
Research

SKI Report 2006:34

ISSN 1104-1374
ISRN SKI-R-06/34-SE

Research and Development Program in
Reactor Diagnostics and Monitoring with
Neutron Noise Methods
Stage 11 and 12. Final report

C. Sunde, 
I. Pázsit, 
C. Demazière, 
B. Dahl and L. Mileshina

June 2006



SKI Perspective 

Background 
This report constitutes Stages 11 and 12 of a long-term research and development program 
concerning the development of diagnostics and monitoring methods for nuclear reactors.  

Such a program consists of two main parts. First, the space- and frequency dependent neutron 
noise, induced by a specific perturbation (anomaly) is calculated, via an integral over the 
transfer function of the system and the noise source, i.e. the perturbation. The latter consists of 
the fluctuations of the macroscopic cross sections that correspond to the perturbation. Each 
perturbation needs to be represented through a suitable model. The transfer function is 
calculated from the dynamical transport equations. Finally, one has to invert the above 
mentioned integral (unfolding) in order to achieve the purpose of the diagnostics, i.e. to 
determine the parameters of the perturbation from the measured neutron noise and the known 
transfer function.

Results up to Stage 10 were reported in SKI reports, see the list below. The results have also 
been published in international journals and have been included in both licentiate- and 
doctor’s degrees. 

Purpose
The purpose of the research program is to contribute to the strategical research goal of 
competence and research capacity by building up competence within the Department of  
Nuclear Engineering at Chalmers University of Technology regarding reactor physics, reactor 
dynamics and noise diagnostics. The purpose is also to contribute to the research goal of 
giving a basis for SKI’s supervision by developing methods for identification and localization 
of perturbations in reactor cores. 

Results
The program executed in Stages 11 and 12 consists of the following five parts: 

- Development of core calculational methods for calculating higher eigenvalues and 
eigenfunctions

- Investigation of reactor kinetics and dynamics in a reflected 2-group system 

- Development of the theory of neutron fluctuations in a system varying randomly in 
time with the master equation approach 

- Simulations of Feynman- or Rossi-alpha-methods for reactivity measurements of 
fissile material using MCNP-PoliMi 

- Pilot experiment in a moderator with a Cf-252 source in order to test the Feynman- or 
the Rossi-alpha method. 

Project information 
Responsible at SKI has been Ninos Garis. 
SKI references: 14.5-2004103-20040521 and SKI 2005/1199-20050513. 
Previous SKI reports: 95:14 (1995), 96:50 (1996), 97:31 (1997), 98:25 (1998), 99:33 

(1999), 00:28 (2000), 01:27 (2001), 2003:08 (2003), 2003:30 
(2003), 2004:57 (2004). 
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Research and Development Program in Reactor Diagnostics
and Monitoring with Neutron Noise Methods: Stage 11 and 12

This report gives an account of the work performed by the Department of Nuclear
Engineering, Chalmers University of Technology, in the frame of a research contract with
the Swedish Nuclear Power Inspectorate (SKI), contract No. 14.5-2004103-20040521 and
contract No. 2005/1199-20050513. The present report is based on work performed by Carl
Sunde, Christophe Demazière, Berit Dahl, Larisa Mileshina and Imre Pázsit, with the latter
being the project leader.

This report describes the results obtained during Stage 11 and 12 of a long-term
research and development program concerning the development of diagnostics and
monitoring methods for nuclear reactors. The long-term goals are elaborated in more detail
in e.g. the Final Reports of stage 1 and 2 (SKI Report 95:14 and 96:50, Refs. [1] and [2]).
Results up to stage 10 were reported in [1] - [10]. A brief proposal for the continuation of
this program in Stage 13 is also given at the end of the report.

The program executed in Stage 11 and 12 consists of fiveparts and the work performed
in each part is summarized below.

Development of core calculational methods for calculating higher eigenvalues and
eigenfunctions

Higher order eigenfunctions and eigenvalues of the diffusion equation, describing a
static core, have lost their significance when doing calculations in realistic systems, since
there are usually made by nodal methods or other direct numerical techniques. However,
there are situations when knowledge of the higher order modes is still useful. Such case is
the separation of the global and regional flux oscillations in the case of BWR instability.
Another case is the investigation of the stability properties of large inhomogeneous cores,
which is usually quantified with the so-called eigenvalue separation,

where  and  are the fundamental and first higher order eigenvalues, respectively.

Numerical codes used for ICMF calculations usually do not have the option of
calculating the higher order eigenvalues and eigenfunctions. In idealised systems, these can
be calculated with semi-analytical methods (the eigenvalue is determined numerically from
a transcendental equation, but the eigenfunctions are simple trigonometric or hyperbolic
functions). In order to get insight into the characteristics of the higher order eigenmodes of
the neutron flux and the adjoint, these were calculated in a reflected homogeneous system
with two-group theory. The adjoint eigenmodes are necessary if an orthogonality property
needs to be used, such as the separation of the modes from a flux shape which is a sum of
several eigenmodes.

At the same time, the so-called numerical noise simulator, developed at the
Department, was extended such that it became suitable for the calculation of the higher
order eigenmodes, both direct and adjoint ones. This simulator can treat real
inhomogeneous cores, with an input deck compatible with that of SIMULATE. It had a
static module from the beginning, because it is essential that the algorithm for the dynamic
part works with data that belong to a critical core. This static module was now developed
further such that it can calculate higher eigenmodes.
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The simulator was used to calculate the eigenfunctions and eigenvalues in the same
model system as the ones in which the semi-analytical calculations were made. Excellent
agreement was found between the two methods. Calculations were made in a large and a
small system, and the decay of the higher eigenvalues with the order number could be
compared. Since the benchmark showed the correct functioning of the simulator, it can be
used in the continuation for treating real inhomogeneous systems.

Investigation of reactor kinetics and dynamics in a reflected 2-groups system

The validity and applicability of the point kinetic approximation in noise diagnostic
applications was investigated thoroughly in the past. However, most of these investigations
were performed in one-group theory and homogeneous, non-reflected systems. It is clear
that in such systems the dynamical properties depend on the neutronic coupling in the core
through the neutron chains. On the other hand, the conclusions drawn from such models are
not necessarily valid in all situations. This is especially the case then the detector is situated
in the reflector, where no neutron multiplication takes place, and the dynamics is not
determined by the fission process. For example when measuring the reactivity in a core
under loading, an extra detector can only be put outside the fuel assemblies already in place.
The difference between the core behaviour and the detection in the reflector was observed
for instance in the recently finished EU 5th Framework Program MUSE, which showed that
the results of pulsed neutron measurements with detectors situated in the reflector could not
be interpreted by the conventional theory, based on homogeneous system. It is therefore
interesting to investigate the behaviour of reflected systems in two-group theory, and to
compare it with the point kinetic behaviour.

The investigations of such cases was hindered in the past by the fact that the analytical
treatment is cumbersome even in a homogeneous reflected core, and prohibitively
complicated in non-homogeneous cores. However, the noise simulator, mentioned above, is
a very suitable tool to investigate this question. It was thus used in a 2-dimensional model
of a realistic reactor, supposed to run in a subcritical state, driven by a source. It was meant
to simulate a core under loading. For the sake of comparison, a small system was also
investigated. The full space-frequency response of the system to fluctuations of the source
strength were calculated, and compared to the point kinetic response, also calculated by the
simulator. The so-called break frequency method of determining the reactivity was also
investigated. It was found that the system behaviour deviated from the point kinetic one
quite markedly even in the small system, and that the break frequency method showed a
relatively large error, that depended on the position of the detector used.

Development of the theory of neutron fluctuations in a system varying randomly in
time with the master equation approach

Zero power noise and power reactor noise are two different branches of the field of
neutron noise. They depend on different underlying physical processes (branching in a
static system, and fluctuations of the cross sections in the reactor, respectively); they are
dominating in two different power regimes (low or “zero” power and high power,
respectively); and last, but not least, they are treated with two completely different methods.
The case of neutron noise in static low power systems is described by the master or
Chapman-Kolmogorov equations for the probability distribution of the neutron number,
whereas power reactor noise, induced by the fluctuations of the reactor material at high
power, is treated by the Langevin technique, for the neutron flux as a stochastic process.

For both the completeness of the description, and to describe the co-existence of zero
power and power reactor noise in intermediate power systems, a model system with



fluctuating parameters was treated by the master equation method. The first and second
moments of the neutron distribution were calculated both for chains started by one single
neutron, and by a stationary source. A number of new results were obtained, that are
described in Section 3. First of all it was shown that the backward equation treatment is not
applicable in systems with fluctuating parameters. The concept of criticality had to be
generalised to “criticality in the mean”, and it was shown that a system whose state
fluctuates between a subcritical and a supercritical state, can be made critical with a given
special combination of the system properties in the two states and the frequency of system
state changes. For systems critical in the mean, the variance diverges exponentially, as
opposed to the known linear divergence in static systems. It was also shown that in the case
of low power, the fluctuations of the system parameters gives a contribution to the zero
power noise, whereas at high power, the zero power noise component, arising from the
branching (fission process) is indeed negligible and for small system changes (weak
perturbations) the result obtained from the master equation approach agrees with that from
the Langevin technique.

Simulations of Feynman- or Rossi-alpha-methods for reactivity measurements of
fissile material using MCNP-PoliMi

Simulation of pulse trains of neutrons coming from a multiplying sample, or trains of
detector counts caused by such particles, is very useful for studying stochastic reactivity
measurement methods, such as the Feymnan- or Rossi-alpha methods, or problems in
nuclear material control (safeguards). Such simulations can though not performed by the
traditional Monte Carlo codes, since these do not sample the neutron histories with their full
statistics. Besides, to speed up the calculations of the mean value, they use variance
reduction techniques, which change the properties of the higher order moments, which are
needed to the reactivity measurement or safeguards methods.

Recently some Monte Carlo codes were extended with the possibility of performing
simulations that reconstruct the full statistics of the neutron generation and transport. We
have obtained and installed the code MCNP-PoliMi, which has the most general stochastic
capability for doing time-dependent calculations for both neutrons and photons. The first
application of the code was its use in a safeguards benchmark exercise. In the work
performed in Stage 12, pulse trains were generated in systems close to criticality, such that
the obtained pulse train was suitable for simulating a Feynman-alpha or Rossi-alpha
experiment. This consisted of two steps. First a system had to be designed that was slightly
subcritical. For this, the traditional MCNP had to be run, because there is no option of
calculating with MCNP-PoliMi. In the second stage MCNP-PoliMi was run to generate
the pulse train of detector counts. It was shown that with this method, both the Feynman-
and Rossi-alpha curves can be reconstructed from a simulation. Hence the code will be used
in the next Stage for the study of the accuracy of the Feynman- and Rossi-alpha methods in
real inhomogeneous reactors.

Pilot experiment in a moderator with a Cf-252 source in order to test the Feynman- or
the Rossi-alpha method

We have obtained, relatively recently, two so-called Cf-252 detectors from Japan.
These are actually neutron sources, but constructed in such a way that the californium,
whose spontaneous fission generates the neutrons, is put on the surface of one electrode of
an ionisation chamber. The ionized fission products give a signal in the detector at each
time, indicating thereby the neutron emission times. Such a source/detector is very suitable
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for neutron coincidence measurements in multiplying systems, such as for reactivity
measurements, because one signal (the start signal) is obtained without the consumption of
a neutron. Hence one of the detectors was transported to the Belgian nuclear research
institute SCK.CEN, for reactivity measurement experiments. These will be described in a
later Stage of the research project.

The californium source was used in a pilot experiment to measure the time spectrum of
neutrons measured in a pure moderator system. The signal from the detector was used as a
start signal, and the detected neutron used as the stop signal. This way, the time decay of a
neutron pulse in a pure moderator or absorbing material can be measured. Measurements
were made with and without a moderator between the source and the detector, and a clear
difference in the time spectrum was found.



