view: 

tetrahedral 
sp3-bounds 

Figure 7.2: (color online) Conventional unit cell of the zinc-blende crystal (middle) together 
with a top- and side-view (right side) and the tetrahedral atomic arrangement. The orange 
spheres symbolize the Arsenide atom, the smaller blue spheres the Indium atom. 

for the following discussion that concern the electronic states in a QD. In particular 
we considered here only symmetry operations that contain rotations around the ,:-axis 
because all other possible rotation axes will be destroyed by the geometry of a lens- or 
disk-like QD. 

Even though group-Ill nitrides can also crystallize in zinc-blende, we will discuss this 

possible for the nitrides, relies on the .s/Z'-hybridization of the atomic orbitals that are 
found in both structures. In this arrangement the nearest neighbors around each atom 
form a regular tetrahedron. Nevertheless, the different arrangement of these orbitals in 
the crystal structure leads to quite different symmetry properties. The conventional unit 
cell of zinc-blende is shown in Figure 7.2. The blue spheres represent Indium atoms, the 
orange spheres the Arsenide atoms. Each atom sort alone forms a face centered cubic 
(fee) lattice, which has, amongst other symmetries, the ,:-axis as a four-fold rotation 
axis. For the combined system the most obvious symmetry is the C^-symmetry. But 
there are additional symmetries, like the IC4z-improper rotation, that is a rotation 
around the .--axis by \ followed by an inversion. This symmetry can probably best be 
seen by considering the atoms that surround an Arsenide atom shown in the left part 
of Figure 7.2. However, this rotoinvariance will be spoiled by any geometry that does 
not have an inversion center, like, for example, the lens-shaped QD grown on a WL. In 
this case only the two-fold rotation axis remains. 
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7 Symmetry Considerations 

7.1 Energy Spectrum 

As outlined in the previous section, the symmetry group of a lens-shaped nitride QD 
on top of a WL grown in the wurtzite phase is C3v. This group is generated 

the rotation around the --axis with angle denoted by C3z, together with a 
mirror perpendicular to the y-axis, denoted by ICI, 2y. By successively applying 
these operations one generates six symmetry operations. The three mirror planes are 
schematically depicted in Figure 7.3. Additionally, one has the three rotations around 
the '-axis by -y, and 2tt (the identity). While these operations commute with 
the Hamiltonian, they do not commute among themselves. To illustrate this, a simple 

^ x 

Figure 7.3: The triangle represents the C3v symmetry: there are three rotations and three 
mirror planes that leave the triangle unchanged. 

From this non-abelian character of the group we can immediately conclude that there 
must exist energetically degenerate states. Indeed, if two operators A and B commute 
with the Hamiltonian but not with each other then there must exist degenerate states. 
A simple proof of this runs as follows: Assuming that all the states were energetically 
non-degenerate then the choice of the eigenbasis of H is unique. The commutation of 
the Hamiltonian with the operator A would imply that all the eigenstates of H are as 
well eigenstates of A. From [H, B] = 0, one were led to the same conclusion for the 
operator B. But this would mean that these states are common eigenstates of all three 
operators H, A and B, which would result in [A, B] = 0. This is in contradiction to 
the assumption and completes the proof. Consequently there must exist energetically 
degenerate eigenstates leading to several possible choices for the eigenbasis of H: one 
shared with A and one shared with B. This is also the case for the wurtzite QD under 
consideration. One example of such degenerate states are the p-shell states given in 
Figure 6.5 on page 67. Probably the best-known elementary example of degeneracies 
produced by non-commuting operators is provided by the angular momentum opera-
tors [70]. The operator J 2 commutes with Jx, -I,,, and Jz, but the components do not 
commute with each other. As a consequence the subspaces characterized by the eigen-
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3-Particle States 

A A = 
C C 

= R 

B B 
Figure 7.4: Illustration of the fact that the rotation R around the center and mirroring MY, 
defined by (x, y, z) —(x, -y, z), do not commute. 

value h2j{j + 1) of J 2 are (2j + l)-times degenerate. A systematic use of these ideas is 

symmetry group involved, some elementary considerations are sufficient. 

The degeneracy of the p-shell states in the wurtzite structure is in particular intriguing 
as a recent paper by Bester and Zunger underlined that the p-shell in a zinc-blende 
structure must split into two states if a microscopic description for the single-particle 
states is used [121]. This seems to be at odds with our results as the bulk crystal 
structure of zinc-blende has a symmetry group that is much richer than the one of 
the wurtzite crystal. This situation underscores that it is not the symmetry of either 
the lattice or the geometry of the QD alone that is responsible for the degeneracies of 
the states, but the symmetry group of the combined system. For a lens-shaped QD 
grown in the wurtzite phase this is the (',>„, symmetry, which is a non-abelian group 
as mirroring and rotation do not commute. This leads to degenerate states. In the 
zinc-blende phase the overall symmetry group is only C2v As this is an abelian group, 
one cannot derive any degeneracy from this group. If one considers instead a disk-like 
QD, as schematically depicted in Figure 7.5, one has both in the wurtzite and in the 
zinc-blende structure non-abelian symmetry groups and henceforth necessarily degen-
erate eigenstates. In Appendix C we give an additional proof of the presence/absence 
of degeneracies based only on the so-called order of the rotation axis combined with 
the time-reversal. The p-shell splitting that has been predicted for a QD on a wurtzite 
lattice in previous publications [124,125] must be attributed to the rectangular bound-
ary condition and/or the rectangular discretization used in their calculations. Such a 
numerical treatment destroys the ('>,, symmetry of the underlying lattice and with it 
the symmetry properties. 

In summary, one can expect degeneracies in a disk-like QD in both the wurtzite and 
zinc-blend phase, whereas for a lens-shape QD degeneracies are only to be expected in 
the wurtzite phase and not in a zinc-blende structure. 

7.2 Single-Particle States 

So far we discussed rotations in the three-dimensional space, which leave the system 
invariant. In order to make statements about how symmetries affect the properties of 
the wave function, we need to define the action of the symmetry operations on the 
elements of the Hilbert space. In spatial representation the action of any symmetry 

73 



7 Symmetry Considerations 

wurtzite C3v C3v 

zinc-blende C2v D2d 

Figure 7.5: Symmetry group in different QD geometries and crystal structures (Schönflies 
notation was used to identify the groups [123]). The non-abelian group D2d contains the 
improper rotation Cuts through the QDs are shown as dark grey areas. 

operation T is defined via (Ttp)(r) = 4>{T~lr), see for example Refs. [120,123]. In the 
case of the rotation one has, for example, (/i'/')(r) = <'(/i'~'r). This means that by 
rotating the entire system the new function Hi' (after this rotation) takes at point r 
the value of the old function c at position l\'~1 r prior to rotation. So, loosely speaking, 
one can say that each point simply keeps its functional value while it undergoes the 
rotation from the point R~lr to the point r. In the case of a tight-binding wave function 
this amounts to a simultaneous transformation of the orbitals and their centers. In 
the remaining part of this section we concentrate on the consequences of the spatial 
symmetry of the QD geometry and the underlying lattice on the single-particle wave 
functions. 

As mentioned previously in Chapter 6 we use in the tight-binding description of the 
eigenstates one .s-orbital and three p-orbitals at each lattice point R. Then the expan-
sion of an eigenstate can be written as 

5 > ) r a(R) + J ] |pj>R bj(R) 
R R , j 

where (r|s}R = i ' J r — R) denotes the atomic s-orbital centered around the site R. 
Similarly (r|pj)R = i:Pi (r — R) with / G f.r. //. z) denotes a /^-orbital around R. Instead 
of using the real-valued p-orbitals, which are advantageous for the numerical determi-
nation of the TB wave functions, it is more convenient for an analysis of the symmetry 
properties to work with the linear combinations p± = 4tj(m,. ± ipy) of the atomic or-
bitals. These linear combinations transform under a rotation R around their center an 
mirroring like 

e p + ) R\P+) 
R\p.)=e+^\p.) , 

My |p+> = |p-> 

My |p-> = |p+> 
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More interesting is how the total wave function (7.1) and not just some local orbital 
changes under the symmetry operation of the (',>„, group. If the single-particle state 
is invariant under all the operations of the group, we call it an s-state and denote it 
|0 s(r)). This notation is somewhat abusive as in this notation a /^-orbital is also an 
s-state. Nevertheless we use this notation for the sake of simplicity. If a wave function 
transforms under rotation and mirroring like the local orbitals in Eq. (7.2), we call 
the wave functions an p±-state and write |0p ±(r)) . The probability density of |0p ±(r)) 
is shown in Figure 7.6. The corresponding real-valued linear combinations, shown in 
Figure 6.5 on page 67, are called px- and /^-states and are denoted as o / ) r(r)) and 
\4>Py(r)}, respectively. 

In order to access the transformation properties of the eigenstates, one has to study how 
the overall wave-function transforms under rotation. The rotation of atomic orbitals 
that are not situated in the origin leads to rotated orbitals in a rotated position or, 
equivalently, to transformed coefficients a(R) and f/i,(R)}:- , taken at rotated values. 
In a somewhat lengthy analysis one can show that an s-state |</>s(r)} must be of the 
form: 

l & ( r ) > = E I » R a ( R ) + | P z >R ß z ( R ) ] + £ [ I p + > r Z R ß ( R ) + | P - > R Z R ß * ( R ) ] 
R R 

where the coefficients a (R) , 4 (R) , and the real part of ß ( R ) are invariant under all 
transformation of C3v, while the imaginary part of /?(R) is invariant under rotation of 
the group and changes sign under the action of the mirror operation. The quantity 
Zji is defined as X R + / VR or in polar coordinates s/X^ \ where X R and Yr 
denote the cartesian coordinates of the lattice site R and (j)r is the polar angle of the 
point R in cylindrical coordinates. Without presenting all the details, one can make the 
identification of the state (7.3) as an s-state more plausible: the s- and /^-orbital part 
are left unchanged under the action of the elements of (',>„, because the coefficients n (R) 
transforms into a (R ' ) = n(R) , so that there is no change. The same is true for 1 (R) . 
The transformation of the |p+)-part is a bit more complicated. First of all, under the C3z 

• 2-7T 

rotation one obtains a phase factor e~%~, which stems from the transformation behavior 
of the atomic orbitals. This is compensated by the phase factor acquired by Z^ under 
rotation: the new values of the coefficients are those of the site R ' = R~lR prior to the 
rotation. But ß(R') = ß(R) and Z^ = = V x i + Y i e = 

R ' 
o+i- ". As a consequence the 

the state. The same is true for the 
is indeed an invariant state. 

factors cancel, so that there is no net change in 
containing the |p_)-orbitals. Therefore Q.„(r)) 

A close inspection of the numerically determined TB coefficients for typical sets of lattice 
points reveals that the states with lowest energy for the electron and holes depicted in 
Figure 6.5 are indeed s-states. In this figure the sum of the modulus squared of the 
coefficients of the orbitals are displayed. For the electrons, the state looks as one 
would expect for an s-state in the effective mass approximation: it is symmetric under 

3 
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7 Symmetry Considerations 

rotation2, has a single maximum at the center and decays to the boundaries. In contrast, 
the shape of the s-state of the holes does not show this behavior. It has the rotational 
symmetry, but has a node at the center. The rotational symmetry can be understood 
by recalling that Figure 6.5 displays the sum of the modulus squared of the orbital-
coefficients. Because the contribution of the |s}- and |p.)-orbitals to the QD s-state is 
only small, they can be neglected for the discussion of the shape. Then we find from 
Eq. (7.3) for the probability density 2|Z^ /J(R)|2 = + V^)|//(R)|2, which reveals 
the rotational symmetry. The coefficient Z^ /J(R) of |p+) is zero at the origin and 
assuming that ß(R) is smooth, they vanish gradually for R —• 0. This explains the 
unexpected node at the center for the hole. 
A similar analysis of the coefficients can be carried out for the \<f)p±(r)) states. By 
comparing the properties of the coefficients as they are deduced from this analysis with 
those numerically determined in the TB-approach, one can infer that the states 2 and 3 
in Figure 6.5 are indeed px and py states. The symmetry properties of the p-states 
become more obvious if instead of the real-valued functions, \4>Px{r)) and \opJr)). 
which are selected by the numerical diagonalization procedure, the linear combina-
tions \<f>p±(r)} (x (\(f>Px{r)} ± i\<f>py{r)}) are plotted. The resulting probability densities 
are depicted in Figure 7.6. 

Figure 7.6:(color online) Same as Figure 6.5, with the only difference that here the probability 
densities for the linear combination (|(pPx {r))+i\<f>Py (r))) is shown as the second state for the 
electrons and holes instead of \<f>Px(r)) and \4>Py(v)). The probability density of the additional 
combination <f>Px{r)) —i\4>py(r)}) is not included, as it is identical. For all wave functions 
the rotational C3^-symmetry is obvious. 

In the previous Section we have pointed out that there must exist energetically degener-
ate states in the wurtzite QD. Here, we additionally explain why the p-states are those 
that are degenerate. This can best be seen using the \4>Px{r)) and \4>Py(v)) functions. If 
\4>Px{r)) has the energy EPX then we have on the one hand 

H(R|0px(r)» = H(cos(r)> + smd\^ y ( r )>) = Epx c o s ( r ) > + s m d H \ ^ y ( r ) > 

and on the other hand 

H(R|0px(r)>) = R(H|0px(r)>) = Ep ( cos (r)> + sin (r)>) . 

Of course, due to the lattice structure only the rotation by ^ is a symmetry operation and not an 
arbitrary rotation, as one would expect from an effective mass model. 

76 



7.3 Dipole Matrix Elements 

By comparing these two expressions we see that H\(j)Py (r)} = EPx\<pPy (r)), so that one has 
indeed EPx = EPy. Note that this line of argumentation does not work in case of a C2z -
symmetry. In this case the action of the rotation is solely given by R\4>Px (r)) = — | oPr (r)) 
with no admixture of \4>Py(v)). Therefore no relationship between EPx and EPy can be 
deduced. 

7.3 Dipole Matrix Elements 

The numerical evaluation of the dipole-matrix elements shows that the non-zero values 

than those with e in --direction. Therefore we consider here only the in-plane matrix 
elements with e = l / \ / 2 ( l , 1, 0) and denote the corresponding dipole-matrix elements 
by df j . When comparing the resulting elements with those known from the InGaAs-
system, the probably most surprising fact is that the matrix element deJl vanishes. As 
an immediate consequence we find a dark exciton ground-state for the small QD dis-
cussed in Figure 7.6. This is due to the fact that the ground state contains mainly 
configurations in which both carriers are in their s-shells, so that an emission is not 
possible. Furthermore the matrix elements d^ , with i,j G {x,y} are more than one 
order of magnitude smaller than the other non-vanishing matrix elements. As a conse-
quence, these contribution can safely be neglected in the calculation of optical spectra, 
in which the absolute value of the dipole-matrix elements enters even quadratically. If 
we restrict the analysis to the two energetically lowest shells for the electrons and holes 
we are, to a good approximation, left with the following dipole-matrix elements: 

eh 

/ 0 deh 
dsp+ 

deh 
dsp— 

\ 
deh 

dP+s 0 0 

V 
deh dp_s 0 0 / 

deh a i j 

Can we understand these selection rules for the dipole matrix elements, or do they stay 
as a mere numerical result? It turns out that in terms of the symmetry of the wave 
functions the selection rules can indeed be understood in case of the s to s transition 
and made plausible for the p to p transitions. To this end we consider the matrix 

• \ 2"7T 

elements {\z\x ± iy\X'Z), where we denoted the states by the phase factor e z~ they 
acquire under rotation of i.e., A, 0 for the s-state and A, ± 1 for the p±-state. 
Then we write: 

{Xz \x + iy\X'z > = (Xz | R-1R+(x + iy)R~lR+\X!z > + R+i 
= e+i(Xz - Az )0 {Xz |R+(x + iy )R~+

l\X'z > 
^+l(Xz - X'z - 1 ) 0 {Xz\x + iy\X'z > 

where R+ denotes the rotation by 0 ^ f . In the first step we used the transformation 
properties of the wave-function under the rotation, then we used R+(x + //y) /i'J 1 = 
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7 Symmetry Considerations 

e^(x+iy). From Eq. (7.5), one can read off that the dipole matrix element (Xz\x+iy\X'z) 
must be zero unless (A^ — X!z — 1)9 is an integer multiple of 2-. If the symmetry 
group would support the rotation around the --axis by an arbitrary angle 9 it could 
be deduced that for Â  — X!z + 1 ^ 0 the dipole matrix element must be zero. By 
considering the matrix element {Xz\x — iy\X'z) one would find that this matrix element 
is zero iï Xz — X'z — l ^ 0. Therefore, if — X'z\ ̂  1 one would obtain {Xz\x ±iy\X!z) = 0 
and from this it could directly be inferred that the matrix element df1^A, must vanish. 
Consequently, it could be concluded that the elements d'^. de

p with i,j G {±} vanish 
and that only de

s
h
p. and d^s are non-zero. However, this statement is not true, because 

one has only a Caz 

channels. Indeed, 
symmetry. The reduced symmetry opens additional transition 

for — X'z\ modulo 3 ^ 1 zero 3-matrix elements d'-' are 
i] 

obtained. From this we still obtain df^ = dp+p+ = dp_p 

zero matrix elements deh and ds'hp 

0, but in addition to the non-
,p±tS StP± one has dp

h
+p_ ^ 0 and dp

h_p+ ^ 0. Nevertheless, as 
the latter two are zero in case of a continuous rotation symmetry, it is quite plausible 
that they remain small, even in the case of only a three-fold axis. And indeed the 
numerically determined matrix elements show exactly this behavior. 

Comparison to the Selection Rules used in Part I 

Before proceeding to discuss the symmetry properties of the Coulomb matrix elements, 
a comment on the selection rules found here in the case of nitrides in comparison to 
those used throughout Part I is in order. There seems to be a contradiction related 
to the following facts: (i) in both the nitride case and the InGaAs system the electron 
and holes QD ground states (gs) are, including the spin degree of freedom, double 
degenerate. This suggests an s-type symmetry, that is, an invariance with respect to 
the particular symmetry group that characterizes the QD. (ii) The .s-type character is 
confirmed by a solution of the Schrödinger equation in the effective mass approximation 
for the InGaAs system as outlined in Section 1.1. In this way, one finds s-type envelope 
functions (invariant to the operations) for the gs eigenfunctions in both bands, (iii) 
despite these facts, which suggest the same symmetry in the nitride and the InGaAs 
system one has = 0 in the former and / 0 in the latter case. 

This seems to be a symmetry-related contradiction and the answer should therefore be 
mainly based on symmetry considerations. In conventional III-V structures the spin-
orbit coupling is much stronger than in nitrides and can by no means be neglected. 
Consequently, one cannot argue in terms of the orbital and spin angular momentum 
separately (as for group-Ill nitride case) but only in terms of the total angular mo-
mentum J . It is known that the wave function for the holes in a heterostructure is 

characterized by spin quantum numbers j = § and rrij = ± | . The dominant character 
of the heavy-hole band is due to two facts: (i) one has on the one hand a clear sepa-
ration of the so-called split-off band from the light-hole (lh) and the hh-band due to 
the spin-orbit interaction and (ii) a splitting between the lh- and hh-band due to the 
confinement in growth direction and the difference in the effective masses. Therefore 
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7.4 Coulomb Matrix Elements 

the energetically lowest subband is the hh one and in an effective mass approach the 
.s-cnvclopc function is modulating a hh-Bloch function. In terms of a TB description 
this is equivalent to 

W(r)> = £ b + Î > R / W , (7.6) 
R 

where the coefficient ß(R) is invariant. The spin degeneracy is in this case replaced 
the Kramers degeneracy [126], so that the state 

|0-(r)> = £ |p- DR ß*(R) 
R 

has the same energy. If we consider only the spatial part we see from the combination of 
the atomic orbitals and the coefficients that the ground states in this system are what 
we would call a p-state: Under a rotation of an angle 6 the coefficients are unchanged, 
but the atomic orbitals pick up a phase factor e±%e. But the dipole-matrix elements of 
the hole states (7.6) and (7.7), with the electronic ground state remain non-zero, exactly 
as in the case of the nitride system. In terms of angular momenta the difference between 
the electronic ground state ( j = and the hole ground state ( j = §) is A j = 1, so 
that the transition is dipole-allowed. 

Is it correct to call the pair of states and s-states in ; : of their a linear 
combination of p-states? Here one should be careful with the terminology. In spin | 
systems there are no non-degenerate states, the minimal degeneracy is two (Kramers 
doublets [126]). If the Hamiltonian is spin-independent, as it is the case for negligible 
spin-orbit interaction, one considers only the orbital degeneracy. A non-degenerate 
state, like an s-state, becomes a doublet due to the spin and thus its degeneracy is 
minimal. Similarly, the pairs of states (7.6) and (7.7) form a Kramers pair: the action 
of the CooV group leaves the subspace spanned by these two states invariant. In order 
to see this, one has to bear in mind that we deal in the case of the two states (7.6) and 
(7.7) with a so-called double group [123], in which every space rotation is accompanied 
by a spin rotation. It can be shown that the operations of the C^v double group, which 
transforms |p+) into |p_) also changes j into j. In the sense of minimal degeneracy 
they can therefore be called s-states in agreement with the spatial symmetry of their 
envelopes in the effective mass approximation or their ß(R) coefficients in the tight-
binding formulation. 

7.4 Coulomb Matrix Elements 

It is not only possible to use the symmetry properties of the wave functions to predict 
selection rules for the dipole-matrix elements, but also for the Coulomb matrix elements. 
Exactly as in the case of the dipole-matrix elements, we find that a three-fold symmetry 
axis allows for more non-zero elements than a C^-axis . Nevertheless, these additional 
matrix elements are rather small. 
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7 Symmetry Considerations 

( i , j ,k, l) VHc
kl/meV 

(0, 0, 0, 0) 93.8459 

(0, +, +, 0), (0, - , - , 0) 81.6389 

(+, 0, 0, -f ) , (-, 0, 0, - ) 81.6389 

—, —, 
(-, 

+F)'(+ '+ l+ ) 

75.8542 
75.8542 
75.8542 

(0, o, +, - ) , (0, o, - , -
(0, +, o, -

(0, - , o, 

+),(+, - , 0, 0), 

-) ,(- , 0, - , 0) 

(-, +, 0, 0) 17.0949 
17.0949 
17.0949 

(+, - , +, -) ,(- , +, - , +) 9.3997 

(+, o, - , --),( +, +, 0, -) , (-, 0, +, +) ,(-, - , 0, +) -0.1972 

(0, +, - , -),( +, +, - , 0), (0, - , +, +),(-, - , +, 0) -0.1972 

Table 7.1: All non-zero electron-electron Coulomb matrix determined numerically from the 
TB-wave function. The index 0 denotes the state |</>s(r)) and ± denote the states \4>P±{Y)). 

The horizontal single lines group elements together that are degenerate due to symmetry. The 
matrix elements below the horizontal double line are states that are zero in the case of a 
C0ov - symmetry. Explicit numbers are given for the QD discussed in Figure 7.6 but without 
the inclusion of the internal electrostatic field. 

If the entire system is rotated by an angle 9 = then each single-particle wave function 
acquires a phase factor, but the distance |r—r'| is not affected by this rotation. Therefore 
we find for the electron-electron interaction matrix elements 

V& = e W + V - W V£e
kl . (7.8) 

From this we deduce that Vijki must be zero if (A| I Aj - X% — Xj) modulo 3 / 0. If 
one would have a full rotation axis C0oz then one would recover the selection rules of 
Section 1.3 that correspond to full angular momentum conservation. But with only 
a three-fold axis, additional matrix elements occur. These are separated in table 7.1 
from those also present in case of a full rotation by a double line. The explicit numbers 
are obtained from those calculated by Schulz et al. in (s, ^-representation by a 
transformation to (s,p+,p_)-representation. Clearly these additional matrix elements 
are rather small. This is in accordance with our expectations about matrix elements 
that would altogether vanish in a system with a higher symmetry. 
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7.4 Coulomb Matrix Elements 

This chapter was devoted to statements about the single-particle properties and inter-
action matrix elements that can be deduced by a careful analysis of the symmetry prop-
erties of the wurtzite QDs. The results were contrasted to those of zinc-blende QDs. In 
the following chapter, we analyze the multi-exciton spectra of wurtzite InN/GaN dots. 
We find dramatic differences to the spectra known from conventional III-V systems as 
they were discussed in Part I. 
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8 Optical Properties 

In Chapter 6 we have presented the TB-model used to calculate the single-particle 
states in nitride QDs. Subsequent to this, the symmetry properties of the resulting 
wave-functions, dipole and Coulomb matrix elements have been studied in the last 
chapter. In this Chapter we address the optical properties of these QDs. Of particular 
importance, and in clear contrast to the case of an InGaAs system analyzed in the first 
part of this thesis, are the altered selection rules in the nitride case and the fact that 
the wave functions for electrons and holes are far from being identical. A consequence 
of the former is the prediction of dark exciton and biexciton states in the case of small 
lens-shaped QDs. The latter will lead to strong blue shifts as the number of excitons 
in the QD is increased. Additionally we present results for larger nitride QDs for which 
the shell structure for the holes is changed, leading to bright exciton states. For both 
types of QDs a detailed semi-analytic discussion will be given in addition to the results 
obtained numerically from a configuration interaction (CI) calculation. Before we start 
the analysis of the multi-exciton spectra we will summarize in the next section the most 
important properties of the single-particle states and the resulting selection rules for 
the dipole-matrix elements. For a general introduction to the configuration interaction 
method and the many-body Hamiltonian employed, the reader is referred to Part I of 
this thesis. 

