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Abstract 

These lectures are intended to provide an overview of gravitation 
theory and a framework for various applications. We will first discuss 
the foundations and structure of metric theories of gravity, developed 
from the consequences of various extremal action principles. Then we 
restrict our consideration to scalar-tensor theories of gravity, and in-
troduce various astrophysical applications. The weak-field applications 
are the index of refraction of gravity and gravitational waves. The 
strong-field applications are compact objects, their surrounding parti-
cle orbits, and cosmology. Except for waves and cosmology, effects of 
the scalar field are assumed negligible, reducing the theory to general 
relativity. 



Contents 

1 K e y concep t s a n d pr inciples 5 

2 Tensor a lgebra in m e t r i c space t imes 7 
2.1 Vector 8 
2.2 Tangent space 8 
2.3 Basis 8 
2.4 Tensor 9 
2.5 Metric tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 
2.6 Change of basis 10 
2.7 Four-volume element 10 
2.8 Gradient of a function 10 

3 E x t r e m a l ac t ion pr inc ip les for m a t t e r a n d t h e i r consequences 11 
3.1 Stress-energy tensor 11 
3.2 Energy-momentum conservation 11 
3.3 Test-particle equation of motion . . . . . . . . . . . . . . . . 12 
3.4 Gradient and covariant derivative of a tensor 13 
3.5 Geodesic deviation Riemann tensor . 14 

4 G r a v i t a t i o n a l field equa t i ons 15 
4.1 Scalar-tensor theories 15 
4.2 Weak-field equations 17 

5 Weak-f ield appl ica t ions 19 
5.1 Index of refraction of gravity . . . . . . . . . . . . . . . . . . 19 
5.2 Gravitational waves 20 

6 Strong-f ie ld app l ica t ions 21 
6.1 Compact objects . . . . . . . . . . . . . . . . . . . . . . . . . 21 
6.2 Orbits 23 
6.3 Cosmology . 24 

6.3.1 Kinematical analysis 24 
6.3.2 Dynamical analysis 26 

Refe rences 28 





Relativistic, Gravity 5 

1 Key concepts and principles 

Gravitation is the most fundamental interaction, affecting all forms of mass-
energy. This allows its geometrical description, at least within the classical 
(nonquantum) regime that we shall consider. The scope of this regime is 
indicated in figure 1. Useful results rather than detailed derivations will be 
emphasized. The approach that we will take and some applications that we 
will briefly consider are outlined in figure 2. 

Size (centimeters) 

F i g u r e 1: The domains of our knowledge of the physical world, with the mass and size 
of representative objects indicated. A theory of quantum gravity is needed at distances 
less than the Planck length Lp = TiGjc3. 

The textbooks that are closest to our viewpoint are by Schutzfl] at the 
introductory level and by Misner, Thorne, and Wheeler[2] at the compre-
hensive level. Except for only setting the speed of light c = 1, but not the 
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gravitational constant G, we adopt their notation and conventions. 

Universality of Free-Fall 

, , t • 
IInertial frames 

T 
I Einstein Equivalence Principle 

t general covariance 

j Metric Theories of Gravity| 

^elisor algebra 

Classical matter action (coupled to metric) 

Sx" 
! Stress-energy tensor) [Conservation lawsj [Particle motion. | 

t 
IGeodesic deviation Gradient of a tensor! 

Riemann tensor 

Gravitational field equations I •j Weak field equations I 

X . f 
ilndex of refraction Gravitational vavesl 

[Compact objects I {Cosmology| 

F i g u r e 2: The structure of these lectures. 

We shall first consider the broad class of metric theories of gravitation. 
This class is defined by the specification of how gravity affects matter. The 
manner in which matter generates gravity is separately specified by each 
theory within this class. Metric theories are based upon a few key concepts 
and principles: 

1) Universality of Free-Fall (UFF) 
This principle states that if a test particle is placed at an initial event and 

is given an initial velocity there, its subsequent worldline through spacetime 
will be independent of its structure (i.e., all forms of energy 'fall' at the same 
rate). A test particle is conveniently defined as one whose charge, mass, and 
size are reduced until experimental results are unchanged. 
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'2.j Coörd iüs tß tué 
A coordinate (or reference) frame can be visualized as a continuous set 

of spatially labeled 'clocks' filling spacetime. Such generalized clocks merely 
provide the time label of events. Infinitesimal distances are best measured 
by the radar method. The proper distance is c/2 times the round trip travel 
time, as measured by an ideal clock carried by the fiducial observer. The 
time associated with the measurement is the average of the photon s mi s s iQ ri 
and reception times. 

3) Iner t ia l reference f r a m e 
This is a local coordinate frame in which any free test particle is unaccel-

era.ted (to a specified accuracy) within a small specified region of spacetime. 
It can always be constructed at any point (event) in spacetime (if UFF is 
valid). A physical realization is a nonrotating lab m free-fii.ll, small enough 
that the effects of tidal gravitational forces are negligible. 

4) Eins te in Equivalence Pr inc ip le ( E E P ) 
This principle states that in all inertial frames, the nongravitational laws 

of physics are those formulated within special relativity (when local Lorente 
coordinates are employed). 

Employing the EEP, we will see how gravity emerges from a local anal-
ysis. Demanding that the laws of physics retain their form under general 
coordinate transformations xß = xß (icQ) (general covariance) will then al-
low us to determine how matter couples to gravity: via a metric tensor. This 
metric tensor has components gßV (a:Q) which can be put ir. t tltß Minkowski 
form with dgßt,jdxa = 0, in every inertia! frame (which is then called a 
local Lurentz frame). 

Note that all tensor equations (T = 0) are generally covariant. Such an 
equation will thus be true in all coordinate systems if it is known to be true 
in any one (such as a local Lorentz frame). 

2 Tensor algebra in metr ic spacet imes 

Tensor algebra is the study of geometrical objects (scalars, vectors, tensors, 
. . . ) at any fixed point Pa, These objects exist independent of any coordi-
nates, so form the proper description of physical reality. 
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2.1 Vector 

In curved spacetime, we require a local definition of a vector. A familiar one 
is the tangent vector 

to some curve V(X) at the point Vq where the vector exists, where DV is 
the infinitesimal displacement vector. If the path parameter A is chosen as 
the proper time r (for a nonzero mass particle), the tangent vector is the 
four-velocity U = d V j d r . 

2.2 Tangent space 

The vectors at any point Vq form this abstract four dimensional vector space. 
All geometrical objects at this point reside in this tangent space (not in 
spacetime). 

2.3 Basis 

A basis is a set of four linearly independent vectors e a (ct — 0,1,2,3) at a 
point VO- Any vector v at Vq can be represented by its components VA : 

Consider some coordinate system: four functions xa(V). A (global) coordi-
nate basis is then 

v = vae. •a (summation convention) . 

e a - dV/dxa , 

indicated in figure 3. We shall only employ such bases. 

F i g u r e 3: Coordinate basis vectors in the tangent space at Vo, tangent to the coordinate 
curves there. 
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Most other aspects of tensor algebra are direct generalizations from spe-
cial relativity in each tangent space, as follows. 

2.4 Tensor 

A tensor can be thought of in at least two ways: 
• As a direct product: T = T" '"'ea Ü&ßQS'" • 

• As a linear operator on vectors, giving a scalar (number): 

T in . v , . . . ) = Tie.,. eß).. .)uavß •••= Taß...uQvß ••• . 

The second equality defines the components of a tensor. 

2.5 Metr ic tensor 

This generalization of the Minkowski metric of special relativity, with com-
ponents Tfov = diag.(—1,1,1,1), produces the scalar product of vectors: 
u • v = g(u, v). Its components then also represent scalar products: 

g(eQ, e;3) = eQ * = gaß = g(ef9, eQ) = gßa . 

Other aspects are: 
• The interval i s 2 = g(d 'P, dV) 5= gnßdxfxd^ (dV - dxtTelT). 
• Its inverse, given by = fj.-- • 'Raising and lowering indices': 

% = v • ef], = glV'e,.. e / t) = g^v1 ' , 

vfJ. _ gi1-®g(Tl/vt/ = g'''TV(r . 

This generalizes to give 
rp 3 "• _ rppSf- _ fß<rnn q 7"- — Mafigjv-L — g J-atrj— 

and the generalized scalar product Va •''". for instance. 
It is important to remember that all measured quantities are scala-rs. 

For instance, the energy of a photon of fbur-rnomentuni p measured by a 
detector of four-velocity U (as shown in figure 4) is E = — U • p = —Uapa. 
This reduces to E = pi} in an instantaneously comoving (U* = 0) local 
Lorentz frame. 
• Contraction produces a new tensor of rank two lower; for instance 

Qfiu = = gffTMrwv , 

independent of choice of basis. 
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F i g u r e 4: The interaction of a photon of four-momentum p with a detector of four-
velocity U. 

2.6 Change of basis 

This is represented by e/tf — Lv generated by the tranformation ma-
trix Lv ,{Vo). With the inverse transformation matrix constructed from 
L'^rL^ — 8%. one obtains the transformed components 

rpa' • • • to! Tf rpa ••• 1 ß>- a ß' ' * ' r-

of a tensor, using the above equations. Under a tranformation of coordinate 
bases [generated by the four functions xfi (xa)], the tranformation matrices 
assume the form 

La'ß = dxa'/dxß , Lß
a, = dxß/dxa' . 

2.7 Four-volume element 

The unique scalar which generalizes all the usual properties of a volume 
element is 

dV{4) = ^dx°dx1dx2dxz EE , 

where g is the determinant of the matrix gßl> . 

2.8 Gradient of a function 

This operation on a function f(xa) is represented as 

d f = f'aea=gaßf,ßea = gaß-^ea, 
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in terms of its partial derivatives in a coordinate basis. The directional 
derivative of a function along a curve V(X) (at Vq) is then 

d,\ d,\ dx- J a 1 ' 
This scalar indicates how much the function / changes in the direction of 
the tangent vector v. 

3 Extremal action principles for matter and their 
consequences 

The fundamental special-relativistic laws of physics may obtained by ex-
tremizing the (scalar) action T = j Cd4x, ST = 0. Within metric theories, 
the effects of gravity on a classical material system may be obtained by the 
replacements 

j Cy^géx , C CM(n^ JV^-'^LM' 'matter') • (!) 

Variation with respect to A/x gives Maxwell's equations in an arbitrary metric 
field. (Complete antisymmetrization and symmetrization of indices will be 
denoted by [aß * • *] and (aß * * •) .) We will add the contribution of the 
gravitational field(s) to the action T later. 

3.1 Stress™ t6osor 

Under the variation g ^ —> + the stress-energy tensor Is defined 
by 

ST m = I j T ^ S g ^ ^ g d ' x . (2) 

This definition automatically generates all of its desired properties from spe-
cial relativity. 

3.2 Energy-momentum conservation 

Since the "matter' action Tm is a scalar, it will be unchanged under a coordi-
nate transformation 

= xf' + here taken to be infinitesimal. 
It will also be unchanged by a subsequent change xfi" x1* in the integration 
variable. This induces the net change 

Sgta, = + + flW^O , 
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the Lie derivative of g ^ . Under this variation of the metric tensor compo-
nents, one obtains SI m = / T^ a.sfle

ff ̂ f^g dAx , where 

= (1 / y f ^ i V ^ T ^ l r - I g ^ T T . 

Note that the divergence T ^ must be the components of a vector, since 
its contraction with the components e0" of the infinitesimal displacement 
vector is a scalar. Since SI m = 0 for arbitrary ?a(xa), we obtain the four 
components 

T " , ^ = 0 (or T ^ = 0) , (3) 

representing conservation of energy and momentum. The latter are the 
equations of motion of the continuum. 

3.3 Test-particle equation of motion 

The prescription (1) gives the action 

f f dxfldxv\1^ IM = - j l-g^ — — ) d X 

for a test particle, where the tangent vector to the particle's world line 
&Û(À) is dP/dX = (dx^/dX)^^ = x^e^. Vary the worldline, and choose 
À (after the variation) so that g^x^x" = —m2. The rest mass m > 0. 
The components of the particle's four-momentum are then = x11. Then 
SI m = ••m~ï f QaSxadX — 0, so 

Qa = dpa/dX - I g^apPp" = 0 . (4) 

Thus if the metric components g^ are independent of any coordinate xa, 
the corresponding four-moment um component pa is conserved. 

We also find that the vector components 

_ <Pxa J n \ dx* dxv
 = D fdxa\ _ Dpa 

Q ~ ~d>f + Xfiv) ~dX~dX=DX\~dXj ~ ~DX~°> ( J 

where the Christoffel symbol (connection coefficient in a coordinate basis, 
not the components of a tensor) is 
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For rest masses m > Ö, equations (4) and (5) also govern the particle's four-
velocity UQ = pQjrn = dxa fdr, where the proper time interval dr = mdX. 

It can be shown that in the neighborhood of a freely-falling observer, 
coordinates can be chosen so that g ^ = 17^ and gfll,M = Ö along his/her 
worldline. It then follows from equation (5) that all test particles in that 
neighborhood are indeed unaccelerated (dxa jdr = constant dxl jdx® = 
constant), verifying that it is an inertial frame. 

3.4 Gradient and covariant derivative of a tensor 

Since QQ = DpQ jDX are the components of a vector [given by equation (5)], 
it follows that for any vector field with components Va(x>J'), 

are also the components of a vector. It thus also follows that \ "l.,. must be 
the components of a (rank 2) tensor: the generalization of the gradient to 
operate on vectors. The generalization of the directional derivative is the 
covariant derivative, with the above components DVa /DX. 

Denoting the directional derivative operator D/DX along a basis vector 
e,. by Vp , its effect on a vector V can also be described as 

Comparing with equation (7), we see that the connection coefficients describe 
how the basis vectors vary with position: 

The application to tensors of any rank follows straightforwardly to give 

It then follows that the gradient of the metric tensor vanishes: ga0ip = 0-
As an interesting example, consider the Maxwell field-strength tensor, 

whose components F a r e generated from the components 

V,.( \ "Te„ ) = ( V , . r > , , I rT tV,.e, , i = r \ , . e . 
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of the gradient of the potential via FßV = AP;ß—Aß-U = = The 
last equality follows from the symmetry of the Christoffel symbols [equation 
(6)], and reflects the curious fact that only partial derivatives seem to appear 
in the matter Lagrangian [equation (1)]. 

3.5 Geodesic deviation Riemann tensor 

Consider two freely falling test particles with infinitesimal separation Axaea, 
as indicated in figure 5. Their separation vector can be constrained to obey 
A x • p = 0. It is then purely spatial (A/eq = 0) in an instantaneously 
comoving frame (UL = 0) for a nonzero mass test particle. 

F i g u r e 5: The paths of two nearby test particles. 

Subtracting their (geodesic) equations of motion (5) gives 

_ d2Axa
 | f ct I dxv dxv ^ ^ ^ \ a \ dx^ dAxv _ Q 

dX2 \ßv} ^ dX dX \ fus j dX dX 

Now since DAxa/DX (but not dAxa/dX) are the components of a vector, 
so is the result of applying the operator D/DX [defined by equation (7)] 
again. Employing the above equation, this operation produces the equation 
of geodesic deviation 

n2 At® dr<" dru 

Since both terms in this equation are the components of vectors, the quan-
tities 

= U ; C r " + {<"-} {ßu} ~ { TI/ } {/m} 
must be the components of a (rank 4) tensor, called the Riemann (curvature) 
tensor. It plays a role similar to that of the electromagnetic field tensor FpV 

in the extension of the equation of motion (5) to charged test particles: 

D fdx<*\ q_Fadx° 
Dr \ dr J m a dr 
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the generalized Lorentz force equation. We see, however, that the Rieinaim 
tensor represents the physical field gradients (tidal forces), and only relative 
gravitational acceleration has physical meaning. 

The symmetry properties of the Riemann tensor (analogous to F ^ — 
are 

Raßiw = -R([a/:Î][H} ' R[aßt»] = 0 5 
the first giving 8 • 7/2 independent components and the second giving one 
less, for a total of 20 independent components. Its (unique) contractions are 

nv:, - gaßRßmv , R = , 

the components of the (symmetric) Ricci tensor and the Ricci scalar. It also 
obeys the Bianchi identities 

Raß\}»&] — 0 > (9) 
analogous to the homogeneous Maxwell equations F^.q = 0; and their 
(unique) double contraction 

G^ = 0 (Gtaf = - , 

which involves the components of the Einstein tensor G. 
Consider the parallel transport of a vector S along some curve V{\). 

defined by DS^/DA = 0. If the curve is the boundary of an infinitesimal 
area generated by the displacement vectors -ia and rib, the change in S after 
a complete circuit is 

AS*1 = —Rf3'Qß1Sa8ap8W . (10) 

This is another way to characterize the Riemann tensor. Now parallel trans-
port the vector around all six faces of an infinitesimal cube, as shown in 
figure 6. Since the pairs of paths along each edge must cancel, the total 
change AS^ = 0. This has been characterized as "the boundary of a bound-
ary equals zero'.[2] Expressing this result in terms of equation (10) then 
produces the Bianchi identities (9), giving them an intriguing geometrical 
meaning. 

(jriravit ational field equations 

4.1 Scalar-tensor theories 

We now complete the implementation of the extremal action principle by 
adding to the matter Lagrangian density Cm [specified in equation (1)] a 
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F i g u r e 6: The paths of vector transport which generate the Bianchi identity, 

Lagrangian density Ca which depends solely on the gravitational field(s). 
Adopting the principle of simplicity that has worked so well in deriving the 
laws of physics, we are tempted to include nature's simplest (scalar, spin 
0) field (p in addition to the metric tensor field g. In analyzing the field 
equations, more insight is gained by employing the 'spin representation', in 
which g denotes the metric tensor which corresponds to a pure spin 2 field. 
On the other hand, g = ^42(9?)g is the metric tensor discussed above, through 
which gravity couples to matter. 

If we require only that the field equations be of at most second differential 
order, the most general Lagrangian density is then[3] 

CG = ( 1 6 t t G ) ' 1 ^ - 2 - 2A(<p)\ , 

where G is the bare gravitational constant. Thus there are two free functions 
in this theory[4, 5]: the matter coupling function A(np) and the 'cosmological 
function' A((p). 

Extremizing the action Xq with respect to variations in gßl/ and ip then 
gives the field equations 

Gßl, = SitGT^ - gßl/k{<p) + 2(ptfi(p>v - g^gaß<p,a<p,ß , (11) 
= ~4irGa{<p)T + \dkjdip . (12) 

The scalar field-matter coupling function is 

a((p) = dlxiA/dip — oi + a,2((p — <po) + • • • , (13) 

where the expansion is about the present cosmological value ipo of the scalar 
field. Expanding the self interaction A(y>) in the same way shows that the 
effective range of the scalar field is of order (d2A/d(p2)0

 1/'2. 
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The stress-energy tensor T is defined, as in equation (2), with respect 
to variations of g. It obeys the modified conservation laws [compare with 
equation (3)j 

= <-4<p)T<ß,ß , (14) 

indicating the separate effects of the spin 2 8,11(1 0 fields. 
If the coupling function A{<p) has a minimum, Damour & Nordtvedt[G] 

and Santiago, Kalligas, & Wagoner[7] have shown that in most cases the 
theory is attracted toward that minimum during tl 

ie e3C J? S1Ö Ï! of the uni-
verse, thus approaching general relativity : <p = constant, A(ifi) = con-
stant, a(ip) = 0. This is in accord with the small experimental limitfS] 
af < 1.5 x lO"""4. [The Drans-Dicke theoiy[8] is the special case a(<p) = 
constant, A (9?) = 0.] 

Although there is local interest in this broad class of theories, for the most 
part we shall concentrate on general relativity for the remainder of these 
lectures. The two exceptions will be gravitational waves and cosmology, 
where a scalar field introduces qualitatively new effects. 

In addition, we will employ the fact that most matter in the universe is 
well approximated as a perfect fluid, described by the stress-energy tensor 
(obtained from the EEP) 

Tfw = (p + p) Uß Uv + pgfW , (15) 

where p is the mass-energy density, p is the pressure, and U is the four-
velocity of the fluid. Such a fluid flows adiabatically (conserving specific 
entropy). 

4.2 Weak-field equations 

Throughout almost the entirety of all region. 
i rïiuch smaller tIi.£i>o. tlictt of tlie 

observable universe, gravitational fields can be considered weak. This means 
that (except near black holes and neutron stars) one can choose coordinates 
such that the metric assumes the nearly Minkowski form 

9p,v = rliM> ; >Jl}W>\ j- • 

For instance, within the solar system, |htiV\ Ä GM^./R^.c? = 2.12 x 10~*6. 
We shall consider isolated 

sources , ctiicl can neglect the cosmological 
constant A(<£>q) within such regions. 
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We work to first order in h ^ , and utilize our freedom of general infinites-
imal coordinate transformations xa (V) = xQ(V) + fjH'P). which produces 
the change 

V e ' = hfa, - Çw - (16) 
in the metric perturbation. This is directly analogous to the gauge transfor-
mation AfJi = Ap + x,fi, in electrodynamics; and leaves the Riemann tensor 
components Rtxßjiv, like the Maxwell field strength tensor components Faß, 
invariant to this order. We can then use our freedom in choosing the four 
functions £a(V) to impose the coordinate condition 

hra = o , v = h»» -1v^h (h = Tfßhaß), 

analogous to the Lorentz gauge condition AA= 0 in electrodynamics. 
The Einstein field equations (11) (with (p = tpo = constant) then produce 

the weak field equations 

r f ß V l Q ß = - 1 QttGT^ , (17) 

identical in structure to those in electrodynamics. (With the Lorentz gauge 
condition, equation (17) is consistent with the conservation laws T 1 ^ = Ö; 
analogous to J^ = 0 in electrodynamics.) Thus the solution is of the same 
form: 

hfw (x ) — 4G jTpj/(x ^x Xy,|, . ^ j j i ) d . (18) 

A Newtonian system is one in which all (macroscopic and microscopic) 
velocities are nonrelativistic (and thus the retardation in equation (18) is 
negligible), in addition to having a weak field. In such systems the dom-
inant component of the stress-energy tensor (15) is seen to be Tqq = p. 
Therefore we see from equation (18) that the dominant component of the 
(trace-reversed) metric perturbation is h,go = 1'k where # is the Newto-
nian gravitational potential. (This also identifies the meaning of the coupling 
constant G.) Then the spacetime interval becomes 

ds2 = gaßdxadxß S - ( 1 + 2#)<&2 + (1 - 2$ ) ( f î x 2 + dy2 + dz2) . (19) 

Incidentally, the result h,oo = 2# can be obtained more generally by 
comparing Newton's second law with the geodesic equation of motion (5) 
for slowly-moving test particles. In the same limit (in which dxa jdr = 
the spatial components of the equation of geodesic deviation (8) become 

d2Axi , , Ö2# , , 
EST ATJ ^ ARJ 
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showing how the tidal gravitational forces affect the separation of nearby 
particles. 

5 Weak-field applications 

5.1 Index of refract ion of gravi ty 

Consider a photon passing through a Newtonian gravitational potential (for 
which \d$/&t\ <C |V$|) produced by some localized distribution of mass. 
This is a good approximation for all observed systems. In the geometrical 
optics limit, we follow a photon initially travelling in the direction ex far from 
the masses, so subsequently px = dx/dX = pl = p. As shown in figure 7, 
it will be deflected by a very small angle a, with components oN = pNfp, 
where the index N = y,z. 

F i g u r e 7: Photon path through a localized weak field. 

The equation of motion (5) then gives 

dpN 

dX 
p2 2È 

when the weak-field metric (19) is inserted in the Christoffel symbols. With 
dl = dx= pdX and daN jdx = p 1dpN /dx, we obtain 

a -2 Jv±_$de = J Vj_n d£ , (20) 

where we have identified the effective gravitational index of refraction n(xl) = 
1 - 2 $ (> 1). 

Using the fact that 0 = ds2 = gudt2 + gxxdx2 for the photon, we obtain 
its coordinate velocity 

1/2 teçxf_9tt\ ^ 1 + 2$ ^ 1/n , 
dt V gXX J 
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as expected. The time delay, relative to a photon traveling between the same 
initial and final values of x in the absence of any mass, is then 

At = - 2 j § d£ = 2 f1$|d£ = j{n- 1 )d£ . (21) 

However, when the emitter and receiver of the photon are very j~cüäJL fil. OIXÏ. t h(y 
mass coordinate time t equals proper time r at both locations. So this is the 
observed time delay measured by such pairs of observers. 

Thus in both respects (bending and delay), empty space acts as if it had 
this index of refraction. 

5.2 Gravitat ional waves 

Unfortunately, all gravitational waves will be weak when they reach our 
detectors. The vacuum weak-field equations (17) if J'ht,.v.n = 0 and Lorentz 
gauge condition a = 0 allow a, representation in terms of plane transverse 
monochromatic waves 

hpu ~ -Äßve *aJ: ; Aßu-k = 0 , k(yk = 0 , 

with wave vector k. However, both the field equations and Lorentz gauge 
condition are preserved under another infinitesimal coordinate (gauge) trans-
formation (16) if the generator also satisfies the wave equation r]a ß^ß ,aß = 0. 
One can ill Gil use the four additional degrees of freedom to set /it), = 0 and 
h — 0 (so now hßtJ = hßiJ). In summary, we have constructed the transverse-
tûTŝ csloss (TT ̂  gauge, in which the eight independent conditions 

hßo = hjk.k = hk
k - 0 

leave two independent polarization states, again in direct analogy with elec-
trodynamics. 

We can also include the possibility of a weak scalar wave p i s - f - ^q, 
since the tensor field equations (11) are unaffected through first order in ipi 
(except that hßlJ hßV = hßV — 2a\pmßlJ in the above equations). The 
scalar field equation (12) (with A constant) becomes f f ß p i , Q ß = 0, giving 
the same plane-wave representation. 

To understand the response of a gravitational-wave detector, consider 
slowly moving free test particles whose separation is much less than the 
gravitational wavelengths involved. Now employ a local Lorentz frame (a. 
different choice of gauge), in which physical (e. g., radar) and coordinate 
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distances axe equal through first order in the particle separation Ax . The 
equation (8) of geodesic deviation becomes d2Axl/dT2 = —Rl

 0 j 0 a s 
before, involving only the matter coupling metric g = A2(tp)g. In terms of 
our spin representation, 

RiOjO = RiOjO + o-i (<P,ij ~ Sijtp,oo ) • 

In the previous TT gauge, one obtains -R^o = However, the gauge 
(coordinate) invariance of the weak-field Riemann tensor allows us to use 
this expression in the above equation of geodesic deviation, giving 

SAxi/dr2 * [fhj?0o + ai(Äij¥>,oo - <ptij)]A^' . (22) 

Figu re 8: Wave-induced distortions of a ring of test particles. 

In figure 8 we show the resulting positions of an initially circular ring 
of test particles (at phases ir/2 and 3tt/2) for each polarization state: (a) 
foxx yy 1 C^) hxy hyx ) (c) 

(pi. They remain in the plane transverse 

to the propagation vector k shown. 
For separations A:r in the same direction as k, equation (22) also shows 

that there is no response to any of the three wave components. 

6 Strong-field applications 

6.1 Compact objects 
Throughout any spherically symmetric spacetime, we can choose Schwarzschild 
coordinates, in which the interval assumes the form 

ds2 - -e2^dt2 + e2X^dr2 + r2[d02 + sin2Odcj)2] , (23) 

so that the proper area (measured by a set of observers at fixed r and t) 
of any spherical surface is 47rr2. We consider here isolated bodies, so the 
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metric potentials A —» 0 as r —» oo. In addition, we shall consider static 
(IP = 0, d/dt = 0) bodies. 

Then the only non-trivial momentum conservation equation = 0 
gives hydrostatic equilibrium: 

dp , , , . 
dr = ^ p + p)dr> ( 2 4 ) 

also indicating that #(r) is the generalized Newtonian potential. The only 
structural difference from the Newtonian equation is the addition of the 
pressure to the 'inertial mass-energy density'. 

The {if} component of the Einstein field equation gives, after an inte-
gration, 

e2A 1 
2Gm(r) - i 

m(r) = 4?r / p(r*)rjdr* . (25) 

Let r = R be the radius of the star, defined by p(i?) = 0. Then m(r > R) = 
M, the total gravitational mass (defined by applying Kepler's third law to 
distant orbits). 

The {rr} component of the Einstein field equation gives the generaliza-
tion of the Newtonian field equation: 

_ c (m + 4?rr3p) . 
dr r ( r — 2 Gm) 

We see that pressure also contributes to the 'gravitational mass-energy den-
sity', and strong fields (2Gmjr 1) also steepen the potential gradient (and 
therefore, from equation (24), the pressure gradient). The {90} and {<f>4>} 
components of the field equation are redundant. 

Finally, if the equation of state assumes the form 

p = p(p,s(p)) (specific entropy s determined separately) , (27) 

we have four equations (24, 25, 20, 27) to determine #, A(and m), p, and 
p. For the major applications, white dwarfs and neutron stars, the entropy 
effectively vanishes since the particles providing the pressure support (elec-
trons or neutrons, respectively) are degenerate. 

Continuity of #( r ) and A(r) at the stellar surface allows matching to the 
exterior (or black hole) Schwarzschild solution 

e2$ = e-2A = 1 _ 2GM/r , 
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also obtained from the above equations. With the additional boundary con-
dition m ex r 3 as r 0, a set of stellar models is then a one-parameter [e. g., 
pc = p(0)] family. Such equilibrium models are stable when dM/dpc > 0. 

^TIig ixiOjX-iro.ii in in^ss of white dwarfs and neutron stars are of the same 
order, Mpjrn | = 1.86Mq, where the Planck mass M /< = ^ Tief G = 2.1 x 
IQ"""5 g and m n is the nucléon meiss» ./Vii extensive survey of this subject is 
provided by Shapiro and Teukolsky[9]. 

8.2 Orbits 

One of the most powerful probes of the strong gravitational fields near neu-
tron stars and black holes is analysis of the orbits of test particles (or 
those comprising gaseous accretion disks), here taken to have rest mass 
m > 0. Within the Schwarzschild geometry, we can define the orbital plane 
as 0 = tt/2. From equation (4), with = mdx^jdr, we then see that both 
the energy and angular momentum (per unit mass) 

are conserved along each orbit. The relation g^vP^ff = — m 2 then gives us 
the remaining (energy) equation 

As in Newtonian theory, we can understand the orbits via plots of the ef-
fective potential V, shown in figure 9 for r > 2GM (nonrotating black hole 
horizon). 

For instance, radial turning points occur where V = E, and stable (and 
unstable) circular orbits correspond to the minima (and maxima) of V. How-
ever, we notice two new (relativistic) features: (a) A particle is captured by 
the black hole if its specific 3iHG[ulcir momentum is low enough (L < 2\/'.iGM) 
or its specific energy is high enough (E > Vma,x)l (b) Stable circular orbits 
only exist for L > 2 \ / 3 G M , at r > 6GM. 

For rotating (Kerr) black holes, the metric tensor is much more compli-
cated, but effective potentials can still be obtained[2j for orbits with angular 
momentum parallel or anti-parallel to that of the black hole. The 'dragging 
of inertial frames' by the rotation of the mass produces many interesting 
new effects, such as a region (the 'ergosphere') ouside the horizon where all 
observers must rotate in the Sctmc direction ciS the hole. 

dr ' 
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F i g u r e 9: The effective potential V is plotted for various choices of L. Also shown are 
the three classes of orbits (constant E ,L) . 

6.3 Cosmology 

6.3.1 Kinematical analysis 

We shall first outline some general features of cosmology within the frame-
work of any metric theory of gravity (incorporating the EEP). The analysis of 
the large-scale properties and evolution of the universe[10] has at its founda-
tion one key observation, isotropy, and one key assumption, the Copernican 
Principle. (By large scale we shall mean distances D 3 x 108 light years, 
roughly 1/30 of the radius of the visible universe.) 

We first define a preferred set of observers: those who view the cosmic 
microwave background (CMB) radiation as isotropic on the corresponding 
angular scales (?£ 2 degrees). The CMB is isotropic to an accuracy of 10~~5 

(after removing the effect of our motion), the size of the observed intensity 
variations imprinted by the primordial density fluctuations which formed 
galaxies, etc. Galaxies (such as ours) have random velocities with respect to 
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tins frame such that (v2/c2) l / '2 ~ 10":1. 
We shall then attach our spatial coordinates to such observers, so they 

become comoving with respect to the average motion of the matter. We 
also take the time coordinate to be their proper time, so the averaged (over 
volumes AV <**> D3) four-velocity of the matter has components Ua = e5q . 

The Copernican Principle (CP) asserts that our position in the universe 
is not special, but typical. The basis for this assumption is the similarity 
of our galaxy and local group of galaxies to other such systems observed 
throughout the universe. One then obtains the following consequence]! 1 j : 

CP + Observed isotropy Universal isotropy Homogeneity. 

'Universal' means with respect to all comoving observers. The property 
of large-scale homogeneity has been dubbed the Cosmological Principle. It 
means that all large-scale properties of the universe depend only on the 
proper time t of the comoving observers. However, we see from the above 
that it is not an independent principle; it follows from the CP (so the same 
acronym is appropriate). 

Another consequence of assuming the CP is the form of the metric, which 
corresponds to the fact that the curvature of the three-spaces t = constant 
must also be uniform. We adopt the representation in which the interval is 

ds2 = -dt2 + a2(t)[dx2 + y/'{\){d/f + sin20d<f) j , (28) 

where x is a dimensioning comoving radial coordinate, the curvature K = 
k/a2{t), and 

{sinx , k = + 1 
X , 0 . 

skill x , —1 
Of course, a Hat space (k = 0) is also the limit of the other two choices as 
the radius of curvature a(t) —> oo. 

Essentially all of our information about the universe comes to us via 
(radial) photons. So we integrate equation (28) for ds — 0 — d9 — d$ from 
a comoving emitter (at time t and radial coordinate x) to us (at time to and 
X = 0) to give 

X = f * a~l(t')dt' . (29) 

Applying equation (29) to two photons separated by one period of oscillation, 
the fact that x remains fixed gives the fundamental redshift [Z) formula 

1 + Z = X0/X = a(tD) Ia(t) . (30) 



26 R. V. Wagoner 

Thus we see that the scale factor a(t) directly stretches wavelengths, as well 
as determining physical (radar) distances such as the radial one dl = a(i)dx. 

A final consequence of the symmetry induced by the CP plus observed 
isotropy is the fact that the matter stress-energy tensor Tia, must assume 
the same form as that for a perfect fluid, given by equation (15). We shall 
now denote the corresponding effective density and pressure of the matter 
by pm and pm. 

8.3.2 Dynamica l analysis 

In order to understand what governs the dynamics of the evolution of the 
universe, we take the metric theory of gravity to be within the class of scalar-
tensor theories presented above. Wo again employ the spin representation, 
in which the spin 2 metric g = .4 2( where g is the (physical repre-
sentation) metric that couples directly to matter. However, we can ret äin 
the same form of the metric [given by the interval (28)] if we instead em-
ploy the time dt = A~~"1((p)dt and scale factor â(t) = A^1(<p)a(t). But we 
must remember that physical distances and times are given by the interval 
ds2 = A2(ip)ds2. Correspondingly, physical matter densities and pressures 
are obtained from pra = A A(tp)pm and pm = A 4(ip)pm. 

The field equations (11) can then be put in the form 

while the scalar field equation (12) assumes the form 

<f<pfdt2 + (3/â)(dâ/dt)dip/dt 4- dA/df = —4?rGa(<p){pm — 3pm] . (33) 

We have introduced the effective scalar field density and pressure 

pv = ( S t t G T l [ { d ^ l d î f + A(^)j , pv = (8irG)~~'l[(dipfdt)2 - A(^)j . (34) 

In addition we have 'microscopic conservation of energy', in the form 

Using equation (35) renders equation (31) redundant, while equation (32) 
can be put in the form of 'macroscopic energy conservation': 

(3 /â )d 2 â/d t 2 = —AirGlpm + P<p + 3(pra + P-^Vi , 
( 3 j à 2 ) [ ( d â j d t f + k] = 8ttG(pm + %) , 

(31) 
(32) 

d[(pm + pip)aA]jdî + ipm + p,f)daAjdt = 0 . (35) 

2 (dâfdîf +U(a) = —k/2 , (36) 
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where the effective gravitational potential U = — (4wG/Z)a2 (pm + pv). For a 
small comoving sphere of radius TL — xô(î) mass M* — (4irRl/Z)(pm + 
pv), one finds that — - G M . / R . . 

Let us consider the present epoch (when <p = cpo), noting that we can 
set A((FA) = 1. In addition, we use the fact that its derivative [see equation 
(13)] is small: a2((pq) = Oq < 1.5 x 10~4. Therefore the spin and matter 
representations are approximately the same today. The measured Hubble 
constant is then 

The fundamental dynamical equation (36) then assumes the form 

QQ + Ûk + Oa + = [1 — ao(rfip/(ilna)o]2 , (37) 

where we adopt the standard notation 

O - 0 k _ A(yo) _ (d<p/dt)l 
U0- , UK- {a(jHù)2> 3JÎ2 ' 3i?2 • 

Note that equation (37) differs from the standard result [10] because of 
the contribution of a possible time dependence of the scalar field via O^ and 
the term which makes the right hand side no longer equal to unity. We point 
this out to illustrate one way in which a dynamical scalar field can impact 
the comparison of cosmological models with observations. 
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Abstract 

These lectures concentrate on evolution and generation of dark mat-
ter perturbations. The purpose of the lectures is to present, in a sys-
tematic way, a comprehensive review of the cosmological parameters 
that can lead to observable effects in the dark matter clustering proper-
ties. We begin by reviewing the relativistic linear perturbation theory 
formalism. We discuss the gauge issue and derive Einstein's and con-
tinuity equations for several popular gauge choices. We continue by 
developing fluid equations for cold dark matter and baryons and Boltz-
mann equations for photons, massive and massless neutrinos. We then 
discuss the generation of initial perturbations by the process of infla-
tion and the parameters of that process that can be extracted from the 
observations. Finally we discuss evolution of perturbations in various 
regimes and the imprint of the evolution on the dark matter power 
spectrum both in the linear arid in the nonlinear regime. 
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1 In t roduct ion 

The study of the correlations in the dark matter and in the Cosmic Mi-
crowave Background (CMB) is revolutionizing cosmology. Fluctuations across 
a range of scales have been detected and the precision in the determination of 
the power spectra are improving steadily. Over the past few years, a coher-
ent cosmological model appears to have emerged: CMB observations[1, 2, 3] 
suggest that the universe is flat; a host of astronomical observations^] sug-
gest that most of the matter in the universe is non-baryouic and that the 
energy density in t his dark matter is not sufficient to explain the observed 
flatness; and supernova observations^, 6] imply that the expansion of the 
universe is, surprisingly, accelerating. These observations suggest that most 
of the energy density of the universe is in some new form. This dark energy 
may be quintessence[7] associated with a light scalar field, or due to the 
energy of the vacuum. While this emerging standard model is an important 
intellectual triumph, the unknown nature of the dark matter and the dark 
energy suggests that there may be important missing physics in the model. 

Among the questions that we still need to address are: What is the dark 
matter? What is the mass of the neutrino? What is the nature of the 
dark energy? Did structure form by gravitational instability? How did the 
universe begin? These questions were among those identified in the recent 
National Academy of Sciences' Committee on the Physics of the Universe 
study [8]. 

Determining the linear power spectrum of dark matter can provide an-
swers to many of these questions. From the theoretical perspective the dark 
n. j,at t er cl o.st er i.n g can give x il ifxifï o. iat 1.0 h on the exact nature of dark matter. 
For example, the clustering of cold dark matter differs from that of hot or 
warm dark xxiatter a>xid tins mforniätion can be extracted from the llitljSS 
power spectrum. The latter is also sensitive to neutrino mass, since massive 
neutrinos strongly suppress the level of mass fluctuations on small scales be-
cause of the high neutrino momentum before they become nonrelativistic. In 
principle the sensitivity of upcoming surveys is such that it will be possible 
to test neutrino masses below 0,1-leV [9], close to those suggested by recent 
Super-Kamiokaude neutrino results [10], 

Another family of models that recently received a lot of attention is that 
where a significant fraction of the dark matter is really dark energy that only 
weakly clusters on Somali, scales * 'J,,'lie faxxunliy can be described by its equation 
of state, which m principle can evolve in time and by the contribution to the 
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overall energy density. These models can also be studied through the effects 
on the dark matter power spectrum and its time evolution. 

From the observational perspective there are several surveys, such as 
2dF1 and SDSS2, which will measure redshifts of more than a million galax-
ies. 3-dimensional mass power spectrum is sensitive to a number of cos-
mological parameters, such as matter density, Hubble constant, primordial 
power spectrum slope and amplitude, massive neutrinos, baryon density etc. 
In addition, this sensitivity is further improved if information from higher 
redshifts is provided, such as from the CMB, Ly-a forest or weak lensing. 

The purpose of these lectures is to present a comprehensive review of the 
theory behind the dark matter perturbations. These are determined both 
by the initial conditions and by their subsequent evolution. Because the 
perturbation wavelengths can be larger or smaller than the size of observ-
able universe one must describe both the generation and the evolution of 
perturbations in the context of general relativity. We first review the rela-
tivistic linear perturbation theory formalism. We discuss the gauge issue and 
describe several popular gauge choices. We then derive Einstein's and con-
tinuity equations for these gauge choices. We continue by developing fluid 
equations for cold dark matter and baryons and Boltzmann equations for 
photons, massive and massless neutrinos. These equations describe a com-
plete set which is sufficient to solve the perturbations starting from their 
initial conditions, as long as the evolution is linear (i.e., the perturbations 
are small). 

Next we discuss the generation of initial perturbations by the process 
of inflation and the parameters of that process that can be observationally 
accessible. Finally we discuss evolution of perturbations in various regimes 
and the imprint of the evolution on the dark matter power spectrum both 
m the linear and m the nonlinear regime» 

2 Relativistic perturbation theory 

The goal of studying cosmological perturbations is to understand the evo-
lution of the structure in the universe. Eelativistic perturbation theory de-
scribes this evolution in a general relativistic context. In cosmology such 
an approach is required, because we want to describe perturbations not just 
on small scales where Newtonian laws suffice, but also on scales comparable 

1 http://www.msa.anu. edu.au/2dFG ES/ 
2http://www. astro .prmeet on.edu/BBOOK 

http://www.msa.anu
http://www
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or lar ger to the Hubble length, which Call be used as a typical scale of ob-
servable universe. Before we introduce the perturbations we must however 
describe the unperturbed (homogeneous) evolution of the universe, to which 
we turn next. 

2.1 Homogeneous universe 

The fundamental assumption of cosmology is that the universe is homo-
geneous and isotropic on average. To be more precise, our paradigm is 
that we live in a perturbed Robertson-Walker universe, in which the met-
ric perturbations are small, so the averaging procedure is well defined and 
the backreaction of the metric fluctuations on the homogeneous equations is 
negligible. One can write the line element in a, homogeneous and isotropic 
universe usine conformai time r and comovine coordinates xA as 

This is the Robertson-Walker metric. We will often use greek indices to 
denote 4-tensors and latin to denote spatial 3-tensors. Here a(r) is the scale 
lactor expressed in terms of conformai time r , which is related to the proper 
time i via dt = adr. Similarly, proper coordinates r̂  are related to the 
comoving coordinates x-, via r,; = ax,. We adopt units such that c = 1. The 
space part of the background metric can be written as 

where K is the curvature term which can be expressed using the present 
density parameter in all components Ho and the present Hubble parameter 
H0 as K = (Oo — ! ) /7,f. The density parameter Ho can have contribu-
tions from mass density Om which can consist of baryons, cold dark matter 
(CDM), massive neutrinos (mixed dark matter MDM, warm dark matter 
WDM etc.), cosmological constant fi;\ or some more general dark energy (or 
quintessence) Û,-,, O0 = fiU + ^a + ^V The advantage of using the con-
formal time r is that the metric becomes conformally Euclidean (K = 0), 
3-sphere (K > 0) or 3-hyperboloid (K < 0) and leads to a simple geometrical 
description of light propagation and other processes. 

ds2 = -fIUJdxl''dxlJ = o2(r) |—dr2 + jijdxidx^ • (1) 

= dx2 + r2(cW'2 4- sin2 0 # 2 ) , 

K 1 y sin A" 2 v K > ( ) 
X, K = 0 
{ K) ''2suûi( K) K < 0 

(2) 
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Einstein's equation is 
0 1 = 8*07%, (3) 

where GJJ is the Einstein tensor and Tfl
v is the stress-energy tensor. Ein-

stein's tensor is related to the spacetime Ricci tensor RjiV by 

R 

G PU = RPV —GUV ? R = R1 P ? RFW = R JIKV • (4) 

The spacetime Riemann tensor is defined according to the convention 

r ? v k X ee dKr*vX - dxr»VK + - r " a A r < u , (5) 
where the affine connection coefficients are 

C a = i d v 9 r ' x + d x 9 , i V ~ Ô k 9 v x ) • ( 6 ) 

The Einstein field equations 3 show that the stress-energy tensor provides 
the source for the metric variables. The stress-energy tensor takes the well-
known form 

TV* = (p + p)u*uv + pf'v + piVa' , (7) 

where p and p are the energy density and pressure, uft = dxil(dX (where 
dX2 = —ds2) is the fluid 4-velocity and pWJ,v is the shear stress absent for a 
perfect fluid. In locally flat coordinates in the fluid frame, T0 0 = p, T&i = 0, 
and T'Ji = p 0 for a perfect fluid. 

Einstein's equations applied to the background metric gives the evolution 
of the expansion factor G(T), 

( a Y = r'i2 = —Gpa2 -K, r/= -—Ga2(p + 3p). (8) 
\ a j 3 3 

Overdots denote derivatives with respect to the conformai time r . For con-
venience we introduced comoving Hubble parameter r/ = à ja, which will 
appear often in the equations below. Its value today is Hq. These are the 
Friedmann equations applied to the Robertson-Walker metric. The density 
p is related to the density parameter ÛQ via SirGpoß = Jîgfio-

The mean density of the universe p (and similarly the mean pressure p) 
can be written as a sum of matter, radiation, cosmological constant or any 
other dark energy contributions, 

p = pma~z + pTa~'x + px + (9) 
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where w is the equation of state of the dark energy. 
The energy-momentum tensor is required to obey local conservation law 

7 = 0, which gives 
p + 3r/(p +jp) = 0. (10) 

One can also derive the evolution equation for a homogeneous scalar field 
<f> evolving in a potential V((f>). Its Lagrangian is 

L= v S ? 

where gil,v is the metric. Stress energy tensor in this case is 

l i r i w + v ^ ) ( h ) 

+ r* = h - v { 4 > ) - ( 1 2 ) 

Equation of state w = pj p is in general a function of time. Continuity 
equation (10) gives 

ij> + 2 # + a2V' = 0. (13) 
The scalar field source has to be added to the Friedmarm equations above and 
modifies the expansion of the universe. It obeys the same energy-momentum 
conservation as the other fluids and can be easily integrated to find energy 
density as a function of time (or expansion factor as in equation 9). In the 
limit where kinetic term is negligible compared to the potential scalar field 
reduces to the cosrnological constant with w = —1. This case is relevant 
both for inflation and for the possible late time contribution from the dark 
energy. 

2.2 Perturbations in the metric and in the energy-momentum 
tensor 

Our universe is not homogeneous: we see inhornogeneities caused by gravity 
present on all scales, from planets to clusters, superclusters and beyond. 
We want to describe the deviations from the isotropy and homogeneity of 
the universe using general relativity. Small perturbations hjiv around the 
Robertson-Walker metric are 

9,,» = "•2(7/i.f + h^»). (1'i) 
In the most general form one can write the perturbed line element using 

conformai time r and cornoving coordinates x% as 

ds2 = a2(r) {-(1 + 2A)dr2 - 2BidrdxJ + [(1 + 2HI)jij + dx'dx*} -
(15) 
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The perturbations have been decomposed into time-time component —2A, 
time-space component —2Bi, trace of the space-space component 2H l and 
traceless space-space component 2hy. Vector field B, can be further decom-
posed into a scalar component, which arises from a gradient of a scalar field, 
and a pure vector component, which is the remainder of what is left. Sim-
ilarly we can decompose tensor ]itJ into a scalar, vector and tensor compo-
nents. As we show below these perturbations can be decomposed into scalar 
[•m. = 0, compressional), vector (m = ±1, vortical) and tensor (m = ±2, 
gravitational wave) eigenmode components, which differ in t li. Ci it t ran sför» 
mation properties under spatial rotations. The advantage of this decompo-
sition is that the linearized equations decouple into separate scalar, vector 
and tensor components, with no cross-coupling between them. 

In linear theory, each eigenmode of the Laplacian for the perturbation 
evolves independently, and so it is useful to decompose the perturbations via 
the eigentensor where 

= ij Q(m) = _fc2Q&«)i (10) 

with "I" representing covariant differentiation with respect to the three met-
ric 7ij. Note that the eigentensor Q!-m-' has |m| indices (suppressed in the 
above). To obtain a pure vector component we must subtract out a compo-
nent of a vector field that can be obtained from a scalar field. In real space 
tins is a gradient of a scalar field» Tins met 

m that vector modes satisfy the 
auxiliary condition 

Q p 1 ) i
 = o (IT) 

which represents the divergenceless condition for vorticity waves. 
Similarly, to obtain a pure tensor mode we must subtract out components 

that can be formed from a scalar and vector field. The auxiliary conditions 
are 

7 Î J Q f 2 ) = Q ! f ) ! = o, (18) 

which represent the divergenceless and transverse-traceless conditions re-
spectively, as appropriate for gravity waves. 

We will often focus on perturbations in flat space, both because they 
lead to simplified expressions and because they seem to be observationally 
favored. In this case the eigenmodes are particularly simple. If we assume 
the direction of the wavevector k in eg then 

QifÜÜi « (êi ± iè2k - - • (êi ± iê2)im exp(ik • x), (K = 0, m > 0), (19) 
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where the presence of ê{, which forms a local orthonorrnal basis with eg — k, 
ensures the divergenceless and transverse-traceless conditions. One can see 
now the transformation properties of eigenrnodes under rotation in the plane 
perpendicular to êg is such that 

Q(±m) _ Q(±m)gqF»m^ (ÜW) 

where ip is the rotation angle. 
It is also useful to construct (auxiliary) vector and tensor objects out of 

the fundamental scalar and vector modes through covariant differentiation 

Qi0) = Q g ^ f c - ^ - ^ i Q W , (21) 

Q i f ^ - t Z f c J - ^ Q S f + Q ^ Ï ) . (22) 

For K 0 this becomes 

Qj°) = - i h ~ % Q W , Qjj> - - k - t k i k j Q W - , (23) 

Q i f ) = -i(2fc)-1(fc iQi±1> + fciQf1>). (24) 

The eigenrnodes form a complete set, so that any perturbation can be ex-
panded in terms of these. 

The metric perturbations can be broken up into the normal modes of 
scalar (to — 0), vector (to — ±1) and tensor (to — ±2) type, 

A - AWQf°),FL = 4 V 0 ) 

Bi = - ^ BWQW, 
m——l 

hij - E 4 m ) Q g ° • (25) 
m——2 

The stress energy tensor can likewise be broken up into scalar, vector, and 
tensor contributions. The fluctuations can be decomposed into the normal 
modes as 

s n = E ii=_,[(p + p)(»<m)-JB<m))]Q!m), 

SV = E L - i K p + P)^™' 

ÔT) = tfpW^-QW +Em^2Puim)Qim)ij-
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Note that the two mixed time-space components are not equal. We in-
troduced above the density perturbation pressure perturbation ^p®, 
velocity perturbation where m = 0 , ± 1 and anistropic stress pertur-
bation PYI(M\ which can be scalar (m = 0), vector (m = ±1) or tensor 
(in = ±2) type. These are in general a sum from all of the species present, 

* p ( 0 ) = £ * p i ° \ (27) 
i 

where the index i stands for baryons, CDM, photons, neutrinos (massive 
and massless), dark energy etc. 

A minimally coupled scalar field p also has perturbations, p = <p + ô<p, 
which are related to the fluid quantities as [11, 12] 

Spf = a~'2(4>ö<pm - + V!S<pm , 

= a " 2 ( # / 0 ) - - V!S<pm , 

(Pé + Pé)(vf - B ^ ) = a-'2k^S<p, 

PÉTTF=Q, (28) 

where V' denotes derivative with respect to <p. This shows that there are no 
vector or tensor modes associated with the scalar field, as expected in the 
linear order. Applying energy-momentum conservation one finds 

S4> + 2 t}8j> + (k2 + a2V")8<p = ( i ( 0 } - m f
m - kB(V)<f> - 2 a2V'A^K (29) 

2.3 Perturbed Einstein's equations 

The general covariant form of linearized perturbed Einstein's equations fol-
lows from the definitions above. The algebra is straightforward (although 
lengthy) and leads to the following set of equations 

2.3.1 Sca la r p e r t u r b a t i o n s 

(,k2 - 3 K ) ^Hl + + ///>' 2 {kB - Ht) = 4irGa2 [ôp + 3r/(p + p)(?j - B) jk] 

RIA - Hl - ±Ht - § ( k B - HT) = 47rGa2(p + p)(v - B)jk 

(2f - 2N2 + - Aft2) A - ( £ + N) (HL + I B ) = 4TTGA2(6p + i£p) 

k2(A + HL + \HT) + + 2r/) (kB ~~ H t ) = BTTGÛVL 

(30) 
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These are density (Poisson), momentum, pressure and anisotropic stress 
equations, respectively. The superscripts (0) have been dropped. 

Corresponding energy-momentum tensor conservation equations are con-
tinuity and Killer's equations, which in the general covariant form are 

+ 3r/) dp + 3rjSp = - ( p + p) (kv + ZÈL) 

( ê + 4î?) IP + PK» - B)/k] = 8p- | ( 1 - 3 f )pn + {p + p)A. 

Energy-momentum tensor conservation equations are not independent of 
Einstein s 6(|U3itions i since they follow from Bianchi identities. They are 
nevertheless useful, since they involve only first derivatives instead of second 
as in the case of Einstein's equations. In total we have 4 equations for 4 met-
ric perturbations, which are sou reed by 4 components of energy-momentum 
tensor. As we will see below the number of equations can be further reduced 
by the gauge freedom, 

2.3.2 Vector p e r t u r b a t i o n s 

Since density and pressure are scalar quantities there are only two Einstein's 
equations for vectors, momentum and anisotropic stress, 

( l - f ^ ) [kB - HT) = 16t tGa 2 (p+p)(v - B)fk 

{w + 2V) (kB - Ht) = ^r.(;a 'p\l. 

Energy-momentum conservation consists of Euler's equation only, 

2 ^JL + [(p + p)(^ — B)/k] = — i j pll (33) 

and we suppressed ±1 superscript on all the variables. Here again we have 
2 Einstein's equations for 2 metric variables, but fixing the gauge freedom 
reduces this to a single equation. 

2.3.3 Tensor p e r t u r b a t i o n s 

There is only one equation in this case, corresponding to the tensor part of 
the anisotropic spatial component in Emst cm s 6(|u^t ions ̂  

Ht + 2ijl) r + (ft2 + 2 K)Ht = 4?vGa2pIl, (34) 

where again superscript ±2 was suppressed. There is no gauge freedom in 
the tensor case, as we discuss next. Equation above is a wave equation and 
describes gravity wave propagation and sourcing in a: o. expandm g universe. 
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2*4 Grange trans foi™ in at ions 

So fer we have described the perturbations in a given coordinate system, 
but we did not say much about the coordinate system itself. In the absence 
of perturbations there is a preferred coordinate system, which corresponds 
to comoving frame, in which the observers see the momentum density to be 
zero at that point and the comoving observers are free falling. The spatial 
slices (defined as slices of constant time) are orthogonal to the time threading 
(defined as a constant coordinate x) and for K — 0 they are spatially flat. 
For K < 0 they correspond to a 3-hyperboloid and for K > 0 to a 3-sphere. 
This defines the background space-time. 

The choice of coordinates becomes nontrivial once we discuss the per-
turbations and there is no unique choice. One can, for example, choose the 
coordinates in which the observers are free-falling (corresponding to the syn-
chronous gauge), but this is no longer the same choice as if the observers 
are comoving so that the momentum density vanishes (corresponding to the 
comoving gauge). One can instead choose a spatially flat gauge so that spa-
tial components of the metric vanish, or a gauge with zero metric shear with 
threading and slicing being orthogonal (corresponding to conformai Newto-
nian or longitudinal gauge). 

To represent the perturbations we must thus make a gauge choice. A 
gauge transformation is a change from one coordinate choice to another. 
The most general form is xß — xß + Sxß or 

f — T + T, ^ J 
X i — Xi Li. 

T corresponds to a choice in time slicing and LI a choice of spatial coordi-
nates. This can be decomposed into Fourier modes 

Since gauge freedom only uses scalar (m = 0) and vector quantities (m = 
-L X ̂  i it is clear that tensor modes (to — ±2) will not change under gauge 
transformation. Even though the coordinates can change the metric dis-
tance ds2 must remain invariant, g^dx^dx" — g^dx^'dx11. Since gßlJ is a 
tensor and transforms in the same way as other tensors we can derive the 
transformation property of a general tensor 

r T+T(ß)Q(ß), 

Xi + Ern=-1 
(36) 
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= - T ^ ô t / - Tavdß5xa - 5xadaTßl,. (37) 

This transformation law applied to the metric in equation 15 gives [ 

jY">'- — ß(m) . j}>•>'• . , 

Hp = Hp - | i (0> - VTW , 

£<!"> = H ^ + k L W , (38) 

where m = 0, ±1, 
'J..1 he st ress-energy perturbations in different gauges are similarly related 

by the gauge tränsföniiät ion s 

sp[0) = 0)J 

= v(m}+l(m}^ 

n(m) = n ^ , (39) 

where m = 0, ±1 in the velocity equation and m = 0, ±1, ±2 in anisotropic 
stress equation. The anisotropic stress is gauge ™ i xxv ä n ä n t < 

A scalar field transforms as 

5<f>W = - . (40) 

2.5 Popular gauge choices 

The choice of gauge can be governed by the simplicity of equations, numerical 
stability of solutions, Newtonian intuition or other considerations. As we 
discussed above there is no gauge ambiguity for tensor modes. For vector 
modes the choice can either be Z?(±:1) = 0 or H^ 1 ^ = 0. The latter specifies 
the gauge completely, since it fixes L^ 1 ) , while the former only fixes L^1^ fi l) 
and thus leads to unspecified integration constant in II r . This however 
does not lead to any dynamical effects. Since vector modes are unlikely to 
be generated in the early universe we will not discuss them further. Instead 
we will look at four popular gauge choices for scalar modes that we will have 
the chance to use ixx the rest of the lectures. We will drop the superscripts 
(0) from now on. 
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2.5.1 Synchronous gauge 

This gauge was very popular in the early development of perturbation theory. 
Its main advantage from today's perspective is its numerical stability, which 
is why it is still the gauge of choice in CMBFAST [13] numerical package. 
It corresponds to setting .4 = B = II, so that only the spatial metric is 
perturl)C(l < This implies that shorn g is orthogonal to the threading and that 
a set of freely falling observers remains at a fixed coordinate position. To 
show this one must show that the spatial part of 4-velocity uß = dx>ljdX, 
where A is affine parameter parametrizing the geodesic, vanishes. Geodesic 
equation is 

Duß „ dxu du>l „ « ,, . 

Since A = Bi:"' - = 0 implies Tqq = 0 it follows that u% = 0 is a geodesic. 
The property that the fundamental observers follow geodesies means 

that the coordinates are Lagrangian and this gauge can only be used while 
Sp/p < 1, In the nonlinear regime where this condition is not satisfied one 
can have orbit crossings where two observers with different Lagrangian coor-
dinates find themselves at the same real (Eulenau space) position. This can 
only happen if the metric perturbations diverge and the linear perturbation 
theory is no longer valid. While this limits the use of this gauge at late times 
it can still be used successfully in the early universe, as long as the density 
perturbations are small. 

Another shortcoming of this gauge is that the gauge choice does not fully 
specify it. One can see this by 

using & gauge t ran s formât i ou froiti a ge ue r^l 
gauge. Imposing A = B = 0 to the equations 38 we find 

T = a "' ' I aAdr + c\ a~l 

L = - j(B + kT)dr + c2, (42) 

where c\ and c? are integration constants. These remain unspecified in 
this gauge. They lead to unphysical gauge mode solutions for the density 
perturbations outside horizon. While historically this caused some confusion 
in their interpretation they are not really a problem since these modes do 
not show up in any observable quantity and are at any rate decaying faster 
than the physical modes. 

The remaining two scalar variables in 
this gauge are Hi, and IIx- Instead 

of these one often introduces r/ = 11} — Ht/3 and h = 8 H l , but we will 
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not make this replacement here to avoid confusion with comoving Hubble 
parameter rj — â/a. Einstein's equations are 

1 
—(k2 — 3K)(HL + -HT) + 3'QHL — 4irGa2Sp, 

O 
1 

Hl + ~ (1 — 3K/k7)HT — —4ttGa2(p + p)v/k , 
3 

1 
H l + 'qHl — — 4ttGa2[-Sp + Sp)7 

O 

1 
Ht + jjHt — FC2(jff/,. + -Ht) — —8irGa2pTl. (43) 

O 

Two of these are of course redundant. The conservation equations are 

(5F + 8P + 3-qôp = - (p + p) (kv + 3ÊL) 

+4V) (\p + P)v/k] = Sp- | ( 1 - 3§)pTl . 

2.5.2 Newton ian gauge 

In Newtonian gauge one sets B = Ht = 0. The remaining two scalar 
perturbations are renamed into A = ^ and IIl = A general gauge 
transformation into Newtonian gauge gives 

Ht — 0 —> L — —Hj'/k 

B = 0 T = ~Bjk + Hr/k
2. (45) 

One can see that there is no remaining gauge freedom, so the gauge is entirely 
fixed. The main advantage of this gauge is that there is a simple Newtonian 
correspondence and the equations reduce to Newtonian laws in the limit of 
small scales. The Einstein's equations are, 

{-k2 + - % ( # + T/tf ) - 4ttGa25p 

<j> -f rçxjjf — 4-kGü2 \{p + p)vjk) 
# + + 2#) + (2î? + î?2)^ - §fe2(# - = 4?rGa28p , 

= 87rGa2pn. 

(46) 
On small scales the second term on the left hand side of first equation above 
becomes negligible compared to the first one. Similarly we can also neglect 
K relative to k2, since curvature scale, if present, is of the order of the Hub-
ble length. The result is a Poisson equation in an expanding universe. This 
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means that we can identify metric perturbation # with the perturbed New-
tonian potential on small scales. From the last of equations above we find 
# — ^ in the absence of anisotropic stress, which is a good approximation 
in the matter era where ideal fluids dominate the energy density. We know 
that for astrophysical sources gravitational potential is roughly # ~ v2 (in 
units where c — 1), where a is a typical velocity (rotation, dispersion etc.) 
of the object. This implies I ~ $ < 1 almost everywhere in the universe, 
except near a black hole. So in this gauge the linear perturbation theory 
is almost always valid and one can use these equations also to describe the 
late time nonlinear evolution in the density field, as long as the gravitational 
potential remains small. 

The conservation equations are 

2.5.3 Comoving gauge 

This gauge is convenient because it introduces the curvature perturbation, 
which is useful when one wants to describe the evolution of perturbations, 
generated by say inflation, outside the horizon. It turns out that this quan-
tity is conserved for adiabatic perturbations (see more on this below) and so 
evolution is particularly simple in this case. On the other hand, this gauge is 
not particularly intuitive inside the horizon, so one is better off to transform 
into the Newtonian gauge in this limit. 

