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A modified Gaussian integration method for

thermal reaction rate Calculation in U -

and Pu-isotopes

T. Bosevski, Boris Kidrič Institute, Yugoslavia

B. Fredin, AE

In advanced multi-group cell calculations a lot
of data information is very often necessary, and
hence the data administration will be elaborate,
and the spectrum calculation will be time consu-
ming. We think it is possible to reduce the neces-
sary data information by using an effective reac-
tion rate integration method well suited for U-
and Pu-absorptions.



1. Introduction

The multi-group collision probability technique

has been used successfully in advanced cell spectrum cal-

culations (l). In onedimensional geometry it is possible

to apply the discrete integral transport method (2), which

uses point-wise representation of space and Gaussian inte-

gration over the coordinate. Compared to the method of col-

lision probabilities the discrete integral method converges

more rapidly if the flux variation in space is not too small

(3). Because of the mathematical similarity of one energy

group neutron transport in one-dimensional geometry to the

neutron energy exchange in an infinite homogeneous medium,

it is natural to investigate the representation of the

neutron spectrum by means of discrete energy points instead

of energy groups.

We think that the accuracy of the pointwise re-

presentation of the thermal scattering is rather independent

of the energy point distribution, and therefore accurate

reaction rate integration has been emphasized in determin-,

ing the energy points.

2* Reaction rate calculation

For the evaluation of the reaction rate

E*
R = V ̂ (B) - <p (E) dE (2.1)

o

a modified Caussian quadrature rule, described below, will

give the approximation
N

R ^ S W. . y (E.) - 0 (E.) (2.2)
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which means that we are only interested in the true cross

and fluxes at certain energies E., so called energy points*

In ordinary fuels the thermal absorption occurs

mainly in U-235, U-238, Pu-239, Pu-240 and l/v-absorbers.

The difficulties of accurate thermal reaction rate calcula-

tions are caused by the Pu-239 resonance at 1.055 eV. For-

tunately the thermal resonance of U-235 and Pu-241 are rat-

her close to 0.297 eV. The purpose of our investigation has

teen to find effective energy points and weights for fuels

containing the isotopes mentioned above.

3. Determination of energy points and weights

Let us suppose that we want to integrate the ther-

mal reaction rate numerically

2

R = $ JT(E) % (E) <3E (3.D

o

up to 2 eV. The Gaussian quadrature rule (4,5) is often

vary efficient especially when the integrand is a smooth

function. If the integrand varies rapidly it is advantage-

ous to divide the energy interval into subintervals, where

the variations are smaller, and in each subinterval use a

suitable variable transformation

E = tg(z) (3.2)

The thermal reaction rate can thus be expressed

as a sum

K ^ *

(3.3),



and each integral can be evaluated by means of the Gaus-

sian quadrature rule, so that the reaction rate can be ap-

proximated as
N

R ^ S w .JL(E ) * %(E.) (3.4),

where the energy points E. and the weights w. are modi-

fied Gaussian points and weights.

The resonance absorption in Pu-240 is an isola-

ted effect, and therefore it is natural to divide the ther-

mal energy range into one slow part, 0-0.625 eV, and one

fast part, O.625-2.OOO eV, covering the Pu-240 resonance.

Slow region, 0-0.625 eV

In this region we must take into account the

absorption in the Maxwellian part of the spectrum and the

thermal Pu-239 resonance absorption. For accurate Pu-239

resonance absorption calculation it is good to divide the

region at the resonance energy.

0-0.297 eV

Most of the reactions occur in the ends of this

interval, which is convenient to Gauss' integration. It is

better to use velocity instead of energy integration, beca-

use the Maxwellian distribution varies more smoothly as a

function of the neutron velocity. Since the energy points

must be independent of the temperature, it is difficult to

find a better integration variable.



Here the most important part is near the resonan-

ce energy. Thus it is good to cluster the energy points to

the left. A transformation with this property is

z = arsinh <
4E
o

(3.5),r
where

E = 0.297 eVo

r = 0.100 eV (the half width),

and which is good for integration of Pu-239 and l/v absorptions.