8.1 Summary of Single-Particle Properties and 
Selection Rules 

In this section we summarize the single-particle properties and selection rules that are 
of major importance for the following discussion of the multi-exciton spectra. For more 
details see Chapters 6 and 7. 

Due to strong band-mixing effects in the valence band a simple effective mass approach 
is not applicable and the single-particle properties were determined using a tight-binding 
model. As the problem is essentially spin-independent the Hamiltonian matrix is real 
and the numerical diagonalization procedure yields real eigenvectors. For the small QD 
analyzed throughout Chapter 6 the single-particle ground state is non-degenerate for 
both electrons and holes and has an almost cylindrically symmetric form, see Figure 6.5 
on page 67. In the following we denote these states as the s-states. The two first 
excited states are oriented preferentially in x- and .y-dirccfion, respectively, see again 
Figure 6.5 on page 67. As these two states are energetically degenerate, one is free 
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8 Optical Properties 

to choose linear combinations of these states and obtain eigenfunctions that make the 
symmetry properties of the wave function more transparent, compare Figure 7.6 on 
page 76. These two linear combinations are called p+ and and form the 'p-shell'. 
Due to the underlying wurtzite crystal symmetry the angular momentum is not a good 
quantum number and henceforth p+,p- cannot be identified with angular-momentum 
eigenstates oc <•'""'. Instead, they can be identified by their behavior under rotation 
around the growth direction by an an of 4r as follows: 

R\s) = \s), 

R \p+) = b+> (8.1) 

R \p-) 1 3 \P-) 
Note that in a system with full cylindrical symmetry the function with angular mo-
mentum --component. 0,+1, — 1 would show the same transformation behavior un-
der this discrete rotation. This motivates the notion of the states having angular 
quasi-momentum A, = 0 ,+ l , — 1. The reader should be warned, however, that only 
Az modulo 3 and not Az itself is a quantum number in a system with ('•,,. symme-
try. Based on the angular quasi-momentum conservation, we deduced selection rules 
for the dipole matrix elements in Section 7.3 and for the Coulomb matrix elements in 
Section 7.4. For the latter we found some non-vanishing matrix elements that would 
be strictly zero in a system with C ^ symmetry. However, the inspection of the nu-
merically determined values revealed that angular momentum is approximately a good 
quantum number. This is due to the fact that the system is rotationally symmetric on a 
mesoscopic scale and the lower C^-symmetry becomes only apparent on the microscopic 
level. 

Of greater impact are the new selection rules obtained for the dipole-matrix elements. 
For light polarization along the (1,1,0) direction, one finds that only the matrix ele-
ments de

s
h
p± and d'ph

 s are important. This means for the QD discussed in Section 6.2 that 
neither the ground states nor the first excited states are connected by the optical field. 
Note that an effective mass approximation, which is oftentimes successfully applied in 
InGaAs systems and quite commonly carried over to nitride based systems [97-102], 
cannot explain these selection rules. To fully account for these selection rules a micro-
scopic treatment using, for example, a TB model is needed. For qualitative arguments 
at least a two-component k • p treatment is necessary. 
If we express the dipole Hamiltonian in terms of the interband polarization operator V, 
as outlined in Chapter 1.3 in Part I, we find the following convenient splitting of the 
different contributions 

P = Plow + Phigh , 

with 
high V f e e h + dph* e h ) L / \ ps p+,a s, —a Ps p—,a s, —a ) —a Ps p. 

sP ~s,a'"p+, —a + ^s,a'"p—, —a V f e e h + deh* e h sP s, sP 

(8.2) 

e 
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8.2 Excitonic and Biexcitonic Properties 

As the energetic separation between s- and p-shell for the electrons is much larger than 
the spacing for holes, one may roughly characterize the transitions as high-energy or 
low-energy transitions according to the involved electron state. If an electron from the 
p-shell is dominantly involved in the transition, one obtains a high-energy transition, 
otherwise a transition on the low-energy side. To illustrate the possible transitions, 
Figure 8.1 displays the electron-hole pairs that can be removed by V\ow in the case of a 
four excitons configuration. 

Figure 8.1: (color online) Typical configuration with four excitons in the small QD. The 
shaded red areas connect the electron-hole pair that can be removed by V\0w The light blue 
labels 0, +, — refer to the angular quasi-momentum z-component of the single-particle states. 

Exactly as in the case of the InGaAs QDs, we will restrict our analysis of the ground-
state emission spectra to initial states with total spin ^-component zero. By considering 
the two energetically lowest shells per carrier, a semi-analytic analysis is possible. 

8.2 Excitonic and Biexcitonic Properties 

In the following sections we analyze the absorption spectrum and the multi-exciton 
emission spectra for the QD of Section 6.2 in detail. To be able to distinguish between 
effects originating from the altered symmetry group of the QD from those additionally 
introduced by the internal electric fields, we will first present the results for a QD for 
which we artificially switch off the internal fields. Later, in a second step, we will 
analyze the influence of these fields on the multi-exciton spectra. In Section 8.7 we will 
then turn to larger QDs for which the energetic order of the two lowest hole shells is 
reversed in the presence of the internal electric fields. The consequences of this level 
reordering will be studied. 

85 



8 Optical Properties 

The absorption spectrum of an initially empty nitride QD with two shells shows the 
two lines depicted in Figure 8.2, one at the high-energy side and one at the low-energy 
side. Qualitatively this is the same as in the case of the InGaAs system. In the nitride 
case, however, the transitions do not originate from 'diagonal' ss- and pp-excitons, 
but from 'skew' excitons, namely sp- and ps-excitons. Here an n. -/-exciton denotes an 
electron-hole pair, in which the electron has mainly a and the hole mainly ß character. 
Because of the large energetic splitting between the s- and the p-shell of the electrons, 
the ps-excitonic transition is well separated from the sp transition. Without Coulomb 
interaction, these transition can be found at the sum of the single-particle energies 
£p + eh

s and ee
s + £p, respectively. 

Tu 

1 3 -
1 2 -
11 -
1 0 -

9 -
8 -
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0X -> 1X 

huj / meV 

Figure 8.2: Absorption spectrum of the initially empty nitride QD with level structure 
schematically depicted in Figure 8.1. The high-energy side stems from a transition in which 
mainly the s-shell of the hole and the p-shell of the electrons becomes occupied. For the low-
energy side, the s-shell of the electrons and the p-shell of the holes yield the main contribution. 

0 

To understand the impact of Coulomb correlation on the absorption spectrum, one 
needs to analyze how the different non-interacting states containing one exciton are 
mixed by the interaction. As the spin of the electrons and holes is separately a good 
quantum number, we can restrict the discussion to the subspace with Se

z = and S1' = 
— Furthermore, the vacuum state has a vanishing total angular quasi-momentum 
component, Az = 0, which means that optical transitions are only possible to states 
with Az modulo 3 = ±1. In the following we will consider only the subspace with 
Az modulo 3 = +1. The results for Az modulo 3 = —1 are obtained along the same 
lines. The former subspace contains the three states depicted in Figure 8.3. Even 
though only two of the states, namely \ipa) and r'/,). can be reached by the action of 
V^ on the vacuum state, one can expect to see three lines in absorption as all three 
states in Figure 8.3 are mixed by Coulomb interaction. In what follows we will call 
configurations that are connected with the initial state via the action of V^ 'bright' and 

86 



8.2 Excitonic and Biexcitonic Properties 

— 

— -k-

Wa) 

4 -

Figure 8.3: Configurations involved in the absorption spectrum. While the configurations 
| 0a) and I V'6) are bright, the dark configuration | (light grey) is mixed to them via Coulomb 
interaction. According to Eq. (8.1) the depicted states are characterized from left to right by 
A. = +1,+1 and -2 . 

those that are not connected 'dark'. In the basis depicted in Figure 8.3, the Hamiltonian 
has the form 

H 
( - D eh 

sp 

Veh + ss, —+ 

veh s + , 

veh + ss, + 

eP + eh - D eh 
ps 

Veh 

veh s + , 

v e h 

Dp
e
p
h 

- pp 

e: + e 

ee + e 

Here are the electron-hole Coulomb matrix elements as defined in Section 1.2 in 
Part I. In particular I)/ ' denotes the direct interaction matrix element V ^ . For the 
present QD, the matrix elements V7+, and V7+ which couple the bright A , 1 ' s+, r ++,S-1 

states with the dark A. = —2 state, are quite small. Consequently the admixture of the 
bright states to the dark state is very weak so that \ f ( ) remains to a good approximation 
an eigenstate of the interacting Hamiltonian and the corresponding transition remains 
dark. As a consequence only the transitions stemming from the mixture of the two 
bright states |ipa) and which couple as described by the upper left 2 x 2 block of 
the Hamiltonian matrix (8.3), will be observable in the absorption spectrum. That the 
mixture of the two subspaces with different angular quasi-momentum Az is so small, is 
a consequence of the cylindrical symmetry of the system on a mesoscopic scale. 

The interpretation of the multi-exciton spectra becomes more transparent if we neglect 
the small mixture of blocks with different angular quasi-momentum and assume for the 
following discussion that Az itself and not Az modulo 3 is conserved. In the case of 
strong confinement, in which the energy scale defined by the non-interacting energies 
dominates over the Coulomb interaction, the Hamiltonian matrix (8.3) approximately 
becomes diagonal and one finds the transitions at ê  + — I)'/ and e'p I e1^ - 1)/' with 
oscillator strengths \deJ^\2 and \de

p^\2 respectively. 
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8 Optical Properties 

Excitonic and Biexcitonic Emission 

The excitonic and biexcitonic ground states are dominated by those configurations 
where all the carriers are in their energetically lowest shell. As a consequence of this 
and the fact that the dipole-matrix element dej£ vanishes, the excitonic and biexcitonic 
emission remains dark for the small QD. As we will see in detail in Section 8.7, the 
energetic order of s- and the p-shell is reversed for the holes in larger QDs so that the 
ground state for the holes is p-like. This level reordering will lead to a bright exciton 
and biexciton state. However, the corresponding oscillator strengths are small. The 
dipole-matrix elements are strongly reduced, compared to those of the smaller dot, due 
to the strong spatial separation of the single-particle wave functions of electron and 
hole in the presence of the internal electric field [69,115]. 

8.3 Configuration Interaction Results for 
Multi-Exciton Emission Spectra 

After the analysis of the absorption spectrum of an empty QD and the discussion of the 
excitonic and biexcitonic ground state emission, we will investigate in the next sections 
the emission spectra for an initial filling with up to six excitons. 

6X ^ 5X 

1 
5X ^ 4X 

11.1 

4 X _ 3 X 

3X ^ 2X 1 1 i » 
2X ^ 1X 

1X ^ 0X 

1.150 1.200 1.250 1.300 1.350 1.400 1.450 1.500 

hu> / meV 

Figure 8.4: (color online) Ground state emission spectra for a QD with different number of 
excitons. The high-energy side is shown in blue, the low-energy side in red. For the studied 
system almost no ground state emission is observed for exciton and biexciton. As initial states 
the ground states with SIOT = 0 are chosen and the internal electric fields is switched off. 
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8.4 Diagonal Approximation 

An overview of the resulting multi-exciton emission spectra is shown in Figure 8.4. 
As already explained, the excitonic and biexcitonic emission remains dark. Only for 
more than two excitons a clear signal can be observed because only then the p-shell 
for both the electrons and the holes is to a significant amount populated. And it is 
only then that an emission process involving the 'skew' excitons can take place. As 
mentioned earlier, the low- and high-energy side of the spectrum can be attributed, 
respectively, to processes where a p-hole or p-electron recombines. This is depicted in 
Figure 8.5. In contrast to the case analyzed in the first part of this thesis, the spectra 

p 

volved in a three exciton state. The red and blue shaded areas connect the carriers that will 
lead to a emission at the low- and high-energy side of the spectrum, respectively. 

show blue-shifts as the number of excitons is increased. As we will see in Section 8.6 
these shifts become even more pronounced in the presence of the internal electric fields. 
As detailed in the next section, this feature can already be explained in terms of the 
diagonal Hamiltonian and the fact that the envelopes for the electrons and holes differ 
strongly. Another feature is striking: with the exception of the 5X —• I A'-emission 
spectrum all the spectra are rather symmetric if one compares the line structure of the 
low- and high-energy side. On the other hand, the oscillator strengths on the high-
energy side are all weaker than the corresponding ones at the low-energy side. All these 
aspects will be addressed in the following. 

s 

8.4 Diagonal Approximation 

As discussed in Chapter 3 in Part I an approximate description using a Hamiltonian 
that is diagonal in the free states can be motivated by inspecting the relative im-
portance of the various Coulomb matrix elements. The eigenvalues of this approximate 
Hamiltonian are then the non-selfconsistent Hartree-Fock energies. This approximation 
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has successfully been used to describe the dominant trends in multi-exciton spectra in 
conventional III-V systems [46,53,54,77]. 

In the absence of Coulomb interaction, one line at the high-energy side at e'p I and one 
at £e

s+£p on the low-energy side would be observable in a ground state emission spectrum 
for an initial filling from three to six excitons. In the presence of Coulomb interaction, 
one observes instead of a single line at the low- and high-energy side two cluster of 
peaks, see Figure 8.4. These clusters blue-shift as the number of excitons is increased. 
The approximate position of the clusters can already be explained by considering only 
the diagonal elements of the Hamiltonian matrix. The major difference to the case of 
an InGaAs system assuming identical envelopes, which was analyzed in Part I, is that 
we clearly have non-identical envelopes for electrons and holes in the nitride system. 
This leads to additional interaction terms that would at least partly cancel in the case 
of identical envelopes. In the diagonal approximation, the transition energy A E ^ B 

from a many-particle configuration to a configuration | B) is given by 

^ + 4 - D h + v D n - uT nh - n) 
i=e,h 

+ Z ( u h h nh - u h ne - X h n h ) 
i=e,h 

Here ë and h denote, respectively, the single-particle states of the electrons and holes 
that are depopulated in the emission process. The index i runs over all single-particle 
states except the states ë and h. The quantity Dff stands for the direct Coulomb 
matrix elements V / / , while the exchange Coulomb matrix elements are given by 
V^ j . Of course these exchange terms contribute only if the spin of ë or h agrees with the 
electron or hole in state i. The first line of Eq. (8.4) contains the free particle energies 
e% and of the recombining carriers together with the attractive Coulomb interaction 
matrix element —D^. Additionally, all terms that stem from the interaction of the 
electron in state ë with all the other electrons and holes have been grouped in the first 
line. Similarly the second line contains the interaction between the hole labeled with h 
and all the other carriers. Explicitly, one obtains for the high-energy transition of the 
3X configuration shown in Figure 8.5 

eh 
2X = £; + eh - uph - X™ - xep + 2up - uph + Dps - uph + Ush - 2DSS (8.5) 

If identical envelopes for the electrons and holes are assumed, one can deduce from the 
above equation the expression Ef^2X e'p I e'l I Dsp — Dpp — Dss — 2Xsp. From this, 
it can be seen that there is, in addition to the Fock term, a further Hartree contribution 
that is not present in the cases studied in Part I. These additional contributions stem 
from the fact that the interband operator V connects in the case of nitrides carriers 
from different shells. 
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8.4 Diagonal Approximation 

Similarly, one finds from Eq. (8.4) for the ground state transitions on the 
side for more than three excitons: 

3X—> 2X + AEHartree ~ X ^ — X 

-J4X—*3X A ^Ejjaxtree , 
^-^Hartree • 

sp 

i-energy 

(8.6) 

Note that the Hartree-shift AIX Hartree, defined by {Dpe
p - Dpp) + (Dp!? - Dpg), would be 

zero for identical envelopes of electrons and holes. Note further that the matrix element 
Xpp denotes Vp'p p p . The peaks obtained from the diagonal description gives the 
approximate position of the cluster calculated by the CI approach, see Figure 8.6. In 
particular the smaller shift of 4X spectrum relative to the 3A spectrum as compared 
to the shifts involving more excitons is well described in terms of the exchange matrix 
elements in the first line of Eq. (8.6). The transition energies of the low-energy side can 
be found by changing e ^ h in the above equation. 

1 -
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CI-approach (black) and the diagonal Hamiltonian (blue). Where the full calculation gives a 
cluster of lines, the approximate result gives only single lines. Note that in the case of six 
excitons the two results practically coincide. All data are calculated in the absence of the 
piezo electric field. 

While the central position of the clusters is well reproduced by the diagonal treatment, 
the splittings within each cluster are not explained. A thorough analysis of the states 
involved in the different emission processes shows that a semi-analytic description of 
the spectrum is possible. Such a description will be given in the following sections. 
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8 Optical Properties 

8.5 Semi-Analytic Discussion of the Multi-Exciton 
Spectra 

In the case of the InGaAs system presented in Part I, the diagonal treatment was 
already sufficient to produce the major trends observed in the multi-exciton spectra. 
Therefore and because this system has been extensively investigated in the past, we 
did not present a semi-analytic treatment for this system. In the case of nitride QDs, 
however, optical spectra have only seldom been discussed and if so only with selection 
rules carried over from the InGaAs system [97,98,101]. Additionally, the diagonal 
treatment can reproduce only the overall position of the clusters, but is by no means 
sufficient to explain the multiplets. Therefore we will investigate in the following the 
different multi-exciton spectra in detail. 

8.5.1 3X —2X Emission Spectrum 

In this section we analyze the ground state emission spectrum with an initial filling of 
three excitons. The corresponding spectrum is shown in Figure 8.7. It is dominated 
by two strong lines on the high- and on the low-energy side. The splitting on the 
low-energy side is considerably larger than the one on the high-energy side. Here we 
will analyze only the low-energy side, as the same line of argumentation applies to the 

3X 2X 

0 I 
1.150 1.200 1 .250 1.300 1 .350 

huj / meV 
Figure 8.7: Ground state emission spectrum for an initial 
states the ground states with Slot = 0 are chosen. 

of three excitons. As initial 

1 -

Due to the spin symmetry we can again restrict ourselves to one of the two possible 
ground states. In Figure 8.8 the dominant contribution to the 3X ground state is 
shown. It contains the configuration |A) together with the configuration | B) that is 
obtained from |A) by moving the p-shell carriers simultaneously according to p+ 

These two states enter the 3A-ground state with the same amplitude but opposite 
sign. Nevertheless, one can restrict the discussion to one part of the configuration. 
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8.5 Semi-Analytic Discussion of the Multi-Exciton Spectra 

This is due to two facts: (i) one can convince oneself that both | A) and | B) indi-
vidually produce the same spectrum, (ii) The state V\(m\A) and Viow\B) have dif-
ferent angular quasi-momentum Az. Therefore the interference terms of the form 
{2X,i\Viow\A)(2X,i\Viow\B)*, with | 2 X , i ) being the i-ih two exciton state, that occur 
in the expansion of |(2X, i\V\ow[\A) + /i)) |2 and reveals whether a certain transition is 
visible, are zero for any eigenstate \2X, i). Of course, the same line of arguments holds 
for Pidgh-1 

— — 

-

\A) \B) 

Figure 8.8: Dominant configuration of one out of two 3X ground states with S: tot 
z 0. 

In Figure 8.9 configuration | A) is shown together with the 2X-configuration (in black) 
that can be reached via the action of "Plow- Note that the latter is not an eigenstate of the 
Hamiltonian. Instead it will be mixed with other states by Coulomb interaction. The 
predominant contribution to this mixture is shown in Figure 8.9 in light grey. Together 
these two states either form a spin triplet state for the electrons and a spin singlet 
state for the holes its) or a singlet-singlet (ss) state. These two states are split by the 
exchange Coulomb matrix element 2 X ^ and can both be observed in the spectrum. The 
oscillator strengths of the corresponding transitions are approximately equal since both 
final states contain the bright 2 A'-exciton state with the same probability amplitude. 
Along the same line one finds for the high-energy side an approximate splitting of 
Both splittings are in good agreement with the CI result and explain the dominant peak 
structure in Figure 8.7. The ratio of the peak heights on the low- and the high-energy 
side is given by d ^ / d ^ . Additional tiny peaks, which the alert reader may have spotted 

8.7, are caused by a extremely weak coupling of the state to other dark 
states. 

8.5.2 4X —> 3X Emission Spectrum 

The 4X —• 3X ground state emission spectrum is depicted in Figure 8.10. As in the 
case of the 3X —• 2X emission discussed in the previous paragraph, the spectrum is 

1 Note that this argument holds only in the case of 'skew' excitons. If we denote the interband 
operator that removes 'diagonal' excitons with Pdiag, then we find that the states Pdiagl A) and 
T'diaglB) have the same angular (quasi-)momentum z-component. Consequently the interference 
terms are important in the case of 'diagonal' excitons discussed in Part I. 
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8 Optical Properties 

Figure 8.9: One part of the dominant configuration of the 3A-ground state together with the 
2A configuration (in black) that is created by removing the sp-exciton via the action of P l o w -

Additionally the most important dark configuration to which the bright 2X-state couples via 
Coulomb interaction is shown in light grey. 

dominated by two lines at the low-energy side and two lines at the high-energy side. 

one at the left side and the oscillator strengths on the low-energy side are again larger. 
However, the splitting between the lines on both sides is larger than in the case of 
3A 2 A emission. 

3 -

3 

03 1 Ö 0) 

hio / meV 
Figure 8.10: Ground state emission spectrum for an initial : 
states the ground states with Stot = 0 are chosen. 

of four excitons. As initial 

There are three triplet-triplet 4X-ground states. One of them together with the 3A 
states connected via V\oyf is depicted in Figure 8.11. The two 3X-states are not coupled 
to each other via Coulomb-interaction as they belong to subspaces characterized by 
the angular quasi-momentum quantum number A. = +1 and Az = —1, respectively. 
Therefore there are, not even modulo 3, within the same symmetry class. However, 
they will individually be coupled to other states with Az modulo 3 = ±1, Se

z = 
Sz = —7j. Picking the first 3A state of Figure 8.11 and additionally restricting ourselves 
to those states with the same non-interacting energy - which should give rise to the 
largest corrections - we find that the electrons mix with the two configurations depicted 
in Figure 8.12. In contrast, for the holes no mixing with other configuration having the 

0 
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8.5 Semi-Analytic Discussion of the Multi-Exciton Spectra 

same non-interacting energy is possible because such states lie in a different symmetry 
class. 

'Plow > ; 

-k- -k- — -k- — 

Figure 8.11: Dominant configuration of one of the three triplet-triplet 4X-ground states 
together with the 3X configurations that are created by removing a sp-exciton. 

In writing down the Hamiltonian matrix that couples the uncorrelated states of 

X ee pp X ee 
sp 

X ee 
sp 

R = Ed a g l - X ee 
sp 

X ee 
sp 

X ee pp 

X ee 
sp 

X ee pp X ee 
sp 

(8.7) 

Here Edl&g denotes the diagonal contribution, which is the same for all the configura-
tions. Diagonalization of the Hamiltonian matrix yields the eigenvectors and eigenval-
ues 

Ea = 
Eß = -
Ej = 

; ( Xee X e e ) 
( X s p X p p /> 

+ \ 2 X s e p + X P P ) > 

= ( -2 , i, i) t , 

iß > = (i, i, m 
Iy> = (0, i , - i ) * . 