The gauge is defined so that the momentum density Tf vanishes. From 
equation (26) this implies B — v. The second constraint can be set to 
II-1 = 0. The remaining two scalar perturbations are renamed as A = £ and 
I I I = C- Gauge transformation from a general gauge into comoving gauge 
gives 

+ 3t?) 5p + 3rjSp = -(? + p)(kv - 3#) 

( £ + 4 t ? ) (\p + p)v/k] = 6p- | ( 1 )pll + (p + p )* . 
(4 

v-B = 0 T = ( v - B ) / k 

ïlj U — L^ -H'f/k. (48) 

The gauge is entirely fixed, since these are just algebraic relations between 
the quantities. 
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Einstein's equations are 

(k2 - 3 K ) (C + rp/k) = 4tvGa2Sp 

........ Ç ........ K v = 0 (4 j>) 

- 2rf + - Ik2) e " + »?) (C + I«) = 4ttGa2(Sp + 

k2({; + C) + ([Jp + 2r/) kv = $TrGa2pH. 

Corresponding energy-momentum tensor conservation equations are 

{Jïr + Sp + ZqSp = —(p + p) (kv + 3C) 

(p +p)£ = -Sp + | ( 1 - 3p-)j9ll. 
50) 

2.5.4 Spatial ly flat gauge 

While comoving gauge is a useful gauge to describe evolution of perturba-
tions after they cross the horizon, it has the shortcoming that the scalar 
field perturbations -vanish in this gauge. It thus cannot be used to calcu-
late scalar fluctuations from inflation, for example. One way to solve this 
is to calculate them in another gauge and use the gauge transformation to 
calculate curvature perturbation in comoving gauge. The simplest gauge to 
choose is the spatially flat gauge, where //; = Hj- = 0, 

(1 - 3K/k?) t ]kB = 4irGa2 [Sp + 3r/(p + p)(v - B)/k} 

(51) 
y A 'l I! hiGa'ip • p){v - B)/k 

2 | _ 2r/2 + tj-jL - A - (j^ + rjj § B = 4ttGa2(Sp + 

k2A + + 2r/) kB = SirGa2pIl. 

Corresponding energy-momentum tensor conservation equations are 

JL gp 4. 3 f j gp = ........ ^p 
dr 
Jt+, 
dr 

(52) 
4?jj ([p + p)(v — B)/k] = Sp — | ( 1 — 3 | | )pI I + (p \ p)A. 

Scalar field equation is 

5<f> + 2rjS'4> + (A;2 + a2V")S<j> ={À- kB)4> - 2a2V'A. (53) 
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3 Evolution of pe r tu rba t ions 

In previous section we have described several gauge choices encountered 
in the literature and presented Einstein's equations, which relate metric 
perturbations to the energy-momentum tensor, which receives contributions 
from radiation and matter. In this section we derive evolution equations for 
all the ingredients that contribute to the energy-momentum tensor. Together 
with the Einstein's equations they form a closed set of equations that can 
be evolved forward in time from some given initial conditions. We will 
restrict ourselves to the Newtonian gauge, since the equations are easiest to 
interpret and the solutions do not suffer from gauge modes or breakdown in 
the nonlinear regime. 

3-1 Fluid equations for scalar per turbat ions 

Matter content of the universe can be divided into two classes. In the first 
class are matter components, which can be described within the fluid approx-
imation. This class includes cold dark matter, baryons and scalar fields. To 
specify their evolution one only needs the equations for overdensity S = öp/p 
and velocity v, both of which can be obtained from the energy-momentum 
conservation equations (47). In this section we present the system of evo-
lution equations for the matter. We restrict the application to the scalar 
fluctuations, given that only these can lead to growth of perturbations by 
self-gravity and thus to structure formation in the universe. 

From equations (47) one obtains the following set of equations, 

Cold dark matter 

<{• —k'i'r •- •)'}' . vr —lj r r + . (54) 

By assumption cold dark matter (CDM) is cold and its pressure and anisotropic 
stress are zero. 

For baryons one must also include pressure and Thomson scattering be-
tween photons and electrons. Thomson scattering has a well specified angu-
lar dependence in the rest frame of the electron and rapid scattering leads 
to isotropic photon distribution in this frame. The change in photon veloc-
ity is proportional to the difference between photon and baryon velocities 
times the scattering probability and so leads to the exchange of momentum 
between the photons and baryons (see below). Momentum conservation re-
quires an opposite term in the baryon momentum conservation equation, 



Lectures on Dark Matter 49 

Baryons 

8b = — ki-h + 3# , 

vb = -77vb + c2
sköb + ^aneXetj-rivj - vb) + , (55) 

where ne is the electron density, xe the ionization fraction and o r Thomson 
cross section. We also included the pressure term, relating it to density 
gradients via adiabatic sound speed c2 — (dp/c)p)s and neglecting entropy 
gradients. 

The evolution equation for scalar field perturbations in Newtonian gauge 
follows from equation (29) 

Scalar field— 

S(f> + 2rjStp + [k2 + a2V"]S(f> = ($ + 3$)<£ - 2a 2 F '$ . (56) 

We will show below that for w = both if> and V' vanish. In this limit 
we have no gravitational source for and there are no perturbations in the 
scalar field assuming none existed initially. Cosrnological constant and scalar 
field with w — — 1 are thus indistinguishable. To solve for perturbations we 
must specify <j>, V and V". It is often more convenient to express these in 
terms of mean scalar field density at present O^ and equation of state w as 
a function of time. 

3.2 Boltzmann equation 

In the second class are components for which the full phase space distribution 
function f ( x , p , r ) is required. This class includes neutrinos (both rnassless 
and massive) and photons. The distribution function describes phase space 
density, 

dN = f(x,p, rjd^xd^p, (57) 

where dN is number of particles inside this volume. 
The evolution of distribution function is governed by the Boltzrnann 

equation 

df(x,p,r) = df_dj^dx^ + df_dp + ^df_dn^ = / df(x,p,r) 

dr öt dxl dr dp dr Ônl dr \ dr 

where p — pn is the momentum of the particles and the term on the right 
hand side is the collision term (absent in the case of collisionless neutrinos). 

)„> (5g) 
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The distribution function / can be expanded to the first order, 

/ P , T) = fo(p) + 5f (x,p, T) . (59) 

The zero-order phase space distribution is the solution to the Boltzmann 
equation in the absence of perturbations. There is no spatial or momentum 
direction dependence in tins case and it j is given by Planck distribution for 
photons (bosons) or Fermi-Dirac distribution for neutrinos (fermions) 

Mq) cx [4ttz(ehq'kT° ± l)]^1 , (60) 

where + is for fermions and - for bosons and Tq is the temperature today. 
We have introduced comoving momentum q = op, which accounts for the 
redshifting of temperature. Similarly we can also introduce comoving energy 
e — aE — (</•' + m'2a2)1>'2. In principle chemical potential term ß should be 
subtracted from Tiq, but in standard cosmological model it is not generated 
and can be set to zero. 

Let us now look at the perturbed Boltzmann equation, keeping only the 
first order terms. Since zero order solution does not depend on momentum 
direction the term & in equation (58) is of first order. Similarly, # is also 
of first order, since it involves a change in direction. So the product of the 
two is second order and one may drop this term from perturbed Boltzmann 
equation. The remaining terms are 

^ + + = W , (61) 
dr t dxl dq dr X d r / f j ' 

where we used 
_ dx^dX q i 

dr ~ d-À dr ~ p° ~ e (bZ) 

in the lowest order and we used the fact that 4-momentum pl is proportional 
to 4-velocity u l (with mass being the proportionality constant in the case of 
massive particles). 

We are left to evaluate dq/dr. For this we will use geodesic equation 
already introduced in equation 41. It is a straight forward algebraic exercise 
to show that applied to the perturbed metric in Newtonian gauge the zero 
component of the geodesic gives 

^ = - eréd^f, (63) 
(It 
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where only scalar perturbations have been included. The resulting Boltz-
mann equation in Fourier space lor K 0 case is 

where ß = k -n is cosine of the angle between the wavevector and the particle 
direction. 

To compute components of energy-momentum tensor we must integrate 
the distribution fonction over the momentum tf'p times the components 
of appropriate 4-momenta. This is however not Lorentz invariant or GR 
covariant and the appropriate generalization is 

V - J ( - g f ^ f P v P ^ , (65) 

where g is the determinant of the metric and we inserted this term to make 
it valid in general relativity, although in the lowest order that we work in it 
does not affect the results. For individual components of energy-momentum 
tensor this gives 

'o - -a-4 J q2dqdüeSf , 

Jq2dqdüqniöf(q), (66) 

J q ' d q d ü ^ S f i q ) . 

ST% — 

5T% = a" 4 

5 T j = a" 4 

3.2.1 Massive neu t r inos 

For massive neutrinos the collision term on the right hand side of equation 
(58) is zero. It is useful to expand the perturbed distribution function in a 
generalized Legendre series, 

ÖC 

Sf(n,r) = £ ( 2 / + Wii-ikr'Q^Fi"*, (67) 

where n is the direction of the photon and / ' ' •' is defined recursively as 

Po - 1 , H = n \ = - . [ r i : i r f (68) 
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The brackets denote symmetrization with respect to all the indices. In 
the flat space this reduces to the usual Legendre expansion Sf = + 
1) (—i)lÖfiPi(ß), where P; are the Legendre polynomials of order 1. 

After integration over ft one obtains the following hierarchy of coupled 
evolution equations, 
Massive neutrinos— 

fA = + e el hi if " 

s f i = f m - m ) t m 3e 3q a In q 

8ft = ^ + [ISfi-1 ~ (I + l)$fi+i] , I >2. 

Because of q dependence one must discret ize these equations and solve 
the hierarchy for each value of q. In the end one must integrate over all 
values of q to obtain the perturbed energy-momentum tensor, 

Sp = 47rcT4y (fdq efQ(q)SfQ, 

4 7T / (P 
Sp = « ' J q2dq—SfQ, 

(P + P)v = toa-'jfdggMgWu 

2 

/ W (70) 
J e 

n 

3.2.2 Mass le s s n e u t r i n o s 

When the particles are HläSSlcSS it is useful to introduce temperature per-
turbation A, such that T = To(l + A). One can easily show that 

which together with e = q allows one to eliminate q dependence. We can 
äigäiin expand A in a generalized Legendr c se rie s * 

oo 
A ( £ , r ) = 21 + llA ;( if.:) 'Q^jF:-1. (72) 

1=0 

As before in the flat space this reduces to the usual Legendre expansion 
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A.f't^r SjO îilcir irits^rcttiori tliß 13o 11zrrî tnn SQUcttiori for rjQ&sslßss neutrinos 
becomes, 

A,.. • k/iA,.. <I> ik/ttfi. (73) 

From this one obtains the following hierarchy of coupled evolution equations, 
Massless neutrinos 

4 
= --kv* + 4 $ , 

3AWjl = k AVjo — 2 — 

k 

5 

"2 

- K 1 -

= 
k 

l&vA-l -

3 ^ 

8 K 
A„,3 

1(1 +l)K 

P W+i .(74) 

3.2.3 P h o t o n s 

Photons interact with electrons and one needs to add the collision term in 
equation (58). The collision term depends on the angular distribution of 
incoming photons and on their polarization. Since photons are not the main 
topic of these lectures we will not present the details of Thomson scattering 
calculation. Instead we refer the reader to [14] for more details. 

The hierarchy is 
Photons— 

4 

V 4A 7,0 -~kv.7 + 4# . 

3A 7 , 1 

V 2 

A 7 , 0 

2 
3«7 

2A7j2 ( 1 

3 1 1 -
<K 

W )A 

+ ane<yT{Vb - Vj) > 

ane<rr[A7j2 - n/10] . 

21 + 1 i & j,i-i - (i+1) ( i -

(75) 

aneaTA%i. 

Here II = A7,2 — 12£2> where £2 is the I = 2 multipole moment of polariza-
tion expansion [15]. It can be neglected if a few percent accuracy suffices. 

4 Initial conditions; inflation 

Inflation is our primary mechanism to produce fluctuations. Historically, in-
flation was proposed to explain flatness of the universe and horizon problem. 



54 U. Seijak 

Flatness problem can be explained by revisiting Friedmann's equation (8), 
which can be rewritten as fl —1 = K j i f , where Û is now time dependent. We 
know it is not far from unity today. However, since r/ ex r _ 1 in both matter 
and radiation epochs we see that 0 was extremely close to unity in the past. 
The flatness problem states that such initial conditions are unlikely, unless 
there is a mechanism that drives the universe to Û = 1, in which case it 
stays there. 

Horizon problem involves CMB in directions in the sky separated by 
more than a few degrees. These should not be in causal contact in the 
past if one uses standard cosmological expansion, either matter or radiation 
domination. However, the uniformity of CMB suggests either something 
drove the CMB to the same temperature or it was part of initial conditions. 
In the former case these regions must have been in causal contact in the 
past. 

Inflation suggests a solution by postulating a period of rapid expansion 
during which the universe is accelerating. The goal is to make comoving 
Hubble length r/_1 to decrease in time, d'(f~l jdt < 0. In this case the size of 
observable universe decreases with time and after the end of this period the 
observable size is in fact much smaller than the size of the causally connected 
region. Since 

d r r 1 ö 
di rf 

this indeed implies accelerating universe with ä > 0. From Friedmann's 
equations (8) we find that this condition gives p + dp < 0 or p < —pj3. 
So only exotic matter with negative large pressure can lead to inflation. 
Fortunately there is no shortage of such matter in the early universe. The 
simplest example is a scalar field, which was introduced in §2. One can see 
from equations (28) that both energy and pressure have contributions from 
kinetic and potential energy, with opposite sign for the latter. So to achieve 
p < —pj3 one must have a scalar field with a small kinetic term compared 
to the potential term. In other words, the field must be slowly moving in an 
external potential, which cannot be close to its zero value. 

4.1 Slow-roll parameters 

To further describe inflation it is useful to introduce two slow-roll parameters, 
e and S (note that here e no longer describes comoving energy as when we 
discussed Boltzmann equation). First parameter simply describes deviations 
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from the w — — 1 case, 
3 

e = - (1 + w), (77) 

where w — pjp. Second parameter quantifies the requirement that the field 
is slowly rolling, é ^ j d t 2 ~ 0. Note that this requirement is in terms of 
proper time. When expressed in terms of conformai time it becomes -•• y/c.-
and second slow-roll parameter is defined as 

J = i - 1 . (78) 
# 

The condition for successful inflation is that both parameters are small com-
pared to unity. When this condition breaks down inflation stops. 

We may relate both parameters to the local shape of potential. Small e 
means we can Taylor expand w — pjp to obtain w — + o~/(a~ V") this 
leads to 

2a2V 18rj2a2V' ( } 

where we used 
3 V4, = - a

2 V ' (80) 

obtained in the lowest order combining second slow-roll condition (equation 
78) and evolution equation 13. In addition, since the energy is dominated 
by potential term we can write Friedmann's equation in the lowest order as 

i]2 = SwGa2Vß (81) 

(we are ignoring curvature here since inflation will make it negligible). This 
gives 

1 fV'\2 

To relate S to the potential we take time derivative of equation (80) to 
obtain 

Q V ( l + e) a4V'V" 
~ 3 { ] 

where in the first line we used d(i]^1)jdr — rj2(l — e) following from second 
Friedmann's equation (8) and tu — 2e/3 — 1. In second line we again used 
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equation (80). From the definition of J follows 

V" 

SirGV ' 
(84) 

The two parameters are thus related to the first and second derivative of 
V. Since the definition of Planck IXlclSS IS M p2 = 8 wG one can see that the 
scale in 4> over which potential changes must be large ir ÎTlciSS UîîltS 
for inflation to work. Note that this says nothing about the overall energy 
scale of inflation potential, which can be well below the Planck scale (in feet 
observationally it is required to be small in the simplest inflationary models). 

4.2 Perturbations 

Perhaps even more important than solution to the flatness and horizon prob-
lem is the ability of inflation to generate perturbations, which could act as 
seeds for the structure formation in our universe. The perturbations have 
a quantum mechanical origin, but because of the rapid expansion they be-
come classical as they cross the horizon. Once they are outside horizon their 
amplitude does not change if appropriate gauge is used. 

To demonstrate the statements above one must proceed in several steps. 
First one must demonstrate that the curvature perturbation in comoving 
gauge indeed remains unchanged outside the horizon regardless of the under-
lying equation of state. Second, one must compute perturbations generated 
by quantum fluctuations and evaluate their time evolution. The approach 
here is to write the perturbation equation in a harmonic oscillator form, 
which we know how to quantize, and then use the solution to the classi-
cal evolution equation to evolve the quantum fluctuations forward in time. 
These perturbations actually vanish in comoving gauge, îïisJcm^ it inappro-
priate for this purpose, so instead we will calculate them in a spatially flat 
gauge and use gauge transformation to obtain curvature perturbation in 
comoving gauge. Finally, long after inflation we can make another gauge 
transformation and evaluate potential fluctuations in either synchronous or 
Newtonian gauge for computational purposes. 

4.3 Curvature perturbation 

Curvature perturbation £ defined in comoving gauge (section 2.5.3) is a 
useful quantity because, as shown below, it is constant outside the horizon. 
It also relates simply to the Newtonian perturbation $, which allows one 
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to use £ to evaluate # outside the horizon even if the underlying equation 
of state changes. To relate the two we first use the gauge transformation 
between the Newtonian and comoving density, 

Spcom = SpN - pvN/k = 5pN + 3nip + p)vN/k, (85) 

where the quantities on the left are in comoving gauge and those on the right 
in Newtonian gauge. Poisson's equation in Newtonian gauge gives 

(A2 - 3JT)# = 4nGa2Spcom. (86) 

Inserting this into Poisson's equation in comoving gauge leads to 

C + Tjvcom/k = •!>. (87) 

But since Hy = 0 in Newtonian gauge t!com = Vj\r> which follows from the 
gauge transformation in equations (39) and (48). The curvature perturbation 
is thus related to # as 

2 î f ^ a i + $ 
C + fjvN/k = - , + # , (88) 

3 1 + w 

where the latter relation follows from velocity equation (46). As we will show 
later outside the horizon # does not change in adiabatic case in matter and 
radiation epochs. In the absence of anisotropic stress we have # = <5. Then 

# = f r f ^ C . (89) 5 + 

This shows that assuming £ is constant we can evaluate $ for any w. For 
example, changing from w = 1/3 to w = 0 from radiation to matter domina-
tion produces a 10% decrease in $ as can easily be verified using the above 
equation. 

Curvature perturbation Ç obeys the evolution equation (49), which in 
the absence of curvature and anisotropic stress becomes 

c ^ {p+py ^ 

where the latter relation follows from Euler's equation (50) in comoving 
gauge. To show that this quantity is constant outside horizon one must 
show £ -C r/C- In the absence of entropy perturbations we can relate pressure 
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perturbations to density perturbations through the speed of sound, which is 
less than unity. Then 

£ _ ySpcom. _ 4vSp c o m (p + p) (p + p) 

(?sk
2'q$ _ 2 fcsk\2 

~~ 4irGa2(p +p) ~ 3 \ 'q J 1 + w 

which is indeed much smaller than rj( outside the horizon, i.e. in the limit 
k/r] —> 0. 

As noted above and evident from equation 28 in comoving gauge v — 
B = 0 and so ^ = 0. We must thus use a different gauge to evaluate 
S<f> and then use a gauge transform into the comoving gauge to evaluate 
( . Gauge transformation of scalar field in equation (40) gives T = S(f)f(j>, 
where S<f> is evaluated in a general (different from comoving) gauge. Gauge 
transformation of metric component I f i (equation 38) gives 

, „ h t S<f> 

One can see that the simplest gauge choice to evaluate S(f> is spatially flat 
gauge with H i = H t = 0, in which case 

c = - M , (93) 
<P 

where S(f> is evaluated in spatially flat gauge. 

4.4 Quan tum fluctuations of scalar field 
Equation (53) describes evolution of 0<f> in a spatially flat gauge. This equa-
tion can be further simplified in the slow-roll approximation by noting that 
all the terms on the right hand side as well as the last term on the left 
hand side are of order eq284> or Si]2S<f̂  and so small compared to the other 
terms on the left hand side. This is because from Einstein's equations and 
the energy-momentum tensor for a scalar field metric perturbations scale as 
(j)S<f>, which combined with another <f> or V gives rise to et]28<f>. Similarly 
a2V" term gives rise to erf and Srf terms, which again justify neglecting 
it in comparison to the other terms on the left hand side. The resulting 
equation is 

S4> + 2î? 6j> + k2S(j> = 0. (94) 

Cgk 

V 

2rq( 

5 + <i -w ' 
(91) 
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This equation can be further simplified by introducing a new variable u = 
AS(J), so tha t 

« + (k2 - 2r/2)« = 0. (95) 

It is convenient at this point to introduce conformai time relative to the end 
of in flat ion s 

J Te J '/« 
Since in the lowest order of slow-roll approximation r/2 = 8?rGa2F/3 with V 
being approximately constant it follows that r//a is approximately constant 
and can 

be taken out of the integral above, so that 

f fs —Tj~l, (97) 

where we ignored the comoving Hubble length at the end of inflation âSSUÎIl" ing it is small. This leads to 

T 
« + Jr - t ö « = 0, (98) 

where the derivative can now be taken with respect to f , since it differs from 
T only by a constant. 

On small scales (fcf 3> 1) we can drop the last term in equation (98) 
giving an equation for a simple harmonic oscillator. We know how to solve 
this equation: we first solve the equation classically, 

« = wk{f)ak + '<4( f )4 , (99) 

where on small scales = (2k)~J^2exp(ikr). The full solution is 

Quantization changes and at into à], and creation and annihilation 
operators, which obey the following commutation relations 

I = ôkkf, [âk,âk>] = =0- (101) 

Creation and annihilation operators create or destroy a particle in a 
given state. The state can be described with the number of particles for 
each wave vector k. Annihilation operator acting on the ground state is zero, 

âfc|0 > = < 0 | 4 = 0. (102) 
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As is well known the ground state of the harmonic oscillator system also 
has fluctuations. The expectation value for these is 

< 0jûfcû[j0 > = < 0||'UJjc(f)âfe + « £ ( f ) 4 | 2 | 0 > 

= \wkf < 0|âfcâ[|0 > = \wk\2 < 0|[âfc,âjy + â^âfc|0 > = \w k f , 

(103) 

while if k ^ k' the expectation value vanishes, 

< 0 ] % 4 ) 0 > = 0. (104) 

In the limit —kt ~ k/tj 0 the solution is 

i _ irj ( , 
Wk ~ (2A3)l/2f - (2&3)l/2 ^ ^ 

and so from equation (93) 

C = r 1 ^ . (106) 
(2 *3)V2a0 

Despite the apparent time dependence we have shown in equation (91) that 
( does not change in time for k/tj — 0 . The spectrum of fluctuations is 

fc3|(|2 = fc3 r/
2 < 0 |%«[ |0 > 

q'2^2 

rf 2 KGij2 

2a2 (f>2 ea2 2 , (107) 

where we used 4irGsp2 = erj2. 

Variance in curvature is defined as A 2 = /2tt2. Since H = rjja is 
approximately constant during inflation the variance of curvature perturba-
tions is nearly scale invariant. To quantify the departures from the scale 
invariance we need to evaluate logarithmic derivative of the amplitude of 
perturbations outside the horizon. To do this we use the fact that curvature 
perturbation is frozen to a constant value outside horizon. We may thus 
evaluate all the quantities at the time of horizon crossing k/r) = —kf = 1. 
Logarithmic derivative with respect to wavevector is 
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Using relations (80) and (81) this leads to 

d V' d 

dink 8k <7 V do 

Applying equation (109) to equation (107) and using 

(109) 

rfj2 y'i 
ZA C CX 

gives 

AC ^ « ^ (110) 

din A? Vf /3Vf 2V"\ «. , x 

So the deviations from the scale invariance can be expressed in the lowest 
order of slow-roll parameters as ns = 1 — — 20. 

4.5 Gravity wave fluctuations 

The calculation for gravity waves (tensor modes) follows the same procedure 
as for the scalar modes. Since tensor modes are gauge invariant there are 
no gauge ambiguities and one must simply quantize equation (34) in the 
absence of a source and curvature. This equation is in fact the same as 
equation (94), for which we already know the solution given in equation 
(100). The resulting spectrum of fluctuations is 

16'// 2 

K = h (112) ira1 

where we inserted normalization factor (167tG)-1^2 in the amplitude of tensor 
modes to make it consistent with the Einstein-Hilbert action formulation. 

Since A | OC V the slope of tensor fluctuation spectrum is 

din A? Vf Vf 

Here again the spectrum is nearly scale invariant if slow-roll conditions are 
satisfied. 

Finally, the ratio of tensor to scalar amplitude is 

A2 

_ | = 4e = _2TïT. (114) 
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This is called the consistency relation of inflation and is in principle testable 
with CMB if tensor modes are of comparable amplitude to the scalar modes. 

We may pursue departures from scale invariance one step further and 
investigate deviations from a power law. This will be even smaller, being of 
second order in the slow-roll approximation. We need to introduce another 
slow-roll parameter £ 

2 v ' v " ' 

^ = ( B t t G F ) 2 ' 

which is of the same order as the other two parameters. In terms of these 
we find 

dn3 

d lu k 
driT 

d In k 

-Be2 - 16etf - 2Ç2 

k ? krt. (116) 

where we used e oc (V'/V)'2 and e—ô oc V"fV, While the first relation can at 
least in principle be tested the second relation is unlikely to be accessible to 
observational test given the existing constraints on the amplitude of tensor 
modes. 

The resulting predictions from the simplest models of inflation are very 
simple: inflation predicts nearly scale-free spectrum of initial fluctuations 
for both scalar and tensor modes. Because the Fourier modes are indepen-
dent the distribution is gaussian by central limit theorem regardless of the 
distribution for each Fourier mode (which is in fact also g ). Finally, 
since only inflation carries the energy density only curvature perturbations 
are generated (there will be no entropy perturbations). After the end of in-
flation other particles will be generated through the process of reheating and 
their perturbations will remain adiabatic. This provides a very specific set of 
initial conditions, such that all the modes of a given wavelength amplitude 
start with the same value. This is a remarkable prediction and leads to the 
coherent evolution of structure: all modes with the same amplitude of the 
wavevector evolve in the same way while in the lmcär rcsiiiic» 

5 Solutions for density perturbations 

In previous section we derived initial conditions for matter perturbations, 
wlucli (letermme the i11itî tl power spectrum, ' 1 'his is however not what is 
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observed, because subsequent evolution modifies the mode amplitude as a 
function of scale. 

To obtain solutions for dark matter evolution we can combine the conti-
nuity and Euler's equations (47) to obtain 

4 + î)ôc = - 3r;# - 3$. (117) 

If we further assume anisotropic stress is negligible, which is almost always a 
valid approximation except on very Itir ee scales where neutrinos make a non-
negligible contribution, we have $ — # , which takes the role of Newtonian 
potential. This equation can be solved analytically for two cases of interest, 
matter domination and radiation domination. In the first case the source 
of potential are CDM fluctuations themselves, while in the second case the 
source of potential is coming from photons and can be treated G x t GFÎISjI if 
matter evolution is studied. We discuss both cases next. 

5-1 Solutions inside horizon: mat te r domination 

On scales smaller than the Hubble length we can ignore time derivatives of 
potential relative to the spatial derivatives. This only works if the solution is 
not oscillating and must be justified aposteriori from the obtained solution. 
Under this assumption we drop # and # terms in equation (117). To relate 
potential to density perturbation we use Poisson's equation (46), ignoring 

in addition to # . We thus obtain a second order differentia] 
equation, 

5m + ï}Srn = 4 % Gpm a2 Sm. (118) 

While equation (118) was derived for CDM it can also be used to describe 
baryons on large scales and after the recombination, where the pressure 
term from baryons and the coupling between baryons and photons can be 
neglected. We will denote with 6m matter perturbation when it applies both 
to CDM and baryons. 

The general solution to equation (117) consists of a growing and decaying 
solutions. It is instructive to look at the solutions in some limits» In matter 
domination £or = 1 we have a oc r from equations (8) and so 4TTGpma = 
il/ r2 . Setting the solution as a power law S = r t t one finds 

Qf — JL •*>» This 
IHGSjIIS that the growing mode solution grows as a scale factor, 
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From Poisson's equation (46) one finds that gravitational potential remains 
constant on small scales, # = const. 

In a universe filled with a cosmological constant, curvature or dark en-
ergy the growth will be slowed down relative to f lm = 1. The effect is only 
important at late times when the additional component can be dynamically 
important. No analytic solutions exist in this case, but a very good approx-
imation to the growth suppression relative to f l m = 1 case is [16] 

m „ «>„ (120) 
J(0 = 1) 2 [ f4 ' 7 ~ + 1 + 

This and other solutions such as the one for dark energy with varying equa-
tion of state can be obtained numerically from CMBFAST code. 

5.2 Solutions inside horizon: radiation domination 

In radiation era the photons (and neutrinos, which we ignore here) are the 
dominant component to the energy density. We show first that because of 
pressure effects photon perturbations do not grow. To show this one takes 
pressure equation of Einstein's equations (46) and subtracts it from one third 
of the density equation. Since 5p = Spp/p = Sp/3 this gives the following 
equation, 

k2 

4rjê + [2r/ + 2r/2 $ = — — ( 1 2 1 ) 
3 

We have again ignored the curvature terms. In radiation epoch one has 
a ct r , from which follows r/ = 1 j r and so the last term on the left hand side 
vanishes. Then the equation is 

.1 . 
$ + = (122) 

t 3 

and has the growing solution 

-, f sin z cos-A 
# = _ J , (123) 

where z = kr/V3 and the solution was normalized to the initial potential 
value «I»,'. As expected the photon pressure causes the potential to oscillate 
and decay away as (7.:<:.„.r) inside the horizon, with cs = 3"""1''2. While 
the inclusion of baryons prior to recombination complicates the equations 
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and changes the sound speed somewhat this conclusion does not change 
significantly. 

To solve for CDM we take equation (117) and evaluate it in radiation 
epoch, 

I + - 1 = k 2 $ - 3r/# - 3#. (124) 
T 

The full solution consists of a homogeneous solution (i.e. solution to the 
above equation without the source) and a particular solution, which can be 
written as an integral of Green's fonction over the source term. The latter 
decays SiWîiy on s m 3.11 s c 3.1c s b x k I so we can ignore the particular solution. 
One is left with the homogeneous solution, which has the growing mode 

4 - C + ltt( r), (125) 

where C is a constant. So the CDM density grows only logarithmically inside 
t fatG h oriz on j in radiation era. Th i s hi äs a simple physical interpretation. Prior 
to horizon crossing both radiation and CDM evolve similarly and acquire a 
velocity term as they cross the horizon. After that CDM decouples from 
radiation and its velocity decays as r ~ l due to the Hubble drag (damping 
term). This gives rise to the logarithmic growth of density perturbation. 

5*3 Solutions outsidc hotizon 

Prior to horizon crossing the solutions depend on the adopted gauge. As 
above we will use equations in Newtonian gauge, but we emphasize that the 
solutions Ccin differ drastically if a (11 ffc J? cut gauge is adopted. For example, 
while in Newtonian gauge adopted here density perturbations do not grow 
outside horizon, they in fact do grow in synchronous and conformai gauge. 
If we ignore anisotropic stress (making $ = $) , spatial derivatives and 
curvature K then we again combine first and third of Einstein's equations 
(46) to obtain 

$ + # 3r/(l + £ m ) ] 2r/ + r f ( 1 + 3c^mr)J = ^r/2 — r;'m,.<)/•'] , (126) 

where effective matter-radiation sound speed is 

3 1 — 3?//4 nr = , n ^ /,l • (127) 

Here 

y = 
Pr 

- - ? - = x 2 + 2 X , / 2 f f 0 r , (128) 
aeq \4 aeqJ 
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and €Lgq is expansion factor when matter and radiation densities are equal. 
The right-hand side of equation (126) is proportional to specific entropy 

fluctuation a = — 6m, 

Sp - <:i.„Jp = /«•L„r'T- (129) 

ff we restrict ourselves to the adiabatic initial conditions where entropy fluc-
tuations vanish initially they cannot be generated on scales outside the hori-
zon. In that case we can solve equation (126) analytically obtaining the 
growing and decaying solution [12] 

11301 

In the radiation era (y -C 1) the solution is #+ = 10/9(1 — y/lG) = #0 
where is the initial perturbation, while in the matter era $4. = 1. In 
general thus 

# = (131) 

One can see that on scales outside horizon the gravitational potential # does 
not change both in radiation and in matter epochs, but between the two it 
changes the amplitude by 10% (this gives rise to so called early integrated 
Sachs-Wolfe effect in CMB). This is the same result we obtained from the 
constancy of curvature £, but here we also solved for how $ is changing in 
time from radiation to matter domination. 

Density perturbations are related to potential $ through equation Pois-
son's equation (46). On large scales one can ignore spatial derivatives and 
curvature terms to obtain 

0 = - 2 ( $ + #/?;). (132) 

In the matter and radiation domination limits this gives S = —2#. Since 

(133) 
Sy + y$c 

14-y 

one finds SC = —3#/2 in radiation era and = —2$ in ; the matter era. 
Density perturbations are therefore also constant on large scales. We stress 
again that this is a gauge dependent statement. For example, in synchronous 
and conformai gauge density perturbations grow even outside horizon. Of 
course, for any quantity that is directly observable such as CMB anisotropics 
the predictions are independent of the gauge choice. 
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Any initial power spectrum of density perturbations gets modified because 
of tj he different growth of perturbations in d I fEe rent r egimes. This Ccin be 
conveniently expressed ir: i terms of the transfer function^ which is defined as 
how much J of a given mode grows (or decays) relative to initial value. For 
convenience t h l S IS divided by k2 and normalized relative to k = ki mode, 
where k{TQ <€. 1, 

n*) = (134> 
so that the transfer fonction on large scales is unity, T(k = ki) = 1. Today 5 
is dominated by CDM, 5 ~ öc, but it also has contributions from baryons and 
massive neutrinos, so one should view is as an average over all the species 
weighted by their 

rfisBiß density in equation 133. To obtain the processed 
power spectrum one multiplies the square of the transfer function with the 
primordial power spectrum P(k) = Pi(k)T2(k). 

Outside the horizon the modes do not grow in both matter and radiation 
era and 6C is constant. When the modes enter horizon in radiation era the 
density only grows logarithmically until the matter era as discussed above. 
If they enter in 

the m at t er era they begin to grow immediately as r . By 
definition the modes enter the horizon when k ~ so the growth is just 
proportional to k2 as long as the mode entered in the matter era. Since 
in our definition of transfer function we divide by k2 the transfer function 
remains unity for all the modes entering horizon after the matter-radiation 
equality. The transfer fonction for modes entering prior to that will suffer 
suppression in the transfer function which scales as (A:reg)~2[ln(A:reg) + 1] on 
small scales, where req is the conformai time at matter-radiation equality. The most important parameter 

thcit determines the transfer function 
shape is refl, which depends on Qmh when the power spectrum is expressed 
against k/h. For CDM models the asymptotic slope of the transfer function 
is the same regardless of the value of cosmological parameters. Below we 
discuss some of the other parameters which can affect the transfer function. 5.5 Massive neutrinos: mixed dark matter 

So far we have ignored neutrinos in our discussion. The corresponding equa-
tions for massless neutrinos have been presented above. They contribute to 
the relativistic energy density and create anisotropic stress on large scales, 
but do not qualitatively change the results. Massive neutrinos however can 



68 U. Seijak 

have a more important effect on the transfer fonction. Their mass is related 
to the density parameter via 

0 h2 _ jn^KVm , 
~94eV gx 1.5' [ 1 6 ù } 

where g* is effective number of relativistic species at decoupling and gx the 
number of spin degrees of freedom, which is 1.5 for 2-component fermions. 
At the time of decoupling such neutrinos are still relativistic and become 
nonrelativistic around the epoch of matter-radiation equality for ~ 1, 
assuming standard value of g*. Free streaming neutrinos can erase pertur-
bations on scales below the free-streaming distance, defined as the distance 
at which a neutrino of a given rms velocity vth can still escape against gravity. 
The velocity is c when neutrinos are relativistic and drops as If a afterwards 
because of momentum conservation, 

knT 
t,th ~ -E— = 50(1 + «)(m„/eV)-1km/a. (136) 

Tfljj 

Since the Hubble time is proportional to iff ~ [(1 + z ) ^ ^ 1 ' 2 H q 1 the 
product of the two gives an estimate of the free-streaming length. The 
resulting comoving free-streaming wavevector is 

k f s - ÜA(ümh2)1/2(l + z)~1/2^=Mpc-1. (137) 
le v 

For a given k neutrino perturbations 5V are suppressed while k > kf.,(<i). 
After that they can grow again and catch up with cold dark matter pertur-
bations 5C. This happens on large scales and as a consequence the transfer 
fonction is the same as in CDM models. When neutrinos are dynamically 
important the damping also affects 5C, decreasing its amplitude on small 
scales compared to pure CDM models. 

Recent Super-Kamionkande results find fi — r neutrino mass squared 
difference of 3 x 10 - 3eV2 [10]. fn the most conservative scenario this gives 
one neutrino family with m„ ~ 0.06eF or Qj, ~ 0.15%. Since only the mass 
difference is measured it is in principle possible that the total density of 
neutrinos is larger than that. 

While small, this neutrino mass nevertheless leaves potentially observable 
effects on the dark matter power spectrum. It changes the transfer fonction 
by suppressing the power below the free-streaming length. Because of small 
masses this suppression is on relatively large scales, where complicating is-
sues of bias are potentially less problematic. There is hope one can measure 
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this directly from the galaxy clustering data in surveys such as SDSS with an 
accuracy of O.leV [9]. The signature imprinted by neutrinos is quite unique 
and it is unlikely to be mimicked by other cosmological parameters. 

Second possibility to detect massive neutrinos is through their suppres-
sion of the growth rate below the free-streaming length. If one normalizes 
the fluctuations from CMB (at z ~ 1000) one finds that the small scale nor-
malization of the dark matter power spectrum is affected by neutrinos. This 
is often parametrized with eg, denoting rms mass fluctuations in spheres 
of 8h~1 Mpc radius. In principle erg can be a well measured number: the 
abundance of clusters is very sensitive to this number and can change ex-
ponentially with it. Current estimates give ~ 0.5 dr 0.1, where the 
errors are dominated by systematica, but a significant improvement could 
be possible in the future. Second possibility to measure erg is by measur-
ing mass fluctuations directly using weak gravitational lensing and there are 
significant observational efforts underway to measure this. The effect on erg 
is rather small and addition of 0.06eV neutrino changes its value by 1.5% if 
normalized to CO BE. Moreover, this effect is degenerate with many other 
effects that also change the growth rate, such as a change in equation of 
state. They can only be distinguished if additional information is used, such 
as one from supernovae or CMB. It remains to be seen how accurately can 
one ultimately extract neutrino mass from such observations, but it is clear 
that dark matter clustering provides one of the most stringent observational 
tests of neutrino mass. 

5.6 W a r m d a r k m a t t e r 

The scenario above applies to the neutrinos with standard decoupling tem-
perature T ~ MeV, where g* = 10.75. Recently there has been a lot of 
attention devoted to warm dark matter, in which the decoupling occurs at 
a higher energy when g.¥ > 100. It is in fact not clear how many degrees of 
freedom exist at higher temperatures. Standard model predicts g* ~ 100, 
while the supersyminetric extension doubles that to g* >s* 200. This is how-
ever still not sufficient for currently popular models, which require mass of 
WDM candidate around IkeV, implying g* <•« 800 for 0 v h? ~ 0.3. Additional 
degrees of freedom must therefore be postulated. Alternative possibility is 
that entropy is released after the decoupling of warm dark matter and before 
the nucleosynthesis epoch. Another interesting option is that ordinary neu-
trinos could have a lower density because of low reheating temperature after 
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inflation. Whatever the mechanism, one would like to have a suppression 
of power on scales below IMpe. If one assumes the particle mass of order 
IkeV one has the free-streaming wavevector of kj320 hMpfP1. On large 
scales the transfer functions are the same as CDM, while on small scales 
they lead to complete suppression of power below the free-streaming length, 
just like in the case of ordinary massive neutrinos, except that in this case 
the free-streaming length is significantly shorter. 

5.7 Baryons 

Prior to decoupling baryons are tightly coupled with photons and oscillate 
for modes inside the horizon. After decoupling their sound speed drops sig-
nificantly and the Thomson scattering term in equation 55 can be dropped. 
If one combines continuity and Euler's equations into a single second order 
equation and subtracts it from the same equation for CDM one finds, 

+ 2VÀbc = 0, (138) 

where Ai,c = 5b — 5C. This equation is valid on large scales, where baryons 
pressure can be neglected. The growing mode solution for this equation is a 
constant, so the difference between baryon and CDM density perturbation 
does not change in time. However, the CDM density perturbation grows as 
6C oc =f2 in the matter domination, so the relative difference between baryon 
and CDM density contrast decreases as T~~2. SO 55 catches up with Sc after 
decoupling and then continues to grow at an equal rate. 

We have assumed that CDM grows following the solution to equation 118. 
This is valid if CDM is the dominant component in the matter epoch. If 
baryon density is not negligible compared to CDM density then baryons will 
also contribute to the gravitational potential from Poisson's equation (46). 
But baryons after decoupling still reflects acoustic oscillations from the epoch 
before decoupling, when they follow photon oscillations (equation 123). As 
a result the total potential will reflect these oscillations and CDM evolution 
will be modified because of this. An increase in baryon density leads to 
acoustic oscillations in the transfer function. Second effect of baryons is that 
they suppress the transfer function on small scales. This is again expected, 
since baryons are damped prior to decoupling on small scales and if they 
are dynamically important they lead to a suppression of the gravitational 
potential. The latter is the source for CDM density fluctuations, which are 
thus suppressed as well. 
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6 Nonlinear evolution and bias 

Determining the linear power spectrum of dark matter is one of the main 
goals of modern cosmology. There are several complications that may pre-
vent us at present from reaching this goal. First, on small scales the linear 
power spectrum is modified by nonlinear evolution which enhances its am-
plitude over the linear spectrum. It is important to understand this process, 
so that one can predict the relation between the two. This is necessary both 
to reconstruct the linear spectrum from a measured nonlinear one and to 
verify whether there are other mechanisms besides gravity that modify the 
clustering of dark matter on small 8 Ceil 08 » Second, it is difficult to observe 
correlations in dark matter directly. Direct tracers such as peculiar velocity 
flows or weak le using still suffer from low statistics and poorly understood 
systematica. Instead it is much easier to observe correlations between galax-
ies or correlations between galaxies and dark matter. While these are related 
to the dark matter correlations, the relation may not be simple. 

A simple picture which incorporates both of these effects has been de-
veloped recently [17]. It sheds some light on what is or is not possible to 
extract from galaxy and dark matter clustering in the nonlinear regime. The 
picture is based on the Press & Schechter model [18], which assumes that at 
any given time all the matter in the universe is divided into virialized ha-
los. These halos are correlated and have some internal density profile, which 
can be a function of halo mass. By specifying the halo mass function, their 
clustering strength and the halo profile one can determine the dark matter 
correlation function. By additionally modelling the number of galaxies in-
side the dark matter halo as a function of halo mass one can extend this 
picture to the galaxy clustering. It provides a natural explanation for why 
is galaxy correlation function a power law over a wide range of scales and 
how this ties with the other observations of large scale structure. 

The correlation function consists of two terms. On large scales the halos 
are correlated with each other. One can assume the halo-halo correlation 
function follows the linear correlation function. Its amplitude depends on 
the bias for each halo. Halos more massive than the nonlinear mass scale 
Af# are more strongly clustered than the matter, while those with masses 
below M* are less strongly clustered than the matter. Since halos are not 
pointlike one needs to convolve the halo-halo correlation function with the 
halo profiles of both halos to obtain the correlation function. 

In addition to the halo-lialo correlation term there are also correlations 



72 U. Seijak 

between dark matter particles within the same halo. These are also de-
termined by mass function and dark matter profile and are expected to 
dominate on small scales. The main difference between these two terms is 
that there is an additional mass weighting for the latter. This makes the 
dominant contribution to this term to come from the higher mass halos rel-
ative to the halo-halo term. The total power spectrum is the sum of the 
two contributions. Figure 1 shows the individual contributions and the sum 
in comparison to the linear power spectrum and the nonlinear predictions, 
which are in agreement with N-body simulations. The model is in excellent 
agreement with simulation results, indicating that despite its simplicity it 
includes most of the physics relevant for nonlinear clustering of dark matter. 

One can extend this model to include galaxy clustering. Here again one 
assumes all the galaxies form in halos, which is a reasonable assumption given 
that only very dense environments, which have undergone nonlinear collapse, 
allow the gas to cool and to form stars. The key new parameters that need 
to be introduced are the mean number of galaxies per halo as a function of 
halo mass and the mean pair weighted number of galaxies per halo. One 
must further assume that each halo has one galaxy at its center, which was 
a result of the gas cooling in this halo, while the rest of the galaxies in the 
halos are distributed in the same way as the dark matter. This is only the 
simplest assumption and one can easily generalize it to profiles that differ 
from the dark matter. If only galaxies brighter than a certain luminosity 
are counted then galaxies in small halos will not be included in the sample. 
This is in fact one of the reasons why galaxy clustering differs from that 
of the dark matter on small scales. Second comes from the fact that there 
is one galaxy which is at the center of the halo and the pair-weighting is 
enhanced because of that, leading to stronger correlations. Third reason is 
that number of galaxies inside the halo does not scale linearly with halo 
mass. Larger halos have higher temperatures and gas takes longer to cool. 
Thus on average there will be fewer galaxies of a given luminosity formed in 
such a halo. This also enhances the correlations on small scales, since there 
will be more galaxies in small halos relative to dark matter. The resulting 
predictions are shown in figure 2, showing that the predicted model is in 
good agreement with the data and shows significant differences from the 
dark matter power spectrum on small scales. 
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Figure 1: Comparison between the power spectrum predicted from the halo model 
(Pp +Phh. solid) and the nonlinear power spectrum for A CDM model (P"'. dash-dotted). 
Also shown are the linear power spectrum (Pim, thin solid) and the two individual contri-
butions. single halo Pp and halo-halo F , r \ Ibp plot is for dark matter profile with inner 
slope a = —1. while bottom is for à = —1.5. Both profiles give an excellent fit to the 
nonlinear power spectrum. 
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Figure 2: Comparison between galaxy arid dark matter power spectrum predictions for 
galaxies selected by absolute magnitude MB < —19.5. Also shown is the measured power 
spectrum of galaxies. On large scales dark matter and galaxy spectra agree, while on 
small scales galaxy power spectrum exceeds that of dark matter, in agreement with the 
observations. 
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7 Conclusions 

In these lectures we have reviewed the physics of dark matter, with the 
emphasis on their clustering properties. We have limited the discussion 
to the simplest class of models produced bjr inflation, for which the initial 
fluctuations are gaussian. In this case the linear power spectrum contains all 
the information on the underlying cosmology and its determination becomes 
the main goal of observational studies. 

In general there are two ways: to extract the cosmological information 
from the dark matter clustering properties. One is to obtain the time de-
pendence of the amplitude of the power spectrum. This can be related to the 
growth factor, which as discussed above is a function of Om , , curvature, 
dark energy, massive neutrinos etc. There are several probes of the dark 
matter clustering at high redshift, which combined with the local clustering 
amplitude provide constraints on the clustering' evolution. Among these are 
CMB, providing constraints at z ~ 1100, Ly-a forest providing constraints 
at z 3, weak leasing, which probes structure around z ~ 0.5 — 1.5, galax}r 

clustering, which can be observed for z < 4 and quasar clustering spanning 
a similar range in z. Other probes such as X-ray, Sunyaev-Zeldovich or far 
infra-red background are also sensitive to the high redshift clustering. 

Second method is through the shape of the power spectrum, which is also 
affected by a number of cosrnological parameters, such as matter-radiation 
equality, massive neutrinos, baryon to CDM ratio, primordial spectrum of 
fluctuations etc. The shape can be obtained from the same probes as men-
tioned above. Even more important in this case are galaxy surveys, both 
existing such as PSCz and upcoming such as 2dF and SDSS. They probe 
mostly local universe and so are not very sensitive to the evolution of the 
growth factor. On the other hand, because of the large number of galaxies 
measured, they achieve a much more accurate determination of the galaxy 
power spectrum than probes at a higher redshift. An important issue we 
briefly discussed in §6 is bias, which relates galaxy clustering to that of dark 
matter. Although biasing can be complicated on small scales it is likely to 
be constant on large scales, where many of the most important cosmolog-
ical parameter constraints are coming from. Alternative approach, which 
does not require knowledge of bias, is weak lensing. While this approach 
will not achieve sensitivities of galaxy surveys it can provide an independent 
measurement of the dark matter power spectrum and should serve as an 
important check of the different systematica for the two approaches. 
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Al tli ou gli we only discussed dark matter clustering here the constraints 
that can be obtained from it can be significantly enhanced if additional ob-
servations are included. Most important among tliese is CMB, which probes 
much of the same physics at discussed here, but nie asu res it at z ^ 1100. 
Other important constraints will come from supernovae, measuring redshift-
luminosity distance relation and from direct Hubble constant determination 
using a variety of techniques. This should enable one to extract neutrino 
mass with an accuracy of O.leV, equation of state with an accuracy of a few 
percent, determine primordial slope and amplitude of the spectrum to a few 
percent, test deviations from the primordial power law, place very accurate 
limits on dark matter density, test nucleosynthesis predictions for baryon 
density etc» Dark matter clustering measurements are entering lugli jpreci-

sion era and theoretical understanding of the physics behind it is needed if 
we are to extract all the information from it. These lectures should hopefully 
provide, with sufficient detail, the current theoretical understanding of the 
physics behind the dark matter clustering, which should help one achieve 
this goal. 
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Abstract 

Dark matter constitutes a key-problem at the interface between 
Particle Physics, Astrophysics and Cosmology. Indeed, the observa-
tional facts which have been accumulated in the last years on dark 
matter point to the existence of an amount of non-baryonk: dark mat-
ter. Since the Standard Model of Particle Physics does not possess any 
candidate for such non-baryonic dark matter, this problem constitutes 
a major indication for new Physics beyond the Standard Model. 

We analyze the most important candidates for non-baryonic dark 
matter in the context of extensions of the Standard Model (in particular 
supersyriimetric models). The recent hints for the presence of a large 
amount of nnclustered "vacuum" energy (eosmologieal constant?) is 
discussed from the Astrophysieal and Particle Physics perspective. 



ContGnts 

1 I n t r o d u c t i o n 83 

2 T h e S t a n d a r d M o d e l of Pa r t i c l e Phys ics 85 
2.1 The Higgs mechanism and vector boson masses 86 
2.2 Fermion XJOlâjlSiSeS öo 
2.3 Successes and difficulties of the SM 89 

3 T h e D a r k M a t t e r p rob lem: e x p e r i m e n t a l ev idence 90 

4 L e p t o n n u m b e r viola t ion a n d neu t r i nos as H D M c a n d i d a t e s 91 
4,3, IDjKfcjp c?x*xxxxc?xxt <i=l lmti.it s ÖXX xic?xxtx*xxiö xxixäisiseis , , , , , , , , , , , , 
4.2 Neutrino XX.LTI'SSES XXX the SM and beyond . . . . . . . . . . . . 93 
4.3 Thermal history of neutrinos 95 
4.4 HDM and structure formation , , , , , , , , , , , , , , , , , , 96 

5 Low-energy SUSY a n d D M 96 
5.1 Neutralinos as the LSP in SUSY models , , , , , , , , , , , , 9? 
5.2 Neutralinos in the Minimal Supersymmetric Standard Model 98 
5.3 Thermal history of neutralinos and HE DM 100 
5.4 CDM models and structure formation , , , , , , , , , , , , , 101 

6 W a r m d a r k m a t t e r 102 
6,1 Thermal history of light gravitinos and WDM models , , , , 103 

7 D a r k energy, A C D M and x C D M or Q C D M 104 
7.1 ACDM models 105 
7.2 Scalar field cosmology and quintessence 106 

Refe rences 109 





Dark Matter and Particle Physics 83 

1 Introduction 

The electroweak standard model (SM) is now approximately thirty years old 
and it enjoys a full maturity with an extraordinary success in reproducing 
the many electroweak tests which have been going on since its birth. Not 
only have its characteristic gauge bosons, W and Z, been discovered and also 
has the top quark been found in the xjOs-tbjSjS ran ge expected by the electroweak 
radiative corrections, but the SM has been able to account for an impressively 
long and very accurate of measurements. Indeed, in 
some of the electroweak observables have been tested with precisions reaching 
the per mille level without finding any discrepancy with the SM predictions. 
jAwt t li.ci' same? 

time, the SM has successfully passed another very challenging 
class of exams, namely it has so far accounted for all the very suppressed 
or forbidden processes where flavour changing neutral currents (FCNG) are 
present. 

By now we can firmly state that no matter which physics should lie 
beyond the SM, necessarily such new physics has to reproduce the SM with 
great accuracy at energies of 0(100 GcV). 

And, yet, in spite of all this glamorous success of the SM in reproducing 
the impressive set of experimental electroweak results, we are deeply con-
vinced of the existence of new physics beyond this model. We see two main 
classes of motivations pushing us beyond the SM. 

First, we have theoretical "particle physics" reasons to believe that the 
SM is not the whole story. The SM does not truly unify the elementary 
i nt ör ac- t ion s I if not; li. 111 ̂  ĉ lscs ̂  

gravity is left: out of the game), it leaves the 
problem of fermion masses and mixings completely unsolved and it exhibits 
the gauge hierarchy problem in the scalar sector (namely, the scalar higgs XXXâjSS IS 

not protected by any symmetry and, hence, it would tend to acquire 
large values of the order of the energy scale at which new physics sets in). 
I. his first class of motivations for 

new physics is well known to particle 
physicists. Less familiar is a second class of reasons which finds its origin 
in some relevant issues of astroparticle physics. We refer to the problems 
of the solar and atmospheric neutrino deficits, baryo 

ÛÔ S IS « 111 1 d>t 1 Oll 8,11 cl 
dark matter (DM). In a sense these aspects (or at least some of them, in 
particular the solar and atmospheric neutrino problems and DM) may be 
considered as the only "observational" evidence that we have at the moment 
for Physics beyond the SM. As for baryogenesis, if it is true that in the SM it is not possible to give 



84 A, Mamero arid S, PascoK 

rise to a sufficient amount of baryon-ant ibaryon asymmetry, still one may 
debate whether baryogenesis should have a dynamical origin and, indeed, 
whether primordial antimatter is absent. Coming to inflation, again one 
has to admit that in the SM there seems to be no room for an inflationary 
epoch in its scalar sector, but, as nice as inflation is in coping with several 
crucial cosmological problems, its presence in the history of the Universe is 
still debatable. Finally, let me come to the main topic of this paper, namely 
the relation between the DM issue and Physics beyond the SM. 

There exists little doubt that a conspicuous amount of the DM has to 
be of non-baryonic nature. This is supported both by the upper bound on 
the amount of baryonic matter from nucleosynthesis and by studies of galaxy 
formation. The SM does not have any viable candidate for such non-baryonic 
DM. Hence the DM issue constitutes a powerful probe in our search, for new 
Physics beyond the SM. 

In this paper we will briefly review: 

• the main features of the Standard Model (SM) such as its spectrum, 
the Lagrangian and its symmetries, the Higgs mechanism, the successes 
and shortcomings of the SM; 

• the experimental evidences of the existence of dark matter (DM); 

• two major particle physics candidates for DM: massive (light) neutrinos 
and the lightest supersymmetric (SUSY) particle in SUSY extensions 
of the SM with R parity (to be defined later on). Light neutrinos 
and the lightest sparticle are ^canonical" examples of the hot and cold 
DM, respectively. This choice does not mean that these are the only 
interesting particle physics candidates for DM. For instance axions are 
still of great interest as CDM candidates and their experimental search 
is proceeding at full steam; 

• the possibility of warm dark matter which has recently attracted much 
attention in relation to the possibility of having light gravitinos (as 
WDM candidates) in a particular class of SUSY models known as 
gauge-mediated SUSY breaking schemes; 

• finally the problem of the cosmological constant A in relation to the 
structure formation in the universe as in the ACDM or QCDM models. 
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2 T h e S tandard Model of Par t ic le Physics 

In Particle Physics the fundamental interactions are described by the Glashow-
Weinberg-Salam Standard Theory (GSW) for the electroweak interactions 
([1, 2, 3], for a recent review see [4]) and QOD for the strong one. GWS and 
QCD are gauge theories based respectively on the gauge groups SU(2)i x 
J7(l)y and SU('S)e where L refers to left, Y to hypercharge and c to colour. 
We recall that a gauge theory is invariant under a local symmetry and re-
quires the existence of vector gauge fields living in the adjoint representation 
of the group. Therefore in our case we have: 

i) 3 gauge fields W^ W* for SU(2)L; 

ii) 1 gauge field Bflf for U(l)y; 

iii) 8 gauge bosons for SU(3)fi. 

The SM fermions live in the irreducible representations of the gauge 
group and are reported in Table 1: the indices L and R indicate respectively 
the left and right fields, b = 1,2,3 the generation, the colour is not shown. 

The Lagrangian of the SM is dictated by the invariance under the Lorentz 
group and the gauge group and the request of renormalizability. It is given 
by the sum of the kinetic fermionic part Acmat and the gauge one £;Kgau : 
£ = r .K„ ,a , + r.K gau- The fermionic part reads for one generation: 

R.K,,,;„ = ïQLY' {dp + igW£Ta + i^BP) Ql + i d R ^ (dß dR 

+im (dp, + i f B>) «Ä + ÎËL 7" (dfi + igW«Ta - Eh 

+iefa
ß (dß - ig'Bp) eR (1) 

where the matrices Ta = ua/2, aa are the Pauli matrices, g e g' are the 
coupling constants of the groups SU(2)i and E/(l)y respectively. The Dirac 
matrices are defined as usual. The colour and generation indices are not 
specified. This Lagrangian jCicximt is invariant under two global accidental 
symmetries, the leptonic number and the baryonic one: the fermions be-
longing to the fields Ebi and are called leptons and transform under 
the leptonic symmetry U(1)L while the ones belonging to QbL, ubR and dbR 

baryons and transform under C/(l)ß. 
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Fermions Generations 

II III 

SU(2)l ® U(l)y 

Eu, 
Vh 

ebR 

QbL 
"h 
db 

mt 

dbR 

:) 
"i; 

du 

ß 

PR 

;) 
c r 

SÄ 

'R 

0 
ÎR 

bR 

(2 , -1) 

(1,-2) 

( 2 , 1 / 3 ) 

( 1 , 4 / 3 ) 

(1, —2/3) 

Table 1: The fermionic spectrum of the SM. 

The Lagrangian for the gauge fields reads: 

£Kgau = -\{dßW* - 'ôvWl + ^hcWlW£){&lWv<l - dvWll<l + 

- \ {d(A - dvBß) {&lBv - . (2) 

The gauge symmetry protects the gauge bosons from having mass. Unfortu-
nately the weak interactions require massive gauge bosons in order to explain 
the experimental behaviour. However adding a direct mass term for gauge 
bosons breaks explicitly the gauge symmetry and spoils renormalizability. 
To preserve such nice feature of gauge theories, it's necessary to break spon-
taneously the symmetry. This is achieved through the Higgs mechanism. We 
introduce in the spectrum a scalar field H, which transforms as a doublet un-
der SU(2)i, carries hypercharge while is colourless. The Higgs doublet has 
got the following potential Ftiiggs, kinetic terms CKH and Yukawa couplings 
with the fermions Cut : 
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FHiggs = - f t 2 Hi H + A (H^H)2 

Ck h = - (dßH + igW£TaH + i ̂ h ) f (dßH + igW«TaH + 

CHf = - E i r " (ILQuHDrc + AmLhHURe + A t c Ë u H E t e ) + h.c. (3) 

where the parameters ß e A are real constants, Xfe> A ,̂ and A|r, are 3 x 3 
matrices on the generation space. U indicates the charge conjugated of H: 
H° = eabHl 

While the Lagrangian is invariant under the gauge symmetry the vac-
uum is not and the neutral component of the doublet II develops a vacuum 
expectation value (vev): 

< IP > 

This breaks the symmetry SU(2)I, ® C/(l)y down to U(1)EM- We recall 
that when a global symmetry is spontaneously broken, in the theory appears 
a massless Goldstone boson; if the symmetry is local (gauge) these Goldstone 
bosons become the longitudinal components of the vector bosons (it is said 
that they are eaten up by the gauge bosons). The gauge bosons relative to 
the broken symmetry acquire a mass as shown in CM gauged 

CM gauge = [sHwfr2 + g2(W2)2 + gW* + g'B,.)2] . (5) 

Therefore there are three massive vectors and Z®: 

W } = ^ ( W , i T i W 2 ) , (6) 
I 

K (7) 

whose masses are given by: 

mw = g §, 

m z = VGF+g^J f , (9) 

while the gauge boson Ajt, = —J== [GWFT + < ~ / B r e l a t i v e to U(1)EM> 

remains massless as imposed by the gauge symmetry. Such mechanism is 
called Higgs mechanism and preserves renormalizability. 
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2.2 F e r m i o n n ia s ses 

Fermions are spinors with respect to the Lorentz group SU(2)®SU(2)t Weyl 
spinors are two component spinors which transform under the Lorentz group 

XL as ( i ,0) (10) 
Vr as (0,1) (11) 

and therefore are said to be left-handed and right-handed respectively. 
A fermion mass term must be invariant under the Lorentz group. We 

have two possibilities: 

1. a Majorana mass term couples just one spinor with itself: 

XaXße*ß or rçVe^. (12) 

It's not invariant under any local or global symmetry under which the 
field transforms not trivially; 

2. a Dirac mass term involves two different spinors XL and T]R: 

X a f f e a ß or v V ' ( w - (13) 

It can be present even if the fields carry quantum numbers. 

In the Standard Model Majorana masses are forbidden by the gauge 
symmetry in fact we have that for example: 

<:/.!:/. -4- Q / 0 
VLVL SU{2)L? 

and SU(2) i forbids Dirac mass terms: 

ëffiR SU(2)l^. (14) 

Therefore no direct mass term can be present for fermions in the SM. 
However when the gauge symmetry breaks spontaneously the Yukawa 

couplings provide Dirac mass terms to fermions which read: 

1 1 1 -
Almat = +—7=XeVëifin H H—y=\elvdidn + h.c. (15) 

v 2 v 2 v 2 
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with masses: 

rne = ^Kv 

m u - ^Kv 

rrid = (16) 

We notice that neutrinos are rnassless and so remain at any order in 
perturbation theory: 

i) lacking of the right component they cannot have a Dirac mass term; 

ii) belonging to a 577(2)/, doublet, they cannot have a Majorana mass 
term. 

However from experimental data we can infer that neutrinos are massive 
and that their mass is very small compared to the other mass scales in 
the SM. The SM cannot provide such mass to neutrinos and hence this 
constitutes a proof of the existence of Physics beyond the SM. The problem 
of 1/ masses will be addressed in more detail in Section 4.2. 

2.3 Successes and difficulties of the SM 

The SM has been tested widely at accelerators receiving strong confirma-
tions of its validity. Up to now there are no appreciable deviations from its 
expectations even if some observables have been tested at the per mille level. 
In the future LHC will reach higher energies and will have the possibility 
to discover new Physics beyond the SM if this one lies at the TeV scale. 
Another promising class of experiments to detect deviations from the SM 
predictions are rare processes which are very suppressed or forbidden in the 
SM such as flavour changing neutral currents phenomena or CP-violation 
ones. Also all these tests up to now are compatible with SM expectations. 