Forskningsprogram angående härddiagnostik
och härdövervakning med neutronbrusmetoder: Etapp 11 och 12

Denna rapport redovisar det arbete som utförts inom ramen för ett forskningskontrakt
mellan Avdelningen för Nukleär Teknik, Chalmers tekniska högskola, och Statens
Kärnkraftinspektion (SKI), kontrakt Nr. 14.5-2004103-20040521 och kontrakt Nr. 2005/
1199-20050513. Rapporten är baserad på arbetsinsatser av Carl Sunde, Christophe
Demazière, Berit Dahl, Larisa Mileshina och Imre Pázsit, med sistnämnde som
projektledare.

Rapporten omfattar etapp 11 och 12 i ett långsiktigt forsknings- och
utvecklingsprogram angående utveckling av diagnostik och övervakningsmetoder för
kärnkraftreaktorer. De långsiktiga målen med programmet har utarbetats i slutrapporterna
för etapp 1 och 2 (SKI Rapport 95:14 och 96:50, Ref. [1] och [2]). Uppnådda resultat fram
till etapp 10 har redovisats i referenserna [1] - [10]. Ett förslag till fortsättning av
programmet i etapp 13 redovisas i slutet av rapporten.

Det utförda forskningsarbetet i etapp 11 och 12 består av fem olika delar och arbetet i
varje del sammanfattas nedan.

Förstudie för utveckling av härdberäkningsmetoder för bestämning av högre
egenvärden och egenfunktioner

Högre ordningens egenfunktioner och egenvärden av diffusionsekvationen, för en
statisk härd, har mist sin betydelse när det gäller härdberäkningar för realistiska reaktorer.
Detta beror på att man nuförtiden använder sig av nodala eller andra numeriska metoder.
Dock finns det situationer när de högre ordningens egenvärden kan vara användbara. Detta
gäller t ex när man vill separera globala och regionala effektoscillationer vid BWR-
instabiliteter. De är också användbara om man vill undersöka stabiliteten för stora
inhomogena härdar, vilket kan göras genom så kallad egenvärdesseparation, ES

där  och  är det fundamentala respektive det första högre egenvärdet.

Normalt är det inte möjligt att beräkna högre ordningens egenvärden och
egenfunktioner med numeriska ICMF-koderna. För idealiserade system kan man beräkna
dessa semi-analytisk (egenvärdena bestäms numeriskt från transcendentala ekvationer
medan egenfunktionerna är enkla trigonometriska eller hyberboliska funktioner). För att få
förståelse för hur högre ordningens egenmoder av flödestätheten och den adjungerade
flödestätheten uppför sig beräknades flödestätheterna i ett 2-grupps reflekterat system. Den
adjungerade flödestätheten behövs ifall det är nödvändigt att använda ortogonaliteten
mellan flödestätheterna om man vill separera olika moder för en flödestäthet som är
summan av flera olika moder.

Parallellt med de semi-analytiska beräkningarna utvecklades den så kallade
“numeriska brussimulatorn”, som tidigare utvecklats på avdelningen, så att den klarar av att
beräkna högre egenmoderna, både de direkta och de adjungerade. Simulatorn kan hantera
realistiska heterogena härdar och är kompatibel med indata-filerna som används av
SIMULATE. Simulatorn innehåller en statisk del som gör beräkningar för en kritisk härd
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eftersom detta behövs för att kunna göra de dynamiska beräkningarna. Den statiska delen
har nu vidareutvecklats för att kunna beräkna de högre egenmoderna.

Simulatorn beräknade sedan egenfunktionerna och egenvärderna för samma system
som för den semi-analytiska beräkningen. Dessa två beräkningar överenstämde väl med
varandra. Beräkningarna gjordes både i ett stort och ett litet system, detta gjordes för att
kunna jämföra hur de högre egenvärdena förändrades i olika stora system. Eftersom
brussimulatorns beräkningar stämde väl överens med de semi-analytiska beräkningarna kan
simulatorn i framtiden användas för att studera mer realisktiska inhomogena system.

Undersökning av reaktorkinetik och dynamik i reflekterade system med
tvågruppsteori

Den punktkinetiska approximationens använbarhet och giltighet för brusdiagnostiska
tillämpningar har undersökts noggrant genom årens lopp. Dock är de flesta av dessa
undersökningar gjorda på homogena engruppssystem. I sådana system är det uppenbart att
de dynamiska egenskaperna beror på neutroniken i systemet genom neutronernas
kedjereaktioner. Dock är inte de slutsatser man kan dra från ett sådant system tillämpbara i
alla situationer. Speciellt gäller detta när detektorn finns i reflektorn där det inte
förekommer någon fission. När man skall mäta reaktiviteten under laddning kan man t ex
bara placera detektorer utanför de bränsleelement som redan finns i härden. Skillnaden
mellan hur härden uppför sig och vad man detekterar observerades t ex i EU:s nyss
avslutade projekt MUSE inom det femte ramprogrammet. Där visade det sig att det inte går
att tolka mätningar med pulsade neutroner och detektorer i reflektron med de traditionella
teorierna för homogena system. På grund av detta är det intresant att undersöka hur ett
reflekterat tvågruppssystem uppför sig jämfört med ett punktkinetiskt uppförande.

En sådan undersökning har tidigare inte varit möjlig eftersom det är svårt att göra
analytiska beräkningar för en homogen reflekterad härd och näst in till omöjligt för
inhomogena härdar. Den tidigare nämnda brussimulatorn passar dock utmärkt för denna typ
av beräkningar. Den användes för att räkna på en tvådimensionell modell av en realistisk
reaktor i ett underkritiskt läge driven av en källa. Detta motsvarar en härd under laddning.
Även ett mindre system modellerades av simulatorn för att kunna jämföra med det större
systemet. Det rums- och frekvensberoende systemsvaret för en fluktuerande källstyrka
beräknades och jämfördes med det punktkinetiska svaret som också beräknades av
simulatorn. Giltigheten av den så kallade brytfrekvensmetoden för bestämmandet av
reaktiviteten undersöktes också. Resultatet av undersökningarna visar att systemets
beteende avviker kraftigt, även för ett litet system, från punktkinetiken.
Brytfrekvensmetoden gav ett stort relativt fel vid uppskattningen av reaktiviteten. Felet
visade också upp ett stort rumsberoende, valet av detektorposition spelar med andra ord en
stor roll.

Teori om neutronfluktuationer i tidsberoende system med masterekvationer

Nolleffektbrus och effektbrus är två olika delar inom området för neutronbrus. De
beror på olika underliggande fysikaliska processer (förgrening i ett statiskt system
respektive fluktuationer av tvärsnitt i en effektreaktor), de dominerar i varsin effektregion
(låg eller nolleffekt respektive full effekt), och till sist behandlas de med två helt skilda
metoder. För neutronbruset i statiska lågeffektsystem används master- eller Chapman-
Kolmogorov-ekvationerna för att beräkna sannolikhetsfördelningen av neutronantalet.
Medan effektbruset (inducerat av materialfluktuationer) beskrivs m h a Langevinmetoder
när neutronflödet ses som en stokastik process.



Både för att få en fullständig beskrivning samt för att beskriva samexistensen av
nolleffekt- och effektbrus i ett mellanliggande effektsystem behandlas ett system med
fluktuerande parametrar m h a masterekvationsmetoder. Första och andra momentet av
neutronfördelningen beräknas både för kedjor som startar med en neutron och för en
stationär källa. De nya resultaten för den här typen av system beskrivs i kapitel 3. För det
första visas det sig att det inte går att använda bakåtekvationen för att beskriva system med
fluktuerande parametrar. Begreppet kriticitet behövde generalisera till
“medelvärdeskriticitet”. Det visades också att ett system som fluktuerar mellan ett under-
och ett överkritiskt tillstånd kan göras kritiskt genom att kombinera ihop tillståndens
egenskaper och frekvensen av ändringar mellan tillstånden. Variansen för system som är
medelvärdeskritiska divergerar exponentiellt, till skillnad från vanliga kritiska system där
variansen divergerar linjärt. Det visas också att vid låg effekt bidrar fluktuationerna av
systemets parametrar till nolleffektbruset. Vid hög effekt däremot bidrar inte
nolleffektkomponenten, förgreningsprocesserna, till bruset. Och till sist, vid små
systemförändringar (störningar) ger masterekvationerna samma resultat som
Langevinmetoden.

Simulering av Feynman- eller Rossi-alfa-metoden för mätning av reaktivitet i fissilt
material med MCNP-PoliMi

Genom att simulera pulsade tåg av neutroner från multiplicerande material eller
detektorpulser från pulståg går det att studera olika stokastiska metoder för att bestämma
reaktivitet eller undersöka olika safeguardsproblem. Två metoder för att bestämma
reaktiviteten är Feynman- och Rossi-alfa metoderna. Det går dock inte att genomföra dessa
typer av simulationer med traditionella Monte Carlo koder eftersom man inte simulerar
neutronernas hela historia och statistik. Dessutom använder sig Monte Carlo koder av
variansreduktion för att snabba upp beräkningarna. Detta medför förändringar i högre
ordningens moment som behövs för att göra reaktivitetsbestämmningar och safeguard-
analyser.

Numera finns det dock Monte Carlo koder som klarar av att ta hänsyn till neutronens
hela historik och statistik. Vi har tillgång till en sådan Monte Carlo kod, MCNP-PoliMi,
som klarar av att göra tidsberoende beräkningar av både neutroner och fotoner. Koden har
använts i en benchmarkövning för safeguards. Inom denna etapp har koden använts för att
generera pulståg för ett system nära kriticitet. Dessa pulståg kan sedan användas för att göra
Feynman- eller Rossi-alfa beräkningar. Systemet som användes var något underkritsikt och
en traditionell MCNP kod användes först i beräkningen eftersom det inte går att bestämma

med MCNP-PoliMi. Därefter genererades pulståget av detektorsignaler med MCNP-
PoliMi. Från dessa simulerade detektorpulståg kunde vi sedan återskapa Feynman- och
Rossi-alfa kurvor. I nästa etapp kommer koden att användas för att studera hur väl
Feynman- och Rossi metoderna fungerar i realistiska inhomogena reaktorer.

Försöksexperiment i en moderator med en Cf-252 källa för att testa Feynman- eller
Rossi-alpha-metoden

Vi har nyligen fått två stycken Cf-252 detektorer från Japan. Dessa är egentligen
neutronkällor men är byggda så att Californiumet, som emitterar neutroner från spontana
fissioner, är uppbringat på en av elektroderna av en jonkammare. De joniserade
fissionsprodukterna ger en signal i detektorn och därmed detekteras tidpunkten för varje
neutronemission. Den här typen av källa/detektor kombination är utmärkt för att kunna
utföra koincidensmätningar för neutroner i ett multiplicerande system i syfte att kunna mäta
reaktiviteten, eftersom en av signalerna (startsignalen) fås utan att någon neutron förbrukas.
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En av detektorerna har skickats till Belgien där det har genomförts reaktivitetsmätningar
som kommer att beskrivas i senare etapper inom detta forskningsprojekt.

Californiumkällan har även använts i ett försöksexperiment, här på avdelningen, där
tidsspektrat av neutroner i ett rent moderatormaterial mättes. Signalen från detektorn
användes som startsignal och den detekterade neutronen som stoppsignal. Genom ett sådant
utförande kan man bestämma avklingningstiden för en neutronpuls i en ren moderator eller
i ett absorberande material. Mätningar med och utan moderator placerad mellan källan och
detektorn har genomförts och man ser en tydlig skillnad i tidsspektrat från de olika
mätningarna.
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Section 1

Development of core calculational methods for calculating higher
eigenvalues and eigenfunctions

1.1  Introduction

Higher order eigenvalues or eigenfunctions are used as a method for solving
differential and integral equations in various areas of mathematical physics. The
eigenfunctions can be used to solve problems in an inhomogeneous geometry by expansion
methods. However, when using In-Core Fuel Management codes (ICFM codes) the
expansion of the solution in eigenfunctions is of no use since the code is working with
numerical solutions. But still, the eigenvalues and eigenfunctions do exist, and in some
cases they are of interest. In Boiling Water Reactors, BWRs, it could be of interest to
calculate the first higher order eigenvalue for the investigation and calculation of stability
margins in case of regional instability oscillations. The instable component can have a much
smaller amplitude then the stable one, hence it is possible that the stability margin is over-
estimated if detector signals from single detectors are used. Separation of the oscillation
modes can be made in possession of knowledge on the space dependence of the various
modes, hence the interest in calculating the higher eigenmodes.