The states |a) and \ß) contain the first configuration of Figure 8.12 - and therefore the 
final states depicted in Figure 8.11 - with a non-zero amplitude and can henceforth be 
seen in an emission spectrum. In contrast, the state (7) will be dark as it does not 
contain any contribution of the 'bright' state. By applying the spin operator (Stot'e)2 

on these states, one can check that the state |a) belongs to a doublet f.S" = \ ) and 

Figure 8.12: All three electronic configurations have the same non-interacting energy and 
the same symmetry A a n d Consequently they will strongly be mixed via Coulomb 
interaction. Together with the hole configurations of Figure 8.11 they will form the final states 
of the 4X —• 3X transition. 
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8 Optical Properties 

the state \ß) to a quadruplet (.S" = §). The estimated doublet-quadruplet splitting 
id agreement with the values found by the CI approach. Eß — Ea is 3Xpp and in 

For the i-energy side one finds a doublet-quadruplet splitting of which is 
much smaller than the 3 Xpp 
side. 

and explains the smaller line splitting on the high-energy 
the ratio of the peak heights on the low- and the high-energy side is given 

sp/ . > s . The peak heights within one cluster can be obtained by calculating the 
different contribution from the final states in Eq. (8.8) and a similar analysis for the 
other two possible ground states with = 0. Doing so, one obtains a ratio of 5 to 4 

dthJdih 

8.5.3 5X —4X Emission Spectrum 

In this section we present details of the emission spectrum shown in Figure 8.13 of 
a nitride QD with initial filling with 5X. As it turns out this spectrum is the most 
complicated one. This is due to the fact that the splittings cannot be described to a 
good approximation in terms of an integer multiple of some exchange matrix element as 
it was the case for three or four excitons. Instead the splittings and oscillator strength 
are determined by a subtle interplay of quite different configurations and henceforth 
Coulomb matrix elements. 

is 3 -
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Figure 8.13: Ground state emission spectrum for an initial 
states the ground states with S1"1 = 0 are chosen. 

of five excitons. As initial 

5 -

4 

2 

1 -

0 

A striking difference to all the other multi-exciton spectra is the fact that in the present 
case there is a strong asymmetry between the left and right side of the spectrum shown 
in Figure 8.13. In order to explain this, let us have a closer look at the configurations 
involved. To simplify the analysis, we assume full angular momentum conservation. As 
the initial 5X ground state depicted in Figure 8.14 has in this approximation angular 
momentum Vf1 = 0 and S'"' = 0, the final states will have angular momentum ±1. 
Picking one of them, namely, llot = — 1, one finds for the final 4X states a 16 x 16 block 
with Se

z = 0 and S1' = 0. However, for the high-energy side, the main contribution 

96 
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+ i - i 
+ i 

-

i f i + 
—t i f 

Figure 8.14: Dominant ground state configuration for five excitons with Siot = 0. By flipping 
all spins a second, degenerate ground state is produced. 

stems from the 6 x 6 block generated by the configurations schematically represented in 
Figure 8.15. These states have the lowest non-interacting energy amongst those states 
that can be reached by a removal of one ps-exciton from the configurations shown in 
Figure 8.14. Their electronic configuration is given by 2es2eplhs3hp. A similar block 
with configurations les3ep2hs2h,p is found for the low-energy transitions. Due to this 
symmetry one would expect the same number of lines on the high- and on the low-
energy side of the spectrum. Note that the expectation of a symmetric peak structure 
on the high- and low-energy side of the spectrum is fulfilled for all but the 5X ^ 4X 
transitions, compare Figure 8.4 on page 88. 

By combining the first four states in Figure 8.15 properly, one can form ss, st, ts and t t 
spin states. Here the first letter denotes the electron, the second the hole configuration 
and s stands for a singlet and t denotes a triplet spin state. The last two states in 
Figure 8.15 allow the formation of a st and ss state. While the electrons of the first 
four states always occupy both p+ and p- they occupy only the p- state in the last 
two configurations. Therefore one expects that the energy of the ss state formed by 

— + i 
f i f i 

i f - t 
i01,...,4> 

S i + 
1*05,6> 

Figure 8.15: (color online) Main contribution to the final states of the high-energy side of 
the 5A —• 4A transition with classification Stot = 0 and, assuming full angular momentum 
conservation, = 0. The arrow between electrons or holes indicates that additional states 
can be derived from the displayed configuration by flipping the spins of the connected carriers 
simultaneously. This way one can create four different states from the first configuration and 
two from the second one. 
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8 Optical Properties 

the states -01 to i ' i differs from the energy of the eigenstate created by combining / 
and ip6. By the same token one expects two different energies for the .s/.-statcs. So all 
in all six different energies are expected. On the high energy side of the spectrum four 
lines are clearly visible and another two can be identified with the eye of love on the left 
side of the cluster. For the low-energy side, however, only two lines can be observed. 

To obtain further insight into the situation, we construct the Hamiltonian matrix 
using the basis {|'0i)}i=i Figure 8.15: 

H 

0 hh 
-Xsp 

ee -Xpp 0 eh Xpp 0 

hh 
-Xsp 0 0 ee -Xpp 0 eh Xpp 

—Xee - 0 0 X hh 
- sp —Xeh - 0 

0 ee -Xpp hh 
-Xsp 0 0 eh -Xpp 

eh Xpp 0 eh -Xpp 0 0 hh 
-Xsp 

0 X eh Xpp 0 -Xeh - pp 
X hh - X

s 0 

(8.9) 

Here, E< 

is given 
denotes the diagonal contribution that is identical for all configurations and 

E*»* = 2(ee
s + 4) + e? + 3eh

p + {Dfa + + 4D% - 1X%) 
+ (3D% + 3 - - X£) - ( 2 D f s + 6D% + 2D$ + 6D%) . (8.10) 

The Hamiltonian matrix as given in Eq. (8.9) can be block-diagonalized by choosing 
the proper linear combinations that correspond to the spin eigenstates. This is possible 
as the Hamiltonian commutes individually with the total spin of both electrons and 
holes as discussed in Appendix B. To this end one collects the coefficients of the linear 
combinations that transform the basis states {|'0i)}i=i i n t o spin-eigenstates, namely, ts, 
ss, ss, st, st, and tt , in the columns of the transformation matrix £/: 

1 
2 0 1 

2 
1 
2 0 1 

2 
1 
2 0 1 

2 
1 
2 0 1 

2 

H = 
1 
2 0 1 

2 
1 
2 0 1 

2 
1 
2 0 1 

2 
1 
2 0 1 

2 

0 1 
V2 0 0 1 

V2 0 

0 1 
V2 0 0 1 

V2 0 
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8.5 Semi-Analytic Discussion of the Multi-Exciton Spectra 

performing the change of basis according to iß HU one finds for the Hamiltonian 

X hh X ee 
sp pp 

0 

0 

0 

0 

0 

X hh 
sp 

0 

0 

0 

\[2Xpp 

Xhh x e e 
sp + Xpp 

0 

0 

0 

0 

0 

0 

_v hh i X ee 
sp + pp 

0 

0 

0 

-V2X^ 

X hh 
sp 

0 

0 

0 

0 

0 

X hh X ee 
sp pp 

The resulting blocks have the classification ts, ss, st, and tt , respectively. In or-
der to further analyze the blocks, we introduce the two dimensionless parameters 
t = 2\/2Xpp/Xpp and I = X^p/Xpp. Furthermore, we measure all energies in units x h h / y 

/ AP_ 

of XZ, relative to /vdiag I / I This way one obtains for the four subblocks: 

H< t s 
3 
2 ' E. 

1 / -1 t 

t 1 

Est - 2 tl-K< Htt = -2t - - , t t 2 , 

with the six eigenvalues Ets = Ess = ± | \ / l + t2, Est-2t^\\Jl +1 2 , and E t t - 2 t - | . 
From these expression one can read off that the st and t t spectrum is in dimensionless 
units shifted by —21 relative to the ss and ts spectrum, respectively. In Figure 8.16 the 
six different eigenvalues as a function of t are shown for a fixed value of t « 0.47, which 
corresponds to the value of t obtained from the numerically determined Coulomb matrix 
elements. It is clearly evident that one has either six, five or four different energies. 
Only four different eigenvalues exist for t = 2\[2 or, equivalently, Xpp = Xpp. 

In order to obtain the corresponding oscillator strength of the transitions, one has to 
calculate the transition matrix elements {AX, i . gsy), where \4X, i) denotes the 
i-th eigenstate of the four exciton problem and |5X, gŝ -} labels the different ground 
states of the five exciton problem. Note, that each 5X ground state couples only to two 
of the six states {|'0i)}i=i depicted in Figure 8.15: 

Phigh|5X,gs^ oc de
p
h
s\i>i) + dp

h
s\i>5) + other states not within 6x6 block , 

Phigh|5X,gs2) oc dp
h
s\ip4) — dp

h
s\ipe) + other states not within 6x6 block . 

While within the one-dimensional subspaces of the ts- and tt-transition the oscillator 
strength does not depend on the parameter t, the heights of the ss- and st-lines depend 

0 
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|t| 

Figure 8.16: (color online) Energies of the final states involved in the high-energy transition, 
measured in units of relative to E d i ^ + t +1, as a function of the dimensionless parameter 
t = 2y/2X^ / for fixed t ~ 0.47. The labeling refers to the spin configuration of the final 
states and whether the states are or 'dim'. 

strongly on t. Denoting the eigenstates of //B; 

the ss transition is given by 
with (cti, ßiY the oscillator strength of 

Ose = | dph |2 a. fa 
V2 2 

In order to see this, one can use the expansion of |4X,ssj) = + ßi\4>?) in terms 
of the original basis {|V;«}}i=i- This expansion is given by \AX, ss») = W'j)Uj,2 + 
ßi \4'j)Uj> Now one can investigate how the oscillator strength changes as a function 
of the dimensionless parameter t. The result is shown in Figure 8.17. 
A similar analysis can be performed for the st transition. In this case one finds 

Ose = | d p |2 01 
2 

ßi 

for the oscillator strength. As Hss and Hst have the same eigenvectors and if v = 
(a, ßY is an eigenvector, so is v' = (—ß, <\)'\ one finds for the st-transitions again the 
dependency of the oscillator strength shown in Figure 8.17. For the analysis of the low-
energy cluster, only the labels e h have to be changed in all the derived equations. 

For the parameters of the investigated dot one obtains t « —1.23 for the high-energy 
side and t « —2.83 for the low energy side. This, together with Figure 8.17, explains 

2 

2 
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8.5 Semi-Analytic Discussion of the Multi-Exciton Spectra 

transitions as a function of the dimensionless parameter t. A clear redistribution of oscillator 
strength from one to the other transition is visible. The total oscillator strength (red), however, 
remains unchanged. Note that one obtains t < 0 for the investigated dots. For t < — 2 the 
spectrum is dominated by one of the two lines. 

why it is possible to discern two ss as well as two st transitions in the high-energy 
cluster, but only one ss and one ts transition in the low-energy cluster of the 5X ^ 4X 
spectrum depicted in Figure 8.13. Since furthermore Xpp 

pp ̂  the transitions ss 
and st as well as ts and tt have almost identical transition energies on the left-hand 
side of the spectrum. As a consequence, only two distinct lines can be observed on the 
low-energy side of the spectrum but six lines on the high-energy side. 

8.5.4 6X —5X Emission Spectrum 

In the case of two shells, the QD is completely filled with six excitons and there is 
only one ground state possible. By removing one sp-exciton or one ps-exciton from 
this configuration, we find that the possible final states are exactly those shown in 
Figure 8.3 on page 87 for the OX —• IX transitions, only that the occupied sites in 
the OX —• IX problem are now the unoccupied ones. This analogy may be carried 
further by defining a new vacuum state in which the dot is completely filled and noting 
that the emission, that is the destruction of an electron-hole pair, is then equivalent 
to a creation of an electron-hole pair from this new vacuum. This corresponds to the 
introduction of new quasi-particles, namely an 'anti-electron' and an 'anti-hole' [43]. 
In doing so, one obtains a matrix similar to Eq. (8.3) and can follow the arguments 
given in Section 8.2. Therefore the 6X 5X emission spectrum is very similar to 
the OX —• IX absorption spectrum, with the main difference being that the lines are 
shifted due to the interaction with the 'background' carriers. 
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Figure 8.18: Ground state emission spectrum for an initial 
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of six excitons. 
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8.6 Influence of the Built-in Fields 

So far we have investigated a nitride QD for which we artificially switched off the 
internal electric fields. This allowed for a step-by-step analysis instead of analyzing all 
the effects at once. In this section, we investigate how these built-in fields influence the 
multi-exciton spectra. 

The nitride QDs considered here are characterized by the presence of strong internal 
electrostatic fields. These fields have a component stemming from the spontaneous 
polarization and a part generated by strain as outlined in Section 6.2. If these fields are 
now included in the calculation of the single-particle properties, the electron and hole 
wave functions are spatially separated from each other. This leads to a reduction of the 
oscillator strength [69,99,103]. Furthermore the single-particle gap and the Coulomb 
matrix elements are altered. The resulting multi-exciton spectra (red) in comparison 
to the spectra calculated without the inclusion of the built-in fields (bl ack) are shown 

Several features are immediately obvious. First of all the aforementioned reduction of 
the oscillator strength and the change of the single-particle gap that yields an overall 
red-shift of the spectra and is known as the quantum confined Stark effect. Furthermore 
the energetic shift as the number of excitons is increased is by far more pronounced in 
the presence of the internal fields. This is due to the strong separation of the electron 
and hole wave functions that is accompanied by strong Hartree-shifts in the spectrum. 
Indeed, if the diagonal approximation is applied as outlined in Section 8.4, one obtains 
again the position of the cluster to a good approximation. Another difference can be 
observed in the 5A —• 4A spectrum. In this situation the number of observable lines 
with the intrinsic field differs from the number observed without the field. Taking into 
account that for all other excitonic populations the spectra are only altered quantita-
tively this is a rather surprising result. But it is resolved by noting that the situation 
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8.19: (color online) Comparison of the ground state emission with (red) and without 
lack) the inclusion of the internal fields for different number of excitons. For the studied 

system almost no ground state emission is observed for the exciton and biexciton. For all 
spectra the ground states with Siot = 0 are chosen as initial states. 

without the intrinsic field is rather special as X ^ œ X'p'p. In the present case there is a 
significant deviation of the two matrix elements and henceforth a clear splitting of the 
previously almost degenerate lines is observed. 

8.7 Multi-Exciton Emission Quantum 

In addition to the small QD discussed so far, we have investigated a somewhat larger 
QD with a diameter of d = 5.7nm and height of h = 2.3 nm. In this case the energetic 
order of the two energetically lowest hole levels is reversed due to the presence of the 
internal electrostatic fields. In the absence of the built-in field, one still has the 'usual' 
order with the s-shell being lower in energy followed by the energetically higher p-shell. 
In this case the spectrum looks similar to those presented in the preceding sections of 
this chapter and is here therefore omitted. In the presence of the built-in field the two-
fold degenerate p-shell constitute the hole ground states and has non-vanishing dipole 
matrix elements with the electron ground state. This is in agreement with recent k • p 
calculations [105] and experimental results for CdSe QDs [127] grown in the wurtzite 

As an immediate consequence the excitonic and biexcitonic ground state is 
However, the corresponding d eh 

sp -matrix elements are strongly reduced 
in comparison with the smaller QD due to the stronger separation of the electron and 
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hole wave function in this enlarged structure. A schematic representation of the level-
structure and electron-hole pairs typical involved in high- and low-energy transitions is 

p 

Figure 8.20: (color online) Schematic representation of a three exciton configuration. The 
red and blue shaded areas connect the carriers that will lead to a emission at the low- and 
high-energy side of the spectrum, respectively. 

Equipped with the knowledge gained from the smaller QD, one can try to figure out 
what the spectrum should look like in this case: In the absence of Coulomb interaction 

h for a filling from one to four excitons and an additional line at one line at eî + e„ 
h ~ £e

p + es for more than four excitons is expected. Furthermore, one anticipates that 
the oscillator strength on the low-energy side will increase linearly as the number of 
excitons is increased from one to four. Such an increase is expected as the number 
of decay channels grows linearly with the population. Including Coulomb interaction 
there should be strong Hartree shifts of the lines and additionally a splitting of the lines 
into clusters. If this expectation is compared to the spectra actually calculated, strong 
deviations can be observed in Figure 8.21. First of all the high-energy transitions (blue) 
appear already in a QD containing three excitons. Furthermore the oscillator strength 
of the biexciton is approximately equal to the excitonic emission and not enhanced by 
roughly a factor of two as expected. How can we understand these strong deviations? 
The answer is that our intuition once more failed in the nitride system. The ground 
states are by no means given by those states with lowest non-interacting energy as we 
anticipated in our first guess. Instead, one finds that the energetically higher hole s-shell 
is significantly populated if more than one electron-hole pair is present in the QD. 

In a free particle picture the energies of the 2X states |a), /;), |c), and | d) schematically 
depicted in Figure 8.22 obey Ea = Eh < Ec < Ed. With Coulomb interaction one would 
expect the state |a) to participate strongly in the ground state as it can lower its energy 

s 

104 



8.7 Multi-Exciton Emission for a Larger Quantum Dot 
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Figure 8.21: (color online) Ground state emission spectra for a larger QD (d = 5.7nm and 
h = 2.3 nm) with different number of excitons and in the presence of the internal fields. The 
high-energy side is shown in blue, the low-energy side in red. Due to the reversed level structure 
for the holes a ground state emission is observed for exciton and biexciton. As initial states 
the ground states with Stot = 0 are chosen. 

in a linear combination with the state |a'), in which all the spins are flipped. However 
configuration |c) constitutes the main contribution to the ground state. This is already 
confirmed by a calculation that contains only the Hartree Coulomb terms. This is the 
case, because the attraction between the electron and hole being in their respective 
s-shclls is stronger than the attraction in the case of .s- and p-shell carriers. Therefore 
it compensates the higher single-particle energy of the hole in the s-shell. An additional 
promotion of the other hole, leading to state | d), however, is not favored because the 
increase in energy due to the stronger repulsive interaction between the holes in their 
s-shell is higher than the energy reduction due to the stronger attraction between s-

Figure 8.22: Different configurations containing two excitons. While one has Ea = Ef, < 
Ec < Ed in the absence of Coulomb interaction the configuration |c) is the dominant configu-
ration in the presence of Coulomb interaction. 
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8 Optical Properties 

electrons and s-holes. The ground state configuration | c) explains why the oscillator 
strength of the exciton and biexciton emission are almost identical: no additional decay 
channel is opened by this configuration. 
If one considers the three excitons configuration shown in Figure 8.23 one finds in the 
absence of Coulomb interaction EA < EB < EC. But already by including only Hartree 
terms, it can be deduced along the lines discussed above that configuration | C) has the 
lowest energy and therefore constitutes the dominant part of the ground state in a CI 
calculation. 

— — — 

|C> 
Figure 8.23: Different configurations containing three excitons. While one has EA < EB < 
Ec in the absence of Coulomb interaction the configuration \C) is the dominant configuration 
in the presence of Coulomb interaction. 

In summary, for the larger QD the multi-exciton spectra can be explained as follows: 
Due to the reversed energetic ordering of the two energetically lowest hole levels in the 
presence of the built-in field, a bright exciton ground state can be observed. In contrast 
to the intuitive picture in which first the configurations with lowest single-particle energy 
are occupied, a strong population of the hole s-shell for more than one exciton is found. 
In the case of the biexciton, no further decay channel is opened by the additional 
charge carriers in the system. Therefore the biexcitonic line has approximately the 
same oscillator strength as the excitonic one. From three excitons on, the ground 
states are dominated by configurations in which both the s-shell for electrons and the 
s-shell for holes are fully populated. As a consequence, one obtains qualitatively the 
same spectra as in the case of the smaller dot with the 'normal' energetic order of the 
shells. If it comes to numbers, however, one finds that the oscillator strengths are, as 
expected, strongly reduced in the larger system and that the Hartree shifts are even 
more pronounced. 

In this chapter we presented a detailed analysis of the multi-exciton spectra in wurtzite 
InN/GaN QDs. We found strong differences compared to the more conventional InGaAs 
system discussed in Part I. In particular dark exciton and biexciton ground states for 
small, lens-shaped InN/GaN QD together with strong blue shifts for the higher multi-
exciton spectra are predicted. 
The next and final part of this thesis is devoted to the spontaneous emission dynamics 
of QDs embedded either in free space or in a microcavity. A central point will be 
the investigation of the influence of correlations on the spectrum and on the decay 
dynamics. 
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Part III 

Semiconductor Luminescence 
Equations 





Introduction to Part III 

The influence of Coulomb-correlated multi-exciton states on optical spectra of QDs has 
been investigated by several groups [29,43,44,47,84] and was discussed in Part I of this 
thesis for InGaAs QDs and in Part II for nitride-based systems. Much less is known 
about the influence of correlations on the spontaneous recombination dynamics. By 
studying the photoluminescence (PL) dynamics in time-resolved measurements, it is 
often possible to distinguish between different types of decay channels. In particular 
one gains direct access to the efficiency of carrier scattering processes after optical 
excitation with short pulses, see, for example Ref. [128]. 

In analogy to the way in which the electronic states can be altered by carrier confine-
ment, it is possible to modify the photonic density of states by confining the light field 
in all spatial directions in a microcavity [30]. By embedding the QDs in a microcavity 
it is possible to tailor the light-matter interaction. An enhanced light-matter coupling 
is achieved by a combination of good cavity design and the proper placement and spec-
tral tuning of the emitters [31]. For the cavity, a high Q value together with a small 
mode volume is desired. To achieve maximal light-matter coupling, the emitter must 
be placed at the field maximum with its dipole parallel or anti-parallel to the local 
electromagnetic field. Furthermore, the transition energy of the emitter must match 
the cavity resonance for an optimal coupling of the two. The manipulation of the light-
matter interaction is interesting both from an applied as well as from a fundamental 
point of view. At first, experiments, in which the modification of the interaction be-
tween a light emitter and the optical field was achieved, were limited to Rydberg atoms 
in microwave cavities [129]. Only in the last few years it became possible to access the 
realm of cavity quantum electrodynamics with solid-state devices. These experiments 
can be divided into two categories: the weak- and the strong-coupling regime. The 
latter is characterized by a reversible transition of energy from the cavity mode to the 
emitter. This strong-coupling regime was realized approximately two years ago for the 
first time in a solid-state device by coupling a QD emitter to a micropillar cavity [32], a 
photonic crystal defect cavity [33], or a microdisk [34]. In contrast, the weak coupling 
regime manifests itself in a modification of the spontaneous emission rate [35-37], the 
so-called 'Purcell effect'. The altered spontaneous emission dynamics of QDs has been 
demonstrated using different resonator types, such as microdisk structures [130], pat-
terned cavity pillars [38,131] or photonic crystal defects [132]. A strong enhancement 
of the spontaneous decay is needed for many opto-electronic devices, like high-speed 
LEDs with improved output coupling, in which the switching time between 'on' and 
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Introduction to Part III 

'off' is - in the ideal case - only limited by the carrier relaxation time into the QD [38]. 
Furthermore larger Purcell factors are crucial for increasing the so-called /^-factor - a 
key parameter in the quest for a reduced laser threshold and ultimately for threshold-
less lasing [133]. On the other hand, a suppression of spontaneous emission is desired in 
some quantum-computational applications, in which the carriers must be trapped for a 

The experimental verification of the Purcell effect requires time-resolved PL measure-
ments. In order to extract a spontaneous emission lifetime from such experiments, it 
became a standard to use the exponential decay known from two-level emitters and to 
carry it over to a QD system in order to quantify the emission dynamics and in particu-
lar the Purcell effect. A closer inspection of the literature reveals, however, that in many 
cases a non-exponential decay of the time-resolved PL is observed for a wide variety of 

This complicates the quantification of the altered spontaneous emission in terms of a 
constant decay time. In a cooperation with Matthias Schwab et al. in the group of 
Prof. Manfred Bayer at the University of Dortmund and with Mohamed Benyoucef in 
the group of Prof. Peter Michler in Stuttgart we investigated the PL of self-assembled 
InGaAs/GaAs QDs embedded in GaAs-based micropillars [139]. In their experiments, 
one finds, in addition to the non-exponential character, a strong dependence of the 
time-resolved PL decay on the excitation intensity: Starting from the weakest possible 
pumping, which allows to detect the PL and is well below the laser threshold, up to 
the threshold, the decay rate continuously increases [139]. These two effects make it 
impossible to assign a single decay time in terms of a two-level atom. 

On the theoretical level, semiconductor QDs with dimensions of only a few nanometers 
have in the past often been described as 'artificial atoms' and modeled by two-level 
atoms. Clearly a two-level atom is by no means sufficient to capture the complicated 
structure of the multi-exciton spectra analyzed in Part I and II of this thesis. Fur-
thermore, the carrier dynamics is in the existing literature often discussed in terms of 
two-level systems and excitons, i.e., fully correlated electron-hole pairs. However, such 
a simplified picture should be treated with care since the elementary quasi-particles 
in semiconductors are electrons and holes. The degree of correlations depends on the 
many-body Coulomb interaction and on the carrier-photon interaction. A microscopical 
description is rather challenging, because it requires not only a computation of carrier 
scattering and correlations, but also a full quantum mechanical treatment of the light 
field. One promising approach for the description of PL is the equation of motion tech-
nique [140,141]. It is a well-known difficulty that the equation of motion technique leads 
to a hierarchy of correlation functions. A systematic way to truncate this hierarchy is 
the cluster expansion method [142]. Based on this truncation scheme equations for the 
evolution of the carrier dynamics and the photon number can be derived. The resulting 
semiconductor luminescence equations (SLE) have previously been used to study PL 
spectra [143] and exciton formation [144] in a quantum-well system. Here we apply this 
general method to develop a microscopic theory for QD carriers interacting with the 
quantized light field. This allows us to study the time-resolved PL signal. We find that 
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the origin of the non-exponential and excitation intensity-dependent decay is the lack 
of full correlations between carriers in the QDs. 