However we see good reasons to expect the existence of Physics beyond 
the SM. From a theoretical point of view the SM cannot give an explanation 
of the existence of three families, of the hierarchy present among their masses, 
of the fine tuning of some of its parameters, of the lacking of unification of 
the three fundamental interactions (considering the behaviour of the coupling 
constants, we see that they unify at a scale Mx ~ 101B GeV where a unified 
simple group might arise), of the hierarchy problem of the scalar masses 
which tend to become as large as the highest mass scale in the theory. From 
an experimental point of view, the measured neutrino masses are a proof of 
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Physics beyond SM even if what kind of Physics beyond the SM is still an 
open question to be addressed. Also cosmology give strong hints in favour of 
Physics beyond the SM: in particular baryogenesis cannot find a satisfactory 
explanation in the SM, inflation is not predicted by SM and finally we have 
the Dark matter problem. 

3 The Dark Matter problem: experimental evi-
dence 

Let's define O (for a review see [5] and [8]) as the ratio between the density 
3//2 

p and the critical density pcrit — — 1.88/ij) x 10_29g c m - 3 where Hq is 
the Hubble constant, G the gravitational constant: 

Pcrit 

The Ojuni due to the contribution of the luminous matter (stars, emitting 
clouds of gases) is given by: 

First evidences of dark matter come from observations of galactic rota-
tion curves (circular orbital velocity vs. radial distance from the galactic-
center) using stars and clouds of neutral hydrogen. These curves show an 
increasing profile for little values of the radial distance r while for bigger 
ones it becomes flat, finally decreasing again. According to Newtonian me-
chanics this behaviour can be explained if the enclosed mass rises linearly 
with galactocentric distance. However, the light falls off more rapidly and 
therefore we are forced to assume that the main part of matter in galaxies is 
made of non-shining matter or dark matter (DM) which extends for a much 
bigger region than the luminous one. The limit on figaiactk which can be 
inferred from the study of these curves is: 

The simplest idea is to suppose that the DM is due to baryonic objects 
which do not shine. However Big-Bang nucleosynthesis (BBN) and in partic-
ular a precise determination of the primeval abundance of deuterium provide 
strong limits on the value of the baryon density [7] Ûjj = PB!Pcrit '• 

(17) 

O îura < 0.01. (18) 

^galactic ^ 0-1. (19) 

ÜB = (0.019 ± 0.001)/iö2 - 0-045 ± 0.005 (20) 
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1/3 of the BBN baryon density is given bjr stars, cold gas and warm gas 
present in galaxies. The other 2/3 are probably in hot intergalactic gas, 
warm gas in galaxies and dark stars such as low-mass objects which do not 
shine (brown dwarfs and planets) or the result of stellar evolution (neu-
tron stars, black holes, white dwarfs). These last ones are called MACHOS 
(MAssive Compact Halo Objects) and can be detected in otir galaxy through 
microlensing. 

Anyway from cluster observations the ratio of baryons to total mass is 
/ — (0.075 ± 0.002) h0 assuming that clusters provide a good sample of 
the Universe, from / and QB in (20) we can infer that: 

Om ~ 0.35 ± 0.07. (21) 

Such value for QM gets further supporting evidences from the evolution 
of the abundance of clusters and measurements of the power spectrum of 
large-scale structures. 

Hence the major part of dark matter is non-baryonic [8]. The crucial 
point is that the SM does not posses any candidate for such non-baryonic 
relics of the Early Universe. Hence the demand for non baryonie DM implies 
the existence of new Physics beyond the SM. Non-baiyonic DM divides into 
two classes [23, 26]: cold DM (CDM), made of neutral heavy particles called 
WIMPS (Weakly Interacting Massive Particles) or very light ones as axions, 
hot DM (HDM) made of relativ ist ic particles as neutrinos or even warm dark 
matter (WDM) with intermediate characteristics such as gravitinos. 

4 Leptcm number violation and neutrinos as H D M 
candidates 

The first candidate for DM we will review are neutrinos which can account 
for HDM [30j: particles that were relativistic at their decoupling from the 
thermal bath when their rate of interaction became smaller then the expan-
sion rate and they freeze out (or, to be more precise, at the time galaxy 
formation starts at T — 300 eV). The SM has no candidate for HDM, 
however it's now well established from experimental data that neutrinos are 
massive and very light. Therefore they can account for HDM. We briefly 
discuss their characteristics. 
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4.1 Experimental limits on neutrino masses 

The recent atmospheric neutrino data from SuperKamiokande provide strong 
evidence of neutrino oscillations which can take place only if neutrinos are 
massive. The parameters relevant in ^-oscillations are the mixing angle 9 
and the mass-squared differences which can be measured in atmospheric 
neutrinos, solar neutrinos, shortbaseline and longbase line experiments (for 
a review see [9, 10]): 

i) in atmospheric neutrino experiments, to account for the deficit of the 
i'fL flux expected towards the ve one from cosmic rays and its zenith 
dependence, it's necessary to call for —> vT oscillations with: 

Si l l 2(?aLm ^ 0 . 8 2 ( 2 2 ) 

Arn2
lm ~ (1.5 - 8.0) x 10-3 eV2 (23) 

from SuperKamiokande data at 99% C.L. [11]; 

ii) the solar v anomaly arises from the fact that the vfi flux coming from 
the Sun is sensibly less then the one predicted by the Solar Standard 
Model: also this problem can be explained in terms of neutrino oscilla-
tions. The recent SuperKamiokande data [12] favour the LMA (Large 
Mixing Angle) solution with: 

tan2 0 0 ~ 0.15 4 (24) 

A m | - (1.5 - 10) x lO^5 eV 2 (25) 

at 99% C.L., even if the Small Mixing Angle (tan2 9® ~ 10~4) and 
the LOW (tan2 9& ~ 0.4 4) solutions cannot be excluded and the 
oscillations into sterile neutrinos are strongly disfavoured; 

iii) reactor [13], short baseline and long baseline experiments constrain 
further the parameters and in particular the mixing angles; 

î  j finally tïtie LSNL> cxpcninciit lias evidence of %>jL —> vfi oscillations 
with Ato2

SNb ~ 0.1 ^ 2 eV2, the Karmen experiment has no positive 
results for the same oscillation and then restricts the LSND allowed 

In the next future several long-base line experiments will be held to test 
directly ^-oscillât ions and. measure ttie rele\ ant parameters « K̂2Kik. in Japan 
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is already looking for missing Vß in v^ vT oscillations, MINOS (in US) 
and OPERA (with neutrino beam from CERN to Gran Sasso) are long-base 
line experiments devoted to this aim, which are under construction. 

The tritium beta decay experiments are searching directly to detect the 
effective electron neutrino mass nip and the present Troitzk [15] and Mainz 
[16] limits read niß < 2.5 -r 2.9 eV, there are perspectives to increase the 
sensitivity down to 1 eV. 

The ßßQ p decay predicted if neutrinos are Majorana particles will give in-
dications on the value of the effective mass j < m > |, the present Heidelberg-
Moscow bound is (see for example [17]): 

< m > Eui 
2 < 0.2 : 1 eV (26) 

but in the next future there are perspectives to reach j < m > | ~ 0.01 eV. 
Finally the direct searches for mv at accelerators have given till now 

negative results leading to upper bounds [18]: 

m ^ < 0.19 MeV. m ^ < 18.2 MeV (27) 

from LEP at 90 %C.L. and 95 %C.L. respectively. 
From all these experiments we can conclude that neutrinos have masses 

and that their values must be much lower than the other mass scales in the 
SM. 

4.2 Neutrino masses in the SM and beyond 

The SM cannot account for neutrino masses: we cannot construct either a 
Dirac mass term as there's only a left-handed neutrino and no right-handed 
component, or a Majorana mass term because such mass would violate the 
lepton number and the gauge symmetry. 

To overcome this problem, many possibilities have been suggested: 

• within the SM spectrum we can form an SU'(2)i singlet with i'i using 
a triplet formed by two Higgs field B as i>iViHIP When the Higgs 
field II develops a vev this term gives raise to a Majorana mass term. 
However, this term is not renorrnalizable, breaks the leptonic symmetry 
and do not give an explanation of the smallness of neutrino masses; 

• we can introduce a new Higgs triplet A and produce a Majorana mass 
term as in the previous case when A acquires a vacuum expectation 
value; 
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• however the most economical way to extend the SM is to introduce 
a right-handed component Nu, singlet under the gauge group, which 
couples with the left-handed neutrinos. The lepton number L can be 
either conserved or violated. In the former option neutrinos acquire 
a "regular" Dirac mass like for all the other charged fermions of the 
SM. The left- and right-handed components of the neutrino combine 
together to give rise to a massive four-component Dirac fermion. The 
problem is that the extreme lightness of neutrinos (in particular of 
the electron neutrino) requires an exceedingly small neutrino Yukawa 
coupling of 0(1CTJJ ) or so. Although quite economical, we do not 
consider this option particularly satisfactory. 

The other possibility is to link the presence of neutrino masses to 
the violation of L. In this case one introduces a new mass scale, in 
addition to the electroweak Fermi scale, in the problem. Indeed, lepton 
number can be violated at a very high or a very low mass scale. The 
former choice represents, in our view, the most satisfactory way to 
have massive neutrinos with a very small mass. The idea (see-saw 
mechanism, [19, 20]) is to introduce a right-handed neutrino in the 
fermion mass spectrum with a Majorana mass M much larger than 
Miy. Indeed, being the right-handed neutrino a singlet under the 
electroweak symmetry group, its mass is not chirally protected. The 
simultaneous presence of a very large chirally unprotected Majorana 
mass for the right-handed component together with a "regular" Dirac 
mass term (which can be at most of 0(100 GeV) gives rise to two 
Majorana eigenstates with masses very far apart. 

The Lagrangian for neutrino masses is given by: 

= (28) 

where is the CP-conjugated of VL and A»T| of Nu. It holds that 
mo M. Diagonalizing the mass matrix we find two Majorana eigen-
states «] and «2 with masses very far apart: 

2 mn , r 
m, I ~ —rri'i ~ M. 

M 
The light eigenstate «j is mainly in the direction and is the neutrino 
that we "observe" experimentally while the heavy one n2 is in the Nu 
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one. The key-point is that the s m all ne s s of its mass (in comparison 
with all the other fermion masses in the SM) finds a "natural" expla-
nation in the appearance of <1 new, lctr^c mass scale where L is violated 
explicitly (by two units) in the right-handed neutrino mass term. 

4.3 Thermal history of neutrinos 

Let's consider a stable massive neutrino (of mass less than 1 MeV) (see for 
example [5]). If its maSS IS less than 10 4 eV it is still relativistic today and 
its contribution to Om is negligible. In the opposite case it is non relativistic 
and its contribution to the energy density of the Universe is simply given by 
its number density times its mass. The number density is determined by the 
temperature at which the neutrino decouples and, hence, by the strength of 
the weak interactions. Neutrinos decouple when their mean free path exceeds 
the horizon size or equivalently T < H. Using natural units (c~h — 1), we 
have that: 

r (Ji/'fie± a'pT^ (29) 
rp2 

and H ~ —— (30) 
Mpi 

so that Tvd ~ Mpl/3GJ2ß ~ 1 MeV, (31) 

where GF is the Fermi constant, T denotes the temperature, M|>|. is the 
Planck mass » Since this decoupling temperature Tv<i is higher than the elec~ 
tron mass, then the relic neutrinos are slightly colder than the relic photons 
which are <;heated" by the energy released in the electron-positron annihi-
lation. The neutrino number density turns out to be linked to the number 
density of relic photons rc7 by the relation: 

3 = y, (32) 

where cjjj ~~~~~ !2! or 4 according to the Majorana or the Dirac nature of the 
neutrino, respectively. 

Then one readily obtains the v contribution to Om: 

- 0.01 x m„(eV)Ao 2 f ( | y ) 3 - (33) 

Imposing to be less than one (which comes from the lower bound on the 
lifetime of the Universe), one obtains the famous upper bound of 200(gv)"~l 
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eV on the sum of the masses of the light and stable neutrinos: 

< 200(3 ,J"1 eV. (34) 

Clearly from Eq.(33) one easily SCßS t licit it IS enough to have one neutrino 
with a mass in the (1 — 20) eV range to obtain n t , in the 0.1 1 range of 
interest for the DM problem. 

4.4 H D M and s t ructure formation 

Hence massive neutrinos with mass in the eV range are very natural candi-
dates to contribute an Om larger than 0.1. The actual problem for neutrinos 
as viable DM candidates concerns their role in the process of large scale 
structure formation. The crucial feature of HDM is the erasure of small 
fluctuations by free streaming: neutrinos stream relativistically for quite a 
long time till their temperature drops to T k- mv. Therefore a neutrino fluc-
tuation in order to be preserved must be larger than the distance </, travelled 
by neutrinos during such interval. The contained ir t tllcit space volume 
is of the order of the supercluster masses: 

where n , is the number density of the relic neutrinos, M. is the solar mass. 
Therefore the first structures to form are superclusters and smaller struc-
tures ^sJ&xics sins s from fr^^fxtcnt^tiojO; in st typical top-down scenario. 
Unfortunately in these schemes one obtains too many structures at super-
large scales. The possibility of improving the situation by adding seeds for 
small scale structure formation using topological defects (cosmic strings) are 
essentially ruled out at present [21, 221. Hence schemes of pure HDM are 
strongly disfavoured by the demand of a viable mechanism for large-structure 
formation. 

5 Low-energy SUSY and D M 

Another kind of DM, widely studied, called cold DM (CDM) is made of 
particles which were non relativistic at their decoupling. Natural candidates 
for such DM are Weakly Interacting Massive Particles (WIMPs), which are 
very heavy if compared to neutrinos. The SM does not have non baryonic 

MjlV ~ dtmvn„(T = mv) - !0:\U,. (35) 
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neutral particles which can account for CDM and therefore we need to con-
sider extensions of the SM as supersymmetric SM in which there are heavy 
neutral particles remnants of annihilations such as neutralinos (for a review 
see [36]). 

5.1 Neutralinos: as the LSF in SUSY models 

One of the major shortcomings of the SM concerns the protection of the 
scalar masses once the SM is embedded into some underlying theory (and 
at least at the Planck scale such new physics should set in to incorporate 
gravity into the game). Since there is no typical symmetry protecting scalar 
masses (while for fermions there is the chiral symmetry and for gauge bosons 
there are gauge symmetries), the clever idea which was introduced in the 
early 80's to prevent scalar masses to get too large values was to have a 
supersymmetry (SUSY) unbroken down to the weak scale. Since fermion 
masses are chirally protected and as long as SUSY is unbroken there must be 
degeneracy between the fermion and scalar components of a SUSY multiplet, 
then having a low-energy SUSY it is possible to have an "induced protection" 
on scalar masses (for a review see [34, 35J). 

However the mere supersymmetrization of the SM feces an immediate 
problem. The most general Lagrangian contains terms which violate baryon 
and lepton numbers producing a too fast proton decay. To prevent this 
catastrophic result we have to add some symmetry which forbids all or part of 
these dangerous terms with L or B violations. The most familiar solution is 
the imposition of a discrete symmetry, called R matter parity, which forbids 
all these dangerous terms. It reads over the fields contained in the theory: 

7? (36) 

R is a multiplicative quantum number reading —1 over the SUSY particles 
and +1 over the ordinary particles. Clearly in models with R parity the 
lightest SUSY particle can never decay. This is the famous LSP (lightest 
SUSY particle) candidate for CDM. 

Notice that proton decay does not call directly for R parity. Indeed this 
decay entails the violation of both B and L. Hence, to prevent a fast proton 
decay one may impose a discrete symmetry which forbids all the B violating 
terms in the gtJgY Lagrangian, while allowing for terms with L violation (the 
viceversa is also viable). Models with such alternative discrete symmetries 
are called SUSY models with broken R parity. In such models the stability 
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of the LSP is no longer present and the LSP cannot be a candidate for stable 
CDM. We will comment later on these alternative models in relation to the 
DM problem, but we turn now to the more "orthodox" situation with R 
parity. The favourite LSP is the lightest neutralino. 

5.2 Neutralinos in the Minimal Supersymmetric Standard 

If we extend the SM in the minimal way, adding for each SM particle a 
supersymmetric partner with the same quantum numbers, we obtain the so 
called Minimal Supersymmetric Standard Model (MSSM). In this context 
the neutralinos are the eigenvectors of the mass matrix of the four neutral 
fermions partners of the W^,B,Hi and JTf called respectively wino Wg, 
bino Z?, higgsinos li^ and . There are four parameters entering the mass 
matrix, Mi, M-j. /i and tan ß: 

( M2 
0 

tnz cos 0w cos 0 
\ — niz cos ôw sin ß 

0 
Mi 

—mz sin $w cos 0 
mz sinQw sin ß 

niz cos $w cos 0 
—mz sinöw cos ß 

0 
-ß 

-mz cos ff w sin/3 \ 
mz sin ßw sin ß 

- f x 
0 

(37) 
/ 

where mz = 91.19 ± 0.002 GeV is the mass of the Z boson, $w is the weak 
mixing angle, tan ß = V2/V1 with vi, V2 vevs of the scalar fields Iff and flf 
respectively. 

In general M\ and M2 are two independent parameters, but if one as-
sumes that a grand unification scale takes place, then at grand unification 
Mi = M2 = M3, where M3 is the gluino mass at that scale. Then at the 
Mw scale one obtains: 

Mi = § tan 2 0WM2 (38) 

M2 - f m - ä ~ m-gf3, (39) 

where g2 and <73 are the SU(2) and SU(3) gauge coupling constants respec-
tively and m g is the gluino mass. 

The relation (38) between Mi and M_> reduces to three the number of 
independent parameters which determine the lightest neutralino composition 
and mass: tan/3,)« and M2 . The neutralino eigenstates are denoted usually 
by xf being x î the lightest one. 
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If J/ul > Mi, M3 then x'S is mainly a gaugino and in particular a "bino if 
Mi > mz, if Mi, M'2 > fei then x i is mainly a higgsino. The corresponding 
phenomenology is drastically different leading to different predictions for 
CDM. 

For fixed values of tan/3 one can study the neutralino spectrum in the 
(/i, Mg) plane. The major experimental inputs to exclude regions in this 
plane are the request that the lightest chargino be heavier than m ^ / 2 and 
the limits on the invisible width of the Z hence limiting the possible de-
cays Z -4- xîxt Moreover if the GUT assumption is made, then the 
relation (38) between Ma and in,-, im j j 13. es a severe bound on Mz from the 
experimental lower bound on nig of CDF (roughly > 220GeV, hence 
implying > 70 GeV); the theoretical demand that the electroweak sym-
metry be broken radiatively, i.e. due to the renormalkation effects on the 
Higgs masses when going from the superlarge scale of sup er gravity breaking 
down to M(v, further constrains the available (p^M^) region. The first im-
portant outcome of this analysis is that the lightest neutralino mass exhibits 
a lower bound of roughly 30 GeV. The actual bound on the mass of the 
lightest neutralino Xi from LEP2 is: 

mÄo > 40 GeV (40) 

for any value of tan/3. This bound becomes stronger if we put further 
constraints on the MSSM. The strongest limit is obtained in the so-called 
Constrained MSSM (CMSSM) where we have only four independent SUSY-
parameters plus the sign of the ß parameter (see equation (37)): m > 
95GeV [29]. 

There are many experiments already running or approved to detect WIMPS, 
they rely on different techniques: 

i) DAMA and CDMS use the scattering of WIMPS on nuclei measuring 
the recoil energy, in particular DAMA [31] exploits an annual modu-
lation of the signal which could be explained in terms of WIMPS; 

ii) i'-telescopes (AMANDA) are held to detect v coming from the 
annihilation of WIMPS which accumulate in celestial bodies as Earth 
or Sun; 

Mi) experiments (AMS, PAMELA) which detect low-energy antiprotons 
and 7-rays from the Xi annihilation in the galactic halo. 
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5*3 Thermal history of neutralinos and QCJJM 

Let us focus now on the role played by Xi a s a source of CDM. The lightest 
neutralino x? is kept in thermal equilibrium through its electroweak inter-
actions not only for T > m.c-o, but even when T is below nko. However for 

XI' XI 

T < m^o the number of j^s rapidly decreases because of the appearance of 
the typical Boltzmann suppression factor exp(—m^o/T). When T is roughly 
m^o/20 the number of x°i diminished so much that they do not interact any 
longer, i.e. they decouple. Hence the contribution to HCDM °f Xi deter-
mined by two parameters: m^o and the temperature at which xÇ decouples 
(Txd) which fixes the number of surviving xÇs. As for the determination of 
TX(t itself, one has to compute the x î annihilation rate and compare it with 
the cosmic expansion rate. 

Several annihilation channels are possible with the exchange of different 
SUSY or ordinary particles, / , H, Z, etc. Obviously the relative importance 
of the channels depends on the composition of xf: 

1. if xï is mainly a gaugino (say at least at the 90 % level) then the 
annihilation goes through / or In exchange and the sfermion mass m j 
plays a crucial role. The actual limits from LEP2 are roughly: 

mp > 43 GeV and m<j, m , > 90GeV. (41) 

The contribution to Û due to neutralinos fî^o is given by: 

2 » 4 ° + ' " I 1 

" (lTeV)2m|o ^ ^ • ( 4 2 ) 

t 1 'm2.+m? )2 + +m? > * (m2
0+m? !jt x, !jt 

If sfermions are light the Xi annihilation rate is fast and the fi^o is 
negligible. On the other hand, i f f (and hence I, in particular) is heavier 
than 150 GeV, the annihilation rate of xî is sufficiently suppressed so 
that fi-^o can be in the right ballpark for HCDM- In fact if all the f's are 
heavy, say above 500 GeV and for m^o < < n ip then the suppression 
of the annihilation rate can become even too efficient yielding fl^o 
unacceptably large; 

2- if Xi / is mainly a combination of and /7Ç it means that Mi and 
M'2 have to be much larger than ß. Invoking the relation (38) one 
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concludes that in this case we expect heavy gluinos, typically in the 
TeV range. As for the number of surviving x f s in this case, what 
is crucial is whether a is larger or smaller than M\y- Indeed, for 
m^o > M.\Y the annihilation channels WW, ZZ, it reduce fl^o 
too much. Ifm.Mi < M\y then acceptable contributions of x? to HE DM 
are obtainable in rather wide areas of the (p — mz) parameter space; 

3. finally it turns out that if x î results from a lar ge mixing of the gaugino 
[Wz and D) and higgsino ' / / " and iîg) components, then the annihi-
lation is too efficient to allow the surviving xî to provide O^o large 
enough. Typically in this case O^o < 10 - 2 and hence Xi is not a good 
CDM candidate. 

In the minimal SUSY standard model there are five new parameters 
in addition to those already present in the non-SUSY case. Imposing the 
electroweak radiative breaking further reduces this number to four. Finally, 
in simple supergravity realizations the soft parameters A and B are related. 
Hence we end up with only three new, independent parameters. One can 
use the constraint that the relic XI abundance provides a correct &CDM to 
restrict the allowed area in this 3-dimensional space. Or, at least, one can 
eliminate points of this space which would lead to fi^o > 1, hence overdosing 
the Universe. For x? masses up to 150 GeV it is possible to find sizable 
regions in the SUSY parameter space where O^o acquires interesting values 
for the DM problem. The interested reader can find a thorough analysis in 
the review [36] and the original papers therein quoted. 

Finally a comment on models without E parity. From the point of view 
of DM, the major implication is tliat m tins context tlie LSP is no longer a 
viable CDM candidate since it decays. There are very special circumstances 
under which this decay may be so slow that the LSP can still constitute 
a CDM candidate. The very slow decay of x? m ay have testable conse-
quences. For instance in some schemes the LSP could decay emitting a 
neutrino and a photon. The negative result of the search for such neutrino 
line at Kamiokande resulted in an improved lower bound on the xÇ lifetime. 

m o d e l s a n d s t r u c t u r e Aormst ion 

In the pure CDM model, almost all of the energy density needed to reach 
the critical one (the remaining few percent being given by the baryons) was 
provided by cold dark matter alone. However, some observational facts (in 
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particular the results of COBE) put this model into trouble, showing that 
it cannot correctly reproduce the power spectrum of density perturbations 
at all scales. At the same time it became clear that some amount of CDM 
was needed anyway in order to obtain a successful scheme for large scale 
structure formation. 

A popular option is that of a flat universe realized with the total energy 
density mostly provided by two different matter components, CDM and 
HD M in a convenient fraction. These models, which have been called mixed 
DM (MDM) [33], succeeded to fit the entire power spectrum quite well. 
A little amount of HDM has a dramatic effect on CDM models because 
the free-streaming of relativistic neutrinos washes out any inhomogeneities 
in their spatial distribution which will become galaxies. Therefore then-
presence slow the growth rates of the density inhomogeneities which will 
lead to galaxies. 

Another interesting possibility for improving CDM models consists in 
the introduction of some late time decaying particle [50]. The injection of 
non-thermal radiation due to such decays and the consequent increase of the 
horizon length at the equivalence time could lead to a convenient suppression 
of the excessive power at small scales (hence curing the major disease of the 
pure CDM standard model). As appealing as this proposal may be from the 
etymological point of view, its concrete realization in particle physics models 
meets several difficulties. Indeed, after considering cosmological and astro-
physical bounds on such late decays, it turns out that only few candidates 
survive as viable solutions. 

These schemes beyond pure CDM which presently enjoy most scientific 
favour accompany CDM with a conspicuous amount of "vacuum" energy 
density, a form of unclustered energy which could be due to the presence of 
a cosmological constant A. We will deal with this interesting class of DM 
models, called ACDM models, in the final part of this report. 

6 Warm dark matter 

Another route which has been followed in the attempt to go beyond the pure 
CDM proposal is the possibility of having some form of warm DM (WDM). 
The implementation of this idea is quite attractive in SUSY models where 
the breaking of SUSY is conveyed by gauge interactions instead of gravity 
(these are the so-called gauge mediated SUSY breaking (GMSB) models, for 
a review see [32]). This scenario had already been critically considered in the 
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old days of the early constructions of SUSY models and has raised a renewed 
interest with the proposal by Refe. [37, 38, 39], where some guidelines for the 
realization of low-energy SXTS",V" breaking are provided. In these schemes, the 
gravitino mass ( w ^ ) loses its role of fixing the typical size of soft breaking 
terms and we expect it to be much smaller than what we have in models 
with a hidden sector. Indeed, given the well-known relation [34] between 
my2 and the scale of SUSY breaking \/F. i.e. m.y.-> = 0(F/M), where M 
is the reduced Planck scale, we expect mn /2 in the KeV range for a scale 
V F o f O ( 1 0 6 GeV) that has been proposed in models with low-energy SUSY 
breaking in a visible sector. 

In the following we briefly report some implications of SUSY models with 
a light gravitino (in the KeV range) in relation with the dark matter (DM) 
problem. We anticipate that a gravitino of that mass behaves as a warm dark 
matter (WDM) particle [24, 25, 27], that is, a particle whose free streaming 
scale involves a IXlclSS comparable to that of a. s a l c i x y j 

6.1 Thermal history of light gravitinos and W D M models 

Suppose that the gravitinos were once in thermal equilibrium and were frozen 
out at the temperature T^ 4 during the cosmic expansion. It can be shown 
that the density parameter fiU contributed by relic thermal gravitinos is: 

where g A T , ^ ) represents the effective massless degrees of freedom at the 
temperature T^ Therefore, a gravitino in the abovementioned KeV range 
provides a significant portion of the mass density of the present Universe. 

As for the redshift ZpiR. at which gravitinos become non relativistic, it 
corresponds to the epoch at which their temperature becomes that 
is: 

where Tu = 2.728 if is the temperature of the CMB at present time. Once 
Z N r is known, one can estimate the free streaming length until the epoch 
of the matter-radiation equality, Xps, which represents a quantity of crucial 
relevance for the formation of large-scale cosmic structures. 

(43) 
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The frcC"Streamrn^ lcn^th for the tlicrniäl iti11os is about IMpc (for 
7:\ i; -- 4 x 10f)), which in turn corresponds to ~ 1012Mq, if it is required to 
provide a density parameter close to unity. This explicitly shows that light 
gravitinos are actually WDM candidates. We also note that, taking h = 0.5, 
the requirement of not overdosing the Universe turns into < 200 eV. 

However, critical density models with pure WDM are known to suffer for 
serious troubles[41]. Indeed, a WDM scenario behaves much like CDM on 
scales above ÀFS- Therefore, we expect in the light gravitino scenario that 
the level of cosmological density fluctuations on the scale of galaxy clusters 

10/ijj"1 Mpc) to be almost the same as in CDM. As a consequence, the 
resulting number density of galaxy clusters is predicted to be much larger 
than what observed [42], 

This is potentially a critical test for any WDM-dominated scheme, the 
abundance of high redshift galaxies having been already recognized as a non 
trivial constraints for several DM models. It is however clear that quantita-
tive conclusions on this point would at least require the explicit computation 
of the fluctuation power spectrum for the whole class of WDM scenarios. 

7 Dark energy, ACDM and xCDM or QCDM 

The expansion of the Universe is described by two parameters, the Hubble 
constant HQ and the deceleration parameter </o: 

i) Hq = R(to)/R{to), where R{to) is the scale factor, to the age of the 
universe at present epoch, and we have : 

//(, = 65 1 5 Km sec"1 Mpc"1 (h = 0.65 ± 0.05); (45) 

ii) go = ~ R(to) says if the universe is accelerating or decelerating, 
o 

qo is related to Oo 

O0 3 v ,. 

where üo = Pif Pcrit, is the fraction of critical density due to 
the component i, pi = Wipt is the pressure of the component i, parU = 
jj^ft = 1.88ft2 x 10~29g cm - 3 . 



Dark Matter and Particle Physics 105 

Measurements of qo from high-Z Type la SuperNovae (SNela) [44, 45] 
give strong indications in favour of an accelerating universe. Cosmic mi-
crowave background (CMB) data [46] and cluster mass distribution [47] 
seem to favour models in which the energy density contributed by the neg-
ative pressure component should roughly be twice as much as the energy 
of the matter, thus leading to a flat universe (fltot = 1) with fljy ~ 0.4 
and Ûa ~ 0.6. Therefore the universe should be presently dominated by a 
smooth component with effective negative pressure; this is in fact the most 
general requirement in order to explain the observed accelerated expansion. 
The most straightforward candidate for that is, of course, a "true" cosmolog-
ical constant [48]. A plausible alternative that has recently received a great 
deal of attention is a dynamical vacuum energy given by a scalar field rolling 
down its potential: a cosmological scalar field, depending on its dynamics, 
can easily fulfill the condition of an equation of state WQ = pqj pq between 
—1 (which corresponds to the cosmological constant case) and 0 (that is the 
equation of state of matter). Since it is useful to have a short name for 
the rather long definition of this dynamical vacuum energy, we follow the 
literature in calling it briefly "quintessence" [49]. 

7 ,1 A C D M m o d e l s 

At the moment models with 0a ~ 0-8 seem to be favoured (see for example 
[28]). £!a is given by: 

Û a = ( 4 " ) 
Jii Q 

where A is the cosmological constant, which appear in the most general 
form of the Einstein equation. The equation of state for A is p = — p or 
equivalently w = —1. In order to have Ûa ~ 0(1), A has to be: 

A - (2 x 10~3 eV)4. (48) 

Being a constant there is no reason in Particle Physics why this constant 
should be so small and not receive corrections at the highest mass scale 
present in the theory. This constitutes the most severe hierarchy problem in 
Particle Physics and there are no hints in order to solve it. 

If A ^ 0, in the Early Universe the density of energy and matter is 
dominant over the vacuum energy contribution, while the universe expands 
the average matter density decreases and at low redshifts the A term becomes 
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important. At the end the universe starts inflating under the influence of 
the A term. 

At present there are models based on the presence of A called ACDM 
models or AOHDM if we allow the presence of a small amount of HDM. Such 
models provide a good fit of the observed universe even if they need further 
studies and more data confirmations. 

7.2 Sca l a r field c o s m o l o g y a n d q u i n t e s s e n c e 

The role of the cosmological constant in accelerating the universe expan-
sion could be played by any smooth component with negative equation of 
state pq/pQ = wq — 0.6 [49, 52], as in the so-called "quintessence" models 
(QODM)[49], otherwise known as asCDM models [51]. 

A natural candidate for quintessence is given by a rolling scalar field Q 
with potential V(Q) and equation of state: 

= QV2-V(Q) 
Q &/2 + V(Q)' l4yJ 

which depending on the amount of kinetic energy could in principle take 
any value from —1 to +1. The study of scalar field cosmologies has shown 
[53, 54] that for certain potentials there exist attractor solutions that can 
be of the "scaling" [55, 56, 57] or "tracker" [58, 59] type; that means that 
for a wide range of initial conditions the scalar field will rapidly join a well 
defined late time behaviour. 

In the case of an exponential potential, V(Q) ~ exp(—Q) the solution 
Q r^ Inf is, under very general conditions, a "scaling" attractor in phase 
space characterized by pq/pB ~ const[55, 56, 57]. This could potentially 
solve the so called "cosmic coincidence" problem, providing a dynamical 
explanation for the order of magnitude equality between matter and scalar 
field energy today. Unfortunately, the equation of state for this attractor 
is WQ = WB, which cannot explain the acceleration of the universe neither 
during RD (wrad = 1/3) nor during MD (wm = 0). Moreover, Big Bang 
nucleosynthesis constrain the field energy density to values much smaller 
than the required ~ 2/3 [54, 56, 57]. 

If instead an inverse power-law potential is considered, V(Q) = M'] 

with a > 0, the attractor solution is Q ~ w]jere n = 3(wq + i)j m = 
3(ti/jÉ? + l); and the equation of state turns out to be WQ = ( % a - 2 ) / ( a + 2 ) , 
which is always negative during matter domination. The ratio of the energies 
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is no longer constant but scales as pqfpB ^ a m ~ n thus growing during the 
cosmological evolution, since n < m. pq could then have been safely small 
during nucleosynthesis and have grown lately up to the phenomenologically 
interesting values. These solutions are then good candidates for quintessence 
and have been denominated "tracker" in the literature [54, 58, 59]. 

The inverse power-law potential does not improve the cosmic coincidence 
problem with respect to the cosmological constant case. Indeed, the scale 
M has to be fixed from the requirement that the scalar energy density today 
is exactly what is needed. This corresponds to choosing the desired tracker 
path. An important difference exists in this case though. The initial con-
ditions for the physical variable pq can vary between the present critical 
energy density prTit and the background energy density pn at the time of 
beginning (this range can span many tens of orders of magnitude, depend-
ing on the initial time), and will anyway end on the tracker path before the 
present epoch, due to the presence of an attractor in phase space. On the 
contrary, in the cosmological constant case, the physical variable pt\ is fixed 
once for all at the beginning. This allows us to say that in the quintessence 
case the fine-tuning issue, even if still far from solved, is at least weakened. 

A great effort has recently been devoted to find ways to constrain such 
models with present and future cosmological data in order to distinguish 
quintessence from A models [60, 61]. An even more ambitious goal is the 
partial reconstruction of the scalar field potential from measuring the vari-
ation of the equation of state with increasing redshift [62]. 

Natural candidates for these scalar fields are pseudoGoldstone bosons, 
axions, e.g. scalar fields with a scalar potential decreasing to zero for infinite 
value of the fields. Such behaviour occurs naturally in models of Dynamical 
SUSY Breaking: in SUSY models scalar potentials have many fiat directions 
that is directions in fields space where the potential vanishes, after dynamical 
SUSY breaking the degeneracy of the flat potential is lifted but it's however 
restored for infinite values of the scalar fields. 

However the investigation of quintessence models from the Particle Physics 
point of view is just in a preliminary stage and a realistic model is still miss-
ing (see for example Refis. [63, 64, 65, 66]). There are two classes of problems: 
the construction of a field theory model with the required scalar potential 
and the interaction of the quintessence field with the standard model (SM) 
fields [67]. The former problem was already considered by Binétruy [63], 
who pointed out that scalar inverse power law potentials appear in super-
symmetric QCD theories (SQCD)[68] with Nc colors and Nj < Nc flavors. 
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The latter seexxis the toughest. Indeed the quintessence field today has typi-
cally a mass of order Qo ~ 10_-l-teV, Then, in general, it would mediate long 
range interactions of g ravitatioxxal strength, which are phenomenologically 
unacceptable. 
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principle study. Model calculations and theoretical idea of practical 
applicability are discussed as well. Contents: 1. Overview; 2. Field 
Theory at Finite Temperature and Density; 3. Critical Phenomena; 4. 
Electro weak Interactions at Finite Temperature; 5. Thermodynamics 
of Four Fermions models; 6. The Phases of QCD; 7. QCD at Finite 
Temperature, ßB = 0: 8. QCD at Finite Temperature. Pb ^ Ü. 
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Finite Temperature Field Theory and Phase 'Transitions 119 

1 Overview 

The aim of these lectures is mostly practical: I would like to describe the 
stat us of our understanding of phases, and phase transitions of the Standard 
Model relevant to cosmology and astrophysics, and to provide the tools to 
follow the current literature. My goal is to present results obtained from 
first principle calculations, together with open problems. Theoretical ideas 
which have inspired model builders, and the results coming from, such model 
calculations will be discussed as well. 

The main phenomena are the Electro Weak finite temperature transi-
tion, occurring at an energy 0(100 Gev) and the QCD finite temperature 
transition(s), occurring at energies 0(100 Mcv), within the range of current 
experiments at CERN and Drookhaven, The role of a (small) baryon density 
in QCD will be considered as well. 

Only the equilibrium theory shall be considered. The XXXCLXXX I. Ê A'SOXX?} 

are, firstly that equilibrium statistical mechanics is enough to character-
ize many aspects of these phase transitions, secondly that, at variance with 
non-equilibrium, equilbrium techniques are well consolidate, and at least 
some interesting results are already on firm grounds. The last but not least 
el exxie nt in this choice is, of course, my personal expertise. 

' J,'he xxx̂ t enâsl is organised as follows: Section 2 reviews a few basic ideas, 
including general idea dimensional reduction, and universality. Section 3 col-
lects those basic facts on phase transitions, critical phenomena, and sponta-
neous symmetry breaking which are relevant to the rest. Section 4 discusses 
the high temperature Electroweak transition: there, the perturbative version 
of dimensional reduction will be seen at work, and the role of lattice studies 
in elucidating crucial aspects of the Standard Model will be emphasized. 
Section 5 introduces fermions, offers the opportunity of contrasting lattice 
and 1/N expansions results, and presents the phase diagram of four fermion 
models, winch Ixcbve a sixxixlar clx xraJl s y ix i, xx i,e t x* y as QCD. A general discussion 
on the phases of QCD, and qualitative aspects of phase transitions, is given 
in Section 6. Section 7 presents the status of the high temperature QCD 
studies, discusses in detail the symmetry aspects of confinement and chiral 
transition, and the "non-perturbative" dimensional reduction. In Section 8 
we study QCD with a non-zero baryon density. The results for the phase 
diagram of the two color model are discussed in detail, together with the 
problems and possibility for an ab initio study of three color QCD. In ad-
dition, it is stressed that lattice not only makes a numerical 'exact' study 
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possible, but it is also amenable to an analytic treatment: the strong cou-
pling expansion. We conclude by reviewing recent work which, combining 
universality arguments, model calculations and lattice results, suggests the 
existence of a genuine critical point in the QCD phase diagram. 

Recent reviews and further readings include [1] [2] [3] [4] [5]. Closely 
related aspects not covered here include non equilibrium phenomena [6] [7], 
recent developments on the high temperature expansion in QCD [9], beyond-
the-standard-model developments [7], [8], model calculations in the high 
density phase of QCD not yet amenable to a first principle study [10]. 

2 Equilibrium field theory at finite temperature 

The basic property of equilibrium field theory is that one single function, Z, 
the grand canonical partition function, determines completely the thermo-
dynamic state of a system 

Z = 2(V,T,fi) (1) 

Z is the trace of the density matrix of the system p 

Z = Trp (2) 

p = e(-z-vN)jT (3) 

II is the Hamiltonian, T is the temperature and N is any conserved num-
ber operator. In practice, we will only concern ourselves with the fermion 
(baryon) number. 

Remember that Z determines the system's state according to: 

* = ^ « 

N = T 8 1 ^ (5) 
apt 

dTlnZ 
S - dT (6) 

E = -PV + TS + jiN (7) 

while physical observables < O > can be computed as 

< O >— TrOp/Z (8) 
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.Any of the excellent books on statistical field theory and thermodynamics 
e.g. [27] can provide a more detailed discussion of these points. I would like 
to underscore, very shortly, that the problem is to learn how to represent Z 
at non zero temperature and baryon density, and to design a calculational 
scheme. In this introductory chapter we will be dealing with the first of these 
tcisks» Interestingly, the representation of .-S* which we review in the following 
naturally leads to an important theoretical suggestion, namely dimensional 
reduction. 

2.1 Functional integral representation of Z 

Consider the transition amplitude for returning to the original state 4>a after 
a time t 

< >= f d* f * * ^ ™ ^ * ! ^ ™ ^ - * ™ ) (9) 
./ Jé(x,0)=éa (x) 

Compare now the above with expression (2) for Z7 and make the trace 
explicit: 

Z - = fd4>a< tale-^-^l<f>a > (10) 

We are naturally led to the identification 

1 
ß = — it (11) 

In Figure 1 we give a sketchy view of a field theory on an Euclidean space. 
Ideally, the space directions are infinite, while the reciprocal of the (imag-
inary) time extent gives the physical temperature. We note that studying 
nonzero temperature on a lattice [13] is straightforward: one just takes ad-
vantage of the finite temporal extent of the lattice, while keeping the space 
directions much larger than any physical scale in the system. 

We need now to specify the boundary conditions for the fields. Let us 
introduce the integral ip) of the Lagrangian density (from now on we 
will always use 1/T as the upper ex t re mn m for t h e 11 me i n t t ion ) » 

fl/T p 
S(<j>,ip) = I dt I ddx£(4>,i?) (12) 

Z is now written as 
Z= f d<j>d'ipt-s^ (13) 
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Imaginary time 

and 

Inverse 
Temperaiure 

d-dimensional space 

Figure 1: Sketchy view of the d+1 dimensional Enclidean space. The imaginary time is 
the inverse of the physical temperature of the system. 

To find out the boundary condition for the fields, we study the thermal Green 
fonctions describing propagation from point (y, t — 0) to point (x,t — r ) . 
Consider the bosons first: 

GB{x,y;T,0)=Tr{pTT[${x,T)${y,0)]}/Z HI) 

where Tr is the imaginary time ordering operator: 

T t [ ^ ( t i ) ^ ( t 2 ) 3 = - T2) + 4>(T2)4>(Ti)&(T2 - Tj ) (15) 

Use now the commuting properties of the imaginary time ordering evolution 
and H: 

[TT,e~ßH 3 = 0 (16) 

together with the Heisenberg time evolution 

e^H(f>(y,Q)e~^H — cj>(y,ß) (17) 

to get: 

GB{S,y;T,0)=GB{S,y;T,ß) (18) 

which implies 

<j>(x, 0) = <£(x, ß) (19) 

Now the fermions. Everything proceeds exactly in the same way, but for a 
crucial difference: a minus sign in the imaginary time ordering coming from 
Fermi statistics: 

T T $ ( n ) ^ ( r 2 ) ] - U t Ù U T I W I - T2)-UT2)HTÙ®{T2 - n ) (20) 

yelding: 

= (21) 

Hence, fermions obey antiperiodic boundary conditions in the time direction. 
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2.2 The idea of dimensional reduction 

Consider again Figure 1: it is intuitive that when the smallest significant 
length scale of the system I, > > 1/T the system becomes effectively d 
dimensional. This observation opens the road to the possibility of a sim-
ple description of many physical situations. It is also often combined with 
the observation that the description of the system can be effectively 'coarse 
grained', ignoring anything which happens on a scale smaller than I . Again, 
this can be pictured in an immediate way on a discrete lattice: the original 
system can be firstly discretized on the Euclidean d+1 dimensional space, 
than dimensionally reduced to a d dimensional space, and finally coarse 
grained, still in d dimensions, 

In Figure 2 we give a cartoon for this two steps procedure: It should be 

i i n-

Figure 2: Sketchy view of the dimensional reduction from d+1 to d dimensions (froin the 
leftmost to the middle picture) and subsequent coarse graining (from middle to rightmost ). 

clear that, despite the simplicity and elegance of the idea, both steps are 
far from trivial. In Section 4 we will discuss the application of these ideas 
to the Electroweak interactions at high temperature, where the dimensional 
reduction will be carried out with the help of perturbation theory. In Sec-
tion 7 we will discuss dimensional reduction and universality for the QCD 
high temperature transitions, where the procedure relies on the analysis of 
system's symmetries. 

In general, there are two typical situations in which these ideas can be 
tried: 

1. The temperature is much higher than any mass. This is the basis for 
the high temperature dimensional reduction, like, for instance, in the 
high T electroweak interactions. 

2. The system is approaching a continuous transition: the correlation 
length of the system £ is diverging. In such a situation all the physics 
is dominated by long wavelength modes. Not only the system gets 
effectively reduced, but the coarse graining procedure becomes doable. 
As an effect of this procedure, systems which are very different one from 
another might well be described by the same model, provided that the 
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long range physics is regulated by the same global symmetries: this is 
the idea of universality which provides the theoretical framework for 
the study of the high T QCD transition [16], 

2.3 Mode expansion and decoupling 

Fermions and bosons behave differently at finite temperature. Consider in-
fect the mode expansion for bosons: 

E e^'Ms) (22) 
wre=2rwr7' 

where the periodic boundary conditions for the bosons have been taken into 
account, and the analogous for fermions, when boundary conditions become 
antiperiodic: 

# M ) = £ e<W"Vn(x) (23) 

w»={2n+I)"7' 

In the expression for the Action 
FL/T R 

S{M) = dt J d?x£{4>,i>) (24) 

the integral over time can then be traded with a sum over modes, and we 
reach the conclusion that a d+1 statistical field theory at T > 0 is equivalent 
to a d-dimensional theory with an infinite number of fields. 

Dimensional reduction means that only one relevant field survives: this 
is only possible for the zero mode of bosons. 

2.4 Finite temperature—summary 

• The partition fonction Z has the intepretation of the partition function 
of a statistical field theory in d+1 dimension, where the temperature 
has to be identified with the reciprocal of the (imaginary) time. 

• The fields' boundary conditions follows from the Bose and Fermi statis-
tics 

0(i = O,x) = <f>(t = l/T,£) (25) 

ip{i = 0, x) = ~îj)(t = 1/T, x) (26) 

i.e. fennionic and bosonic fields obey antiperiodic and periodic bound-
ary conditions in time. 
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• "Dimensional reduction", when 'true' means that the system becomes 
effectively 3-dimensional. In this case only the Fourier component of 
each Bose field with vanishing Matsubara frequency will contribute to 
the dynamics, while Fermions would decouple. 

» The scenario above is very plausible and physically well founded, but 
it is by no means a theorem. Ab initio calculations can confirm or 
disprove it. 

We conclude this Section by coming back to the first equation, the one 
defining the partition function Z. All we did so fer is to write down Z for 
a finite temperature and density in the imaginary time formalism, and to 
examine some immediate consequences of such a representation. 

In Figure 3 we give a sketch which outlines some of the various possibili-
ties to calculate Z for a four dimensional model at finite T formulated in the 
imaginary time formalism. 

Figure 3: Cakulational schemes for a 4d theory at a glance. 

Two remarks are in order. Firstly, the optimal strategy is model depen-
dent and there is no general rale which can tell us a priori which is the best 
way to attach a problem. In the following we will see the various techniques 
at work in different models and situations. 
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Secondly, there are ideas which can be of general applicability. This is 
especially true for universality, for which a general framework is given by 
the symmetry analysis, breaking patterns and theory of critical phenomena. 
We then devote the next Section to a survey of this subject. 

3 Critical phenomena 

The modern era of critical phenomena begun about fifty years ago, when it 
was appreciated that very different fluids might well display universal be-
haviour: the coexistence curve, namely the plot of the reduced temperature 
T/Tc versus the reduced density p/pc is the same! This observation has 
triggered important theoretical developments, in particular it has emerged 
that many phase transitions are associated with a spontaneous breakdown 
of some symmetry of the Hamiltonian, and that these symmetry changes can 
be triggered by temperature [18]. In this Section we briefly review the main 
tools and ideas used in this field. 

3*1 Tl i6 E ^ u â t i o f l of S t s t 8 s u d t h e c n t i c s l 6xpof l6f l t s 

In a broad sense, the Equation of State is a relationship among different 
physical quantities characterising the critical state of a system, which only 
depend on a few parameters. For instance, for fluid systems it was soon 
realised that a general relationship describing the coexistence curve is: 

where Tc, pc, A depend on the specific fluid under consideration, while the 
functional form above with ß ~ 3 holds true for all the fluids which have 
been studied. 

It came then natural to apply the same idea to the critical phenomena in 
magnetic systems, identifying, in a completely heuristic way, the zero field 
magnetization M with the density difference: 

which can easily be generalised to include an external magnetic field h 

(p - pc) = A(T — T c f / T c (27) 

(28) 

h 
w M1/*0 (29) 
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The above equation is the well-known equation of state for magnetic systems, 
in one of its guises. For h = 0 we recover eq,(28), together with the definition 
of the exponent ß. For T = '71 we have 

M = h}is (30) 

and we recognize that S is the exponent describing the system's response 
at criticality. It is really remarkable that these definitions can be combined 
in just one relationship, the equation of state eq.(29). In a short summary, 

• The Equation of State contains the usual definition of critical expo-
nents (which is obtained by setting h = 0 or T = Tc). 

• It gives information on the critical behaviour (i.e. the exponent also 
by 'working at T ^ Tc. 

• It gives information on spontaneous magnetization (i.e. the exponent 
ß) also when there is an external magnetic, field h, 

I I se t miction l, m eXJL ei d.l « is unknown (it is possible to give some of its 
properties on general grounds [14]). It is useful to consider a first order 
expansion of the Equation of State 

h = aMs + b(T - TjMs~l?ß (31) 

which is more easily amenable to a direct comparison with data. Clearly, 
the range of applicability of eq,(31) is S ffi, 3>11 ei* 1 a u t lit? one of eq,(29). 

The idea outlined above can be applied in a broad range of the context, 
including particle physics. We will discuss many examples of tins in the 
following, while in the Table below, as a first example, we summarize a 
'dictionary' between magnetic systems, bosonic systems, and fermionic ones, 
where the order parameter is a composite fermion-antifermion condensate: 

Magne t s 

Response Function M (magnetization) 
Order Parameter MQ = M(h = 0) 

Bosons Fermions 
m (bare mass) m (bare mass) 
< A > ; JR.) < T[N[' > ( M ) 

< a > (m = 0) < > (m = 0) 
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The systems above eau be described iu a unified way via the Equation of 
State we have discussed. Systems whose critical behaviour is characterised 
by the same exponents are said to belong to the same universality class. 
This circumstance is of course highly non trivial and it is rooted in the 
symmetries of the systems: systems whose critical behaviour is governed 
by the same global symmetries are in the same universality class. Strictly 
speaking this concept, as well as the equation of state itself, is limited to 
continuous transitions. Continuous transitions have real diver where 
the correlation length grows so large that it is possible to ignore all of the 
short range physics, except the one associated with the bosonic zero modes 
of the system. When this happens details of the dynamics do not matter 
any more, and the pattern of symmetries, their spontaneous breaking and 
realisation, drive the system's behaviour. 

3.2 The effective potential 

The Equation of State provides a macroscopic description of the order pa-
rameter of the system close to criticality. It is very useful and interesting to 
consider an intermediate level of description (in condensed mat ter/statistical 
physics it might be called mesoscopic) where the behaviour of the order pa-
jTtljffi-Ô'ti Öl* . 

is inferred from its probability distribution (or for any distribution 
related with it). In turn, such probability distribution can/should be derived 
from the exact dynamics, with the help of a symmetries' analysis. The main idea g 

ocs }Jack to Landau, and î s the following. One is supposed 
either to guess or to derive a function Vejf of the order parameter and 
external fields which describes the state of the system. We draw in Figure 4 
the familiar plots showing 

p.j j as a function of the order parameter for 
several values of the external field (the temperature, for instance). The 
minimum of VEJ/ defines the most likely value of the order parameter, and 
so these plots determine the order parameter as a function of temperature. 
Also, for any given temperature we read off the plots whether the system is 
in a pure state (just one minimum), or in a mixed phase (two non equivalent 
minima), which is only possible for a first order transition. In the upper 
plot we show the behaviour leading to a first order transition. For low 
temperature the system is in a phase characterised by a nonzero value of the 
order parameter. At T — T* (spinodal point) we have the first occurrence of 
a secondary minimum corresponding to a zero value of the order parameter, 
i.e. the onset of a mixed phase. For T = Tc the two minima are equal, i.e. 
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Tc is the critical point. Beyond T, the minimum at zero is t ljt (1010.111 tLIlt 
one. At T = T*'* the secondary minimum (for a nonzero value of the order 
parameter) disappears, and the mixed phase ends. In the lower diagram it 
is shown an analogous plot, but for a continuous (second order) transition. 
We note that a second order transition can be seen as a limiting case of a 
first or der trSfiiSition for './ ^ fJ.1 ^ c •* 

Figure 4: The shape of the effective potential for the order parameter for first order, 
discontinuous (upper diagram) and eontinous transitions. 
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3.3 A case study 

The idea discussed above can be nicely elucidated by the Potts model. There, 
one can find all possible examples of phase transitions, from continuous to 
discontinuous, and different intensities. 

Consider the Action for the q-state two dimensional Potts model: 

(32) 

The spin variables cr can be in any of the g-possible states. The sum runs 
over nearest neighbours, and, for small ß clusters of equal a are preferred. 
When ß increases there is a transition to a disordered state, for ß — ßc. 

The model has been analytically solved in a mean field approximation, 
where one can calculate ßc and the latent heat for any q. The latent heat 
turns out to be zero for q < 4, corresponding to a second order transition, 
and positive, and increasing with % for q larger than 4. For q very close to 4, 
the behaviour is weakly first order or nearly second order, in the sense that 
the first order transition behaves like a second order one, near, but not too 
near, the critical point. For Instance, the inverse correlation length should 
obey the law 

£ • - A(ß* - ß f * (33) 

where ß* (to be identified with the T* of the discussion above) and v* can 
be thought of as the coupling and critical exponent of the virtual second 
order transition point in the metastable region. 

This behaviour has indeed been observed in n H îi icric al siiimlât ions ̂  which 
can be described using the associate Ginzburg Landau model. For instance, 
the transition in the seven state Potts has a much smaller latent heat than 
the one with ten states, while the pseudocritical point ß* is much closer to 
ßc for T — Tc for seven states than for ten. 

One might think that the concept of a weak first order transition is a 
rather academic one. Indeed, it contrasts a bit with the familiar notion 
of an abrupt discontinuous transition, without precursor effects. It is then 
a X1XU, S111 g to notice that a weak first order behaviour has been indeed observed 
not only in liquid cristals-the original de Germes discussion on weak first 
order transitions- but also in the deconfining transition of the Yang Mills 
model with SU(3) color group-a transition which will be discussed in length 
in Section 7. The strength of a first order transition is also an issue in the 
discussion of the elect roweak transition [19], as we will review ii ,1 the iiext 
Section. 
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3.4 Dynamical symmetry breaking 

It is a fact that often the symmetries of the Hamiltonian are not realised in 
nature: for instance, the complete translational invariance of a many body 
system is broken when the system becomes a crystal, or the ehiral symmetry 
of the QCD Lagrangean is broken when quarks and atttidiquarks condense. 
The realisation, or lack thereof, of the symmetries of the Hamiltouian, i.e. 
the existence of different phases in a system, depends on the thermodynamic 
conditions. Hence, many phase transitions and critical phenomena arc asso-
ciated with a symmetry breaking/restoration [20]. 

One simple model to study this is the Goldstone model 

where $ is a complex scalar field and the potential V{$) is given by 

The Lagrangian is obviously invariant under f / ( l ) global phase trans-
formation of the field (f>. The only value of the field which realises such 
invariance is zero. 

For positive A and r/2 V(tfi) has the well-known Mexican hat shape: there 
is an infinity of minima of the effective potential for a nonzero value of the 
field. Once one particular minimum is selected, (fi ^ 0 and the symmetry is 
broken. 

If q is tuned towards zero the global minima, disappear, and the symmetry 
is restored: the only global minimum is the one corresponding to a zero value 
for the field. 

It is worth noticing that simple models have also been used as toy models 
in various situations in particle, astroparticle or condensed matter physics: 
the nonrelativisUc version of the Abeba it Higgs model is identical to the 
Ginzburg-Landau model of a superconductor with if> representing the Chop-
per pair wave function, the Goldstone model describes the Bose condensation 
in super fluids, the u model can be used to model the QCD high T phase 
transition, u describing the composite < > condensate, the three state 
Potts model models the deconfining transition in three color Yang Mills, the 
spins representing the Polyakov loop, the non Abelian Higgs model is used 
to study the electroweak transition, <f> being in this case the Higgs field, etc. 
etc. 

L={Ö(4W4>)-V{4>) (34) 

V(4>) = 1/4A{44 - rf f (35) 
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These toy models are amenable to approximate, mean field studies but 
to get real predictions one needs to study the full field theory from first 
p mi o i. p leS * It is always very interesting to try to make contact between the 
exact results and those derived from simple models and analysis, so to assess 
the role of the quantum fluctuations. We will see examples of these points 
in the rest of these lectures, beginning with the electroweak transition in the 
next Section. 

4 Electroweak interactions a t finite t e m p e r a t u r e 

We want to know the fate of the spontaneously broken gauge symmetry of the 
electroweak interaction at high temperature. This depends on the value of 
the Higgs mass mjj, and cannot be solved within perturbation theory. This 
question has been sucessfully addressed by Laine, Kajautie, Rummukainen, 
Shaposhnikov who have been using an admixture of perturbâtive dimensional 
reduction and lattice calculations, which eventually gives the phase diagram 
of the Electroweak sector of the Standard model in the m j / , T plane. A 
classical reference on the Electroweak transition and its phenomenological 

IS j 2 j * 

The essence of the model can be found without inclusion of fermions. 
This is good news as, despite substantial progress in the formulation of 
chiral fermions on the lattice [21], practical calculations, at least in four 
dimensions, are s1111. x fit Inex" d.iftic t.t.It* X11 <i»cld.ition to disregarding fermions, 
the effects of the I'll ) group shall be neglected as well [sin2 9 ~ 0), since its 
effects have been found to be small [22]. 

All in all, the L& r̂&ngi&xi we study is 

L = 1/4 F ^ F ^ + i D ^ f i D ^ ) - m V V + H f ^ f (36) 

where ifi is the Higgs doublet. 

4.1 Perturbative analysis 

We begin by discussing the model in perturbation theory [19], see <àl»8Ô ! l l j 
[2], Let us then build an effective potential from the electroweak Action 
by approximating the field (f> by a constant value i.e. neglecting the 
fluctuations: 

VTVeff{(f>) = I dt(fxS(4>}$i4> - 4>) (37) 
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The zero temperature tree level results read as: 

Veff(4>,T = 0) = -m2/2<p2 + A/4 ̂  (38) 

(we eau just consider the discrete <p —r —<p symmetry which is enough to 
describe the behaviour of the order parameter). 

The T > 0 one loop corrections basically are the effects of a non-
iritcräctm^ I3öSC"Fcriiii gas with frequencies depending on (p (the ™ / ~f •• \ + /-
signs are for bosons/fermions) : 

yi -toap^ T ) = T Ç _/ + J j 1 + 1- e"(Pî+w2 W)1 / 2 /r ^39) 

l / 2 7 <P2T2 (40) 

- l / 3 f # 3 T (41) 

where both bosons and fermions contribute to the term in <p2T2 , and the 
term m ^ T is from bosons alone. This yields: 

Veff{4>,T) = —m2/2<j>2 + I /27T2 — l/3aT$>a + 1/4A$4 (42) 

= 1/27(T2 - T*2)4>2 - 1/3aT<f>3 + 1/4A<£4. (43) 

We have defined T*2 = m 2 / 7 and we will recognize that T* is the pseudo-
critical point. 

.At T • Ö we have then the typical case of spontaneous symmetry break-
ing, with <p2 = 2m2/A. At 'large' T the positive quadratic term 7T2 domi-
nates and symmetry is restored. 

The cubic term drives the transition first order. The onset for metastabil-
ity, i.e. of the mixed phase, coincides with the first appearance of a secondary 
minimum. It is then given by an inflexion point with zero slope: 

d2V 
— Q (44) 

dV * = 0 (45) 

The solution is I) as anticipated, T = T". 
The critical temperature^ from the ecjual niininmiii condition 

V(<Pi) = V(4>2) (46) 
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is 

(47) 

and it depends linearly on the Higgs mass: 

Tc = mnl( 2 7 - ^ ) 1 / 2 (48) 

As discussed in Section 3.3, the intensity of the transition is given either 
by the magnitude of the jump at Tc, 2«/3A, or by the distance by Tc and T* 

In conclusion the perturbative analysis of the electroweak model at high 
temperature predicts a first order transition. The transition weakens when 
ft > (i or -v > x or A > oo, eventually becoming second order when the 
strength goes to zero and Tc = T* (cfr. again the behaviour of the Potts 
model). Note that the quantum fluctuations are directly responsible for the 
weakening of the first order transition [19], The complete inclusion of quan-
tum fluctuations, which we are going to discuss, will cause the disappearance 
of the phase transition at large Higgs masses, 

4.2 F o u r d i m e n s i o n a l l a t t i c e s t u d y 

We know that in the electroweak sector of the Standard Model perturbation 
theory works well at zero temperature. As was pointed out in ref. [24] this is 
not true in general. It has been recognized that there are several scales in the 
problem. The smallest, which serves as a perturbative expansion parameter, 
Is proportional to g2T/m, where m Is any dynamically generated mass. Now, 
dynamically generated masses will be zero in the symmetric phase, hence 
perturbation theory will not be applicable there. And also in the broken 
phase, according to the intensity of the transition, perturbation theory might 
fail: when the transition is weakly first order, the mass approaches zero in 
the broken phase and perturbation theory is no longer reliable. 

The exact approach uses ab initio lattice calculations on a four dimen-
sional grid. These calculations are extremely expensive. The lattice spacing, 
which serves as an ultraviolet cutoff, must be smaller than the reciprocal of 
any physical energy scale: typically, at very high temperature, it must be 
smaller than 1/T, On the other hand, the lattice size in space direction must 
be large enough to accomodate the lighter modes which are proportional to 

TC~T* = T*[ 1 - 1 / (1 - 2 / 9« 2 /A7) (49) 
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1 /g2T, where g is the lattice coupling. As the continuum limit is found for 
g 0, also the requirement on size is quite severe. 

In their numerical studies (see [7] for a review) the authors selected a 
few significant values for the Higgs mass, and studied the behaviour as a 
function of the temperature. The critical behaviour is assessed using the 
tools developed in statistical mechanics, finite size scaling of the susceptibil-
ities, search for two states signal, etc. This analysis led to these results: for 
small values of the Higgs mass the 4-d simulations agree with perturbation 
theory, as expected. The first order line, which in perturbation theory weak-
ens without disappearing, ends in reality, for a Higgs mass — BOGew. The 
discovery of such an endpoint [24] has been a major result, as it shows that 
there is no sharp distinction between the phases of the electroweak sector. 
The properties of this endpoint have been investigated in detail, confirming 
its existence, and placing it in the universality class of the 3d Ising model (a 
rather general result for endpoints). 

4.3 Three dimensional effective analysis 

The main idea of the three dimensional effective analysis [25] is to use per-
turbation theory to eliminate the heavy modes, in the general spirit of di-
mensional reduction: this makes it definitely more easy to handle than the 
four dimensional theory. In the first place, three dimensions are of course 
cheaper than four. Secondly, and perhaps even most important, eliminating 
the heavy modes makes less severe the demand on lattice spacing. In con-
clusion, one can simulate the three dimensional theory on a much coarser 
lattice than the four dimensional one. The advantage over the four dimen-
sional simulations is clear. 

On the other hand, the three dimensional approach is much better than 
perturbation theory: we have noticed that perturbation theory cannot han-
dle the light modes which might appear close to a (weak first order or second 
order) phase transition. Instead, the three dimensional model retains the 
light modes of the full model, only the heavy modes are integrated out. 