The higher order eigenfunctions can also be used to estimate the margin to instability
of large weakly coupled systems such as fast breeders or ADS with annular geometry. Some
of the Gen-IV reactor types are also of this kind.

The stability can be quantified by the so-called eigenvalue separation, ES, defined as:

. (1)

Here and are the fundamental and first higher eigenvalue, respectively. A large value
of ES means a large margin of stability and a small value means that the system is close to
instability. Most of the standard ICFM codes cannot calculate the higher eigenvalues and
eigenfunctions. The purpose of this section is to analytically calculate the higher
eigenvalues and eigenfunctions in a simple geometry and then benchmark a numerical
simulator, in which the capability of calculating higher eigenmodes was recently developed.
Once the simulator correctly calculates the higher eigenvalues and eigenfunctions in a
simple geometry, it can be used to deal with more complicated systems.

1.2  System Model

A 2-region 2-group 1-D diffusion model is used with cross-section data from Ringhals-
4. The criticality is quantified with the effective multiplication factor keff. The system is
shown in Fig. 1

ES 1
k1
----- 1

k0
-----–=

k0 k1
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1.3  Static eigenvalue

The k-eigenvalue problem for this system in Fig. 1 is formulated as:

, (2)

where the matrices have the following forms:

. (3)

The subscript of the cross sections indicates whether the quantity belongs to the fast
group (1), or thermal group (2). Both fast and thermal fission is accounted for as is
expressed in the matrix F. The solution to this k-eigenvalue problem is well known and can
be found in [11]-[13]. The fast and thermal flux, , (eigenfunctions) in the static case
with zero boundary conditions, corresponding to even eigenvalues can be written as:

(4)

Here the flux vector consists of two components, the first component is the fast flux and the
second component is the thermal flux. The subscript , with , corresponds
to the order of the eigenvalue, . The odd solutions have the following form:

-b 0

Core

 b-a  a

Reflector

Fig. 1. 1-D core model with reflector
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(5)

It is also possible to calculate the adjoint fluxes which can be used to check the
orthogonality of the eigenfunctions. All adjoint quantities are denoted with a dagger, . The
even adjoint flux has the following form:

(6)

And finally the odd adjoint:

(7)

In these equations and the corresponding adjoint quantities denoted
by a depend on the k-eigenvalues. The expressions for all these coefficients can be found
in [11]-[13]. The coefficients and the corresponding adjoint ones are also
dependent on the k-eigenvalues and are calculated from the interface conditions with the
matrix given in the next section.

1.4  Orthogonality

The k-eigenfunctions of the multigroup diffusion equation do not form an orthogonal
set. It is only in one-speed diffusion problems when it is possible to form a complete set of
expansion functions, [14]-[15]. In multigroup problems, orthogonality can only be achieved
between the direct or forward and the adjoint eigenfunctions. The orthogonality relation
between the direct and adjoint flux for different eigenvalues can be calculated by using the
eigenvalue equations:

(8)
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The expression for the direct matrices is given in Eq. (3), whereas the adjoint matrices have
the following form:

(9)

From this it is possible to write down the terms and ,
which are equal to each other by the definition of the adjoint operator, explicitly as:

(10)

and

. (11)

Since the two terms involving the second derivative are self-adjoint and all other terms
are equivalent, we see explicitly that

. (12)

But we also have from Eq. (8):

(13)

Hence, we can form the following orthogonality relation for different k-eigenvalues:
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(14)

This is the same expression as is found in [15] and [16]. If the k-eigenvalues are
different then the last integral has to be zero. Hence, we have an orthogonality relation
between the normal and adjoint function for different k-eigenvalues in the form

. (15)

If the direct and adjoint fluxes are taken for the same k-eigenvalue, then the integral is
non-zero (Ref. [15]), and the integral can be used for normalisation.

The next step is to investigate the relationship between the direct functions, i.e. the
traditional flux eigenfunctions, for different k-eigenvalues. From Eq. (10) we have the
following with  and , :

(16)

In general, this expression is not zero. But one can argue that in a homogeneous or
piece-wise homogeneous, symmetric system it is zero if the eigenfunctions correspond to
one even and one odd k-eigenvalues, since the integral is performed over a symmetric
interval around zero on the product of one even and one odd function. If the same
calculations as in Eq. (14) are performed, one arrives at

(17)

This result is different from the result one obtains for the so-called -eigenvalue.
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1.5  Semi-analytical calculation of the eigenfunctions

It is not possible to calculate the different eigenvalues fully analytically, since it
involves the solution of equations with transcendental functions. However, if numerical
methods are used the eigenvalues and the corresponding eigenfunctions (fluxes) can be
determined semi-analytically. The k-eigenvalues are calculated by solving the following
equation:

(18)

Here is a matrix, calculated from the interface conditions. For the even eigenvalues
it reads as

(19)

Similar matrices are obtained for the odd eigenfunctions and for adjoints. The coefficients
 and  are calculated by solving the following equations systems:

(20)

Due to the singularity of the equations, that arises from the condition (18), the solution
remains undetermined to a constant factor. The constant depends on the normalisation
condition and it can be selected freely.

The first five eigenfunctions and their adjoints are shown in Fig. 2 for a 1-D system
corresponding to the size of a real power reactor (a=279,5 cm, b=161,25 cm). This system
of realistic size is referred to as a large system in the continuation of this section.
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The higher order eigenvalues decay much slower with increasing order number in a
large system than a small one, as can be seen in Fig. 3. Hence, the system is closer to
instability, in the sense that the higher order eigenmodes can be excited more easily than in
a small, strongly coupled system. The stability can also be expressed by the so-called
eigenvalue separation ES defined as

(21)

A numerical value close to zero means that the first higher harmonic is close to unity,
hence the system is close to instability; in contrast a numerical larger ES value means that
there is a larger margin to instability. For the numerical examples in this case a large system
has an ES=0.01327 and small system (a=40 cm and b=20 cm) has an ES=0.4205.
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Fig. 2. The first five direct and adjoint eigenfunctions for the large system.
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1.6  Numerical calculation of the eigenfunctions

By modifying the neutron noise simulator [17] developed at the Department, it became
possible to calculate higher order eigenvalues and eigenfunctions. Since both the
eigenfunctions and the eigenvalues have to be determined from Eq. (8), an iterative scheme
is usually required for carrying out such a calculation. The static solver, which is a part of
the noise simulator, allows for the determination of the fundamental mode of the neutron
flux and its adjoint for 2-dimensional systems in the 2-group diffusion approximation. The
power iteration method was chosen in this tool for its simplicity and its robustness. It was
thus decided to extend this iteration scheme to the calculation of the higher modes of the
neutron flux and its adjoint.

When estimating a mode n, it is necessary to choose an initial guess for the
eigenfunction that contains the mode n one is looking for. In the algorithm used in this
study, a random distribution of the initial guess is used. Furthermore, one needs to remove
during the iteration process the “contamination” from the lower order modes (i.e. the modes
m such that ), otherwise the algorithm will lead to the largest eigenvalue and the
corresponding eigenfunction, i.e. the fundamental mode. Using the orthogonality
relationship given by Eq. (15), one finds that the power iteration scheme is thus defined as:

(22)
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Fig. 3. The k-eigenvalues for two system sizes

m n<

φ̃n
i( ) r( ) L̂ 1– 1

kn
i( )--------F̂ φn

i 1–( ) r( )××=

φn
i( ) r( ) φ̃n

i( ) r( )
φ†

m F̂ φ̃n
i( )×,( )

φ†
m F̂ φm×,( )

-----------------------------------φm r( )
m 0=

n 1–

∑–=

kn
i( )

F̂ φn
i( ) r( )× rd∫

F̂ φn
i 1–( ) r( )× rd∫

------------------------------------------kn
i 1–( )=

⎝
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛



- 9 -

for the direct problem, and as:

(23)

for the adjoint problem. In this iterative scheme, the superscript i represents the iteration
number. This algorithm has to be applied for increasing values of n, since the converged
eigenfunctions and their adjoints are required for all previous modes m, i.e This
algorithm was applied to the same system as for the semi-analytical calculations. The
comparison between the two calculations is made in the following subsection.

1.7 Comparison between the semi-analytical and numerical eigenvalues and eigen-
functions

In the table below the numerical values, from the semi-analytical calculations, of the
eigenvalues are listed, in column 2 and 3, after making the system critical by putting the
highest eigenvalue equal to unity. The eigenvalues have been calculated both with MatLab
and with Mathematica and identical results were obtained. The eigenvalues for the adjoint
equations are also the same as for the direct equations. For the first few higher order
eigenvalues the numerical simulator was also used to calculate the eigenvalues, which are
given in columns 4 and 5. Here, since with the numerical simulator the exact criticality
cannot be easily adjusted manually, when the system was close enough to criticality (last
column), all eigenvalues were normalised by (column 4) in order to be able to compare
with the analytical results. As can be seen in the table, the agreement between the analytical
and numerical calculations is very good. Hence, the numerical simulator is correctly
calculating the eigenvalues.

Table I. Eigenvalues for two system sizes

eigenvalue
small system,
a=40 cm and
b=20 cm

realistic reactor,
a=279.5 cm and
b=161.25 cm

realistic reactor,
numerical
simulator, norm

realistic reactor,
numerical
simulator

k0 1.0000 1.0000 1.0000 1.00146

k1 0.7040 0.9869 0.9869 0.9883

k2 0.4238 0.9656 0.9656 0.96696

k3 0.2467 0.9369 0.9369 0.93828

k4 0.1476 0.9021 0.9020 0.90336
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A comparison of the fluxes calculated both semi-analytically and numerically is shown
in Fig. 4.

The agreement between the semi-analytical and numerical calculations is a good
benchmark of the ability of the numerical simulator to correctly calculate both the higher
eigenvalues and higher eigenfunctions. Hence, the simulator can be used for evaluation of
eigenvalue separation for more complicated geometries than cannot be handled analytically.
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Fig. 4. Comparison between numerical and analytical calculations of the
higher order eigenfunctions.
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Section 2

Investigation of reactor kinetics and dynamics in a reflected 2-group
system

2.1  Introduction

The validity of the point-kinetic approximation has been studied quantitatively in 1-D
one-group models, but much less is known about the validity in 2-D, 2-group reflected
systems. Methods of determination of the subcriticality (the reactivity in subcritical systems
such as Accelerator Driven Systems (ADS)) are usually based on the point-kinetic
approximation. Hence, it is important to investigate whether or not the point-kinetic
approximation is valid in such systems. In this work a noise simulator, developed at our
Department, is used to calculate the full space- and energy-dependent neutron noise in a
subcritical system with a central source of fast neutrons [17]. Comparison with the point-
kinetic results makes it possible to quantify the validity and accuracy of the point kinetic
approximation. The accuracy of the so-called break frequency method of determining the
subcritical reactivity of a system can also be investigated.

2.2  Neutron noise simulator

In order to investigate whether the point-kinetic approximation is valid or not in a 2-D,
2-group, 2-region system the neutron noise induced by a central source, is
calculated with a numerical neutron noise simulator, developed at the Department [17]. The
2-group equations with one group of delayed neutrons are as follows:

(24)

If all time-dependent terms are split into their mean values and fluctuations and the
flux is factorized into an amplitude factor, and a shape function, ,
( ), which are also split into mean values and fluctuating parts, then
the neutron noise in the time domain is given as (Ref. [19]):

(25)

Here is the perturbation of the shape function and the point-kinetic term is given
as:
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, (26)

where  represents the static subcritical flux (n being the group index).
If the static solution is subtracted from Eq. (24) and a temporal Fourier-transform is
performed, the neutron noise is given as:

(27)

with

(28)

After discretising Eq. (27) w.r.t. the spatial variable, it is possible to calculate the induced
noise by using the noise simulator. The noise simulator is capable of calculating the transfer
function, i.e. the Green’s function of the above equations, from where the induced noise is
obtained by an integral of the transfer function over the noise source on the r.h.s. of Eq.
(27).