This part of the thesis is organized as follows: In Chapter 9 we introduce the Hamilto-
nian of the system and discuss the hierarchy problem, which is inherent to every many-
body problem. Furthermore we explain how the introduction of correlation functions 
paves the way for a consistent truncation scheme. Chapter 10 is then dedicated to the 
derivation of semiconductor luminescence equations that go beyond the Hartree-Fock 
approximation and include correlation contributions up to the so-called singlet-doublet 
level. These equations are then applied in Chapter 11 to study the PL of a QD sys-
tem into free space. In particular, we investigate the influence of correlations induced 
by Coulomb and light-matter interaction on the PL spectrum and the time dynamics. 
Finally, Chapter 12 deals with the decay dynamics of a QD ensemble embedded in a 
microcavity and gives a detailed discussion of recent experiments on such systems. 

I l l 
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9 Hamiltonian and Consistent 
Truncation Scheme 

We start this chapter by introducing the Hamiltonian describing the system of charge 
carriers that interact among themselves and with the quantized light field. In contrast 
to Part I and II of this thesis, we are now explicitly interested in the dynamics of 
the photonic field. Therefore, a fully quantum mechanical treatment of the carrier 
system and the electromagnetic field is necessary. In the subsequent Section 9.2, the 
hierarchy that is entailed on the one hand by the Coulomb interaction and on the 
other hand by the light-matter interaction is discussed. In particular it is explained 
how the introduction of correlation functions enables us to truncate this hierarchy in 
an unambiguous way in the framework of the cluster expansion technique. Later on, 
we restrict ourselves to the so-called singlet-doublet factorization to reach a consistent 
description of the carrier-carrier and carrier-photon correlations. 

9.1 Hamiltonian 

In order to study the PL dynamics both the carriers and the electromagnetic field are 
treated fully quantum mechanically. The total Hamiltonian for the system has the 
following contributions: 

H = #carr + #Coul + #ph + • (9.1) 

The Hamiltonian, i7°arr + i7coub that describes the system of interacting charge carriers 
was already introduced in Section 1.2 in the electron-hole picture and is given here 
for completeness in the valence- and conduction-band picture, that we adopt in the 
following assuming identical envelopes 

-^carr = /* ] clci + /* ] £i v \ v i i 
i i 

#Coul = £ Y1 VH,kl c\c]ckCl + VH,kl ViVjVkVl (9 2X 
ijkl ijkl ^ ' 

+ Z Vij,ki c W j v k c . 
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9 Hamiltonian and Consistent Truncation Scheme 

The electronic states are labeled by the latin characters i, j, k, I. In the case of a QD 
placed on a wetting layer there are two different types of states: localized bound QD 
states, denoted by i = (z/, a), and delocalized WL states, corresponding to the quasi-

and labeled by i = (k,cr). The operator r, (cj) are free motion in the WL pi; 
annihilation (creation) operators of electrons in the one-particle states |i) of energy 
e\. The corresponding quantities for the valence band are denoted by / ( / ' ] ) and 
respectively. The single-particle energy spectrum ef''^ consists of a discrete part for 
the bound states and a continuous part for the delocalized WL states. The Coulomb 
interaction is contained in //coui-
be found in Chapter 1. 

Details on the interaction matrix elements V^ï, can ij,kl 

As we are interested mainly in many-particle effects, we adopt in the following an 
effective-mass model for the single-particle states, as already discussed in Section 1.1. 
However, the inclusion of microscopically determined single-particle properties would 
be straightforward in the presented scheme. 

Hih 

The quantity fko^ is the energy of a photon created (destroyed) by the operator 
in the mode In the case of 'free space', the mode label £ contains the wave vector 
q and the polarization vector of the electromagnetic field ep(q), with the index p = ± 
labeling the two orthogonal polarization states. The mode frequencies are then given 

l | ( r ) = e p ' (q je^ r . 

The Hamiltonian that describes the 
reads 

t-matter interaction in approximation 

Hn = -i £ 
ij£, 

(?m 4 V A + ton v l c A ) -

The first term in the brackets and the corresponding one in the hermitian conjugate 
expression describe resonant contributions, the other two terms non-resonant contribu-
tions. The resonant elementary process associated with this Hamiltonian is the transi-
tion of an electron from the valence into the conduction band by absorption of a photon, 
or vice versa by emission. In contrast, the non-resonant elementary processes describe 
transition of an electron from the valence into the conduction band by emission of a 
photon or the transition of an electron from the conduction to the valence-band via 
absorption. These contributions clearly violate energy conservation and will therefore 
be neglected in the so-called rotating wave approximation (RWA). 

The explicit form of the Hamiltonian (9.4) for the light-matter interaction is obtained 
by going from the dipole Hamiltonian in first quantization / /,iipoie = — eEr to second 
quantization and replacing the electric field E by the hermitian operator E = E + + E~. 
In this expression E + is given by i and describes the mode expansion of 

114 



9.2 Hierarchy Problem and Cluster Expansion 

the field. The quantity Ëç = \Jhjj^/'2(.r(.()V , with V being the normalization volume, 
has the dimension of an electric field and is sometimes called the 'field per photon' [145]. 
Keeping only the terms describing interband transitions, one obtains the Hamiltonian 
of the light-matter interaction as given by Eq. (9.4). The explicit form of the coupling 
matrix elements is 

9vt = d3r V f ( r ) e rU € ( r ) ^ ( r ) • (9.5) 

They describe the coupling strength between the mode £ of the electromagnetic field 
and the carrier transition involving the single-particle conduction-band states and 
the valence-band state \j). 

After this discussion of the different contributions to the total Hamiltonian (9.1) we 
will now analyze the hierarchy it entails. 

9.2 Hierarchy Problem and Cluster Expansion 

To study the dynamics of the averages of interest - like the electronic population in 
a certain state /f = (cjcj) or the number of photons (b^bç) in a given mode £ - we 
use Heisenberg's equation of motion technique. In Heisenberg representation the time 
evolution of an operator A is determined by 

ih 
d_ 
dt H 

A = [A, H] 

This equation directly carries over to arbitrary operator averages (...}, defined with the 
trace Tr via (...) = Tr{p0 • • •}• as the density matrix p0 in Heisenberg representation 
does not evolve in time. 

In order to illustrate the well-known hierarchy problem [68,146-148] and to motivate 
the need for a consistent and unambiguous truncation scheme, let us take a closer look 
at the time evolution generated by the Coulomb Hamiltonian I/coui in the case of the 
electronic population /f = (cjcj): 

ih 
d_ 

dt #Coul 
ft = M 

d_ 

dt #Coul 
(4 ci = < ( i h 

d_ 

dt #Coul 

The time evolution of the individual carrier operators due to the Coulomb interaction 
are given by 

iH§t 
ci = 

Hcoul 
E 
jki 

Vijki (c!-Ck + vjvk)cf 

and 

i h i 
c! = 

#Coul - E 
jki 

v i j k i c i ( c k c j + v k v j ) (9.7) 

c 
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9 Hamiltonian and Consistent Truncation Scheme 

where the latter is easily obtained by hermitian conjugation. Using these equations, 
one finds for the population 

iH§t f e = - Vjki <cj ( 4 C j + viVj)c) + Vjki (ct(ctcfc + v j v k ) c j ) > 
jkl 

From this example it can be inferred that the dynamics of a one-particle average (an 
average containing one creation and one annihilation operator, schematically denoted 
by (1)) couples to two-particle averages (containing two creation and two annihilation 
operators, schematically (2)). In the following, such averages are - according to the 
number of creation operators present in this expression - sometimes called singlet- and 
doublet-teims, respectively. 

In order to determine the time evolution of / f , one needs to derive the equations of 
motion for the two-particle quantities. Doing so, immediately leads to averages with 
six operators, that is, three-particle averages (3), as the time derivative of a single 
creation/annihilation operator has to be replaced according to Eq. (9.6) and Eq. (9.7) 
by a sum of three operators. 

If one formulates the equation of motion for these three-particle averages, Coulomb 
interaction - or in fact any other two-particle Hamiltonian - will couple this to four-
particle averages. Similarly the dynamics of four-particle averages are coupled to five-
particle averages and so on. This is at the heart of the hierarchy problem, which can 
be schematically summarized as: 

(1)—^ (2)-+ (3) —* (4)—^ . . . 

In this scheme (N} denotes the highest iV-particle average generated by the time evo-
lution via the Hamiltonian H and we simply write —• to symbolize this evolution. 

Note that a one-particle Hamiltonian h i j a \ a j does not entail a hierarchy, because 
in the evolution generated by such a Hamiltonian the time derivative of one fermion 
operator is replaced by a sum of again single fermion operators. Therefore the number 
of operators in an expectation value is not changed. 

Hartree-Fock Approximation 

The most simple way of truncating the infinite hierarchy is the Hartree-Fock approxi-
mation, in which the two-particle averages are replaced by all possible combinations of 
one-particle averages 

{a\a)akai) « {a\a)akai)sF = {a\ai) {a]ak) - {a]ai){a\ak) • (9.9) 

The sign is determined by the number of transpositions that are necessary to bring 
the operators from their original order in the two-particle average in Eq. (9.9) into the 
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9.2 Hierarchy Problem and Cluster Expansion 

order they have in the product of singlets. If the number of these transposition is odd, 
one obtains a minus sign, a plus sign otherwise. 

For the following discussion the Hamiltonian H = Hi + H2 is divided into a one-particle 
part Hi and a two-particle part H2. Using the HF-factorization for the two-particle 
averages (2), one can express the equation of motion of a one-particle average (1) 
schematically as 

ih^il) = F.iil)} + F2{(2)} ^ { ( 1 ) } + F2{(2)h f} = ^ { ( 1 ) } + F2{(1)(1)} 

(9.1 

The time evolution generated by Hi yields a dependency of on other one-particle 
averages and is summarized in Fi{(l}}. The two-particle Hamiltonian //2, however, 
produces a coupling to two-particle averages expressed by the function F2. An explicit 
example for F2 was given in Eq. (9.8). In the second step of Eq. (9.10), the doublets 
(2) are factorized into singlets according to the HF-approximation (9.9). In this way, 
the equations of motion are closed on singlet level. 

Correlations 

The difference between the full two-particle average (2) and its Hartree-Fock factorized 
part (2)hf is the two-particle correlation 5{2). Therefore, one may write schematically 

( 2 ) = ( 2 } h f + ^ ( 2 ) = ( 1 ) ( 1 ) + ö ( 2 ) . 

Similar, one can define a three-particle correlation schematically as 

5{3) = (3) — all lower correlations 

= (3)-(1)<J(2)-(1)(1)(1) . 

(9.1 

(9. 

Here the terms (1)^(2) and (1)(1)(1) mean that the three-particle average (3) should 
be broken in every possible combination of doublet correlations and singlets plus all 
possible combinations of three singlets. Along similar lines, one can define iV-particle 
correlations [142]. Note that (1) = £(1), so that on the right hand side of Eq. (9.12) 
indeed only the full three-particle expectation value and correlations enter. 

In terms of correlation functions the Hartree-Fock approximation is equivalent to con-
sidering only singlets and discarding all two-particle and higher-order correlations. That 
is sometimes called singlet approximation. Going beyond the singlet approximation, one 
keeps all correlations up to a certain order and discards all higher correlation terms. 
This unambiguously defines the set of equations of motion for the correlations on a 
certain truncation level [1421. 

A clear advantage of describing the system in terms of the iV-par t ic le correlations 
instead of the pure iV-par t i c le expectation values, is given by the following fact: Even 
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9 Hamiltonian and Consistent Truncation Scheme 

in the case of a non-interacting system a iV-particle expectation value is in a grand-
canonical ensemble in general non-zero. In contrast, all iV-particle correlations with 
N > 1 are zero in this situation, because Wick's theorem applies for all the averages 
[142,149]. Therefore it is reasonable to assume that in the spirit of an approximation 
scheme, one may indeed discard higher-order correlation terms, as they are zero in the 
non-interacting case. However, a similar statement directly for the expectation values 
is not valid. From an intuitive standpoint, neglecting higher-order correlations may 
be justified by realizing that an important contribution to the correlation becomes less 
likely as the number of involved operators increases. 

Singlet-Doublet Approximation 

In the so-called singlet-doublet approximation, which we will adopt in the following, one 
keeps all correlations below the three-particle correlations. In the schematic descriptions 
used above, the equation of motion on singlet-doublet level read 

d 
ih-(l) = ^{(1)} + F2{(2)} = ^{(1)} + F2{( 1)(1), 0(2)} (9. 

and 

i h ^ ö i 2 ) = 2) - (1)(1)) = G!{<2>, (1)(1)} + G2{<3>, (2)(1)} 

« Gi{*(2),(1)(1)} + G2{(1)^(2), (1)(1)(1)} . 
(9. 

As before Fi and F2 denote the coupling to other one- and two-particle averages, respec-
tively. In contrast to the HF-approximation, the two-particle averages are now treated 
without approximation and are rewritten as (2) = (1}(1) + S(2). The evolution of the 
correlation 5(2) as generated by the one-particle Hamiltonian Hi leads to the function 

Gi{(2), (1)(1)} because one has schematically: (2) ^ (2) and (1)(1) ^ (1)(1). Sim-
ilarly G2 denotes the corresponding function for ll2 and depends on (3) and (2}(1), 

because (2) (3) and (1}(1) —^ (2}(1). In order to obtain a set of differential equa-
tions that is closed on the singlet-doublet level, one rewrites all occurring averages in 
terms of correlations and applies the singlet-doublet approximation scheme. To this 
end, we write (3) = (1)^(2) + (1}(1}(1) + 6(3) according to Eq. (9.12) and neglect the 
triplet correlations 6(3). This leads to the second line of Eq. (9.14) and closes the set 
of equations. 

H i 

So far we have used a schematic description of the singlet-doublet approximation 
t out, the schematic equation (3)SD = £(2)(1) + (1)(1)(1) is 

118 



9.2 Hierarchy Problem and Cluster Expansion 

(a jajQ-laiaman)sü = + (aja*) S(a]a{ama«) - (a]am) £(ajala* a«) + (a ja„) £(ajala*am) 

- (aja*) £(a jalama«) + (ajam) £(a jala* a«) - (aja«) £(ajala*am) t„t. 

+ (a l a*) £(a jaj- am a« ) - ( a l am) £(al a j a* a«) + (a l a«) £(al a j a*am) 

- (aja*)(aj- am)(ala«) + (aja*)(aj- ara)(alam) - (a^mXala*)(aja«) 

+ (aja„)(aj.am)(4ai) - {a\an) {a)ai) {a)kam) + (ajam)(aj.ai)(4a„) . 

t„t. 

This factorization contains nine terms of the form (1)^(2) and six terms of the form 
(1)(1}(1). The sign is again determined by the number of transposition needed to go 
from the original order of the three-particle average to the order of the operators in the 
factorization. 

In addition to expectation values containing only fermion operators, the light-matter 
interaction produces mixed averages with both carrier and photon operators. To under-
stand how one must treat averages containing boson operators in the cluster expansion 
scheme, consider the equation of motion for the photon creation operator in rotating 
wave approximation 

l h l H 
bj = - hwj bj + i ,t„ 

Integrating this differential equation 

1 

i j 

dt' ) cj(t')vj(t') (9. 

This shows that a photon creation operator is formally equivalent to the product of two 
fermion operators [147]. From this equivalency it is rather obvious that the interaction 
with a quantized light field, described by the Hamiltonian (9.4), creates itself a hierar-
chy. This can be seen as the Hamiltonian of the light-matter interaction contains, for 
example, terms of the form Ii' r 'c. Therefore two hierarchies need to be tackled, one 
from the Coulomb interaction and one from the interaction with the quantized light 

In the absence of a coherent electromagnetic field, one has (6J) = 0. In this case the 

( b j a j a j a l a * ) s D = + £(bja]a*) (aj-al) + £ ( b j a j a l ) (a]a*) 

- £(bjaj-a*) (a jal) - £(bja jal) (aj-a*) 

t„t. 

1 Note that the interaction with a classical 1 
does, consequently, not create a hierarchy. 

t-field is described by a one-particle Hamiltonian and 

0 
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Furthermore, one obtains in the incoherent regime 8{b^a\dj) = {b^a\dj) so that the V)' 
for this quantity is dropped in the remainder of this thesis. Along the same lines, we 
find in the case of two boson and two fermion operators 

{b\b\,a\AI) SD = {b\b\,) {A\(IJ) 

In the next chapter the general truncation procedure explained in this section will be 
applied to derive equations of motion for the coupled dynamics of charge carriers in the 
QD-WL system and the photons of the optical environment. This paves the way for a 
detailed investigation of the PL dynamics in Chapter 11 and 12. 

(9.1 
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10 Semiconductor Luminescence 
Equations 

In this chapter the semiconductor luminescence equation (SLE), including correlations 
up to the singlet-doublet level, are derived. For this, we consider an incoherent popula-
tion of carriers generated either by optical pumping high into the bands and subsequent 
rapid dephasing and carrier relaxation, or by direct carrier injection. In both cases co-
herent polarizations that contribute in pump-probe or four-wave mixing experiments 
and are described by the semiconductor Bloch equations, play no role. A specialized 
version of the SLE for the case of a quantum well is used in Refs. [144,150,151]. Due 
to the complicated structure of the relevant equations, a one-dimensional model system 
had to be used in these references for the actual evaluation of the equations. In the 
present thesis, the application of the SLE to semiconductor QDs is presented. For this 
purpose, the theory is formulated in a general basis and subsequently specialized to the 
QD-WL system. Similar work was only recently published [152] and was partly influ-
enced by discussion between our group and these authors but is restricted only to the 
investigation of QDs coupled to the modes of free space. Here, we use this formalism 
to investigate a QD system embedded in two different photonic environments, namely, 
free space in Chapter 11 and a optical microcavity in Chapter 12. 

10.1 Formulation of the Relevant Equations of Motion 

We start our analysis with the derivation of the carrier population changes. Then 
we discuss how the photon number evolves in time. As both quantities depend on 
the so-called photon-assisted polarization an equation of motion for this quantity is 
derived. After this, the correlation functions occurring in the differential equations of 
the aforementioned quantities are analyzed. 
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Carrier Population 

With the Hamiltonian described in Section 9.1 the equation of motion for the generalized 
population or intraband polarization (cjcj) is given by 

d 
= ~ « - ^){c\cj) 

t 
— i 

1« 
g*if ( b « v i c j ) + (g*ji« ( b « v i c i ) ) 

+ Vi234{ {CjC2C3C4) - ( ^ ^ 3 ) } 

) . l ) 

234 

- Y 1 V W ( c 4 c 3 c 2 c i ) - ( c 4 v 3 c i v 2 ) } 
234 

In this expression the integers 1, 2, 3, and 4 refer to electronic indices that are summed 
over. This notation will be kept throughout this section to distinguish between outer 
indices (not to be summed over) and inner indices (to be summed over). The first line 

(10.1) stems from the free Hamiltonian H ^ , the second line comes from the 
light-matter interaction //d, and the last two lines are due to the Coulomb interaction 
between the carriers. A similar equation can be derived for the valence-band electrons. 
The two-particle averages that occur in the above equation can now be split according 
to Eq. (9.11) into the Hartree-Fock contribution and the pure two-particle correlation: 

(c j c2c3c4 ) 

c j v2c3v4 ) 

fie 
= : C j 2 3 4 

Ô(cjc2c3c4) -(cjc3)(c2c4) + (c2c3)(cjc4) 

£(cj v2c3 v^ - ( c j c3)(v2v4) . 
).2) 

=: CX j 2 3 4 

Note that in the second line of Eq. (10.2) the additional term (vlc3)(c^v^) that would 
occur according to the definitions (9.9) and (9.11) is zero in the incoherent regime and is 
therefore omitted. Note further that the photon-assisted polarization (//AA) is its own 
two-particle correlation as the HF-contribution vanishes, see discussion of Eq. (9.16). 
For proper populations (i = j) one can recast the equation of motion (10.1) into 

d 

i« 

+ 2*Im J ] ^234(^43 - C^43 - <c]C3><4C4> ).3) 
234 

+ ( c ^ X c k ) + (4c4)(v2v3 ) ) } 

Before deriving the differential equations for the other averages of interest, it is in-
structive to inspect the above equation somewhat closer. The first line describes the 
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population changes due to the interaction with the photonic field. This term leads to 
an overall decrease of the carrier density in the conduction band. This is in contrast 
to the second part, which gives the population changes due to Coulomb interaction. 
As Coulomb interaction is known to leave the total population fi i n e a c h band A 
unchanged, it is well worth checking if the expression 

E H E W ^ - - < C 1C3><4C 4 > + (c\c3){c\cA) + < C ] C 4 > < ^ 3 » } 
i 234 

is indeed zero. By changing the indices 2 ^ 3 and / ^ I. one can a 
sum is equal to its complex conjugate. Therefore the imaginary 

r that the above 
vanishes. This 

shows that one has indeed ihj| 
H, Coul 

P h o t o n Number 

In the case of a photoluminescence experiment, the most interesting quantity is either 

the photon number (b^bç), which denotes the number of photons in a given mode or 

the number of photons generated per unit time For the more general expression 

(b^b?) one finds 

d 
ih—(bçbç>) = — (hujç — hcû£'){bçbç') 

+ ^ fe(bj'* + i $ ^ 0 * 2 ? ( b J v 2 c i ) • 

12 12 

This reduces to 

= 2lRe{j^g*m(blvlc1)} i 

for the diagonal terms £ = Combining this equation with Eq. (10.3) one finds 

j i 

This expression shows that the overall change in the number of carriers in the conduction 
band (and henceforth in the valence band) is equal to the change of the total photon 
number in the system. This is a very intuitive result, stating that for each created 
electron-hole pair a photon is destroyed, or vice versa. 

).5) 
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10 Semiconductor Luminescence Equations 

Photon-Assisted Polarization 

As both the occupation and the photon number depend on the photon-assisted 
ization (b"Mc), one has to establish a differential equation for this quantity as well, 
means of Heisenberg's equation of motion and additionally applying the singlet-doublet 
factorization to the three-particle averages, one finds 

d 
^t{b\v\c3) = - e l - hLod{b\v\c3) 

X 
+ i $ > 2 i j { ( c 2 c j X ^ i - ( v j v i ) ) + C j } 

12 

+ ( b l b j ' H g i i j ' ( c i c j ) - g j i j ' ) } 

- £ W ^ f e ^ C s ) - {b\v\c){c\c3) (10-6) 

i23 

+ (bj v ic j ) ( v 2 v 3 ) - ( b j v2cj )(viv3 ) } 

+ ^ Vj234 {(b^ v]c4)(c2c3) - (b£ ^ 3 ) ^ 4 ) 
234 

+ (bjuJc4)(v^U3)-(b^v|c4)(v]v3)} . 

The first line is generated by the free Hamiltonian H ^ of the carriers and the pho-
tonic system H®h. It contains the energy difference of the involved unrenormalized 
conduction- and valence-band StcttGS clS well as the free energy of the optical mode. 
The second line constitutes the source term of the photon-assisted polarization and 
consequently of spontaneous emission. It shows that the photon-assisted polarization 
is built up as soon as (generalized) population is present in the system. The third line 
depends on the (generalized) photonic population (b^b^) and will only be of importance 
if a cavity or a resonant external field is present. If the photonic environment is the 
'free space', the term (b^b^) can be neglected in the incoherent regime. In a cavity, 
however, this term is responsible for stimulated emission/absorption of photons and 
will therefore be of great importance in this case. Both the second and the third line 
originate from the light-matter interaction. The last two sums in Eq. (10.6) stem from 
the Coulomb interaction. The physics behind these terms will become more transpar-
ent in Section 10.2.3 where we specialize the system to a QD with two shells for each 
type of carrier. Then we will see that the Coulomb terms lead to a renormalization of 
the single-particle energies and to a coupling of different photon-assisted polarization 
contributions. 
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Correlation Functions 

In order to fully determine the right-hand side of the differential equation describing the 
population changes and the evolution of the photon-assisted polarization, one has to 
determine the correlation Cx, Cc, and ("'. For this, we focus on Cx and comment only 
briefly on the derivation of equations of motion for Cc and ("' that run along the same 
lines. To determine the differential equation for O x , one needs the equations governing 
(C\VJCKVI) and {C\VJCKVI)HF- Let us first concentrate on the time evolution generated by 
the Coulomb interaction. Using ! (9.6) and Eq. (9.7) from page 115 we find 

ih 
d_ 

dt # C o u l 

(cjvtcfcvi) = - 2 J { Vi23i(c1(c2c3 + v2v3)vjcfcvi)) 
i23 

+ V i 23 j (cjvj(c2c3 + v2v3)cfcvi)) 

- V i * 2 3 f c ( c l v ] ( c 3 c 2 + v 3 v 2 ) c i v i ) ) 

- V i * 2 3 i ( c ! v j c f c ( c 3 c 2 + v 3 v 2 ) v i ) ) } 

).7) 

The eight three-particle averages in the above equation are now factorized according 
to the singlet-doublet approximation. From Eq. (9.15) we see that in general there are 
8 x 6 = 48 pure singlet terms. As we consider the incoherent regime, in which the 
coherent polarizations (vjcj) play no role, only 16 terms remain. Furthermore, there 
are in general 8 x 9 = 72 terms of the form (1)6(2) in the expansion of Eq. (10.7), of 
which in the incoherent regime 40 remain. 