But which model should one simulate? The model has the same func-
tional form as the original one, i.e. it retains all of the particle content and 
symmetries: 

L = \ F ^ + ( D ^ V i D ^ ) - ml<j>* + A 3 ( ^ ) 2 (50) 

where the subscript '35 reminds us that we are working in three dimensions. 
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The rule developed in [25] yields to an expression of (.93,7713, A3) in terms 
of the parameters of the four dimensional model. This is of course not 
trivial: for instance, in tlie three dimens 10 nal model there is no 'obvious' 
temperature dependence, as the fourth dimension has disappeared. All the 
temperature dependence is 'buried' in the parameters of the dimensionally 
reduced model. 

The general arguments leading to the formulation, and applicability or 
the three dimensional effective theory are very convincing, but, as the au-
thors pointed out, cross checks with the full four dimensional simulations 
are needed. 

4.4 The phase diagram of the EW Sector of the Standard 
Model 

In Figure 5, reproduced from the Laine-Rummukainen review of 1998 ref. 
T], we see the phase diagram of the electroweak sector of the standard 

model, built by use and cross checks of the results obtained by the methods 
described above. 

For small values of the Higgs mass m / j < fnw the transition is strongly 
first order, and weakens (in the sense discussed in Section 3 above) when rriu 
increases. These results can. be obtained in perturbation theory. For large 
Higgs mass (m# > rn^) perturbation theory is no longer applicable, and 
a combination of lattice calculations of the four dimensional theory and of 
the (perturbatively reduced) three dimensional theory gives fully satisfactory 
results. 

The ( M i d p o i n t was discovered in [24], The nature and location of the 
second order endpoint, the most important result, has been actively inves-
tigated Since then. From a phenomenological point of view, it is ? important 
to notice the transition ends at a value smaller than realistic Higgs masses. 

The dotted line is the perturbative result reviewed in Section 4.1: the 
limitation of the perturbative analysis is evident from the plot. 

The fact that at small mass there is no phase transition, i.e. the dis-
covery of the end point shows that there is no sharp distinction between 
the symmetric and broken phase of the electroweak sector of the standard 
model, much like between liquid water and vapor. For instance, in principle, 
massive W bosons in the broken phase cannot be distinguished from massive T 
composite objects in the symmetric phase. 

Current research investigates the fate of these results in various super-
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The Standard Model 

mH /GeV 

F i g u r e 5: The phase diagram of the Electroweak Sector of the standard model in the 
temperature, Higgs mass plane, taken from Laine-Ruininukainen [7]. 

symmetric extensions of the Standard Model [7] [8]. Of particular interest 
is the possibility that the line of first order phase transition continues up to 
realistic Higgs 

5 Thermodynamics of four fermions models 

The models discussed so far only included bosons. As a warmup for the 
study of Quantum Chromodynamics we discuss here purely fermionic mod-
els. Besides their illustrative value, such models can offer some insight into 
real QCD. In a nutshell, the idea is that the interaction between the massive 
quark can be described by a short range (in effect, contact) four-fermion 
interaction - to be specific, let us just remember the effective Lagrangian 
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with the t'Hooft instanton-mediated interaction: 

Cr: = Ä | | . ( w ) 2 + bHlf^i1)2 ~ (WTO)' - ( ^75# 2 ] (51) 

In the standard treatment of this effective Lagrangean spontaneous mass 
generation is imposed by fiat, and the resulting Lagrangean contains a mass 
term 

C / / = 4>(iyßDß - m* 4- Min it/' - 1/ I/';,,, F'1,v 4- £ m t (52) 

which explicitly breaks the global chiral symmetry of (51). 
More generally, and perhaps more interestingly, ferrnionic models with 

a contact four ferrnion interaction display, in a certain range of parameters, 
spontaneous symmetry breaking and dynamical mass generation. They are 
thus a playground to study these phenomena in ordinary conditions, together 
with their fate at high temperature and density. This, besides being helpful 
to study QCD, it is also important from a more general point of view. A 
caveat is however in order before continuing: these models cannot describe 
confinement. 

This section is devoted to the study of the thermodynamics of four 
fermion models with exact global chiral symmetry [23 j [26]. In a. thermody-
namics context, an important observation is that purely fermionic systems 
do not have zero modes, because of their antiperiodic boundary conditions. 
Hence, they are not amenable to direct dimensional reduction. We will see 
how the bosonised form of the models helps in this, and other respects. In 
particular, the bosonised form is amenable both to a simple mean field (large 
N) analysis, as well as to an exact lattice study. Let us also mention right 
at the onset, that these models (as opposed to QCD) can be studied exactly 
by means of lattice calculations also at nonzero density. 

!=/=<) X = Ü 

0 • 
1/g 

c 

Figure 8: The phase diagram of the 3d Gross-Neveu model at f ' = ft = & In the large 
coupling region the model has spontaneous symmetry breaking, and in that region it is 
interesting to Study the effects of temperature and chemical potential, which might have 
some similarity to QCD. The symmetric region is not relevant for thermodynamics. 

To be specific, from now on we will concentrate on the 3-dimensional 
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Gross Neveu model, described by the Lagrangian 

L = f(/d 4- m)ijj - g 2 / N f { ( f f ) 2 - (53) 

The model is invariant under the chiral symmetries and £7(1) 

(54) 

(55) 

The main properties of interest are: 

• For large coupling, at T = /e = Ö, it displays spontaneous symmetry 
breaking, Goldstone mechanism and dynamical mass generation. 

• It has a rich meson spectrum, including a 'baryon' (in feet, the fermion). 

• It has a non-trivial (interacting) continuum limit. 

• It is amenable to an exact ab initio lattice study. 

As mentioned above, its analytic and numerical study is helped by auxiliary 
bosonic fields a, ir. a and TT can be introduced by adding to £ the irrelevant 
term 4- cr/g2)2 4- ( i f f j a t f j 4- iirj^fg2)2. £ then becomes (we set m = Ö): 

The continuous symmetry of the system is now reflected also by the rotation 
in the (a, 7?) chiral sphere. 

A simple mean field analysis reveals the phase structure of the model at 
T = ß = 0 which we sketch in Fig. 5. This is obtained by solving for the 
expectation value of the dynamical fermion mass S = < a > via the gap 
equation 

£ = ijj(Jd 4- u 4- iirj^ifj 4- Nf j2g2{a2 4- îtS) (56) 

(57) 

yelding 

(58) 

We find the solution S ^ 0, which breaks chiral symmetries, if 
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(where A is the ultraviolet cutoff in the momentum integral above), hence 
the phase diagram of Fig.5. 

Consider now the effects of temperature or density, i.e. we ideally add an-
other fixes to the phase diagram of Fig. 5. If we start increasing temperature 
and density from the symmetric phase, things do not change much, while In 
the broken phase high temperature and/or density lead to the restoration 
of the chiral symmetries. This is Intuitive If we just consider the disorder 
Induced by temperature (of course the spins will become disordered in chi-
ral space, not in the real one). This behaviour can be revealed by a mean 
field analysis. Let us first Introduce explicitly temperature, as discussed 
in Section 2.3, by replacing the intergral over time by a sum over discrete 
Matsubara frequencies 

E fd2p (6°) 
Matsubarafrequencies ' 

and then include a chemical potential ji for baryon number iV& by adding to 
the Lagrangean a term fiNf. 

ß N B ßJa = 7(# (81) 

(remember Jo Is the 0-th component of the conserved current ^>7^). All In 
all, the finite temperature finite density generalisation of eq.(54) reads: 

I n=+oc „ ^ ! 

fr' = 'Vl ./ 2v.y ((2n - 1)7rT - ißf • p-' • E 2 (^ ,T) ^ 

We can now eliminate the coupling in favour of £0 = E(T = = 0) 

S - £0 = Vlliill + e - f E ^ i ) / r ) + M l + e - ( E + ^ / r ] (63) 

This gives the behaviour of the order parameter at fixed temperature as 
a function of A chiral restoring phase transition is apparent for any 
temperature. At T = 0 the transition Is (very strongly) first order, and 
occurs for /;,c = mj?(/i = 0), as expected of simple models. For any other 
temperature the transition Is second order, and ßc gets smaller and smaller 
while Increasing the temperature, eventually becoming 0 at T = Tc. A 
similar calculation gives the equation of state, in particular for T = 0 the 
baryon number Is seen to (approximatively) follow the prediction of a free 
(massless) fermion gas Nb oc / A The behaviour of the order parameter can 
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Figure 7: The phase diagram of the 3d Gross-Neveu model in the T, p plane. The 
coupling has been selected in such a way that the model is in the symmetry broken phase 
at T = p. = 0. Chiral symmetry restoration at large T. p. is observed either in mean field 
calculation (solid line) and exact lattice simulations (points). Taken from S. Hands, ref. 
[26]. 

be used to draw the phase diagram in the temperature chemical potential 
plane, Figure 7. 

But what happens beyond mean field? Or, equivalently, what happens 
when the number of davor decreases from infinite to any finite number? 
(The results of the mean field analysis can be shown to be equivalent to the 
leading order of a 1/Nf expansion.) Although it is possible to calculate 1/Np 
corrections it is clearly desirable to have some exact results. For instance, 
one wants to find out exactly the position of the tricritical point where the 
first order line merges with the second order one (mean field predicts p = 0). 
Or, one might inquire about the stability of the nuclear matter phase, i.e. for 
which range of temperature one can excite massive fermions, before restoring 
the chiral symmetry? Clearly these points depend on the exact dynamics. 
We have seen in the discussion on the electroweak transition that mean field 
can give completely misleading indications. A feeling about the relevance 
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of the quantum corrections in this model can be obtained by comparing the 
phase diagram obtained on the lattice, and via the mean field calculation 
described here (see Figure 7): we note that there is no qualitative change, 
however there are sizeable differences. 

Let XIS SU ÏÏlIflSjOZG : the phase diagram of four fermion models can be 
studied within a self consistent mean field approach, equivalent to a leading 
order exp tins i on in l / N f . These models are amenable to an exact lattice 
study (at variance with QCD whose lattice study, as we shall see, is lim-
ited to ß — 0). The results available on the lattice, while confirming many 
qualitative trends, show also significant deviations from a simp ie HiGsn field 
analysis. Going from simple calculations of simple models to exact calcula-
tions of the Scime models can give interesting, new information7 ctncl much is 
still to be done in this field. 

6 The phases of QCD 

Let us recall the symmetries of the QCD action with Nf flavors of massless 
quarks, coupled to a SU(NL) color group: 

SU I )f • x SU(Nf) x SU(Nf) x ZA(Nf) (64) 

SU ( Nt ) is the gauge color symmetry. SU(Nf ) x 57/( .V/i x Z ^ N f ) is the 
flavor chiral symmetry, after the breaking of the classical U. i (1) symmetry 
to the discrete Z.\ ( :Y/ ). 

We want to study the realisation and pattern(s) of breaking of the chiral 
symmetries and we would like to know the interrelation of the above with the 
possibility of quark liberation predicted at high temperature and density[28]. 

The first task - fete of the chiral symmetries - is made difficult by the 
problems with simulating QCD with three colors at finite baryon density. 
Aside from this, the tools for investigating the transition are all at hand: 
significant results at finite temperature have been obtained from first prin-
ciple calculations on the lattice, while the phase diagram of the two color 
model (which can be simulated at nonzero baryon density) is well underway. 
For a recent phénoménologie» 1 approach to finite density QCD, not discussed 
here, we refer again to [10]. The second task - confinement - poses more 
conceptual problems. It can be addressed satisfactorily only in Yang Mills 
systems, which enjoy the global Z(;V,. ) symmetry of the center of the gauge 
group. When light quarks enter the game, the global Z[NC) symmetry is 
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lost, and the simple description of confinement in terms of such symmetry 
is not possible any more. 

In normal conditions (zero temperature and density) the SU(Nj)i x 
SU(Nf )ii chiral symmetry is spontaneously broken to the diagonal SU(Nf )[J+ /§» 
This should be signalled by the appearance of a Goldstone boson, and a mass 
gap. In the real world, as such a symmetry is only approximate, the would 
be Goldstone is not exactly massless, but it is nevertheless lighter than any 
massive baryon -i.e. there is a 'relic® of the mass gap. All of them can be de-
scribed by chiral perturbation theory, where the small expansion parameter 
is, essentially, the bare quark mass. 

Most dramatic dynamical features of QCD are confinement and asymp-
totic freedom: in ordinary conditions quarks are 'hidden' inside hadrons, i.e. 
all the states realised in nature must be color singlet. If one tries to 'pull® one 
quark and one antiquark infinitely apart, the force between them grows with 
distance which is also called infrared slavery. At a short distance, instead, 
quarks are nearly free: this is called asymptotic freedom. 

In summary, these are the features of QCD we shall be concerned with 
in the next two sections: 

• Asymptotic freedom 

• Confinement 

• Spontaneous chiral symmetry breaking 

Confinement and realisation of chiral symmetry depend 011 the thermody-
namic conditions, and on the number of flavors and colors. Asymptotic 
freedom does not depend on thermodynamics: it holds true till 

Nf < 11/2Nc (65) 

For T = jj, = 0 there is then a line (see Fig. S) in the Nc,Nj plane separating 
the ; ordinary® phase of QCD from one without asymptotic freedom. More ex-
otic phases have been predicted as well [33L but it is anyway well established 
that it does exist a region in the JVj, Nc plane which is characterised by con-
finement, spontaneous chiral symmetry breaking and asymptotic freedom. 
The third axes can represent either temperature and density: one might well 
imagine that any point belonging in the same sector of the phase diagram 
in Fig. 8 would behave in a similar way while increasing temperature and 
density. It is then interesting to study the thermodynamics of models with 
different Nc and Nj, looking for similarities and differences. 
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Figure 8: The phase diagram QCD in the N f , Ne, and thermodynamic parameters space. 
The everyday world corresponds to Nc = 3, Nf = 2 (approxiinatively), '/' •••• p •••• 0. For 
T = fJ, = 0 there is a line in the Nc,Nf plane separating the 'ordinary' phase of QCD from 
one without asymptotic freedom. 

In the discussion of the next two sections we will consider Nc = 3, the 
real world, and Nc = 2, for technical reasons, and because it represents an 
interesting limiting case. We will discuss the Yang Mills model, which also 
describes QCD with quarks of infinite mass. We will mostly discuss two 
light flavors, which are rather realistic, as the up and down quarks are much 
lighter than any other mass. Understanding the behaviour with three flavor 
is important as well, as in the end the real world is somewhere in between 
Nf = 2 and Nf = 3. 
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7 QCD at finite temperature, ft.jj = 0 

Disorder Increases with temperature. Then, one picture of the high T QCD 
transition can be drawn by using the ferromagnetic analogy of the chiral 
transition mentioned in Section 2: ^iji can be thought of as a spin field 
taking values In real space, but whose orientation is in the chiral sphere. 
Chiral Symmetry breaking occurs when < tfrij? 0, i.e. it corresponds 
to the ordered phase. By Increasing T, < 4n{> >—> 0. This is very much 
the same as in the Gross-Neveu model of Section 5. Color forces at large 
distance should decrease with temperature: the main mechanism, already at 
work at T = 0, is the recombination of a (heavy) quark and antiquark with 
pairs generated by the vacuum: QQ —> qQ + qQ. At high temperature it 
becomes easier to produce light qq pairs from the vacuum, hence it is easier 
to 'break' the color string between a (heavy) quark and antiquark QQ. In 
other words, we expect screening of the color forces. It is however worth 
mentioning that, even If the string 'breaks' bound states might well survive 
giving rise to a complicated, non perturbative dynamics above the critical 
temperature. The physical scale of these phenomena is the larger physical 
scale In the system, i.e. the pion radius (cfr. the discussions in Section 2). 

There are two important limits which are amenable to a symmetry anal-
ysis : rtiq = 0 and mq = oo. 

7.1 QCD high T P.T*| and symmetries I : mq = 0 and the 
chiral transition 

When niq = 0 the chiral symmetry of eq.(64) is exact. As both mv and m^ 
are much smaller than AQCD , this is a reasonable approximation. Note the 
Isomorphy 

which shows that the symmetry is the same as the one of an 0(4) ferro 
magnet. The relevant degrees of freedom are the three pions, and the sigma 
particle, and the effective potential is a fonction of a 2 + |ir|2 in the chiral 
space. Once a direction in the chiral sphere is selected (say in the u direc-
tion) chiral symmetry is spontaneously broken In that direction, according 
to the pattern: equivalently 

SU{2) x SU{2) = 0(4) (661 

SU{ 2) r x SU(2)i Summit 
()( 4) 0(3) 

(67) 
(68) 
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Massless Goldstone particles (iri this case, the three pious) appear in the 
direction orthogonal to the one selected by the spontaneous breaking. 

Combining this symmetry analysis with the general idea of dimensional 
reduction, Pisarski and Wilczek [16] proposed that the high temperature 
transition in the two flavor QCD should be in the universality class of the 
0(4) sigma model in three dimensions. At high temperature when symmetry 
is restored there will be just one global minimum for zero value of the fields, 
and pion and sigma become eventually degenerate. 

We have however to keep in mind possible sources of violation of this 
appealing scenario (see [34] for recent discussions). 

Firstly, is the very nature of the symmetry which is restored across the 
transition [16], [35]. Note infact that the u model picture assumes that the 
axial t /( l) symmetry remains broken to Z(Nf) across the phase transition, 
in such a way that it does not impact on the critical behaviour. This is 
indeed a dynamical question - which symmetry is restored first which can 
only be answered by an ab initio calculation. 

One second possible source of violation of this scenario relates to a strong 
deconfming transition happening for its own reasons. Such deconfining tran-
sition would liberate abrubtly a huge amount of degrees of freedom, and 
would likely trigger also the restoration of chiral symmetry. In this case, the 
chiral transition would be hardly related with the sigma model. 

And there are also practical considerations: maybe the scenario is true, 
but the scaling window is so small that it has no practical applicability or 
relevance. One example of this behaviour is offered by the Z(Nf) x Z(N 
3 dimensional Gross-Neveu model. Its high T phase transition should be in 
the universality class of the Ising model, but the scaling window turns out 
to be only 1 f N j wide, i.e. it shrinks to zero in the large Nj (mean field) 
limit, in which case dimensional reduction is violated. 

All in all, one has to resort to numerical simulations to measure the 
critical exponents, and verify or disprove the 0(4) universality. In turn, 
this gives information on the issues (nature of the chiral transition, role of 
deconfinement, heavy modes decoupling, etc.) raised above. 

In practice, one measures the chiral condensate as a function of the cou-
pling parameter /'ï, which, in turn, determines the temperature of the system. 
This gives the exponent ßmay (remember the discussions In Section 1) ac-
cording to 

< jnjj >= B[ß - ßef*™* (69) 
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The 6xp orient S is extracted from the response at criticality: 

< ipifj >= Arn1^; ß = ßc (70) 

The results (we quote only ref. [34] as there is a substantial agreement): 
ßmag = -27(3), 5 = 3.89(3) compare favourably with the 0(4) results ßmag = 
.38(1), S = 4.8(2), and definitively rale out mean fields exponents (which 
would have characterised a weak first order transition). However, the results 
can still be compatible with 0(2) exponents, which would signal the persis-
tence of some lattice artifact, ßmag = .35(3), S = 4.8(2), and of course it is 
still possible that the final answer does not fit any of the above predictions, 
for instance one is just observing some crossover phenomenon. 

7.2 Two color QCD I 

Two color QCD enjoys an enlarged (Pauli-Giirsey) chiral symmetry: quarks 
and antiquarks belong to an equivalent representation of the color group, 
which can be nicely expressed by these representations of the two color Ac-
tion: 

is enlarged to SU(2Nj). The spontaneous breaking of SU(2Nj) then pro-
duces a different pattern of Goldstone bosons, which includes massless baryons 
(diquarks). The relevant sigma model in this case includes also diquarks and 
antidiquarks Because of this symmetry, we have an exact degeneracy of the 
pion, scalar qg and scalar qg and of the scalar meson, pseudoscalar qg and 
pseudoscalar qq : this is precisley the reason why we have massless baryons 
in the model, and thus why this is not, a priori, a good guidance to QCD at 
finite baryon density (to be discussed in Section 8). 

The Pauli-Giirsey symmetry has implications on the universality class 
of the chiral transition at high temperature: for instance, the predictions 

(71) 

As a consequence of that the ordinary chiral symmetry of QCD 

SU(Nf) x SU(Nf) (72) 
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of universality+dimensional reduction for the two color, two flavour is 0(6) 
critical exponents [36]. The general argument is clear, but it has been fully 
appreciated and studied only recently. Also, this tells us that qualitative ar-
guments relating the universality class of the chiral transition to the flavour, 
but not to the color group, have to be used with care: at least for two color 
QCD, which is Siîi interesting limit case, the number of color matters for the 
high temperature chiral transition as well. 

7.3 Q C D h i g h T p.t . . a n d s y m m e t r i e s II ; Tflq — OO 3,11(1 tllG 
confinement, t r ans i t ion 

When rnq = oo quarks are static and do not contribute to the dynamics: 
hence, the dynamic of the system is driven by gluons alone, i.e. we are 
dealing with a purely Yang-Mills model: 

S = F,,.}-111' (73) 

In addition to the local gauge symmetry, the action enjoys the global sym-
metry associated with the center of the group, Z{N(.). The order parameter 
is the Polyakov loop P 

P = elJo/J Aodl (74) 

In practice, P is the cost of a static source violating the Z(NC) global sym-
metry. 

The interquark potential Y(R.T) (R is the distance, T is the temperature) 

e-V(R.T)/T ^ p f ß y p i ^ > (75) 

Confinement can then be read off the behaviour of the interquark potential 
at large distance. When V(R) oc <JR it would cost an infinite amount of 
energy to pull two quarks infinitely apart. Above a certain critical temper-
ature \ "'. R) becomes constant at large distance: i.e. the string tension is 
zero, confinement is lost. The implication of this is that |P|2 = V(oo,T) is 
zero m the confining jpliciiSß} different froni zero otherwise. P plays a double 
role, being the order parameter of the center symmetry, and an indicator of 
confinement. We learn that in Yang Mills models there is a natural connec-
tion between confinement and realisation of the Z(NC) symmetry. Hence, 
the confinement/deconfinement transition in Yang Mills systems is amenable 
to a symmetry description. By applying now the same dimensional reduc-
tion above, we conclude that the Universality class expected of 
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the three color model is the same as the one of a three dimensional model 
with Z(3) global symmetry: this is the three state Potts model discussed 
in Section 3.3. Indeed, the transition turns out to be 'almost' second order, 
i.e. very weakly first order, like the 3d three state Potts model, see [37] for 
review and phenomenological implications of this observation. 

7.4 Two color QCD II 

The same reasoning tells us that the two color model is in the universality 
class of the three dimensional Z(2) (Ising) model. This prediction has been 
checked with a remarkable precision [17], and it is a spectacular confirmation 
of the general idea of universality and dimensional reduction. 

Source SU{ 2) Ising 
< \L\ > ßjv 0.525(8) 0.518(7) 

D <\L\> (l-ß)/v 1.085(14) 1.072(7) 
1 jv 1.610(16) 1.590(2) 

V 0.621(6) 0.6289(8) 
ß 0.326(8) 0.3258(44) 

XV 1jv 1.944(13) 1.970(11) 
Dxv { l + l ) j v 3.555(15) 3.560(11) 

Ijv 1.611(20) 1.590(2) 
V 0.621(8) 0.6289(8) 
7 1.207(24) 1.239(7) 

7/1/ + 2 ßjv 2.994(21) 3.006(18) 
9r 1.403(16) 1.41 

Dgr Ijv 1.587(27) 1.590(2) 
(W = l) V 0.630(11) 0.6289(8) 

Taken from J. Engels, S. Mashkevich, T. Scheideier and G. Zinovjev, ref.[17]. 

sition 

In Figure 7 we sketch a phase diagram in the temperature, bare mass plane 
for a generic version of QCD with NF flavor degenerate in mass, and .V,. 
color. 

For zero bare mass the phase transition is chiral. For three colors, two 
flavors is second order with TC ~ 170Mei?. The prediction from dimensional 
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reduction 4- universality 0(4) exponenents is compatible with the data, 
but the agreement is not perfect. If the agreement was confirmed, that would 
be an argument in favour of the non-restoration of the PU(1) symmetry at the 
transition, which is also suggested by the behaviour of the masses spectrum. 
Remember infact that the chiral partner of the pion is the /Q, which is in 
turn degenerate with the scalar qq with f/,4(l) is realised. All in all, f/,4(l) 
non restoration across the chiral transition corresponds to ÎT% ~ M/0 MAO 

which is the pattern observed in lattice calculations [31]. The transition 
with three (massless) Savour turns out to be first order. The question is 
then as to whether the strange quark should be considered 'light' or 'heavy3. 
In general, the real world will be somewhere in between two and three light 
flavour, and to really investigate the nature of the physical phase transition 
in QCD one should work as close as possible to the realistic value of the 
quark masses. 

By switching on the mass term chiral symmetry is explicitly broken by 
m < 44> >. In the infinite mass limit QCD reduces to the pure gauge (Yang 
Mills) model. Yang Mills systems have a deconfining transition associated 
with the realisation of the global Z(NC) symmetry. This places the system 
in the Ising 3d universality class for two colors, and makes the transition 
weakly first order (near second, infect) for three colors. General universality 
arguments are perfectly fulfilled by the deconfining transition. 

The Z(NC) symmetry is broken by the kinetic term of the action when 
the quarks are dynamic (ml? < oo) : this particular symmetry description 
of deconfinement only holds for infinite quark mass. Till very recently the 
most convincing signals for deconfinement with dynamical quarks come from 
the equation of state. For instance, the behaviour of the internal energy is a 
direct probe of the number of degeres of freedom, and indicates quark and 
gluon liberation [31]. 

Another important set of information comes from the behaviour of the 
mass spectrum this is of course very relevant, both on experimental grounds, 
for the ungoing RHIC experiments as well as for the upcoming ones, as well 
as for completing our understanding of patterns of chiral symmetry. The 
most dramatic phenomena, i.e. the disappearance of the Goldstone mode in 
the symmetric phase, the nature of the Goldstone mechanism in four fermion 
models, as well as the massive fermion in the broken one, have been already 
studied on the lattice. 

Among the most prominent open questions, there is of course the be-
haviour of 'real' QCD, with two light flavour, and a third one of the order of 
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KQCDI SO how and when exactly the Nf = 2 scenario morfe with the Nf = 3? 
Also, why is Tx much smaller than the pure gauge deconfining transition? 
At a theoretical level the question IS if it IS possible to give an unified de-
scription of the two transitions, chiral and deconfining. This question is 
currently under active investigation: recent work suggests that a symmetry 
analysis of the deconfining transition can be extended also to theories with 
dynamical fermions. The physical argument is rooted in a duality transfor-
mation which allows the identification of magnetic monopoles as agent of 
deconfinement. The order parameter for deconfinement would be that of the 
monopole condensate [29]. An alternative approach uses percolation as the 
common agent driving chiral and confining transitions [30]. 

T 

Figure 9: The :|}liase diagranr QCD in the quark mass, temperature plane see text. 

8 QCD at finite temperature, /jb / 0 

Let us now consider the effects induced by an increased baryon density, 
when baryons start overlapping. The most natural prediction relates with 
asymptotic freedom: as the quarks get nearer and nearer they do not feel the 
interactions any more, whilst the long range interaction is screened by many 
body effects. The natural conclusion is that the system is 'nearly free1 (i.e. 
non confining) hence chiral symmetry is realised (one needs some interaction 
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to break the symmetry of the action). Both on physical grounds, and from 
the predictions of simple models (Gross-Neveu, Section 5) we expect the 
typical scale of critical phenomena at finite density to be set b}r the lighter 
particle carrying baryon number. 

First principle calculations should be able to confront these predictions, 
as well as results obtained by use of semi-approximate calculations of sym-
metry motivated models 110] and to put them on firm quantitative grounds. 

We address here three main points: 

• Why is QCD at finite density difficult 

• What do we know from first principles 

• What can we do, in practice 

The critical region of QCD is outside the reach of perturbative calcula? 
tions, then one should use ab initio lattice methods. As most people have 
already heard, this is plagued by several problems. To understand the prob-
lems, and to propose some solutions, or, at least, work around, we have now 
to give some (quick) details of these calculations. 

Consider again the partition function: 

Zip, T) = J1'T dt J di di df- (76) 

A chemical potential for baryons is introduced by adding the term [IJQ, where 
JQ = •ipjoij.1 the 0 t h component of the conserved particle number current. 
In momentum space, this corresponds to the substitution po —» po — iß. 

Let us now specialise to the QCD Action 

SQCD = Fta.Ftw + ß + m + f r y , , = SG + RFMIFI (77) 

and exploit the bilinear form of the fermionic part of the Action to integrate 
explicitly over the fermions. This yields: 

Z{T. /<} = J dUdetMe~Sc - j dUe-(^-io<,{deiM}} (7gj 

The partition function can be exactly written in terms of an Action which 
only contains gauge field, Seff = Sc—log[detM) (we often call it an effective 
Action, however we should remember that no information has been lost in 
its definition). 
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Once the model is formulated on a lattice, one can express the integral 
over space as a sum over the lattice sites, and the relevant observables can 
be calculated with use of the importance sampling. For this to be viable, 
Sef / should be real. The problem is that for three colors QCD Sef / is not 
real. 

The usual numerical methods then cannot be applied. Alternative meth-
ods which have been proposed so far fail at zero temperature, but could be 
applied, maybe, at nonzero temperature [38], Interesting new ideas have 
been proposed, and tested in spin models 39]. All this is promising and 
gives some hope that at least the region around Tc, small chemical potential 
can be understood in the near future, see [39] for a review on recent efforts. 

There is however something else one can try within the lattice formalism, 
which is the subject of the next subsection. 

8.1 The lattice strong coupling analysis of the QCD phase 
diagram 

The lattice formulation, besides being suited for statistical Monte Carlo sim-
ulations, lends also itself to an elegant expansion in terms of the inverse 
gauge coupling. As the continuum limit (i.e. real QCD) corresponds to zero 
gauge coupling, at a first sight one might think that the so-called strong 
coupling expansion is hopeless. But there is a very important point: for two 
or three color QCD there are no phase transitions as a function of coupling. 
Hence, many qualitative features - most important, confinement and chiral 
symmetry breaking - do not depend on the gauge coupling itself. More-
over, this expansion is systematically improvable: it is worth noticing a nice 
work where the asymptotic scaling associated with the continuum limit was 
reached from strong coupling [40] 1 

Another interesting feature is that the strong coupling expansion yields 
a purely fermionic model, with four fermion interactions. Then, the strong 
coupling expansion can also be seen as a tool for deriving effective models 
for QCD from an ab inito formulation. 

The starting point is the QCD lattice Lagrangean: 

S = - 1 / 2 + J) - + (T9) 
X- j=1 

-l/2j^Vt)(x)\x(x)Uo(x)x(x + 0) - x{x + m U x ) x ( x ) ] 
x 
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4 

- V S j ^ Ö / s 8 E [ l - r e T r f V ( x ) ] 

+ E 
X 

The a r e the staggered fermion fields living on the lattice sites, the 
LPs are the SU(NC) gauge connections on the links, the rf s are the lattice 
Kogut-Susskind counterparts of the Dirac matrices, and the chemical poten-
tial is introduced via the time link terms e>l, e P which favour (disfavour) 
propagation in the forward (backward) direction thus leading to the desired 
baryon-antibaryon asymmetry. 

We have written down explicitly the lattice Action to show that the pure 
gauge term SG = - 1 / 3 E® 6 / .C E ^ i 4 l -reTrUlu,(x)] contains the gauge 
coupling in the denominator, hence it disappears in the infinite coupling 
limit. Consequently, one can perform independent spatial link integration, 
leading to 

Z= j J ! * (80) 
iimelinhs 

where E<^,j;> means sum over nearest neighbouring links, terms of higher 
order have been dropped, and we recognize a four fermion interaction. From 
there on things proceed formally much in the same way as for the Gross-
Xeveu model discussed in Section 5, and we quote the final result: 

Z = I Z^D < XX > (H I) 

where V is the three dimensional space volume and ZQ = ZQ(< XX >? T, P) is 
the effective partition function for < xx A standard saddle point analysis 
gives the condensate as a function of temperature and density, and allows 
for the reconstruction of the phase diagram. 

The results are the following: below a critical temperature, there is a 
chiral transition as a function of chemical potential, closely correlated with 
a deconfining transition, from a normal phase to a 'quark-gluon plasma' 
phase. This transition is first order, very strong at zero temperature, and 
weakens with temperature, becoming second order at ji = 0, T = Ti:. The 
phase diagram is qualitatively similar to that of the Gross-Neveu model, but 
for the fact that here we have also deconfinement correlated with the chiral 
transition. 
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<ï"ï>=0 
<W>=0 

T 

<W>= 0 
<ï"ï> =/= 0 

Mu o Mu c 

F i g u r e 10: A sketchy view of the phase diagram of two colors QCD for a non-zero quark 
mass. 

8.2 The phase diagram of two color QCD 

At the beginning of this section it is useful to remind ourselves of the discus-
sion in Section 7.2: in a nutshell, SU(2J baryons are completely degenerate 
with mesons, hence there are massless baryons. Both on physical grounds, 
and from the predictions of simple models (Gross-Neveu, Section 5) we know 
that the scale of critical phenomena at finite density is set by the lighter par-
ticle carrying baryon number - the massless diquark in two color QCD, and 
the massive baryon in QCD. Hence, two colors QCD is not a good approxi-
mation to real QCD at finite density. 

Still, one might hope to learn something there, in particular concerning 
the gauge field dynamics and screening properties at nonzero baryon density 
|43]. In Fig. 10 I sketch a possible (i.e. suggested by the results of refis. [43]) 
phase diagram of two color QCD, in the chemical potential temperature 
plane, for an arbitrary, non zero bare quark mass. The general features of 
the theory at zero density, i.e. the // = 0 axis has been discussed in Sections 
7.2 and 7.4 above. 

When /i ^ 0 quarks and antiquarks do not belong any more to equivalent 
representations: the Pauli Gürsey symmetry is broken by a finite density. 
When ß ^ 0 the symmetry is reduced to that of'normal' QCD-just because 
the extra symmetry quark-antiquark is explicitly broken: the condensate will 
tend to rotate in chiral space as j.i increases, rotating into a purely diquark 
direction for large ß. However, as /i increases and the symmetry in chiral 
space is reduced, and the new vacuum would be physically distinct from the 
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original one. According to the standard scenario, at zero temperature, for 
a chemical potential /.<„ comparable with the mass of the lightest baryons, 
baryons start to be produced thus originating a phase of cold, dense mat-
ter. For ST/(2) baryons (diquarks) are bosons (as opposed to the fermionic 
baryons of real QCD). Besides the mass scale of the phenomenon, there 
are then other important differences between the dense phase in SU(2) and 
$£7(3), as, obviously, the thermodynamics of interacting Bose and Fermi 
gases is different. In particular, diquarks might well condense, however par-
tial quark liberation is possible as well. We might then expect a Îî G J? 
complicated "mixed" nuclear matter phase, perhaps characterised by both 
types of condensates - this is the region marked by question marks in Figure 
10. 

To obtain a more direct probe of deconfinement, we can look at the in-
terquark potential by calculating the correlations < P(0)P (z) > of the zero 
momentum Polyakov loops, averaged over spatial directions. This quantity 
is related to the string tension &• via < P(0)PT(z) ><x e~az. Some of the 
results of [43] suggests indeed fermion screening, enhanced string breaking 
and the transition to a deconfined phase. Gauge field dynamics can also be 
probed by measurements of the topological charg c&S well by the direct 
analysis of the Dirac spectrum [43]. 

8.3 r h ë phase diagram of QCD 

We reproduce in Figure 11 the phase diagram of QCD from Ref. [44]. 

Let us discuss the case of two massless flavors first. The transition with 
fi = 0 has been discussed at length in Section 7.5 above: it should be second 
order, in the universality class of the 0(4) model. The study of the high 
baryon density transition at T = 0 meets with the problems discussed before 
in this Section. Nevertheless, the model calculations of [10], the lattice 
numerical results for the Gross-Neveu model reviewed in Section 5, the lattice 
strong coupling results discussed above suggest a strong first order transition. 
If this is the case, a tricritical point should be found where the first order 
line and the second order one merges along the phase diagram. This is the 
point P. 

What happens if we consider light (rather than massless) up and down 
quarks, while still keeping the strange very large? The possibility considered 
in [44] is that the second order line turns into a smooth crossover, while the 
first order lmc is robust with respect to this perturbation. The tricritical 



Finite Temperature Field Theory and Phase 'Transitions 157 

point now becomes the end point E of the first order transition line. The 
effects of a not-so-heavy strange quark mass can be very important: remem-
ber that the transition for three massless flavors would be first order, hence 
for three light flavor should remain first order as well, and the point P would 
disappear. However this does not seem likely as the mass difference between 
up/down and strange is sizeable. 

These aspects can be studied by considering the associate Ginzburg-
Landau effective potential for the order parameter < t/nl' >5 and the critical 
properties of the point E can again be inferred by universality arguments. 
The same model calculations have produced estimates for the position of the 
points P and E: Tp ^ 100 MeV and pp ~ 600 - 700 MeV. Of course these 
are crude estimates as only chiral symmetry and not the full gauge dynamics 
was taken into account. 

Most important is the observation that the critical behaviour at the 
point E can be observed in ongoing and future experiments at RHIC and 
LHC: indeed, E would be a genuine critical point, even with massive quarks, 
characterised by a diverging correlation length and fluctuations. 

This is a very interesting situation where theoretical analysis inspired 
by universality arguments, lattice results at zero density, model calculations 
at zero temperature have lead to a coherent picture and new predictions 
amenable to an experimental verification. 

What next? Imaginary chemical potential calculations might perhaps be 
used to gain information around Tc and small density: this might help refin-
ing our knowledge of points P and E. Moreover, it might well be worthwhile 
to extend the lattice strong coupling expansion by 1, including further terms 
2, performing a more refined analysis of the properties of the effective po-
tential. In particular it would be possible to study the position of P, whose 
leading order estimate is at ji — 0: the transition is always first order, with 
the only exception of the zero density, high temperature transition. It would 
be very interesting to see if the tricritical point would indeed move inside 
the phase diagram. One final remark on calculational schemes: in addition 
to the Lagrangean approach there is also the Hamiltonian one"12 . Time 
is not discretised in the Hamiltonian approach, and for several reasons this 
might seem more appropriate for dealing with a finite density. Moreover, the 
remarkable progress made by the condensed matter community on the sign 
problem over the last few years might perhaps be helpful in this approach. 

The scenario envisaged by [29] [30] might have an impact on the phe-
nomenologial issues considered here. Infact, if there is indeed one critical line 
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extending from the rrtq = 0 axis to rnq = oo as sketched in Fig. 8, the fete of 
the chiral transitions with a finite quark mass should be reconsidered. For 
instance, the second order chiral transition with two massless quarks would 
flow into the weak first order transition of the pure Yang Mills model in the 
infinite JXiclSS limit. Hence, apparently a small quark ItlçLSS would not wash 
out the second order phase transition. Once again, only ab initio lattice 
calculations can settle the issue. 

F i g u r e 11: The schematic phase diagram of QCD, from ref. [44], The dashed line is for 
the chiral transition for two flavor QCD, which is second order at p, = 0 and most likely 
first order at T=0, hence a tricritical point P in between. The solid line is the relic of 
sach phase transition with a small quark mass, and the tricritical point P tnrns into the 
endpoint E. The nnclear matter phase of QCD starts beyond the short line ending by M, 
which can be experimentally studied. The authors of [44], [45] have proposed experimental 
signatures to demonstrate the existence of, and locate the point E 
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Abstract 

These lectures review certain topological defects and aspects of their 
cosmology. Unconventional material includes brief descriptions of elee-
t iov\ ciik defects, the structure of domain walls in non-Abelian theories, 
and the spectrum of magnetic monopoles in SU(5) Grand Unified the-
ory. 
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1 Introduction 

1.1 FRW cosmology 

As indicated by observations, the universe is assumed to be homogeneous 
and isotropic on Ictrge settles» T^he line element) is» 

dr2 

ds2 = di2 - a2(t) + r2{dßl + sin2 Odcf2 (1) 
- krs 

where the function a(i) is known as the scale factor, and the parameter 
k = - 1 ,0 , +1 labels an open, flat or closed universe. The Einstein equations 
give: 

" à \ 2 k 8?TG 
a) a2 = (2) 

where p(i) is the energy density of the cosmological fluid. Conservation of 
energy-moment um yields 

p + m(p+p) = o (3) 

wh ere Jjf = à ja is the Hubble parameter and p denotes the pressure of the 
cosmological fluid. The properties of the cosmological fluid are given by its 
equation of state: 

P = P(P) (4) 
which must be specified to determine the ex pcitnsi on rate of the universe. If 
the fluid is relativistic (eg. photons): p = pj3; while if it is dust: p = 0; and 
for vacuum energy (cosmological constant): p = —p. 

If the fluid is in thermal equilibrium, the evolution of the temperature of 
the fluid can be derived by using the conservation of entropy which gives 

a(t)T = constant . (5) 

The temperature of the cosmic microwave background radiation (i.e. cos-
mological photons as opposed to those produced by stars and other astro-
physical sources) at the present epoch is measured to be 2.7°K. 

It is sometimes convenient to work with the "conformai time" r instead 
of the ' cosmic time i» The relation defining r m terms of i is» 

dt = a(t)dr . (6) 

In terms of the conformai time, the FEW line element is: 

= a2(i(r)) 
dr 2 

dr1 - 4- r {d(r + su r üdtfi ) 
1 — KV (7) 
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1.2 ö o s n i o l o ^ i c ä l p h a s e trsîîBitioîîB 

We consider a field theory of scalar, spinor and vector fields: 

L = LB + Lp (8) 

with the bosonic Lagrangian: 

LB = ^D^D'1'^ - F ( # ) - ' F/;, F1" " (9) 

where # j are the components of the scalar fields. The fermionic Lagrangian 
for a fermionic multiplet ^ is: 

LF = t r , « , . (10) 

In addition we have the following definitions: 

D, = t)„ i t -Ap" (11) 

where the Ta are group generators; 

F«, = dfiA* - d,,A% + +efahcAh
ßAl (12) 

where, A^ are the gauge fields. 
If the expectation values of the scalar fields are denoted by #oi, then the 

mass matrices of the various fields are written as: 

d2V 
Pi-i = ^ ^ scalar fields (13) 
' Ô t j Ô t j 0 ' 

m = Tj#oi , spinor fields (14) 

where, the I ',; are the Yukawa coupling matrices, and 

M2
h = e2(TaTb)tJ€>0î#0j , vector fields (15) 

Then the finite temperature, one-loop effective potential is: 

F e / / ( # 0 , T ) = F (# 0 ) + ^ T 2 - (16) 

where 
Af = AfB + -Afp (17) 
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is the number of bosonic and fermionic spin states, and 

M 2 = Trp2 + 3TrM2 + * Tr(7%7°m) . (18) 

Note that A42 depends on the expectation value through the defining 
equations for the mass matrices given above. Then, for example, A42 will 
contain a term proportional to Tr($g). 

For us the important feature of the effective potential is that it can lead 
to cosmological phase transitions. If there are scalar fields with negative 
mass squared terms in V($), the contributions from the M.2T2 term in the 
effective potential can make the effective mass squared positive for these 
fields if the temperature is high enough. Therefore when the universe is at 
a high temperature, the effective squared mass is positive and the minimum 
of the potential is at #o = 0. In the more recent cooler universe the effective 
mass squared is negative and the minima of the effective potential will occur 
at non-zero values of #o- That is, the scalar fields will acquire vacuum expec-
tation values. This is the phenomenon of spontaneous symmetry breaking 
and, if it occurs, will manifest itself as a cosmological phase transition. 

1.3 Vacuum manifold 

In general the field theoretic action under consideration will be invariant 
under some transformations of the fields. The set of all such symmetry 
transformations form a group which we denote by G. 

Next consider the situation where a scalar field acquires a vacuum ex-
pectation value (VEV) Then all transformations of $$ by elements of G 
will also be legitimate VEVs of the scalar field. However, not all elements of 
G will have a non-trivial effect on There will be a subgroup of G which 
will have a trivial action on This is the unbroken subgroup of G and we 
denote it by II. 

Now we wish to determine the set of possible VEVs of the scalar field. 
This set is given by the elements of G that have a non-trivial action on <f>§. 
Now consider an element of g E G that has a non-trivial action on <pa and 
transforms it to (p\. Then every element of the form gh where h € H, also 
takes <po to <f>\. Therefore the non-trivial transformations are given by the 
left cosets of II, and the space of all non-trivial transformations is called a 
coset space and denoted by Gfll. Therefore the vacuum manifold of the 
theory is G jH. 
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As we shall see, topological defects occur due to non-trivial topology of 
the vacuum manifold. 

Note that the topology does not care if the symmetries are local or global. 
For most of these lectures, I will consider local (gauged) symmetries. 

2 Domain walls 

2.1 Topology: 7r0 

Domain walls occur when the vacuum manifold has two or more disconnected 
components. For example, G can be a discrete group like which can be 
broken completely (H = 1). Then GJH consists of just two points. 

The topology of various manifolds has been studied by mathematicians 
and they characterize the type of topology by stating the homotopy groups 
of the manifold. The nth homotopy group of the manifold G/H is denoted by 
7Tn(G/H) and denotes the group that is formed by considering the mapping 
of N—dimensional spheres into the manifold GJH. Each element of the 
group 7Tn is the set of mappings that can be continuously deformed into one 
another. 

In the case when the vacuum manifold has disconnected components, 
'ÏÏQ(GJH) is non-trivial since there are points (zero dimensional spheres) that 
lie in different components that cannot be continuously deformed into one 
another. Therefore domain walls occur whenever TTO (GJH) is non-trivial. 

2.2 Example: Z2 

Consider the I^agrangian i n 1+1 dimensions labeled by (t,z) 

where <p{ i. z) is a real scalar field - also called the order parameter. The 
Lagrangian is invariant under <j> — <j> a n ( i hence possesses a Z<i symmetry. 
For this reason, the potential has two minima: (j> = ±r/, and the 'Vacuum 
manifold" has two-fold degeneracy. 

Consider the possibility that <j> — +7j at z — +oo and <j> = — r/ at z = - o o . 
In this case, the continuous function <j>(z) has to go from —77 to +r/ as z is 
taken from - 0 0 to +00 and so must necessarily pass through <j> = 0. But 
then there is energy in this field configuration since the potential is non-
zero when <p U. Also, this configuration cannot relax to either of the two 

M 4 
(19) 
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•vacuum configurations, say cf>(z) = +r/, since that involves changing the field 
over an infinite volume from — p to which would cost an infinite amount 
of energy. 

Another way to see this is to notice the presence of a conserved current: 

where p, v — 0,1 and ettv is the antisymmetric symbol in 2 dimensions. 
Clearly j11 is conserved and so we have a conserved charge in the model: 

For the vacuum Q — 0 and for the configuration described above Q — 1. So 
the configuration cannot relax into the vacuum - it is in a different topological 
sector. 

To get the field configuration with the boundary conditions <£(±oo) = ±77, 
one would have to solve the field equation resulting from the Lagrangian 
(19). This would be a second order differential equation. Instead, one can 
use the clever method first derived by Bogornolnyi [1] and obtain a first order 
differential equation. The method uses the energy functional: 

f = étvdv4> 

E 

Then, for fixed values of $ at ±00, the energy is minimized if 

dé - 0 

and 

Furthermore, the minimum value of the energy is: 
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In our case, 
IA 

s f m 

which can be inserted in the above equations to get the "kink" solution: 

(j> = i]tanhfy ^ Î ? ^ 

for which the energy per unit area is: 

2V2 n- , 2s/2 w;J i „I,3 

Vkink = ^ T 1 ^ 3 = — 7 = (20) 3 x/A 

where m = \/Ai7 is the mass scale in the model (see eq. (19)). Note that the 
energy density is localized in the region where <f> is not in the vacuum, i.e. 
in a region of thickness ~ to-1 around 2 = 0. 

We can extend the model in eq. (19) to 3+1 dimensions and consider 
the case when <f> only depends on z but not on x and y. We can still obtain 
the kink solution for every value of x and y and so the kink solution will 
describe a "domain wall" in the xy plane. 

At the center of the kink, <j> = 0, and hence the Z2 symmetry is restored in 
the core of the kink. In this sense, the kink is a "relic" of the symmetric phase 
of the system. If kinks were present in the universe today, their interiors 
would give us a glimpse of what the universe was like prior to the phase 
transition. 

2.3 SU(5) 

An example that is more relevant to cosmology is motivated by Grand Uni-
fication. Here we will consider the SU(5) model: 

L = Tr(DM#)2 - ^ T r ( X ^ X ^ ) - U(#) (21) 

where, in terms of components, # = is an SU(5) adjoint, the gauge 
field strengths are XiiV = X^T0- and the SU(5) generators Ta are normalized 
such that T r ( T a T b ) = Sab/2. The definition of the covariant derivative is: 

/ y i > <:yi>-<v-Av<!>- (22) 
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and the potential is the most general qnartic in #: 

F($) = -~m
2Tr($2) + /i[Tr(#2)]2 + ATr(#4) + 7 Tr($ 3 ) - F0 , (23) 

where, VQ is a constant that we will choose so as to set the minimum value 
of the potential to 55 ero r 

The SU(5) symmetry is broken to [SU(3) x SU(2) x U(1)]/ZG if the Higgs 
acquires a VEV equal to 

V dingl 2.2.2. 3. 3) (24) u 2^15 

where 

" = < 2 5 ) 

For the potential to have its global minimum at # = #Q, the parameters are 
constrained to satisfy: 

A > 0 , A' > 0 . (26) 

For the global minimum to have V(#o) = 0, in eq. (23) we set 

Vo = - j V
 4 . (27) 

The model in eq. (21) does not have any topological domain walls be-
cause there are no broken discrete symmetries. In particular, the sym-
metry under # —# is absent due to the cubic term. However if 7 is small, 
there are walls connecting the two vacua related by $ —ï — # that are almost 
topological. In our analysis we will set 7 = Ö, in which case the symmetry of 
the model is SU(5) x and an expectation of # breaks the symmetry 
leading to topological domain walls. 

The kink solution is the Z2 kink along the #0 direction (see eq. (24)). 

= tanh(a")'T'ii (28) 

with a = m/y/2 (see eq. (25)), and all the g auge fields vanish. It is straight-
forward to check that solves the equations of motion with the boundary 
conditions = ±00) = ±#o-

The energy per unit area of the kink is (see eq. (20)): 

Mk = — — . (29) 
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The existence of a static solution to the equations of motion only guar-
antees that it is an extremum of the energy but this extremum may not be 

to examine its stability under arbitrary perturbations. (As far as I know, a 
Bogomolnyi type analysis has not been constructed for the SU(5) model.) 

Here we will examine the stability of the kink under general perturba-
tions. So we write: 

$ = + ^ (so) 

Smce the kmk solut ion is iiiv äriänt under translations &nd rotations in the 
a:?/—plane, it is easy to show that the perturbations that might cause an 
instability arise from perturbations of the scalar field and can only depend 
on z. Therefore we may set the gauge fields to zero and take = ^ ( t , z). 

The Z'j kink is stable and hence we can restrict the scalar perturbations 
to be orthogonal to The perturbative stability of the kink has been 
studied by Dvali ai, al, [2], and, Pogosian and Vachaspaii [3], Here we only 
consider the off-diagonal perturbation 

= 1pT = ^diag(r l , 0,0,0) , (31) 

where r 1 is the first Pauli spin matrix. 
Next we ctncilyze the linearized Schrodin ger equation for small excitations 

^ = ^o ( z ) exp ( - i u j t ) in the background of the kink: 

[—- m2 + <f>l(z)(h + Ar)]^0 = , (32) 

where 4>k = tanh(cr^) and r = 7/30. The kink is unstable if there is a solution 
to eq. (32) with a negative w2. Substituting eq. (28) into eq. (32) yields: 

\-dl + TO2(tanh2(o^) - = • (33) 

This equation has a bound state solution ipQ oc sechfoz) with the eigenvalue 
of1 = —m2/2. Since this result is independent of the parameters in the 
potential, we conclude that the kink in SU(5) is always unstable. 

So we still need to find the topological domain wall solution in the model. 
The domain wall solution is obtained if we choose the gauge fields to 

vanish at infinity and the scalar field to satisfy the boundary conditions: 

= -oo) = = ^-^=diag(3, - 2 , - 2 , 3, - 2 ) 

= î ï / J ( A s + r3) - I (F - VsAs) (34) 
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and 

ifti v — — <T»"t" = 
2VÏ5 

= +00) = # + = —^=diag(2, -3 ,2 ,2 , - 3 ) 

= + r s ) + - ^ • ( 3 5 ) 

Here A 3 , À8, 7-3 and F are the diagonal generators of SU(5): 

A3 = ^diag(l, —1,0,0,0) , (36) 

A« = ^ d i a g ( l , 1 , -2 ,0 ,0) , (37) 

r 3 = *diag(0,0,0,1,-1) , (38) 

~ ( 2 ? 3, 3) » (39) 
2v 15 

Alternately, we could have chosen the boundary conditions to be like those 
of the kink with #(2 = +00) = — <&(z = —00). However, then the solution 
for the domain wall will not be diagonal at all z. We prefer to use the above 
boundary conditions so that the solution is diagonal throughout. 

The domain wall solution can be written as 

&DW{z) = 0(2)A3 + b(z)As + C(Z)T-6 + d{z)Y . (40) 

The functions a, 6, c, and d must satisfy the static equations of motion: 

// r 2 / i 2 A , 72 / 7 j 2 \ j 2 i 
a = [—m +(n + —)d + (n + — )(a + b ) + nc Jt 

0 & 
2A abd 

(41) 

-m2 + (h + ^)d2 + (h + ^)(a2 + b2)+hc?}b 

Ad 

7E 
+ ^ ( a 2 - 6 2 ) (42) 

+ h(a + b )}c (43) 
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d" = i-m2 + (ft+^)d2 + (ft + ^)(a2 + &2) üU o 
y 9À J Xb y 9 b^ 

+ i h + - ) c ] d + Ja _ ^ (44) 

where primes refer to derivatives with respect to z. For reference, the kink 
solution (eq. (28)) corresponds to a{z) = 0 = b(z) = c(z) and d(z) = 
ÎJ tanh (az). 

The equations of motion for b and c and can be solved quite easily: 

(45) b(z) = —v5d(z) , c{z) = a(z) . 

This is consistent with the boundary conditions in eqs. (34) and (35). In 
addition, we require 

= ± 0 0 ) = — / / y / ^ , d(z = ± 0 0 ) = = j j (46) 

Then the remaining equations can be written in a cleaner form by rescaling: 

112 a , d 
A(z) = \ , D(z) = 6 - , Z = mz . 

V 5 ?? ' 1] 
(47) 

This leads to 
A" = 1 | p 2 , t 4 + P ) "In™ _ U "t™ _ Ji, A 

•1 + pD2 4- (1 — />)•! ' (49) 

where primes on .A and D denote differentiation with respect to Z, and 

1 
p = 1 H™ 

5A 
12À7 (50) 

Note that p € [1/6, 00) because of the constraints in eq. (26). The boundary 
conditions now are: 

A(z = ± 0 0 ) = +1 , D(z = ± 0 0 ) = ± 1 . (51) 

This system of equations has been solved by numerical relaxation and a 
sample solution is shown in Fig. 1. To find an approximate analytical solu-
tion, assume that \A"fA\ « 1 is small everywhere. This assumption will 
be true for a certain range of the parameter p which we can later determine. 
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Then the square bracket on the right-hand side of eq, (48) is very small, 

1/2 
5 . { i - t L z ü b . } 

' I 5 J 
(52) 

. I • p I. 5 

We insert this Cüxi. p rc s s i on for A in eq, (49) and obtain the kink-type differ-
ential equation: 

D" = q{-l + D2]D , (53) 

where 

and the solution is: 

6A 1 = 

p + 4 A + 60A' 
(54) 

(55) 

The parameter q lies in the interval [0,6]. For q = 1 (i.e. p = 1) it is easy 
to check that; this analytical solution is exact. 

F i g u r e 1: Numerical solution for the domain wall in the case À = 1, h = —0,2 (p = 2,25), 
The solid line shows a(z) and the dashed line shows d(z). 

We can now check that our assumption \A"jA\ < < 1 is self-consistent 
provided p is not much larger than a few. 
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The energy density for the fields A and D can be found from the La-
grangian in eq, (21) together with the ansatz in eq, (40), the solution for b 
and c in eq, (45) and the rescalings in (47). rX'he resulting expression for 
the energy per unit area of the domain wall is: 

MDW = / dZlßA'2 + D'2 + V(A, D)} (56) 

where, 

V(A, D) = —5.42 - D2 + k + ^ A4 

+ + - p ) A 2 D 2 + 3 • (57) 

The energy can be found numerically. However, here we will find an approx-
imate analytic result. We can insert the approximate solution given above 
in eq. (56) but this leads to an expression that is not transparent. Instead 
it is more useful to consider another approximation for A and D: 

A ~ l , D ~ tanh • (58) 

( T lu s äp p r ox i mat ich i is exact for p = 1.) A straightforward evaluation then 
gives: 

\/P 
MDWapprox = g (59) 

where, M^ is given in eq. (29). 
It can be shown for a range of parameters that this domain wall solution 

is perturbatively stable. Numerically we find that it is lighter than the kink 
for all values of p. (Eq. (59) shows it to be lighter for p < 36.) 

The interior of the domain wall has less symmetry than the exterior. So 
the domain wall does not contain a trapped region of the early universe. 
Instead it is a region that may be to our future where the 57/(3) symmetry 
is broken down to SU(2) x E/(l). In this sense, the domain wall is a relic from 
the early universe but not a relic of the unbroken symmetry of the theory. 

2.4 Formation 

The properties of the network of domain walls at formation has been deter-
mined, by rmiiicncäl simulations« 'X'lie idea belimd tlie simulations . is that the 
vacuum m any correlated region of space is determined at random « Then * 
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Table 1: Size distribution of + clusters found by simulations on a cubic 
lattice. 

Cluster size 1 2 3 4 6 10 31082 

Number 482 84 14 13 1 1 1 

if there are only two degenerate vacuua (call them + and -), there will be 
spatial regions that will be in the + phase and others in the - phase. The 
boundaries between these regions of different phases is the location of the 
domain walls. 

By performing numerical simulations, the statistics shown in Table I was 
obtained [4], 

The data shows that there is essentially one giant connected + cluster. 
By symmetry there will be one connected - cluster. In the infinite volume 
limit, these clusters will also be infinite and their surface areas will also be in-
finite. Therefore the topological domain wall formed at the phase transition 
will be infinite. 

2 .5 E v o l u t i o n 

Once the inifinite domain wall forms, it tries to straighten out since it has 
tension - in this way, the wall can minimize its energy. In the cosmological 
setting, the wall will be stretched out by the Hubble expansion. In addition, 
the wall will interact with the ambient matter and suffer friction. Sometimes 
different parts of the walls will collide and interact. The interaction leads to 
the reconnection of colliding walls. 

The details of the evolution of the walls are quite complicated. However, 
the simplest cosmological scenario is easy to analyze and leads to an inter-
esting bound. The basic idea is to use causality to get an upper bound on 
the energy density in domain walls at any epoch. Causality tells us that the 
different domains that are separated by walls cannot smooth out faster than 
the speed of light. Therefore every causal horizon must contain at least one 
domain wall at any epoch and so the energy density in domain walls prnv 
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obeys the following bound: 

energy in one wall in horizon at2 a 
PDlv — horizon volume t3 t 

where <r is the energy per unit area of the wall. If we require that the energy 
density in walls be less than the present critical density of the universe 
pcr = 3H'2/8TTG with H ~ 70 km/s/Mpc we get the constraint 

- < • (61) 

where to ~ 10 sees is the present epoch. 
If we use eq. (20) to connect a to the symmetry breaking scale and take 

the coupling constant to be order one, we find that the symmetry break-
ing scale is constrained to be less than about a GeV. A stronger bound is 
obtained by realizing that the energy density fluctuations in domain walls 
should not cause fluctuations in the cosmic microwave background radiation 
(CMBR) greater than 1 part in 105. This leads to the constraint that r; 
should be less than a few MeV. Particle physics at such low energy scales — 

such as the standard model - do not show any phase transitions involving 
domain walls and so we do not expect to have domain walls in the universe. 
./Vn o li h er way to view the constraint is thcit if a particle physics model predicts 
domain walls above the few MeV scale, cosmology rules out the model. 

2.6 Further complexities 

One can evade the constraints derived in the previous section by introducing 
some new cosmological and particle physics elements. 

For example, the constraint that domain walls have to be formed below 
the few MeV scale does not hold if cosmological inflation follows the phase 
transition in which heavy domain walls were produced. In such a scenario, 
the domain walls are inflated away and our present horizon need not contain 
any domain wall. 

In particle physics model building, one might have a situation where a 
discrete symmetry is broken at some high temperature and then restored at 
some lower temperature. In this case, heavy domain walls would be formed 
at the first phase transition and then would "dissolve" at the second phase 
transition. Then there would be a period in the early universe where domain 
walls would be present but they would not be around today. 
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Another situation of some interest) is when the discrete vacuua are not 
exactly degenerate. In the SU(5) example discussed above, if 7 (eq. (23)) is 
very small, domain walls will be formed at the phase transition. Suppose the 
"f" pibtcise îicts sli^litly less energy density than the - phase. Then the domain 
walls will experience a pressure on them that will drive them towards the 
higher energy - phase. However, if 7 is small, this pressure difference is also 
small and is negligible for the early evolution of the wall system. Only after 
the walls have straightened out to an extent that the curvature forces are less 
than the pressure 7 will the pressure start to drive the walls and eventually 
eliminate them. 

3 Strings 

3.1 Topology: TTJ 

If the vacuum manifold has one dimensional closed paths that cannot be 
contracted, there are topological string solutions in the field theory. The 
homotopy group 7Ti [ G/Jf) is the group formed by the equivalence classes of 
paths that can be deformed into each other and the group operation joins two 
paths to get another path. Each element of •Ki(GjH) labels a topologically 
distinct string solution. 

An example of a held theory in which string solutions exist is based on 
a f7(l) (global or local) group which is broken down completely. The coset 
space 1/(1)/I is a one dimensional sphere (circle). Closed paths that wrap 
around the circle cannot be contracted to a point and this implies that the 
r/(l) model contains string solutions. 

The £7(1) model is very important as it is relevant to the simplest su-
perfluids a.nd superconductors. However, in more complicated systems the 
symmetry groups are larger and calculating the homotopy group can be more 
involved. Fortunately there is a result that simplifies matters immensely for 
most (though not all!) particle physics applications. This is the result that 
if Kn\G) and 7rn~i(G) are both trivial then, 

Ts n(GjH) = TTn-l (H) • (62) 

With n = 1 this gives 
•KiiG/H) — Xo(ff) (63) 

provided x {&') — 1 = fro(G). So if G does not contain any incontracta,ble 
closed paths and does not have disconnected pieces, then the topologically 
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distinct incontractable paths olGjH are given by the disconnected pieces of 
H. So one can usually tell that there are strings in a particle physics model 
simply by checking if the symmetry breaking involves a broken 17(1) or if the 
unbroken group contains a discrete symmetry. This result cannot be applied 
to the electroweak model since there we have G = [ST/(2) x [/(l)]/^2 and 
7: iG) Z / 1. 

3.2 Example: U ( l ) local 

Consider the Lagrangian 

L = ':/;,,<!' y - -P pw _ A (#*# _ i f f 
2 4 8 

where # is a complex field and 

Dp = dp ieA^t 

where, A(i is an Abelian gauge potential. This model has a U(l) gauge 
symmetry since it is invariant under 

# e # , j-ifi t T 

Now since w\ (U(l)/l) = Z, the model has string solutions labeled by an 
integer (the winding number). 