2.3  The system

In order to test the validity of the point-kinetic approximation, two different model
sizes were used, 3 and 1 m in diameter respectively. The size of the system is
nodes in the simulator, see Fig. 5. The node size for the large system is 10.75 cm and for the
small system 10.75/3 cm. The input data for the cross section data is taken from a
SIMULATE-3 calculation, representing a typical PWR. The different subcriticalities of the
core are obtained by uniformly modifying the macroscopic absorption cross-section in both
the fast and the thermal group. The source is assumed to be only in the fast group, which
corresponds to the fluctuations of the spallation source in an ADS. The magnitude of the
fluctuations was .
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.

2.4  Point-kinetic approximation

If the point kinetic approximation is valid, the induced neutron noise given in Eq. (27)
should have a space-dependence equal to that of the static flux, hence
should be constant (having the same value for all points in the system). It is also possible to
calculate the point kinetic term as:

. (29)

Here is the adjoint function of the static critical flux, the static subcritical
flux and the frequency dependent noise, . This term can also be
calculated by using:

(30)

Here is the well-known zero-power transfer function and is the relative
fluctuation of the source strength, which will be supposed to be equal to 0.01 for all
frequencies. In order to verify that the noise simulator is calculating the noise correctly, it is
possible to compare these two calculations. Hence, in Fig. 6 both Eq. (29) and Eq. (30) are
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plotted.

In Fig. 7 the relative error of the induced thermal noise, calculated with the noise
simulator for the large system, compared to the point kinetic expression given in Eq. (29), is
plotted for some positions and system subcriticalities, as functions of the frequency.
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Fig. 6. Comparison between Eq. (29) and Eq. (30) for the large system size.
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In Fig. 8 the same relative error is plotted for the smaller system.
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Fig. 7. Relative error of Gρ(ω) at some different positions compared to the point-kinetic
approximation, large system size.
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As can be seen, the point-kinetic approximation works better for deeper
subcriticalities, as expected. It is also a better approximation at low frequencies which is
also expected. Hence, at deep subcriticalities, the point-kinetic approximation can be used
to estimate the reactivity but close to criticality it is not a good approximation. Somewhat
surprisingly, the error of the approximation is comparably similar in the small and the large
system.

2.5  Break-frequency method

The break-frequency method can be used to determine the reactivity of a sub-critical
system (Ref. [20]). The essence of the method is that the frequency dependence of the
neutron noise is given by that of the zero power transfer function of the subcritical core,

(31)

which has a break frequency at . From the break-frequency the
reactivity is estimated as:

(32)

Here is the effective fraction of delayed neutrons and is the neutron generation time.
The break-frequency can be determined by curve-fitting a transfer function, , with
one pole to the high frequency part of the APSD of the detector signal. That is, a function

(33)

is fitted to the high-frequency part of , given in Fig. 9 and Fig. 10 for the
large and small systems respectively, with  and  being the fitting parameters.
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There is also another possibility to determine the break-frequency by using the
intersection between two straight lines, fitted to the plateau and the decaying part of the
curve, respectively. Both methods are demonstrated in Fig. 11 on an analytical expression.

2.6  Results and conclusions

In Figs. 12 and 13 the results of the estimation of the reactivity for four different
subcriticalities at three different detector positions are shown. The horisontal axis, showing
the detector positions, represents a decreasing distance of the detectors from the source,
which is situated in the position (16,16). The calculation performed with a detector in the
same position as the source gave a too large error to be plotted in the figure. As a reference,
it can be mentioned that the estimation of the reactivity using the expression given in
Eq. (29) gave a correct results. The reactivity is determined by using both the transfer
function and the line intersection method for the estimation of the break-frequency. Both
the absolute and the relative errors are shown in the Figures. For the smaller system, the
break-frequency method is working better than for the larger one, as expected; however, the
error is large in both systems. This observation fits in with similar conclusions about the
applicability of reactivity determination methods (Ref. [19] and the references therein).

It is also noticed that at an intermediate detector position between the source and the
core boundary, position (10,16), the deviation from point kinetics is the smallest and the
estimation of the reactivity has the smallest error. This observation is in agreement with
earlier works on 2-D reflected systems, [19].

The conclusion of this work is that the point kinetic approximation in general is not
valid in a 2-group, 2-D reflected system.
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Fig. 12. Relative and absolute error of the estimated and the real reactivity for four
different detector positions and for the point-kinetic approximation using H(ω).
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Fig. 13. Relative and absolute error of the estimated and the real reactivity for four
different detector positions and for the point-kinetic approximation using lines.
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Section 3

Development of the theory of neutron fluctuations in a system
varying randomly in time with the master equation approach

3.1  Introduction

The theory of neutron fluctuations in multiplying systems has two separate chapters.
There is both a chronological and methodological separation between these two branches.
First, the theory of neutron fluctuations in steady systems [21], also associated to low (zero)
power, was developed in form of backward master equations for the probability distribution
of the particles in the phase space [22]. These fluctuations, also referred to as zero power
reactor noise, are due to the inherent statistical properties of the individual neutron reactions
and the statistics of the source injection process. Since in the traditional cases the source
neutron emission times are not correlated, and since the neutrons do not collide with each
other, the only deviation from the trivial (Poisson) statistics of the neutron distribution is
generated by the branching process, due to fission. When two or more neutrons are born in
a fission event, during the lifetime of the chains they generate, there will exist positive
correlations between the numbers of the progeny of such commonly born neutrons, (or that
of the corresponding detector counts during a period), despite the fact that the individual
reactions of all neutrons are independent from each other. It is thus the branching process
that generates a deviation from the Poisson statistics, and this manifests itself by the fact
that this deviation is proportional to the second factorial moment of the number of neutrons
generated in fission (usually expressed by the so-called Diven factor). Both the Poissonian
part of the noise variance as well as the deviation from it depend linearly on the first
moment (expectation) of the neutron number in the system.

In the second stage it was noticed that temporal variations of the material of a
multiplying system also induce fluctuations of the neutron flux. Such variations can be
either deterministic or stochastic, depending on the nature of the variation of the reactor
material (“perturbations”). In the stochastic case, the neutron fluctuations are called power
reactor noise. The first example of such “parametrically induced” neutron noise was the
case of an oscillating (periodically moved) absorber experiment at the Oak Ridge Graphite
Reactor X10 [23]. Most of the relevant perturbations in power reactors are, however,
random in character, such as flow-induced structural vibrations or turbulent one- or two-
phase flow in LWRs (light water reactors). Both the deterministic and the random cases can
be uniformly treated by the linearized version of the Langevin equation for the neutron
density or neutron flux in the frequency domain, with use of the Wiener-Khinchin theorem
[24]. In such a description, however, the zero power noise, i.e. the fluctuations arising from
the inherent randomness of the evolution of the particle number due to the branching
process, is missing. The variance of the power reactor noise so calculated is proportional to
the square of the mean neutron number, and hence it dominates in high power reactors. This
is usually taken as a confirmation of the applicability of the Langevin technique for power
reactor noise. However, the quadratic dependence of the power reactor noise on the neutron
number (reactor power) only means that the traditional zero power noise, present in
constant systems, can be neglected, but it does not prove that in time-varying systems the
effect of branching can be neglected totally. Indeed this statement has not been proven by
theory so far, it was only justified by the generally good agreement between the results of
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the Langevin technique with measurements. The proof of the validity of this neglection is
one of the basic results presented in this section.

In the absence of branching, the reason for the non-trivial (i.e. non-Poisson) statistics
of the neutron distribution in the case of power reactor noise is the fact that the perturbation
affects several neutrons simultaneously. Homogeneous (space-independent) perturbations,
as the one treated in this section, actually affect the history of all neutrons in the system at
the same time. Due to the fluctuations of the material, the statistics of the chains that the
individual neutrons initiate, will not be independent. This fact not only explains that power
reactor noise does not necessitate the existence of branching (it appears even in a pure but
time-varying moderator/absorber with an external source), but also will have the
consequence that the backward master equation in its traditional form (by assuming the
independence of the simultaneous chains) becomes inapplicable, and its generalized form,
not depending on the independence argument, becomes prohibitively complicated to use for
the calculation of the noise in a fluctuating system.

The need for a unified theory by the master equation technique, which treats the
neutron fluctuations in a system whose properties vary in time, and which thus accounts for
both the zero power and power reactor noise simultaneously, has been recognized in the
literature recently by the present authors ([25] - [30]). It is such a theory which is presented
in this section, and some important aspects of the solutions obtained will be discussed.
There is both an academic interest in the matter as well as it has some practical aspects. On
the conceptual side, there has been a lack of knowledge whether or not, and if yes how, the
neutron fluctuations can be described by the master equation approach in the case of a
fluctuating medium. On the practical side, such a theory could also verify or disprove the
applicability of the zero power and power reactor approaches in the limits of low and high
neutron numbers, respectively, since this is not self-obvious; also, its results would be
applicable within a transition region where neither the zero power nor the power reactor
noise is dominating.

We will show that the effects of the fluctuations of the system on the neutron
fluctuations do not disappear in the low power limit, which is understandable intuitively.
That is, in case of system fluctuations, the classical expression for the variance of the
number of the neutrons, or the variance-to-mean of the detector counts, will not be equal
with the one given by the traditional theory ([22]). It is then interesting to know whether the
extra terms are fully or partially due to the branching process, or are exclusively due to the
system fluctuations. We will show that both possibilities above (pure system fluctuations
and a mixed term) are present. For the case of high mean neutron number, there exist no
proofs that the effect of branching can indeed be neglected, which actually happens in the
Langevin approach applied for the calculation of power reactor noise. It will be shown in
this section that it is indeed true that for the case of small perturbations (system
fluctuations), i.e. the only case for which the Langevin approach is applicable, the more
fundamental master equation approach gives exactly the same result for the variance of the
number of the neutrons as the Langevin approach. In other words, at high power, the effects
of branching are indeed negligible, and the traditional Langevin technique is applicable for
small perturbations. At the same time, the result obtained with the master equation approach
is more general in that it is valid for any perturbation and is not limited to the case of weak
perturbations and linearized theory.

In the work reported here, we will use a binary model of the system fluctuations
suitable for the master equation approach, and a solution method elaborated and used in
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several of our previous publications ([27] - [30]). Several qualitative and quantitative details
of the solutions, especially those of the first two moments of the neutron number, induced
by a single source particle, have been discussed in the previous papers. Here we will
concentrate on the questions described above, that is the analysis of the variance of the
neutron number in a subcritical system with a stationary source, and analyse the behaviour
of the solution in the low power and high power cases, respectively, with a comparison to
the traditional zero power and power reactor solutions. The statements about the
inapplicability of the traditional zero power results for a low power system with varying
properties, as well as the applicability of the Langevin technique for the high power case
with small perturbations, will be explicitly demonstrated.

3.2  General principles and definitions

As a reference, we shall consider a constant medium with multiplication as well as
absorption. Similarly to most studies of zero power noise, we shall assume that the
multiplying medium is infinite and homogeneous, so that all quantities we consider will
only evolve in time. Delayed neutrons will be neglected throughout. Further, one-speed
theory will be used, i.e. dependence on energy will also be neglected. Due to the use of one-
group theory, scattering can also be neglected. The properties of the medium will be defined
by the material parameters such as reaction cross sections and probability distribution of the
particles generated in a collision event. In the case of the fluctuating medium, these
parameters will become binary random processes.

In order to establish contact with some earlier publications on both zero power and
power reactor noise, as well as the more rigorous notations of our recent work in this area,
we will in various instances use two equivalent forms of notation. We hope this will not
lead to any misunderstanding.