As the three-particle averages in Eq. (10.7) contain three inner indices, defined by 
1, 2, 3, and three outer indices, labeled by latin characters, we can classify each gener-
ated (1)6(2) term according to the number of inner indices present in 6(2). There are 
twelve terms with one, 20 terms with two, and eight terms with three inner indices in 
the 6(2) part. The latter terms cancel exactly the HF-factorized part (c\v]ckvi) hf = 

— {<":•/:/,.){/']/'/) that need to be subtracted to form a pure correlation, according to the 
definition (9.11). That such a cancelation is possible can be seen as follows: From the 
time derivative of a product of the form (1)(1) four terms are generated (one from the 
derivative of each fermion operator). Bearing in mind the explicit form of the time 
evolution of the carrier operators, as given by Eqs. (9.6) and (9.7), and considering the 
terms ê c and v^v that occur as (c^c + v^v) separately, one obtains 4 x 2 = 8 terms of 
the form (1)(2). In these terms a summation over three indices in the (2) part takes 
place. Finally using (2) = 6(2) + (1)(1), yields the same structure of terms from the 
HF-factorized part as one obtains from the singlet-doublet factorization of the time 
evolution of (c\vjckvi). A close inspection of these two sets of eight terms reveals that 
they indeed cancel each other. Note that the additional terms of the form (1)(1)(1), as 
they are generated by the time-evolution of the HF-part in the singlet-doublet approx-
imation, cancel 12 out of the 16 singlet terms arising in the evolution of {c\vjckVi). 

In the end, one is left only with two different types of terms in the singlet-doublet 
factorization: Terms that have one inner index in Cx and terms that have two inner 
indices in Cx. In Section 10.2 a QD with two shells is discussed. Then we will see 
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10 Semiconductor Luminescence Equations 

that the terms with only one inner index renormalize the single-particle energies, while 
those with two lead to a coupling of the different correlation matrix elements. 

Sorting all the different terms generated by the singlet-doublet factorization of Eq. (10.7) 

H C X 

# C o u l 

- S i 2 3 4 V i 2 3 4 

+ 

+ 

( Cj C4 ) ( j 3 ) (^ifc - (CiCfc)) (^21 - (v2vi)) 

^4 - (cjC4^ ( j - (cicfc) (ü2v) 

(vjvi)^4 j - ( v j v 4 C X + V - «c j c4>* 

(ü2v«)^4i - (c jC4)^1^ C - ^ + ((vjv4)^2fe - (c2c fc)&y) C 

( c 2 c f c - (cjC4)5fcJ C j + ((vJU4)^2i - ( ^ ty )£ j Q 

X 
ii31 

X 
i ik3 

(ü3v«)^4fc + ^3«((c4cfc) - ^ 4 ) ) C j 2 

( c j c 3 ) ^ 4 j + ( ( v 4 v j ) - j O ) C X f e 1 

( c i c 3 ) C 2jfc« - j i ( v j v 3 ) C i L + M c ^ j - ( v 2 v 4 ) C j f c j 

((C2C3) + Ä ) ) ^ j + j i C ^ - j - « f o j 

Here the abbreviation C X + V Cfjki + ^ijki ail(J Cijki° Cijki + ^ijki w e r e introduced. 
The first two lines of the right-hand side constitutes a factorization only in singlet terms, 
while all the other terms stem from a combination of singlet and doublet correlations. 

So far we have only considered the evolution due to the Coulomb interaction. Now the 
contributions due to the free-carrier Hamiltonian and the light-matter interaction are 
given. These contribution read, respectively, 

iH§t H° c j — - ( e C + - - )
 C X j'fel ).9) 

and 

ih 
d_ 

dt H D 
j
 — ( b j j k ) [ g l j ( c j c i ) - g i i j ( v j v « ) ] 

1 j 

+ ( b j c j V ) [ g i j j ( c ic fc ) - gfcij ( j ^ ] } 

Along the same lines, one can derive equations of motion for Cc and ("'. These equations 
are even more complicated than the equation for C x . because in the singlet-doublet 
expansion of the intraband correlations not so many averages of the form {c\vj), which 
vanish in the incoherent regime, are generated. As no additional insight is gained from 
studying the explicit form of the equations of motion for Cc and ("' in the general case, 
these expression are omitted here. However, they will be discussed for the specialized 
case in Section 10.2.3. 
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10.2 Specialization to a Quantum Dot Model 

10.2 Specialization to a Quantum Dot Model 

So fax the SLE were formulated in a general basis and can now be applied to different 
systems. The system-dependent parameters are the single-particle energies, the mode 
frequencies u>ç, the Coulomb matrix elements and the dipole-matrix elements that deter-
mine the light-matter interaction H-&. Additionally, the underlying symmetry depends 
on the system: In a quantum well, for which the PL was studied in [143,144,153], one 
has full translational symmetry, whereas in the case of QD system the translational 
symmetry of the WL is spoiled by the presence of the QDs. To keep the following 
discussions as simple as possible, we restrict ourselves to QDs that confine two shells 
for each type of carriers. Such a situation is often met in an experiment and makes the 
relevant equations more transparent and the numerical evaluation feasible. 

We start this section with an analysis of the light-matter interaction matrix elements 
gijt, finding that the matrix elements can, to a good approximation, be taken diagonal 
gijç = (jt( 5ij. In Section 10.2.2 the consequences of the circular symmetry of the QDs 
are analyzed and one finds that off-diagonal contributions {c\cj) with / / j vanish. 
Using these facts, a more transparent interpretation of the various terms of the SLE is 
possible. 

elements is given 

•Matter Interaction Matrix Elements g j 

the explicit expression of the light-matter interaction matrix 

gij« = E« / d 3 r0 f ( r ) e rU«( r )$ f ( r ) 

where Ëç = \Jhu^/'2(({)V and V is the normalization volume. In envelope-function 
approximation [68,154] the wave-functions u-(r) and i'j'(r) can be decomposed into the 
envelope parts ([(r ) and (J(r), which vary only slightly over a unit cell, and the rapidly 
oscillating Bloch factor u^Z0(r). From this, one can deduce the approximate expression 

9ij« Ef d, £UCV d 3 r ( f ( r ) U « (r)C(r) 

with the bulk dipole-matrix element dcv. To keep matters simple, we consider here the 
case of equal envelopes for the conduction- and valence-band electrons. 

For a system containing both localized QD states and delocalized WL states, there are 
three different cases to be considered: (i) both states |i) and | j) are QD states, (ii) one 
is a WL and one is a QD state, and (iii) both are WL states. Taking into account that 
the electromagnetic field is approximately constant over the extent of a QD, one finds 
for the first case 

gW« ~ E«dcvU« (ro)^vv' . 
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10 Semiconductor Luminescence Equations 

In this expression r0 is the position of the QD and the Kronecker-delta 5VV> stems from 
the overlap of the carrier wave functions. For the second case, the coupling matrix 
element is zero, because the QD states and the WL states are orthogonal as they are 
eigenstates of the same single-particle Hamiltonian. 

For the third case, we assume that the WL states are plane waves and that the extension 
of the wave-function perpendicular to the growth direction is negligible. Then one finds 

g k k ' j f G p p e - ^ - ^ U ^ Z o ) E j d, E j d c v Ü j ( k - k ' ,Zo) 

Here z0 is the --coordinate of the position of the WL plane and TJ^fq, z0) denotes the 
Fourier transformed mode function with respect to the x-y plane. As the mode func-
tion in real space varies typically only over macroscopic distances, its Fourier transform 
is strongly peaked around q = 0. In equations defining observable quantities one 
never encounters the coupling matrix element itself, which could in principle be com-
plex, but always the square of the absolute value. Typical expressions are of the form 

S k ' lâ ,kk'^|2/(k /) with some function / ( k ' ) , which varies with k ' . Us-
ing Parseval's theorem [155], which in our situation can be formulated as //k |2 = 
\Jd2p \h(p)\2, one obtains Ek> If lck 'dVOO « f(k)Ë2\Jd2p | d c ^ ( p , z = 0)|2. 
Due to this fact and the strong localization of U^(q, z0) around q = 0, one can use to 

g k k ' j , k ' E j d2p |dCvÜj (p 2 

In the special situation that the modes are those of free space, U^(r) is proportional 
to ep(q) r 'q r , and the last term in the previous equation reduces to dr,,e()(qj|. In 
order to check Eq. (10.13), one may rederive the coupling strength and in particular 
the diagonality, expressed by £k,k', in the case of WL states coupled to free space by 

g k k ' j oc 5 k , k ' + q | | - neglecting the tiny photon momentum in comparison with the 
large electron momentum, the component q|| can be dropped and one arrives again at 
<7kk'£ oc ^k ,kwhich confirms Eq. (10.13). 

The three different cases can be summarized as 

g j j
 — g j 5 i 

where i and j denote either WL or QD states. From this expression follows that optical 
transitions occur only between 'equal' states of conduction- and valence-band electrons, 
that is, for example, between the .s-shells and the p-shells or between WL states with 
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10.2.2 Symmetry Considerations 

In this section we investigate the influence of the underlying symmetry of the system. 
As already mentioned in the introduction, the presence of the QDs destroys the trans-
lational symmetry of the WL. However, considering circular symmetric QDs we still 
have rotational symmetry around the QD axis. Strictly speaking, this statement is 

true for a single QD placed on a WL, because any additional QD on the WL 
will destroy this rotational symmetry. Nevertheless, if we assume an ensemble 

of randomly distributed QDs, the rotational symmetry is restored 'on average'1. This 
makes it possible to carry over the considerations for a single dot to a QD ensemble. 

From the rotational symmetry of the system around the --axis, it can be deduced that 
the corresponding second-quantized angular momentum operator Z£>t = (le.;, + 

rt'
vvjvt commutes with the total Hamiltonian (9.1). Here 1:-Ar'v> is the angular-momentum 

--component of the single-particle state /). This commutation takes place because 
the angular momentum-operator generates the rotations around the --axis [70], which 
leaves the system invariant. Alternatively one can explicitly check the commutation 
using the symmetry properties of the Coulomb matrix elements V^ki oc dr-1 n ^ l q ex-
plained in Section 1.2. As the Hamiltonian commutes with the angular momentum 
operator it can be verified that the commutator 

iclcj>hot] = ~(h' ~ V )clcj 

holds not only in the Schrödinger but also in the Heisenberg representation. From 
this one obtains for the time-dependent operator averages calculated in Heisenberg 
representation, 

- a r - i T W f y ) = Tr{po[cfe, U } = T r { c l c ^ o t , Po]} = o . (10.15) -J 1 totJ 

Here Tr denotes the trace and the general identity T r {A[B , C]} = Trf l>\C. A]} was used. 
Additionally the commutation of the angular-momentum operator with the density 
operator p0 was assumed. One may ask whether this assumption is a plausible one. In 
equilibrium it clearly is, as one has p0 oc e~ßH. Then |/tA- //1 0 immediately gives 
Kot> po] = 0. In a more general case the density matrix can be written as ^2iPi\ipi){ipi\ 
with some many-particle states {|ipi)}i. Commutation of p0 with in this situation 
means that the many-particle states {|-0»)}» must all be rotational invariant. This is the 
case, if one excites the system with an external optical pulse directed along its symmetry 
axis, because the Hamiltonian describing the evolution of the internal degrees of freedom 
will not destroy this imposed symmetry. 

After this discussion about the validity of the expression, we turn to its consequences. 

(4c,) = 0 if i r Ï l ? , (10.16) 

1 How the translational invariance is on average restored in a randomly distributed ensemble of 1 

is discussed in Ref. [17b 
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meaning that if the : -particle states /) and \j) have different angular momentum Zf 

and creation operators one may interpret this as follows: It is only possible to have non-
zero expectation values, if the particle being destroyed has the same angular momentum 
as the particle being created. For a QD confining solely an s- and a p-shell, the states 
are uniquely defined by their angular momentum so that only the proper populations 
(c\cj) with i = j can be non-zero. 

Along the same lines we can deduce 'selection rules' for expectation values containing 
more than two operators. For example, for the four-operator average (c]cjcfcq), one finds 
{c\c]ckci) = 5iz+,z lf+lz {c\c\ckci). This has immediate consequences for the correlation J t J K l J ic]ckci) = öi!+lztll+l!{c\c] 
functions as it shows that one has to calculate 
elements Cfjkl. 

a fraction of all possible matrix 

10.2.3 Formulation Quantum Dot Model 

In this section we study the simplifications of the SLE that arise from the diagonality 
of the light-matter matrix elements and of the symmetry considerations of the previous 
section. From the latter we recall that one can take (a\dj) = j " d v . as all off-diagonal 
terms (ajoj) with / / j describe 'forbidden' transitions and remain zero. Therefore 
in the incoherent regime expectation values of two carrier operators are restricted to 
populations. Additionally, one can derive {b\v\cj) = {^/'jc,), a s the boson operator 
bç commutes with the total angular momentum operator Ẑ ot = + / f ' ' ] ' i -

Carrier Populat ion and Photon Number 

Incorporating the discussed simplifications, we 

d 

X + Im j ^234 (Ce
2t43 - Ci243 

234 

for the population dynamics and 

d 
ih-(b\bt) = +2lRe{ 

for the photon number. 
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Photon-Assisted Polarization 

Both equations couple to the photon-assisted polarization, which - compared to the 
general expression of Eq. (10.6) - is now strongly simplified and reads 

d 
Ih-(b\v\ct) = (ëî - ê? - tot - iT)(b\v\ct) 

+ fC(1 - f ) + i £ g 1 « 

l 

+ i ( f - f ) £ gie<6«%) 
e 

+ ( f - f ) £ v jc i ) 

1ii1 

The free evolution in the first line is determined 
energies 

the Hartree-Fock renormalized 

% = < - Y V i i i f c + Y V i i i i ( f c + f v - 1 ) 

e V - £ V i i i ( f - 1 ) -£ 
i 

Viiii (fic + fV - 1) 

for the conduction and valence band as well as the resonance frequency of the optical 
mode Additionally a phenomenological dephasing I which broadens the spectral 
lines, was introduced. Note that the inclusion of the '—1' in the terms — 1' of the 
renormalized energies reflects the assumption that the influence of the filled valence 
band is already included in the band structure calculation. In this case the single-
particle energies fulfill e\,c = e\,c in the case of a full valence and empty conduction 
band. Note further that in the case of identical envelopes, the Hartree contribution to 
the renormalized energies in the evolution of (b^vjci) cancel as only energy differences 
occur. The source term of spontaneous emission in the second line enters the theory 
naturally due to the quantization of the light field. The term in the third line represents 
stimulated emission/absorption, which contributes, for example, if an external field is 
resonant with the considered transitions or if a resonator provides feedback for the 
emitted photons. Whether this term describes emission or absorption depends on the 
sign of the phase-space filling or Pauli blocking factor (./'[ - ./•'') - ( 1 - / [ — //') and 
therefore on the excitation conditions. The term in the last line is analogous to the 
quantum well case, where it gives rise to the excitonic PL below the band gap [156]. 
Here it introduces the corresponding excitonic resonances for the QD states due to the 
interband Coulomb exchange interaction. 

V 
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Correlation Functions 

Besides the photon-assisted polarization, the expressions for the equations of motion of 
the interband correlations as given in Eq. (10.8) reduce considerably for QDs with two 
shells: First, the fourfold sum of the singlet terms can straightforwardly be evaluated. 
Secondly, for the terms containing the correlation functions, this sum reduces to a two-
fold summation. Thirdly, one can simplify the last two lines of Eq. (10.8), because all 
the occurring correlation matrix elements contain three outer indices. To see the implied 
simplification, let us, as an example, consider the term ]T |2:i1 V1234 Si4 (c|c3) ( '2,1,-1- which 
can be simplified to 

y ^ V1234 S i4 ( c 1 c 3 ) C2Xjkl = V323 i f C2Xjkl = ( ^ V3i3i f 3 ) c X j H . 

1234 23 3 

In the first step we used (c|c3) = and performed the summation over 1 and 4. 
In the second step the relation Va2ai oc Vuz% Si2, which is valid because the states can 
uniquely be identified by their angular momentum, was used and the summation over 
2 was performed. The parenthesis is used to underline that these Fock terms, identified 
by the index order Vijij in the Coulomb matrix element, can be incorporated into a 
renormalized energy for the single-particle state \i). In addition to the Fock terms, 
one finds Hartree-renormalization (again identified by the order of the indices in the 
Coulomb matrix elements) from the last line of Eq. (10.8). Combining these results we 
obtain for the interband correlations: 

d 
dt 

- Vu»/ fkf j (1 - /?)( 1 - f l ) - (1 - fkc)(i - / j / f ] 

— ~ (^i + £Vj — £°k — ë'i) Cfjkl 

+ ( f j - fl ) V 1 l / 2 ( C i l k 2 + Ci1k2) + ( f i - /kC) Vk12i ( C l j 2 l + C l j 2 l ) 

12 12 

+ ( 1 - f l - fkC) £ Vkl12 j - ( 1 - /C - j ) £ V12 j i CX2kl 

12 12 

+ ( / + f l ) £ V1l2i C j k 2 - ( / C + / j ) £ Vk1j2 C * l 

12 12 

+ ( / C - / C ) J 2 Vk1i2 c*2l + ( / - / j ) £ V1l2j C i 1 k 2 
12 12 

+ iSi l Sjk{ ( / - /V ) £ g*« (b« vj Cj ) + ( j - / j ) ( £ gj«(b« v]ci)) 

Here the first two lines correspond to a calculation of Cx in singlet approximation. A 
theory restricted to this level was used in [143,156] for the description of quantum-
well luminescence. Note that the singlet factorization of three-particle averages already 
goes beyond the pure Hartree-Fock approximation, though not consistently. By solving 

132 



10.2 Specialization to a Quantum Dot Model 

the equation for the interband correlations on this level in the adiabatic regime and 
inserting the resulting expression for Cx

kl into Eq. (10.17), reveals the Boltzmann-like 
nature of these scattering terms. The terms in the third line can be shown to provide 
screening according to the Lindhard theory for the Coulomb potential in Eq. (10.19). 
The following six terms describe Coulomb renormalizations due to scattering between all 
possible states. Finally, the last line contains the contributions due to the light-matter 
interaction. 

For the intraband correlations one finds: 

d ih—C10 

dt jkl 
- (^C + ëCj

 - — 
ijkl 

- ( V j k l - V i j l k ) [ ( 1 - fC) ( 1 - fC) f c fC - fC f c ( 1 - fC) ( 1 - fC)] 

+ ( f C - f j C ) £ V k i 2 j ( C i i l 2 + C i l l 2 ) - ( f i C - f C ) £ Vli2i ( C j C i k 2 + C j l k 2 ) 

i2 i2 

" ( f k - f i C ) £ V k i 2 i ( C j C i l 2 + C j l l 2 ) + ( f j - f C ) £ Vli2j ( C i i k 2 + C x k 2 ) 

i2 i2 

+ ( 1 - fC - fC) Y Vkl2i C j i 2 - ( 1 - fC - f ) £ V i 2 j i C 
C 
i2kl 

i2 i2 

( f - f C ) £ Vl i i2 C j + (fC - fC) £ V ik2 i C 
C 
i j 2 l 

i2 i2 

+ (fkC - f C ) £ V i k 2 j C 
C 
i i2 l ( f C - f C ) £ V l i j 2 c 

C 
i ik2 

i2 i2 

and a similar expression for Cv. The interpretation of the individual terms runs in close 
analogy to the case of the interband correlation functions Cx. 

Now that we have established a consistent theory for the evaluation of the PL of semi-
conductor QDs, we use these equations in the next chapter to investigate the emission 
into free space. In particular we discuss how correlations influence the emission spectra 
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11 Photoluminescence 

In this section the QD emission into 'free space' is studied. Strictly speaking, a coupling 
to the photonic modes of the 'free space' is not possible, because QDs are always grown 
on a substrate and then overgrown to guarantee the three-dimensional carrier confine-
ment. Nevertheless for ««patterned structures the modifications of the electromagnetic 
field are weak, so that we can approximate the modes by plane waves that are solutions 
for the homogeneous space. In Chapter 12 the luminescence dynamics of QDs in optical 
resonators, which provide a three-dimensional confinement of the electromagnetic field, 
will be investigated. 

This chapter is organized as follows: First we define the expression for the luminescence 
spectrum and show how it can be simplified in the case of 'free space'. Then the 
adiabatic solution of the SLE in the HF limit is presented. This provides general 
insight into the structure of the PL spectrum. After this, the influence of correlations is 
analyzed in Section 11.3. The final Section deals with time-resolved PL. In particular we 
investigate two limiting cases: the HF-approximation and the two-level approximation. 
Furthermore we present full numerical results and discuss the role of dephasing of the 
correlations on the PL dynamics. 

11.1 Definition Spectrum 

We define the time-dependent luminescence spectrum I(u) according to 
consider the limit of high frequency resolution of a detector to obtain 

and 

d 
I(u)du = £ ät<6&>-

ue G [hu, h ( u + du) ] 

L.l) 

This is nothing but the total number of photons generated per unit time having an 
energy in the interval [fko, h(u + du)}. If the coupling to 'free space' is considered, the 
mode label £ contains the wave vector q and the polarization vector ep(q) with p = ± 

the quantization volume of the electromagnetic field becomes infinite and the energetic 
spacing between different modes approaches zero, the above summation over q can be 
transformed into an integral according to y j^—t f d3q. 
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11 Photoluminescence 

To further evaluate the expression of the luminescence spectrum, we proceed 

Aot = [ d u I(u) = £ i M k ) = £ 
J ( ( i 

ana-

L . 2 ) 

Here the quantity gi^{b\v\ci) = {b^v\ci) was introduced and the equation of motion for 
the photonic population (10.18) was used. By rescaling the photon-assisted polarization 
with the light-matter coupling, it is obvious that in the actual observable quantity only 
the modulus square of the coupling matrix elements enters. Another consequence of 
this rescaling is that the redefined photon-assisted polarization depends only on the 
photon energy frio = hc\q\ and neither on the direction nor on the polarization of the 
mode This allows us to perform the part of the summation Ifl^l2 that runs over 
the three-dimensional wave vector and the two polarization directions in the way it is 
usually done in the Wigner-Weisskopf theory of spontaneous emission [145]. Then we 

can write {b^v\ci) = (blvjci), where uj = cq denotes the frequency of the mode and q 
is the modulus of q, which reduces the original three-dimensional problem to a one-
dimensional one. For the explicit evaluation of the last sum in Eq. (11.2), we consider 
a general function / that depends only on q, for which we obtain 

1 1 
£ I g * \ 2 m - 2 ^ ( 2 ^ J d3q l d - e P ( q ) l 2 f ( q ) 

h \ d c v \ 2 

L . 3 ) 

6n2e0er c3 du uAf 

In the first line the continuum limit was performed and the definition Eq. (9.5) of 
the light-matter coupling g^ was used. To reach the second line we did the following: 
(i) we used J2p=± |d c ve p(q) | 2 = d„v |2 sin2 (K where 9 denotes the angle between the 
dipole matrix element d c v and the propagation direction1 q, (ii) we employed spherical 
coordinates, (iii) the resulting angular integrals were carried out, and (iv) the trivial 
transformation from |q | to u; was used. With the help of expression (11.3) we find for 

• identifying f(q) with f R e ^ i {b\v\ci) 

2 
>luminescence spectrum 

I(u) = -KeJ2\^\2(btvlc,) 

Here | | 2 _ ft|dcv|2qi3 

67r2eo erc3 denotes the integrated light-matter interaction matrix-element. 

1 From this relation one can easily see that the number of photons produced per unit time and prop-
agating in the direction q, Ĵ  XL=±(kqpfrqp)> is proportional to sin2 6. This is in accordance with 
the far-field pattern of an oscillating < known in the context of classical electrodynamics 

c 
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11.2 Adiabatic Approximation in Hartree-Fock 

11.2 Adiabatic Approximation in Hartree-Fock 

In this section we investigate the stationary PL spectrum in the HF approximation. 
This analysis provides insight into the structure of the SLE and will be the basis for the 
discussion of the PL spectra for the general case in Section 11.3. Only for the sake of 
a simpler illustration we start by considering the spectrum in the absence of Coulomb 
interaction. In this way it is possible to obtain directly an analytic expression for the 
PL spectrum. In a second step we include Coulomb interaction and find that also in 
this case some general, analytic statements can be made. For the results presented in 
Section 11.3 none of the simplifying assumptions are made and higher order correlations 
as well as Coulomb interaction are taken into account. 

As an introduction to the problem, we start with the most simple case and neglect 
Coulomb interaction. By definition, all correlations are neglected in the HF approx-
imation. Therefore the set of equations reduces to Eqs. (10.17) to (10.19), in which 
additionally all terms containing correlations or Coulomb-matrix elements vanish. Fur-
thermore, the term describing the stimulated emission/absorption can be neglected, 
because emission into 'free space' is considered. Because population changes typically 
occur on a nanosecond time-scale, the carrier populations can be assumed to be sta-
tionary for the evaluation of the spectrum. In this case, the equations evolve into a 
steady-state solution and we find for the photon-assisted polarization 

(b\vh)stat = _ ^ m - m ( 1 L 5 ) \ £ % «/stat c v . -F \ j e\ — el — hioé — ir 

Inserting this expression into Eq. (11.4), yields for the luminescence spectrum 

y ' h ^ ei-el-hco-iV ^ 

= y E I&J2 /m - f i ) Srtë - e l - M 
i 

where Sr(E) = -377777-7 is a broadened ^-function. From this expression it can be 
inferred that one will observe a PL-spectrum at the transition energies el — e'l whenever 
the according conduction-band state is occupied and the corresponding valence-band 
state is unoccupied. In the e-h-picture the factor /?( 1 — /•') becomes the product / [ / / ' . 
Consequently, one will observe luminescence from the s- and the p-shell unless the 
carrier density and the temperature are so low that the p-shell states are unoccupied. 