The string solutions correspond to the non-trivial windings of a circle at 
spatial infinity on to the vacuum manifold. Therefore the boundary condi-
tions that will yield the string solution will have the form: 

# ( r = oo,e) = 7]ein& , n £ Z — {0} (65) 

The gauge fields at infinity must be such that the covariant derivative van-
ishes there: 

= 0 , at r = oo . (66) 

Let us now construct the string solution using Bogomolnyi's method [1]. 
The energy for static configurations in two Spatial dimensions is 

1. -t-iO 1 , ^ ,o 1 
E= } drx 

with 

f d2x hDx¥f + \\DvWf + | s ? + F(#) 
J Zi Zi Zi 

(67) 

1-(<1\! A(>l'v i f f (68) 
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The trick is to write this as: 

E = j (i'.r ±ïDj,#|2 + VW) E 
1 

j SxBz (69) 

in the special case that À — c (so called "critical coupling") l . The Bogo-
molnyi equations are: 

For non-Bogomolnyi strings, this expression will be multiplied by a factor 
which depends on À/e2. Unless this parameter is very large or small, numer-
ical evaluations show that the numerical coefficient is of order unity. 

For strings formed at the Grand Unified phase transition rj ~ 1016 GeV, 
we find p ~ 1022 gms/cm which is like the mass of a mountain range packed 
into a centimeter of string. When calculating the gravitational effects of 
strings p always appears in the dimensionless combination G p. For GUT 
strings, Gp ~ 1Ö-6. 

3.3 Semilocal and electroweak strings 

The standard model symmetry breaking is SU(2)I, x U(1)Y > U(l)em and 
does not give topological strings. However, it still contains embedded strings 
which can be pert urbatively stable for a range of parameters which are not 
realized in Nature. In these lectures I will only briefly describe semilocal 
strings [o]. 

Consider the generalization of the Abelian Higgs model in which the 
complex scalar field is replaced by an SU(2) doublet «I»7 = (</>i, $2). The 
action is 

where Yß is the 17(1) gauge potential and YßlJ = d^Y^—d^Y^ its field strength. 
1 Unlike m the ease of the Z2 domain wall, the Bogomolnyi triek over here works only 

for the form of the potential given in eq. (68) arid with eritieal coupling. 

+ iDy# = 0 

Bz - V2F = 0 

and the energy per unit length of the string is: 

(70) 

(71) 

(72) 

S = j éx 1(0,, îyV/( .)»!>* - ^Yßl/Y
ßiJ - a(V# 
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This model has symmetry under G — {SU(2)yi0f,ai. x U(l)ioeai }/Z2. Ele-
ments of the SU(2)yi0bai act on the Higgs doublet, while elements of U(X)i0(:ai 
multiply the doublet by an overall phase and transform the gauge field in 
the usual manner. The action of the center of SU(2)gi0bai on the Higgs dou-
blet is identical to a phase rotation by ir. This is the reason for 
the 7J2 ldcntifiOätiöiL The model in ccj. (73) is just the scalar sector of the 
Glashow-Salam-Weinberg (GSW) electroweak model with sin2 9W = 1. 

Once # acquires a vacuum expectation value, the symmetry breaks down 
to II = U (I) global, as in the GSW model. The vacuum manifold is SA, 
This may also be seen by minimizing the potential explicitly. The vacuum 
manifold is described by = r/2/2 which is a three sphere. Hence there 
are no incontr act able paths on the vacuum manifold « Yet ̂  it is possible to 
perform a Bogomolnyi type analysis to find that the configuration: 

is a solution in cylindrical coordinates (p, 6). The profile functions f(p) and 
v(p) can be determined by solving the Bogomolnyi equations. 

It is also possible to show that the solution is perturbatively stable when 
2A < q2, neutrally stable at critical coupling (2A = q2) and unstable for 
2A > q2. 

For the case when the SU(2) is gauged, the string solution continues to 
exist and can be stable for sin 0W > 0.9 if the scalar mass is small. In tlie 
standard model, however, sin2 0W = 0.23 and the string solution is certainly 
unstable. Certain external conditions (eg. a magnetic field) can stablize the 

3.4 Formation and evolution 

The formation of strings has been studied by numerical methods. Here one 
throws down U( 1) phases on a lattice and checks for topological winding 
around the plaquettes. If the winding around a plaquette is non-trivial, it 
means that a string is passing through it. Then the strings are connected 
and in till S way one obtains a network of closed and open strings. 

The lattice simulations show several interesting properties of the initial 
network of strings. First and foremost is the result that most (over 80%) of 
the string density is m strings that are infinite* Secondly^ the string loops 
occur in a scale invariant distribution ~~ that is, the number density of loops 

(74) 
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having size between R and R 4- dR is proportional to dR/Rl, just as would 
be expected based on dimensional analysis. Thirdly, the long strings have 
a Brownian shape and so the length I of string in a distance R is given by: 
IXR:2. 

There has been much effort in extending the lattice simulations to make 
them more realistic and closer to what might actually happen at a phase 
transition. However, the essential results of the lattice simulations have held 
up very well. There has also been a lot of theoretical and experimental effort 
devoted to determining the density of defects after the phase transition. (In 
the simulations the density of defects is set by the lattice spacing.) The 
statistical properties of the network described above are expected to be in-
sensitive to the initial string density. The exact fraction of strings in infinite 
strings might vary somewhat. 

Once the string network has formed, it evolves under the forces that we 
discussed in the domain wall case: (i) tension, (ii) friction with ambient 
matter, (iii) Hubble expansion, (iv) intercommuting (reconnection) when 
strings collide, and (iv) energy loss mechanisms such as gravitational wave 
emission. Of these factors, frictional forces are important for a short period 
(for GUT strings) since the Hubble expansion dilutes the ambient matter. 
The energy loss mechanisms are important but to calculate their effect on 
the string dynamics is a nasty back-reaction problem. The "zeroth order" 
factors are the tension, Hubble expansion and intercommutings. 

Ignoring friction, energy loss and intercommutings for now, the strings 
move according to the Nambu-Goto action in a background FRW spacetime: 

S = -ii j <Pa\l-gW (75) 

where g ^ is the determinant of the two dimensional string world-sheet met-
ric. If the string worldsheet is written as: xß(o-a) with a — 0,1 where (er0, a1) 
are the worldsheet coordinates, then the worldsheet metric is: 

g£J = g lwdax
fidbx lJ (76) 

where, gfllJ is the four dimensional spacetime metric in which the strings 
move. 

The freedom of choosing coordinates on the worldsheet (reparametriza-
tion invariance) can be used to simplify the equations of motion for the string 
derived from eq. (75). We choose 

= r , cr1 — Ç (77) 
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where ( is a parameter along the string at any given instant of the conformai 
time T (see eq. (6)). Then the equation of motion is: 

x + 2H(1 — x2)x = (78) 

where overdots refer to derivatives with respect to r and primes with respect 
t o C-

The equation of motion for a single string allows numerical evolution of 
the network of strings but does not take intercornmutings into account. In 
practice, the network is numerically evolved until two strings intersect and 
then the reconnection is done by hand. 

To study the evolution of cosmic strings by solving the equations of 
motion is similar to studying a box of gas by solving Newtorrs equations of 
motion for each particle in the box and taking care of collisions by hand. 
For almost all cosmological purposes, only the statistical properties of the 
string network are relevant. So one should define "statistical variables" and 
find their evolution. The one scale model for string evolution is precisely 
such an attempt. 

3.5 One scale model 

As the name suggests, the "one scale model" is based on the assumption 
that there is only one length scale that characterizes the infinite strings in 
the network [6, 7]. (The short loops are considered separately.) If we denote 
this scale by L then the distance between strings and the correlation length 
of a single string (the distance out to which it is straight) are both given by 
L. With time L can change and hence we need to derive an equation for 
L(t). 

The usual way of defining the length L is by considering the total energy 
E in strings lying inside a volume V. Then 

" = f = & <79> 
defines L. The energy changes with time since the Hubble expansion dilutes 
and stretches the string network. Also, the velocity of a string redshifts due 
to the Hubble expansion. Long strings also lose energy by self-intersecting 
to form short loops. This gives 

, ) - 27/(1 rp
f (80) 
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where 

4 - («2) = ^ j g 2 (81) 

is the average rrns velocity of strings and c is a parameter that accounts 
for the frequency of self-intersection (the so-called "chopping efficiency"). 
Equation (80) can also be written as an equation for L: 

L = HL( 1 + v2
ms) + | (82) 

(Since the chopping term must vanish if the velocity of the strings vanishes, 
one frequently writes c — cv rms.) 

The network is said to scale if, at every epoch, the network has the same 
statistical properties. Hence the scale L should be a fixed fraction of the 
horizon size i. In this case, the energy density p in long strings will fall off 
like 1/i2, exactly as the total matter density does in a radiation or matter 
dominated universe. In a universe with a cosmological constant, scaling will 
hold in a trivial sense since the rapid expansion will dilute the strings to 
vanishing energy density. Scaling will not hold in the epochs during the pe-
riod in which the universe changes from being radiation dominated to matter 
dominated, or from matter dominated to cosrnological constant dominated. 
Both these transitions are relevant for examining the cosmological signatures 
of strings (eg, the cosmic microwave background anisotropies), making the 
problem quite hard. 

To check for scaling we write 

L = 7 ( i ) t , (83) 

insert this relation into eq. (80) to get 

c 7 1 
- = - n w n - « ; • „ . . ) } 

There is a fixed point solution (7 — 0) at the point: 

7 ^ 2 1 - ( F t ) ( l + «pros,) " ( 8 5 ) 

Note that for a power law expansion Ht does not depend on time. The rrns 
velocity could depend on time though we can prove that v2

mg — 1/2 in flat 
spacetime suggesting that it may be a reasonable assumption to take it to 
be roughly constant even in the expanding universe. However, we can derive 
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an equation for vrms by differentiating eq. (81) with respect to time and 
then using the equation of motion. This gives 

(1 vrms) 
k 
— — 2Hvrrns (86 ) 

where k is a parameter (the "momentum parameter") related to the typical 
radius of curvature of the strings. The second term gives the redshifting of 
the velocity due to Hubble exp s ion while the first describes the change in 
the velocity due to the tension in t the strinj?» 

Equation (82) and (86) are the one scale model equations for the string 
network. These equations depend on the chopping efficiency c (or c) and the 
momentum parameter k that need to be specified. The practice has been to 
use the values found in numerical simulations. Martins and Shellard [8] give 

c = 0.23 ± 0.04 (87) 

and a velocity dependent value of k 

. , , 2\f2 1 — Bvs 

k(v) = —r (88) w TT l + 8v6 v J 

4 Cosmological c orxst 1*9. mis s and signatures 

Numerical evidence suggests that the density of strings scales with the ex-
pansion of the universe and so we have: p ~ (i/t2. Compared to the critical 
density in a radiation- or matter-dominated universe pc ~ 1/Ct^ ^ the string 
density is at least a factor ~ G ft smaller at all times. So the strings never 
come to dominate the universe. 

4.1 C M B and P(k) 

The energy-momentum of the network of strings causes perturbations in 
the metric which can introduce fluctuations in the cosmic microwave back-
ground. The metric produced by a straight string is conical with deficit angle 
8TrGjj, and photons arriving to us from either side of a moving string have a 
temperature difference of ~ 8wGpv where v is the velocity component of the 
string transverse to the direction of propagation of the photons. Therefore, 
on dimensional grounds, the CMBR anisotropy produced by strings is: 

- 8 IRGP ( 89 ) 
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which for GUT strings is about what is observed. 
Several sophisticated calculations of the CMBR anisotropy induced by 

strings have been done. I would like to draw a distinction between some 
of the analyses that have been done for global strings and others that have 
been done for local strings. Here I will only discuss the specific analysis done 
by Pogosian and me of CMBR anisotropics produced by local strings [9j. 

First of all we need to find the energy-momentum tensor of the string 
network as it evolves over time. For this we adopt a model first developed by 
Albrecht, Battye and Robinson [10]. The string network at any time is taken 
to be a. gas of straight string segments of length L and moving with velocity 
vrm$. Then we evaluate the energy-momentum tensor of the network. For 
the evolution, we follow the one-scale model described earlier. A tricky part 
of the problem is to allow some of the strings to decay. This is done by 
eliminating some of the segments with time in such a way as to preserve 
the scaling form of the string energy density. Once the energy-moment urn 
of the string network is obtained, we feed it into the program CMBl«AST to 
evaluate the anisotropy and also the power spectrum of density fluctuations. 

Some of the results are shown in Fig. 2. (I am assuming that you have 
already been introduced to the theory behind the microwave background 
measurements.) Clearly there is only one Doppler peak and it occurs at 
I ~ 400 and this does not agree with observations. 

It is known that larger values of O bring down the position of the Doppler 
peak. So Pogosian has recently investigated local strings in a closed model 
[11]. The result that the peak position only scales as Q - L o S would seem to 
imply that we would need to go to 0 ** 8 in order to bring down the peak 
position by a factor of two or so. However, this result does not apply to 
perturbation sources such as cosmic strings where the anisotropy is affected 
by the gravitational potentials produced after last scattering. Simulations by 
Pogosian [11] show that the peak position shifts to I ~ 200 for £2 ~ 1.3 (see 
Fig. 3). Furthermore, the closest fit to the data occurs for GP = 1 — 2 x 10 - 6 . 
While this matches the GUT scale, the poor fit to the data means that 
GUT strings cannot be solely responsible for producing the required density 
inhornogeneities. 

4.2 Gravitat ional wave background 

When local strings oscillate at very low frequencies, they can only radiate 
very low energy particles. Frequencies set by cosmic scales are ~ l f t and 
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Figure 2: The spectrum of microwave background fluctuations for the network of wiggly 
strings with L = 0,1, The solid and dotted lines correspond to two values of the network 
parameters. The observations with error bars are also shown, 

the only known particles that can be radiated are massless - photons and 
gravitons. (Neutrinos are assumed to have a non-zero mass.) Generally the 
(local) strings are made of neutral fields and hence do not radiate signif-
icantly in photons 2. Then the primary decay channel for strings is into 
gravitons 

To estimate the power emitted in gravitational radiation by a string loop 
of length L. it is most convenient to use the quadrupole formula. The only 
dimensional parameters available to us are G, ß and L. However, we know 
that the power loss into gravitational waves is proportional to one factor 
of G and two factors of U since the power is the square of the quadrupole 
moment. Now since the power has dimensions of mass squared, we must 
have 

P - Gß2 (90) 

and the length of the loop drops out from the estimate. In the cosmic 
2If the strings are superconducting they may carry electrical charges and currents, and 

then they would lose energy by emitting photons, 
3Global string loops decay primarily by emitting Goldstone bosons. 
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Figure 3: As in Pig. 2 but for a closed universe with fi — 1.3. See the article by Pogosian 
[11] for fuller account of the parameters used and the underlying assumptions. 

scenario we are interested in the average gravitational energy emitted per 
unit time by all strings. So we write: 

where T is a numerical factor. By examining the power emitted by many 
different loops, one finds r ~ 100 [12]. 

To find the present gravitational wave background amplitude and spec-
trum one needs to sum over all strings in the network, include appropriate 
redshift factors etc.. The final result is [13]: 

where v is a parameter that sets the amplitude for the number density of 
loops and 4/3 < ß « 2 is a parameter that characterizes the typical spec-
trum of gravitational radiation emitted by loops, to is the present epoch. 
The peak of the spectrum is at 

P = TGfi2 (91) 

(92) 

Upeak ~ r G / r f o • (93) 
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The strongest constraints on the amplitude of the gravitational wave 
background änsc from the tlining of the millisecond pulsär» Iii 1993 the 
constraint was: 

Qg < 4 x 1 ( r 7 f r 2 (94) 

The constraint gets more stringent the Ion ger the millisecond pulsar is ob-
served without encountering noise in its timing. Today the constraint would 
be slightly stronger than in 1993. In terms of Gu, this gives 

G/i < 4 x 1CT5 (95) 

The emission of gravitational radiation from strings also contributes to 
the energy density prior to nucleosynthesis. If the gravitational radiation 
contribution to the content of the universe exceeds about 5% , it will interfere 
unacceptably with DBN. This g ives another constraint on the parameter G/i 
that is slightly better, though comparable to, the one in eq. (95). 

4.3 Gravitat ional lensing 

Spacetime distortions due to cosmic strings would lead to g ravitational lens™ 
ing of background sources. The angular separation of images can be deduced 
from the value of the conical deficit angle to be: 

5<ß = 8tt G p ^ — (96) 
d> "I- i 

where d is the distance between the source and the string and I is the distance 
between string and observer. This leads to an m i a ge separation of about 5 
arc sec from GUT strings and is quite large by astronomical standards. 

In. 1t xally it was thought that a string would produce a line of lensed 
images of sources and this would be a unique signature. However, since the 
strings are wiggly, this conclusion is no longer obvious. Instead one needs to 
examine the lensing of sources due to a more realistic f j stoii£< 'I'his 
was done by de Laix et. al [14] and the results are shown in Fig. 4. 

4.4 Other signatures 

Cosmic strings and other topological defects have been considered as sources 
for ultra high energy cosmic rays and gamma ray bursts. 
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Figure 4: The projection of a long wiggly string on the sky is shown together with a 
variety of point sources (hatched circles). The images of the point sources are shown as 
unfilled circles. 

5 Zero modes and superconduct ing str ings 

The interaction of fermions with strings can often lead to "zero modes" i.e. 
zero energy solutions to the Dirac equation in the string background. If these 
fermions cany electric charge, electric fields along the string (equivalent ly, 
string motion through a magnetic field) can produce electric currents on the 
string which will persist even when the electric field is turned off. Hence 
such strings are said to be "superconducting". 

The current on a superconducting string depends on the initial current 
on it at formation and also on the flux of magnetic field that it has traversed. 
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The motion of the current carrying string leads to electromagnetic radiation 
that can dissipate the string energy. At the same time, the electromagnetic 
radiation can cause spectral distortions in the cosmic microwave background. 
This places constraints on the density of superconducting strings in the early 
universe and also the amount of current on them if they exist. 

6 Magnetic monopoles 

6.1 Topology: TT2 

Magnetic monopoles are formed when the vacuum manifold has incontractable 
two spheres. The relevant homotopy group is ^ ( G / H ) . As discussed in the 
string case, if ^ ( G ) = 1 = TTI (£?), then 

ir2(G/H) = m{H) . (97) 

Hence we get magnetic monopoles whenever the unbroken group contains 
incontractable paths. We know that today the unbroken group contains the 
U(l) electromagnetic gauge symmetry which contains incontractable paths. 
Hence, any GUT predicts magnetic monopoles. 

8.2 Example: SU(2) 

The 't Hooft-Polyakov monopole is based on an SU(2) model: 

L = + liD^)2 - F (# ) , (98) 

where # is an SU(5) adjoint scalar field, X^ (a = 1,..., 24) are the gauge 
field strengths and the covariant derivative is defined by: 

1 ) ^ = 0 ^ ' k\X,,.*>]" (99) 

and the group generators are normalized by Tr(TaT§) = <5â /2. Once # 
acquires a VEV, the symmetry is broken down to U(l), consisting of SU(2) 
rotations that leave # invariant. 

It is possible to give a Bogomolnyi type derivation of the monopole so-
lution in the case that the potential vanishes i.e. F ( # ) = 0. The explicit 
solution in spherical coordinates is [15]: 
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W? - >.",;( r , ( l s i n h ( C r ) ) -(<M,i - 1,2,3) , (101) 

This V = 0 monopole is referred to as the Bogomolnyi- Prasad-Sommerfield 
(BPS) monopole. For I" / U. the profile functions can be found numerically. 

The mass of the BPS monopole also follows from the Bogomolnyi analysis 
and is: 

4TT 
M = wv (102) 

where mv is the mass of the massive vector bosons after symmetry breaking. 
In terms of the vacuum expectation value rj of # , my = erj. 

6.3 Electroweak monopoles 

The standard electroweak model does not contain the suitable topology to 
have magnetic monopole solutions. This is because ttj (G) ^ 1 and the 
incontractable loops in the unbroken U(l) are also incontractable in G. Yet, 
as originally discovered by Nambu [16], the model does contain magnetic 
monopoles that are confined by strings. (This is closely analagous to the 
picture of quarks being confined by QCD strings.) 

The standard model has a doublet # , SU(2) gauge fields and the 
hypercharge gauge field Yß. The SU(2) and U(l) coupling constants are 
denoted by g and g1 and the vacuum expectation value of # is denoted by 
f]. The weak mixing angle 9W is defined via tan 9W = g'jg. The asymp-
totic configuration of the electroweak monopole can be written in spherical 
coordinates (with r —¥ oo) as: 

# = 4 f c T i f / 2 U (loa) 
y/2 \sm(9/2)ef J x f 

= -eabcnbdi3,n
c + i cos 2 dwna(& - # ) (104) 

g% = -i sin2 dp* - #) (105) 

where 
= 

Note that the configuration has a singularity along the negative z axis -
the lower component of # is not single-valued here. This is the location of a 
real string. As described in Sec. 3.3, this string is the semilocal string when 
$w = tt/2 and the electroweak Z-string for general 9W. 
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The electroweak monopole is not a. static .volution of the equations of 
motion but only a field configuration. One way to see this is that to note 
that the string is pulling on the monopole and this unbalanced force will 
tend to accelerate the monopole and to shorten the string. Eventually the 
monopole will annihilate the antimonopole at the other end of the string. 
However this fact may not diminish the importance of the monopole - the 
important aspect to consider is the lifetime of the electroweak monopole and 
antimonopole and to evaluate if they can lead to some jKh jp C?r 1 Xi. d l S lg II 
I mes [18]. At the moment, it sééû t s unlikely that the electroweak monopole 
can survive long enough to be seen in accelerator experiments though this 
issue needs further exploration. 

6.4 SU(5) monopoles 

The Grand Unified symmetry breaking 57/(5) —> [57/(3) x 577(2) x U(l)]/Zß 
leads to topological magnetic monopoles. The magnetic monopoles in this 
model have been constructed [17]. Here I will not go into the details of 
the construction. Instead I will only point out an interesting feature of the 
spectrum of stable magnetic monopoles. 

The winding one monopole in the model has SU(3), SU(2) and U(l) 
charges. Then one can construct higher winding monopoles by assembling 
together unit winding monopoles. In some cases, the assembly will be stable 
while in other cases the higher winding monopole will be unstable to decay-
ing into lower winding monopoles. It turns out that, for a broad range of 
parameters, the stable monopoles are the winding ±1, ±2, ±3, ±4, and ±6 
monopoles. The magnetic charges on these can be calculated. As shown in 
Table II an interesting feature is that the known quarks and leptons have 
precisely the same spectrum of charges in the electric sector! This observa-
tion has led to the possibility that it might be possible to understand the 
fundamental particles as magnetic monopoles [18]. 

6.5 Cosmology of monopoles 

Once magnetic monopoles are produced at a phase transition in the early uni-
verse, their energy density will redshift like pressureless matter prn oc l/aA. 
T ti. e r ad lät ion i ed s Ii ift s as p j oc I /o 4 . Hence magnetic monopoles will start 
dominating the universe at some epoch. The exact epoch of domination 
will depend on the details of monopole formation and their evolution. How-
ever, even if we assume one monopole per causal horizon at formation, GUT 
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Table 2: The quantum numbers (ng, n3 and n 1) on stable SU(5) monopoles 
are shown and these correspond to the SU(3), SU(2) and E/(l) charges on 
the corresponding standard model fermions shown in t he n^ht »most column « 

n n8f 3 nz/2 n 1/6 
"j" 1 1/3 1/2 1/8 («, d)L 
-2 1/3 0 -1/3 dR 
-3 0 1/2 -1/2 {v, e)L 
+4 1/3 0 2/3 UR 
-6 0 0 -1 

monopoles would have started dominating well before big bang nucleosyn-
thesis ̂  which . is clearly in conflict with observations [19, 20], 

Another bound on the monopole density arises from the observation that 
galaxies have magnetic fields that would accelerate any magnetic monopoles 
that are present. In this way the monopoles would dissipate the magnetic 
field. This "Parker bound" leads to a constraint that is stronger than the 
cosmological constraint for lighter monopoles [21], 

The present constraints on monopoles imply that magnetic monopoles 
must be more massive than about 1010 GeV if they are to be present in 
cosmology. For certain types of monopoles (eg. those that catalyse proton 
decay), the constraints from stellar physics can be much stronger. 

The constraint s on magnetic monopoles are clearly in conflict with the re-
sult that the GUT phase transition must have produced magnetic monopoles. 
Hence either the GUT philosophy is incorrect, or the standard FRW cos-
mology is incorrect. The popular solution to the monopole over-abundance 
problem is that the standard cosmology should be modified to include an in-
flationary phase of the universe. Then the monopole producing GUT phase 
transition occurs during the inflationary stage and any monopoles that were 
produced are rapidly diluted to insignificant densities. Other possible solu-
tions are to (i) modify particle physics such that the monopoles get connected 
by strings and then annihilate, [22] (ii) never have an epoch where the Grand 
Unified symmetry is restored [23], and (iii) produce domain walls that sweep 
away the monopoles [2], 
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7 Further reading 

The topological defects literature is vast and the citations have not done 
justice to all the work that has been done. Fortunately a number of excellent 
review articles and books have been written that can be a guide to the 
original literature. Here are some of these articles: 

• "Solitons and Particles", eds. C. Rebbi and G. Soliani (World Scien-
tific, Singapore, 1984). This is an invaluable resource for learning the 
subject and for reading most of the classic papers on the field theoretic 
aspects. 

» "Cosmic Strings and Other Topological Defects", A. Vilenkin and 
E.P.S. Shellard, Cambridge University Press (1994). This is a com-
prehensive description of the field. 

• M.B, Hindmarsh and T.W.B. Kibble, Rept. Prog. Phys. 58, 477 
(1995). An excellent discussion of the many different facets of cosmic 
st rm^s * 

• P. Goddard and D. I. Olive, Rep. Prog. Phys. 41 1357-1437 (1978). 
A classic on magnetic monopoles. 

• S. Coleman, "The magnetic monopoles, fifty years later", in: The 
Unity of Fundamental Interactions, ed A. Zichichi (Plenum, London, 
1983). Another classic. 

• J. Preskill, "Vortices and monopoles", in: Architecture of Fundamental 
Interactions at Short Distance, eds P. Ramond and R. Stora (Elsevier, 
1987). And yet another. 

• "Semilocal and Electroweak Strings", A. Achucarro and T. Vachaspati, 
Phys. Rep. 327, 347 (2000). 

• "Aspects of 3He and the Standard Electroweak Model", G.E, Volovik 
and T. Vachaspati, Int. J. Mod, Phys, B1Ö 471-521 (1996). A review 
of topological defects in He-3 with a particle physics connection. 
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A b s t r a c t 

A general overview of neutrino physics and astrophysics is given, 
starting with a historical account of the development of our under-
standing of neutrinos and how they helped to unravel the structure of 
the Standard Model. We discuss why it is so important to establish 
if neutrinos are massive and introduce the main scenarios to provide 
them a mass. The present bounds and the positive indications in favor 
of non-zero neutrino masses are discussed, including the recent results 
on atmospheric and solar neutrinos. The major role that neutrinos 
play in astrophysics and cosmology is illustrated. 
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1 The neutrino story 

1.1 The hypothetical particle 

One may t race back the appearance of neut r inos in physics to the discovery of 
radioactivity by Becquerel one century ago. W h e n t h e energy of the electrons 
(beta rays) emit ted in a radioactive decay was measured by Chadwick in 
1914, it t u rned out to his surprise to be continuously dis t r ibuted. Th i s 
was not to be expected if the under lying process in the be t a decay was t h e 
t r ansmuta t ion of an element X in to another one X' wi th the emission of 
an electron, i.e. X —> X' + e, since in t ha t case the electron should b e 
monochromatic . The si tuat ion was so puzzling t h a t Bohr even suggested 
tha t the conservation of energy may not hold in t h e weak decays. Another 
serious problem with the 'nuclear models ' of the t ime was the belief t h a t 
nuclei consisted of protons and electrons, the only known part icles by then . 
To explain the mass and the charge of a nucleus it was t hen necessary t ha t it 
had A pro tons and A — Z electrons in it. For instance, a 4 He nucleus would 
have 4 pro tons and 2 electrons. Notice t h a t this to ta l of six fermions would 
make the 4 H e nucleus to be a boson, which is correct. However, the problem 
arouse when this theory was applied for instance to 1 4N, since consisting 
of 14 protons and 7 electrons would make it a fermion, bu t the measured 
angular momen tum of the ni trogen nucleus was 7 = 1 . 

The solution to these two puzzles was suggested by Paul i only in 1930, 
in a famous letter to the 'Radioact ive Ladies and Gent lemen ' gathered in a 
meeting in Tubingen, where he wrote: 'I have hit u p o n a despera te remedy 
to save the exchange theorem of s tat is t ics and the law of conservation of 
energy. Namely, the possibility t h a t there could exist in nuclei electrically 
neutral particles, tha t I wish to call neutrons , which have spin 1 /2 ...'. These 
had to be not heavier than electrons and interact ing not more strongly t h a n 
gamma rays. 

W i t h this new paradigm, the ni t rogen nucleus became 1 4 N = 14p + 7e + 
7 'n ' , which is a boson, and a b e t a decay now involved the emission of two 
particles X X' + e + 'n\ and hence the electron spec t rum was continuous. 
Notice t ha t no particles were created in a weak decay, b o t h the electron and 
Pauli 's neu t ron 'n ' were already present in t h e nucleus of t h e element X , 
and they jus t came out in the decay. However, in 1932 Chadwick discovered 
the real 'neutron ' , wi th a mass similar to t ha t of t h e p ro ton and being the 
missing bui lding block of the nuclei, so t h a t a ni t rogen nucleus finally became 
jus t 1 4 N = 7p + 7n, which also had the correct bosonic stat ist ics. 
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In order to account now for the b e t a spec t rum of weak decays, Fermi 
called Paul i ' s hypote t i sed particle the neu t r ino (small neut ron) , v, and fur-
the rmore suggested t ha t the fundamen ta l process underlying b e t a decay was 
n —> p+e + u. He wrote [1] the basic interact ion by analogy wi th the interac-
t ion known at t h e t ime, the QED, i.e. as a vector x vector current interaction: 

This in terac t ion accounted for the continuous b e t a spect rum, and from the 
measured shape a t the endpoint Fermi concluded tha t m v was consistent 
wi th zero and h a d to be small. The Fermi coupling G p was es t imated 
f rom the observed lifetimes of radioactive elements, and a rmed with this 
Hami l ton ian Be the and Peierls [2] decided to compute the cross section for 
the inverse b e t a process, i.e. for u + p —> n + e + . which was the relevant 
react ion to a t t e m p t the direct detection of a neutr ino. T h e result , a = 
A(Gp/ir)peEe ~ 2.3 x 1 0 ~ 4 4 c m 2 ( p e E e / m ? e ) was so t iny t h a t they concluded 
'... Th i s meant t h a t one obviously would never be able to see a neutr ino. ' . 
For instance, if one computes the mean free p a t h in water (with density n ~ 
1 0 2 3 / c m 3 ) of a neu t r ino with energy E„ — 2.5 MeV, typical of a weak decay, 
the result is À = I/no ~ 2.5 x 1020 cm, which is 107AU, i.e. comparable t o 
the thickness of t h e Galactic disk. 

I t was only in 1958 t ha t Reines and Cowan were able t o prove t ha t 
Be the and Peierls had been too pessimistic, when they measured for the 
first t ime the interact ion of a neutr ino th rough the inverse b e t a process [3]. 
Their s t ra tegy was essentially tha t , if one needs 1020 cm of water to s top a 
neutr ino, having 1020 neutrinos a cm would be enough to s top one neutr ino. 
Since a f te r the second war powerful reactors s ta r ted to become available, and 
taking into account t ha t in every fission of an u ran ium nucleus the neut ron 
rich f ragments b e t a decay producing typically 6 v and l iberat ing ~ 200 MeV, 
it is easy to show t h a t the (isotropic) neut r ino flux at a reactor is 

Hence, placing a few hundred liters of water (with some C a d m i u m in it) 
near a reactor they were able to see the produc t ion of posi t rons ( through 
the two 511 keV 7 p roduced in their annihi la t ion with electrons) and neu-
t rons ( through t h e delayed 7 f rom the neu t ron capture in Cd) , wi th a ra te 
consistent wi th t h e expectat ions f rom the weak interactions of the neutrinos. 
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1.2 The vampire 

Going back in t ime again to follow the evolution of the theory of weak 

interact ions of neutr inos, in 1936 Gamow and Teller [4] noticed tha t the 

V x V Hami l ton ian of Fermi was probably too restrictive, and they suggested 

the general izat ion 

Hgt = £ Gi\pOin][ëOV] + h.c., 
i 

involving t h e operators Oi = 1, 7;x, 7^75, 75, corresponding to scalar 

(5) , vector ( F ) , axial vector (A), pseudoscalar (P ) and tensor (T) currents. 

However, since A and P only appeared here as A x A or P x P, the in-

teract ion was par i ty conserving. The s i tuat ion became unpleasant , since 

now there were five different coupling constants Gi to fit wi th experiments , 

bu t however this s tep was required since some observed nuclear t ransi t ions 

which were forbidden for the Fermi interaction became now allowed with its 

general izat ion ( G T transi t ions) . 

T h e s tory became more involved when in 1956 Lee and Yang suggested 

t ha t par i ty could be violated in weak interactions[5]. This could explain why 

the part icles t he t a and t a u had exactly the same mass and charge and only 

differed in t h a t the first one was decaying to two pions while the second to 

three pions (e.g. to s tates wi th different pari ty) . The explanat ion to the 

puzzle was t h a t the © and r were jus t the same particle, now known as 

the charged kaon, bu t the (weak) interaction leading to its decays violated 

parity. 

Par i ty violation was confirmed the same year by Wu [6], s tudying t h e 

direction of emission of the electrons emit ted in t h e be ta decay of polarised 
6 0 Co. T h e decay r a t e is propor t ional to 1 -f aP • pe. Since the Co polar-

ization vector P is an axial vector, while the unit vector along the electron 

m o m e n t u m p e is a vector, their scalar product is a pseudoscalar and hence 

a non-van ish ing coefficient a would imply pari ty violation. T h e result was 

t h a t electrons preferred to be emi t ted in the direction opposi te to P , and 

the measured value a ~ —0.7 had then profound implications for the physics 

of weak interact ions. 

T h e general izat ion by Lee and Yang of the Gamow Teller Hamil tonian 

was 

HLY = Yi]pOIN\[ëOi(Gi + G'A 5)1/] + h.c.. 
i 

Now t h e presence of te rms such as V x A or P x S allows for par i ty violation, 
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but clearly the si tuat ion became even more unpleasant since there are now 
10 couplings (G{ and G\) to determine, so t ha t some order was really called 
for. 

Soon the br ight people in the field realized t h a t the re could be a simple 
explanat ion of why pari ty was violated in weak interact ions, t he only one 
involving neutr inos, and this had jus t to do wi th the n a t u r e of the neutr inos . 
Lee and Yang, Landau and Salam [7] realized t ha t , if t he neu t r ino was 
massless, there was no need to have b o t h neu t r ino chirality s ta tes in t h e 
theory, and hence the handedness of the neut r ino could b e the origin for the 
par i ty violation. To see this, consider the chiral pro jec t ions of a fermion 

We note t h a t in the relativistic limit these two projec t ions describe left-
and r ight -handed helicity s tates (where the helicity, i.e. t he spin projec t ion 
in the direct ion of motion, is a constant of mot ion for a free part icle) , bu t 
in general an helicity eigenstate is a mixture of the two chiralities. For a 
massive particle, which has to move wi th a velocity smaller t h a n the speed 
of light, it is always possible to make a boost to a sys tem where the helicity 
is reversed, a n d hence the helicity is clearly not a Lorentz invariant while 
the chirality is (and hence has the desirable proper t ies of a charge to which 
a gauge boson can be coupled). If we look now to the equat ion of mot ion for 
a Dirac part icle as the one we are used to for the descript ion of a charged 
massive part ic le such as an electron ((iß — m)^ — 0), in t e rms of the chiral 
project ions this equation becomes 

= m f f i 

ip^R = m^L 

and hence clearly a mass t e rm will mix the two chiralities. However, f rom 
these equat ions we see tha t for m = 0, as could be t h e case for t h e neu-
trinos, t he two equations are decoupled, and one could wr i te a consistent 
theory using only one of the two chiralities (which in this case would coin-
cide wi th the helicity). If the Lee Yang Hami l ton ian were jus t to depend 
on a single neut r ino chirality, one would have then G, = ± G ' and par i ty 
violation would indeed be maximal. Th i s s i tuat ion has been described by 
saying t ha t neutr inos are like vampires in Dracula ' s stories: if they were to 
look to themselves into a mirror they would be unable t o see their reflected 
images. 
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T h e a c t u a l helici ty of the n e u t r i n o was measu red by G o l d h a b e r et al. 

[8]. T h e expe r imen t consis ted in observing t h e K-e l ec t ron c a p t u r e in l o 2 E u 

(J = 0) which p r o d u c e d 1 5 2 Sm* ( J = 1) plus a neu t r ino . T h i s exci ted 

nucleus t h e n decayed in to 1 5 2 S m (J = 0) + 7 . Hence t h e measu remen t of t h e 

po la r iza t ion of the p h o t o n gave t h e requi red in fo rma t ion on t h e helicity of 

t h e n e u t r i n o e m i t t e d initially. T h e conclusion was t h a t ' . . .Our resul ts seem 

compat ib le w i t h ... 100% negat ive helicity for t h e neu t r inos ' , i.e. t h a t t h e 

neu t r inos a re l e f t -handed part icles . 

Th i s paved the r o a d for t h e V — A theory of weak in terac t ions advanced 

by F e y n m a n a n d Gell M a n n , and Marshak and S o u d a r s h a n [9], which s t a t e d 

t h a t weak in te rac t ions only involved vector and axia l vector cur ren ts , in t h e 

combina t ion V — A which only allows t h e coupl ing t o l e f t -handed fields, i.e. 

Jß = ËLlpVL + nLlnPL 

wi th H = (GF/V%) J j Jß. Th i s in terac t ion also p red ic ted t h e exis tence of 

pure ly lep tonic weak charged currents , e.g. v + e —v + e, to b e exper imen-

tal ly observed much l a t e r 1 . 

T h e cu r ren t involving nucléons is ac tua l ly not exac t ly tx 7^ (1 —75) (only 

t h e in te rac t ion at t h e q u a r k level has th i s form), b u t is ins tead oc 7 ^ ( g y — 

g Alb)- T h e vector coupl ing r ema ins however unrenormal i sed (gy = 1) d u e 

t o the so-called conserved vector cur ren t hypothes i s (CVC) , which s t a t e s 

t h a t t h e vector p a r t of t h e weak hadron ic charged cur ren ts ( J f oc 1i'7AtT
±\&, 

w i th t h e ra is ing a n d lowering ope ra to r s in the isospin space = (p, n)) 

toge ther w i th t h e isovector pa r t of t h e e lec t romagnet ic current (i.e. t h e t e r m 

p ropo r t i ona l t o T3 in t h e decomposi t ion J ' f " oc 1Ï'7;,.(1 + t : î ) ,P) f o r m an isospin 

t r ip le t of conserved cur ren ts . O n the o the r hand , t h e axial vector had ron ic 

cur ren t is not p ro t ec t ed f r o m s t rong in te rac t ion renormal iza t ion effects a n d 

hence ÇA does not r e m a i n equal t o unity. T h e measured value, using for 

ins tance t h e l i fe t ime of t h e neu t ron , is g a = 1.26, so t h a t a t t h e nucleonic 

level t h e charged cur ren t weak in terac t ions are ac tua l ly "V — 1.26A". 

W i t h t h e presen t u n d e r s t a n d i n g of weak interact ions , we know t h a t t h e 

clever idea t o expla in par i ty viola t ion as due to t h e non-exis tence of one 

•'A curious fact was tha t the new theory predicted a cross section for the inverse beta 
decay a factor of two larger than the Bethe and Peierls original result, which had already 
been confirmed in 1958 to the 5% accuracy by Reines and Cowan. However, in a new 
experiment in 1969, Reines and Cowan found a new value consistent with the new pre-
diction, what shows that many times when the experiment agrees with the theory of the 
moment the errors tend to be underestimated. 
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of the neut r ino chiralities ( the r ight-handed one) was completely wrong, 

a l though it lead to ma jo r advances in the theory and u l t imate ly to the correct 

interaction. Today we under s t and tha t t h e par i ty violation is a proper ty of 

the gauge boson (the W) responsible for the gauge interact ion, which couples 

only to t h e lef t -handed fields, and not due to t h e absence of r ight -handed 

fields. For instance, in the quark sector b o t h left a n d right chiralities exists, 

bu t par i ty is violated because the r ight -handed fields are singlets for the 

weak charged currents. 

1.3 The trilogy 

In 1947 the muon was discovered in cosmic rays by Anderson and Nedder-

meyer. Th i s part icle was jus t a heavier copy of the electron, and as was 

suggested by Pontecorvo, it also had weak interact ions p + p —» n + v wi th 

the same universal s t rength GF. Hincks, Pontecorvo and Steinberger showed 

t ha t the muon was decaying to three particles, p. —> evv, and the question 

arose whether the two emit ted neutr inos were similar or not . It was then 

shown by Feinberg [10] tha t , assuming the two part icles were of the same 

kind, weak interactions couldn ' t be media ted by gauge bosons (an hypothe-

sis suggested in 1938 by Klein). T h e reasoning was t h a t if t h e two neutr inos 

were equal, it would be possible to join t h e two neut r ino lines and a t t ach 

a pho ton to the vir tual charged gauge boson (W) or to t h e external legs, 

so as to generate a diagram for the radiat ive decay p —» eq. T h e result ing 

branching ra t io would be larger t h a n H P 5 and was hence a l ready excluded 

at t ha t t ime. This was probably the first use of ' rare decays' to constrain 

the propert ies of new particles. 

T h e correct explanat ion for the absence of the radia t ive decay was pu t 

forward by Lee and Yang, who suggested t h a t the two neut r inos emit ted in 

the muon decay had different flavour, i.e. p — e + ve + uß, and hence it 

was not possible to join the two neut r ino fines t o draw the radiat ive decay 

diagram. Th i s was confirmed at Brookhaven in t h e first accelerator neut r ino 

experiment [11]. They used an almost pure beam, someth ing which can 

be obtained f rom charged pion decays, since the V — A theory implies t ha t 

r(?r —> l+V() oc m | , i.e. this process requires a chirality flip in t h e final lepton 

line which strongly suppresses the decays 7r —ï e + De. P u t t i n g a detector in 

front of this b e a m they were able to observe the process v + p —> n + p+, bu t 

no produc t ion of positrons, wha t proved t h a t t h e neut r inos produced in a 

weak decay in association wi th a muon were not the same as those produced 
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in a b e t a decay (in associat ion wi th an electron). Notice t h a t a l though 

the neu t r ino fluxes are much smaller at accelerators t h a n a t reactors, the i r 

higher energies make their de tec t ion feasible due t o the larger cross sections 

(a oc E2 for E <C mp, and a oc E for Ek, mp). 
In 1975 the r h i r d charged lep ton was discovered by Per l at SLAC, a n d 

being jus t a heavier copy of t he electron and the muon , it was concluded 

t ha t a t h i rd neu t r ino flavour h a d also to exist. T h e direct detect ion of 

the r neu t r ino has recently been announced by t h e D O N U T exper iment a t 

Fermilab, looking at the short r t racks produced by t he interact ion of a uT 

emit ted in t he decay of a heavy meson (containing a b quark) produced in a 

beam d u m p . Fur thermore , we know today t ha t t he number of light weakly 

interact ing neut r inos is precisely th ree (see below), so t ha t t he prol i fera t ion 

of neut r ino species seems to be now under control. 

1.4 The gauge theory 

As was j u s t ment ioned, Klein h a d suggested t ha t t he short range charged 

current weak interact ion could be due to the exchange of a heavy charged 

vector boson, t he W±. This boson exchange would look at small m o m e n t u m 

transfers (Q 2 -C M 2
V ) as the non renormalisable four fermion interact ions 

discussed before. If the gauge interact ion is described by t he Lagrangian 

C = —(G/V2)JßWß + /i.e., f r o m the low energy l imit one can identify t h e 

Fermi coupling as GF = \ / 2 G 2 / ( 8 M Y V ) . In the sixties, Glashow, Salam a n d 

Weinberg showed t h a t it was possible to write down a unified descr ipt ion 

of electromagnetic and weak interact ions wi th a gauge theory based in t h e 

group SU(2)L x U(1)Y (weak isospin x hypercharge, wi th t h e electric charge 

being Q — T3 + Y), which was spontaneously broken a t the weak scale down 

to the electromagnet ic U ( l ) e m . Th i s (nowadays s t a n d a r d ) model involves 

the three gauge bosons in the ad jo in t of SU(2), V.'1 (with i = 1 ,2 ,3 ) , a n d 

the hypercharge gauge field B'1, so t h a t the s t a r t ing Lagrangian is 

£ = -9yt4vil-9'JÏB» + h.c., 
»=1 

with JL
ß = ^AL7ß{TI/2)^AL. T h e lef t -handed leptonic a n d quark isospin 

doublets are = ( v e i , e i ) and ('«/.. d i ) for t he first generat ion (and similar 

ones for t h e o ther two heavier generat ions) and t he r igh t -handed fields a re 

SU(2) singlets. T h e hypercharge current is obta ined by summing over b o t h 

left- and r igh t -handed fermion chiralities and is JJ" = Y.0, Y ^1 al/iA1 <>• 
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After the electroweak breaking one can identify the weak charged currents 

with J ± = J 1 ± i J 2 , which couple to the W boson W± = ( V 1 t iV2)/V2, 

and the two neu t ra l vector bosons V3 and B will now combine through a 

rotat ion by the weak mixing angle 9w (with tgOw = g'/g), to give 

{Aß\ / c0w s9w\(B,j,\ , , 

\ Z j \-s6w cQwJWïJ- [l> 

We see tha t the broken theory has now, besides the massless photon field 

Ap, an addi t ional neut ra l vector boson, the heavy . whose mass turns out 

to be related t o t he W boson mass through s 2 6 w — 1 ~ (M V y/ 'M|) . The 

electromagnetic and neutral weak currents are given by 

r e m TY i t3 
— J ji "i" J fi 

= Jß- s2dwJ^m, 

with the electromagnetic coupling being e = g sßw-

The great success of this model came in 1973 with the experimental 

observation of t he weak neutral currents using muon neutrino beams at 

C E R N (Gargamelle) and Fermilab, using the elastic process //;je. 

The semileptonic processes vN vX were also studied and the comparison 

of neutral and charged current rates provided a measure of the weak mixing 

angle. From the theoretical side t 'Hooft proved the renormalisability of 

the theory, so t h a t the computat ion of radiat ive corrections became also 

meaningful. 

T h e Hamil tonian for the leptonic weak interactions ve+£' —> can be 

obtained, using t he Standard Model just presented, from the two diagrams 

in figure 1. In t h e low energy limit (Q2 <C , M | ) , it is jus t given by 

HVtP = -|[i>/7p(l - 1h)vi][V-f{cLPL + cRPR)l'} 



Neutrino Astrophysics 215 

where t h e left and right couplings are cl = Sw + s26\y — 0.5 and cr = s20\y. 

T h e Se? t e r m in c i is due to the charged current diagram, which clearly 

only appear s when I = £'. On the other hand, one sees t ha t due to the 

B component in the Z boson, t h e weak neutra l currents also couple to the 

charged lepton r ight -handed chiralities (i.e. CR 7= 0). This interaction leads 

to the cross section (for Ep rrif ) 

2 G2 

o{u + £ ->- v + i) = ——m^E, 
r2 

and a similar expression wi th c i -H- CR for ant ineutr inos. Hence, we have 

the following relations for the neut r ino elastic scatterings off electrons 

o(i>ee) ~ 9 x 10"44cm2 ( 1 Q ^ e V j - 2.5o(Pee) ~ 6o(v^ T e ) ~ 7<r(i/^lTe). 

Regarding the angular d is t r ibut ion of the electron m o m e n t u m with respect to 

the incident neut r ino direction, in the center of mass system of the process 

do(vee)/dcos6 oc 1 + 0.1[(1 + cos0) /2] 2 , and it is hence almost isotropic. 

However, due to the boost to the laboratory system, there will be a significant 

correlat ion between the neut r ino and electron momenta for Ev ^>MeV, and 

this actual ly allows to do as t ronomy with neutrinos. For instance, water 

Cherenkov detectors such as Superkamiokande detect solar neutr inos using 

this process, and have been able to reconstruct a picture of the Sun wi th 

neutr inos . It will t u r n also to be relevant for the s tudy of neutr ino oscillations 

t h a t these kind of detectors are six times more sensitive to electron type 

neutr inos t h a n to the other two neutr ino flavours. 

Considering now the neutr ino nucléon interactions, one has at low ener-

gies (1 M e V < E„ < 50 MeV) 

G2 

a{uen pe) ~ a{vep ne+) ~ —£c29c(9v + 
7r 

where we have now introduced t h e Cabibbo mixing angle 9c which relates, 

if we ignore the th i rd family, the quark flavour eigenstates q° to the mass 

eigenstates q, i.e. d° = c9cd+s6cs and s° = —sdcd+cOcs (choosing a flavour 

basis so t h a t the u p type quark flavour and mass eigenstates coincide). 

At E ^ 50 MeV, the nucléon no longer looks like a point-like object for 

the neutr inos , and hence the vector (vß) and axial (aß) hadronic currents 

involve now m o m e n t u m dependent form factors, i.e. 
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F i g u r e 2: Neutr ino nucléon and neutrino lepton cross sections ( the three lines correspond, 
from top to bo t tom, to the i>e and cross sections wi th electrons). 

where Fv(q2) can be measured using electromagnetic processes and the CVC 
relation Fy — — e a s difference between the proton 
and neut ron electromagnetic vector form factors). Clearly Fy (0 ) = 1 and 
FA{0) = 1.26, while F\\- is related to the magnetic moments of the nucléons. 
The q2 dependence has the effect of significantly flattening the cross section. 
In the deep inelastic regime, GeV, the neutr inos interact directly with 
the quark constituents. The cross section in this regime grows linearly with 
energy, and this provided an important test of the par ton model. T h e main 
characteristics of the neutrino cross section jus t discussed are depicted in 
figure 2. For even larger energies, the gauge boson propagators enter into 
the play (e.g. 1 j M ^ —> 1 /q 2 ) and the growth of the cross section is less 
pronounced above 10 TeV {a oc EÜM). 

The most important test of the s tandard model came wi th the direct 
production of the W± and Z gauge bosons at C E R N in 1984, and with 
the precision measurements achieved with t he Z factories L E P and SLC 
after 1989. These e+e~ colliders working at and around the Z resonance 
(s = M § = (91 GeV)2) turned out to be also crucial for neut r ino physics, 
since s tudying the shape of the e+e~~ - > / / cross section near the resonance, 

<JV(p'K|iV(p)> = ü(p')[lßFv + -L-a^FwHp) 

(N(p')\aß\N(p)) = ü{p')[lßlhFA + -H_qtlFP]u(p), 



Neutrino Astrophysics 217 

which has the Bre i t -Wigner form 

127rref7 s 
^ M| (s-M|)2 + M| r | ' 

it becomes possible to determine the to ta l Z w id th Tz- Th i s wid th is jus t 
the sum of all possible par t ia l widths , i.e. 

Tz = ^^ r Z ^ f f = f^is I'inv 
f 

The visible (i.e. involving charged leptons and quarks) w i d t h P,,,;., can be 
measured directly, and hence one can infer a value for the invisible wid th 
rinu. Since in the s tandard model this last arises f rom the decays Z — 
whose expected ra te for decays into a given neut r ino flavour is T ^ ^ p = 
167 MeV, one can finally obta in t h e number of neutr inos coupling to the 
Z as Nv = F , n , , / r y ^ T h e present best value for this quan t i ty is — 
2.9835±0.0083, giving then a s t rong suppor t to t h e three generat ion s t anda rd 
model. 

Going th rough the history of the neutr inos we have seen t h a t they have 
been extremely useful to under s t and the s t anda rd model . On t h e contrary, 
the s t anda rd model is of little help to unders tand the neutr inos. Since in the 
s tandard model there is no need for VR, neutr inos are massless in this theory. 
There is however no deep principle behind this (unlike the masslessness of 
the photon which is protected by the electromagnetic gauge symmetry) , 
and indeed in many extensions of the s t anda rd model neu t r inos t u r n out 
to be massive. This makes the search for non-zero neu t r ino masses a very 
impor tan t issue, since it provides a window to look for physics beyond the 
s tandard model. There are many other impor t an t quest ions concerning the 
neutrinos which are not addressed by the s t anda rd model, such as whether 
they are Dirac or Ma jo rana particles, whether lepton n u m b e r is conserved, 
if t he neut r ino flavours are mixed (like t h e quarks t h rough t h e Cab ibbo 
Kobayashi Maskawa matrix) and hence oscillate when they propagate , as 
many hints suggest today, whether they have magnet ic moments , if they 
decay, if they violate CP, and so on. In conclusion, a l though in t h e s t andard 
model neutr inos are a little bit boring, many of its extensions contemplate 
new possibilities which make the neut r ino physics a very exci t ing field. 
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2 Neutrino masses 

2.1 Dirac or Majorana? 

In the s t anda rd model, charged leptons (and also quarks) get their masses 

through their Yukawa couplings to the Higgs doublet field cf>T = (</>0, (f> ) 

—Cy = XL(j)*£R + h.c. , 

where LT = (v,£)L is a lepton doublet and £R an SU(2) singlet field. When 

the electroweak symmetry gets broken by the vacuum expectation value of 

the neut ra l component of the Higgs field (</>o) = i>/%/2 (with v = 246 GeV), 

the following 'Dirac ' mass term results 

-Cm = mt(ILlR + IRIL) = mtll, 

where RN,f = Xv/Y/2 and £ = + £R is the Dirac spinor field. This mass 

te rm is clearly invariant under the U(\) t ransformat ion £ -r exp(ia)^, which 

corresponds t o the lepton number (and actually in this case also to the 

electromagnetic gauge invariance). From the observed fermion masses, one 

concludes t h a t the Yukawa couplings range from Aj ~ 1 for the top quark 

up to Ae ~ 10 5 for the electron. 

Notice t h a t the mass terms always couple fields with opposite chiralities, 

i.e. requires a L R t ransit ion. Since in the s t andard model the right-

handed neutr inos are not introduced, it is not possible to write a Dirac mass 

term, and hence the neutr ino results massless. Clearly the simplest way to 

give the neu t r ino a mass would be to introduce the right-handed fields jus t 

for this purpose (having no gauge interactions, these sterile states would 

be essentially undetectable and unproducible). Al though this is a logical 

possibility, it has the ugly feature that in order to get reasonable neutrino 

masses, below the eV, would require unnatural ly small Yukawa couplings 

(À„ < 1 0 - u ) . Fortunately it turns out t ha t neutr inos are also very special 

particles in t h a t , being neutral , there are other ways to provide them a mass. 

Fur thermore, in some scenarios it becomes also possible to get a na tura l 

unders tanding of why neutr ino masses are so much smaller than the charged 

fermion masses. 

The new idea is tha t the left-handed neutr ino field actually involves two 

degrees of f reedom, the left-handed neutr ino associated wi th the positive be ta 

decay (i.e. emi t ted in association with a positron) and the other one being 

the r ight-handed 'anti ' -neutr ino emitted in the negative be ta decays (i.e. 
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emit ted in associat ion wi th an electron). It may then be possible to wri te 
down a mass t e r m using jus t these two degrees of f reedom and involving the 
required L R t ransi t ion. This possibility was first suggested by M a j o r a n a 
in 1937, in a p a p e r named 'Symmetr ic theory of the electron and posi t ron ' , 
and devoted mainly to the problem of get t ing rid of the negative energy sea of 
the Dirac equation[12]. As a side p roduc t , he found t ha t for neutra l particles 
there was 'no more any reason to presume the existence of antipart icles ' , and 
t ha t 'it was possible to modify t h e theory of be ta emission, b o t h positive and 
negative, so t h a t it came always associated wi th the emission of a neutr ino ' . 
T h e spinor field associated to this formaiism was t hen named in his honor a 
M a j o r a n a spinor . 

To see how this works it is necessary to in t roduce the so-called ant ipar-
ticle field, %jf = C'iJ>T = C'^ip*. The charge conjugat ion ma t r ix C has to 
satisfy C-y^C-1 = —7J, so tha t for instance the Dirac equat ion for a charged 
fermion in t h e presence of an electromagnetic field, (iß - e f t . — m)ip = 0 im-
plies t h a t ( i p + ef\ — m)ipc = 0, i.e. t ha t the ant ipart icle field has opposi te 
charges as t h e part icle field and the same mass. Since for a chiral project ion 
one can show t h a t (4>l)c = { P l ^ Y = P r ^ 0 = (tf>c)R, i-e- this conjuga-
t ion changes t h e chirality of the field, one has t ha t tpc is related to the CP 
conjugate of I/>. Notice tha t ('<'PL)c describes exactly the same two degrees 
of f reedom descr ibed by ip^, bu t somehow using a CP reflected formalism. 
For instance for t h e neutrinos, t he u i operator annihi lates the lef t -handed 
neutr ino and creates the r ight-handed ant ineutr ino, while the {VLY oper-
ator annihi la tes t h e r ight-handed ant ineutr ino and creates the lef t -handed 
neutr ino. 

We can t h e n now write the advert ised Ma jo rana mass term, as 

-CM = ^RNPZ(VLY + {VL)CVL]-

This mass t e r m has the required Lorentz s t ruc ture (i.e. the L -o- R t ransi-
tion) bu t one can see tha t it does not preserve any ?7{1) phase symmetry, 
i.e. it violates t h e so-called lepton number by two units. If we introduce 
the M a j o r a n a field U = VL + [VL)C, which under conjugat ion t ransforms into 
itself (vc = u) , t he mass t e rm becomes jus t Cm = —mvvj2. 

Up to now we have int roduced the Majo rana mass by hand, contrary 
to the case of t h e charged fermions where it arose f rom a Yukawa coupling 
in a spontaneous ly broken theory. To follow the same procedure wi th the 
neutr inos presents however a difficulty, because the s t andard model neutri-
nos belong to SU(2) doublets, and hence to wri te an electroweak singlet 
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F i g u r e 3: Example of loop diagram leading to a Majorana mass term in supersymmetric 
models with broken R parity. 

Yukawa coupling it is necessary to introduce an SU (2) t r iplet Higgs field A 

(something which is not part icularly at t ract ive) . T h e coupling £ oc LcoL • A 

would then lead to the Ma jo rana mass t e rm af ter the neu t ra l component 

of t h e scalar gets a VEV. Alternatively, the M a j o r a n a mass t e r m could be 

a loop effect in models where the neutr inos have lepton number violat ing 

couplings to new scalars, as in the so-called Zee models or in the supersym-

metr ic models wi th R par i ty violation (as i l lustrated in figure 3). These 

models have as interest ing features tha t the masses are na tura l ly suppressed 

by the loop, and they are at t ract ive also if one looks for scenarios where 

the neut r inos have relatively large dipole moments , since a pho ton can b e 

a t t ached to the charged particles in the loop. 

However, by far the nicest possibility to give neut r inos a mass is the so-

called see-saw model introduced by Gell Man, R a m o n d and Slansky and by 

Yanagida in 1979[13]. In this scenario, which na tura l ly occurs in grand uni-

fied models such as 5 0 ( 1 0 ) , one introduces the SU(2) singlet r ight -handed 

neutr inos. One has now not only the ordinary Dirac mass te rm, bu t also a 

M a j o r a n a mass for the singlets which is generated by the V E V of an SU(2) 

singlet Higgs, whose na tu ra l scale is the scale of breaking of the g rand unified 

group, i.e. in the range 1 0 1 2 1 0 , f i GeV. Hence the Lagrangian will contain 

The mass eigenstates are two Majorana fields wi th masses rriilflflt ~ m~D / M 

and rriheavy — M . Since m o / M -C 1, we see tha t mught <C m o , and hence 

the l ightness of the known neutr inos is here related t o t h e heaviness of the 

sterile s ta tes NR, as figure 4 illustrates. 

If we actually introduce one singlet neut r ino per family, the mass t e rms 

in eq. (2.1) are 3 x 3 matrices. Notice tha t if m p is similar to the up-

type quark masses, as happens in SO(fO) , one would have •uil,T ~ m l / M ~ 
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F i g u r e 4: The see-saw model: pushing one mass up brings the other down. 

4 eV(101 3 G e V / M ) . It is clear then t ha t in these scenarios t h e observation 
of neutr ino masses below the eV would point out to new physics at abou t 
the G U T scale. 

2.2 The quest for the neutrino mass 

Already in his original paper on the theory of weak interact ions Fermi had no-
ticed tha t the observed shape of the electron spec t rum was suggesting a small 
mass for the neutr ino. The sensitivity to m^ in the decay X —> X' + e + ve 

arises clearly because the larger m„, t h e less available kinetic energy remains 
for the decay products , and hence the m a x i m u m electron energy is reduced. 
To see this consider the phase space factor of t h e decay, dF oc d''pe(f'p,/ oc 
peEedEepvE1JdEv5(Ee +EV - Q), wi th the Q value being the to t a l available 
energy in t h e decay: Q ~ Mx — Mx> — me. This leads to a differential elec-
tron spectrum proportional to dT/dEe oc PeEe(Q - Ee)^{Q — Ee)2 — ml, 
whose shape near the endpoint (Ee ~ Q — rnv ) depends on rnu (actually 
the slope becomes infinite at t he endpoint for mu 0, while it vanishes for 
m„ = 0). 

Since the fract ion of events in an interval A E e a round the endpoint is 
~ ( A E e / Q ) 3 , to enhance the sensitivity to the neut r ino mass it is be t t e r to 
use processes wi th small Q-values, what makes the t r i t i um t h e most sensi-
tive nucleus (Q = 18.6 keV). Recent exper iments at Mainz a n d Troitsk have 
allowed to set the bound mVe < 2.2 eV[15], finally overcoming the previ-
ous s i tuat ion in which the results were giving systematical ly an unphysical 
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negative value for m 2
e , corresponding to a small electron excess near the end-

point . To improve this bound is qui te ha rd because t h e f rac t ion of events 
wi thin say 10 eV of the endpoint is already ~ 1 0 - 1 0 . 

Regard ing the muon neutr ino, a direct b o u n d on its mass can be set by 
looking to i ts effects on the available energy for the m u o n in the decay of a 
pion at rest , n+ —> fi+ + vß. F rom the knowledge of t h e 7r and //. masses, 
and measur ing the m o m e n t u m of the monochromat ic muon, one can get the 
neutr ino mass t h rough the relat ion 

T h e best b o u n d s a t present are rn„/; < 170 keV f rom PSI , and again they are 
difficult t o improve th rough this process since t h e neu t r ino mass comes f rom 
the difference of two farge quanti t ies. There is however a proposal to use the 
muon (g — 2) exper iment at BNL to become sensitive down to m v < 8 keV. 

Finally, t h e b o u n d on the vT mass is mL,r < 1 7 MeV and comes f rom 
the effects it has on the available phase space of the pions in the decay 
r —» 5TT -I- vT measured at LEP. 