We shall assume that the process of neutron transport is Markovian. This can be
expressed by the fact that if is the random time interval between the emerging (“birth”) of
a particle either by injection or reaction, and its first consecutive reaction, then has an
exponential distribution:

, (34)

where Q is the intensity of the reaction, and is the mean life of the particle in the
specific multiplying medium. Here we used the convention that will be followed throughout
the section, that random variables will be denoted by boldface, whereas concrete values
(realizations) as well as moments of the variables are denoted by plain text. The only
exception we will make, for traditional reasons, is the case of the random variable below,
representing the number of neutrons born in fission (or arising from a reaction).

It is clear that in one-speed theory, the inverse of Q is the neutron lifetime :

(35)

where is the total macroscopic cross section of the reaction and v is the neutron speed. In
traditional stochastic neutron transport, it is more customary to describe the medium by the
macroscopic capture and fission cross sections and , respectively, giving the
probability of the corresponding reactions per unit path length travelled by the neutron
(Refs [25] and [26]). Obviously, . Also, in the traditional description one has
to specify the distribution of the number of neutrons per fission such that if is the number
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of neutrons generated in one fission, then

(36)

is the probability of the event that  neutrons are generated in a fission event.

However, we shall follow a slightly different description, which is more concise.
Instead of treating capture and fission separately, we contract them such that we only
consider the probability of a reaction per neutron and per unit time, and the number
distribution of the particles leaving the collision, both capture and fission included. The
intensity of the reaction with respect to the total cross section was specified by the
parameter Q above. The number distribution per collision is defined as follows. Let be
the number of particles generated in one reaction, and let

(37)

be the probability of the event that . It is obvious that is the probability of the
annihilation,  that of the renewal, while ;  that of the real multiplication.

The connection between the traditional  and our  is as follows:

(38)

In the calculations we will use the first two factorial moments of the distribution .
These can be defined by introducing the generating function

(39)

Then the first and second factorial moments and of the number of particles
per collision are given as

, (40)

and

(41)

It is important to note here that the above notations are not identical to the first two
factorial moments that occur in the traditional theory of zero power noise, where similar
notations are used. The reason is that the latter refer to statistical averages over the number
of neutrons per fission, i.e. they are factorial moments of the distribution . In order to be
able to distinguish between the two cases, we will use the following notations for the
traditional factorial moments of the number of neutrons per fission:

(42)
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(43)

Because in our results the factors and will appear, whereas in the
traditional literature the formulas refer to and , it is useful to mention here the
relationship between these two. From Eq. (38) one can easily obtain that

(44)

where k is the multiplication constant of the medium, and

(45)

From the above it also follows that the ratios of the first two factorial moments in both
conventions are equal to each other, a fact that we will use later:

(46)

At this point it is worth listing two more parameters and their definitions that will be
used later. As it will be seen, the kinetics of the system will be governed by the parameter

, defined as

(47)

It is easy to see that this definition is in complete agreement with the traditional definition

(48)

by recalling that

where is the prompt neutron generation time and the neutron lifetime, defined in
Eq. (35). Also, because in most of the physically interesting cases we will treat subcritical
systems with an external source, is, as a rule, negative, hence it will be practical to use
the parameter

(49)

Further, for the second factorial moment of the particle number, we will need that of
the number of particles per collision. Hence we define

(50)

where we have also introduced the notation

for the second factorial moment of the number of neutrons per fission. Obviously, in our
formulae will play a role similar to that of the Diven factor, used in the literature. It is
the presence or absence of this parameter that indicates whether or not branching has a
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contribution to the variance of the neutron number.

In the classical case of a constant medium, the above parameters are sufficient to
characterize the medium. In the case of a medium varying stochastically in time, we shall
assume that the medium has two states, and , with the parameters

. The random state changes of the system are described
by the intensity of state change, such that is the probability that during time

the transition or the transition takes place. Naturally, for the
randomly varying medium we will have and , respectively and

. Actually, in the equations for the factorial moments, only the parameters
and will occur. The binary changes of the system can be illustrated by the temporal
evolution of the parameter which is a binary pseudo-random process. One possible
realization of the process is illustrated on Fig. 14. Here, in the traditional sense, the state
is supercritical, and the state is subcritical .

Finally, we will consider the cases of either one initial pulse of source particles, or
having an external source which injects particles with an intensity function , such that the
probability of injection during time is . Again, here the notation was retained in
order to have contact with the traditional notations (Ref. [22]). The alternative notation for
the source intensity, used in later publications (Refs [25] and [26]), is S.

3.3  Master equations for the probability distribution

The basic methodology of deriving various statistical properties of the particle
population is based on the master equation formalism. Some basic properties that will be
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Fig. 14. Temporal variations of the parameter α, oscillating between two
constant values α1 and α2.

i0
Δt i0Δt i0



- 27 -

used but cannot be described here due to space limitations can be found in standard
textbooks, such as Harris [31], Bartlett [32] and Sevast’yanov [34]. A recent report by one
of the authors provides also more details about the calculations [27].

The basic quantity to be considered is the probability distribution of the particle
number in the medium, i.e.

(51)

which is the probability that at time the system contains particles and is in the state
, provided that at time it contained particles and was in state
. In some instances the case of one initial injected particle will be considered,

for which the simpler notation

will be used.

As the notation shows, the flow of time, i.e. causality is from right to left in the above
formulae and in all subsequent equations in this section. For discrete Markov processes,
such as the state changes of the system, this is a somewhat unusual type of notation;
however in many other branches of physics, such as quantum mechanics, transport theory
etc., it is customary to have the final coordinates/indices on the left and the initial ones on
the right.

The functions , defined as

(52)

are the transition probabilities of the state changes of the system. They can easily be derived
from first principles, or as a special solution of the master equation for , shown
soon below. Since the transition probabilities will be used later in the solution for
the second factorial moment of , we quote them here as follows:

(53)

As is well-known, one can derive either a forward or a backward type master equation
for . For various reasons, in the case of the constant medium treated so far, the
use of the backward equation has proved more practical, and hence it was used from the
very beginning (see e.g. [22]). However, the derivation of the backward equation starts with
an equation for , and the general quantity is then obtained using
the factorization property

(54)

Eq. (52) expresses the fact that the branching process at time starting with
particles, at time will be the sum of independent branching processes, each starting
with one particle. It is partly this factorization property that gives practical advantages to
the backward approach over the forward one. However, for the case of the medium
randomly varying in time, the above factorization will not hold. The reason is that the
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processes started by particles that are present in the system at a given time are not
independent in a randomly varying medium. The dependence between processes started by
particles that are present in the system at a given time arises from the fact that each such
branching process senses (i.e. is affected by) the same sequence of state changes of the
system. Physically, it is exactly this joint effect of the state changes of the system that will
generate the correlations between the numbers of the neutrons, or their reactions, that gives
rise to non-Poissonian statistics.

Formally, this will have the consequence that the process started by particles cannot
be reduced to processes started by one particle, i.e. the generating function of
cannot be “factorized” by generating functions of probabilities .
This circumstance was overlooked in some recent work [25,26], which used the backward
equations with assuming the factorization property. As can be easily confirmed, assumption
of the factorization does not affect the first moment, which was thus obtained correctly in
the papers mentioned. However, the results for the second moment, such as the variance,
are slightly in error, even if most qualitative conclusions are correct.

In lack of the factorization, if one wants to pursue the backward approach, one has to
solve equations of infinite hierarchy and this without making closure seems to be a rather
complex task. For this reason, from this point onwards, we shall use exclusively the forward
approach.

3.3.1  Forward master equations without external source

Using the forward equation, one slight disadvantage of the forward approach becomes
immediately obvious. Namely, when interpreting a measurement, or in any practically
interesting case, one is not concerned about which state the system is in, since the
fluctuations of the system are not measured. Actually, the purpose of power reactor noise
diagnostics is to infer those perturbations from the measurement of the induced neutron
noise, by an inversion of the theoretical expression connecting the perturbations and the
neutron noise. That is, from the observation point of view, the system can be in any of the
two accessible states, and one is only interested in the probability of finding particles in
the system:

(55)

The above relation is based on the mutually exclusive character of the events of the
system being in either state 1 or 2. From this it also will follow that the factorial moments of
the particle distribution are also additive w.r.t. the final states if we are not interested in
which state the system is in.

The difficulty mentioned is related to the fact that calculation of the total probability
, as seen in Eq. (53), requires an operation on the final coordinates . Since the

forward equation also operates on the final coordinates, it is not possible to derive a forward
equation directly for . Rather, first a solution has to be obtained which contains
dependence of the final states, and then the summation indicated Eq. (53) can be performed
(for e.g. the factorial moments). Hence the notations will be considerably more complicated
than in Ref. [25], where the backward approach was used, and where thus only dependence
on the initial state had to be indicated. However, as explained above, the backward equation
is not applicable in the form it was used in [25], and hence we will have to use the more
complicated notations.

m
pi t n m,( )

pi t nl m,( ), l 1 ...,m,=

n

pi t n m,( )=p1 i, t n m,( ) p2 i, t n m,( )+

pi t n m,( ) j

pi t nl m,( )



- 29 -

On the other hand, since in the forward approach no operation is performed on the
initial variables, the number of particles at time t = 0 can be left undetermined, and only be
taken into account via the initial conditions. In this subsection, in the concrete calculations,
we will assume that the process was started by one initial particle.

We derive now the forward equations for the transition probabilities

:.

Using the notations defined earlier, after usual considerations one obtains the following
differential equations:

(56)

(57)

Defining the generating function

(58)

one can immediately show that the generating functions satisfy the
partial differential equations

(59)

and

(60)

with the initial conditions

The equations for the transition probabilities of Eq. (52) can be obtained by
substituting z = 1 in Eqs. (59) - (60), as is seen from Eq. (58).

In most applications one hardly needs more information about a random process than
that contained in the first and second moments of the probability distributions. In the
forthcoming we will be dealing with the determination and the properties of the first and
second factorial moments.
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The k-th factorial moment of the number of particles at time in a system of state
 is defined by the formula

(61)

given that at time the system was in state and contained one particle. If the state
of the system at time is not specified, then, as it immediately follows from Eq. (55),
the moments

are used.

Calculation of the expectations (first moments)

From the forward equations (59) and (60) one can immediately write down the
equations

(62)

and

(63)

with the initial conditions . These equations are readily solved
e.g. by Laplace transform techniques (for the details see Pál [27]). As mentioned earlier, in
general, we are not interested in which state the system is at the final time, and accordingly,
we seek the total expectation of the neutron number

(64)

Here, in order to simplify the notations, and also for easier comparison with the notations of
some earlier work (Refs [25] and [26]), the simplified notation was introduced for the
first factorial moment. In general, we shall use the following notations for the first two
factorial moments of the neutron population for the source-free case (initial pulse of one or
more neutrons):

(65)

With these notations, the expectation of the neutron number in the system at time ,
irrespective of which state the system is in, but with the condition that it started from state

, is given as

(66)
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(67)

(68)

are the roots of the characteristic equation

. (69)

One immediately notices that .

The above formulae display several interesting properties of the kinetics of systems
with time-varying properties. These have been discussed in our previous publications, and
will only be briefly summarized here. Naturally, for the cases when both and are
positive, or negative, the system is strictly supercritical or subcritical, respectively. The
interesting case is when the system fluctuates around (which is the critical condition
for constant systems), i.e. and , or vice versa. Such a case is depicted in
Fig. 14.

Eq. (67) shows that the criticality condition can be formulated as . This sets a
condition between the parameters  and  as follows:

(70)

For the case when  and neither  nor  are zero, from Eq. (70) it follows that

(71)

must be fulfilled. However, Eq. (71) must be appended with the condition
since, as Eq. (68) shows, in the opposite case one will have . By virtue of Eq. (71) this
then incurs that also the condition must be fulfilled, i.e. and must have
differing signs. In that case one can say that the system is critical in the mean.