In the presence of Coulomb interaction, the situation is more complicated. Still consid-
ering the HF limit and ignoring the term responsible for stimulated emission/absorption, 
one finds for the steady state solution of the photon-assisted polarization 

£ { ( 3 - £7 - to - ir)Su + (/? - / n ^ m j ^ k ) = - w m - m , (n.7) 
i 
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which can more conveniently be expressed as a matrix equation 

M(co) ijj = - i F . L . 8 ) 

Here the vector ijj contains the rescaled photon-assisted polarizations (b^vjci), the ma-
trix M(OJ) contains the curly bracket from Eq. (11.7) and the source of spontaneous 
emission F_ has /•'( 1 — //') as its components. Note that for given electronic population 
the matrix M(u) depends only on the mode frequency. 

This matrix equation can straightforwardly be solved for each co by matrix inversion, 
but no insight into the structure of the solution and the resulting PL spectrum is 
gained. Therefore, it is more instructive to rewrite the matrix M(u) as M— (hu I /I')!, 
where M does no longer depend on the frequency and 1 is the unity matrix. It should 
be emphasized here that M is in general not hermitian due to the phase-space filling 
factors (/f — /•') and becomes only hermitian for special situations, like the ground 
state, for which /f = 0 and ./•'' = 1. Nevertheless, the matrix M can be diagonal-
ized by the non-unitary matrix S according to ST1 MS, = J2 with the diagonal matrix 
R = diag(Ai, A2 , . . . , A, j . By defining the two vectors F_ = SrxF_ and v = where 1 
is a vector with all components being one, the spectrum is given by 

2 x -
/ M = - R e ] T 

-i\9i 
A,- — hu — ir 

-.F,, L . 9 ) 

For a real-valued transformation matrix £ and real eigenvalues A,, this equation shows 
that one can observe PL at the eigenvalues A » of the matrix AL Note that in the 
absence of Coulomb interaction (i) M is diagonal with eigenvalues A, = e\ — e'^ (ii) 
& = 1 =>• Vi = 1, and (iii) F = /•'( 1 —./'/'), so that Eq. (11.6) is reproduced. Furthermore 
it can be inferred from Eq. (11.6) that the energetic position Ai of the luminescence 
peaks depends in HF-approximation only on the carrier system and not on the light-
matter interaction. 

If correlations are included, it seems at first glance that the correlation terms can 
simply be added to the source term in Eq. (11.7) and that one could otherwise proceed 
as above. This is not the case, however, since in the presence of correlations Eq. (11.7) 
cannot directly be solved for {tfv^c), because the correlations C*kl themselves depend 
on the photon-assisted polarization (frMc), according to the last line in Eq. (10.20). 
Therefore, the inclusion of the correlation could in principle lead not only to different 
PL intensities but also to a shift of the emission lines with respect to the eigenvalues A ». 
Despite this fact we did not observe such a energetic shift for the studied parameters. 

2 
t 
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11.3 Results for Luminescence Spectra 

We now present results for the numerical solution of the equations derived in the previ-
ous sections. The equations are solved in the time domain using a fourth order Runge-
Kutta method. The material parameters are those from Chapter 1 for an InGaAs QD 
system and a density of QDs on the WL of 3 • 10 locm~2, a bandgap energy of 1.52 eV 
and the bulk dipole matrix element of GaAs of 9.13 • 10~29Asm is used. We further 
assume that the excitation involves only carriers with one spin polarization, e.g., due 
to excitation with circular polarized light. As already mentioned, it is beyond the scope 
of this thesis to study the dynamics of the carrier generation and relaxation. Since 
these processes are much faster than the recombination dynamics, a quasi-equilibrium 
distribution of carriers with given carrier density and temperature is used as an initial 
state for the calculation. 

Initial Conditions for the Correlations 

Within such an assumption, the initial values for the correlation functions Cx, Ce, and 
Cv remain open. For an unexcited system all correlation functions are zero and build up 
during the carrier generation process according to their equations of motion. Starting a 
calculation with quasi-equilibrium population and vanishing correlation functions can 
lead to a too abrupt build-up of correlations, resulting in unphysical oscillations of the 
correlation matrix elements, which then carry over to the population dynamics. 

0.03 
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0.02 

^ 0.015 

0.01 

0.005 

0 

0 2 4 6 8 10 

Figure 11.1: Time evolution of the real part of the 34 interband correlation matrix elements 
Cx

kl. The population is adiabatically switched on over a time interval of 5ps. Thereafter 
quasi-stationary solutions for the matrix elements are found. (ne = 1.5 • 1010 cm -2 , T = 30K). 
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11 Photoluminescence 

To avoid these unphysical results, we numerically determine the initial conditions for 
the correlation functions from their equations of motion. For this purpose, a separate 
calculation is performed, in which the carrier populations are adiabatically increased 
to their equilibrium values. The resulting solutions for the correlations then provide 
the starting point for the actual time-evolution of the carrier and photon dynamics. 
The evolution of the real-part of the interband correlation matrix elements during the 
ramp-up of the population are depicted in Figure 11.1. From the 34 = 81 matrix 
elements ( with /. j. /.-. I e {0,+1,—1} there are 19 elements that are not equal 
to zero due to the symmetry constraints discussed in Section 10.2.2. Here, one finds 
seven different values, of which five can clearly be distinguished in Figure 11.1. For 

It is important to note that neither the exact form of the ramp-up function nor the 
time in which the build-up takes place is important. Even for switch-on times as 
short as 1 ps, one observes only small amplitude oscillations around the values depicted 

large amplitude oscillations for the correlations that then carry over to the population 
dynamics, leading to additional unphysical peaks in the PL. 

Results for the Stationary PL Spectrum 
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Figure 11.2: Stationary PL spectrum for fixed carrier population. The solid line corresponds 
to the full calculation. The dashed line gives the result in the absence of Coulomb interaction. 
(n e = 3.0 • 1010 c m " 2 , T = 2 0 0 K ) . 
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11.3 Results for Luminescence Spectra 

The PL spectrum in the presence and absence of Coulomb interaction for artificially 
suppressed population dynamics is plotted in Figure 11.2 for a temperature of T = 200 K 
and an initial carrier density of 3.0- 10 locm~2. Coulomb interaction included and 
measured relative to the bandgap, the two peaks correspond to the s-shell resonance 
at about —137 meV and the p-shell transition at about —80meV. Both peaks are red 
shifted due to the Coulomb interaction from the non-interacting energies2 ec

p + £l
p = 

— l l l m e V and ec
s + ev

s = — 55.5 meV, respectively. The different peak heights for the .s-
and p- shell transitions mainly reflect that the population in the s-shell is higher than 
the population in the /^-shells. An additional enhancement of the s-shell transition line 
in the presence of Coulomb interaction can be observed. 

If one compares the result of a calculation on the singlet-doublet level to those obtained 
in Hartree-Fock approximation, as depicted in Figure 11.3, it is obvious that the cor-
relations increase the PL intensity slightly but have - if any - only negligible influence 
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Figure 11.3: Stationary PL spectrum for fixed carrier population. The solid line corresponds 
to the a calculation including Coulomb interaction and correlations on singlet-doublet level. 
The dashed line to the Hartree-Fock factorization. The insets are included to allow for a better 
comparison of the PL intensities. (ne = 3.0 • 1010 cm - 2 , T = 2 0 0 K ) . 

0 

2 For a comparison to Part I and II note that in the present part the zero of the energy in each band is 
defined by the k = 0 wetting layer state. In contrast, the electron and hole energies in the previous 
parts are measured relative to the bottom of the QD confinement potential. 
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11 Photoluminescence 

The previous results were obtained at rather high population densities and elevated 
temperatures. If one compares these to those depicted in Figure 11.4 and obtained 
for a weaker carrier density of 1.5 • 10locm~2 and at a lower temperature T = 30 K, 
several features can be observed: Again, the PL at the s-slioll is only slightly enhanced 
by the correlations. In contrast, the p-shell PL of the HF calculation becomes negative, 
while it remains positive if the correlations are included. Contrary to an absorption 
spectrum, where a negative peak corresponds to gain, this result is unphysical and an 
artefact of the HF approximation at low temperatures. 
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Figure 11.4: Stationary PL spectrum for fixed carrier population. The solid line corresponds 
to a calculation on singlet-doublet level, the dashed line to the Hartree-Fock factorization. The 
inset is included to allow for a better comparison of the PL intensities. (ne = 1.5 • 1010 cm 
T = 30K). 
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In the absence of Coulomb interaction, it can easily be inferred from Eq. (11.6) that the 
PL spectrum in HF-approximation is always positive. Including Coulomb interaction, 
such a statement can no longer be made as the values of r, and I'] in Eq. (11.9) have 
to be calculated explicitly. If the correlations are treated on the singlet-doublet level, 
however, we find that the spectrum remains positive. And it is only in this case that 
the whole set of equations of motion is truncated consistently, because the photon 
number itself is already a two-particle average. A mere HF treatment can, therefore, 
lead to unphysical results for extremely low temperatures. In considering the different 
contributions to the correlations it is noteworthy that the negative spectrum in the 
HF-approximation is introduced by the Coulomb interaction, and that it is again the 
Coulomb-generated terms of the correlations ( C x . (" . ("') that correct this artefact. 
The contribution to the correlation generated by the light-matter interaction play only 
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-60 

-140 

0 0.2 0.4 0.6 0.8 1 

average number of electron-hole pairs per QD 

function of the average number of electron-hole pairs per QD. The three low-energy solid lines 
correspond to the position of the s-shell resonance for temperature T = 30, 70, and 100 K 
(from top to bottom). The energetically higher solid lines correspond to the position of the 
p-shell resonance (this time the temperature varies from bottom to top). The dashed line 
corresponds to a third eigenvalue that does not show up in the PL. 

The weak p-shell PL in Figure 11.4 reveals the low carrier population in this shell. 
Comparing Figure 11.4 to Figure 11.3, one can observe a small energetic shift of the 
s- and p-shell. As the energetic position of the peak is practically not altered by the 
inclusion of correlations, we can investigate tiie peak position as a function of the 
average number of carriers in the QD in HF-approximation. The result is shown in 
Figure 11.5. For negligible population, the eigenenergies derived from the matrix M 
from Eq. (11.8) are found to be at about —133.75, —73.62 and —67.60 meV. Exactly the 
same values are obtained using the configuration interaction approach for the absorption 
spectrum of an initially empty QD as discussed in Section 2.2 of Part I. Furthermore, 
using the configuration interaction approach, we found that the eigenstate highest in 
energy has zero oscillator strength. In the approach based on the SLE, one again 
finds that the corresponding eigenvalue has only an extremely small intensity. With 
increasing population the energetic position of the s- and p-shell transitions are changed, 
with a weaker shift for the s-shell than for the p-shell. Such a continuous shift of the 
eigenenergies cannot be observed in the case of the exact-diagonalization technique, in 
which one considers only eigenstates with an integer number of electrons and holes. 
In contrast, by describing the system via the equation of motion technique, averages 
are performed with respect to a density operator, that allows continuous occupation 
numbers. 
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11.4 Results of the Time-Resolved PL 

Complementary to the study of the stationary PL spectra, which provides insight into 
the renormalized energy and the electronic level structure, one can follow the dynamics 
of the number of emitted photons per unit time. This is known as time-resolved PL 
and yields information about the carrier dynamics and the photonic environment. 

In this section, we study the influence of the correlations on the time-resolved PL and on 
the corresponding population dynamics. We start by thoroughly analyzing the source 
term of spontaneous emission. This provides us with a deeper understanding of the 
decay behavior of the PL in a semiconductor. Then the numerical solutions of the full 
set of equations are discussed in detail. 

In the equation of motion of the photon-assisted polarization (10.19) the source term 
of spontaneous emission — f j ) + UI '̂U+I originates from the operator aver-
age giî(c\vivld). A simplified description is possible if one completely neglects the 
Coulomb interaction between the charge carriers. Then the source term of spontaneous 
emission with the four-operator expectation value (resulting from the carrier-photon 
interaction) can be evaluated in two limiting cases. The first is the Hartree-Fock ap-
proximation, in which correlations among the carriers are neglected. The second corre-
sponds to the two-level approximation, in which one assumes that the relevant physics 
is determined by one confined shell for both the electrons and the holes. The latter 
limiting case is of particular interest, since two-level models are frequently used for the 
discussion of QDs in the literature. 

PL in the Hartree-Fock Limit 

Within the Hartree-Fock approximation, the source term of spontaneous emission is 
solely determined by the product / f ( 1 — /•'). In the absence of Coulomb interaction 
one can solve for the stationary solution of the photon-assisted polarization in the case 
of slowly varying populations, as explained in Section 11.2. Doing so, one obtains for 
the population changes 

dtJl h 
Re £ 

« 

i \9üI2 fi(l - fi ) 
— £v — frwt — i r 

fic(i - / ) 

In going from the first to the second line of the above equation, we performed the £ 
summation and found an emission rate l/Vj, which depends on the electronic states 
involved in the transition. In the case r —• 0 the quantity 1 /V, is nothing but the 
Wigner-Weisskopf rate of spontaneous emission. From this equation it is obvious that 
the decay of the population is non-exponential, unless ./'-' is held constant by some 
mechanism, like background doping. Furthermore, the rate of decay depends on the 

c £ 
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carrier density and is higher for larger population. This behavior carries over to the PL, 
as for each recombined conduction-band electron a photon is created, see Eq. (10.5). In 
an experiment one would therefore expect from Eq. (11.10) to observe a decay rate that 
will strongly depend on the initial excitation of the system. Due to the non-exponential 

might appear surprising, since from a two-level atom an exponential decay behavior is 
known. Let us therefore consider this two-level approximation as the second limiting 
case. 

PL in the Two-Level Approximation 

Carrier indices are dropped as they are not needed if one restricts the population dy-
namics to one confined electron and hole level. In the de-excited (excited) state for 
this two-level system the electron is in the valence- (conduction-) band state. For the 
two spin polarizations, which are decoupled in the absence of Coulomb interaction, the 
excitation processes then involve only a single electron. This has a significant con-
sequence for the evaluation of the source term of spontaneous emission. Within the 
two-level approximation, the successive application of more than one annihilation or 
creation operator always yields zero, so that the source term (évv^c) reduces to fc. If 
we proceed with this altered source term along the lines discussed above, one obtains 
instead of Eq. (11.10) the following expression: 

d c fc , . 
dt^ = ~~ ' ^ ' ' 

This clearly corresponds to the exponential 
system. 

behavior known from the two-level 

Discussion of the Two Limiting Cases 

From this analysis we deduce that the exponential decay within the two-level approx-
imation stems from the fact, that the excitation of a QD conduction-band carrier is 
rigidly linked to the absence of a QD valence-band carrier. In the electron-hole picture, 
this corresponds to a fully correlated electron-hole pair: whenever an electron is present, 
a hole is present, and if no electron is present neither is a hole. On the operator level 
this is expressed as c^vv^c = Ar or, more conveniently, in the electron-hole picture as 
nefih = ne, where ne and ///, denote the occupation number operator for the electrons 
and holes, respectively. In a semiconductor, however, many carriers are present and 
the correlations are subject to scattering and dephasing processes and must therefore 
be explicitly calculated. 

Only in the case of a fully correlated electron-hole pair the expectation value of the 
product of operators fienh is equal to the expectation value of the single operator ne. 
In the case of fully uncorrelated carriers the relation (nefih) = (ne)(hh) holds. These 
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Figure 11.6: How correlation affects the average (n^n^): The results of Emil and Henrik 
(left), which are fully uncorrelated, show: (tieUm) = (nE)(nn)- In contrast, the fully corre-
lated results of Emil and Hendrike (right), obey ( U E U H ) = (NE)- Please note that the drawing 
does not reflect the authors view of an uncorrelated/correlated electron-hole pair and is solely 
meant as an illustration. 

two facts might be illustrated by considering Figure 11.6. While this artist's perception 
hits the heart of the problem, it should of course not be taken completely seriously. 
On the left side Emil and Hendrik throw coins. The results and the corresponding 
probabilities are listed in the table underneath. Because the results of their throws are 
completely uncorrelated one finds (nenh) = {//, ) {"/,)- On the right side Emil tries his 
luck with Hendrike. By means of some curious link between the two, the results are 
always identical, as shown in the corresponding table. In this case one indeed finds 
(nenh) = (ne). For the avid reader we like to point out that we have developed yet 
another tutorial description of the problem, which can be found in Ref. [159]. 

It is instructive to check whether the main result of the two-level approximation, namely 
that the source of spontaneous emission is given by fc alone, can be reproduced by a 
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calculation on singlet-doublet level. To this end, we study the equations of motion for 
the correlations in the absence of Coulomb interaction and consider only an s-shcll. In 
this situation we can omit all carrier indices. Doing so, we obtain from Eq. (10.21) 
for the intraband correlations jj( " oc Ce, which yields ("(I) = 0 due to the initial 
conditions. Using Eq. (10.20), we can deduce for the interband correlation 

4 c X 2*Re< { ( / e - fV)£ vtc) 

From this one can directly infer that C is purely real-valued. As a consequence, j-Jv 

d 

— for the populations, we find for the Using this equation and the relation j-J r 

correlations jjj('x = jjji.f'.f') with the solution Cx = / ' / ' ' + const. For the initially 
unexcited system ( / c 0. / ' ' 1, Cx = 0) we therefore deduce Cx = / ' / ' ' . Inserting 
this in the source term g^ { / c ( l — f") + Cx} of the photon-assisted polarization, finally 
leads us - as anticipated - to the source g^ fc. This analysis shows that a factorization 
on singlet-doublet level is able to reproduce the exact results known from the very 
special situation of a two-level approximation in the case of a single shell and in the 
absence of Coulomb interaction. 

Numerical Results 

After investigating the two special cases of a fully uncorrelated system and the two-level 
approximation, we now present full numerical results of the SLE including Coulomb in-
teraction, correlations and several shells. The evolution of the time-resolved PL is 
shown in Figure 11.7. Again, the initial carrier density is taken to be 1.5 1010 cm - 2 . 
For the solid line all correlations up to the singlet-doublet level have been included. 
The result of a calculation in the Hartree-Fock approximation, which corresponds to 
uncorrelated carriers, is shown as a dashed line. In this case, the decay is clearly non-
exponential, which is in accordance with Eq. (11.10). Comparing these two results, it 
is obvious that carriers are strongly correlated on the singlet-doublet level. However, 
our approach so far does not account for any kind of dephasing of the correlations. 
One physical mechanism for such a dephasing is phonon scattering. Hoyer et al. have 
studied phonon scattering on a microscopic level for a quantum-well system [144,150]. 

have shown that dephasing of correlations is indeed provided, although this enters 

are not within the scope of this thesis. Nevertheless, we can account for the main 
features of phonon scattering, which is dephasing of correlations and relaxation of the 
carrier population towards thermal equilibrium at the lattice temperature, on a phe-
nomenological level. A constant dephasing term —i^fCx

kl is added on the right hand 
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Figure 11.7: Time-resolved photo-luminescence. Solid line: calculation on singlet-doublet 
level without dephasing. Dashed line: HF result. Dotted line: calculation on singlet-doublet 
level with dephasing via phonons 7 = 0.001 méV, r r e i a x = 1 ps. 

side of Eq. (10.20) and the scattering is treated within relaxation-time approximation 

d_fC 

dth 
f t v - Fc,v (T) 

relax relax 

where F^V(T) is a Fermi-Dirac distribution at temperature T, evaluated for every 
timestep at the present carrier density. For the relaxation times typical values of 1 ps 
for electrons and holes are taken [18]. Note that the dynamics is rather insensitive to 
the exact value of these relaxation times. Hoyer et al. have also shown that a constant 
dephasing causes unphysical heating of the system. However, this effect is only weak for 
a small value for the dephasing and, additionally, the scattering term (11.12) counter-
acts the heating. We find 7 = 0.001 meV to already weaken the correlations drastically 
so that a non-exponential signature of the decay is regained on longer timescales. The 
result of this calculation can be seen as dotted line in Figure 11.7. 

Clearly such a phenomenological treatment of the dephasing via phonons cannot cover 
all sorts of phonon effects, such as, e.g., the spectral side-bands known from an inter-
action of the QD carriers with the continuum of acoustic phonons [62,160]. For this, 
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11.4 Results of the Time-Resolved PL 

a microscopic description of the electron-phonon interaction would be necessary, which 
is left for future work. Here the important point is that any kind of dephasing of the 
correlations does lead to deviations from an exponential decay. 

After this discussion of the time-resolved PL dynamics for unpatterned substrates, we 
study in the next chapter how the emission properties of a system of QDs is changed by 
embedding them in an optical microcavity. We start with an analysis of the theoretical 
problem and then compare the calculated results to recent experimental findings. 
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12 Photoluminescence in a 
Microcavity 

In the preceding chapter we have discussed a situation in which the QDs couple to 
the modes of 'free space'. In some aspects even more interesting is the case in which 
the QD system is embedded in a cavity. The investigation of the PL dynamics in 
this situation will be the topic of the present chapter. We start with some general 
remarks about how a cavity can affect the emission properties. In particular the decay 
in two-level approximation is discussed and the Purcell effect is introduced. Then 
results for an ensemble of identical QDs is presented and the influence of correlations 
on the PL decay is studied in Section 12.2. Subsequent to this, results for an ensemble 
of inhomogeneously broadened QDs that couple to the modes of the microcavity are 
analyzed in Section 12.3 and are compared to recent experiments in Section 12.4. 

12.1 Basic Considerations 

In this section we give a general overview about the changes that arise due to the 
alteration of the photonic environment. First of all a electromagnetic field can build up 
in the presence of a microcavity so that stimulated emission and absorption can become 
important. Therefore the corresponding term in the photon-assisted polarization must 
explicitly be considered. Secondly, the energy of the QD transition is now of paramount 
importance, because only those QDs, which are tuned to the cavity resonance, can 
strongly participate in the carrier-photon dynamics. This statement, which is rather 
intuitive, will become clearer later on. In contrast to this sensitivity to the QD transition 
energy in a cavity, the coupling between the electromagnetic field and the QD transition 
in 'free space' is rather insensitive to small variations of the transition energies, because 
the emitters couple to an entire continuum of modes with a smooth optical density of 
states. Thirdly, the position of the QDs in the cavity plays an important role for the 
light-matter interaction. In Section 9.1 the general expression of the coupling matrix 
elements was derived: 

gV£ « ÉçdcvUçiTo) . (12.1) 

This equation reveals that the coupling strength is zero if the QD is placed in a node of 
the mode function U^. Furthermore it shows that the orientation of the dipole matrix 
element dcv relative to the mode function is of great importance. This dependence of 
the light-matter interaction on the spatial position of the QD and the orientation of the 
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12 Photoluminescence in a Microcavity 

dipole of the electronic transition in case of a microcavity is in strong contrast to the 
coupling to the modes in 'free space'. In the latter case it does not matter where the 
QD is placed, as the space is homogeneous, nor how the QD dipole is oriented, because 
of the space isotropy. 

In addition to these changes, the physically interesting and actual observable quantity 
is not the number of photons generated, but the number of photons leaving the cavity 
per unit time. In what follows we choose to model the cavity losses by means of 
complex frequencies ûç = cûç — i^-, where the real part contains the energetic position 
of the cavity resonance and the imaginary part determines the loss rate for the cavity 
mode Therefore, in the equations of motion all mode frequencies have to be replaced 
by if the time derivative of b̂  is taken and by its complex conjugate cl>| if the time 
derivative of b£ is performed. Without any source that additionally feeds or decreases the 
photon number, one obtains for the free evolution of the photon number an exponential 
decay (b^b^)(t) = In an experiment, the cavity loss or the finite life-

time of a photon in the cavity shows up as a broadening ALÜ̂  = of the cavity 
resonance. In addition to the resonant modes, which are characterized by their high 
quality factor Q = u0/Au;, there exists a continuum of leaky modes. These leaky modes 
are characterized by extremely short cavity lifetimes and correspondingly low quality 
factors. 