To look for the electron neut r ino mass, besides the endpoin t of the ordi-
nary b e t a decay the re is another interest ing process, bu t which is however 
only sensitive to a M a j o r a n a (lepton number violating) mass. Th i s is the 
so-called double b e t a decay. Some nuclei can undergo t rans i t ions in which 
two be t a decays take place simultaneously, wi th the emission of two electrons 
and two an t ineu t r inos (2/32v in fig. 5). These t ransi t ions have been observed 
in a few isotopes (8 2Se, 7 6 Ge, 1 0 0 Mo, 1 1 6 Cd, 1 5 0 Nd) in which the single be t a 
decay is forbidden, and the associated lifetimes are huge (10 1 9 -10 2 4 yr). 
However, if t h e neu t r ino were a M a j o r a n a particle, t he v i r tua l ant ineut r ino 
emit ted in one ver tex could flip chirality by a mass insert ion and be absorbed 
in the second ver tex as a neutr ino, as exemplified in fig. 5 (2ß0u). In this 
way oniy two efectrons woufd be emit ted and this could be observed as a 
monochromat ic line in the added spec t rum of the two electrons. The non 
observation of th i s effect has allowed to set the b o u n d m ^ f ^ < 0.3 eV (by 
the Heidelberg-Moscow collaborat ion at G r a n Sasso). T h e r e are projects to 
improve the sensit ivity of 2ß0u down to m,.,(. ~ 10" 2 eV, and we note tha t 
this bound is qui te relevant since as we have seen, if neut r inos are indeed 
massive it is somehow theoretically favored (e.g. in the see-saw models) tha t 
they are M a j o r a n a particles. 

At th is po in t it is impor tan t to extend t h e discussion to take into account 
tha t there are th ree generations of neutr inos. If neut r inos t u r n out to be 
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F i g u r e 5: Double be ta decay with and without neutr ino emission, and qualitative shape 
of the expected added spect rum of the two electrons. 

massive, the re is no reason to expect t ha t the mass eigenstates (uk, wi th 
k = 1 ,2 ,3) would coincide wi th the flavour (gauge) eigenstates (ua, wi th 
A — e, //,, T), a n d hence, in the same way t h a t quark s ta tes are mixed th rough 
the Cab ibbo , Kobayashi and Maskawa mat r ix , neutr inos would be related 
th rough the Maki , Nakagawa and Saki ta mixing ma t r ix [14], i.e. u a = Vak^k-
T h e MNS m a t r i x can be parametr ized as (ci2 = cos0i2, etc.) 

V = 

W h e n the electron neutr ino is a mix ture of mass eigenstates, the 2/50v de-
cay ampl i t ude will be proport ional now to an 'effective electron neutr ino 
mass ' (mVe) = VrJ.m;i:, where here we adopted t h e M a j o r a n a neutr ino fields 
as self-conjugates (x% = X.k)- If one allows for Ma jo rana creat ion phases 
in the fields, x% = (jlakXk- these phases will appear in the effective mass, 
{mVe) = V'ik2rf':'kMfc. Clearly [rriUt ) has to be independent of the unphysical 
phases a s o t h a t the ma t r ix diagonalising the mass ma t r ix in the new basis 
has to change accordingly, i. e. V';k = er'"Xk!2Vek. In part icular , a and ß 
may b e removed f rom V in this way, bu t they would anyhow reappear at the 
end in (m) th rough the propagators of the M a j o r a n a fields, which depend on 
the creation phases. W h e n C P is conserved, it is sometimes considered con-
venient to choose basis so t ha t is real (i.e. à — 0 f rom C P conservation 
and a and ß are reabsorbed in t h e M a j o r a n a creat ion phases of the fields). 
In this case each contr ibut ion to (rri) t u rns out t o be multiplied by the intrin-
sic CP-par i ty of the mass eigenstate, (m„e) = | J2k |Fefc|2r/C-p(x*;)TOA;|) 
rjcp = ±2- Sta tes wi th opposite C P pari t ies can then induce cancellations 
in 2ßt)v decays2 . 

2 In part icular , Dirac neutr inos can be thought of EIS two degenerate Majorana neutrinos 
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Double b e t a decay is the only process sensitive to t h e phases a and ß. 

These phases can be jus t phased away for Dirac neutr inos , and hence in 

all exper iments (such as oscillations) where it is not possible to dis t inguish 

between M a j o r a n a and Dirac neutr inos, it is not possible to measure them. 

However, oscillation experiments are the most sensitive way to measure small 

neutr ino masses and their mixing angles, as we now t u r n to discuss3 . 

2.3 Neutr ino oscillations 

The possibil i ty t h a t neutr ino flavour eigenstates be a superpos i t ion of mass 

eigenstates, as was jus t discussed, allows for the phenomenon of neu t r ino 

oscillations. Th i s is a q u a n t u m mechanical interference effect (and as such 

it is sensitive to quite small masses) and arises because different mass eigen-

states p r o p a g a t e differently, and hence the flavor composit ion of a s ta te can 

change wi th t ime. 

To see th is consider a flavour eigenstate neutr ino va w i th m o m e n t u m p 

produced a t t ime t = 0 (e.g. a u^ produced in the decay ir+ —• p+ + vß). 

T h e initial s t a t e is then 

K> = 
k 

We know t h a t t h e mass eigenstates evolve with t ime according to \uk(t, x)) = 

exp[«(pa: — E^t)]\vk)- In the relativistic limit relevant for neutr inos , one has 

tha t Eh = ^ j p 2 + rrvj. ~ p + and thus the different mass eigenstates 

will acquire different phases as they propagate. Hence, the probabi l i ty of 

observing a flavour ug at t ime t is jus t 

m2 

k 

In the case of two generations, taking V just as a ro ta t ion wi th mixing angle 

6, one has 

P(va ^ pß) = sin2 20 sin2 , 

with opposite C P parities, and hence lead to a vanishing contribution to 2/30u, as would 
be expected from the conservation of lepton number in this case. 

3Oscillations may even allow to measure the CP violating phase S, e.g. by comparing 
—¥ vK amplitudes with the vß —> vf. ones, as is now being considered for fu ture neutrino 

factories at muon colliders. 
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which depends on the squared mass difference A m 2 = m | — ro2, since th i s 
is wha t gives the phase difference in the propaga t ion of t h e mass eigen-
states. Hence, the ampi i tude of the flavour oscillations is given by sin2 26 
and the oscillation length of the modula t ion is Losc = 4irE/Am2 ~ 2.5 m 
E[MeV] / A m 2 [eV2]. We see then t ha t neutr inos will typically oscillate w i th 
a macroscopic wavelength. For instance, pu t t ing a detector at ~ 100 m f rom 
a reactor allows to test oscillations of f e ' s to another flavour (or into a sin-
glet neutr ino) down to A m 2 ~ 10~2 eV2 if sin226> is not too small (> 0.1). 
T h e C H O O Z experiment has even reached A m 2 ~ 10 '' eV 2 p u t t i n g a large 
detector at 1 k m distance, and the fu tu re K A M L A N D exper iment will b e 
sensitive to reactor neutrinos arriving from ~ 102 km, and hence will tes t 
A m 2 ~ 10~5 eV2 in a few years (see fig. 6). 

These kind of experiments look essentially for t h e d isappearance of the 
reactor f e ' s , i.e. to a reduction in the original ue flux. W h e n one uses more 
energetic neutr inos f rom accelerators, it becomes possible also to s tudy t h e 
appearance of a flavour different f rom the original one, w i th the advantage 
tha t one becomes sensitive to very small oscillation ampl i tudes (i.e. small 
sin22# values), since the observation of only a few events is enough to estab-
lish a posit ive signal. At present there is one exper iment (LSND) claiming a 
positive signal of v ß —» uK conversion, suggesting t h e neu t r ino paramete rs in 
the region indicated in fig. 6, once the region excluded by other exper iments 
is taken into account. The appearance of i/T 's out of a u ß b e a m was searched 
at C H O R U S and N O M A D at C E R N without success, allowing to exclude 
the region indicated in fig. 7, which is a region of relevance for cosmology 
since neut r inos heavier than ~ eV would contr ibute to the dark ma t t e r in 
the Universe significantly. 

In figs. 6 and 7 we also display the sensitivity of various new exper iments 
under construct ion or still at t he proposal level, showing t ha t significant 
improvements are to be expected in the near fu tu re (a usefui web page wi th 
links to the experiments is the Neutr ino Indus t ry Homepage 4 ) . These new 
exper iments will in part icular allow to test some of t h e most clear hints we 
have at present in favor of massive neutrinos, which come f rom the two most 
impor tan t na tu ra l sources of neutrinos tha t we have: the a tmospher ic and 
the solar neutr inos. 

4http: / /www.hep.anl .gov/ndk/hypertext /nuindustry.html 

http://www.hep.anl.gov/ndk/hypertext/nuindustry.html
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F i g u r e 6: Present bounds (solid lines), projected sensitivities of fu ture experiments 
(dashed lines) and values suggested by LSND and solar neutrino experiments for ve v^ 
oscillations. 

3 Neutrinos in astrophysics and cosmology 

We have seen t h a t neutr inos made their shy appearance in physics jus t by 
steeling a li t t le bi t of the m o m e n t u m of the electrons in a b e t a decay. In as-
trophysics however, neut r inos have a m a j o r (sometimes p reponderan t ) role, 
being p roduced copiously in several environments . 

3.1 Atmospheric neutrinos 

When a cosmic ray (proton or nucleus) hi ts the a tmosphere and knocks a 
nucleus a few tens of k m above ground, an hadronic (and electromagnetic) 
shower is in i t ia ted , in which pions in par t icu lar are copiously produced . T h e 
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F i g u r e 7: Present bounds (solid lines), projected sensitivities of future experiments 
(dashed lines) and values suggested by the atmospheric neutrino anomaly for vM -o vT os-
cillations. Also shown is the region where neutrinos would constitute a significant fraction 
of the dark matter (fi^ > 0.1). 

charged pion decays are the main source of a tmospher ic neu t r inos th rough 
the chain IT —> —> EUF.U^UY. One expects t h e n twice as m a n y I/^S t h a n 
f e ' s (actually at very high energies, Eu GeV, t h e pa ren t m u o n s may reach 
the ground and hence be s topped before decaying, so t h a t t he expected ra t io 
R = (Vfj + + should be even larger t h a n two at h igh energies). 
However, the observation of t he a tmospher ic neu t r inos by IMB, Kamioka, 
Soudan, M A C R O and Super Kamiokande indicates t h a t the re is a deficit of 
muon neutr inos , wi th R0bS /Rth — 2 /3 . 

More remarkably, the Super Kamiokande exper iment observes a zeni th 
angle dependence indicating t h a t neut r inos coming f r o m above (with pa th -
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F i g u r e 8: Distribution of the contained and partially contained event da ta versus cosine of 
the zenith angle (cos 6 = — 1 being up-going, while + 1 being down-going) for two energy 
ranges, from 1144 live days of Super-Kamiokande data (from ref. [16]). The solid line 
corresponds to the expectations with no oscillations, while the lighter line is for v^ —> vT 

oscillations with maximal mixing and A m 2 = 0.003 eV2. 

lengths d ~ 20 km) had not enough t ime to oscillate, especially in the multi-

GeV sample for which the neut r ino oscillation length is larger, while those 

f rom below (d ~ 13000 km) have already oscillated (see figure 8). T h e most 

plausible exp lana t ion for these effects is an oscillation ufl — v T with max-

imal mixing and A m 2 ~ 2-1 x 10~3 eV2[16, 17], and as shown in fig. 8 

the fit to t h e observed angular dependence is in excellent agreement wi th 

the oscillation hypothesis . Since the electron flux shape is in good agree-

ment wi th the theoret ical predict ions5 , this means t ha t t h e oscillations f rom 

Vß —ï ve can not provide a sat isfactory explanat ion for the anomaly (and 

5 The theoretical uncertainties in the absolute flux normalisation may amount to ~ 25%, 
but the predictions for the ratio of muon to electron neutrino flavours and for their angular 
dependence are much more robust. 
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fu r the rmore they are also excluded f rom the negative results of the CHOOZ 
reactor search for oscillations). On the o ther hand , oscillations to sterile 
s ta tes would be affected by ma t t e r effects ( vp and uT are equafly affected 
by neutraf current interactions when crossing t h e Ear th , while sterile s tates 
are not) , a n d th is would modify the angular dependence of the oscillations 
in a way which is not favored by observations [17]. The oscillations into 
active s ta tes (uT) is also favored by observables which depend on t h e neutra l 
current interactions, such as the TTQ p roduc t ion in the detector or the 'mult i 
r ing' events [16]. 

An impor t an t experiment which is runn ing now and can test the oscil-
lat ion solution to the a tmospher ic neutr ino anomaly is K2K, consisting of a 
b e a m of muon neutr inos sent f rom K E K to the Super-Kamiokande detector 
(baseline of 250 km) . T h e first pref iminary resul ts of the initial r u n indicate 
t ha t there is a deficit of muon neutr inos a t t h e detector (éO.Sl^g events 
expected wi th only 27 observed), consistent wi th the expectat ions f rom the 
oscillation solution[18]. 

In conclusion, the a tmospheric neutr inos provide the strongest signal 
t h a t we have a t present in favor of non-zero neut r ino masses, and are hence 
indicat ing the need for physics beyond the s t anda rd model. 

3.2 Solar neutrinos 

T h e sun gets i ts energy f rom the fusion reactions taking place in i ts interior, 
where essentially four protons combine to form a He nucleus. By charge 
conservation this has to be accompanied by the emission of two posi trons 
and, by lepton number conservation in the weak processes, two i/e 's have to 
be produced . This fusion l iberates 27 MeV of energy, which is eventually 
emi t ted mainly (97%) as photons and the rest (3%) as neutr inos. Knowing 
the energy flux of the solar radia t ion reaching the E a r t h (fc© ~ 1.5 k W / m 2 ) , 
it is t hen s imple to es t imate tha t the solar neut r ino flux at E a r t h is ~ 
2 fc 0 /27 MeV ~ 6 x 101 0z/ e /cm2s, which is a very large number indeed. 

Many exper iments have looked for these solar neutrinos: the radio-
chemical exper iments wi th 3 7C1 at Homestake and wi th gallium at SAGE, 
G A L L E X and G N O , and t h e water Cherenkov real t ime detectors (Super-) 
Kamiokande and more recently the heavy water Subdury Neutr ino Observa-
tory (SNO) 6 . T h e puzzling result which has been wi th us for the last th i r ty 

6See the Neutrino 2000 homepage at http://nu2000.sno.laurentian.ca for this year's 
results. 

http://nu2000.sno.laurentian.ca
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years is t h a t only between 1/2 to 1 /3 of the expected fluxes are observed. 
Remarkably, Pontecorvo [19] noticed even before the first observat ion of so-
lar neu t r inos by Davies tha t neutr ino oscillations could reduce the expected 
rates. We note tha t the oscillation length of solar neut r inos ( E ~ 0 .1 -
10 MeV) is of the order of 1 AU for Am2 ~ 1 0 - 1 0 eV 2 , and hence even those 
tiny neu t r ino masses can have observable effects if t he mixing angles are large 
(this would be the ' just so' solution to the solar neut r ino problem). Much 
more remarkable is the possibility of explaining the puzzle by resonant ly 
enhanced oscillations of neutrinos as they propagate ou twards th rough the 
Sun. Indeed, the solar medium affects v^s differently t h a n ^ , T ' s (since 
only the first interact through charged currents wi th t h e electrons present) , 
and this modifies the oscillations in a beaut i fu l way t h rough an interplay 
of neu t r ino mixings and mat te r effects, in the so-called M S W effect [20]. 
The magic of this effect is t ha t large conversion probabil i t ies can occur even 
for small mixing angles as the neutr inos suffer a resonant conversion when 
they travel th rough a medium with varying density. In t h e case of the Sun, 
this will h a p p e n for solar neutrinos for a wide range of masses ( A m 2 be-
tween 10~8 eV 2 and 10~4 eV2) and as the propagat ion is ' ad iabat ic ' (i.e. for 
s i n 2 20^ (Ef 10 MeV)6 x I I P 8 eV2 /ATO2), so tha t to get large flux suppres-
sions is clearly not a ma t t e r of fine-tuning (see [21, 22] for reviews). T h e 
observed neu t r ino fluxes in the different experiments imply t h a t the possible 
solutions based on this mechanism require Am2 ~ 1 0 - 5 eV 2 w i th small mix-
ings S226 ~ f e w x l 0 ~ 3 eV2 (SMA) or large mixing (LMA), or lower values 
of mass differences, A m 2 ~ 1 0 - 7 eV2 wi th large mixing (LOW), as shown 
in fig. 67 . Besides the overall fluxes other impor tan t tes ts are t h e measure-
ment of t h e neutr ino spec t rum in the water Cherenkov detectors searching 
for spect ra l distortions, a day-night effect due to possible regenerat ion by 
mat te r effects in the E a r t h for the solar neutr inos entering f r o m below (dur-
ing the night) or an annual modula t ion of the signal ( impor tan t mainly for 
the jus t -so oscillation solutions for which the oscillation length is 0 ( 1 AU)) 
which may b e observable thanks to the eccentricity of the E a r t h orbit a round 
the sun, b u t unfor tuna te ly none of these smoking-gun signals has yet proven 
to be conclussive. This year the new heavy water exper iment SNO has an-
nounced t h e first d a t a and they will help with the accura te measurement of 
the neu t r ino spect rum, since the CC process ue+D —> p+p+e gives a cleaner 
measurement of the incident neutr ino energy t h a n the ve + e —> ue + e pro-
cess available to Super-Kamiokande. Most important ly , when the neu t ron 

7 For oscillations into sterile states only a region similar to the SMA one survives 
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detec tors will be in t roduced to measure t h e N C reac t ion Vi + D —• n +p + u;. 
t h e compar ison of t h e charged current ra tes (only sensit ive t o ves) w i th t h e 
N C ones, sensit ive to all neu t r ino flavors, will allow to tes t unambiguous ly 
if a n oscil lation to another active neu t r ino has occur red . Also the f u t u r e 
Borexino exper iment will be crucial because it is sensit ive t o t h e n e u t r i n o 
lines p roduced by the electron cap tu re on Be in t h e solar fus ion reac t ion 
chain, which seem to be the most suppressed ones f r o m t h e fits t o exis t ing 
d a t a . 

At present t he exper imenta l d a t a slightly favors t he L M A solution. T h i s 
suggests, toge ther wi th the a tmospher ic neu t r ino anomaly , t h a t t h e mixing 
in t h e neu t r ino sector might be "bi-maximal" ( bo th 0\2 a n d 0-r.<, — TT/4), a n d 
hence wi th a p a t t e r n qui te different f rom t h e one we know f rom t h e q u a r k 
sector. Th i s h in t actual ly provides an i m p o r t a n t gu id ing pr inciple in t h e 
search for t h e f u n d a m e n t a l theory under lying the s t a n d a r d mode l of par t ic le 
physics. 

3.3 Supernova neutrinos 

T h e most spec tacu la r neu t r ino fireworks in t h e Universe a r e t h e supernova 
explosions, which correspond to the dea th of a very massive s tar . In th i s 
process t he inner Fe core (MC ~ 1.4 MQ), unab l e t o get pressure sup-
po r t gives u p to t h e pull of gravity and collapses down t o nuclear densi t ies 
( f e w x l 0 1 4 g / c m 3 ) , forming a very dense p ro to -neu t ron s ta r . At th is m o m e n t 
neut r inos become the ma in character on stage, a n d 99% of t h e gravi ta t iona l 
b ind ing energy gained ( f ewxlO 5 3 ergs) is released in a violent bu r s t of neu-
t r inos and an t ineu t r inos of t he th ree flavours, wi th typica l energies of a few 
tens of M e V 8 . Being the densi ty so high, even the weakly in terac t ing neu-
t r inos become t r a p p e d in the core, and t hey dif fuse out in a few seconds to 
be emi t t ed f r o m t h e so-called neut r inospheres (at p ~ 101 2 g / c m 3 ) . These 
neu t r ino fluxes t h e n last for ~ 10 s, af ter which t h e ini t ial ly t r a p p e d lep ton 
n u m b e r is lost a n d the neu t ron s tar cools more slowly. 

Dur ing those ~ 10 s the neu t r ino luminosi ty of t h e supe rnova ( ~ 1052 e rg / s ) 
is comparab le to t he to ta l luminosi ty of the Universe (c.f. L© ~ 4 x 
1033 e rg /s ) , b u t un fo r tuna te ly only a couple of such events occur in our 
galaxy per century, so t h a t one has to be pa t ien t . For tuna te ly , on February 
1987 a supernova exploded in t h e nearby (d ~ 50 kpc) Large Magellanic 
Cloud, p roduc ing a dozen neu t r ino events in t he K a m i o k a n d e a n d IM B de-

8 Actually there is first a brief (msec) ue burst from the neutronisation of the Fe core. 
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tectors. Th i s s tar ted extra solar system neutr ino astronomy and provided a 
very basic proof of the explosion mechanism. W i t h the new larger detectors 
under opera t ion at present (SuperKamioka and SNO) it is expected tha t 
a fu ture galactic supernova (d ~ 10 kpc) would produce several thousand 
neutrino events and hence allow detailed studies of the supernova physics. 

Also sensitive tests of neutr ino propert ies will be feasible if a galactic 
supernova is observed. The simplest example being the limits on the neutr ino 
mass which would result from the measured burst dura t ion as a funct ion of 
the neut r ino energy. Indeed, if neutrinos are massive, their velocity will 
be v = cyf 1 — (m^/E)2, and hence the travel t ime f rom a SN at distance 
d would be t ~ ^[1 — \(mv/E)2}, implying tha t lower energy neutrinos 
(E ~ 10 MeV) would arrive later t h a n high energy ones by an amount 
At ~ 0 .5(d/10 kpc) (mu/10 eV)2s. Looking for this effect a sensitivity down 
to m„ ~ 25 eV would be achievable f rom a supernova at 10 kpc, and this 
is much be t t e r than the present direct bounds on the uß t T masses. 

Since the ma t t e r densities at the neutrino-spheres are huge, mat te r effects 
in the supernova interior can affect neutr ino oscillations for a very wide range 
of mass differences and mixings, making super novae also a very interesting 
laboratory for oscillation studies, and in part icular this may be useful for 
the measurement of 613 (see e.g. [23]). 

Wha t remains af ter a (type II) supernova explosion is a pulsar, i.e. a 
fastly ro ta t ing magnetised neutron star . One of the mysteries related to 
pulsars is t ha t they move much faster (v ~ few hundred k m / s ) than their 
progenitors (v ~ few tenths of km/s ) . There is no satisfactory s tandard 
explanation of how these initial kicks are impar ted to the pulsar and here 
neutrinos may also have something to say. It has been suggested tha t these 
kicks could be due to a macroscopic manifestat ion of the par i ty violation 
of weak interactions, i.e. tha t in the same way as electrons preferred to be 
emitted in the direction opposite to the polarisation of the 6 0 Co nuclei in the 
experiment of Wu (and hence the neutr inos preferred t o be emit ted in the 
same direction), the neutrinos in the supernova explosions would be biased 
towards one side of the star because of the polarisation induced in the mat te r 
by the large magnetic fields present [24], leading to some kind of neutr ino 
rocket effect, as shown in fig. 9. 

Although only a 1% asymmetry in the emission of the neutr inos would 
be enough to explain the observed velocities, the magnetic fields required 
are ~ 1016 G, much larger than the ones inferred from observations ( ~ 10 1 2 -
1013 G). An a t t emp t has also been done [25] to exploit the fact tha t the 
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F i g u r e 9: Pulsar kicks from neutrino rockets? 

neut r ino oscillations in ma t t e r are affected by the magnet ic field, and hence 
the resonant flavor conversion would take place in a n off-centered surface. 
Since i / r ' s (or f ^ ' s ) interact less t h a n z/e's, an oscillation f rom ue —»• vT in t h e 
region where f e ' s are still t r a p p e d bu t m / s can freely escape would generate 
a vT flux f rom a deeper region of the s ta r in one side t h a n in the other. 
Hence if one assumes t ha t the t empera tu re profife is isotropic, neutr inos 
f rom the deeper side will be more energetic t han those f rom the opposite 
side and can t hen be the source of the kick. Th i s would require however 
A m 2 > (100 eV) 2 , which is uncomfor tably large, and B > 1014 G. Moreover, 
it has been argued [26] t ha t the assumpt ion of an isotropic T profile near the 
neutr inospheres will not hold, since the side where the escaping neutrinos 
are more energetic will rapidly cool ( the neut r inosphere region has negligible 
heat capaci ty compared to the core) ad jus t ing the t e m p e r a t u r e gradient so 
tha t the isotropic energy flux generated in the core will manage ul t imately 
to get out isotropically. 

An asymmet r ic neutr ino emission due to an a symmet r i c magnet ic field 
affecting asymmetr ica l ly the ve opacities has also been proposed, but again 
the magnet ic fiefds required are too large (B ~ 1016 G) [27]. 

As a summary , t o explain the pulsar kicks as due to an asymmetry in 
the neut r ino emission is a t t rac t ive theoretically, b u t unfor tuna te ly doesn ' t 
seem to work. Maybe when th ree dimensional s imulat ions of the explosion 
would become available, possibly including the presence of a b inary compan-
ion, larger asymmetr ies would b e found jus t f rom s t a n d a r d hydrodynamical 
processes. 

Supernovae are also helpful for us in t h a t they th row away into the inter-
stellar m e d i u m all the heavy elements produced dur ing the s tar ' s life, which 
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are t h e n recycled into second generation s tars like t h e Sun, p lane ta ry sys tems 
and so on. However, 25% of the baryonic mass of the Universe was a l ready 
in the fo rm of He nuclei well before the format ion of the first s tars, and as we 
under s t and now this He was formed a few seconds af ter the big b a n g in t h e 
so-called pr imordia l nucleosynthesis. Remarkably, the product ion of this He 
also depends on the neutr inos, and the interplay between neut r ino physics 
and pr imord ia l nucleosynthesis provided the first impor tan t as t ro-par t ic le 
connection. 

3.4 Cosmic neutrino background and primordial nucleosyn-
thesis 

In the same way as the big bang left over the 2.7°K cosmic background radia-
tion, which decoupled f rom mat t e r af ter the recombination epoch ( T ~ eV), 
there should also be a relic background of cosmic neutr inos (CÎAB) left over 
f rom a n earlier epoch ( T ~ MeV), when weakly interacting neut r inos decou-
pled f r o m the i / j - e -y pr imordial soup. Slightly af ter t h e neut r ino decoupling, 
e+e~ pa i rs annih i la ted and reheated the photons, so t ha t the present t emper -
a ture of t h e CvB is TJ, ~ 1.9°K, slightly smaller t h a n the pho ton one. Th i s 
means t h a t there should be today a density of neutr inos (and ant ineutr inos) 
of each flavour nVi ~ 110 c m - 3 . 

P r imord ia l nucleosynthesis occurs between T ~ 1 MeV and 10~2 MeV, 
an epoch at which the density of the Universe was domina ted by rad ia t ion 
(photons and neutr inos) . This means t ha t the expansion ra te of the Universe 
depended on the number of neutr ino species TV,,, becoming fas ter the bigger 
N„ ( H oc y / p oc y/py + Nvpu, wi th pv the density for one neut r ino species). 
Helium produc t ion jus t occurred after deuter ium photodissociat ion became 
inefficient a t T ~ 0.1 MeV, wi th essentially all neut rons present at th is t ime 
ending u p into He. T h e crucial point is t ha t the faster the expansion ra te , 
the larger f rac t ion of neut rons (with respect to protons) would have survived 
to p roduce He nuclei. This implies tha t an observational upper b o u n d on t h e 
pr imordial He abundance will t rans la te into an upper bound on t h e number 
of neu t r ino species. Actual ly the predictions also depend in the to ta l amount 
of baryons present in the Universe (77 = n,ß/ru). which can b e de termined 
s tudying t h e very small amounts of pr imordial D and 7Li produced . T h e 
observational D measurements are somewhat unclear at presents, wi th de-
te rminat ions in the low side implying the strong constraint Nv < 3.3, while 
those in the high side implying Nv < 4.8 [28]. It is impor tan t t h a t nucle-
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F i g u r e 10: One loop CP violating diagrams for leptogenesis. 

osynthesis bounds on Nv were established well before the L E P measurement 
of the number of s tandard neutrinos. Another interesting application of the 
nucleosynthesis bound on Nu is that it constrains the mixing of active and 
sterile neutr inos since these last may be brought into equilibrium by oscil-
lations in the early universe, and this may even exclude the atmospheric 
solution involving —> vs oscillations (irrespectively of the fact tha t it is 
disfavored experimentally). 

As a side product of primordial nucleosynthesis theory one can determine 
tha t the amount of baryonic mat ter in the Universe has to satisfy 77 ~ 1— 
6 x H P 1 0 . The explanation of this small number is one of the big challenges 
for part icle physics and another remarkable fact of neutrinos is t ha t they 
might be ul t imately responsible for this mat ter -ant imat ter asymmetry. 

3.5 Leptogenesis 

The explanat ion of the observed baryon asymmetry as due to microphysical 
processes taking place in the early Universe is known to be possible provided 
the three Sakharov conditions are fulfilled: i) the existence of baryon number 
violating interactions ( ß ) , ii) the existence of C and C P violation [Ç and QP) 
and Hi) depar ture from chemical equilibrium {Eft). T h e simplest scenarios 
fulfilling these conditions appeared in the seventies wi th the advent of G U T 
theories, where heavy color triplet Higgs bosons can decay out of equilibrium 
in the rapidly expanding Universe (at T ~ MT ~ 1013 GeV) violating B, 
C and CP. In the middle of the eighties it was realized however tha t in the 
Standard Model non-perturbative ß and ß (but B — L conserving) processes 
where in equilibrium at high temperatures (T > 100 GeV), and would lead 
to a t ransmuta t ion between B and L numbers, with the final outcome tha t 

~ n ß - L / 3 . This was a big problem for the simplest GUTs like SU(5), 
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where B - L is conserved (and hence NB-L — 0), bu t it was rapidly t u rn ed 

into a v i r tue by Fukugi ta and Yanagida [29], who realised t ha t it could be 

sufficient to generate initially a lepton number a symmet ry and this will t hen 

be reprocessed into a baryon number asymmetry . The nice th ing is t ha t 

in see-saw models t h e generat ion of a lepton asymmet ry (leptogenesis) is 

qui te na tura l , since the heavy singlet M a j o r a n a neutr inos would decay out 

of equil ibr ium (at T& MN) t h rough NR —Y Œ, IB.*, i.e. into final s ta tes 

with different L, a n d the C P violation appea r ing a t one loop th rough the 

diagrams in fig. 10 would lead [30] to r ( iV IB) ± Y(N ÏH*), so t ha t a 

final L a symmet ry will result . Reasonable p a r a m e t e r values lead na tura l ly 

to the required asymmetr ies (77 ~ 1 0 - 1 0 ) , making this scenario probably the 

simplest baryogenesis mechanism. 

3.6 Neutrinos, dark matter and ultra-high energy cosmic 
rays 

Neutr inos may not only give rise t o the observed baryonic ma t t e r , bu t they 

could also themselves be the da rk m a t t e r in t h e Universe. This possibility 

arises [31] because if the ord inary neutr inos are massive, the large number 

of t h e m present in the C2/Ö will significantfy cont r ibute to the mass densi ty 

of the Universe, in an amoun t 9 ~ «v(/'(92/>,2 eV). Hence, in order for 

neutr inos not to overdose the Universe it is necessary tha t J2i '»V & 30 eV, 

which is a bound much s t ronger t h a n the direct ones for T . On the 

other hand , a neut r ino mass ~ 0.1 eV (as suggested by the a tmospher ic 

neut r ino anomaly) would imply t h a t the mass densi ty in neut r inos is a lready 

comparable to t ha t in ordinary baryonic ma t t e r (f2ß ~ 0.003), and 1 eV 

would lead to a n impor tan t contr ibut ion of neut r inos to t h e dark ma t t e r . 

T h e nice th ings of neut r inos as dark m a t t e r is tha t they are the only 

candidates t ha t we know for sure t h a t they exist , and t ha t they are very 

helpful to generate t h e s t ruc tures observed at large supercluster scales 

100 Mpc). However, they are unable to give rise to s t ruc tures a t galactic 

scales ( they are 'hot ' and hence free s t ream out of small inhomogeneit ies). 

Fur thermore, even if those s t ruc tures were formed, it would not be possible 

to pack the neut r inos sufficientty so as to account for the gafactic dark halo 

densities, due to the lack of sufficient phase space [32], since to account 

for instance for t h e local halo densi ty p° ~ 0.3 G e V / c m 3 would require 

n'l ~ 108(3 e V / m „ ) / c m 3 , which is a very large overdensity wi th respect 

9 The reduced Hubble constant is h = H/( 100 km/s-Mpc) ~ 0.6. 
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F i g u r e 11: Neutrino spectra. We show the cosmic neutrino background ( O B ) multiplied 
by lO10, solar and supernova neutrinos, the isotropic atmospheric neutrinos, those coming 
from the galactic plane due to cosmic ray gas interactions, an hypothetical galactic source 
at 10 kpc, whose detection at E > 10 TeV would require a good angular resolution to reject 
the atmospheric background (similar considerations hold for AGN neutrinos not displayed). 
Finally the required flux to produce the CR beyond the GZK cutoff by annihilations with 
the dark mat te r neutrinos. 

to the average value 110/cm3 . The Tremaine Gunn phase-space constraint 
requires for instance tha t to be able to account for the dark mat te r in our 
galaxy one neutr ino should be heavier than ~ 50 eV, so tha t neutrinos can 
clearly account at most for a fract ion of the galactic dark mat ter . 

The direct detection of the dark mat te r neutrinos will be extremely dif-
ficult [33], because of their very small energies (E ~ muv2/2 ~ 10~ Q m v (?) 
which leads to very t iny cross sections with mat ter and involving tiny mo-
mentum transfers. This has lead people to talk about kton detectors at mK 
temperatures in zero gravity environments ..., and hence this remains clearly 
as a challenge for the next millennium. 

One speculative proposal to observe the dark mat te r neutrinos indirectly 
is through the observation of the annihilation of cosmic ray neutrinos of 
ultra high energies (Ev ~ 1021 e V / { m v / 4 eV)) with dark mat te r ones at 
the Z-resonance pole where the cross section is enhanced [34]. Moreover, 
this process has been suggested as a possible way to generate the observed 
hadronic cosmic rays above the GZK cutoff [35], since neutrinos can travel 
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essentially una t t enua ted for cosmological distances 100 Mpc) and in-
duce hadronic cosmic rays locally th rough their annihi la t ion wi th dark ma t -
ter neutr inos . This proposal requires however extremely powerful neut r ino 
sources. Ano the r speculative scenario which is being discussed is the pos-
sibility t h a t neu t r ino interactions become stronger (at hadronic levels) at 
u l t ra-high energies (due to t h e effects of large ex t ra dimensions entering in to 
the play) and hence a neut r ino would be able to init iate a cascade high in 
the a tmosphere , consistently wi th the propert ies of the extended air showers 
observed a t the highest energies [36]. 

Regard ing the possible observation of astrophysical sources of neutr inos, 
it is impor t an t to notice t ha t the E a r t h becomes opaque to neutr inos wi th 
energies above ~ 40 TeV, so t h a t only horizontal or down-going neutr inos 
are observable above these energies. Two peculiar aspects are also re la ted 
to t a u neutr inos: the first is t ha t since a t a u lepton is produced in the C C 
interact ion of a vT , and it rapidly decays wi thout loosing much energy a n d 
produc ing again a vT wi th less energy t han the initial one, a flux of vTs 
t raversing t h e E a r t h will be degraded in energy jus t unti l t he mean free 
p a t h becomes of the order of the E a r t h radius, producing then a pile-up 
of all t h e neut r inos with energies above ~ 40 TeV. The second peculiar i ty 
is t ha t a t u l t ra high energies it may be possible to observe in large water 
(or ice) detectors a double bang event, the first 'bang ' being the cascade 
produced in the first CC vT interaction while the second bang, a few hundred 
meters appa r t , due to the cascade f rom the subsequent r decay. Al though 
vTs are not expected to be produced copiously in astrophysical sites, t hey 
may result f rom the oscillations of v ß s produced in pion and kaon decays. 
Another peculiar process which appears a t very high energies is the Glashow 
resonance, corresponding to t h e resonant W p roduct ion vee —>W at center 
of mass energies s ~ M2

V (i.e. for Ev ~ 6 x 1015 eV), and may enhance t h e 
chances of detect ing very high energy neutr inos in tha t window. 

Ano the r impor t an t field of neut r ino astrophysics is the search of fluxes of 
energetic (10 GeV-TeV) neutr inos coming f rom the annihi lat ion of W I M P s , 
i.e. t he Weakly Interact ing Massive Part icles which are good candidates 
for the dark ma t t e r , being the preferred one t h e lightest supersymmetr ic 
neutra l ino (a mix tu re of the superpar tners of the 7 , Z and neut ra l Higgses). 
These dark m a t t e r particles would have accumulated into t h e interior of t h e 
Sun and t h e E a r t h for all t he lifetime of the solar system. T h e enhanced 
concentrat ions achieved may give rise, th rough an enhanced annihi la t ion 
rate, t o a sizeable flux of energetic neutr inos reaching the detectors f r o m 
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those directions. These neutr inos are being searched at present by Super-
Kamiokande [37], M A C R O and the under-ice A m a n d a detector in the Sou th 
pole, wi th no positive signals yet. 

In fig. 11 we summarize qualitatively some of the different possible fluxes 
which can appea r in the neutr ino sky and whose search and observation is 
opening new windows to unders tand the Universe. 
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Abstract 

The origin of cosmic rays is one of the major unresolved astrophys-
ical questions. In particular, the highest energy cosmic rays observed 
possess macroscopic energies and their origin is likely to he associated 
with the most energetic processes in the Universe. Their existence trig-
gered a flurry of theoretical explanations ranging from conventional 
shock acceleration to particle physics beyond the Standard Model and 
processes taking place at the earliest moments of our Universe. Fur-
thermore, many new experimental activities promise a strong increase 
of statistics at the highest energies and a combination with 7—ray 
and neutrino astrophysics will put strong constraints on these theoret-
ical models. Detailed Monte Carlo simulations indicate that charged 
ultra-high energy cosmic rays can also be used as probes of large scale 
magnetic fields whose origin may open another window into the very 
early Universe. We give an overview over this quickly evolving research 
field. 
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1 In t roduct ion 

247 

Figure 1: The cosmic ray ail particle spectrum [1], Approximate integral fluxes are also 
shown. 

After almost 90 years of research on cosmic rays (CRs), their origin is 
still an open question, for which the degree of uncertainty increases with 
energy: Only below 100 MeV kinetic energy, where the solar wind shields 
protons coming from outside the solar system, the sun must give rise to 
the observed proton flux. The bulk of the CRs up to at least an energy 
of E = 4 x 10 l oeV is believed to originate within our Galaxy. Above that 
energy, which is associated with the so-called "knee", the flux of particles 
per area, time, solid angle, and energy, which can be well approximated by 
broken power laws oc E 7, steepens from a power law index 7 ~ 2.7 to one of 
index ~ 3.2. Above the so-called "ankle" at x 10 l8eV, the spectrum 
flattens again to a power law of index 7 ~ 2.8. This latter feature is often 
interpreted as a crossover from a steeper Galactic component to a harder 
component of exfcragalacfcic origin. Fig. 1 shows the measured CR spectrum 
above 100 MeV, up to 3 x 1020 eV, the highest energy measured so far for 
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l_Ü 13.5 20 20.S 21 
iog(ENERGY eV) 

Figure 2: The cosmic ray spectrum above 101T eV (from Ref [10]' 
at E K 5 x 101S eV. 

The "ankle" is visible 

The conventional scens>oo 3$ su ro.es that all high energy charged particles 
are accelerated in magnetized astrophysical shocks, whose size and typical 
magnetic field strength determines the maximal achievable energy, similar 
to the situation in man-made particle accelerators. The most likely astro-
physical accelerators for CE up to the knee, and possibly up to the ankle are 
the shocks associated with remnants of past Galactic supernova explosions, 
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whereas for the presumed extragalactic component powerful objects such as 
active galactic nuclei are envisaged. 

The main focus of this contribution will be on ultrahigh energy cos-
mic rays (UHECRs), those with energy > 1018 eV [2, 3, 4, ?, 8, 9], see 
Fig. 2. For more details on CRs in general the reader is referred to recent 
monographs [11, 12]. In particular, extremely high energy (EHE)1 cosmic 
rays pose a serious challenge for conventional theories of CR origin based 
on acceleration of charged particles in powerful astrophysical objects. The 
question of the origin of these EHECRs is, therefore, currently a subject 
of much intense debate and discussions as well as experimental efforts; see 
Refs. [5, 6, 13], and Ref. [10, 14] for recent brief reviews, and Ref. [15] for 
a detailed review. In Sect. 2 we will summarize detection techniques and 
present and future experimental projects. 

The current theories of origin of EHECRs can be broadly categorized 
into two distinct "scenarios": the "bottorn-up" acceleration scenario, and 
the "top-down" decay scenario, with various different models within each 
scenario. As the names suggest, the two scenarios are in a sense the exact 
opposite of each other. The bottorn-up scenario is just an extension of the 
conventional shock acceleration scenario in which charged particles are ac-
celerated from lower energies to the requisite high energies in certain special 
astrophysical environments. On the other hand, in the top-down scenario, 
the energetic particles arise simply from decay of certain sufficiently massive 
particles originating from physical processes in the early Universe, and no 
acceleration mechanism is needed. 

The problems encountered in trying to explain EHECRs in terms of ac-
celeration mechanisms have been well-docurnented in a number of studies; 
see, e.g., Refs. [16, 17, 18]. Even if it is possible, in principle, to acceler-
ate particles to EHECR energies of order 100 EcV in some astrophysical 
sources, it is generally extremely difficult in most cases to get the particles 
come out of the dense regions in and/or around the sources without losing 
much energy. Currently, the most favorable sources in this regard are per-
haps a class of powerful radio galaxies (see, e.g., Refs. [19, 20] for recent 
reviews and references to the literature), although the values of the relevant 
parameters required for acceleration to energies > 100 EeV are somewhat 
on the extreme side [18]. However, even if the requirements of energetics are 

1 We shall use the abbreviation EHE to specifically denote energies E > lO20 eV, while 
the abbreviation UHE for ''Ultra-High Energy3 will sometimes be used to denote E > 1 
EeV, where 1 EeV = 1018 eV. Clearly UHE includes EHE bnt not vice versa. 
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met, the main problem with radio galaxies as sources of EHECRs is that 
most of them seem to lie at large cosmological distances, SÜ> 100 Mpc, from 
Earth. This is a major problem if EHECR particles are conventional par-
ticles such as nucléons or heavy nuclei. The reason is that nucléons above 
cs 70 EeV lose energy drastically during their propagation from the source 
to Earth due to the Greisen-Zatsepin-Kuzmin (GZK) effect [21, 22], namely, 
photo-production of pions when the nucléons collide with photons of the 
cosmic microwave background (CMD), the mean-free path for which is ~ 
few Mpc [23]. This process limits the possible distance of any source of 
EHE nucléons to < 100 Mpc. If the particles were heavy nuclei, they would 
be photo-disintegrated [24, 25] in the CMD and infrared (IR) background 
within similar distances. Thus, nucléons or heavy nuclei originating in dis-
tant radio galaxies are unlikely to survive with EHE OR energies at Earth 
with any significant flux, even if they were accelerated to energies of order 
100 EeV at source. In addition, if cosmic magnetic fields are not close to 
existing upper limits, EHECRs are not likely to be deflected strongly by 
large scale cosmological and/or Galactic magnetic fields Thus, EHECR ar-
rival directions should point back to their sources in the sky (see Sect. 5 for 
details) and EHECRs may offer us the unique opportunity of doing charged 
particle astronomy. Yet, for the observed EHECR events so far, no powerful 
sources close to the arrival directions of individual events are found within 
about 100 Mpc [26, 17], Very recently, it has been suggested by Doldt and 
Ghosh [27] that particles may be accelerated to energies ~ 1021 eV near the 
event horizons of spinning supermassive black holes associated with presently 
inactive quasar remnants whose numbers within the local cosmological Uni-
verse (i.e., within a GZK distance of order 50 Mpc) may be sufficient to 
explain the observed EHECR flux. This would solve the problem of the 
absence of suitable currently active sources associated with EHECRs. A de-
tailed model incorporating this suggestion, however, remains to be worked 
out. 

There are, of course, ways to avoid the distance restriction imposed by the 
GZK effect, provided the problem of energetics is somehow solved separately 
and provided one allows new physics beyond the Standard Model of particle 
physics; we shall discuss those suggestions in Sect. 3. 

On the other hand, in the top-down scenario, which will be discussed in 
Sect. 4, the problem of energetics is trivially solved from the beginning. Here, 
the BHECE particles owe their origin to the decay of some supermassive "X" 
particles of mass m x '.'-P 102ü eV, so that their decay products, envisaged as 
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the EHECR particles, can have energies all the way up to ~ m,y. Thus, no 
acceleration mechanism is needed. The sources of the massive X particles 
could be topological defects such as cosmic strings or magnetic monopoles 
that could be produced in the early Universe during symmetry-breaking 
phase transitions envisaged in Grand Unified Theories (GUTs). In an infla-
tionary early Universe, the relevant topological defects could be formed at a 
phase transition at the end of inflation. Alternatively, the X particles could 
be certain supermassive metastable relic particles of lifetime comparable to 
or larger than the age of the Universe, which could be produced in the early 
Universe through, for example, particle production processes associated with 
inflation. Absence of nearby powerful astrophysical objects such as AGNs 
or radio galaxies is not a problem in the top-down scenario because the X 
particles or their sources need not necessarily be associated with any specific 
active astrophysical objects. In certain models, the X particles themselves 
or their sources may be clustered in galactic halos, in which case the domi-
nant contribution to the EHECRs observed at Earth would come from the X 
particles clustered within our Galactic Halo, for which the GZK restriction 
on source distance would be of no concern. 

By focusing primarily on "non-conventional" scenarios involving new par-
ticle physics beyond the electroweak scale, we do not wish to give the wrong 
impression that these scenarios explain all aspects of EHECRs. In fact, as we 
shall see below, essentially each of the specific models that have been studied 
so far has its own peculiar set of problems. Indeed, the main problem of non-
astrophysical solutions of the EHECR problem in general is that they are 
highly model dependent. On the other hand, it is precisely because of this 
reason that these scenarios are also attractive — they bring in ideas of new 
physics beyond the Standard Model of particle physics (such as Grand Uni-
fication and new interactions beyond the reach of terrestrial accelerators) as 
well as ideas of early Universe cosmology (such as topological defects and/or 
massive particle production in inflation) into the realms of EHECRs where 
these ideas have the potential to be tested by friture EHECR experiments. 

The physics and astrophysics of UHECRs are intimately linked with the 
emerging field of neutrino astronomy (for reviews see Refs. [28, 29]) as well 
as with the already established field of 7—ray astronomy (for reviews see, 
e.g., Ref. |30]) which in turn are important subdisciplines of particle as-
trophysics (for a review see, e.g., Ref. |31j). Indeed, as we shall see, all 
scenarios of UHECR origin, including the top-down models, are severely 
constrained by neutrino and 7—ray observations and limits. In turn, this 
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linkage has important consequences for theoretical predictions of fluxes of 
extragalactic neutrinos above a TeV or so whose detection is a major goal 
of next-generation neutrino telescopes (see Sect. 2): If these neutrinos are 
produced as secondaries of protons accelerated in astrophysical sources and 
if these protons are not absorbed in the sources, but rather contribute to 
the UHECR flux observed, then the energy content in the neutrino üux can-
not be higher than the one in UHEORs, leading to the so-called Waxman 
Bahcall bound [32, 34]. If one of these assumptions does not apply, such as 
for acceleration sources that are opaque to nucléons or in the TD scenarios 
where X particle decays produce much fewer nucléons than 7—rays and neu-
trinos, the Waxman Bahcall bound does not apply, but the neutrino üux is 
still constrained by the observed diffuse 7 - r a y flux in the GeV range (see 
Sect. 4.4). 

Finally, in Sect. 5 we shall discuss how, apart from the unsolved problem 
of the source mechanism, EHECR observations have the potential to yield 
important information on Galactic and extragalactic magnetic fields. 

2 Presen t and f u t u r e U H E C R and neu t r ino 
exper iments 

The CR primaries are shielded by the Earth's atmosphere and near the 
ground reveal their existence only by indirect effects such as ionization. In-
deed, it was the height dependence of this latter effect which lead to the 
discovery of CRs by Hess in 1912. Direct observation of CR primaries is 
only possible from space by flying detectors with balloons or spacecraft. 
Naturally, such detectors are very limited in size and because the differen-
tial CR spectrum is a steeply falling fonction of energy (see Fig. 1), direct 
observations run out of statistics typically around a few 100 TeV. 

Above 100 TeV, the showers of secondary particles created in the in-
teractions of the primary CR with the atmosphere are extensive enough to 
be detectable from the ground. In the most traditional technique, charged 
hadronic particles, as well as electrons and muons in these Extensive Air 
Showers (EAS) are recorded on the ground 35] with standard instruments 
such as water Cherenkov detectors used in the old Volcano Ranch [2] and 
Haverah Park [4] experiments, and scintillation detectors which are used 
now-a-days. Currently operating ground arrays for UHECR EAS are the 
Yakutsk experiment in Russia [7] and the Akeno Giant Air Shower Array 
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(AGASA) near Tbkyo, Japan, which is the largest one, covering an area 
of roughly 100 km2 with about 100 detectors mutually separated by about 
1km [9]. The Sydney University Giant Air Shower Recorder (SUGAR) [3] 
operated until 1979 and was the largest array in the Southern hemisphere. 
The ground array technique allows one to measure a lateral cross section of 
the shower profile. The energy of the shower-initiating primary particle is 
estimated by appropriately parametrizing it in terms of a measurable pa-
rameter; traditionally this parameter is taken to be the particle density at 
800 m from the shower core, which is found to be quite insensitive to the 
primary composition and the interaction model used to simulate air showers. 

The detection of secondary photons from EAS represents a complemen-
tary technique. The experimentally most important light sources are the 
fluorescence of air nitrogen excited by the charged particles in the EAS and 
the Oherenkov radiation from the charged particles that travel faster than 
the speed of light in the atmospheric medium. The first source is practically 
isotropic whereas the second one produces light strongly concentrated on the 
surface of a cone around the propagation direction of the charged source. The 
fluorescence technique can be used equally well for both charged and neutral 
primaries and was first used by the Fly's Eye detector [8] and will be part 
of several friture projects on UHEORs (see below). The primary energy can 
be estimated from the total fluorescence yield. Information on the primary 
composition is contained in the column depth Xmesx (measured in gem - 2 ) 
at which the shower reaches maximal particle density. The average of Xm a x 

is related to the primary energy E by 

Here, .Vf-> is called the elongation rate and EQ is a characteristic energy that 
depends on the primary composition. Therefore, if Xm a x and Xq are de-
termined from the longitudinal shower profile measured by the fluorescence 
detector, then EQ and thus the composition, can be extracted after deter-
mining the energy E from the total fluorescence yield. Comparison of CR 
spectra measured with the ground array and the fluorescence technique indi-
cate systematic errors in energy calibration that are generally smaller than 
~ 40%. For a more detailed discussion of experimental EAS analysis with 
the ground array and the fluorescence technique see, e.g., Refs. [36]. 

As an npscaled version of the old Fly's Eye Cosmic Ray experiment, 
the High Resolution Fly's Eye detector is currently under construction at 

(1) 
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Utah, USA [38]. Taking into account a duty cycle of about 10% (a fluo-
rescence detector requires clear, moonless nights), the effective aperture of 
this instrument will be ~ 350(1000) kin2 sr at 10(100) EeV, on average about 
8 times the Fly's Eye aperture, with a threshold around 10' ' eV. Another 
project utilizing the fluorescence technique is the Japanese Telescope Ar-
ray [39] which is currently in the proposal stage. If approved, its effective 
aperture will be about 10 times that of Fly's Eye above 1017eV, and it 
would also be used as a Cherenkov detector for TeV 7—ray astrophysics. 
The largest project presently under construction is the Pierre Auger Giant 
Array Observatory [40] planned for two sites, one in Argentina and another 
in the USA for maximal sky coverage. Each site will have a 3000 kin2 ground 
array. The southern site will have about 1800 particle detectors (separated 
by 1.5 km each) overlooked by four fluorescence detectors. The ground ar-
rays will have a duty cycle of nearly 100%, leading to an effective aperture 
about 30 times as large as the AGAS A array. The corresponding cosmic ray 
event rate above 102ü eV will be about 50 events per year. About 10% of the 
events will be detected by both the ground array and the fluorescence com-
ponent and can be used for cross calibration and detailed EAS studies. The 
energy threshold will be around 101S eV, with full sensitivity above 1019 eV. 

Recently NASA initiated a concept study for detecting EAS from space [42, 
43] by observing their fluorescence light from an Orbiting Wide-angle Light-
collector (OWL). This would provide an increase by another factor ~ 50 in 
aperture compared to the Pierre Auger Project, corresponding to an event 
rate of up to a few thousand events per year above 1020 eV. Similar con-
cepts such as the Extreme Universe Space Observatory (EUSO) [44] which 
is part of the Air Watch program [45] and of which a prototype may be tested 
on the international Space Station are also being discussed. It is possible 
that the OWL and Air Watch efforts will merge. The energy threshold of 
such instruments would be between 1019 and 1020 eV. This technique would 
be especially suitable for detection of very small event rates such as those 
caused by UHE neutrinos which would produce deeply penetrating EAS (see 
Sect. 4.4). For more details on these recent experimental considerations see 
Ref. [13]. 

High energy neutrino astronomy is aiming towards a kilometer scale neu-
trino observatory. The major technique is the optical detection of Cherenkov 
light emitted by muons created in charged current reactions of neutrinos with 
nucléons either in water or in ice. The largest pilot experiments represent-
ing these two detector media are the now defunct Deep Undersea Muon 
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and Neutrino Detection (DUMAND) experiment [46] in the deep sea near 
flawai and the Antarctic Muon And Neutrino Detector Array (AMANDA) 
experiment [47] in the South Pole ice. Another water based experiment is 
situated at Lake Baikal [48]. Next generation deep sea projects include the 
French Astronomy with a Neutrino Telescope and Abyss environmental EE-
Search (ANTARES) [49] and the underwater Neutrino Experiment South-
wesT Of GReece (NESTOR) project in the Mediterranean [50], whereas ICE-
CUBE [51] represents the planned kilometer scale version of the AMANDA 
detector. Also under consideration are neutrino detectors utilizing tech-
niques to detect the radio pulse from the electromagnetic showers created 
by neutrino interactions in ice. This technique could possibly be scaled up to 
an effective area of 1Ö4 km2 and a prototype is represented by the Radio Ice 
Cherenkov Experiment (RICE) experiment at the South Pole [52]. Neutri-
OOS Ccltl also initiate horizontal EAS which can be detected by giant ground 
arrays such a,s the Pierre Auger Project [53]. Furthermore, as mentioned 
above, deeply penetrating EAS could be detected from space by instruments 
such as the proposed space based Air Watch type detectors [42, 43, 44, 45]. 
More details and references on neutrino astronomy detectors are contained 
in Refs. [28, 54], and some recent overviews on neutrino astronomy can be 
found in Ref. 129]. 

3 New pr imary particles and new interact ions 

A possible way around the problem of missing counterparts within acceler-
ation scenarios is to propose primary particles whose range is not limited 
by interactions with the CMB. Within the Standard Model the only candi-
date is the neutrino, whereas in supersymmetric extensions of the Standard 
Model, new neutral hadronic bound states of light gluinos with quarks and 
gluons, so-called R-hadrons that are heavier than nucléons, and therefore 
have a higher GZK threshold, have been suggested [55]. 

In both the neutrino and new massive neutral hadron scenario the par-
ticle propagating over extragalactic distances would have to be produced as 
a secondary in interactions of primary proton that is accelerated in a pow-
erful AGN which can, in contrast to the case of EAS induced by nucléons, 
nuclei, or 7—rays, be located at high redshift. Consequently, these scenarios 
predict a correlation between primary arrival directions and high redshift 
sources. In fact, possible evidence for an angular correlation of the five high-
est energy events with compact radio at redshifts between 0.3 and 
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2,2 was recently reported [56]. A new analysis with, the somewhat larger 
data set now available does not support s ixixfxo3>xxt correlations This 
is currently disputed since another group claims to have found a correlation 
on the 99.9% confidence level [58]. Only a few more events could confirm or 
rule out the correlation hypothesis. Note that these scenarios would require 
the primary proton to be accelerated up to > 10~1 eV, demanding a very 
powerful astrophysical accelerator. On the other hand, a few dozen such 
exceptional accelerators in the visible Universe may suffice. 

3.1 New neutr ino interactions 

Neutrino primaries have the advantage of being well established particles. 
However, within the Standard Model their interaction cross section with 
nucléons, whose charged current part can be parametrized by [59] 

ASJ(E) ~ 2.36 x 1(T32('E/1019 eV)0'363 cm2 (1Û16 eV < E < 1021 eV), 

(2) 

falls short by about five orders of magnitude to produce ordinary air showers. 
However, it has been suggested that the neutrino-nucléon cross section, cr^v, 
can be enhanced by new physics beyond the electroweak scale in the center of 
mass (CM) frame, or above about a PeV in the nucléon rest frame. Neutrino 
induced air showers may therefore rather directly probe new physics beyond 
the electroweak scale. 

Two major possibilities have been discussed in the literature for which 
unitarity bounds need not be violated. In the first, a broken SU(3) gauge 
symmetry dual to the unbroken SU(3) color gauge group of strong interaction 
is introduced as the "generation symmetry" such that the three generations 
of leptous and quarks represent the quantum numbers of this generation 
symmetry. In this scheme, neutrinos can have close to strong interaction 
cross sections with quarks. In addition, neutrinos can interact coherently 
with all partons in t> ti. c n. u cl eoxi res o. It XXX g in an effective cross section com-
parable to the geometrical nucléon cross section. This model lends itself to 
experimental verification through shower development altitude statistics [60]. 

The second possibility consists of a large increase in the number of degrees 
of freedom above the electroweak scale [61]. A specific implementation of 
this idea is given in theories with n additional large compact dimensions 
and a quantum, gravity scale ~ TeV that has recently received much 
attention in the literature [62] because it provides an alternative solution 
(i.e., without supersymmetry) to the hierarchy problem in £Lraxx (3. ö. xx if x cat 1.0 n s 
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of gauge interactions. The cross sections within such scenarios have not been 
calculated from first principles yet. Within the field theory approximation 
which should hold for squared CM energies s < Mf + n , the spin 2 character of 
the graviton predicts ag ~ s2 /M|+ r e [63] For s n , several arguments 
based on unitarity within field theory have been put forward. Ref. [63] 
suggested 

_ _ t r, -27 (Mi+n\ / E \ 2 
~ Ml + n V TeV } U 0 2 0 e V y C™ ' { '1 

where in the last expression we specified to a neutrino of energy E hit-
ting a nucléon at rest. A more detailed calculation taking into account 
scattering on individual partons leads to similar orders of magnitude [64], 
Note that a neutrino would typically start to interact in the atmosphere for 
<?vN fi lCT27cm2, i.e. in the case of Eq. (3) for E > 102UeV, assuming 
M4+n — 1 TeV. The neutrino therefore becomes a primary candidate for 
the observed EHECR events. However, since in a neutral current interac-
tion the neutrino transfers only about 10% of its energy to the shower, the 
cross section probably has to be at least a few 1CT26 cm2 to be consistent 
with observed showers which start within the first 50 g cm""'2 of the atmo-
sphere [65]. A specific signature of this scenario would be the absence of any 
events above the energy where grows beyond ~ 10"~"27cm2 in neutrino 
telescopes based on ice or water as detector medium [29], and a harden-
ing of the spectrum above this energy in atmospheric detectors such as the 
Pierre Auger Project [40] and the proposed space based AirWatch type de-
tectors [42, 43, 44, 45]. Furthermore, according to Eq. (3), the average 
atmospheric column depth of the first interaction point of neutrino induced 
EAS in this scenario is predicted to depend linearly on energy. This should 
be easy to distinguish from the logarithmic scaling, Eq. (1), expected for 
nucléons, nuclei, and y rays. To test such scalings one can, for example, 
take advantage of the feet that the atmosphere provides a detector medium 
whose column depth increases from ~ lÖOÖg/cm2 towards the zenith to 
~ 36Ö0Ög/cm2 towards horizontal arrival directions. This probes cross sec-
tions in the range ~ 10"""2y — 10~"27 cm2. Due to the increased Water/ice 
detectors would probe cross sections in the range ~ |Q—31 _ j g - 2 9 

cm [661. 
Within string theory, individual amplitudes are expected to be sup-

pressed exponentially above the string scale M„ which for simplicity we as-
sume here to be comparable to M 4 + n . This can be interpreted as a result 
of the finite spatial extension of the string states. In this case, the neutrino 
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nucléon cross section would be dominated by interactions with the partons 
carrying a momentum fraction x ~ M 2 / s , leading to [67] 

^ H s / m ^ S / M ^ 

8 x 10 - 2 9 M, 

1 + 0.08 In 

TeV 

-4.726 0.363 / E 
UO20 eV 

(4) 

cm 
V1020 eV, 

This is probably too small to make neutrinos primary candidates for the 
highest energy showers observed, given the fact that complementary con-
straints from accelerator experiments result in Ms > l,TeV [68]. On the 
other hand, in the total cross section amplitude suppression may be com-
pensated by an exponential growth of the level density [61]. It is currently 
unclear and it may be model dependent which effect dominates. Thus, an 
experimental detection of the signatures discussed in this section could lead 
to constraints on some string-inspired models of extra dimensions. 

We note in passing that extra dimensions can have other astrophysical 
ramifications such as energy loss in stellar environments due to emission of 
real gravitons into the bulk. The strongest resulting lower limits on M±+n 

come from the consideration of cooling of the cores of hot supernovae and 
read Mg > 50 TeV, M7 > 4 TeV, M% > ITeV, and Mu > 0.05 TteV for 
n — 2,3,4,7, respectively [69]. In addition, implications of extra dimensions 
for early Universe physics and inflation are increasingly studied in the liter-
ature, but much work is left to be done on the intersection of these research 
domains. 

Independent of theoretical arguments, the ujjgçj^ data can be used to 
put constraints on cross sections satisfying a v ^{E > 1019eV) < 10_ 2 7cm2 . 
Particles with such cross sections would give rise to horizontal air show-
ers. The Fly's Eye experiment established an upper limit on horizontal air 
showers [70]. The non-observation of the neutrino flux expected from pions 
produced by ^jjgç]^ interacting with the CMB the results in the limit [66] 

cr„jv(1017eV) < 1 x 10" 2 9 / f V 2 cm 2 

r(1018 eV) ^ Q " i n ~ 3 0 / r ;1 /2 2 
VvN\ < 8 x 10"'5°/yV2 cm" 
<T„jv(1019eV) < 5 x l O " 2 9 / y V 2 cm (5) 

where y is the average energy fraction of the neutrino deposited into the 
shower (y — 1 for charged current reactions and y c? 0.1 for neutral current 
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reactions). Expected neutrino fluxes are shown in Fig. 6. The projected 
sensitivity of future experiments such as the Pierre Auger Observatories and 
the AirWatch type satellite projects indicate that the cross section limits 
Eq. (5) could be improved by up to four orders of magnitude, corresponding 
to one order of magnitude in Ms or M ^ n -

3.2 Supersymmetr ic particles 

Light gluinos binding to quarks, anti-quarks and/or gluons can occur in 
supersymmetric theories involving gauge-mediated supersymmetry (SUSY) 
breaking [71] where the resulting gluino mass arises dominantly from radia-
tive corrections and can vary between ~ 1 GeV and ~ 100 GeV. In these sce-
narios, the gluino can be the lightest supersymmetric particle (LSP). There 
are also arguments against a light quasi-stable gluino [72], mainly based on 
constraints on the abundance of anomalous heavy isotopes of hydrogen and 
oxygen which could be formed as bound states of these nuclei and the gluino. 
Furthermore, accelerator constraints have become quite stringent [73] and 
seem to be inconsistent with the original scenario from Ref. [55]. However, 
the scenario with a ''"tunable" gluino mass [71] still seems possible and sug-
gests either the gluino gluon bound state gg, called glueballino M%, or the 
isotriplet g — [uû — dd)%, called p, as the lightest quasi-stable R-hadron. For 
a summary of scenarios with light gluinos consistent with accelerator con-
straints see Ref. [74]. The case of a light quasi-stable gluino does not seem 
to be settled. 