In the case when (or ), Eq. (71) is not applicable, and one has to go
back to Eq. (70), from where one obtains that in that case either also (or ,
respectively), whereas becomes undetermined, or and ( ) remains arbitrary.
The first out of these two cases is the degenerate case (in the present description) of a
system with two identical states, being equivalent with the case of a constant medium. Then
obviously it does not matter with what intensity the system jumps between its two identical
states. The second alternative corresponds to the case when one of the two states of the
system is critical in the traditional sense (constant medium) and it never leaves that state; in
that case obviously it does not matter what the criticality parameter of the other state is.
For the case when , from Eq. (70) one obtains and is again
arbitrary. These above are all pathological cases for a time-varying medium, and we will
disregard them in the continuation.

The necessary condition to have a system critical in the mean is in itself
interesting and shows a definite difference between constant and time-varying systems. One
could expect that a time-varying system is critical if
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(72)

However, as Eq. (68) shows, in this case , and the expectation of the neutron number
diverges.

This fact also illuminates one definite difference between the linearized Langevin
approach and the master equation approach; other similar examples will be given shortly.
Namely, applying the Langevin equation to a perturbation with zero mean, such as in
Eq. (72), will not change the criticality of the system and will not lead to diverging
solutions. The reason for this difference can be traced back to the linearisation of the
Langevin equation, which only keeps terms linear in the perturbation. Then, letting

(73)

be a order small quantity, from Eq. (71) one obtains, by keeping the smallest order in
that

, (74)

i.e. the exponent determining the asymptotic properties is quadratic in the perturbation.
Such terms are neglected in the Langevin approach, this is why there is no divergence of the
solutions in a critical system perturbed according to a random function with zero mean.

Fig. 15 shows the behaviour of the system on the parameter plane ( ). If both
and are larger than 0, then the system is strongly supercritical (SSPRC), whereas, if both
are less than 0, the system is strongly subcritical (SSBCR) at any positive value of . Points
of the domains CRM, in which and at the same time is also negative,
correspond to systems critical in the mean if, and only if the frequency of the state change
exactly equals to given by Eq. (71). If , then the system is subcritical in the
mean, otherwise if , then it is supercritical in the mean (SPCRM). Points of the
SPCRM domains, for which the condition , holds, but the signs of and
are different, define systems which are supercritical in the mean at any non-zero value of .
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Fig. 16 shows the time dependence of the expectations of the particle number in three
different systems: a system which is critical in the mean and the frequency of the state
change is ; a system which is subcritical in the mean and finally one that is supercritical
in the mean 1. The upper curves correspond to the start from , while
the lower ones to the start from . It is clearly seen that if the system is
supercritical at the start, then the asymptotic value of the expectation of the number of
particles is larger than in the case when the system starts with a subcritical state. For the
system critical in the mean, the expectation converges to a value larger than the number of
particles at the beginning if the system was supercritical, whereas if the system is subcritical
at the start, then the expectation tends to a value less than the number of particles at the
beginning when .

From Eq. (70) it is also easily seen that the effect of the initial state on the mean value
is preserved even in the limit of . This is especially interesting in the case of a critical
system, where a constant non-zero value of the expectation is formed asymptotically. It is
elementary to show that

, (75)

where the index “cr” refers to the critical state. The above means that the expectation of the
particle number in a randomly varying critical system does not forget about which state the
branching process was started from.

Second factorial moments

For calculating both the variance and the covariance, the second factorial moments

(76)

are needed. Using the notation conventions introduced in Eq. (66) for the first and second
factorial moments, from the generating function Eqs. (59) and (60) the following
differential equations can be obtained:

, (77)

and

(78)

where, in accordance with the definition Eq. (50),

. (79)

Eqs. (77) and (77) can be readily solved by Laplace transform methods. After lengthy
algebra, the solutions are given in the time domain as
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units. For the sake of simplicity the value  has been chosen.
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, (80)
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and

(81)

where

, (82)

, (83)

. (84)

Since all factors under the integral sign in the above integrals are known and simple
functions, the integrals can be computed analytically. The result can be written in the
compact form

, (85)

where

, (86)

and

, (87)

and further,

, (88)

and

(89)

One also notices that , hence the asymptotic properties of the variance will be
determined by . The values of the coefficients are not given here for simplicity; they
can be found in [27].

Often, one is only interested in what state the medium was at the initial time of the
branching process. In this case the factorial moments
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have to be used in the calculations.
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Often, one is only interested in what state the medium was at the initial time of the
branching process. In this case the factorial moments

(91)

have to be used in the calculations. In possession of the second factorial moments
, the variances can be determined from the following formulae:

(92)

If one is only interested in the effect of the initial state, then one needs to calculate the
variances

(93)

Of course, the variances (92) supply more information about the process.

In Fig. 17 the temporal behaviour of the variances is shown again for three systems,
being critical, subcritical and supercritical in the mean, respectively. The figure shows that
in all cases, even after a relatively long time, the variances “remember” the initial state of
the medium.

The behaviour in the sub- and supercritical systems is as expected, dying out and
diverging, respectively. The more interesting behaviour is shown in the system critical in
the mean, Fig. 17 a). Since in a randomly varying medium critical in the mean one has

, one can immediately see from the formulae (86) and (87) that by increasing the
variance diverges exponentially, since , if . It is known that in a critical
medium with constant parameters the variance of the particle number diverges linearly in .
The random alterations of the states of the medium, or more precisely, the fact that the
medium alternates between a supercritical and a subcritical state, changes thoroughly the
time dependence of the variance, as is also illustrated in Fig. 17 a).

In view of the fact that the time dependence of the variance of the particle number in a
randomly varying binary medium is determined by the roots and , it is
interesting to investigate the dependence of the roots and , which play a
decisive role, on the “frequency” . For the sake of simplicity, we only concern with the
behaviour of and corresponding to the point of the upper
CRM domain, illustrated in Fig. 15. The results are shown in Fig. 18.

It is seen in the Figure that at the frequency one has , i.e. the
expected value of the particle number becomes finite and larger then zero for .
However, since , the variance diverges exponentially (and not linearly), as it was
already pointed out earlier. Fig. 18 also shows that at the frequency one
has and , and this results in that the variance converges to a finite value
larger than zero if . This is shown in Fig. 19. According to our expectations, if the
final state is supercritical the variance becomes larger than in the case
when the final state is subcritical . Further, also the influence of the
initial state is preserved, i.e. the process does not “forget” which state it started from even in
a medium which is subcritical in the mean.

From the point of view of interpretation, the variance is of course more interesting than
the factorial moments. It was also calculated and investigated in the above references.
However, in this section, our primary goal is the calculation of the variance in a subcritical,
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time-varying system with an external source, and for the calculation of the latter, the above
factorial moments are sufficient. The asymptotic behaviour of the variance of the neutron
number, given rise by an initial pulse of neutrons, was investigated thoroughly in Refs [27]
- [30], and they will not be given here. We only note that in a system critical in the mean,
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fulfilling condition Eq. (71), the variance diverges exponentially when . The main
point is that in a strictly subcritical system, as the one we will investigate with a stationary
source, the variance tends asymptotically to zero, and its integral over time is finite.

3.3.2  Master equations and their solution with an external source

Now we turn to the calculation of the case when particles are injected to the system
from an external source. The same notations will be used for the distributions, their
generating functions and the factorial moments etc. as in the source-free case, but in order
to distinguish all quantities will be denoted by upper-case letters. Regarding the injection
process, we will assume that the probability of the injection of one particle during time
is , where  is the intensity of the injection.
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Based on well-known considerations, one can immediately write down the forward
equations determining the generating functions. One obtains that

(94)

as well as

(95)

In the case of the external source, a logical initial condition is that there exist no particles in
the system at , i.e. . This is the case that we will investigate.

From the above equations, the first two factorial moments of the source-driven
distributions can be derived the same way as in the source-free case. Here in presenting the
results we will again simplify the notations by using and for the notation of the first
and second factorial moments, respectively. That is, we shall define the moments

(96)

for the case with a stationary external source. Omitting the details of the calculations, the
expectations (first order moments) can be obtained as

(97)

and

(98)

where are the transition probabilities of the state change of the system,
given by Eq. (53).

Eqs. (97)-(98) express the generalization of the fact, known from the theory of constant
systems, that the source-free first moment solutions play the role of the Greens
function for the source-driven first moment solutions . For obvious reasons, an
asymptotically stationary solution exists only in a strictly subcritical system, and we will
restrict the display of the results to subcritical systems in the rest of the section. Such a case
is shown in Fig. 20.
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and these can easily be determined. After some calculations one obtains that

(99)

and

(100)

It can be seen that the initial state has no influence on the asymptotic values; on the other
hand the momentary state the system at , obviously does. When one is not interested
in which state the system is asymptotically, then one is only interested in determining

. Based on Eq. (99) and Eq. (99), this is obtained as

(101)

We have thus arrived at the expected result that the asymptotic expectation value of the
neutron number in a subcritical, temporally varying medium with a stationary source is
independent of the initial state of the system. The proof was somewhat complicated due to
the already mentioned drawback of using the forward approach where no summation w.r.t.
the final state variables can be made before the solution is obtained.

In a strongly subcritical medium, when  and ,

,

For the sake of comparison with the Langevin approach of power reactor noise, we
rewrite the above in terms of perturbations of a steady system. Hence, we define a constant
reference system with , and compare it with a perturbed system with
which fluctuates between a1 and a2 that are given in the form
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Then one will have

(102)

Here is the stationary expectation of the particle number in a medium
with constant parameters, i.e. with . It can be seen that the random state changes of
a medium increase this value, i.e. the expectation of the particle number in a system,
fluctuating around a certain static value, will be higher than that in the static system. Similar
results have already been presented in Refs. [24] and [25].

As is well known, the Langevin approach cannot account for the change of the
expectation of the neutron number in a system perturbed symmetrically around the steady
state. This is due to the linearisation based on the weakness of the perturbation, i.e. the
neglection of the higher order terms in a. As Eq. (102) shows, the deviation from the
expectation in the constant system is of the second order of the perturbation a.

The second factorial moments can be calculated in a similar way, and from them, the
variance can be calculated. The factorial moments are defined through

(103)

If , then, in this case too, the following notations will be used:

One obtains from Eq. (94) and (95) that

(104)

and

(105)

with the initial conditions

(106)

The general solution for the moments is given in Ref. [27] in form
of convolutions of the first order source-driven moments and the functions ,
defined in Eq. (82) - (84). The dime-dependence of the variance in a strongly subcritical
case is shown in Fig. 21.

We only cite here the stationary solutions for for the final states and
which, similarly to the first moments, do not depend on the initial state :
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(108)

Again, here we are only interested in the asymptotic behaviour of the second factorial
moment when the system can be either in state 1 or state 2 and with no neutrons in the
system at time , i.e.

(109)

It turns out that, similarly to the first moment, that the sum of the particular second moments
does on the final state either. One obtains from Eq. (107) and Eq. (108) the

result

(110)

where the quantities  and  were defined in Eqs. (99) - (100).

The variance, which is one of the main interests of this work, is then calculated from

(111)

with  given in Eq. (101).

At this point we are in the position of being able to make a comparison between the
results given by the master equation approach and the Langevin approach. To this end, we
shall describe the fluctuating medium with a stationary state and a perturbation around the
stationary state, as is customary with the Langevin technique. Hence, first we define a
reference steady state system with the static parameters and . In this case, we obtain
from our formulae the variance as

(112)

where , and . The classical result, written in the traditional form,
reads as
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(113)

With the use of the relationships Eqs. (46) - (48), one can show that Eq. (112) and Eq. (113)
are identical.

However, when the state of the subcritical multiplying medium changes randomly in
time, the situation becomes much more involved. In that case both the zero power noise and
the power reactor noise components are contained in the resulting expression for the
variance. In particular, a term containing also appears in the variance, as predicted by
the linearized Langevin approach. Since our purpose is to compare the full result obtained
in this work with both the traditional zero power noise and the power reactor noise, and
since the latter is only given for small perturbations, we will investigate the behaviour of
our results in the case of small perturbations.