Besides the dimensionless quality factor Q, which is a measure for the spectral width of 
the cavity resonance, often the so-called Purcell factor FP is introduced to characterize a 
cavity [2,30]. This quantity is - as we will see - a measure of how strong the spontaneous 
emission is altered by the presence of the cavity. For a given cavity resonance £ the 
Purcell factor is defined as 

3 Qf A| 
F p 

4n2 

- j i ^ l H i Ê = d r |Umâ |2 where Â  is the wavelength of the cavity resonance, V 

tive mode volume, and l U ^ I ^ denotes the maximum value of U^(r) p 
definitions one can rewrite the coupling strength (12.1) as 

is the effec-

With these 

ig*!2 
h2u>z 1 FP |UQ(ro)| : 

r W W ( W { ) 4 Q 
cos(0p) 

Q 

>.3) 

where r w w ( u ^ ) denotes the Wigner-Weisskopf rate of spontaneous emission at the fre-
quency in a homogeneous medium with refractive index n and op is the angle be-
tween the local electromagnetic field vector and the dipole matrix element. From this 
expression it can be inferred that the light-matter interaction is maximal if the QD is 
positioned in the field maximum and the dipole is parallel or anti-parallel to the local 
electromagnetic field. In this case the last two factors in the above equation become 

In order to get a deeper insight into the physical meaning of the Purcell factor, we 
consider the coupling of a QD to a single mode in two-level approximation for a situation 

e 

2 
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12.1 Basic Considerations 

in which stimulated emission/absorption can be neglected. To keep the discussion as 
simple as possible, we additionally neglect the influence of Coulomb interaction. In the 
two-level approximation the electronic indices can be dropped for clarity. The same is 
true for the mode label as only one single modes is considered. In this case, one finds 
that the SLE reduce to the following set of coupled differential equations: 

- / = - - ] 
dt h 

"(b]v] c)} 

d 1 
jt(tfb) = -n{b]b) + -Re{0*<&Vc>} , (12.4) 

jt{b]v]c) = -%{ec - ev - huc - j y j i ^ t c ) + gf . 

The first line describes the population changes due to the photon-assisted polarization. 
The second line gives the dynamics of the photonic population which is determined by 

third line constitutes the equation of motion for the photon-assisted polarization. In 
addition to the free part, which is damped by the cavity losses, it contains the source 
term in the two-level approximation. Solving the last line of Eq. (12.4) in the stationary 
regime, yields {Üv^c) = —igf/(ec — £v — huj — ihK/2). If one assumes that the number of 
photons in the cavity has already increased to its stationary value, in which the number 
of photons produced per unit time is balanced exactly by the cavity losses, one finds 
(tfb) = e{g*{tfv^c)}. Combining these two expressions yields 

(bfb)(t) m I m 
K h 

|g|2 

- h u - i f 
i. 5) 

This expression is valid in the adiabatic regime, in which the photonic and electronic 
population change only slowly. From the last factor of the expression one can deduce 
that only a QD with a transition energy close to the cavity resonance will strongly 
participate in the emission dynamics. By combining all the time-independent quantities 
into a single constant C, we can use Eq. (12.5) in the form (tfb)(t) = Cf(t) to combine 
the first two lines of Eq. (12.4). In this way one obtains 

d 
(l + C)-f = -KCf i.6) 

From this equation one immediately deduces an exponential decay of the population in 
the two-level approximation. But how is this decay time changed with respect to the 
time constant of the homogeneous medium? For C < 1 the decay time r s p o n ' cav- is 
simply given by 1/KC. This can further be evaluated to1 

1 Here C « 1 was assumed. The reader may well ask if this is justified in a typical experiment? 
< W = ^WW - while the quantity To answer this question we rewrite C as C « KrSpon, cav. 

UJO r w w is typically of the order of 106, the product / p Q is for micropillars normally of the order of 
104 [30,38,161], so that ( ' <C I is indeed valid. 

e°- £ 
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12 Photoluminescence in a Microcavity 

FP ( f ) 2 | U q M 
r s p o n . cav. r W W — £v — hüj)'2 + jU^]2 C O S ( 0 p ) >.7) 

level approximation are depicted. For an emitter that (i) is tuned exactly to the cavity 
resonance, (ii) is placed in the field maximum, and (iii) has its dipole-moment oriented 
along the local electromagnetic field, the decay is fastest. The corresponding decay time 
is - compared to the decay time r w w observed in a homogenous medium - increased or 
decreased by the Purcell factor. For a Purcell factor larger than one, the spontaneous 
emission in enhanced. In the case of FP < 1 spontaneous emission is reduced. Clearly, 
a generic QD, which is not optimally tuned to the cavity resonance and has a mismatch 
in the optimal position and orientation, can easily show a spontaneous decay time well 
above the one found for 'free space'. 

hWr (ec - £v ) 
d 

Figure 12.1: Visualization of the three factors that determine, next to the Purcell factor, 
the decay time in two-level approximation: The detuning of the transition with respect to the 
cavity resonance, the position of the QD in the cavity (a transverse mode pattern is shown), 
and the orientation matching between the local electromagnetic field and the dipole moment. 

2 

Mode 

Before proceeding to the problem of an entire ensemble of different QDs and different 
cavity modes in the next section, we discuss the case of 'identical' QDs. What we mean 
with 'identical' is that all the dots are assumed to have the same light-matter coupling 
matrix elements and the same transition energy, which is tuned for this section on 
resonance with the fundamental cavity mode. Despite being rather artificial, it provides 
us with important insight into the luminescence dynamics of an ensemble of QDs, for 
which the stimulated emission/absorption term is important and the carrier dynamics of 
the individual QDs are coupled to each other via the photonic field. For a more realistic 
description that at least qualitatively accounts for the fluctuations of the individual QD 
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12.2 Ensemble of Identical QDs Coupled to a Mode 

properties, effective parameters for the Purcell factor and the dot density are assumed in 
this section. In the next section, these ensemble properties are treated more thoroughly. 
To gain deeper insight into the alteration of the spontaneous emission dynamics due 
to the presence of a cavity, in a first step, we artificially switch the terms responsible 
for the stimulated emission/absorption off and analyze the influence of the correlation 
contributions on the dynamics. In a second step, we study the decay dynamics in the 
presence of the stimulated terms. In this case, we will see that the overall shape of the 
decay is not altered by the inclusion of the doublet correlations. This observation allows 
us to restrict the analysis in Section 12.3 to the singlet level and makes it possible to 
investigate the PL dynamics of an inhomogeneously broadened ensemble of QDs that 
couples to several cavity modes. 

500 1500 2000 

Figure 12.2: 

1000 

t [ps] 
Time resolved PL of the fundamental mode. The stimulated emis-

sion/absorption term as well as Coulomb interaction was artificially switched off to allow 
for a better comparison to 'free space'. Solid line: calculation on singlet-doublet level with-
out dephasing. Dashed line: HF result. Dotted line: Results on singlet-doublet level with 
phenomenological dephasing as described in Section 11.4 with 7 = 0.001 meV and r r e i ax = 1 ps. 

As mentioned above, we will start our analysis with a situation in which we artifi-
cially switch off the term responsible for stimulated emission/absorption. Because the 
QD-transition shifts slightly with the average number of carriers, as outlined in Sec-
tion 11.3, it is in principle possible that the QD-transition energy detunes somewhat 
from the cavity resonance. To allow for a better comparison to the situation encoun-
tered for QDs coupled to the modes of the 'free space', in which a small detuning has 
practically no influence on the emission dynamics, the QD transition energy is held 
constant throughout this subsection. This is achieved by studying the PL dynamics in 
the absence of Coulomb interaction. The result of a calculation on singlet-doublet level 
without dephasing of the correlation is shown in Figure 12.2. For this figure a maximal 
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12 Photoluminescence in a Microcavity 

light-matter coupling was assumed, i.e., the emitters are placed in the field maximum 
and have their dipole moment directed along the local electromagnetic field. In analogy 
to the situation in free space, which is depicted in Figure 11.7 on page 148, one obtains 
in this special situation an exponential decay of the PL signal. By comparing these two 
results one finds, however, that the decay time in the cavity is drastically shortened 
due to the Purcell factor of the cavity. This is in accordance with Eq. (12.7) that was 
deduced for the ideal case of the two-level approximation. 

If we again include the phenomenological dephasing as discussed in Section 11.4, we find 
strong deviations from the exponential decay as the interband correlation are weakened. 
With increasing time the PL intensity including singlet-doublet terms and dephasing 
approaches the HF result. 

In summary, if one artificially turns off the stimulated emission/absorption terms, one 
obtains in a cavity overall the same result as in 'free space'. The main difference is 
the shortening of the decay time due to the altered local density of states seen by the 
emitters and described by the Purcell factor. 

Figure 12.3: Time resolved PL of the fundamental mode. Results on singlet-doublet level 
without dephasing (solid lines) and on HF-level (dashed lines) for two different initial densities: 

factor of 0.52 and an effective QD density of ÏIQD = 3 • 109 cm -2 is used. In the presence of the 
feedback provided by the cavity the influence of the doublet correlations are clearly reduced 
even without dephasing. 

If the terms describing stimulated emission/absorption are included, we find that the 
correlations on doublet level produce - even without dephasing - only small changes to 
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12.3 Inhomogeneously Broadened Ensemble of QDs Coupled to Several Cavity Modes 

the dynamics obtained on HF level, see Figure 12.2. The results are depicted for two 
different sets of parameters and in each case with and without doublet correlations. 
On a first glance the lower curves may appear to be rather exponential. But this is the 
case only because the overall decay is, for these parameters, weak on the plotted time 
span. As a consequence, the curvature is only small. The overall shape of the decay 
is not altered by the inclusion of the doublet correlation and the deviations between 
the two curves are small even without dephasing. Therefore we neglect the effect of 
the doublet correlations, which would be additionally reduced due to dephasing of the 
correlation, for the following ensemble calculations. In this case, it is additionally 
feasible to incorporate the WL-states in our analysis and verify our previous statement, 
that the influence of the WL states on the photon dynamics is small at low temperatures. 

12.3 Inhomogeneously Broadened Ensemble 
Coupled to Several Cavity Modes 

In this section the PL dynamics of an inhomogeneously broadened ensemble of QDs 
coupling to several cavity modes, as well as to a continuum of leaky modes, is inves-
tigated. We start with a description of how the ensemble properties of the QDs are 
treated. Then details about the modeling of the optical modes are given. Thereafter the 
results of the PL dynamics for different pillar sizes and different initial carrier densities 
are presented. These results are then compared to recent experimental findings [139] in 
Section 12.4. 

Theoretical Model 

The various QDs in a cavity have in general all different transition energies due to 
the size fluctuations and different dipole-orientations. Furthermore individual QDs 
experience different local electromagnetic fields. In a typical experimental situation, 
with an areal density of QDs of the order of 1010 to 1011 cm - 2 and a pillar diameter 
in the //iri-rangc, up to several thousand QDs interact with the light field. Clearly it 
is not feasible to resolve all the different QDs individually in a numerical simulation 
that typically spans nanoseconds. On the other hand, the description of the ensemble 
used in the previous section does not reflect the physical reality. As a good compromise 
several hundred 'prototypical' QDs are considered and each of these dots is assigned a 
fraction of the total QD density. 

In an typical experiment, one collects the out-coupled light only in a small frequency 
interval, so that it is reasonable to restrict the analysis to the fundamental and some 
lower excited cavity modes. Due to the inhomogeneous broadening present in a QD 
ensemble, it is therefore possible to work with an effective density of QDs with transition 
energies close to the relevant cavity modes. For the following, we assume this effective 
density to be 3 • 109cm~2 distributed over an energy interval of approximately 1.5 meV. 
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12 Photoluminescence in a Microcavity 

In addition to the transition energy, each of the prototypical QD is characterized by a 
light-matter coupling matrix element. As discussed at the beginning of this chapter, the 
coupling strength is influenced by the orientation of the dipole and the position of the 
dot in the cavity. For this we assume that each dipole orientation in the QD-plane occurs 
with the same probability [162], The form of the transverse mode-pattern together 
with resonance frequency u™6 is calculated for each cavity resonance using a three-
dimensional transfer-matrix approach [161,163]. The modeling of the variation of the 
different local electromagnetic fields is greatly simplified by the fact that the modulus 
of the mode profile |U^(r)| depends in the QD-plane only on the radial distance p from 
the pillar axis [161,163]. Therefore it is sufficient to use a one-dimensional distribution 
function to account for the different spatial positions of the QDs in the cavity. 

The quality-factors Qç for the different resonant modes £ are obtained from experimental 
results [139]. They enter the analysis via the complex frequency = u^es(l — 
where they describe the loss rate. In the following, the coupling between different 
modes is neglected, so that (b^b^) œ Besides the resonant modes, which are 
characterized by their large Q-values and pronounced peak structures in a transmission 
spectrum, there exists a background contribution formed by the continuum of leaky 
modes. In order to include the influence of these leaky modes, it is assumed that the 
background contribution consists of a fraction of the continuum of modes of the 'free 
space'. The size of this fraction can be estimated by counting the plane waves that (i) 
either reach the sidewalls of the micropillar in an angle smaller than the critical 
of total internal reflection (as these waves will not be reflected by the sidewalls, 
will leave the cavity), or (ii) have a momentum component k\\ along the pillar axis that 
lies outside the stopband of the distributed Bragg reflector (DBR) and can therefore 
escape from the cavity2. Further details can be found in Appendix D. 

Numerical Results 

The numerical results for the inhomogeneously broadened ensemble of QDs that couple 
to several cavity modes as well as the continuum of leaky modes are shown in Figure 12.4 
and Figure 12.5. The numerical evaluation for an entire ensemble of QDs over such 
a long time-scale is computationally very expensive and parameter studies are only 
feasible if one solves the photon-assisted polarization in the adiabatic approximation3. 
For simplicity, we assume that the QDs are initially equally populated according to the 
Fermi-Dirac distribution of the QD energetically at the center of the ensemble. 

2 A DBR has a high reflectivity only in a finite frequency range, the so-called stop band. Outside this 
range the mirror is more or less transparent [164]. 

3 As discussed already in Section 11.2, in this approximation the photon-assisted polarization follows 
the population adiabatically. The reduction in computer time stems from the possibility of increasing 
the timestep in the Runge-Kutta algorithm by typically a factor of 100. As the adiabatic procedure 
requires a matrix inversion (or a diagonalization), this method only pays off in the case of many QDs. 
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12.4: Calculated photoluminescence for an ensemble of QDs in a 6 /im diameter 
microcavity with initial carrier densities from 1 : 109 cm"2 to 5 : 10 cm in equidistant 
from top to bottom. For better comparison the results are normalized. 

In Figure 12.4 the number of photons leaving the fundamental mode per unit time 
is shown for different initial carrier densities. This corresponds to a variation of the 
excitation power in an experiment. The non-exponential decay of the PL and the strong 
dependence of the decay rate on the initial population is evident. Both features can 
be understood by considering the source term of spontaneous emission in the HF-limit: 
f i f i - A detailed discussion of how this source term leads to an non-exponential decay 
was already given in Section 11.4. The same argumentation applies to the density-
dependence because only a source term linear in the population leads to a decay that 
does not depend on the initial population. Any non-linear source term generates a 
density dependent decay. Another source for a density dependent decay arises in a 
cavity as for highly populated systems stimulated emission becomes important and can 
efficiently deplete the system. 

In the next section the theoretical results are compared to those of recent experi-
ments [139]. The microscopic analysis of the PL based on the SLE describes an ideal 
situation. Therefore it is impossible to reach full quantitative accordance between the 
experimental and theoretical findings. However, by adjusting the light-matter coupling, 
one obtains an overall good agreement between theory and experiment. To this end, 
we used for the dipole-matrix element twice the value known for GaAs bulk material. 
Such an adjustment is acceptable as the precise value of the dipole-matrix element of 
the QD transition is not known and depends on the form of the QD and on strain fields 
inside the dot. Additionally, the value is influenced by intermixing of different bands 
and by the composition profile that is not precisely known. 
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12 Photoluminescence in a Microcavity 

Figure 12.5: Calculated photoluminescence of QDs in a pillar microcavity with various 
diameters for an initial carrier density of 2 x 109 cm -2 . 

The calculated PL for fixed initial carrier density but varying diameters of the micropil-
lar cavity is displayed in Figure 12.5. For all pillar diameters a clear non-exponential 
decay can be observed. The different heights of the curves can mainly be attributed 
to the fact that in a larger pillar more carriers take part in the recombination dynam-
ics. The smaller pillars show a faster decay in connection with a larger Purcell factor: 
The reduction of the effective mode volume for smaller pillar sizes overcompensates 
the reduction of the quality factor observed with decreasing pillar size. This results 
in an enhanced Purcell factor FP oc Q/Ves for the smaller cavities. Nevertheless, it is 
impossible to read off the Purcell-factor from the calculated decay curves due to the 
non-exponential character of the curves. 

Visualization of the mode structure 

In an experiment one can use a charged coupled device (CCD) camera image to obtain 
an overview about the modes structure in a certain microcavity [161,163], To this end, 
a microscope objective is focussed on a certain section of the micropillar and the signal 
emitted from this region is collected. By resolving this signal spectrally and detecting it 
with a CCD camera, one obtains information on both the spatial mode pattern and the 
resonance frequencies. Similar information can be obtained from a theoretical analysis. 
In Figure 12.6 the energy is depicted along the horizontal axis and along the vertical 
axis the transverse mode pattern in radial direction is shown. The intensity is encoded 
in the color (blue: weak signal, red: strong signal). Modes at four different resonance 
frequencies can be identified. The leftmost mode corresponds to the fundamental mode 
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Figure 12.6: (color online) Combined information about the transverse mode pattern and 
the carrier-photon system: Transition energies are shown along the horizontal axis. Along 
the vertical the transverse mode pattern is shown. The intensity, which is proportional to the 
number of photons with a certain energy, is encoded in color. 

and is most strongly illuminated by the QDs, because the center frequency of the 
ensemble is tuned exactly to this resonance. The horizontal extension of this mode is 
determined by the frequency-broadening due to the cavity lifetime and is, therefore, 
directly related to quality-factor Q^ of the mode. The fundamental mode is followed to 
the right by excited modes. While the first excited mode is still strongly illuminated, 
the intensity decreases for the higher excited modes, as less QDs lie energetically close. 
Note that the third peak actually consists out of two different types of modes: one with 
a node and one with a maximum at the center. The former mode is much stronger 
illuminated. This can be mainly attributed to the fact that for a constant areal QD 
density, a higher number of QDs can interact with a mode having its maxima at p ^ 0. 

12.4 Experimental Results 

In the following we present experiments performed by Schwab et al. in the group of 
Prof. Manfred Bayer in Dortmund and Mohamed Benyoucef and Prof. Peter Michler 
in Stuttgart [139]. The experimental results are obtained by time-resolved PL mea-

emission of individual pillars is analyzed after excitation of the QDs with a short laser 
energetically in or above the WL-resonance. For more details on the experimental 

a function of time for different excitation power densities. For the decay of the signal 
over the first order of magnitude in the intensity, the deviation from an exponential 
decay is rather weak. Therefore straight lines have been added to extract a decay time 
for this initial decay. However, following the decay on a longer time-scale and over a 
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larger intensity-scale clearly reveals a non-exponential character, which shows that the 
description of the PL dynamics by a simple decay time is not possible. Maybe even more 
important, the estimated decay rates continuously decrease with decreasing excitation 
power density. This behavior was found from the weakest pumping, which still made a 
clear recording of the PL signal possible (and was well below the laser threshold), up 
to the laser threshold. 
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Figure 12.7: Measured PL decay for one pillar but different excitation densities (left panel) 
and different pillar diameter but fixed excitation density (right panel). For the power series 

exponential fits (shown by the solid lines) axe, from top to bottom, 550 ps , 475 ps, 265 ps, 
120 ps, 30 ps, and 20 ps. For the diameter series (right) pillars with different diameters are 
excited with a power density of 5.5 Wm -2. The decay times, corresponding to the single 

the different PL traces have been shifted vertically relative to each other. 

Additional measurements were performed on a series of different micropillars. For all 
resulting curves shown in the right panel of Figure 12.7, the same low excitation-power 
density was used to make sure that one is below the laser threshold. The faster decay 
for decreasing pillar diameter is a consequence of the Purcell effect. 
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All these features are well reproduced by our analysis based on the semiconductor 
luminescence equations as discussed in the preceding section: There we found that the 

carrier density. Additionally we found that the decay is faster for smaller pillars in 
connection with the Purcell factor. The deviations of the measured from the calculated 
results close to time t = 0 and in particular the somewhat slower raise of the PL signal 
observed in the experiment, can be attributed partially to the fact that the optical 
carrier generation process was not modeled and that the experimental setup has only 
a finite time resolution. Furthermore, a direct one-to-one comparison of, for example, 
the power series is complicated by the fact that the carrier density generated in the QD 
sample depends in a nonlinear manner on the pulse intensity due to saturation effects. 
Here, we do not want to quantify these optical nonlinearities and the subsequent carrier 
relaxation, which would be needed to connect experimental pump intensities directly 
to the resulting carrier densities. Instead, we focus on the physics of the recombination 
dynamics that yields a non-exponential decay and emphasize the strong dependence of 
the time-resolved PL decay on the carrier density in the system. 
Alternative explanations for the non-exponential character of the decay should be ad-
dressed. For example, it is frequently argued, that the non-exponential decay observed 
in PL measurements stems from a superposition of many exponential PL signals of vari-
ous emitters with different decay times due to a different light-matter coupling strength. 
To rule out this explanation an ensemble of identical QDs was studied in Section 12.2 
and a clear non-exponential decay behavior was found even though all the QDs were 
modeled to have identical light-matter coupling strength. Additionally, a superposition 
of a series of exponential decays would not show the discussed decay-time shortening 
with increasing excitation power density. 
Additional alternatives for the origin of the non-exponential decay, which could be 
important in other experiments, are ruled out by a variety of further experimental 
studies [139]. For example, coupling of bright and dark exciton states via spin-flip 
processes has been suggested as origin for the non-exponential character [89]. If feeding 
of the spin-bright exciton reservoir from the reservoir of dark excitons were important, 
two time-scales would be relevant: the decay time of the bright excitons and a slower 
time-scale on which the dark exciton would convert into bright excitons via a spin-flip. 
From the study of a QD reference sample it was concluded that dark exciton states 
cannot be thought of as origin of the non-exponential decay. Further explanations, like 
effects of charged exciton complexes formed due to unintentional background doping, 
or the influence of non-radiative decay channels, such as traps at the etched cavity 
sidewalls, are as well ruled out by additional experiments [138,139]. 
In summary, the experimental findings are well described by our microscopic theory 
based on the SLE. In particular the non-exponential decay as well as the strong de-
pendence of the decay dynamics on the excitation density that occurs even below the 
laser threshold is well reproduced. Furthermore, alternative explanations for the non-
exponential decay dynamics can be ruled out for the present case in part by our theo-
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Summary and Outlook 

Different aspects of the electronic and optical properties of semiconductor QDs have 
been investigated in this thesis. Using the full configuration interaction method, it is 
possible to solve the problem of few charge carriers in the discrete states of a given 
confinement potential without further approximations. In Part I, we solved in this way 
the challenging problem of finding all eigenenergies and eigenstates for up to twelve 
electron-hole pairs for the InGaAs system. The resulting multi-exciton spectra were 
analyzed in detail and comparisons with previous results and interpretations in the 
literature were made. In order to obtain a more intuitive picture for the rather com-
plicated spectra, we used a description based on a diagonal Hamiltonian, which was 
derived by taking into account the relative importance of various interaction matrix 
elements. The limitation of this approach was discussed and the more sophisticated 
'adiabatic Hamiltonian' was introduced. Using this improved description, it was in 
particular possible to gain deeper insight into the intriguing stability of the emission 
from an open shell, which is called 'hidden symmetry' property. Additionally, we stud-
ied the emission from charged exciton complexes and helped to identify the different 
emission lines in recent experimental spectra. 

The electronic and optical properties of nitride QDs were investigated in Part II using 
lens-shaped InN/GaN quantum dots as an example. Employing a tight-binding model, 
we found an exactly degenerate single-particle p-shell and identified the ^V,-symmetry 
of the underlying wurtzite lattice as the source of this degeneracy. This finding is 
in particular intriguing in view of recent discussions in the literature about the p-
shell degeneracy in zinc-blende QDs. Based on the microscopically determined single-
particle wave function, the dipole and Coulomb matrix elements were evaluated. These 
matrix elements served as input parameters for configuration interaction calculations 
and allowed us to determine the optical spectra. This enabled us to predict a dark 
exciton and biexciton ground state for small dots - a rather surprising result that is 
confirmed by careful symmetry considerations. In strong contrast to more conventional 
III-V systems, the emission from nitride-based QDs is dominated by 'skew' excitons, 
so that totally different multi-exciton spectra arise. For larger QDs, we found that the 
strong internal electric field can reverse the energetic order of the hole states, which 
results in a bright exciton and biexciton ground state. However, the oscillator strength 
is strongly reduced in these structures due to the quantum confined Stark effect. By 
restricting the analysis to the two energetically lowest shells for each carrier, a semi-
analytic description of the optical properties was possible, leading to a deeper insight 
into the origin of the various emission lines. 
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Summary and Outlook 

In Part III the photoluminescence (PL) dynamics of a QD system was investigated. 
To this end, we used Heisenberg's equation of motion for the various operator averages 
of interest. The encountered hierarchy problem, which is entailed on the one hand by 
the carrier-carrier interaction and on the other hand by the interaction of the carriers 
with the quantized light field, is truncated unambiguously using the cluster expansion 
scheme. The resulting semiconductor luminescence equations (SLE) including correla-
tions up to the singlet-doublet level were discussed in detail. In particular, we studied 
the influence of correlations on the PL dynamics for QDs either coupled to the modes 
of 'free space' or embedded in a microcavity. In the first case, the two limiting cases of 
uncorrelated carriers, leading to a non-exponential decay, and fully-correlated carriers 
in two-level approximation, leading to an exponential decay, were investigated. For QDs 
embedded in a microcavity, a detailed comparison of our theoretical results based on 
the SLE and recent PL experiment were given. From our numerical analysis of the SLE 
for the QD system we conclude that the lack of full correlation between the carriers is 
responsible for the non-exponential and excitation-density dependent decay, indicating 
that approaches based on atomic models fail to describe the photoluminescence dynam-
ics in this case and that a full semiconductor treatment is required for the explanation 
of recent experimental results. 