Fast region, 0.625-2.000 eV

The Pu-240 cross section varies very rapidly in a

narrow region around the resonance energy E = 1.055 eV. It

is convenient to extract a resonance region extending from

1.000 to 1.110 eV.

eV

In this interval we want to cluster the points to

the right to obtain accurate reaction rates in Pu-240. The

transformation

/^1T"
z = - In ( -J ^ - - 1) . (3.6)

is satisfactory in this sense and yields also accurate l/v-

-absorptions in this region.

1^000-1^110 eV

Here both the flux and the Pu-240 cross section ha

ve a rather good symmetri around 1.055 eV and hence the two

terms in the right side of the reaction rate expression
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1.055 1.110

R = ( Z(E)%(B)dE + \ L(E)i%(E)dE (3.7)

1.000 1.055

are almost equal. It is less point consuming to evaluate the

half-integrals separately than to do this with the full in-

tegral. One reason for this is that the separate integrands

are monotonic functions. In order to reduce the number of

points, the reaction rate could be approximated by twice one

half-integral, but a small unsymmetri can be allowed, if we

use the same number of points in each subinterval, exclude

every second of them and double the weights.

Here we use a transformation similar to (3?6)? viz.

z = in (1 -y-g3-) (3.8)

We have tried many alternative transformations be-

fore we found the above ones. Since there is no mathematical

criterium of the best transformation, there are perhaps others

that are even better than ours. In the appendix we have given

a brief illustration of how one of the above transformations

works.

Our transformations cluster many points into the

thermal Puresonances, where the flux distorsions may be

strong. Thus the point distribution is very likely to be good

also for spectrum calculations.

Another way to find an effective integration method

is to look for suitable systems of orthogonalfunctions and

determine the corresponding points and weights as they are

determined in Gauss' method. But then we must calculate our-

selves the points and weights? which are given in tables for

Gauss' method, and this requires quite an effort.
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Table 4.1*

Convergence of the modified Gaussian quadrature rule for
reaction rate calculation in the Westcott spectrum with

T = 500°K and r = 0.005.

Pu-239

\^E.

1

2

3

4

5

6

7

8

a

10

Rela*

16

0.000/
^0.297

1.5346

0.8311

1.0036

1.0116

1.0034

1.0013

0.9995

0.9997

0.9998

1.0000

0.297;
/0.625

0.8636

1.0257

0.9972

1.0001

1.0000

1.0000

1.0000

1.0000

1.0000

1.0000

0.625/
/1.000

0.6740

0.9534

0.9942

0.9994

0.9999

1.0000

1.0000

1.0000

1.0000

1.0000

1.000/
/l.llO

0.9472

1.0302

0.9941

1.0040

1.9978

1.0017

0.9988

1.0010

3,9993

1.0006

1.110/
;2000

0.8186

0.9946

0.9999

1.0000 '

1.0000 .
i

1.0000

1=0000

1.0000

1.0000

1.0000

bive amounts of reaction, rates evaluated with 16 points
in each energy interval.

0.9161 0.0787 0.0029 0.0004 0.0019
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Table 4*1.

Convergence of the modified Gaussian quadrature rule for
reaction rate calculation in the Westcott spectrum with

T = 500°K and r = 0.005.

Pu-240

\E

2

3

4

5

6

7

8

9

10

o.ooo/
/0.297

1.8152

0.8396

0.9940

1.0052

0.9989

1.0003

1.0000

1.0000

1.0000

1.0000

Relative amount

16 0.4647

0.297/
/O.625

0.7566

0.9489

0.9900

0.9978

0.9995

0.9999

1.0000

1.0000

1.0000

1.0000

0.625//
/l.OOO

0.8466

0.9991

1.0003

1.0000

1.0000

1.0000

1.0000

1.0000

1.0000

1.0000

1.000 /
/l.llO

0.7138

1.0328

1.0146

1.0025

1.0007

1.0008

0.9999

1.0001

0.9998

1.0001

l.iio/
/20C0

0.7665

0.9995

1*0005

1.0000

1.0000

1.0000

1.0000

1.0000

1.0000

1.0000

s of reaction rates evaluated with 16 points
in each energy interval.

0.0178 0.0572 0.4211 0.0392
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4. Investigation of theintegration method in a Westcott

spectrum

In order to estimate the convergence of our inte-

gration method, we have calculated the infinitely diluted

Pu-239 and Pu-240 reaction rates in different Westcott spectra.