An astrophysical constraint on new neutral massive and strongly inter-
acting EAS primaries results from the fact that the nucléon interactions 
producing these particles in the source also produce neutrinos and especially 
7 rays. The resulting fluxes from powerful discrete acceleration sources 
may be easily detectable in the GeV range by space-borne 7—ray instru-
ments such as EGRET and GLAST, and in the TeV range by ground based 
•y—ray detectors such as HEGRA and WHIPPLE and the planned VERI-
TAS. HESS, and MAGIC projects (for reviews discussing these instruments 
see Ref. [30]). At least the latter three ground based instruments should 
have energy thresholds low enough to detect 7—rays from the postulated 
sources at redshift z ** 1. Such observations in turn imply constraints on 
the required branching ratio of proton interactions into the R-hadron which, 
very roughly, should be larger than <•« 0.01. These constraints, however, will 
have to be investigated in more detail for specific sources. One could also 
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search for heavy neutral baryons in the data from Cherenkov instruments 
in the TeV range in this context. To demonstrate these points, a schematic 
example of fluxes predicted for the new heavy particle and for 7—rays and 
neutrinos are shown in Fig. 3. 

E (eV) 

Figure $i Schematic predictions for the fluxes of the putative new neutral heavy particle 
(clotted line), electron, muon, and r—neutrinos (dashed and dash-dotted lines, as indi-
cated), and 7—rays (solid line) for a source at redshift z — 1. Assumed were a proton 
spectrum oc E~2 '2 extending at least tip to 1Ö22 eV at the source, a branching ratio for 
production of the heavy neutral in nncleon interactions of 0.01, and a beaming factor of 
10 for neutrinos and the heavy neutrals. The 1 sigma error bar at 3 x IO20 eV represents 
the point flux corresponding to the highest energy Ply:s Eye event. The predicted fluxes 
were normalized stich that this highest energy event is explained as a new heavy particle. 
The points with arrows on the right part represent projected approximate neutrino point 
source sensitivities for the space based AirWatch type concepts using the QWL/AirWatch 
acceptance estimated in Ref. [42, 43] for non-detection over a five year period. The points 
with arrows in the lower left part represent approximate 7—ray point source sensitivities 
of existing detectors such iE; GRET <xii.(1 HEGRA ; «iitci of plsixtxicd in, st ruin dit s su dt 
the satellite detector GLAST, the Cherenkov telescope array HESS and the single dish 
instrument MAGIC, for 50 hours and 1 month observation time for the ground based and 
satellite detectors, respectively. 

A further constraint on new EAS primary particles in general comes from 
the character of the air showers created by them: The observed Ell ECR 
air showers are consistent with nucléon P O IG S and limits the possible 
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primary rest mass to less than ™ 50 GeV [75], With the statistics expected 
from upcoming experiments such as the Pierre Auger Project, this upper 
limit is likely to be lowered down to ™ 10 GeV. 

It is interesting to note in this context that in case of a confirmation of the 
existence of new neutral particles in UHECRs, a combination of accelerator, 
air shower, and astrophysics data would be highly restrictive in terms of the 
underlying physics: In the above scenario, for example, the gluino would 
have to be in a narrow mass range, 1-10 GeV, and the newest accelerator 
constraints on the Higgs mass, m h > 90 GeV, would require the presence of 
a D term of an anomalous U(l)x gauge symmetry, in addition to a gauge-
mediated contribution to SUSY breaking at the messenger scale [71]. 

3.3 Anomalous kinematics, quan tum gravity effects, Lorentz 
symmetry violations 

The existence of ITIECR beyond the GZK cutoff has prompted several sug-
gestions of possible new physics beyond the Standard Model. We have al-
ready discussed some of these suggestions in Sect. 3.1 and 3.2 in the context 
of new primary particles and new interactions. Further, in Sect. 4 we will 
discuss suggestions regarding possible new sources of EHECR that also in-
volve postulating new physics beyond the Standard Model. In the present 
section, to end our discussions on the propagation and new interactions of 
UHE radiation, we briefly discuss some examples of possible small violations 
or modifications of certain fundamental tenets of physics (and constraints 
on the magnitude of those violations/modifications) that have also been dis-
cussed in the literature in the context of propagation of UHECR. 

For example, as an interesting consequence of the very existence of 
UHECR, constraints on possible violations of Lorentz invariance (VLI) have 
been pointed out [76]. These constraints rival precision measurements in the 
laboratory: If events observed around 1020 eV are indeed protons, then the 
difference between the maximum attainable proton velocity and the speed of 
light has to be less than about 1 x 10~23, otherwise the proton would lose its 
energy by Cherenkov radiation within a few hundred centimeters. Possible 
tests of other modes of VLI with CHECH have been discussed in Ref. [77], 
and in Ref. [78] in the context of horizontal air-showers generated by cosmic 
rays in general. Gonzalez-Mestres [77], Coleman and Glashow [79], and ear-
lier, Sato and Tati [80] and Kirzhnits and Chechin [81] have also suggested 
that due to modified kinematical constraints the GZK cutoff could even be 
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evaded by allowing a tiny VLI too small to have been detected otherwise. 
Similar consequences apply to other energy loss processes such as pair pro-
duction by photons above a TeV with the low energy photon background [82]. 
It seems to be possible to accommodate such effects within theories involv-
ing generalized Lorentz transformations [83] or deformed relativistic kine-
matics [84]. Furthermore, it has been pointed out [85] that violations of 
the principle of equivalence (VPE), while not dynamically equivalent, also 
produce the same kinematical effects as VLI for particle processes in a con-
steint gravitational potential, and so the const r&mts on VLI from UHECR 
physics can be translated into constraints on VPE such that the difference 
between the couplings of protons and photons to gravity must be less than 
about 1 x 10 r .Ä̂ üm^ this constrs<int is more stringent by several orders 
of magnitude than the currently available laboratory constraint from Eötvös 
Gxp enment s » 

As a specific example of VLI, we consider an energy dependent photon 
group velocity DE/dk = c[l - xß/Eß + ö(E2/Eq)] where c is the speed of 
light in the low energy limit, % = ±1, and EQ denotes the energy scale where 
this modification becomes of order unity. This corresponds to a dispersion 
relation 

E3 

c2k2 ~ E2 4- ,y „ , (6) 

which, for example, can occur in quantum gravity and string theory [88]. 
The kinematics of electron-positron 

production m <1 head-on collision of 
a high energy photon of energy E with a low energy background photon of 
energy e then leads to the constraint 

£ — — [ _ 1 4" X . —t s (7) 
4 \ xV| x>2 j 4L&0 

where E{ and @i ~ ö(m}Ei) are respectively the energy and outgoing mo-
mentum angle (with respect to the original photon momentum) of the elec-
tron and positron (i — 1,2). For the case considered by Coleman and 
Glashow [78] in which the maximum attainable speed c% of the matter par-
ticle is different from the photon speed c, the kinematics can be obtained by 
substituting c2 - c2 for xEJEG in Eq. (7). 

Let us define a critical energy Ec = (m2Eo)1/3 ^ 15(Eo/mpi)1/3 TeV in 
the case of the energy dependent photon group velocity, and Ec = me/\c

2 -
c2]'/2 in the case considered by Coleman and Glashow. If % < Ö, or a < c, 
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then e becomes negative for E > E,.. This signals that the photon can spon-
taneously decay into an electron-positron pair and propagation of photons 
across extragalactic distances will in general be inhibited. The observation 
of extragalactic photons up to M 20TeV 87. 88] therefore puts the limits 
EQ > Mp; or cf — (? > —2 x 10~17. In contrast, if % > 0, or e,: > e, e will grow 
with energy for E > Ec until there is no significant number of target photon 
density available and the Universe becomes transparent to UHE photons. A 
clear test of this possibility would be the observation of > 100 TeV photons 
from distances > 100 Mps [89]. An unambiguous detection of the thresholds 
for pion production by nucléons and for pair production by photons in the 
CMB and other low energy photon backgrounds in the future would allow 
to establish more stringent lower limits on EQ [90]. 

In addition, the dispersion relation Eq. (6) implies that a photon signal at 
energy E will be spread out by At ~ (d/c)(E/EQ) ~ l(d/100Mpc)(£/TeV) 
( E Q / M P ] ) - 1 s. The observation of 7—rays at energies E > 2TeV within 
~ 300 s from the AGN Markarian 421 therefore puts a limit (independent 
of x) of ä 4 x 1016 GeV, whereas the possible observation of 7—rays at 
E > 200 TeV within 200 s from a GRB by HEGRA might be sensitive to 
J|j ~ Mp; [91]. For a recent detailed discussion of these limits see Ref. [92], 

A related proposal originally due to Kostelecky in the context of CR sug-
gests the electron neutrino to be a tachyon j 93]- This would allow the proton 
in a nucleus of mass m(A, Z) for mass number Ä and charge Z to decay via 
p n+e*+Ve above the energy threshold Etft = m[A, Z)[m{A, Z±l)+me -
m{A, Z)]/\m^r I which, for a free proton, is h'u, ~ 1.7 x 1015/( jm^ |/eV) eV. 
Ehrlich [94] claims that by choosing m2

e ~ — (0.5 eV)2 it is possible to explain 
the knee and several other features of the observed CR spectrum, including 
the high energy end, if certain assumptions about the source distribution 
are made. The experimental best fit values of m2

t from tritium beta decay 
experiments are indeed negative [95], although this is most likely due to un-
resolved experimental issues. In addition, the values of {rnf,e\ from tritium 
beta decay experiments are typically larger than the value required to fit the 
knee of the CR spectrum. This scenario also predicts a neutron line around 
the knee energy [96]. 
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4 Top-down SC6H81 xos 

4.1 The main idea 

As mentioned in the introduction, all top-down scenarios involve the decay of 
X particles of mass close to the GUT scale which can basically be produced 
in two ways: If they are very short lived, as usually expected in many GUTs, 
they have to be produced continuously. The only way this can be achieved 
is by emission from topological defects left over from cosmological phase 
transitions that may have occurred in the early Universe at temperatures 
close to the GUT scale, possibly during reheating after inflation. Topological 
defects necessarily occur between regions that are causally disconnected, 
such that the orientation of the order parameter associated with the phase 
transition cannot be communicated between these regions and consequently 
will adopt different values. Examples are cosmic strings (similar to vortices 
in superfluid helium), magnetic monopoles, and domain walls (similar to 
Bloch walls separating regions of different magnetization in a ferromagnet). 
The defect density is consequently given by the particle horizon in the early 
Universe and their formation can even be studied ir: t solid stats sxj^snrnsrits 
where the expansion rate of the Universe corresponds to the quenching speed 
with which the phase transition is induced [97]. The defects are topologically 
stable, but in the cosmological case time dependent motion leads to the 
emission of particles with a mass comparable to the temperature at which 
the phase transition took place. The associated phase transition can also 
occur during reheating after inflation. 

Alternatively, instead of being released from topological defects, X parti-
cles may have been produced directly in the early Universe and, due to some 
unknown symmetries, have a very long lifetime comparable to the age of 
the Universe. In contrast to Weakly-Interacting Massive Particles (WIMPS) 
below a few hundred TeV which are the usual dark matter candidates mo-
tivated by, for example, supersymmetry and can be produced by thermal 
freeze out, such superheavy X particles have to be produced non-thermally. 
Several such mechanisms operating in the post-inflationary epoch in the 
early Universe have been studied. They include gravitational production 
through the effect of the expansion of the background metric on the vacuum 
quantum fluctuations of the X particle field, or creation during reheating 
at the end of inflation if the X particle field couples to the inflation field. 
The latter case can be divided into three subcases, namely "incoherent " pro-
duction with an abundance proportional to the X particle annihilation cross 
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section, non-adiabatic production in broad parametric resonances with the 
oscillating inflation field during preheating (analogous to energy transfer in 
a system of coupled pendula), and creation in bubble wall collisions if infla-
tion IS completed by a first order phase transition» In all these cases 7 such 
particles, also called w i m f j s i l l a s , would contribute to the dark matter 
and their decays could still contribute to UHE CR fluxes today, with an 
anisotropy pattern that reflects the dark matter distribution in the halo of 
our Galaxy. 

It is interesting to note that one of the prime motivations of the inflation-
ary paradigm was to dilute excessive production of "dangerous relics" such 
as topological defects and superheavy stable particles. However, such objects 
can be produced right after inflation during reheating in cosmologically inter-
esting abundances, and with 

d> nias s scale roughly given by the inflationary 
scale which in turn is fixed by the CMB anisotropics to ~ 1Ö13 GeV [98]. 
The reader will realize that this mass scale is somewhat above the highest 
energies observed in CRs, which implies that the decay products of these 
primordial relics could well have something to do with EHECRs which in 
turn can probe such scenarios! For dimensional 

reasons the spatially averaged X particle injection rate 
can only depend on the mass scale mx and on cosmic t ime i in the combi-
nation 

it x it) irm^i. (8) 
where K and p are dimensionless constants whose value depend on the specific 
top-down scenario [99], For example, the case p = 1 is representative of 
scenarios 

involving release of X particles from topological defects, such as 
ordinary cosmic strings [100], necklaces [101] and magnetic monopoles [102]. 
This can be easily seen as follows: The energy density ps in a network of 
defects has to scale roughly as the critical density, ps oc p,.r\x oc iwhere 
t is cosmic time, otherwise the defects would either start to overdose the 
Universe, or end up having a negligible contribution to the total energy 
density. In order to maintain this scaling, the defect network has to release 
energy with a rate given by ps = —ap$ji oc where a = 1 in the radiation 
dominated area, and a = 2/3 during matter domination. If most of this 
energy goes into emission of X. particles, then typically K ~ 0(1). In the 
numerical simulations presented below, it was assumed that the X particles 
are nonrelativistic at decay. 

The X particles could be gauge bosons, Higgs bosons, superheavy fermions, 
etc. depending on the specific GUT. They would have a mass mx compa-
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rable to the symmetry breaking scale and would decay into leptons and/or 
quarks of roughly comparable energy. The quarks interact strongly and 
hadronize into nucléons (Ars) and pions, the latter decaying in turn into 7-
rays, electrons, and neutrinos. Given the X particle production rate, dnx/dt, 
the effective injection spectrum of particle species m (a = f,N,e±, v) via 
the hadronic channel can be written as (dnx/dt)(2/mx)(dNa/dx), where 
x = 2 E j m x i and d,Na/dx is the relevant fragmentation function (FF). 

We adopt the Local Parton Hadron Duality (LPHD) approximation [103] 
according to which the total hadronic FF, dNh/dx, is taken to be propor-
tional to the spectrum of the partons (quarks/gluons) in the parton cascade 
(which is initiated by the quark through perturbative QCD processes) after 
evolving the parton cascade to a stage where the typical transverse momen-
tum transfer in the QCD cascading processes has come down to ~ R~ l ~ 
few hundred MeV, where R is a typical hadron size. The parton spectrum is 
obtained from solutions of the standard QCD evolution equations in modi-
fied leading logarithmic approximation (MLLA) which provides good fits to 
accelerator data at LEP energies [103]. We will specifically use a recently 
suggested generalization of the MLLA spectrum that includes the effects of 
supersymmetry [104]. Within the LPHD hypothesis, the pions and nucléons 
after hadronization have essentially the same spectrum. The LPHD does not, 
however, fix the relative abundance of pions and nucléons after hadroniza-
tion. Motivated by accelerator data, we assume the nucléon content f x of the 
hadrons to be in the range 3 to 10%, and the rest pions distributed equally 
among the three charge states. According to recent Monte Carlo simula-
tions [105], the nucleon-to-pion ratio may be significantly higher in certain 
ranges of x values at the extremely high energies of interest here. Unfortu-
nately, however, due to the very nature of these Monte Carlo calculations, 
it is difficult to understand the precise physical reason for the unexpectedly 
high baryon yield relative to mesons. While more of these Monte Carlo 
calculations of the relevant FFs in the future will hopefully clarify the situ-
ation, we will use here the range of f x ~ 3 to 10% mentioned above, which 
also seems to be supported by other recent Monte Carlo simulations [106]. 
The standard pion decay spectra then give the injection spectra of 7-rays, 
electrons, and neutrinos. For more details concerning uncertainties in the X 
particle decay spectra see Ref. [107]. 
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4.2 Numerical simulations 

Tlif 7-rays and electrons produced by X particle decay initiate electro-
magnetic (EM) cascades on low energy radiation fields such as the CMB. 
The high energy photons undergo electron-positron pair production (PP; 
776 —> c e ), and at energies below c- 1Ö14 eV they interact mainly with 
the universal infrared and optical (IR/Ü) backgrounds, while above ~ 100 
EeV they interact mainly with the universal radio background (URB), In 
the Klein-Nishina regime, where the CM energy is large compared to the 
electron mass, one of the outgoing particles usually carries most of the ini-
tial enei 'gy. This "leading" electron (positron) in till" II can transfer almost all 
of its energy to a background photon via inverse Compton scattering (ICS; 
m% —• e'7), EM cascades are driven by this cycle of PP and ICS. The energy 
degradation of the "leading" particle in this cycle is slow, whereas the total 
number of particles grows exponentially with time. This makes a standard 
Monte Carlo treatment difficult. Implicit numerical schemes have therefore 
been used to solve the relevant kinetic equations. A detailed account of the 
transport equation approach used in the calculations whose results are pre-
sented in this contribution can be found in Î -Cf* E/IVJ iiitöiract ions 
that influence the 7-ray spectrum in the energy range 10s eV < E < 1025 eV, 
namely PP, ICS, triplet pair production (TPP; <-# ee~e~l~), and double 
pair production (DPP, 77^ —> e~ete~et), as well as synchrotron losses of 
electrons in the large scale extragalactic magnetic field (EGMF), are in-
cluded. 

Similarly to photons, UHE neutrinos give rise to neutrino cascades in the 
primordial neutrino background via exchange of W and Z bosons [109, 110]. 
Besides the secondary neutrinos which drive the neutrino cascade, the W 
and Z decay products include charged leptons and quarks which in turn feed 
into the EM and hadronic channels. Neutrino interactions become especially 
significant if tli6 rdio neutrinos lictv e masses r% in the eV range and thus 
constitute hot dark matter, because the Z boson resonance then occurs at 
an UHE neutrino energy = 4 x 1021(eV/my) eV, In fact, this has been 
proposed as a significant source of EHECRs [111, .112], Motivated by re-
cent experimental evidence for neutrino mass we assumed a mass of 1 eV 
for all three neutrino flavors (for simplicity) and implemented the relevant 
W boson interactions in the t-channel and the Z boson exchange via t- and 
s-channel. Hot dark matter is also expected to cluster, potentially increasing 
secondary 7-ray and nucléon production [111, 112], This influences mostly 
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scenarios where X decays into neutrinos only. We parametrize massive neu-
trino clustering by a length scale lv and an overdensity ,fv over the aver-
age density n^. The Fermi distribution with a velocity dispersion v yields 
fv & v 3mlf(2x) 3 / 2 , fn v ^ 330 (t?/500 km sec"™1 )3 f i v / e V ) 3 [114]. Therefore, 
values of lv ^ few Mpc and fv a 20 are conceivable on the local Supercluster 
scslc 

The relevant nucléon interactions implemented are pair production by 
protons (p7& -4- pere^ ), photoproduction of single or multiple pions I .V-y, -4-
N mr, n > 1), and neutron decay. In TD scenarios, the particle injection 
spectrum is generally dominated by the "primary" 7-rays and neutrinos over 
nucléons. These primary 7-rays and neutrinos are produced by the decay of 
the primary pions resulting from the hadronkation of quarks that come from 
the decay of the X particles. The contribution of secondary 7-rays, electrons, 
and neutrinos from decaying pions tlisit are subsequently produced by the 
interactions of nucléons with the CMB, is in general negligible compared to 
that of the primary particles; we nevertheless include the contribution of the 
secondary particles in our code. 

In principle, new interactions such as the ones involving a TeV quantum 
gravity scale cannot only modify the interactions of primary particles in the 
detector, as discussed in Sect. 3.1, but also their propagation. However, 
7—rays and nuclei interact mostly with the CMB and IE for which the CM 
energy is at most ~ 30(JE?/1014 GeV)f/'2 GeV. At such energies the new in-
teractions are much weaker than the dominating electromagnetic and strong 
interactions. It has been suggested recently [11.3] that new interactions may 
notably influence UHE neutrino propagation. However, for neutrinos of 
mass m.,., the CM energy is as 100(^/10 1 4GeV) l / 2 (m ï , /0 .1eV) 1 / 2 GeV, and 
therefore, UHE neutrino propagation would only be significantly modified 
for neutrino masses significantly larger than 0.1 eV. We will therefore ignore 
this possibility here. 

We flat Universe with no cosmological constant, and a Hubble 
constant of h m 0.65 in units of 100 km sec~ Mpc 1 throughout. The 
numerical calculations follow all produced particles in the EM, hadronic, 
and neutrino channel, whereas the often-used continuous energy loss (CEL) 
approximation (e.g., [115]) follows only the leading cascade particles. The 
CEL approximation can significantly underestimate the cascade flux at lower 

The two major uncertainties in the particle transport are the intensity 
and spectrum of the URB for which there exists only an estimate above a few 
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MHz frequency [116], and the average value of the EGMF. To bracket these 
uncertainties, simulations have been performed for the observational URB 
estimate from Ref. [116; that has a low-frequency cutoff at 2 MHz ("mini-
mal"), and the medium and maximal theoretical estimates Crom Ref. [117], 
as well as for EGMFs between zero and 10~9 G, the latter motivated by 
limits from Faraday rotation measurements, see Sect. 5.2 below. A strong 
URB tends to suppress the UHE 7-ray flux by direct absorption whereas 
a strong EGMF blocks EM cascading (which otherwise develops efficiently 
especially in a low URB) by synchrotron cooling of the electrons. For the 
IR/O background we used the most recent data [118]. 

4.3 Results: 7 - r a y and nucléon fluxes 

Fig. 4 shows results from Ref. [107] for the time averaged 7—ray and nucléon 
Huxes ill a typical TD scenario, assuming no EGMF, along with current 
observational constraints on the 7—ray flux. The spectrum was optimally 
normalized to allow for an explanation of the observed EHE GR events, as-
suming their consistency with a nucléon or 7—ray primary. The flux below 
< 2 x 1019 eV is presumably due to conventional acceleration in astrophys-
ical sources and was not fit. Similar spectral shapes have been obtained in 
Ref. [120], where the normalization was chosen to match the observed differ-
ential flux at 3 x 1Ö20 eV. This normalization, however, leads to an overpro-
duction of the integral flux at higher energies, whereas above 1020 eV, the fits 
shown in Figs. 4 and 5 have likelihood significances above 50% (see Ref. [121] 
for details) and are consistent with the integral flux above 3 x 1Û20 eV es-
timated in Refs. [8, 9]. The PP process on the GMB depletes the photon 
flux above 100 TfeV, and the same process on the IR/O background causes 
depletion of the photon flux in the range 100 GeV 100 TeV, recycling the 
absorbed energies to energies below 100 GeV through EM cascading (see 
Fig. 4). The predicted background is not very sensitive to the specific IR/O 
background model, however [122]. The scenario in Fig. 4 obviously obeys 
all current constraints within the normalization ambiguities and Is there-
fore quite viable. Note that the diffuse 7—ray background measured by 
EGRET [119! up to 10 GeV puts a strong constraint on these scenarios, es-
pecially if there Is already a significant contribution to this background from 
conventional sources such as unresolved 7^ray blazars [123]. However, the 
7—ray background constraint can be circumvented by assuming that TDs or 
the decaying long lived X particles do not have a uniform density throughout 
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Figure 4: Predictions for the differential fluxes of 7—raj's (solid line) and protons and 
neutrons (dotted line) in a TD model characterized by p = L mx = 1016 GeV. and the 
decay mode X —t q + q, assuming the supersyinmetric modification of the fragmentation 
function [104], with a fraction of about 10% nucléons. The defects have been assumed to 
be homogeneously distributed. The calculation used the code described in Eef. [107] and 
assumed the strongest URB version from Ref. [117] and an EGMF 10 - 1 1 G. 1 sigina 
error bars are the combined data from the Haverah Park [4], the Fly's Eye [8], and the 
AG ASA [9] experiments above 10lw eV. Also shown are piecewise power law fits to the 
observed charged CR, fiux (thick solid line) and tlie EGRET measurement of the diffuse 
7—ray flix between 30 MeV and 100 GeV [119] (solid line on left margin). Points with 
arrows represent upper limits on the 7—ray finx from the HEGRA, the Utah-Michigan, 
the EAS-TOP, and the CAS A-MIA experiments, as indicated. 

the Universe but cluster within galaxies [124]. As can also be seen, at ener-
gies above 100 GeV, TD models are not significantly constrained by observed 
7—ray fluxes yet (see Ref. [15] for more details on these measurements). 

Fig. 5 shows results for the same TD scenario as in Fig. 4, but for a high 
EGMF ~ 1CT9 G, somewhat below the current upper limit, see Eq. (14) 
below. In this case, rapid synchrotron cooling of the initial cascade pairs 
quickly transfers energy out of the UIIE range. The UIIE 7—ray flux then 
depends mainly on the absorption length due to pair production and is typ-
ically much lower [115, 125]. (Note, though, that for mx > 102fi eV, the 
synchrotron radiation from these pairs can be above 1020 eV, and the UHE 
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Figure 5: Same as Fig. 4, but for an EGMF of 10"9 G. 

flux is then not as low as one might expect.) We note, however, that the 
constraints from the EGRET measurements do not change significantly with 
the EGMF strength as long as the nucléon flux is comparable to the 7—ray 
flux at the highest energies, as is the case in Figs. 4 and 5. The results of 
Ref. [107] differ from those of Ref. [120] which obtained more stringent con-
straints on TD models because of the use of an older fragmentation function 
from Ref. [126], and a stronger dependence on the EGMF because of the use 
of a weaker EGMF which lead to a dominance of 7—rays above ~ 1Q20 eV. 

The energy loss and absorption lengths for UHE nucléons and photons 
are short (< 100 Mpc). Thus, their predicted UHE fluxes are independent of 
cosmological evolution. The 7—ray flux below ~ 1011 eV, however, scales as 
the total X particle energy release integrated over all redshifis and increases 
with decreasing p [127]. For nix = 2 x H)16 GeV, scenarios with p < 1 are 
therefore ruled out (as can be inferred from Figs. 4 and 5), whereas constant 
cornoving injection models (p = 2) are well within the limits. 

We now turn to signatures of TD models at UHE. The full cascade cal-
culations predict 7—ray fluxes below 100 EeV that are a factor 3 and ~ 10 
higher than those obtained using the GEL or absorption approximation of-
ten used in the literature, in the case of strong and weak URB, respectively. 
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Again, this shows the importance of non-leading particles in the development 
of unsaturated EM cascades at energies below M 1022 eV. Our numerical sim-
ulations give a 7 /CR flux ratio at 10 l 9eV of Ä 0.1. The experimental ex-
posure required to detect a 7—ray flux at that level is cs 4 x 1Ö19 cm2 secsr, 
about a factor 10 smaller than the current total experimental exposure. 
These exposures are well within reach of the Pierre Auger Cosmic Ray Ob-
servatories [40], which may be able to detect a neutral CR component down 
to a level of 1% of the total flux. In contrast, if the EGMF exceeds ~ 10 11 G, 
then UHE cascading is inhibited, resulting in a lower UHE 7—ray spectrum. 
In the 10 9 G scenario of Fig. 5, the 7 /CR flux, ratio at 10J9eV is 0.02, 
significantly lower than for no EGMF. 

It is clear from the above discussions that the predicted particle fluxes 
in the TD scenario are currently uncertain to a large extent due to par-
ticle physics uncertainties (e.g., mass and decay modes of the X particles, 
the quark fragmentation function, the nucléon fraction /jy, and so on) as 
well as astrophysical uncertainties (e.g., strengths of the radio and infrared 
backgrounds, extragalactic magnetic fields, etc.). More details on the de-
pendence of the predicted UHE particle spectra and composition on t lie se 
particle physics and astrophysical uncertainties are contained in Ref. [107]. 
A detailed study of the uncertainties involved in the propagation of UHE 
nucléons, 7—rays, and neutrinos is currently underway [ 1 2 8 ] . 

We stress here that there are viable TD scenarios which predict nucléon 
fluxes that are comparable to or even higher than the 7—ray flux at a.ll en-
ergies, even though 7—rays dominate at production. This occurs, m 
the case of high URB and/or for a strong EGMF, and a nucléon fragmenta-
tion fraction of M 10%; see, for example, Fig. 5. Some of these TD scenarios 
would therefore remain viable even if Ê Iîf̂ Ĥ Ĉ -Î ; induced EA.S should be proven 
inconsistent with photon primaries (see, e.g., Ref. [129]). This is in contrast 
to scenarios with decaying massive dark matter i .n the Galactic halo which, 
due to the lack of absorption, predict compositions directly given by the 
fragmentation function, i.e. domination by 7—rays. 

The normalization procedure to the EHECR flux described above im-
poses the constraint R < 10 22 eV cm 3 sec 1 within a factor of a 
few [120, 107, 130] for the total energy release rate Oo from TDs at; the 
current epoch. In most TD models, because of the unknown values of the 
parameters involved, it is currently not possible to calculate the exact value 
of Qo from first principles, although it has been shown that the required val-
ues of Qo (in order to explain the EHECR flux) mentioned above are quite 
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possible for certain kinds of TDs. Some cosmic string simulations and the 
necklace scenario suggest that defects may lose most of their energy in the 
form of X particles and estimates of this rate have been given [131, 101], If 
that is the case, the constraint on Q e h e c r translates via Eq. (8) into a limit 
on the symmetry breaking scale ij and hence on the mass m x of the X parti-
cle: r) mx S 10 l3GeV [132], Independently of whether or not this scenario 
explains EHECR, the EGRET measurement of the diffuse GeV 7 my back-
ground leads to a similar bound, QeM ~ 2-2 x 10~2,î h('Sp — 1) eV cm~3 sec - 1 , 
which leaves the bound on r) and mx practically unchanged. Furthermore, 
constraints from limits on CMB distortions and light element abundances 
from 4He-photodisintegration are comparable to the bound from the directly 
observed diffuse GeV 7-rays [127]. That these crude normalizations lead to 
values of i] in the right range suggests that defect models require less fine 
tuning than decay rates in scenarios of metastable massive dark matter. 

ult s # Cv u t j t i u c j -Ci. uwjccis 

As discussed in Sect. 4.1, in TD scenarios most of the energy is released in 
the form of EM particles and neutrinos. If the X particles decay into a quark 
and a lepton, the quark hadronizes mostly into pions and the ratio of energy 
release into the neutrino versus EM channel is r ~ 0.3. 

Fig. 6 shows predictions of the total neutrino flux for the same TD model 
on which Fig, 4 is based. In the absence of neutrino oscillations the electron 
neutrino and anti-neutrino fluxes are about a factor of 2 smaller than the 
muon neutrino and anti-neutrino fluxes, whereas the r neutrino flux is in 
general negligible. In contrast, if the interpretation of the atmospheric neu-
trino deficit in terms of nearly maximal mixing of muon and r—•̂ neutrinos 
proves correct, the muon neutrino fluxes shown in Fig. 6 would be maxi-
mally mixed with the r—neutrino fluxes. To put the TD component of the 
neutrino flux in perspective with contributions from other sources, Fig. 6 
also shows the atmospheric neutrino flux [135], a typical prediction for the 
diffuse flux from photon optically thick proton blazars [136; that are not 
subject to the Waxman Bahcall bound and were normalized to recent esti-
mates of the blazar contribution to the diffuse 7—ray background [123], and 
the flux range expected for "cosmogenic" neutrinos created as secondaries 
from the decay of charged pions produced by UHE nucléons [137]. The TD 
flux component clearly dominates above ** 10 l9eV, 

In order to translate neutrino fluxes into event rates, one has to fold in 
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Figure 6: Neutrino fluxes predicted by the TD model from fig. 4, marked by 
"SLBY98:' [107]. Furthermore shown are experimental neutrino flux limits from tlie Frejus 
underground detector [133], the Fly's Eye [70], the Goldstone radio telescope [134], and the 
Antarctic Muon and Neutrino Detector Array (AMANDA) neutrino telescope [47], as well 
as projected neutrino flux sensitivities of ICECUBE, the planned kilometer scale extension 
of AMANDA [51 J, the Pierre Auger Project [53] (for electron and tau neutrinos separately) 
and the proposed space based OWL [42] concept. For comparison also shown are the atmo-
spheric neutrino background [135] (hatched region marked "atmospheric"), and neutrino 
flux predictions for a model of AGN optically thick to nucléons [136] ("AGN"), and for 
UHECR, interactions with the CMB [137] ("iV7", dashed range indicating typical uncer-
tainties for moderate source evolution). The top-down fluxes are shown for electron-, 
muon. and tau-neutrinos separately, assuming no (lower i/T-curve) and maximal — vT 
mixing (upper vT-curve, which would then equal the i/„-flux), respectively. 

the interaction cross sections witli matter. At UIIEs these cross sections are 
not directly accessible to laboratory measurements. Resulting uncertainties 
therefore translate directly to bounds on neutrino fluxes derived from, for 
example, the non-detection of UHE muons produced in charged-current in-
teractions. In the following, we will assume the estimate Eq. (2) based on 
the Standard Model for the charged-current rnuon-neutrino-nucleon cross 
section uvjv if not indicated otherwise. 

For an (energy dependent) ice or water equivalent acceptance A(E) (in 
units of volume times solid angle), one can obtain an approximate expected 
rate of UHE unions produced by neutrinos with energy > E, R(E), by multi-
plying A(E)at,t\r(E)mi.}Q (where rin^o is the nucléon density in water) with 
the integral muon neutrino flux ~ Bjvit- This can be used to derive up-
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per limits on diffuse neutrino fluxes from a non-detection of muon induced 
events. Fig. G shows bounds obtained from several experiments: The Frejus 
experiment derived upper bounds for E > 1012 eV from their non-detection 
of almost horizontal muons with an energy loss inside the detector of more 
than 140 MeV per radiation length [133]. The EÀS-TOP collaboration pub-
lished two limits from horizontal showers, one in the regime 101'1 — 1015eV, 
where non-resonant neutrino-nucléon processes dominate, and one at the 
Glashow resonance which actually only applies to ue [138], The Fly's Eye 
experiment derived upper bounds for the energy range between 1017 eV 
and ~ It)'10 eV [70] from the non-observation of deeply penetrating particles. 
The AKENO group has published an upper bound on the rate of near-
horizontal, muon-poor air showers [139]. Horizontal air showers created by 
electrons, muons or tau leptons that are in turn produced by charged-current 
reactions of electron, muon or tau neutrinos within the atmosphere have re-
cently also been pointed out as an important method to constrain or measure 
UHE neutrino fluxes [53] with next generation detectors. 

The p — 0 TD model BHSO from the early work of Ref. [99] is not 
only ruled out by the constraints from Sect. 4.3, but also by some of the 
experimental limits on the UHE neutrino flux, as can be seen in Fig. 6. 
Further, although both the BHS1 and the SLBY98 models correspond to 
p — 1, the UHE neutrino flux above fe 1020eV hi the latter is almost two 
orders of magnitude smaller than in the former. The main reason for this 
is the different flux normalization adopted in the two papers: First, the 
BHS1 model was obtained by normalizing the predicted proton flux to the 
observed UHECR flux at ~ 4 x 10iy eV, whereas in the SLBY98 model the 
actually "visible" sum of the nucléon and 7—ray fluxes was normalized in 
an optimal way. Second, the BHS1 assumed a nucléon fraction about a 
factor 3 smaller [99]. Third, the BHS1 scenario used an older fragmentation 
function from Ref. [126] which has more power at larger energies. Clearly, 
the SLBY98 model is not only consistent with the constraints discussed in 
Sect. 4.3, but also with all existing neutrino flux limits within 2-3 orders of 
magnitude. 

What, then, are the prospects of detecting UHE neutrino fluxes predicted 
by TD models? In a 1 km3 2tt sr size detector, the SLBY98 scenario from 
Fig. 6, for example, predicts a muon-neu tri no event rate of ~ 0.15 yr - 1 , 
and an electron neutrino event rate of ~ 0.089 yr - 1 above 10iy eV, where 
"backgrounds" from conventional sources should be negligible. Further, the 
muon-neutrino event rate above 1 PeV should be a 1.2 yr - 1 , which could be 
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interesting if conventional sources produce neutrinos at a much smaller flux 
level. Of course, above ~ 100 TeV, instruments using ice or water as detector 
medium, have to look at downward going union and electron events due 
to neutrino absorption in the Earth. However, T—neutrinos obliterate this 
Earth shadowing effect due to their regeneration from r decays [140]. The 
presence of r—neutrinos, for example, due to mixing with muon neutrinos, 
as suggested by recent experimental results from Super-Kamiokande, can 
therefore lead to an increased upward going event rate [141]. For recent 
compilations of UHE neutrino flux predictions from astrophysical and TD 
sources see Refs. [43, 142] and references therein. 

For detectors based on the fluorescence technique such as the IliRes [38] 
and the Telescope Array 139] (see Sect. 2), the sensitivity to UHE neutrinos 
is often expressed in terms of an effective aperture a(E) which is related 
to A(E) by a{E) = A(E)al,N(£!)rmiO- F o r the section of Eq. (2), the 
apertures given in Ref. [38] for the HiRes correspond to A(E) ~ 3 km'3 x 2TV sr 
for E > 1019 eV for muon neutrinos. The expected acceptance of the ground 
array component of the Pierre Auger project for horizontal UHE neutrino 
induced events is ^( lO^eV) ~ 20km3sr and ,4(10® eV) ~ 200km3sr [53], 
with a duty cycle close to 100%. We conclude that detection of neutrino 
fluxes predicted by scenarios such as the SLBY98 scenario shown in Fig. 6 
requires running a detector of acceptance > 10 km3 x 2?rsr over a period of a 
few years. Apart from optical detection in air, water, or ice, other methods 
such as acoustical and radio detection [28] (see, e.g., the RICE project [52! 
for the latter) or even detection from space [42, 43, 44, 45] appear to be 
interesting possibilities for detection concepts operating at such scales (see 
Sect. 2). For example, the space based OWL/AirWatch satellite concept 
would have an aperture of 3 x 10f> kms sr in the atmosphere, corresponding 
to A{E) & 6x 104 km3 sr for E > 10so eV, with a duty cycle of - 0.08 [42, 43]. 
The backgrounds seem to be in general negligible [110, 143]. As indicated 
by the numbers above and by the projected sensitivities shown in Fig. 6, the 
Pierre Auger Project and (specially the space based AirWatch type projects 
should be capable of detecting typical TD neutrino fluxes. This applies 
to any detector of acceptance > 100 km3 sr. Furthermore, a 100 day search 
with a radio telescope of the NASA Goldstone type for pulsed radio emission 
from cascades induced by neutrinos or cosmic rays in the lunar regolith could 
reach a sensitivity comparable or better to the Pierre Auger sensitivitjr above 
- 1019eV [134]. 

A more model independent estimate [130 j for the average event rate R{E) 
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can be made if the underlying scenario is consistent with observational nu-
cléon and 7—ray fluxes and the bulk of the energy is released above the PP 
threshold on the CMB. Let us assume that the ratio of energy injected into 
the neutrino versus •tfjlvï channel is a constant r. As discussed in Sect. 4.3, 
cascading effectively reprocesses most of the injected EM energy into low 
energy photons whose spectrum peaks at ~ 10 GeV [122], Since the ratio 
r remains roughly unchanged during propagation, the height of the corre-
sponding peak in the neutrino spectrum should roughly be r times the height 
of the low-energy 7—ray peak, i.e., we have the condition max£! ^ U / i./ \ U)̂  — 
rmaxj5 [E2j^(E)] . Imposing the observational upper limit on the diffuse 
7—ray flux around 10GeV shown in Fig. 6, max^ [E2jv(E)] & 2 x 103reV 
cm - 2 sec - 1 sr - 1 , then bounds the average diffuse neutrino rate above PP 
threshold on the CMB, giving 

For r < 20(J?/1019 eV)0J this bound is consistent with the flux bounds 
shown in Fig. 8 that are dominated by the Fly's Eye constraint at UHE. We 
stress again that TD models are not subject to the Waxman Bahcall bound 
because the nucléons produced are considerably less abundant than and are 
not the primaries of produced 7-rays and neutrinos. 

In typical TD models such as the one discussed above where primary 
neutrinos are produced by pion decay, r ~ 0.3. However, in TD scenarios 
with r 1 neutrino fluxes are only limited by the condition that the sec-
ondary 7—ray flux produced by neutrino interactions with the relic neutrino 
background be below the experimental limits. An example for such a sce-
nario is given by X particles exclusively decaying into neutrinos (although 
this is not very likely in most particle physics models, but see Eef. [107] 
and Fig. 7 for a scenario involving topological defects and Eef. [145] for a 
scenario involving decaying superheavy relic particles, both of which explain 
the observed EHECR events as secondaries of neutrinos interacting with the 
primordial neutrino background). Such scenarios predict appreciable event 
rates above ~ 1019 eV in a km3 scale detector, but require unrealistically 
strong clustering of relic neutrinos (a homogeneous relic neutrino overden-
sity would make the EGRET constraint only more severe because neutrino 
interactions beyond ~ 50 Mpc contribute to the GeV 7 -ray background but 
not to the UHECE flux). A detection would thus open the exciting possi-
bility to establish an experimental lower limit on r. Being based solely on 

R(E) < 0.34 r 
A(E) 

( î ô i ë v ) " ' (») . 1 km x 2tt ü»r j 
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Figure 7: Flux predictions for a TD model characterized by p = 1. nix = 1014 GeV. 
with X particles exclusively decaying into neutriiio-aiitmeutriiio pairs of all flavors (with 
equal branching ratio), assuming a neutrino mass mv = leV. For neutrino clustering, an 
overdensity of s 30 over a scale of L ü 5 Mpc was assumed. The calculation assumed the 
strongest URB version from Ref. [117] and an EGMF -C 10"11 G. The line key is as in 
Figs. 4 and 6. 

energy conservation, Eq. (9) holds regardless of whether or not the underly-
ing TD mechanism explains the observed EIIECR events. 

The transient neutrino event rate could be much higher than Eq. (9) in 
the direction to discrete sources which emit particles in bursts. Correspond-
ing pulses in the EHE nucléon and 7—ray fluxes would only occur for sources 
nearer than ~ 100 Mpc and, in case of protons, would be delayed and dis-
persed by deflection in Galactic and extragalactic magnetic fields [146, 147]. 
The recent observation of a possible clustering of CRs above ~ 4 x 1019 eV by 
the AGASA experiment [148] might suggest sources which burst on a time 
scale tb -C 1 yr. A burst finance of ~ r A(E)/1 km3 x 2tt sr] (i?/1019 eV)"°-f> 
neutrino induced events within a time could then be expected. Associated 
pulses could also be observable in the GeV — TeV 7—ray flux if the EGMF is 
smaller than ~ I0~ lu G in a significant fraction of extragalactic space [149]. 

In contrast to roughly homogeneous sources and/or mechanisms with 
branching ratios r > 1, in scenarios Involving clustered sources such as 
metastable superheavy relic particles decaying with r — 1, the neutrino flux 
is comparable to (not significantly larger than) the UHE photon plus nucléon 
fluxes. This can be understood because the neutrino flux Is dominated by 
the extragalactic contribution which scales with the extragalactic nucléon 
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and 7—ray contribution in exactly the same way as in the unclustered case, 
whereas the extragalactic contribution to the "visible" flux to be normalized 
to the UHECR data is much smaller in the clustered case. The resulting 
neutrino fluxes would be hardly detectable even with next generation exper-
iments. 

5 U H E cosmic rays and cosmological large scale 
magnet ic fields 

5.1 Deflection and delay of charged hadrons 

Whereas for UHE electrons the dominant influence of large scale magnetic 
fields is synchrotron loss rather than deflection, for charged hadrons the 
opposite is the case. A relativistic particle of charge qe and energy E has a 
gyroradius rg — E/(qeB±) where is the field component perpendicular 
to the particle momentum. If this field is constant over a distance d, this 
leads to a deflection angle 

Magnetic fields beyond the Galactic disk are poorly known and include 
a possible extended field in the halo of our Galaxy and a large scale EGMF. 
In both cases, the magnetic field is often characterized by an r.m.s. strengt hi 
13 and a correlation length lc, i.e. it is assumed that its power spectrum has 
a cut-off in wavenumber space at k — 2tt /£ c and in real space it is smooth 
on scales below lc. If we neglect energy loss processes for the moment^ then 
the r.m.s. deflection angle over a distance d in such a field is 0(E,d) ~ 

for d > ic, where the numerical prefactors were calculated from the analyt-
ical treatment in Ret 1. » r̂l̂ liere it was also pointed out that there are 
two different limits to distinguish: For d9(E, d) -C fc, particles of all ener-
gies "see" the same magnetic field realization during their propagation from 
a discrete source to the observer. In this case, Eq. (11) gives the typical 
coherent deflection from the line-of-sight source direction, and the spread 
in arrival directions of particles of different energies is much smaller. In 

(10) 

(2dîc/9)1^/r„ or 

0(E, d) ~ 0.8° q 
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contrast, for <Wl F.. d) lc, the image of the source is washed out over a 
typical angular extent again given by Eq. (11), but in this case it is cen-
tered on the true source direction. If ( ^ d̂  ^̂  the source may even 
have several images5 similar to the case of gravitational lensing. Therefore, 
observing images of UHECR sources and identifying counterparts in other 
wavelengths would allow one to distinguish these limits and thus obtain in-
formation on cosmic magnetic fields. If d is comparable to or larger than the 
interaction length for stochastic energy loss due to photo-pion production or 
photo disintegration, the spread in deflection angles is always comparable to 
the average deflection angle. 

Deflection also implies an average time delay of T(E, d) — d$(E,d)2/4, 
or 

= L s * ^ fer (-jmù2 ( j k ù fer * 
(12) 

relative to rectilinear propagation with the speed of light. It was pointed 
out in Ref. [150] that, as a consequence, the observed UHECR spectrum of 
a bursting source at a given time can be different from its lon^~time average 
and would typically peak around an energy 15b, given by equating r(E,â) 
with the time of observation relative to the time of arrival for vanishing 
time delay. Higher energy particles would have passed the observer already, 
whereas lower energy particles would not have arrived yet. Similarly to the 
behavior of deflection angles, the width of the spectrum around EQ would 
be much smaller than EQ if both d is smaller than the interaction length for 
stochastic energy loss and d(){ E, d) <C lc- In all other cases the width would 
be comparable to EQ. 

Constraints on ma gnetic fields from deflection and time delay cannot 
be studied separately from the characteristics of the 'probes", namely the 
UHECR sources, at least as long as their nature is unknown. An approach 
to the general case is discussed in Sect. 5.3. 

5*2 Constraints on E H E C R source locations 

As pointed out in Sect. 1, nucléons, nuclei, and 7 rays above a few 1019eV 
cannot have originated much further away than ~ 50 Mpc. Together with 
Eq. (11) this implies that above a few 1019eV the arrival direction of such 
particles should in general point back to their source within a few de-
grees I f . x ins argument is often made in the literature and follows from 
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the Faraday rotation bound on the EGMF and a possible extended field in 
the halo of our Galaxy, which in its historical form reads /i/< " < 10~y G 

as well as from the known strength and scale height of the field 
in the disk of our Galaxy, Bg c^. 3 x 1Ö-6 G, lg < 1 kpc. Furthermore, the de-
flection in the disk of our Galaxy can be corrected for in order to reconstruct 
the extragalactic arrival direction: Maps of such corrections as a function 
of arrival direction have been calculated in Refe. [152] for plausible models 
of the Galactic magnetic field. The deflection of UHEGR trajectories in the 
Galactic magnetic field may, however, also give rise to several other impor-
tant effects [153] such as (de)magnification of the UHECR fluxes due to the 
magnetic leusiug effect mentioned in the previous section (which can mod-
ify the UHECR spectrum from individual sources), formation of multiple 
images of a source, and apparent "blindness" of the Earth towards certain 
regions of the sky with regard to UHECRs. These effects may in turn have 
important implications for UHECR source locations. In fact, it was recently 
claimed [154] that, assuming a certain model of the magnetic fields in the 
galactic winds, the highest energy cosmic ray events could all have origi-
nated in the Virgo cluster or specifically in the radio galaxy M87. However, 
as was subsequently pointed out in Ref. [155], this galactic wind model leads 
to focusing of all positively charged highest energy particles to the North 
galactic pole and, consequently, this cannot be interpreted as evidence for a 
point source situated close to the North galactic pole. 

However, important modifications of the Faraday rotation bound on the 
EGMF have recently been discussed in the literature: The average elec-
tron density which enters estimates of the EGMF from rotation measures, 
can now be more reliably estimated from the baryon density ~ 0.02, 
whereas in the original bound the closure density was used. Assuming an 
unstructured Universe and Oq = 1 results in the much weaker bound [156] 

which suggests much stronger deflection. However, taking into account the 
large scale structure of the Universe in the form of voids, sheets, filaments 
etc., and assuming flux freezing of the magnetic fields whose strength then 
approximately scales with the 2/3 power of the local density, leads to more 
stringent bounds: Using the Lyman a forest to model the density distribu-
tion yields [156] 

B < 1 0 " 9 - 1 0 " S G (14) 
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for the large scale EGMF for coherence scales between the Hnbble scale 
and 1 Mpc. This estimate is closer to the original Faraday rotation limit. 
However, in this scenario the maximal fields in the sheets and voids can be 
as high as a ^G [157, 156]. 

Therefore, according to Eq. (11) and (14), deflection of UHECR nncleons 
is still expected to be on the degree scale if the local large scale structure 
around the Earth is not strongly magnetized. However, rather strong deflec-
tion can occur if the Supergalactic Plane is strongly magnetized, for particles 
originating in nearby galaxy clusters where magnetic fields can be as high as 
10 6 G [151] (see Sect. 5.3 below) and/or for heavy nuclei such as iron [26]. 
In this case, magnetic lensing in the EGMF can also play an important role 
in determining UHECR source locations [158, 159]. 

Small deflection 

For small deflection angles and if photo-pion production is important, one 
has to resort to numerical Monte Carlo simulations in 3 dimensions. Such 
simulations have been performed in Ref. [180] for the case dB(E, d) lc and 
in Refs. [147, 161, 162] for the general case. 

In Refs. [147, 161, 162] the Monte Carlo simulations were performed in 
the following way: The magnetic field was represented as a Gaussian random 
field with zero mean and a power spectrum with { B 2 ( k ) ) oc knH for k < kc 

and {B 2 (K ) ) = 0 otherwise, where kc = 2TT/Ic characterizes the numerical 
cut-off scale and the r.m.s. strength is B2 = /0°° dkk2(B2(k)}, The field 
is then calculated on a grid in real space via Fourier transformation. For a 
given magnetic field realization and source, nucléons with a uniform loga-
rithmic distribution of injection energies are propagated between two given 
points (source and observer) on the grid. This is done by solving the equa-
tions of motion in the magnetic field interpolated between the grid points, 
and subjecting nucléons to stochastic production of pions and (in case of 
protons) continuous loss of energy due to PP. Upon arrival, injection and 
detection energy, and time and direction of arrival are recorded. From many 
(typically 40000) propagated particles, a histogram of average number of 
particles detected as a function of time and energy of arrival is constructed 
for any given injection spectrum by weighting the injection energies corre-
spondingly. This histogram can be scaled to any desired total fluence at 
the detector and, by convolution in time, can be constructed for arbitrary 
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F i g u r e 8: Contour plot of the UHECR image of a bursting source at d = 30 Mpc, 
projected onto the time-energy plane, with B = 2 x 10 - 1 Ü G, LC = 1 Mpc. from Ref. [147], 
The contours decrease in steps of 0.2 in the logarithm to base 10. The dotted line indicates 
the energy-time delay correlation T(E,<Î) « E2 as would be obtained in the absence of 
pion production losses. Clearly, dO(E,d) < lc in this example, since for E < 4 x 10u 'eV, 
the width of the energy distribution at any given time is much smaller than the average (see 
Sect. 5.1). The dashed lines, which are not resolved here, indicate the location (arbitrarily 
chosen) of the observational window, of length T„(,s = 5 yr. 

emission time scales of the source. An example for the distribution of arrival 
times and energies of UHECRs from a bursting source is given in Fig. 8. 

We adopt the following notation for the parameters: rioo denotes the time 
delay due to magnetic deflection at E = 100 EeV and is given by Eq. (12) in 
terms of the magnetic field parameters; T$ denotes the emission time scale 
of the source; T$ -C 1 yr corresponds to a burst, and lyr (roughly 
speaking) to a continuous source; 7 is the differential index of the injection 
energy spectrum; NQ denotes the fluence of the source with respect to the 
detector, i.e., the total number of particles that the detector would detect 
from the source on an infinite time scale; finally, C is the likelihood function 
of the above parameters. 

By putting windows of width equal to the time scale of observation over 
these histograms one obtains expected distributions of events in energy and 
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E [EeV] 

Figure 9: Energy spectra for a continuous source (solid line), and for a burst (dashed 
line), from Ref. [147], Both spectra are normalized to a total of 50 particles detected. 
The parameters corresponding to the continuous source case are: Ts = 10" yr, Tim = 
1.3 x 1Û8 yr. and the time of observation is t = 9 x 10s yr, relative to rectilinear propagation 
with the speed of light. A low energy cutoff results at the energy Es = 4 x 10ls' eV where 
TE$ = T. The dotted line shows how the spectrum would continue if TG •••'<. 104 yr. The case 
of a bursting source corresponds to a slice of the image in the te — E plane, as indicated 
in Fig. 8 by dashed lines. For both spectra, <i = 30 Mpc. and 7 = 2.. 

time and direction of arrival for a given magnetic field realization, source 
distance and position, emission time scale, total fluence, and injection spec-
trum. Examples of the resulting energy spectrum are shown in Fig. 9. By 
dialing Poisson statistics on such distributions, one can simulate correspond-
ing observable event clusters. 

Conversely, for any given real or simulated event cluster, one can con-
struct a likelihood of the observation as a function of the time delay, the 
emission time scale, the differential injection spectrum index, the fluence, 
and the distance. In order to do so, and to obtain the maximum of the 
likelihood, one constructs histograms for many different parameter combi-
nations as described above, randomly puts observing time windows over the 
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histograms, calculates the likelihood fonction from the part of the histogram 
within the window and the cluster events, and averages over different window 
locations and magnetic field realizations. 

Tioo M 

F i g u r e 10: The likelihood, C. marginalized over Ts and No as a function of the average 
time delay at 10"° eV, TIOO, assuming a source distance d — 30 Mpc. The panels are for 
pair # 3 through # 1, from top to bottom, of the AGASA pairs [148j. Solid lines are for 
-y = 1.5, dotted lines for -y = 2.0, and dashed lines for -y = 2.5. 

In Ref [161] this approach has been applied to and discussed in detail 
for the three pairs observed by the AGASA experiment [148], under the as-
sumption that all events within a pair were produced by the same discrete 
source. Although the inferred angle between the momenta of the paired 
events acquired in the EGMF is several degrees [163], this is not necessarily 
evidence against a common source, given the uncertainties in the Galactic 
field and the angular resolution of AGASA which is ~ 2.5°. As a result of 
the likelihood analysis, these pairs do not seem to follow a common charac-
teristic; one of them seems to favor a burst, another one seems to be more 
consistent with a continuously emitting source. The current data, therefore, 
does not allow one to rule out any of the models of UHECR sources. Fur-
thermore, two of the three pairs are insensitive to the time delay. However, 
the pair which contains the 200 EeV event seems to significantly favor a com-
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paratively small average time delay, t ï o o S 1 0 >T? a s c a n be seen from the 
likelihood function marginalized over Tg and jvq (see Fig. 10). According to 
Eq. (12) this translates into a tentative bound for the r.m.s. magnetic field, 
namely, 

which also applies to magnetic fields in the halo of our Galaxy if d is replaced 
by the lesser of the source distance and the linear halo extent. If confirmed 
by future data, this bound would be at least two orders of magnitude more 
restrictive than the best existing bounds which come from Faraday rotation 
measurements [see Eq. (14)] and, for a homogeneous EGMF, from CMB 
anisotropies [164]. UHECRs are therefore at least as sensitive a probe of 
cosmic magnetic fields as other measures in the range near existing limits 
such as the polarization [165] and the small scale anisotropy [166] of the 
CMB. 

More generally, confirmation of a clustering of EHECRs would provide 
significant information on both the nature of the sources and on large-scale 
magnetic fields [167]. This has been shown quantitatively [162] by apply-
ing the hybrid Monte Carlo likelihood analysis discussed above to simu-
lated clusters of a few tens of events as they would be expected from next 
generation experiments [6] such as the High Resolution Fly's Eye [38], the 
Telescope Array [39], and most notably, the Pierre Auger Project [40] (see 
Sect. 2), provided the clustering recently suggested by the AG AS A experi-
ment [148, 168] is real. The proposed AirWatch type satellite observatory 
concepts [42, 44, 45] might even allow one to detect clusters of hundreds of 
such events. 

Five generic situations of UHECR time-energy images were discussed in 
Ref. [162], classified according to the values of the time delay TE induced by 
the magnetic field, the emission timescale of the source Tg, as compared to 
the lifetime of the experiment. The likelihood calculated for the simulated 
clusters in these cases presents different degeneracies between different pa-
rameters, which complicates the analysis. As an example, the likelihood is 
degenerate in the ratios No/T$, or A t o / A t i o o , where ATo is the total fluence, 
and Arioo i s the spread in arrival time; these ratios represent rates of detec-
tion. Another example is given by the degeneracy between the distance d and 
the injection energy spectrum index 7. Yet another is the ratio 
that controls the size of the scatter around the mean of the tj? — E corre-
lation. Therefore, in most general cases, values for the different parameters 
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cannot be pinned down, and generally, only domains of validity are found. In 
the following the reconstruction quality of the main parameters considered 
is suniHiSirizGci» 

The distance to the source can be obtained from the pion production 
signature, above the G!Z)K. cut-off, when the emission timescale of the source 
dominates over the time delay. Since the time delay decreases with increas-
ing energy, the lower the energy EQ, defined by TEg — 2s, the higher the 
accuracy on the distance d. The error on d is, in the best case, typically 
a factor 2, for one cluster of ft 40 events. In this case, where the emission 
timescale dominates over the time delay at all observable eneri^ies, mfx̂ rm.a1™ 
lion on the magnetic field is only contained in the angular image, which was 
not systematically included in the likelihood analysis of Ref. [162] due to 
computational limits. Qualitatively, the size of the angular image is propor-
tional to B(dlc)1/2jE, whereas the structure of the image, i.e., the number 
of separate images, is controlled by the ratio d?/2Bjl^2/E. Finally, in the 
case when the time delay dominates over the emission timescale, with a time 
delay shorter than the lifetime of the experiment, one can also estimate the 
distance with reasonable accuracy. 

Some sensitivity to the injection spectrum index 7 exists whenever events 
are recorded over a sufficiently broad energy range. At least if the distance 
d is known, it is in general comparatively easy to rule out a hard injection 
spectrum if the actual 7 > 2.Ö, but much harder to distinguish between 
7 = 2.0 and 2.5. 

If the lifetime of the experiment is the largest time scale involved, the 
strength of the magnetic field can only be obtained from the time-energy 
image because the angular image will not be resolvable. When the time 
delay dominates over the emission timescale, and is, at the same time, larger 
than the lifetiixie of the experiment, only a lower limit corresponding to this 
latter timescale, can be placed on the time delay and hence on the strength 
of the magnetic field. When combined with the Faraday rotation upper limit 
Eq. (14), this would nonetheless allow one to bracket the r.m.s. magnetic 
field strength within a. few orders of magnitude. In this case also, significant 
information is contained in the angular image. If the emission time scale is 
larger then the delay time, the angular image is obviously the only source of 
1 nf or mat ion on the magnetic field strength. 

The coherence length lc enters in the ratio ( )1 '//, that controls the 
scatter around the mean of the te — E correlation in the time-energy image. 
It can therefore be estimated from the width of this image, provided the 
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emission timescale is much less than TE (otherwise the correlation would not 
be seen), and some prior information on D and TB*s available. 

Figure 11: (a) Arrival time-energy histogram for y — 2.0, no« = 80 yr, Ts = 200 y*, 
lc ~ IMpc, d — 50 Mpc, corresponding to t) ~ 3 x 10 11 G. Contours are m steps of a 
factor 10°'4 = 2.51; (b) Example of a cluster in the arrival time-energy plane resulting 
from the cnt indicated in (a) by the dashed line at r ~ 100 yr; (c) The likelihood function, 
marginalized over No and y, for d = 50 Mpc. lc ~Mpc. for the cluster shown in (b). in 
the Ts — Two plane. The contours shown go from the maximum down to about 0.01 of 
the maximum in steps of a factor 10°'" = 1.58. Note that the likelihood clearly favors 
Ts ~ 4 t i o o • For rioo large enough to be estimated from the angular image size, 

therefore, be estimated as well. 

An emission times cale much larger than the exjperiixiental lifetime may 
be estimated if a lower cut-off in the spectrum is observable at an energy 
EQ, indicating that Tg — TEc. The latter may, in turn, be estimated from 
the angular image size via Eq. (12), where the distance can be estimated 
from the spectrum visible above the GZK cut-off, as discussed above. An 
example of this scenario is shown in Fig. 11. For angular resolutions A9, 
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timescales in the range 

3 x 103 ( ( y r < T s ~ r E < 104 • • • 107 ( - J — V " yr 
\ 1° / \10Mpc/ \ 100EeV/ 3 

(16) 
could be probed. The lower limit follows from the requirement that it should 
be possible to estimate TE from using Eq. (12), otherwise only an upper 
limit on Tg, corresponding to this same number, would apply. The upper 
bound in Eq. (16) comes from constraints on maximal time delays in cosmic 
magnetic fields, such as the Faraday rotation limit in the case of cosmological 
large-scale field (smaller number) and knowledge on stronger fields associated 
with the large-scale galaxy structure (larger number). Eq. (16) constitutes 
an interesting range of emission timescales for many conceivable scenarios of 
UHECRs. For example, the hot spots in certain powerful radio galaxies that 
have been suggested as UHECR sources [169], have a size of only several kpc 
and could have an episodic activity on timescales of ~ 106 yr. 

A detailed comparison of analytical estimates for the distributions of time 
delays, energies, and deflection angles of nucléons in weak random magnetic 
fields with the results of Monte Carlo simulations has been presented in 
Ref. [170]. In this work, deflection was simulated by solving a stochastic dif-
ferential equation and observational consequences for the two major classes 
of source scenarios, namely continuous and impulsive UHECR production, 
were discussed. In agreement with earlier work [150] it was pointed out that 
at least in the impulsive production scenario and for an EGMF in the range 
0.1 — 1 x 10~9 G, as required for cosmological GRB sources, there is a typical 
energy scale E^ 102D-5 — 1021-5 eV below which the flux is quasi-steady due 
to the spread in arrival times, whereas above which the flux is intermittent 
with only a few sources contributing. 

General case 

Unfortunately, neither the diffusive limit nor the limit of nearly rectilinear 
propagation is likely to be applicable to the propagation of UHECRs around 
1020 eV in general. This is because in magnetic fields in the range of a 
few 10~8 G, values that are realistic for the Supergalactic Plane [157, 156], 
the gyro radii of charged particles is of the order of a few Mpc which is 
comparable to the distance to the sources. An accurate, reliable treatment 
in this regime can only be achieved by numerical simulation. 