Extension of the present work can proceed in several directions. For example, we could 
use the developed schemes to investigate the multi-exciton spectra in QD molecules. 
As the number of confined states in such coupled QD structures grows rapidly and 
the symmetry is, at least in laterally coupled QDs [165], strongly reduced, it may turn 
out to be necessary to restrict the many-particle basis to 'single' or 'double' excited 
states. A truncation of the many-particle basis has been used by others to study the 

such a truncation could be tested by comparing it to the QD containing three shells 
that was treated in this thesis without further approximation. While the analysis of QD 
molecules would be interesting for both the group-Ill arsenide and nitride systems, to 
date a comparison with experimental findings seems more realistic for the former case. 
For the nitrides, at first, a comparison of our predictions for single QDs to experiments 
would be beneficial. 

Regarding the emission dynamics of QDs, an inclusion of higher-order correlations to 
study the photon statistics of QDs embedded in a optical cavity is desired. With 
increasing coupling efficiency of the spontaneous emission into the laser mode, one ap-
proaches the limit of thresholdless lasing. Therefore, a clear indicator for the transition 
from thermal light, below the threshold, to the laser regime is needed. Such a indica-
tor is given by the second-order correlation function g2(r) of the photon number [166]. 
Promising results in this direction have already been obtained in our group [133] and 
are currently further investigated. 
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Appendix 

A Construction of the Hamiltonian Matrix 

To construct the Hamiltonian matrix, three different parts of the Hamiltonian need to be 
considered: (i) the non-interacting part (ii) the part describing the electron-electron and 
hole-hole Coulomb interaction and (iii) the one containing the electron-hole Coulomb 
interaction. 

The central quantities to be considered are the matrix elements 

m H\<i>ß) (A.i) 

where the uncorrelated basis states \4>i) are of the form 

i0)= n (eDraf n • (a-2) 

Here n denotes an ordered product. As the carrier operators do not commute, such 
an ordering is necessary to uniquely define the states \4>). To this end, one sorts the 
single-particle states in an arbitrary way and then creates the particles in Eq. (A.2) 
according to this order. 

(i) Let us first consider the single-particle Hamiltonian Hq for the electrons 

ho 'y ] £ « e i e i • 
i 

Constructing the matrix elements in this case is straightforward as the uncorrelated 
basis states are eigenfunctions of the free Hamiltonian. One obtains 

(0«|Hoe|0ß) = £ i n i ( a ) (0a |0ß) = £^,(0) 
i i 

with nf (a) = 1, if the electron single-particle state /) is occupied in the Slater state 
I(j)a), and n | ( a ) = 0, otherwise. A similar expression is obtained for the corresponding 
equations for Hq. 
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(ii) The case of the electron-electron and hole-hole interaction is more complicated. 
As both cases can be treated in full analogy, only the case of the electron-electron 
interaction will be discussed. The corresponding Hamiltonian has the form 

Hee = 2 ^vM ele]ekei • 
ijkl 

Since Hee does not act on the hole states one may write the desired matrix elements 

( } mHeMß) = , 
where \ox) with A G {e, // } is of the form 

= n « a ) ^ |0> . 

P i 4 = N A 

As the Hamiltonian Hee annihilates two particles, one in state \k) and one in state |/}, 
and creates two particles, one in |i) and one in | j ) , it is easy to see that (o'n\ 1!r,\o':i) is 
zero if the many-particle states \4>e

a) and | <:/.,) dilfer by more than two occupied single-
particle states. Denoting the number of single-particle states by which the two basis 
states differ A| i f f, one has four different cases: 

1. iVJiff = 0: 
In this case we have \4>e

a) = | <:/.,). As these states are uncorrelated Slater states 
we can immediately apply Wick's theorem and find: 

( C l ^ e e l C ) = \ " V w ) 

2. A| i ff = 1: 
As the two states differ only in the occupation of one single-particle state one may 
express the two states \<j)ea) and o'() as being created from a common state r/ ) 
by the application of one creation operator 

!C) = ( - 1 ) P a e+ |0e) 
nß , -

l ^ß ) = ( - 1 ) ^ |0e) 

The label ä refers to the single-particle state that is occupied in o'n ) but not in 
I(f)e). Similarly ß refers to the single-particle state occupied in o'() but not in r/ ). 
The sign depends on how many transpositions of the ordered creation operators 
are necessary to achieve this representation. With the states of Eq. (A.3) we can 
write 

= ( - i f ^ l ^ V ^ r i e a e U l e ^ e p r ) 
ijkl 

= ( - i ) P a + P ß Y , ) ( v ö i , i ß - VW) . 
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To get from the first to the second line of the previous equation, once again Wick's 
theorem and the fact a ^ ß was used. 

3. N f a = 2: 
If the two basis states differ in the occupation of two single-particle states one 
can write these states as 

i O = ( - 1 r e+ e+ |0e> 

l, by virtue of Wicks theorem we obtain in this case 

( 0 h | H e e | 0 ß > = ( - 1 ) P a + P ß ( Vai ä2 „32,(32
 — V h i h 2 , ß i , ß 2 

4. N f a > 2: 
As already mentioned, one obtains in this case simply: 

( f a | H e e | C > = 0 . 

(iii) Let us finally consider the case of the electron-hole interaction with its Hamiltonian 

Heh = Y 1 Vij,kl h \ e \ e k h l • 

ijkl 

In this case the elements of the Hamiltonian matrix can be cast into 

(0a |Heh|^ß > = £ Vij,ki(C jet ek |0ß >(4>ha l h\ h > • 
ijkl 

Once one has established the rules for the matrix elements (o'n \<')<'k\o'.t) one can imme-
diately calculate the desired matrix elements for the electron-hole interaction. For such 
matrix elements, three cases have to be distinguished: 

1. N°m = 0: 
In this case one readily finds: 

( 0 h | e j e k | 0 ß> = j n j ( 0 h ) • 

2. N f a = 1: 
Expressing \<j)ea) and 1</>ß) as above in terms of \4>e) we find: 

( 0 h | e j e k | 0 ß > = (-1)Pa+Pßjökß • 

3. N f a > 1: 
As the operator combination eje^ can at most interchange one particle one has: 

( d e j e k | 0 ß > = 0 • 

And similarly for the holes. 

Equipped with this knowledge one may now set out and find an efficient numerical 
implementation of these rules. 
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B Band Symmetries 

Let us first consider the commutation of the total spin operators in a one-component 
electron gas. In this case the --component, and the raising and lowering operators of 
the total electronic spin are, respectively, given by 

1 
S z ~ 9 5 3 ( ^ î 0 ^ ~ a Ü a i 

S+ = E 
i 

S- = 53 a I a 

t 
a i T a i | 

t 
| a i T • 

5.1) 

If one considers now operators of the form 

53 ato- a j a 
J.2) 

one can readily verify that these operators commute with all the spin operators. This 
commutation only holds because the summation over both spin states is performed in 
Eq. (B.2). By rewriting the Hamiltonian of the electron gas 

H = £ • 
t 1 1 T/ t t 

+ ^ Vijklaiaajcr'akcr'alo-
ijkl 
aa> 

= 5 3 £ i ( 5 3 a i ° ) + 5 3 j [ ( 5 3 a t a a i<?) ( 5 3 a k ( j > ) -

i a ijkl a a' a 

one observes that the total Hamiltonian commutes with the total spin operators. This 
happens because neither the Coulomb matrix elements Viju nor the single-particle en-
ergies depend on spin so that they do not interfere with the spin summation. Along 
the same lines one can prove for the Hamiltonian (1.1) from page 7 that both the total 
spin of the electrons as well as the total spin of the holes are separately good quantum 
numbers. This relies on the fact that (i) the operators of the form Eq. (B.2) with the 
indices i and j now labeling states within the same band will commute with the spin 
operators in Eq. (B.l) even if the summation is restricted to one band and (ii) the 
two-band Hamiltonian can again be rewritten in the form (B.3) where each occurring 
summation of the form a\aaka contains only states from one band. 

The Hamiltonian that describes the Coulomb interaction in the r-/-picture reads 

TTCV 
Coul 

1 
a ' A ' , k a ' X ' , l a \ a t A a a j ' A ' a ' a k A ' a ' a l A a 2 ^ 

ijkl 

where A, A' label the bands and a, o' denote the spin indices. In the case of equal 
envelope wave functions for the conduction- and valence-band electrons, the Coulomb 
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matrix elements are band independent: Via\yja>\>,ka>\>,ia\ = Via,ja',ka'M- the previous 
paragraph we explained the consequences of the Coulomb matrix elements being spin 
independent. This was responsible for the commutation of the Hamiltonian with the 
spin operators (B.l) for the total spin as well as for the conduction and valence band 
carriers separately. As the band-indices enter Eq. (B.4) in exactly the same way as the 
spin indices, one expects that in the case of identical envelopes similar commutation 
relations hold for quantities in which the spin degree of freedom is replaced by the band-
index. Conventionally, this is done by identifying c with j and v with j . Indeed, one 
can prove along the lines detailed above for the spin operators that for equal envelopes 
for the valence- and conduction-band electrons the operators 

~ O ^ ] (Q ] ,cQ»> c a\,va"i,'u) ~~: P^ 

S+ = ^ 2 a V i . v = P 

S- = a- = P 

all commute with the Hamiltonian Eq. (B.4). This is the ease as the Coulomb matrix 
elements do not depend on the band index: Viaxja>ytka'y,ia^ = Viaja'M'M- "the above 
equations V denotes the interband dipole operator in the r-/-picture. 

While [-ffÇoiii' P] = ^ e free part H£v = Y.i£ta{cai,c + Y.i£ia{vai,v does only commute 
with V in the very special situation of e'- e]'. Because only then the single-particle 
energies are band-independent. In the general situation we can rewrite the free part as 

E £
c + 
2 ( + £ • ( t 

r>ai.C. 

In this expression the first part commutes with VZ,V\ and V while the second does 
not. However, if ef — e- is constant, as it is in the case of a single, degenerate shell, 
we can rewrite the last term as (e? — From this one can deduce for a single, 
degenerate shell 

[Hc*, P] r u c v i u c v 

[ - "Cou l + H 0 ) P ] = [HC*, P ] = (£C _ £*)[Pz, P ] = _(£C _ £*)P 

In the above equation we have used in the last 
for spin operators [70]. 

the usual commutation relations 

This is quite an amazing result as it states, together with the discussion in Section 
3.2, that one always obtains an exact eigenstate of the interacting system by repeated 
application of V on the vacuum state and that the energy of this eigenstate increases 
linearly with the number of excitons [44,80]. At first glance, it is even more amazing that 
it is not the Coulomb interaction that entails this increase of energy with the number 
of excitons but the free Hamiltonian. But this can be made plausible if one takes a 
closer look at the assumption of identical envelopes [80]. In this case the Coulomb 

£C - £* 
* * 
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interaction does not depend on the band index, that is, = Vijkl irrespective of 
the band index A G c, v. Therefore it does - for the Coulomb interaction - not matter 
whether the electron is in the conduction or in the valence band. The only energy 
difference comes from promoting the valence-band electron above the gap. This is in 
full analogy to a spin system in which the interaction between the carriers does not 
depend on spin. In such a situation the spin configurations are, without an external 
magnetic field, degenerate and a spin flip does not change the energies. If a constant 
homogeneous external magnetic field is present the analogy between the exciton system 
and the spin system can be further extended as in this situation the energy of the spin 
system depends linearly on the number of flipped spins. 

Note that in the electron-hole picture the free energies eh and £e contain Hartree-
Fock renormalization due to the full valence band. These renormalization terms can 
spoil the discussed result as a degenerate shell in the electron-hole picture does not 
necessarily mean a degenerate shell in the conduction-valence band picture, because 
different individual states are in general differently renormalized. For an isolated s-
or p-shell, however, the individual states will be identically renormalized, so that we 
can conclude: and {e'j ), degenerate (c.-}; and {e'- ), degenerate 'hidden 
symmetry' commutation relation fulfilled. Deviations from this picture, as observed in 
a full calculation procedure in Chapter 2, stem from the fact that the p-shell cannot 
be considered as being decoupled from other shells. Additionally, while the restriction 
to a single, degenerate shell reproduces the remarkable stability of the p-shell emission 
lines, only the inclusion of the .s-shell within the adiabatic Hamiltonian produces an 
energy value that is in good quantitative agreement with the full calculation. 

In this appendix we give an alternative proof of the existence of energetically degen-
erate states for a lens-shaped QD crystallized in the wurtzite phase. We compare this 
structure on the one hand to the case of a QD grown in a zinc-blende structure and on 
the other hand to a disk-like QD. For this additional proof of the results in Section 7.1, 
we consider only the allowed rotations of the symmetry group and utilize additionally 
the so-called time-reversal operator K,. which is an anti-linear operator4. As we will 
detail in the following one can in this situation deduce a degeneracy even though these 
operators commute with each other and the Hamiltonian. 

Let us consider the case of a general symmetry operation T such that Tn = 1, where n 
denotes the smallest integer for which unity is reached. (For the here considered cases 
these operators will be the rotations around the --axis, but more general operators are 
possible.) The eigenvalues A of this operator are given by the n-order roots of unity, 

4 In contrast to a linear operator A that does not affect the coefficients of a linear combination, that 
is, A(a\ip) + ß\4>)) = aA\-ip) + ßA\<f>), one has for an antilinear operator [126]: A(a\ip) + ß\</>)) = 

a*A[i>)+ß*A\4>). 
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A = <'l~"'. with m = 0 , 1 , . . . , n — 1. For n > 2 some of these eigenvalues are necessarily 
complex. Let us furthermore consider the time inversion operator JC, defined in spatial 
representation via the action JCtp(r) = ip*(r). In case of a real-valued potential the 
commutator [H, K, | 0 holds. Using the definition of the action of the symmetry 
operation T on the wave function, namely, Tip(r) = i.'('/'"1 r). one has additionally 

K.Ti>(r) = /O0(T_ 1r) = ^*(T _ 1 r ) = Tij)*(r) = r) , (C.l) 

which shows the commutation of the operators K, and T. At a first glance it seems 
that the three operators H, T, and KL are most unsuited to discuss degeneracies, as 
these operators all commute. Therefore a statement about degeneracies along the lines 
presented in Section 7.1 is not possible. Nevertheless such a statement can be achieved 
by considering a state </>(r) that is a common eigenstate of H and T with energy E 
and eigenvalue A having non-vanishing imaginary part, respectively. As outlined above 
such states exist for n > 2. In this case the following relations are readily verified 
H{K,(j>{r)) = 1C{H(j){r)) = E{K,(j>{r)) and T{K,(j>{r)) = K,{T(j>{r)) = A*(/C0(r)). As 
A* t^ A this shows that the two states o(r) and K,O(Y) are really two different states 
that have the same energy. From this we deduce that in the case of a symmetry operator 
T with Tn = 1 a real-valued potential leads to the existence of degenerate eigenstates for 
n > 2 . That this is not in contradiction with the commutation of the three operators 
stems from the fact that the proof of a common eigenbasis for commuting operators 
uses the linearity of the operators, while K, is antilinear. 

How is this now linked to the degeneracy of the QD states? The connection is estab-
2tr lished when identifying the operator T with the rotation R by an angle ^f around the 

--axis for the wurtzite QD discussed above. In this case one obtains n = 3 and there-
fore degenerate states. (For a schematic of the different dots and the corresponding 
symmetries see Figure 7.5 on page 74.) In the case of a pyramidal or lens-shaped QD 
in a zinc-blende phase the improper rotation ICiz of the underlying lattice is removed. 
Instead one has only a C2z rotation in the presence of the QD, as the dot destroys 
the inversion-symmetry. But a C2z symmetry, leading to n = 2, is not rich enough 
to predict a degeneracy from the above argument. If one considers a disk-like QD in 
zinc-blende phase, the full IC\ , rotation is present. This yields n = 4, from which we 
predict a degeneracy in accordance with the discussion of Refs. [121]. 

D Leaky Modes 

Besides the resonant modes, which are characterized by their large O-values and pro-
nounced peak structure in a transmission spectrum, there exists a background contribu-
tion formed by the continuum of leaky modes. In order to include the influence of these 
leaky modes, we assume that the background contribution constitutes a fraction of the 
continuum of modes of free space. The size of this fraction can be estimated by counting 
the plane waves that (i) either reach the sidewalls of the micropillar in an angle smaller 
than the critical angle n , of total internal reflection (as these waves are not reflected 
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by the sidewalls, they leave the cavity), or (ii) have a momentum component k\\ along 
the pillar axis that lies outside the stopband of the DBR5. For a given frequency u, the 
last case defines two critical angles and as2{u))} see Figure D.I. All plane waves 
with an angle a outside the interval [o:si, a;s2] will leave the cavity. As all emitters 

ko + Ak/2 

ko 

ko - Ak/2 
yj kj_ + fcjj = to/c 

|k±| 

Figure D . l : All waves characterized by (|fcj_|,|fc|||)-values that lie below the line defined by 
the critical angle a» of total internal reflection can leave the cavity, as they are not reflected 
from the lateral boundaries. Those specified by (|A_l|,|A|| |)-values in the shaded areas can leave 
the cavity as they have a |/c|| (-components that does not lie within the stopband of the DBR. 
For a given photonic frequency (defined by the circle) the latter condition defines the two 

have frequencies around the fundamental cavity mode, which is to first approximation 
at the center LÜ0 of the stopband, and the angles and as2 depend only weakly on 
u, we can take these as constant. The actual values for these are then 
calculated for UJ0 = ck0. In this case the circle defined by k2

± + A:jj = UJQ/C2 runs through 
the point (0, k0) and intersects therefore only with the lower shaded area in Figure D.I. 
Consequently we can set as2 to f . For the other angle one can infer from Figure D.l 

For typical parameters of an AlAs/GaAs DBR one has n.s| > hp —Ak/2 fc0 = arcsin 
so that the leakage-channel defined by a^ which is provided by the absence of total 
internal reflection, does not yield additional leaking modes. In summary, we deduce 
that all plane waves characterized by an angle between 0 and will leave the cavity. 
In terms of propagation directions this means that all wave forming an angle between 

5 A DBR has a high reflectivity only in a finite frequency range, the so-called stop band. Outside this 
range the mirror is more or less transparent [164]. 
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I — a s i and f with the pillar axis, will contribute to the leaky modes. 

If we sum now over all the plane waves leaving the cavity, we can determine an effective 
light-matter coupling matrix element |g^fky|2 that only depends on the energy of the 
transition. This runs in close analogy to the lines discussed in the case of 'free space' 
in Section 11.1. The only difference is that in the present situation only a certain 
amount of all plane waves contributes. Assuming that the dipole-moment lies within 

>.i) 

where the fraction ( is given by | s in(a s i ) + ^sm3(o;si). For k0 Ak/2 this can be 
approximated by 1 — From this expression it can be inferred, that for a vanishing 
stop-band width Ak the fraction of leaky modes goes to unity. This is a physically 
very intuitive result as in this case the DBRs are transparent for all the frequencies. 
Using the estimate for the relative spectral width of the stop band "T"— ~ —-—— given 

90%. This value is in very good agreement with the experimental finding reported in 
Ref. [36,167] and close to the estimate used in Ref. [38]. The fact that photons in a 
leaky mode will leave the cavity is taken into account by a loss-rate fi4eaky, which is 
much larger than those of a resonant mode. Note that the exact value of this loss-rate 

y of minor importance for the emission dynamics. is 

E Numerical Methods 

The numerical methods employed for the evaluation of integrals, diagonalization of ma-
trices, solution of systems of linear equations, and the calculation of the time evolution 
of a set of differential equations are well documented in the literature. For the sake of 
completeness, we will briefly comment on some aspects of the subject and direct the 
reader to appropriate references. 

Evaluation of Coulomb Matrix Elements 

For the evaluation of the Coulomb matrix elements, several cases have to be distin-
guished, according to how many of the four involved states are QD and how many are 
WL states. Details can be found in Ref. [1681. 

If one is solely interested in the Coulomb interaction between the localized states, one 
can evaluate the interaction matrix elements analytically in the case of two-dimensional 
harmonic oscillator wave functions and vanishing lateral extension Lz —• 0 in growth 
direction [44,152,169]. For a finite extension Lz, a one-dimensional integral remains 
[168,169], which can - as the remaining integrand has no singularity - straightforwardly 
be integrated. 
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Evaluating an integral J^ f(x)dx œ JA f(xi) Ax using equidistant grid points and equal 
weights for each point turns out to be rather ineffective. Instead, one better rewrites 
the integral in the more general form JA ll'+f(:ri) with carefully chosen weighting factors 
{wi} and grid points f :r,} [170]. In general, more integration points should be used in 
regions where the function f(x) varies more rapidly, for example, near an (integrable) 
singularity. For most of our applications, the following sets of grid points and weighting 
factors turned out to be well suited: 

X i 

Wi = 

1 

1 

2n 

2n 
LN + 1 

i — sin( 
2n 

1 — cos( 
2n 

N + 1 

N + 1 
b — a 

V 

i) (b — a) + a , 
5.1) 

N + 1 

where the integer i runs from 1 to N. Note that with this choice the points {x^ become 
denser near the endpoints a and b of the interval, but never actually reach these points. 

In the case that only delocalized WL states are involved, one encounters integrals of 
the form I(k) = J dk'V(k, k')f(k') with V(k, k') being singular for k = k'. In this case 
it is worth rewriting the integral in the form 

1(h) = [ dk'V(k,k')[f(k') - f(k)a(k,k')] + f(k) [ dk'V(k, k')a(k, k!) , (E.2) 

where an arbitrary function a(k, k') fulfilling a(k, k) = 1 is introduced. While here the 
first part is regular and can therefore readily be numerically integrated, the singular part 
is moved to the second term. The advantage of this representation is that the singular 
part is now independent of the function f(k), so that it can be evaluated once and for 
all using a large number of grid points. In some cases, it is even possible to choose the 
function a(k, k') such that the singular part can be calculated analytically [171]. 

Matrix Diagonalization 

lem is still an active research field. Nevertheless there exist already several code-libraries 
that contain reliable and rather efficient implementations for special eigenvalue prob-
lems, like, real and symmetric matrices. We chose to employ the wide-spread LAPACK 

vectors and eigenvalues of the real and symmetric matrices encountered in Part I and 
Part II of this thesis. This algorithm is based on a () Ii'-factorization, for an introduction 

Unfortunately, it is not sufficient to calculated just a few of the energetically lowest 
eigenstates, because any eigenstates of the ( N x — l)-exciton problem can occur as a 
final state in an emission spectrum. Therefore, more specialized, considerably faster and 
less memory consuming algorithms that focus only on a couple of eigenvalues cannot be 
used in the present case. As a consequence, the memory demand can become extremely 
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high, so that the calculation of the multi-exciton emission spectra in the presence of a 
d-shell was only made possible at the supercomputer 'JUMP' at the Forschungszentrum 
Jülich with its huge shared-memory architecture [91]. 

Integration of Differential Equations 

Heisenberg's equation of motion technique employed in Part III leads to a coupled set 
of equations of the form 

d 
jtv{t) = f[y(t),t] with y(t = 0) = yo, 

where the high-dimensional vector y(t) contains the populations, correlations, etc. at 
time t. In the most simple approach, one approximates the differential quotient by its 
finite difference value Ay/At. In this way, one finds 

y(t + At) = y(t) + f [y(t), t] At + 0[(At)2], (E.3) 

which shows that the error is quadratic in the time differences At. Therefore, one needs 
in general extremely small At to obtain reasonable results and it turns out that the 
this algorithm is still numerically quite unstable. 

A scheme that allows for larger time steps and is by far more stable, is given by the fourth 
order Runge-Kutta method [170]. In our case stable results are obtained for typical time 
steps of the order of At = 1 fs. To follow the PL dynamics on a nanosecond time scale, 
one needs approximately 106 time steps. This number of time-steps can be reduced by 
a factor of roughly 100 in the adiabatic regime, as already discussed in Chapter 12. The 
price to be paid is that one needs in this case to solve a set of linear equations, which 
can be time-consuming and, therefore, pays off only for large sets of coupled equations. 
To solve the set of linear equations, we use the so-called Gauß algorithm [170]. 
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