This investigation is easy to accomplish, because no spectrum

calculation is necessary, and is rather representative.

In a Westcott spectrum with T = 500 K and r - 0.05

the results are illustrated in table 4.1 and the figures. Ap-

parantly the convergence is very good and this we also expect

for cell calculations with flux depressions in the resonances.

To attain a reasonable reaction rate accuracy 14 to 19 point.?:

will do.

The energy points and the corresponding weights are

given in the tables 4.2 and 4.3 for one 14 point case and one

19 point case.
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Table 4.2.

1

1
2
3
4
5
6
7
8
9
10
11
12
13
14

ENERGY POINTS (EV)

O.65356498E-O3
0.15816034E-O1
0.74249998E-01
O.17574141B-OO
O.26978897E 00
0.32024176E 00
0.46167226E 00
O.75745991E 00
0.96598396E 00
O.1O275OOOE 01
O.1O611986E 01
O.11O38O14E 01
O.11485O73E 01
O.1513819OE 01

Table 4.3.

WEICHTS

O.33OO9348E-O2
O.328O392OE-O1
O.84479997E-O1
0.10934879E 00
0.67066347E-01
O.61657786E-O1
0.24968811E 00
O.27759392E 00
O.99982312E-OI
O.48888898E-O1
O.3O555562E-O1
O.3O555562E-O1
O.119O4359E 00
O.71579335E 00

I ENERGY POINTS (EV)

1 O.3386O714E-O3
2 O.85223468E-O2
3 O.43O42779E-O1
4 0.11391267E-00
5 O.2O49O152E 00
6 0.27728205E 00
7 O.3O88O346E 00
8 O.36668O29E 00
9 O.52O92486E 00

10 O.69926441B 00
11 O.8878O32OE 00
12 O.98378681E 00
13 O.1OO38187E 01
14 O.1O368495E 01
15 O.1O588187E 01
16 O.1O918495E 01
17 O.112787O5E 01
18 O.1254265OE 01
19 O.16865322E 01

WEICHTS

0.17180892E-02
O.1815OO62E-O1
O.529O4713E-O1
O.86O65726B-O1
O.88996125E-O1
O.49165281E-O1
O.3O467763E-O1
O.95481124E-O1
0.20019244E 00
0.17333141E 00
O.156582O2E 00
O.45O5368OE-O1
0.19132020E-01
O.35867991E-O1
0.19132020E-01
O.35867991E-O1
O.5O847663E-O1
O.24O72574E 00
0.59189796E 00
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5. Concluding remarks

The integration method is designed for accurate

reaction rate calculations in the U - and Pu-isotopes as

well as in l/v-absorbers. So for other non l/v-absorbers

it ,nay be necessary to correct the point cross sections to

obtain accurate reaction rates in ordinary spectra. The cor-

rected cross sections may be compared to the group cross

sections.

With this method we think it is possible to per-

form rather fast and accurate cell calculations in burnup

programs even for Pu-enriched fuels.
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APPENDIX

In the energy interval 0.625 - 1.000 eV we use the

transformation

where v is the neutron velocity in the Pu-240 resonance

(E = 1.055 eV). This transformation is very convenient to

use in a l/E spectrum, which is illustrated below.

In this energy region the Pu-240 cross section may

approximately represented by

v
o

- v
1 - -

V

and hence the reaction rates

r v\ o
^ v

dv _ ( +z

v ^ v r
v
v

o dv , r —z

are representative for Pu-240 and l/v-absorption.

With a sufficient number of points we know that

Gauss' quadrature rule is exact, if the integrand is a pol^*

nomial. In our case z is approximately bounded by 1.2 and

2.2. Taylor's expansion around the middle point

yields
z ^
0

z

^ 1.7

z
0

= c *

z-z
0

(z-z

2*

2 ^
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In this interval the serie converges rather fast.

If we truncate the serie, we will obtain a polynomial in z.

With 2 Gauss' points the first 4 terms are exactly integra-

ted and the rest contributes with less than about 1 permille.

Of course this is also true for e . Thus the choice of trans-

formation is convenient for accurate integration of the

tion rates in Pu-240 and abosrbers with l/v cross sections in

this region.
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