To this end, we will assume that there is only a small difference between and ,
as well as  and  and introduce the following notations:

,

where , further, let

,

where . Let us investigate the case when

,

where By performing the expansion in the relevant formulas in the small
parameters up to the quadratic terms, we obtain that

(114)

It is this formula that we will now compare with the traditional zero power noise and
power reactor noise formulae. What regards the case of the static system, i.e. when

, it is seen that only the first term on the r.h.s. of Eq. (114) remains, and we have
already shown that this is exactly identical with the traditional result for the variance of the
number of neutrons in a subcritical system with a source. It is also seen, however, that for
the case of a time-varying low power system, i.e. when but at the same time

, there will remain components of the noise that are not identical with the traditional
zero reactor noise. These are represented by the second term, on the r.h.s. of Eq. (114), i.e.
that in the square bracket. There it is seen that some of the terms are only proportional to the
factor , which represents the system variations, whereas there are also some terms
containing also the factor , which expresses the effect of branching.

The last term on the r.h.s. of Eq. (114) is quadratic in the expectation value , and is
therefore likely to be equal to the result of the Langevin technique for power reactor noise.
To prove that this is indeed the case, we need to perform some calculation of the variance of
the power reactor noise through the Langevin equation. This is made on the time-dependent
version of the point kinetic equation without delayed neutrons, which reads as
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(115)

where is the source intensity. Splitting the time-dependent quantities in Eq. (115) into
stationary values and fluctuations denoted by a , i.e. and

, one obtains in the frequency domain

(116)

where is defined by Eq. (116). From here, with a formal application of the Wiener-
Khinchin theorem, one obtains for the spectral densities that

(117)

It has to be mentioned that in the point kinetic equation (115) above, as usual, it is assumed
that the parameter fluctuates in such a way that the prompt neutron generation time
remains constant. This is only strictly valid if the fission cross section is not changed, only
the capture; however, it is easy to show that in a linear theory, in first order of the
perturbation, the possible fluctuations of the parameters other than (or ) do not give a
contribution.

To be able to make comparison with our results based on the master equation, we need
the spectral density of the reactivity perturbation of the binary random process of the system
state changes, expressed by the transition probabilities . Expressed in terms of the
flipping frequency and the parameter , the spectral density of the system changes is
given as (see e.g. Ref. [25])

(118)

Since

,

for the reactivity perturbation represented by the system fluctuations, one has

(119)

Thus the spectral density of the power reactor noise by the Langevin technique is

(120)

From this expression, the variance of the power reactor noise can be calculated by using the
fact that the variance is the value of the autocovariance function  for , i.e.

(121)

The integral of of Eq. (119) can be readily calculated by the theorem of residues,
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with the result

(122)

This expression is exactly identical with the term quadratic in in Eq. (114). Hence it is
seen that in the case of weak perturbations, the master equation treatment of the neutron
fluctuations in a system varying in time, gives the same result as the Langevin approach. It
is thus confirmed also by the master equation approach, that in the variance of the power
reactor noise, which is proportional to the square of the mean neutron number, no effects of
the branching are seen, because of the absence of the parameter . To our knowledge, this
is the first proof of the fact that in a time-varying system, the neutron noise as calculated by
the Langevin technique becomes asymptotically exact at the limit of high power and weak
perturbations.

Calculation of the covariance

Finally, for some further comparisons to the theory of power reactor noise, where as a
rule the spectral density of the neutrons noise is used, we will calculate the covariance and
the spectral density of the fluctuations. To calculate the covariance, one needs to know the
probability

(123)

that at time there are particles in the system which is in state , whereas at there
are particles in the system of state , given that at there were no particles and the
system was in state . This can be written in the following form:

. (124)

If the process is homogeneous in time, then

(125)

It is important to note that in a system varying in time, cannot be factorized
into terms containing products of the type only. As will be seen, however,
this will not lead to any difficulties. Let us introduce the generating function

(126)

which, by virtue of Eq. (124) and Eq. (125) assumes the following form:

(127)

Here is the generating function defined earlier. For the calculation of the
covariance
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(128)

one has to determine the expectations

(129)

.

In the above, according to earlier defined conventions, stands for the random
variable representing the number of particles in the system of type at time , assuming
that at time zero there were no particles in the system of type ; likewise, denotes
its first moment. By performing the assigned calculations, one obtains that

. (130)

where the first order moment can be easily reduced back to contain simpler first
order moments in the form

, (131)

We note here that in view of the temporal variations of the system, the above factorization is
only possible because is a first order moment. A similar factorization is not
valid for the higher order moments in a system varying in time. Based on the above results,
one obtains

. (132)

If the state of system at times and can be either or , provided that at time
it was , and it did not contain any particles, then the procedure is to sum

up the expectations for the indices and . As a result of this one obtains
the function with which the covariance of the particle numbers at times and

 is provided by the expression

(133)

After some algebra one obtains for the covariance

(134)

the final result

, (135)

where

.

It can also be shown that
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, (136)

The values of the parameters are relatively complicated functions of the
asymptotic values of the first two factorial moments, averaged for the final state, as well as
various algebraic combinations of the parameters and . They are not
listed here; the interested reader can find them in Refs [27] and [33]. For the rest of the
calculations it suffices to know that for a given system varying in time, they are constants.
The power spectral density of the noise can be easily calculated from Eq. (135) with
the result

, (137)

and evidently

.

With some further analysis of Eq. (137) it can be shown that it contains both a term
corresponding to the traditional zero power noise in constant systems, and a term
corresponding to the power reactor noise result that is calculated by the Langevin technique
in time-varying systems. Both these terms have slightly modified amplitudes compared to
the pure zero power noise and power reactor noise cases, respectively, similarly as it was
found during the analysis of the variance, Eq. (114). In addition, the result contains an
interference term which does not have an equivalent either in the pure zero power or the
pure power reactor noise.

Without a detailed quantitative analysis, we only note that the first term of the
covariance of the neutron noise, Eq. (135), is proportional to the covariance of the process
of the state changes of the system, i.e. shows the same correlation decay constant . This
can be considered as an explicit proof of the statement that due to the state changes of the
system, the different processes in the system, started by different particles existing at a
given time, will not be independent, and hence the factorization assumption Eq. (54), used
in the theory of constant systems is not applicable in systems with properties change in
time.

3.4  Conclusions

By the use of the forward master equation technique, solutions for the first two
factorial moments of the neutron number were calculated in a subcritical, temporally
changing binary random medium. The variance of the branching process was calculated
which, by this technique, contains both the traditional zero power and power reactor noise
components simultaneously. The full solution showed that in the case of a fluctuating
medium at low power, the classical expression of zero power noise for the variance of the
neutron number is modified, even at low power. At the opposite limit of high power, it was
seen that the fluctuation of the system parameters leads to the appearance of a term in the
variance which is proportional to the square of the first moment. We have shown that in the
case of weak perturbations and linear theory, this term is exactly equal to that obtained from
the Langevin equation. The covariance of the neutron number, and its Fourier transform, the
power spectral density of the noise, was also calculated. The spectral density contains three
components, one of them corresponding to the pure zero power noise, one to the power
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reactor noise, and a third term that is new. Thus the theory developed in this work indeed
achieves a unified description of the hitherto independently treated areas of zero power and
power reactor noise.
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Section 4

Simulations of Feynman- or Rossi-alpha-methods for reactivity
measurements of fissile material using MCNP-PoliMi

4.1  Introduction

Monte-Carlo methods are a very versatile tool when particle transport calculations
need to be made in complicated geometries and with full preservation of the energy
dependence of the cross sections and the neutrons. Such methods are usually used for the
calculation of static cases, and accordingly, most of the codes available, such as MCNP
[36], calculate the static neutron flux. In other words, one calculates the expectation (mean
value) of the stochastic transport problem. In order to speed up the usually time-demanding
calculations, these codes use mathematical tricks, such as variance reduction methods,
which accelerate the calculations of the mean value to the cost of not preserving the higher
order moments properly. In addition, the number distribution of the fission neutrons is not
represented fully, only with a simplified binary variable, such that either 2 or 3 neutrons are
born per fission, with relative frequencies that yield the correct mean number of neutrons
per fission, .

Recently, however, interest has arisen for doing simulations of experiments in which
neutron fluctuations are used to determine certain properties of a multiplying system. Such
cases are the determination of reactivity in source-driven subcritical systems such as an
ADS (accelerator driven subcritical system), or the detection, identification and
quantification of fissile materials from the measurement of emitted neutrons or gamma
photons for safeguards purposes. In both cases, determination of the interesting parameters
is based on the correlations between detections of neutrons from the same chain. Such
correlations are created by the branching character of the process, i.e. by the fact that in
each fission, several neutrons may be born simultaneously.

A Monte-Carlo code which is capable of simulating such cases must be able not only to
treat the time-dependence, but should calculate also the higher moments correctly, without
variance reduction techniques. In addition, the number of neutrons per fission must be
sampled from the correct, full probability distribution of the fission neutrons. Some newer
versions of MCNP are suited for such calculations.

The most advanced such version of MCPN is MCNP-PoliMi, which was originally
developed at the Politecnico di Milano, and which is distributed through RSICC in Oak
Ridge [37]. It simulates the complete stochastic time-dependent transport of both neutrons
and gamma photons. The latter is important for safeguards applications. We have acquired
and implemented the code, and used it in a recent safeguards benchmark exercise ([38],
[39]). In this section we report on simulations that were performed to get experience with
the simulation of reactivity measurement techniques, such as the Rossi- and the
Feynman- methods. These were made in such a way that the geometry and the setup of
the calculations previously used for the benchmark exercise were modified, by chosing the
sample size so that a system close to criticality was obtained. The calculations were hence
made with a plutonium sample, moderator and He-detectors. The subcriticality of the
system is determined by both the MCNP calculations, and from the Feynman- and Rossi-
alpha methods, applied to the pulse train obtained from the MCNP-PoliMi runs..

ν〈 〉

α
α
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4.2  Set-up of the system

The detector system used in the MCNP-PoliMi calculations was an Active Well
Coincidence Counter (AWCC), shown in Fig. 22. It was specified in fast mode with Cd
liner inside the cavity. The height of the cylindrical sample cavity was 35 cm and its radius
11.24 cm. The 42 3He tubes were distributed in two concentric rings and embedded in high-
density polythene. The MCNP geometry of this setup was already defined by Los Alamos
for an earlier project, [38]. For the present calculations, the cavity was filled with a weapon-
grade plutonium of 90% Pu-239 and 10% Pu-240. The density of the sample was chosen to
make the setup sub-critical, with keff approximately 0.89. For estimation of the keff, MCNP
was run, and the pulse train was generated with MCNP-PoliMi [37], using the same
geometry and densities. The cross section data for Pu was taken from ENDF/B-VI.2 and
contain data for both prompt and delayed neutrons. For generation of the pulse train, 6000
neutrons were started over a time interval of 10 seconds. This led to a pulse train length of
24629 and the last particle was detected at about 109 seconds from the start of the first
particle. In this case a fairly low number of particles were started and the statistics suffer
from this. Longer pulse trains create greater problems in the post processing, but this will be
treated further later on. The Rossi-alpha and Feynman-alpha distributions were calculated
from this pulse train.

4.3  Determination of the subcriticality

There are a number of methods to determine the subcriticality of a subcritical system
driven by a source from the detector counts. Two such methods are the Rossi- and
Feynman-  methods ([24], [40]).

4.3.1  Rossi-alpha

The Rossi- method, or in other words the correlation (or covariance) method is based
on the calculation of the stationary covariance function, of the detector counts,

, in infinitesimal intervals around and . If the source is Poisson distributed,
the Rossi-  formula can be written as

(138)

Here  is the detector count around  and  is the count around .

By using master equations of the stochastic transport process, an analytical expression
can be derived for the covariance in the form [41]

. (139)

For short times, comparable with the lifetime of the prompt neutron chain (a few msec), the
first term dominates the sum in (139), and the terms for can be neglected. Then
the reactivity can be obtained from a measurement by fitting the form (139) to the
experimental covariance function. This way the parameter can be determined, from
which it is possible to determine the reactivity, , since
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. (140)

In Fig. 23 the Rossi- curve is shown for a simulation together with the fitted curve and the
estimated value for . It shows the expected exponentially decaying time dependence of
the curve.

4.3.2  Feynman-alpha

The Feynman- method or variance-to-mean method is based on the measurements of
neutron detector counts, as a function of the counting time interval, . From the
detector counts one calculates:

. (141)

here is the mean value of the detector counts in interval and the variance of
. If one assumes that the system used is infinitely large and the source is Poisson

distributed then the Feynman-  formula is obtained from the master equations as

Fig. 22. Set-up of the detectors and the sample used in the calculations.
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(142)

where is the detector efficiency. Again, for short measurement times, the first term, i.e. the
prompt part dominates, such that

(143)

By fitting this equation to the first part of a Feynman- curve calculated from
measurement/simulations, it is possible to determine and in turn also the reactivity, ,
through Eq. (140).

In Fig. 24 the Feynman- formula, , is calculated from an MCNP-PoliMi
calculation of a pulsed subcritical system. By curve-fitting the analytical expression to the
simulated data is estimated. Again, the curve has the proper form, showing that the
simulated train of detections describes the statistics of neutron chains correctly.

4.4  Results and discussion

The estimation of from both the Rossi and Feynman methods are in the same order
of magnitude. For the Rossi- method the estimated value is 20637 and for the
Feynman- method the value is 21421 . Hence, there is good agreement between the
two methods.

In order to compare the estimated results with the given by the system parameters,
one should use the expression:
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. (144)

In order to make a comparison, one should know the and of the system. They are not
supplied by the MCNP code, moreover, the Feynman- and Rossi-alpha methods are used for
thermal (moderated) systems, where is a one-group parameter of the
thermal system. In our case, no moderation takes place in the multiplying medium, hence a
direct comparison with the obtained from (144) is not possible. An estimate of by
taking , , , and

, [42], yields which is not even in the same order of
magnitude. Hence more simulations will be made in the next stage by simulating moderated
systems.
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Section 5

Pilot experiment in a moderator with a Cf-252 source in order to test
the Feynman- or the Rossi-alpha method

5.1  Aim of the experiment

It was mentioned in the previous Section that the principle of Feynman- and Rossi-
alpha measurements, or the multiplicity and coincidence methods used in safeguards
measurements, is based on the fact that the history of neutrons (and gamma photons) from
the same chain is correlated, through the simultaneous generation of several neutrons in the
chain. It is the die-away of these correlations which is related to the material properties of
the system, through the decay constant of equation (140). An experimental verification
or study of such methods requires hence access to fissile material, i.e. a neutron multiplying
medium. Since our Department does not have a licence to possess U-235 or Pu-239 in any
measurable quantity, such correlation-based measurements are not possible to make.

However, there is one way to get around the problem, and it is the investigation of this
possibility which will be investigated in this session. Namely, the classical Feynman- or
Rossi experiment is based on the fact that the correlations are generated in the chains,
started by individual, independently emitted source neutrons. Such neutrons are generated
e.g. in an Am-Be source, which emits neutrons according to pure Poisson statistics. On the
other hand, if one uses a multiple neutron source, which emits several neutrons at a source
event, then the history of such neutrons will be correlated, even if they do not induce any
chains during their lifetime. Such sources are e.g. those that use spontaneous fission, such
as , or the spallation process, planned to be used in connection of the future
accelerator driven systems. Such multiple emission sources have a so-called compound
Poisson statistics. By having multiple neutrons emitted in the system, the correlations
between them still will die away with the decay constant , which however has to be
written in a different form, since both the absolute value of the reactivity as well as the
neutron generation time are infinite in a system not containing fissile material. Since

and , (145)

with being the neutron speed, one has, also noticing that in a non-fissile material,
one obtains for the decay constant in a pure moderating or absorbing material that

(146)

i.e. it is simply given by the absorption rate of neutrons. In case of a multiple emission
source, this decay constant can be determined by correlation methods (i.e. from a Rossi-
alpha measurement). Of course, the absorption rate can be determined also by deterministic
methods, such as simple pulsed neutron experiments. However, the correlation methods, in
possession of a multiple emission source, can be performed in a simpler setup (no need for
a neutron generator); also, our purpose here is just to test the application of a technique.

The principles of the Feynman- and Rossi-alpha methods are based on a one-group
theory description of a thermal multiplying system, in which the neutrons spend well over
90% of their lifetime as thermal neutrons, and the slowing-down period can be neglected in
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the calculations. In the experiments we can perform, the fast neutrons can be slowed down
with the application of a moderator. The principles could be verified by using two different
moderators, with different values. However, in the experiments we can perform,
absorption will dominate anyway. Hence in this pilot work we only performed two
measurements, one without a moderator, and one with moderator. In the case of no
moderator, the slowing down and absorption of the neutrons takes place in the detector. The
detector actually is not a thermal one, hence many neutrons will be detected as fast ones. In
the second case one expects a slower die-away since the neutrons spend some of their time
with slowing down in the moderator.

From this description it is clear that the present experiment is not a proper one for the
quantitative application of the Rossi-alpha method. Rather, the purpose of this feasibility
test is to check the applicability of the source and experimental equipment, which
our department possesses, for measurement of correlation between a neutron source and a
neutron detector with a moderator in between. Similar measurements can be applied for the
nuclear safeguard purposes, for instance, for monitoring the reactivity of a reactor or for the
detection of fissile materials. For this purpose a neutron source, neutron detectors,
corresponding electronic units together with a data acquisition system for time
measurements were utilised.

Actually we acquired two source-detectors, with two different source strengths.
The stronger source did not function properly as a detector (i.e. registering the
disintegrations, see the description below). This detector was lent to a group of reactor
physicists in the Belgian research institute SCK.CEN in Mol, led by Peter Baeten. They
repaired the detector by re-filling the gas and fixing the earlier leakage problem.
After that the detector was used in a large series of reactivity measurements. Experiments
were made in two different core configurations, one pure U loading, and one containing
MOX (mixed oxide) fuel. In both core structures, reactivity measurements were made at 10
different subcriticalities. The results of these measurements will be described in a later
report.

5.2  Neutron source

is used as a neutron source. The source is mounted inside of a gaseous
ionization chamber filled with gas. This is made in order that the disintegrations
of the unstable can be detected, which are then subsequently used as start signals in
coincidence measurements for the neutrons originating from the source. For this reason,
such a special source is often referred to as a “ -detector” or “Californium detector”.

is unstable and decays mainly by emission of particles, see Fig. 25. About 3%
of the decays occur by spontaneous fission, where neutrons with an average kinetic energy
of about 2 MeV are emitted. The half-life of is 2.645 years. It is only the spontaneous
fissions that should be used as start signals, since it is only this process which leads to
neutron emission. The presence of the decay channel by alpha particle emission constitutes
an experimental difficulty.

The original activity of the source in our detector was 3.7 MBq in July 1994.
The test has been performed during August and September, 2006. The activity of the source
in this period is around 0.15 MBq, e.g.  n/s in isotropic emission.
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5.3  Experimental Set-up

The experimental set-up is schematically shown in Fig. 26.

The gaseous ionization chamber ( detector) which is sensitive to both -
particles and fission products is supplied with 1000 V high voltage. The signals produced
by the chamber are first fed into a closely mounted preamplifier (PA) for amplification in
order to drive them further via a long cable to the fast filter amplifier (FFA). The FFA,
ORTEC 579 model, is used for further signal amplification and shaping the signals in such
a way that the fast timing component is preserved. A FFA is used here, as opposed to a
usual spectroscopy amplifier, because of the pulse shape of the detector. Afterwards,
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Fig. 25. Spontaneous decay of .Cf252
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the analog signal is processed through a constant fraction discriminator (CFD), ORTEC 583
model, generating a logic signal as a time reference and discriminating the low amplitude
pulses, corresponding to events. This START logic signal triggers a time-to-amplitude
converter unit (TAC) which produces an output analog signal with an amplitude which is
proportional to the time interval between the START and the STOP signals.

The STOP signal for the TAC is taken from a plastic scintillation detector (PS detector)
which registers neutrons in a wide energy range. The signals produced by the PS detector
are processed first via time pick-off control electronic unit (TPC) which is triggered on the
fast leading edge of the input signal producing an output logic pulse. A delay unit is used to
compensate for different delays in the units connected to the PS and detectors. The
time resolution of the detector is much poorer than that of the scintillation detector,
and the comparatively poor time resolution is seen in the width of the main peak in the time
spectrum, as seen in Fig. 28.

The analog output signals from the TAC are amplified first by a spectroscopy amplifier
(SA), ORTEC 451 model, and then are sent to a multi channel analyser (MCA), ORTEC
926 model, which sorts out incoming pulses according to pulse height, and keeps count of
the number at each height in a multichannel memory. The content of each channel is then
displayed by MAESTRO software on a computer (PC).

5.4  Description of the Experiment

The time spectrum is recorded first without any moderator material between the
neutron source and PS detector, only beneath them. The setup is shown schematically on
Fig. 27.

This measurement is performed continuously during around two weeks in order to
obtain high statistics. The count rate was approximately 2.27 counts per second, and

counts are collected in total. The resulting spectrum is shown in Fig. 28 by the
black line. The amplitude of the spectrum is normalized to one.

The second measurement was performed with polyethene, only containing C and H in
proportions 1:2 (chemical formula ), around the source and PS detector. Since the
fraction of hydrogen is relatively high (higher than in water), it is a good moderator material
for neutrons. The corresponding experimental set-up is schematically shown in Fig. 29.

Since the count rate with the moderator material is slightly less, 1.79 counts per
second, the spectrum is recorded for 28 days, collecting around counts in the total
spectrum. The count rate in this case is decreased because those neutrons which would
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reach the PS detector without the moderator, have to pass through the moderator first, and
they can be scattered out so that they do not reach the detector. Also, some of the neutrons
will be absorbed. However, there is some contribution to the spectrum from the scattered
neutrons which would not reach the PS detector without the moderation material. This
effect is called in shielding terminology a “buildup factor”. In the present case, it cannot
compensate for the out-scatter and absorption of the neutrons by the moderator in between
the source and the detector, hence the decrease in the count rate.
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Fig. 28. Time neutron spectrum. The amplitudes of both spectra are normalized to
one.

Cf252

Gaseous detector

5 cm detector

Polyethene

PS

Fig. 29. Schematic illustration of the set-up geometry in the second measurement.
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The moderated spectrum is plotted in Fig. 28 by the blue line. The contribution from
the moderated neutrons is seen above around 210 ns. The part of the spectrum below that
time corresponds to the unmoderated neutrons. In both cases one can notice the slowly
dying out exponential decay which is characterised by a diffusion constant, the neutron
leakage and the absorption in the moderator. In the first measurement a some amount of
polyethene material is present beneath both of the detectors.

The experiment shows the possibility to use a based detector in reactivity
measurement and fissile material detection. However, a much higher count rate is needed
for recording of fluctuations in time together with correlation methodology. Such
experiments will be performed by the our stronger -detector, after the experiments in
SCK.SEN are completed and the detector transported back to Chalmers. With that detector
quantitative determination of the decay constant  of various materials will be possible.
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Plans for the continuation

In stage 13 we plan to include the following parts in the current R&D program:

• Study of the neutron kinetics, dynamics and neutron noise in molten salt reactors (MSR);

• investigation of the possibility to detect the position of water surface in a BWR through a
model experiment;

• studies of new signal analysis methods in connection with the above mentioned experi-
ment (fuzzy logics, Principal Component Analysis);

• Use of the simulation of Feynman- and Rossi-alpha-methods with the code MCNP-
PoliMi for studying the performance of reactivity determination in realistic systems.
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