To this end, the Monte Carlo simulation approach of individual trajecto-
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ries developed in Tiefe. [161, 162] has recently been generalized to arbitrary 
deflections [158]. The Supergalactic Plane was modeled as a sheet with a 
thickness of a few Mpc and a Gaussian density profile. The same statistical 
description for the magnetic field was adopted as in Refs. [161, 162], but with 
a field power law index njg = —11/3, representing a turbulent Kolmogorov 
type spectrum, and weighted with the sheet density profile. It should be 
mentioned, however, that other spectra, such as the Kraichnan spectrum, 
corresponding to nn — —7/2, are also possible. The largest mode with non-
zero power was taken to be the largest turbulent eddy whose size is roughly 
the sheet thickness. In addition, a coherent field component Bc is allowed 
that is parallel to the sheet and varies proportional to the density profile. 

T [yr] 

Figure 12: The distribution of time delays TE and energies E for a burst with spectral 
index 7 = 2.4 at a distance d = 10 Mpc, similar to Fig, 8, but for the Supergalactic 
Plane scenario discussed in the text. The turbulent magnetic field component in the sheet 
center is B = 3 x 10" * G. Furthermore, a vanishing coherent field component is assumed. 
The inter-contour interval is 0.25 in the logarithm to base 10 of the distribution per 
logarithmic energy and time interval The three regimes discussed in the text, T£ (x E ' 
in the rectilinear regime E > 200 EeV, TE OC J T 1 in the Böhm diffusion regime 60EeV < 
E < 200 EeV, and TE OC ETfor E < 60 EeV are clearly visible. 

When CR backreaction on the weakly turbulent magnetic field is ne-
glected, the diffusion coefficient of CR of energy E is determined by the 
magnetic field power on wavelengths comparable to the particle Larmor ra-
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dius, and can be approximated by 

= * « » ( * ( * ) ) • ( 1 7 ) 

As a consequence, for the Kolmogorov spectrum, in the diffusive regime, 
where TE ä, d, the diffusion coefficient should scale with energy as D(E) oc 
Eiß 

for rg < L/(2tt), and as D(E) oc E in the so-called Böhm diffusion 
regime,r3 > L/(27r). This should be reflected in the dependence of the time 
delay TE on energy E: From the rectilinear regime, TE 5 d, hence at the 
largest energies, where TE OC E~2, this should switch to TE OC E i n the 
regime of Böhm diffusion, and eventually to TE OC at the smallest 
energies, or largest time delays. Indeed, all three regimes can be seen in 
Fig. 12 which shows an example of the distribution of arrival times and 
energies of UHECRs from a bursting source. 

The numerical results indicate an effective gyroradius that is roughly a 
factor 10 higher than the analytical estimate, with a correspondingly larger 
diffusion coefficient compared to Eq. (17). In addition, the fluctuations of 
the resulting spectra between different magnetic field realizations can be 
substantial. This is a result of the fact that most of the magnetic field 
power is on the largest scales where there are the fewest modes. These 
considerations mean that the applicability of analytical flux estimates of 
discrete sources in specific magnetic field configurations is rather limited. 

In a steady state situation, diffusion leads to a modification of the injec-
tion spectrum by roughly a factor TE, at least in the absence of significant en-
ergy loss and for a homogeneous, infinitely extended medium that can be de-
scribed by a spatially constant diffusion coefficient. Since in the non-diffusive 
regime the observed spectrum repeats the shape of the injection spectrum, 
a change to a flatter observed spectrum at high energies is expected in the 
transition region [171]. From the spectral point of view this suggests the pos-
sibility of explaining the observed UHECR flux above ~ 10 EeV including 
the highest energy events with only one discrete source [172]. 

Angular images of discrete sources in a magnetized Supercluster in prin-
ciple contain information on the magnetic field structure. For the recently 
suggested field strengths between ~ 10~s G and ~ 1/j. G the angular images 
are large enough to exploit that information with instruments of angular 
resolution in the degree range. An example where a transition from several 
images at low energies to one image at high energies allows one to estimate 
the magnetic field coherence scale is shown in Fig. 13. 
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Figure 13: Angular image of a point-like source in a magnetized Snpergalactic Plane, 
corresponding to one particular magnetic field realization with, a maximal magnetic field 
in the plane center, B n 5 X 10 G, all other parameters being the saine as in Fig. 12. 
The image is shown in different energy ranges, as indicated, as seen by a detector of 
~ 1° angular resolution. A transition from several images at lower energies to Only one 
image at the highest energies occurs where the linear deflection becomes comparable to 
the effective field coherence length. The difference between neighboring shade levels is 0.1 
in the logarithm to base 10 of the integral flix per solid angle. 

The newest AC A SA data [168], however, indicate an isotropic distribu-
tion of EHECR. To explain this with only one discrete source would require 
the magnetic fields to be so strong that the flux beyond 1020 eV would most 
likely be too strongly suppressed by pion production, as discussed above. 
The recent claim that the powerful radio galaxy Centaurus A at a distance 
of 3.4 Mpc from Earth can explain both observed flux and angular distri-
butions of UHECRs above 10 eV for an extragalactic magnetic field of 
strength ~ 0.3/i G [173] was based on the diffusive approximation which is 
clearly shown by numerical simulations not to apply in this situation; the 
predicted distributions are too anisotropic even at 1019eV. 

This suggests a more continuous source distribution which may also still 
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reproduce the observed UHECR flux above ™ 1019 eV with only one spectral 
component [174]. Statistical studies neglecting magnetic deflection can be 
performed analytically and also suggest that many sources should contribute 
to the CHECH spectrum "175]. A more systematic parameter study of sky 
maps and spectra in UHECR in different scenarios with magnetic fields is 
now being pursued [176, 159]. Such studies will also be needed to generalize 
analytical considerations on correlations of UHECR arrival directions with 
the large scale structure of galaxies [177] to scenarios involving significant 
magnetic deflection. 

Intriguingly, scenarios in which a diffuse source distribution follows the 
density in the Supergalactic Plane within a certain radius, can accommodate 
both the large scale isotropy (by diffusion) and the small scale clustering 
(by magnetic lensing) revealed by AGASA if a magnetic field of strength 
B > 0.5/iG permeates the Supercluster [159]. 

Fig. 14 shows the distribution of arrival times and energies, the solid 
angle integrated spectrum, and the angular distribution of arrival directions 
in Galactic coordinates in such a scenario where the UHECR sources with 
spectral index 7 = 2.4 are distributed according to the matter density in the 
Local Supercluster, following a pancake profile with scale height of 5 Mpc and 
scale length 20 Mpc. The r.m.s. magnetic field has a Kolmogorov spectrum 
with a maximal field strength B ï î i a s = 5x 10"! G in the plane center, and also 
follows the matter density. The observer is within 2 Mpc of the Supergalactic 
Plane whose location is indicated by the solid line in the lower panel and at 
a distance d — 20 Mpc from the plane center. The absence of sources within 
2 Mpc from the observer was assumed. The transition discussed above from 
the diffusive regime below ~ 2 x 1020 eV to the regime of almost rectilinear 
propagation above that energy is clearly visible. 

Detailed Monte Carlo simulations performed on these distributions re-
veal that the anisotropy decreases with increasing magnetic field strength 
due to diffusion and that small scale clustering increases with coherence and 
strength of the magnetic field due to magnetic lensing. Both anisotropy and 
clustering also increase with the (unknown) source distribution radius. Fur-
thermore, the discriminatory power between models with respect to anisotropy 
and clustering strongly increases with exposure [1591. 

As a result, a diffuse source distribution associated with the Supergalac-
tic Plane can explain most of the currently observed features of ultra-high 
energy cosmic rays at least for field strengths close to 0.5 fi G. The large-scale 
anisotropy and the clustering predicted by this scenario will allow strong dis-
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crimination against other models with next generation experiments such as 
the Pierre Auger Project. 

6 Conclusions 

Ultra-high energy cosmic rays have the potential to open a window to and 
act as probes of new particle physics beyond the Standard Model as well 
as processes occurring in the early Universe at energies close to the Grand 
Unification scale. Even if their origin will turn out to be attributable to 
astrophysical shock acceleration with no new physics involved, they will still 
be witnesses of one of the most energetic processes in the Universe. Further-
more, complementary to other methods such as Faraday rotation measure-
ments, ultra-high energy cosmic rays can be used as probes of the poorly 
known large scale cosmic magnetic fields. The future appears promising and 
exciting due to the anticipated arrival of several large scale Gxpcomciit s » 
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F i g u r e 14: The distribution of arrival times and energies (top), the solid angle integrated 
spectrum (middle, with 1 sigma error bars showing combined data from the Haverali 
Park [4], the Fly's Eye [8], and the AGASA [9] experiments above 10 l yeV), and the 
angular distribution of arrival directions in Galactic coordinates (bottom, with color scale 
showing the intensity per solid angle) in the Snperclnster scenario with continnons sonrce 
distribntion explained in the text, averaged over 4 magnetic field realizations with 20000 
particles each. 



296 G, Sigl 

JL JOlC tEîîïS 

fl] S. Swordy, private communication. The data represent published results 
of the LEAP, Proton, Akeno, AGASA, Fly's Eye, Haverah Park, and 
Yakutsk experiments. 

[2] J. Linsley, Phys. Rev. Lett. 10 (1963) 146; Proc. 8th International Cos-
mic Ray Conference 4 (1963) 295. 

[3] R. G. Brownlee et al-, Can. J. Phys. 46 (1968) S259; 
M. M. Winn et al., J. Phys. G 12 (1986) 653; see also 
http://www. physics, usyd.edu.au/hienergy/sugar. html. 

[4] See, e.g., M. A. Lawrence, R. J. 0 . Reid, and A. A. Witson, J. Phys. G 
Nucl. Part. Phys. 17 (1991) 733, and references therein; see also 
http://ast.leeds.ac.uk/haverah/hav-home.html. 

[5] Proc. International Symposium on Astrophysical Aspects of the Most 
Energetic Cosmic Rays, eds. M. Nagano and F. Takahara (World Sci-
entific, Singapore, 1991) 

[6] Proc. of International Symposium on Extremely High Energy Cosmic 
Rays: Astrophysics and Future Observatories, ed. M. Nagano (Institute 
for Cosmic Ray Research, Tokyo, 1996). 

[7] N. N. Efimov et al., Ref. [5], p. 20; B. N. Afnasiev, in Ref. [6], p. 32. 

[8] D. J. Bird et al., Phys. Rev. Lett. 71 (1993) 3401; Astrophys. J. 424 
(1994) 491; ibid. 441 (1995) 144. 

[9] N. Hayashida et al-, Phys. Rev. Lett. 73 (1994) 3491; S. Yoshida 
et al., Astropart. Phys. 3 (1995) 105; M. Takeda et al., 
Phys. Rev. Lett. 81 (1998) 1163; see also http://icrsun.icrr.u-
tQkyo.ac.jp/as/project/agasa.html. 

[10] M. Nagano, A. A. Watson, Rev. Mod. Phys. 72 (2000) 689. 

[11] V. S. Berezinsky, S. V. Bulanov, V. A. Dogiel, V. L. Ginzburg, and 
V. S. Ptuskin, Astrophysics of Cosmic Rays (North-Holland, Amster-
dam, 1990). 

[12] T. K. Gaisser, Cosmic Rays and Particle Physics, Cambridge University 
Press (Cambridge, England, 1990) 

http://www
http://ast.leeds.ac.uk/haverah/hav-home.html


Ultrahigh Energy Cosmic Rays ... 297 

[là] Proc. of Workshop on Observing Giant Cosmic, Ray Air Showers from 
> 1020 e V Particles from. Space, eds. J. F. Krizmanic, J. F. Ormes, and 
R. E. Streitmatter (AIP Conference Proceedings 433, 1997). 

[14] J. W. Cronin, Rev. Mod. Phys. 71 (1999) S165; A. V. Olinto, 
Phys. Rept. 333-334 (2000) 329; X. Bertou, M. Boratav, and 
A. Letessier-Selvon, Int. J. Mod. Phys. A15 (2000) 2181; M. Nagano 
and A. A. Watson, Rev. Mod. Phys. 72 (2000) 689. 

[15] P. Bhattacharjee and G. Sigl, Phys. Rept. 327 (2000) 109. 

[16] A. M. Hillas, Ann. Rev. Astron. Astrophys. 22 (1984) 425. 

[17] G. Sigl, D. N. Schramm, and P. Bhattacharjee, Astropart. Phys. 2 
(1994) 401. 

[18] C. A. Norman, D. B. Melrose, and A. Achterherg, Astrophys. J. 454 

(1995) 60. 

[19] P. L. Biermann, J. Phys. G: Nucl. Part. Phys. 23 (1997) 1. 

[20] J. G. Kirk and P. Duffy, J. Phys. G: Nucl. Part. Phys. 25 (1999) R163. 

[21] K. Greisen, Phys. Rev. Lett. 16 (1966) 748. 
[22: G. T. Zatsepin and V. A. Kuzmin, Pis'ma Zh. Eksp. Teor. Fiz. 4 (1966) 

114 [JETP. Lett. 4 (1966) 78]. 

[23] F. W. Stecker, Phys. Rev. Lett. 21 (1968) 1016. 

[24] J. L. Puget, F. W. Stecker, and J. II. Bredekamp, Astrophys. J. 205 
(1976) 638. 

[25] L. N. Epele and E. Roulet, Phys. Rev. Lett. 81 (1998) 3295; J. High 
Energy Phys. 9810 (1998) 009; F. W. Stecker, Phys. Rev. Lett. 81 (1998) 
3296; F. W. Stecker and M. H. Salamon, Astrophys. J. 512 (1999) 521. 

[26] J. W. Elbert, and P. Sommers, Astrophys. J. 441 (1995) 151. 

[27] E. Boldt and P. Ghosh, in Mon. Not. R. Astron. Soc. 307 (1999) 491. 

[28] T. K. Gaisser, F. Halzen, and T. Stanev, Phys. Rept. 258 (1995) 173. 



298 G, Sigl 

[29] F, Haben, e-print astro-ph/9810368, lectures presented at the TASI 
School, July 1998; e-print astro-ph/9904216, talk presented at the 17th. 
International Workshop on Weak Interactions and Neutrinos, Cape 
Town, South Africa, January 1999; 

[30] R. A, Oug, Phys, Rept, 305 (1998) 95; M, Catanese and T. C. Weekes, e-
print astro-ph/9906501, invited review, Publ. Astron, Soc, of the Pacific, 
Vol. I l l , issue 764. (1999) 1193. 

[31] K. Mannheim, Rev. Mod. Astron. 12 (1999) 101. 

[32] E. Waxman and J. Bahcall, Phys. Rev. D. 59 (1.999) 023002; J. Bahcall 
and E. Waxman, e-print hep-ph/9902383. 

[33] Proceedings of the 19th Texas Symposium on Relativistic Astrophysics 
(Paris, France, 1998). 

Tv * ïvjf XI. o. In. ö i. n t, ̂  lv « J * P rot tic ro c, sjid J < ^ e-print astro-
ph/981.2398, to appear in Phys. Rev. D.; J. P. Rachen, R. J. Protheroe, 
and K. Mannheim, e-print astro-ph/9908031, in [33]. 

[35] See, e.g., S. Petrera, Nuovo Cimento 19C (1996) 737. 

[36] S. Yoshida and H. Dai, J. Phys. G 24 (1998) 905; P. Sokolsky, Introduc-
tion to Ultrahigh Energy Cosmic Ray Physics (Addison Wesley, Red-
wood City, California, 1989); P. Sokolsky, P. Sommers, and B. R. Daw-
son, Phys, Rep!. 217 (1992) 225; M. V, S. Rao and B. V, Sreekantan, 
Extensive Air Showers (World Scientific, Singapore, 1998), 

[37] Proc. 24th International Cosmic Ray Conference (Istituto Nationale 
Fisica Nucleare, Rome, Italy, 1995) 

[38] S. C. Corbato et al., Nucl. Phys. B (Proc. Suppl.) 28B (1992) 36; 
D. J. Bird et al., in [37], Vol. 2, 504; Vol. 1,750; M. Al-Seady et al., 
in [6], p. 191; see also http://hires.physics.utah.edu/. 

[39] M. Teshima et al., Nucl. Phys. B (Proc. Suppl.) 28B (1.992), 1.69; 
M. Hayashida et al., in [6], p. 205; see also http://www-ta.icnr.u-
tokyo.ac.jp/. 

[40] J. W. Cronin, Nucl. Phys. B (Proc. Suppl.) 28B (1992) 213; 
The Pierre Auger Observatory Design Report (2nd edition), 

http://hires.physics.utah.edu/


Ultrahigh Energy Cosmic Rays ... 299 

March 1997; see also http://http://www.auger.org/ and http://www-
Ipnhep.in2p3.fr/auger/welcome, html. 

[41] Proc. Ê5th International Cosmic Ray Conference, eds.: M. S. Potgieter 
et al. (Durban, 1997). 

[42] J. F. Ormes et ab, in [41], Vol. 5, 273; Y. Takahashi et al., in [6], p. 310; 
see also http://lheawww.gsfc.nasa.gov/docs/gamcosray/hecr/OWL/. 

[43] D. B. Cline and F. W. Stecker, OWL/AirWatch science white paper, 
e-print astro-ph/0003459. 

[44] See http://www.ifcai.pa.cnr.it/lfcai/euso.html. 

[45] J. Linsley, in Ref. [41], Vol. 5, 381; ibid., 385; P. At-
tinà et al-, ibid., 389; J. Forbes et ab, ibid., 273; see also 
http: / / www. ifca i. pa ,c n r. it/ Ifca i /a i r wa tch. ht m I. 

[46] See http://dumand.phys.washington.edu/ dumand/. 

[47] For general information see http://amanda.berkeley.edu/; see also 
F. Halzen, New Astron. Rev 42 (1999) 289. 

[48] For general information see http://www.iflh.de/baikal/baikalhome.html; 
also see Baikal Collaboration, e-print astro-ph/9906255, talk given at 
the 8th Int. Workshop on Neutrino Telescopes, Venice, Feb 1999. 

[49] For general information see http://antares.in2p3.fr/antares/antares.html; 
see also S. Basa, in [33] (e-print astro-ph/9904213); ANTARES Collab-
oration, e-print astro-ph/9907432. 

[50] For general information see http://www.romal.infn.it/nestor/nestor.html. 

[51] For general information see http://www.ps.uci.edu/ ice-
cube/workshop.html; see also F. Halzen, Arn. Astron. Soc. Meeting 192 
(1998) # 62 28; AMANDA collaboration, e-print astro-ph/9906205, 
talk presented at the 8th Int. Workshop on Neutrino Telescopes, 
Venice, Feb 1999. 

[52] For general information see http://kuhep4.phsx.ukans.edu/ ice-
man/index.html. 

http://lheawww.gsfc.nasa.gov/docs/gamcosray/hecr/OWL/
http://www.ifcai.pa.cnr.it/lfcai/euso.html
http://dumand.phys.washington.edu/
http://amanda.berkeley.edu/
http://www.iflh.de/baikal/baikalhome.html
http://antares.in2p3.fr/antares/antares.html
http://www.romal.infn.it/nestor/nestor.html
http://www.ps.uci.edu/
http://kuhep4.phsx.ukans.edu/


300 G, Sigl 

[53] J, J, Blanco-Pillado, R, A, Vasque/, and E, Zas, Phys, Rev, Lett, 78 
(1997) 3614; K, S, Capelle, J, W, Cronin, G. Parente, and E, Zas, 
Astropart, Phys, 8 (1998) 321; A, Letessier-Selvou, e-print astro-
ph/0009444. 

[54] J. G. Learned, Phil. Trans. Roy. Soc. London A 346 (1994) 99; 

[55] G. R. Farrar, Phys. Rev. Lett. 76 (1996) 4111; D. J. H. Chung, 
G. R. Farrar, and E. W. Kolb, Phys. Rev. D 57 (1998) 4696; 

[56] G. R. Farrar and P. L. Diermann, Phys. Rev. Lett. 81 (1998) 3579. 

[57] G. Sigl, D. F. Torres, L. A. Anchordoqui, and G. E. Romero, e-print 
astro-p h/0008363. 

[58] A. Virmani et al., e-print astro-ph/0010235 

[59] R. Gandhi, C. Quigg, M. H. Reno, and I. Sarcevic, Astropart. Phys. 5 
(1996) 81; Phys. Rev. D 58 (1998) 093009. 

[60] J. Bordes et al., Astropart. Phys. 8 (1998) 135; in Beyond the Standard 
Model From Theory to Experiment (Valencia, Spain, 13-17 October 
1997), eds. I. Antoniadis, L. E. Ibanez, and J. W, F. Valle (World 
Scientific, Singapore, 1998), p. 328 (e-print hep-ph/9711438). 

[61] G. Domokos and S. Kovesi-Domokos, Phys. Rev. Lett. 82 (1999) 1366. 

[62] N, Arkaui-Hamed, S. Dimopoulos, and G. Dvali, Phys. Lett. B 429 
(1998) 263; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and 
G. Dvali, Phys. Lett. B 436 (1998) 257; N, Arkani-Hamed, S. Dimopou-
los, and G. Dvali, Phys. Rev. D 59 (1999) 086004. 

[63] S. Nussinov and R. Shrock, Phys. Rev. D 59 (1999) 105002. 

[64] P. Jain, D. W. McKay, S. Panda, and J. P. Ralston, Phys. Lett. B484 
(2000) 267; J. P. Ralston, P. Jain, D. W. McKay, S. Panda, e-print 
hep-ph/0008153, 

[65] L. Anchordoqui et al., e-print hep-ph/0011097. 

[66] C. Tyler, A. Olinto, and G, Sigl, e-print hep-ph/0002257, to apprear in 
Phys. Rev. D, 



Ultrahigh Energy Cosmic Rays ... 301 

[67] M. Kachelrieß and M. Pili mâcher, Phys. Rev. D 62 (2000) 103006. 

[68] see, e.g., S. Gullen, M. Perelstein, and M. E. Peskin, Phys. Rev.D 62 
(2000) 055012, and references therein. 

[69] S. Gullen and M. Perelstein, Phys. Rev. Lett. 83 (1999) 268; V. Barger, 
T. Han, C. Kao, and R.-J. Zhang, Phys. Lett. B 461 (1999) 34. 

[70] R. M. Baltrusaitis et al., Astrophys. J. 281 (1984) L9; Phys. Rev. D 31 
(1985) 2192. 

[71] S. Raby, Phys. Lett. B 422 (1998) 158; S. Raby and K. Tobe, 
Nucl. Phys. B 539 (1999) 3. 

[72] M. B. Voloshin and L. B. Okun, Sov. J. Nucl. Phys. 43 (1986) 495. 

[73] I. F. Albuquerque et al. (E761 collaboration), Phys. Rev. Lett. 78 (1997) 
3252; J. Adams et al. (KTeV Collaboration), Phys. Rev. Lett. 79 (1997) 
4083; A. Alavi-Harati et al. (KTeV collaboration), Phys. Rev. Lett. 83 
(1999) 2128. 

[74] L. Clavelli, e-print hep-ph/9908342. 

[75] I. F. M. Albuquerque, G. F. Farrar, and E. W. Kolb, Phys. Rev. D 59 
(1999) 015021. 

[76] S. Coleman and S. L. Glashow, Phys. Lett. B 405 (1997) 249; 
Phys. Rev. D 59 (1999) 116008. 

[77] L. Gonzalez-Mestres, Nucl. Phys. B (Proc. Suppl.) 48 (1996) 131; in [13], 
p. 148. 

[78] R. Cowsik and B. V. Sreekantan, Phys. Lett. B 449 (1999) 219. 

[79] S. Coleman and S. L. Glashow, Nucl. Phys. B574 (2000) 130. 

[80] H. Sato and T. Tati, Prog. Theor. Phys. 47 (1972) 1788. 

[81] D. A. Kinslmits and V. A. Chechin, Sov. J. Nucl. Phys. 15 (1972) 585. 

[82] T. Kühne, Astrophys. J. 518 (1999) L21. 

[83] G. Yu. Bogoslovsky and H. F. Goenner, Gen. Rel. Grav. 31 (1999) 1565. 

[84] L. Gonzalez-Mestres, e-print hep-ph/9905430, to appear in [144]. 



302 G, Sigl 

[85] A. liai pria and H. B. Kim, Phys. Lett. 1469 (1999) 78. 

[86] see J. Ellis, N. E. Mavromatos, and D. V. Nanoponlos, Gen. Rel. Grav. 
31 (1999) 1257, and references therein. 

[87] J. A. Zweerink et al. (WHIPPLE collaboration), Astrophys. J. 490 
(1997) L141. 

[88] F. Aharonian et al. (HEGRA collaboration), Astron. Astrophys. 327 
(1997) L5. 

[89] W. Kluzniak, e-print astro-ph/9905308, to appear in 8th International 
Workshop on Neutrino Telescopes, ed. Milla Baldo Ceoliii (Venice, 
1999); Astropart. Phys. 11 (1999) 117. 

[90] R. Aloisio, P. Blasi, P. L. Ghia, and A. F. Grillo, Phys. Rev. D 62 (2000) 
053010. 

[91] see G. Amelino-Camelia et ab, Nature 393 (1998) 763, and references 
therein. 

[92] J. Ellis, K. Farakos, N. E. Mavromatos, V. Mitsou, and D. V. Nanopou-
I0S3 Astrophys. J. 535 (2000) 139. 

[93] V. A. Kostelecky, in 'Topics on Quantum Gravity and Beyond, eds. 
F. Mansouri and J. J. Scanio (World Scientific, Singapore, 1993). 

[94] R. Ehrlich, Phys. Rev. D 60 (1999) 017302. 

[95] C. Caso et al., European Phys. J. C 3 (1998) 1. 

[96] R. Ehrlich, Phys. Rev. D 60 (1999) 073005. 

[97] see, e.g., T. Vachaspati, Gontemp. Phys. 39 (1998) 225. 

[98] for a brief review see V. Kuzniln and L Tkachev, Phys. Rept. 320 (1999) 
199 

[99] P. Bhattacharjee, C. T. Hill, and D. N. Schramm, Phys. Rev. Lett. 69 
(1992) 567. 

[100] see, e.g., P. Bhattacharjee and N. C. Rana, Phys. Lett. B 246 (1990) 
365. 



Ultrahigh Energy Cosmic Rays ... 303 

[101] V. Berezinsky and A. Vilenkin, Phys. Rev. Lett. 79 (1997) 5202. 

[102] P. Bhattacharjee and G. Sigl, Phys. Rev. D 51 (1995) 4079 . 

[103] Yu. L. Dokshitzer, V. A. Khoze, A. H. Müller, and S. I. Troyan, Basics 
of PerturbaMve QCD (Editions Frontieres, Singapore, 1991). 

[104; V. Berezinsky and M. Kachelrieß , Phys. Lett. B 434 (1998) 61. 

[105; M. Birkel and S. Sarkar, Astropart. Phys. 9 (1998) 297; S. Sarkar, e-
print hep-ph/0005256, to appear in Proceedings of COSMO-99, Trieste, 
27 Sept.-3 Oct. 1999. 

[106] V. Berezinsky and M. Kachelrieß , e-print hep-ph/0009053. 

[107] G. Sigl, S. Lee, P. Bhattacharjee, and S. Yoshida, Phys. Rev. D 59 
(1999) 043504. 

[108] S. Lee, Phys. Rev. D 58 (1998) 043004. 

[109] T. J. Weiler, Phys. Rev. Lett. 49 (1982) 234; Astrophys. J. 285 
(1984) 495; E. Ronlet, Phys. Rev. D 47 (1993) 5247; S. Yoshida, As-
tropart. Phys. 2 (1994) 187. 

[110] S. Yoshida, H. Dai, C. C. H. Jni, and P. Sommers, Astrophys. J. 479 
(1997) 547. 

[111] T. J. Weiler, Astropart. Phys. 11 (1999) 317. 

[112] S. Yoshida, G. Sigl, and S. Lee, Phys. Rev. Lett. 81 (1998) 5505. 

[113] R. V. Konoplich and S. G. Rubin, JETP Lett. 72 (2000) 97, A. Goyal, 
A. Gupta, and N. Mahajan, e-print hep-ph/0005030. 

[114] see, e.g., P. J. E. Peebles, Principles of Physical Cosmology, Princeton 
University Press, New Jersey, 1993. 

[115] F. A. Aharonian, P. Bhattacharjee, and D. N. Schramm, Phys. Rev. D 
46 (1992) 4188. 

[116; T. A. Clark, L. W. Brown, and J. K. Alexander, Nature 228 (1970) 
847. 

[117] R. J. Protheroe and P. L. Biermanu, Astropart. Phys. 6 (1996) 45. 



304 G, Sigl 

[118] See, e.g., S. Biller et al., Phys. Rev. Lett. 80 (1998) 2992; T. Stanev 
and A. Francescliini, Astrophys. J. 494 (1998) L159; F. W. Stecker and 
O. C. de Jager, Astrou. Astrophys. 334 (1998) L85. 

[119] P. Sreekumar et al., Astrophys. ,1. 4.94. (1998) 523. 

[1201 R. J. Protheroe and T. Stanev, Phys. Rev. Lett. 77 (1996) 3708; erra-
tum, ibid. 78 (1997) 3420. 

[121; G. Sigl, S. Lee, D. N. Schramm, and P. Bhattacharjee, Science 270 
(1995) 1977. 

[122] P. S. Coppi and F. A. Aharonian, Astrophys. J. 4.87 (1997) L9. 

[1231 R. Mukherjee and J. Chiang, Astropart. Phys. 11 (1999) 213. 

[124] V. Berezinsky, M. Kachelrieß , and A. Vilenkin, Phys. Rev. Lett. 79 
(1997) 4302. 

[125] S. Lee, A. V. Olinto, and G. Sigl, Astrophys. J. 455 (1995) L21. 

[126] C. T. Ilill, Nucl. Phys. B 224. (1983) 469. 

[1271 G. Sigl, K. Jedamzik, D. N. Schramm, and V. Berezinsky, Phys. Rev. D 
52 (1995) 6682. 

[128; O. E. Kalashev, V. A. Kuzmin, and D. V. Semikoz, e-print astro-
ph/9911035; O. E. Kalashev, V. A. Kuzmin, D. V. Semikoz, and G. Sigl, 
in preparation. 

[129; F. Halzen, R. V'azques, T. Stanev, and H. P. Vankov, Astropart. Phys. 
3 (1995) 151; M. Ave et al., Phys. Rev. Lett. 85 (2000) 2244; E. Zas, 
e-print astro-ph/00114.16. 

[130; G. Sigl, S. Lee, D. N. Schramm, and P. S. Coppi, Phys. Lett. B 392 
(1997) 129. 

[131; G. R. Vincent, N. D. Antunes, and M. Hindmarsh, Phys. Rev. Lett. 
80 (1998) 2277; G. R. Vincent, M. Hindmarsh, and M. Sakellariadou, 
Phys. Rev. D 56 (1997) 637. 

[132] U. F. Wichoski, J. H. MacGibbon, and R. H. Brandenberger, e-print 
hep-ph/9805419, submitted to Phys. Rev. D. 



Ultrahigh Energy Cosmic Rays ... 305 

[133] W. Rhode et ah, Astropart. Phys. 4 (1996) 217. 

[134] P. W. Gor ham, K. M. Liewer, and G. J. Naudet, e-print astro-
ph/9906504, to appear in [144]. 

[135] P. Lipari, Astropart. Phys. 1 (1993) 195. 

[136] R. Protheroe, in Accretion Phenomena and Related Outflows, Vol. 163 
of IAU Colloquium, eds. D. Wickramasinghe, G. Bieknell, and L. Fer-
rario (Astron. Soc. of the Pacific, 1997), p. 585. 

[137] R. J. Protheroe and P. A. Johnson, Astropart. Phys. 4 (1996) 253, and 
erratum ibid. 5 (1996) 215. 

[138] M. Aglietta et al. (EAS-TOP collaboration), in [37], Vol. 1, 638. 

[139] M. Nagano et al., J. Phys. G 12 (1986) 69. 

[140] F. Halzen and D. Saltzberg, Phys. Rev. Lett. 81 (1998) 4305. 

[141] K. Mannheim, Astropart. Phys. 11 (1999) 49. 

[142] R. Protheroe, e-print astro-ph/9809144, invited talk at Neutrino 98, 
Takayama 4-9 June 1998; M. Roy and H. J. Crawford, e-print astro-
ph/9808170, submitted to Astropart. Phys.; R. Ghandi, e-print astro-
ph/0011176. 

[143] P. B. Price, Astropart. Phys. 5 (1996) 43. 

[144] Proc. 26th International Cosmic Ray Conference, (Utah, 1999). 

[145] G. Gelmini and A. Kusenko, Phys. Rev. Lett. 84 (2000) 1378; 
G. Gelmini, e-print hep-ph/0005263, to appear in Proceedings of J,th 
International Symposium on Sources and Detection of Dark Matter in 
the Universe, Feb. 2000, Marina del Rey. 

[146] E. Waxman and J. Miralda-Eseudé, Astrophys. J. 472 (1996) L89. 

[147j M. Lemoine, G. Sigl, A. V. Olinto, and D.N. Schramm, Astrophys. J., 
486 (1997) LI 15. 

[148] N. Hayashida et ab, Phys. Rev. Lett. 77 (1996) 1000. 

[149] E. Waxman and P. S. Coppi, Astrophys. J. 464 (1996) L75. 



306 G, Sigl 

[150] J, Miralda-Escudé and E, Waxman, Astrophys, J, 462 (1996) L59, 

[151] P. P. Kronberg, Rep. Prog. Phys. 57 (1994) 325; J. P. Vallée, Funda-
mentals of Cosmic Physics, Vol, 19 (1997) 1. 

[152] T. Stanev, Astrophys. J. 479 (1997) 290; G. A. Medina Tanco, E. M. de 
Gouveia Dal Pino, and J. E. Horvath, Astrophys. J. 492 (1998) 200. 

[153] D. Harari, S. Mollerach, and E. Roulet, JHEP 08 (1999) 022; ibid. 
0002 (2000) 035; ibid. 0010 (2000) 047. 

[154] E.-J. Ahn, G. Medina-Tanco, P. L. Biermann, and T. Stanev, e-print 
astro-ph/9911123. 

[155] P. Billoir and A. Letessier-Selvon, e-print astro-ph/0001427. 

[156] P. Blasi, S. Buries, and A. V. Olinto, Astrophys. J. 514 (1999) L79. 

[157] D. Ryu, H. Kang, and P. L. Biermann, Astron. Astrophys. 335 (1998) 
19. 

[158] G. Sigl, M. Lemoine, and P. Biermann, Astropart, Phys. 10 (1999) 

[159] M, Lemoine, G. Sigl, and P. Biermann, e-print astro-ph/9903124. 

[160] G. A. Medina Tanco, E. M. de Gouveia Dal Pino, and J. E. Horvath, 
Astropart. Phys. 6 (1997) 337. 

[161] G. Sigl, M. Lemoine, and A. Olinto, Phys. Rev. D. 56 (1997) 4470. 

[162] G. Sigl and M. Lemoine, Astropart. Phys. 9 (1998) 65. 

[163] G. A. Medina Tanco, Astrophys. J. 495 (1998) L71. 

[164] J. D. Barrow, P. G. Ferreira, and J. Silk, Phys. Rev. Lett. 78 (1997) 
3610. 

[165] A. Loeb and A. Kosowsky, Astrophys. J. 469 (1996) 1. 

[166] K. Subramanian and J. D. Barrow, Phys. Rev. Lett. 81 (1998) 3575. 

[167] G. Sigl, D. N. Schramm, S. Lee, and C, T. Hill, 
Proc. Natl. Acad. Sei. USA, Vol 94 (1997) 10501. 



Ultrahigh Energy Cosmic Rays ... 307 

[168] M. Takcda et al., Astrophys. J. 522 (1999) 225; e-print astro-
ph/0008102. 

[169| J. P. Rachen and P. L. Biermann, Astron. Astrophys. 272 (1993) 161. 

[170] A. Achterberg, Y. Gallant, C. A. Norman, and D. B. Melrose, e-print 
astro-ph/9907060, submitted to Mon. Not. R. Astron. Soc. 

[171; J. Wdowczyk and A. W. Wolfendale, Nature 281 (1979) 356; M. Giler, 
J. Wdowczyk, and A. W. Wolfendale, J. Phys. G.: Nucl. Phys. 
6 (1980) 1561; V. S. Bereziuskii, S. I. Grigo'eva, and V. A. Do-
giel, Sov. Phys. JETP 69 (1989) 453; G. R. Farrar and T. Piran, 
Phys. Rev. Let t. 84 (2000) 3527. 

[172] P. Blasi and A. V. Olinto, Phys. Rev. D. 59 (1999) 023001. 

[173] G. R. Farrar and T. Piran, e-print astro-ph/0010370. 

[174] G. Medina Tanco, Astrophys. J. 510 (1999) L91; e-print astro-
ph/9905239, to appear in [144]. 

[175; S. L. Dubovsky, P. G. Tinyakov, and I. I. Tkachev, Phys.Rev.Lett. 85 
(2000) 1154; Z. Fodor and S. D. Katz, e-print hep-ph/0007158. 

[176; G. Medina Tanco, e-print astro-ph/9809219, to appear in Topics in 
cosmic-ray astrophysics, ed. M. A. DuVernois (Nova Scientific, New 
York, 1999). 

[177] E. Waxman, K. B. Fisher, and T. Piran, Astrophys. J. 483 (1997) 1; 
R. Ugoccioni, L. Tfeodoro, and U. Wichoski, e-print astro-ph/0011171. 





High Energy Particles from 7-ray Bursts 

Eli Waxman " 

Weizm,ann Institute of Science, Rehovot, Israel 

Lecture given at the 
Summer School on Astroparticle Physics and Cosmology 

Trieste, 12-30 June 2000 

LNS014008 

* waxmaii@wicc.weizmaim.ac.il 

mailto:waxmaii@wicc.weizmaim.ac.il


Abstract 

A review is presented of the fireball model of 7-ray bursts (GR Bs), 
and of the production in GRB fireballs of high energy protons and 
neutrinos. Constraints imposed on the model by recent afterglow ob-
servations, which support the association of GRB and ultra-high energy 
cosmic-ray f'CH'RCR) sources, are discussed. Predictions of the GRB 
model for UIIECR production, which can be tested with planned large 
area UHECR detectors and with planned high energy neutrino tele-
scopes, are reviewed. 
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1 In t roduct ion and s u m m a r y 

The widely accepted interpretation of the phenomenology of 7-ray bursts 
(GRBs), bursts of 0,1 MeV-1 MeV photons lasting for a few seconds (see [32] 
for review), is that the observable effects are due to the dissipation of the 
kinetic energy of a relativistically expanding wind, a "fireball," whose primal 
cause is not yet known (see [89, 84] for reviews). The recent detection of 
"afterglows," delayed low energy (X-ray to radio) emission of GRBs (see [6 i I 
for review), confirmed the cosmological origin of the bursts, through the 
redshift determination of several GRB host-galaxies, and confirmed standard 
model predictions of afterglows that result from the collision of an expanding 
fireball with its surrounding medium (see [70] for review). In this review, the 
production in GRB fireballs of 7-rays, high-energy cosmic-rays and neutrinos 
is discussed in the light of recent GRB and ultra-high-energy cosmic-ray 
observations. 

The fireball model is described in detail in §2, We do not discuss in this 
section the issue of GRB progenitors, i.e. the underlying sources producing 
the relativistic fireballs. At present, the two leading progenitor scenarios are 
collapses of massive stars [36, 81], and mergers of compact objects [42, 79], 
As explained in §2, the evolution of the fireball and the emission of 7-rays 
and afterglow radiation (on time scale of a day and longer) are largely inde-
pendent of the nature of the progenitor. Thus, although present observations 
provide stringent constraints on the fireball model, the underlying progeni-
tors remain unknown (e.g. [66]; see [61, 70j for discussion). In §3, constraints 
imposed on the fireball model by recent afterglow observations are discussed, 
which are of importance for high energy particle production. 

The association of GRBs and ultra-high energy cosmic-rays (UHECRs) 
is discussed in §4. Recent afterglow observations strengthen the evidence for 
GRB and UHECR association, which is based on two key points (see [108] 
for recent review). First, the constraints imposed on fireball model param-
eters by recent observations imply that acceleration of protons is possible 
to energy higher than previously assumed, ~ 1021 eV. Second, the inferred 
local {z = 0) GRB energy generation rate of 7-rays, m 1044erg/Mpc'Vr, 
is remarkably similar to the local generation rate of UHECRs implied by 
cosmic-ray observations. 

The GRB model for UHECR production makes unique predictions, that 
may be tested with operating and planned large area UHECR detectors [23, 
25, 103, 97], These predictions are described in 3*5" In p eir t i c u l&r, & critical 
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energy is predicted to exist, 10 eV < ec < 4 x 10 eV, above which a 
few sources produce most of the UIIE CR flux, and the observed spectra 
of these sources is predicted to be narrow, Ae/e ^ 1 * the bright sources 
at high energy should be absent in UHECRs of much lower energy, since 
particles take longer to arrive the lower their energy. If the sources predicted 
by this model are detected by planned large area UHECR detectors, this 

's 's . ft .'s t s u l i ' hp t tt'hr't 1 i r 1 i '"ïh 

would not only confirm the GRB model for UHECR. production, but will 
also provide constraints on the unknown structure and strength of the inter-
galactic magnetic field. 

We note, that the AC AS A experiment has recently reported the pres-
ence of one triplet and 3 doublets of UHECR events above 4 x 1019eV, with 
angular separations (within each group) < 2.5°, roughly consistent with the 
measurement error [96]. The probability that these multiplets are chance co-
incidences (as opposed to being produced by point sources) is 1%. There-
fore, this observation favors the bursting source model, although more data 
are needed to confirm it. Testing the predictions of the fireball model for 
UHECR production would require an exposure 10 times larger than that 
of present experiments. Such increase is expected to be provided by the 
HiRes [23] and Auger [25, 103j detectors, and by the proposed Telescope 
Array detector [97]. 

Predictions for the emission of high energy neutrinos from GRB fireballs 
are discussed in §6. Implications for planned high energy neutrino telescopes 
(the ICECUBE extension of AMANDA, ANTARES, NESTOR; see [46] for 
review) are discussed in detail in §6.4. It is shown that the predicted flux 
of > 1014 eV neutrinos may be detectable by Cerenkov neutrino telescopes 
while the flux above 1019 eV may be detectable by large air-shower detec-
tors [19, 65, 94], Detection of the predicted neutrino signal will confirm the 
GRB fireball model for UHECR production and may allow to discriminate 
between different fireball progenitor scenarios. Moreover, a detection of even 
a handful of neutrino events correlated with GRBs will allow to test for neu-
trino properties, e.g. flavor oscillation and coupling to gravity, with accuracy 
many orders of magnitude better than currently possible. 
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2 T h e Fireball model 

2.1 Relativistic expansion 

General phenomenological considerations, based on 7-ray observations, in-
dicate that, regardless of the nature of the underlying sources, GRBs are 
produced by the dissipation of the kinetic energy of a relativistic expanding 
fireball. The rapid rise time and short duration, ~ 1 ras, observed in some 
bursts [11, 31] imply that the sources are compact, with a linear scale com-
parable to a light-ms, tq ~ 107 cm. The high 7-ray luminosity implied by 
cosmological distances, h 7 ~ 1052erg s _ 1 , then results in a very high opti-
cal depth to pair creation. The energy of observed 7-ray photons is above 
the threshold for pair production. The number density of photons at the 
source n 7 is approximately given by h 7 — 47rrj}Cn7e, where e ~ IMeV is the 
characteristic photon energy. Using tq ~ 107cm, the optical depth for pair 
production at the source is 

where a t is the Thomson cross section. 
The high optical depth implies that a thermal plasma of photons, elec-

trons and positrons is created, a "fireball," which then expands and accel-
erates to relativistic velocities [79, 42], The optical depth is reduced by 
relativistic expansion of the source: If the source expands with a Lorentz 
factor r, the energy of photons in the source frame is smaller by a factor F 
compared to that in the observer frame, and most photons may therefore be 
below the pair production threshold. 

A lower limit for F may be obtained in the following way [57, 9]. The 
GRB photon spectrum is well fitted in the Burst and Transient Source Ex-
periment (BATSE) detectors range, 20 keV to 2 MeV [32], by a combination 
of two power-laws, dn7/de7 cc with different values of ß at low and high 
energy [8]. Here, dn7/de7 is the number of photons per unit photon en-
ergy. The break energy (where ß changes) in the observer frame is typically 

~ IMeV, with ß ~ 1 at energies below the break and ß ~ 2 above the 
break. In several cases, the spectrum was observed to extend to energies 
> 100 MeV [93, 32]. Consider then a high energy test photon, with observed 
energy trying to escape the relativistically expanding source. Assuming 
that in the source rest frame the photon distribution is isotropic, and that 
the spectrum of high energy photons follows dn7/de7 cc e~2, the mean free 
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path for pair production (in the source rest frame) for a photon of energy 
4 — hI'1 (in the source rest frame) is 

1 3 f ("' 
ljj(et) = -—err j dcos9(l -cos6>) j UA 

16"" (mec
2)^ = T7tCT'I (2) 

Here, etn(e'f, is the minimum energy of photons that may produce pairs 
interacting with the test photon, given by eth.e't(l — cos$) > 2(mec

2)2 (9 is 
the angle between the photons' momentum vectors). U7 is the photon energy 
density (in the range corresponding to the observed BATSB range) in the 
source rest-frame, given by L~{ — 4.Trr2'f2cU7. Note , that we have used a 
constant cross section, 3<tï"/16, above the threshold eth- The cross section 
drops as log(e)/e for e 3> eth; however, since the number density of photons 
drops rapidly with energy, this does not introduce a large correction to Lrf. 

The source size constraint implied by the variability time is modified for 
a relativistically expanding source. Since in the observer frame almost all 
photons propagate at a direction making an angle < 1 / r with respect to the 
expansion direction, radiation seen by a distant observer originates from a 
conical section of the source around the source-observer line of sight, with 
opening angle ~ 1 / r . Photons which are emitted from the edge of the cone 
are delayed, compared to those emitted on the line of sight, by r-/2r2c. Thus, 
the constraint on source size implied by variability on time scale At is 

(3) 

The time rjc required for significant source expansion corresponds to co-
moving time (measured in the source frame) tco. »ï r/Yc. The two-photon 
collision rate at the source frame is i~}, — cjlTf. Thus, the source optical 
depth to pair production is r 7 7 — tcoJt71 ss r/Yl7J, Using Eqs. (2) and (3) 
we have 

1 <7 /L~ i j 
T77 — 

128?rc2(raec
2)2r6Af" 

Requiring T77 < 1 at et we obtain a lower limit for P. 

(4) 

r > 250 
/ ^t 

7:52 \100MeV 

1/6 
(5) 

where h7 — 1052L7,52erg/s and At — lÛ~2At-2 s. 
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2.2 Fireball evolution 

As the fireball expands it cools, the photon temperature T7 in the fireball 
frame decreases, and most pairs annihilate. Once the pair density is suf-
ficiently low, photons may escape. However, if the observed radiation is 
due to photons escaping the fireball as it becomes optically thin, two prob-
lems arise. First, the photon spectrum is quasi-thermal, in contrast with 
observations. Second, the source size, ro ~ 107 cm, and the total energy 
emitted in 7-rays, ~ lO5'̂  erg, suggest that the underlying energy source is 
related to the gravitational collapse of 1M0 object. Thus, the plasma is 
expected to be "loaded" with baryons which may be injected with the radia-
tion or present 1 n the atmosphere surrounding the source. A small baryonic 
load, > 10~8M3, increases the optical depth due to Thomson scat luring on 
electrons associated with the "loading" protons, so that most of the radia-
tion energy is converted to kinetic energy of the relativistically expanding 
baryons before the plasma becomes optically thin [80, 91]. To overcome both 
problems it was proposed [87] that the observed burst is produced once the 
kinetic energy of the ultra-relativistic ejecta is re-randomized by some dissi-
pation process at large radius, beyond the Thomson photosphere, and then 
radiated as 7-rays. Collision of the relativistic baryons with the inter-stellar 
medium [87], and internal collisions within the ejecta itself [78, 83, 71], were 
proposed as possible dissipation processes. Most GRBs show variability on 
time scales much shorter than (typically one hundredth of) the total GRB 
duration. Such variability is hard to explain in models where the energy dis-
sipation is due to externa] shocks [117, 88]. Thus, it is believed that internal 
collisions are responsible for the emission of 7-rays. 

Let us first consider the case where the energy release from the source is 
"instantaneous," i.e. on a time scale ro/c. We assume that most of the energy 
is released in the form of photons, i.e. that the fraction of energy carried by 
baryon rest mass M satisfies = Mc2/E -C 1. The initial thickness of the 
fireball shell is r'o- Since the plasma accelerates to relativistic velocity, all 
fluid elements move with velocity close to c* srid the shell thickness rGîfitiii n s 
constant at ro (this breaks at very late time, as discussed below). We are 
interested 1 .n the stage where the optical depth (due to pairs and/or electrons 
associated with baryons) is high, but only a small fraction of the energy is 
carried by pairs. 

The entropy of a fluid component with zero chemical potential is S = 
V[e +p) /T , where e, p and V sire the (rest fe&nie) energy density, pressure 
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and volume. For the photons p = e/3 oc TÈ. Since initially both the rest 
mass and thermal energy of baryons is negligible, the entropy is provided by 
the photons. Conservation of entropy implies 

r27(r)roT^(r) = Constant, (6) 

and conservation of energy implies 

r27( r)r07(r)T4(r) _ C ( l t i s ) n t l i _ 

Here 7(r) is the shell Lorentz factor. Combining (6) and (7) we find 

7(r) oc r, 7-,(''') oc n oc r - 3 , (8) 

where n is the JTßSt frälHG (comoving) baryon number density. 
As the shell accelerates the baryon kinetic energy, 7MC2, increases. It 

becomes comparable to the total fireball energy when 7 ?7? radius 
rf = r/n). At this radius most of the energy of the fireball is carried by 
the baryon kinetic energy, and the shell does not accelerate further. Eq. 
(7) describing energy conservation is replaced with 7 = Constant. Eq. (6), 
however, still holds. Eq. (6) may be written as T*/nT7 — Constant (constant 
entropy per baryon). This implies that the ratio of radiation energy density 
to thermal energy density associated with the baryons is r independent. 
Thus, the thermal energy associated with the baryons may be neglected at 
all times, and Eq. (6) holds also for the stage where most of the fireball 
energy is carried by the baryon kinetic energy. Thus, for r > py we have 

7(r] = r f f i t | , T oc r J':''. n oc r"2, (9) 

Let us consider now the case of extended emission from the source, on 
time scale » r0/c. In this case, the source continuously emits energy at a 
jTcitjß jl/j antcl the energy emission is accompanied by loss rate M = L/rjcf. 
For r < Wf the fluid energy density is relativistic, aT^.jnmpc

2 = ??ro/r, and 
the speed of sound is ~ c. The time it takes the shell at radius r to expand 
significantly is r / c in the observer frame, corresponding to fco. ~ rj7c in the 
shell frame. During this time sound waves can travel a distance c-r/ -<• in the 
shell frame, corresponding to r / 7 2 = r / (r / ro) 2 = (ro/r)ro in the observer 
frame. This implies that at the early stages of evolution, r ~ %f sound 
waves had enough time to smooth out spatial fluctuations in the fireball 
over a scale ro, but that regions separated by Ar > tq cannot interact with 
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each other. Thus, if the emission extends over a time T g r b ^ ?"O/e, a 

fireball of thickness c T g r b > ^o would be formed, which would expand as a 
collection of independent, roughly uniform, sub-shells of thickness T'Qr '.oj ach 
sub-shell would reach a final Lorentz factor T/, which may vary between 
sub-shells. This implies that different sub-shells may have velocities differing 
by Av ~ c/2r;2, where rj is some typical value representative of the entire 
fireball. Different shells emitted at times differing by At, ro/c < At < 2 g r b > 

may therefore collide with each other after a time tc ~ cAt/Av, i.e. at a 
radius 

r̂  2F cAi 6 x 10 F2 cm, (10) 

where F = 102'5F2.5. The minimum internal shock radius, r ~ F2ro, is also 
the radius at which an individual sub-shell may experience significant change 
in its width tq, due to Lorent^ foctor variation across the shell» 

2.3 The allowed range of Lorentz factors and baryon loading 

The acceleration, 7 ex r, of fireball plasma is driven by radiation pressure. 
Fireball protons are accelerated through their coupling to the electrons, 
which are coupled to fireball photons. We have assumed in the analysis 
presented above, that photons and electrons are coupled throughout the ac-
celeration phase. However, if the baryon loading is too low, radiation may 
decouple from fireball electrons already at r < r/. The fireball Thomson 
optical depth is given by the product of comoving expansion time, r/7(r)c, 
and the photon Thomson scattering rate, », car- The electron and proton 
comoving number densities are equal, ne = npi and are determined by equat-
ing the r independent mass flux carried by the wind, 4-wr2cry(r)npmp, to the 
mass loss rate from the underlying source, which is related to the rate L at 
which energy is emitted through M = Lj(jjc2). Thus, during the acceler-
ation phase, 7(r) = r/ro, the Thomson optical depth rT oc r~3. TT drops 
below unity at a radius r < r/ = r/ro if 'fj > f/*, where 

' ' - ( i ^ ) 1 ' 4 - 1 ^ 1 » 3 ^ ' 4 . (»J 

Here fo = 10rro,7 cm. 
If rj > rj* radiation decouples from the fireball plasma at 7 = r/ro = 

If?/ » r/*, then most of the radiation energy is not converted to 
km et ic energy prior to radiation decoupling, and most of the fireball energy 



320 E, Waxman 

escapes in the form of thermal radiation. Thus, the baryon load of fireball 
shells, and the corresponding final Lorentz factors, must be within the range 
102 < F « rj < Ri 10-î in order to allow the production of the observed 
non- t hi Gr mal 7-ray spectrum. 

2 . 4 F i r e b a l l i n t e r a c t i o n i^itli s u r r o u n d i n g m e d i u m 

As the fireball expands, it drives a relativistic shock (blast-wave) into the 
surrounding gas, e.g. into the inter-stellar medium (ISM) gas if the explosion 
occurs within a galaxy. In what follows, we refer to the surrounding gas as 
"ISM gas," although the gas need not necessarily be inter-stellar. At early 
time, tlie fireball is little affected by the interaction with the ISM. At late 
time, most of the fireball energy is transferred to the ISM, and the flow 
approaches the self-similar blast- wave solution of Blandford & McKee [15]. 
At this stage a single shock propagates into the ISM, behind which the gas 
expands with Lorentz factor 

where E — 1 ( rv' E-,% erg is the fireball energy, N — IUQ c m - 3 is the ISM 
number density, and r = 10 

ri7 cm is the shell radius. The characteristic 
time at which radiation emitted by shocked plasma at radius r is observed 
by a distant observer is t « rjAT2

BMc [107]. 
The transition to self-similar expansion occurs on a time scale T (mea-

sured in the observer frame) comparable to the longer of the two time scales 
set by the initial conditions: the (observer) GEB duration T q r b and the (ob-
server) time Tp at which the self-similar Lorentz factor equals the original 
ejecta Lorentz factor F, THM^ = Tr) = F. Since i = r/éV%Mc, 

T = max 
jE/̂ X^*^ g/«} 

HB- ~> [ —^ ) r 2 5 * s 
«0 / 

(13) 

During the transition, plasma shocked by the reverse shocks expands with 
Lorentz factor close to that given by the self-similar solution, 

r / Etc, \ 1 / 8 -a/8 

V «0 / 

where T — W ï \ s. The unshocked fireball ejecta propagate at the original 
expansion Lorentz factory r, and tlie Lorentz factor of plasma shocked by 
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the reverse shock in the rest frame of the unshocked ejeeta is — r /r t r . . if 
T ^ Tan b t r then r /r t r . 3> 1, the reverse shock is relativistic, and the 
Lorentz factor associated with the random motion of protons in the reverse 
shock is jp ~ r/r t r . . 

If, on the other hand, T ~ Tp Tgkb then r /r t r . ~ 1, and the reverse 
shock is not relativistic. Nevertheless, the following argument suggests that 
the reverse shock speed is not far below c, and that the protons are therefore 
heated to relativistic energy, 7jf 1 ~ 1. The comoving time, measured in 
the fireball éjecta frame prior to deceleration, is ico. — r /Pc. The expansion 
Lorentz factor is expected to vary across the ejecta, A r / r t» 1, due to 
variability of the underlying GRB source over the duration of its energy 
release. Such variation would lead to expansion of the ejecta, in the comoving 
frame, at relativistic speed. Thus, at the deceleration radius, £co. ~ IT, the 
ejecta width exceeds ~ ctco. ~ I VT. Since the reverse shock should cross the 
ejecta over a deceleration time scale, ~ IT, the reverse shock speed must 
be close to e. We therefore conclude that the Lorentz factor associated with 
the random motion of protons in the reverse shock is approximately given 
by 7p* 1 ~ r /r t r . for both r /r t r . ~ 1 and r /r t r . > 1. 

Since t q r b ~ 10 s is typically comparable to '!) •. the reverse shocks are 
typically expected to be mildly relativistic. 

2.5 Fireball geometry 

We have assumed in the discussion so far that the fireball is spherically 
symmetric. However, a jet-like fireball behaves as if it were a conical section 
of a spherical fireball as long as the jet opening angle is larger than T"1. 
This is due to the fact that the linear size of causally connected regions, 
eico. ^ rf r in the fireball frame, corresponds to an angular size ctC0Jr ~ T"1. 
Moreover, due to the relativistic beaming of radiation, a distant observer 
cannot distinguish between a spherical fireball and a jet-like fireball, as long 
as the jet opening angle 6 > r~ l . Thus, as long as we are discussing processes 
that occur when the wind is ultra-relativistic, F ~ 300 (prior to significant 
fireball deceleration by the surrounding medium), our results apply for both 
a spherical and a jet-like fireball. In the latter case, L (E) in our equations 
should be understood as the luminosity (energy) the fireball would have 
carried had it been spherically symmetric. 
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2.6 7-ray emission 

If the Lorentz factor variability within the wind is significant, internal shocks 
would reconvert a substantial part of the kinetic energy to internal en-
ergy. The internal energy may then be radiated as 7-rays by synchrotron 
and Inverse-Compton emission of shock-accelerated electrons. The Internal 
shocks are expected to be "mildly" relativistic in the fireball rest frame, i.e. 
characterized by Lorentz factor F, 1 a few. This is due to the fact that 
the allowed range of shell Lorentz factors Is ~ 102 to ~ 103 (see §2.3), Im-
plying that the Lorentz factors associated with the relative velocities are not 
very large. Since internal shocks are mildly relativistic, we expect results 
related to particle acceleration in sub-relativistic shocks (see [14] for review) 
to be valid for acceleration in internal shocks. In particular, electrons are ex-
pected to be accelerated to a power law energy distribution, dnefdr/e oc 
for 7 e > 7 m , with p ~ 2 [4, 10, 16]. 

The minimum Lorentz factor j m is determined by the following consid-
eration. Protons are heated In Internal shocks to random velocities (in the 
wind frame) 7^ — 1 « — 1 aä 1. If electrons carry a fraction of the shock 
Internal energy, then j m tz £ e(mpfm e) . The characteristic frequency of syn-
chrotron emission is determined by 7 m and by the strength of the magnetic 
field. Assuming that a fraction of the internal energy is carried by the 
magnetic field, l.'ir7'c\,JIt'/^-.n = Çuijjit.) the characteristic observed energy 
of synchrotron photons, e7|, = TTry'^eB/mec, is 

In deriving Eq. (15) we have assumed that the wind luminosity carried 
by internal plasma energy, Lint., is related to the observed 7-ray luminos-
ity through Lj,lti = L 7 /£ e . This assumption Is justified since the electron 
synchrotron cooling time is short compared to the wind expansion time (un-
less the equipartition fraction is many orders of magnitude smaller than 
unity), and hence electrons lose all their energy radiatively. Fast electron 
cooling also results in a synchrotron spectrum dn7/de7 oc ê -1 p > 2 = at 
e7 > e7j,, consistent with observed GRB spectra [8]. 

At present, there is no theory that allows the determination of the values 
of the equipartition fractions and ça- Eq. (15) implies that fractions not 
far below unity are required to account for the observed 7-ray emission. 
We note, that build up of magnetic field to near equipartition by electro-

(15) 



High Energy Particles from ^y-ray Bursts 323 

magnetic instabilities is expected to be a generic characteristic of collisionless 
shocks (see discussion in ref. [14] and references therein), and is inferred to 
occur in other systems, e.g. in supernova remnant shocks (e.g. [50, 20]). 

The 7-ray break energy e^ of most GRBs observed by BATSE detectors 
is in the range of 100 keV to 300 keV [18]. It may appear from Eq. (15) 
that the clustering of break energies in this narrow energy range requires fine 
tuning of fireball model parameters, which should naturally produce a much 
wider range of break energies. This is, however, not the case [44]. Consider 
the dependence of e7& on F. The strong F dependence of the pair-production 
optical depth, Eq. (4), implies that if the value of F is smaller than the 
minimum value allowed by Eq. (5), for which = lOOMeV) as 1, 
most of the high energy photons in the power-law distribution produced by 
synchrotron emission, dn^/de^ cx e~2, would be converted to pairs. This 
would lead to high optical depth due to Thomson scattering on e^, and 
hence to strong suppression of the emitted flux [44]. For fireball parameters 
such that = lOOMeV) ~ 1, the break energy implied by Eqs. (15) 
and (5) is 

As explained in §2.3, shell Lorentz factors cannot exceed ??* ~ 10\ for which 
break energies in the X-ray range, ~ 10 keV, may be obtained. We note, 
however, that the radiative flux would be strongly suppressed in this case 
too [44]. If the typical T of radiation emitting shells is close to rjx, then the 
range of Lorentz factors of wind shells is narrow, which implies that only a 
small fraction of wind kinetic energy would be converted to internal energy 
which can be radiated from the fireball. 

Thus, the clustering of break energies at ~ 1 MeV is naturally accounted 
for, provided that the variability time scale satisfies Ai < 10~2 s, which 
implies an upper limit on the source size, since At > ro/c. We note, that a 
large fraction of bursts detected by BATSE show variability on the shortest 
resolved time scale, ~ 10 ms [117]. In addition, a natural consequence 
of the model is the existence of low luminosity bursts with low, 1 keV to 
10 keV, break energies [44]. Such "X-ray bursts" may have recently been 
identified [55]. 

For internal collisions, the observed 7-ray variability time, ~ r»/F2c «s 
At, reflects the variability time of the underlying source, and the GRB du-
ration reflects the duration over which energy is emitted from the source. 

(16) 
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Since the wind Lorentz factor is expected to fluctuate on time scales ranging 
from the shortest variability time TQ/C to the wind duration t q r b , internal 
collisions will take place over a range of radii, r ~ F2ro to r ~ rVT; ijvfi-

2.7 Afterglow emission 

Let us consider the radiation emitted from the reverse shocks, during the 
transition to self-similar expansion. The characteristic electron Lorentz fee-
tor (in the plasma rest frame) is 7m ~ ( ; e (T /T t r )m p / rn e , where the internal 
energy per proton in the shocked ejecta is ~ (r/rtr.)mpc2. The energy 
density U IS Us ^ Irr/'V/l'fv f". and the number of radiating electrons is 
Ne s« EjTmpc?. Using Eq. (14) and r = 4F r̂ cT, the characteristic (or 
peak) energy of synchrotron photons (in the observer frame) is [113] 

Ê7ro « ftIV£ = X t C ^ . ^ V ' L eV, (17) 

and the specific luminosity, Le — dL/de7, at e7m is 

Lm « (2îrn)-1rtr.-^JVe ~ l O 6 1 ^ - ! ^ 4 ^ " 3 7 4 ^ ™ ^ 4 » " 1 ' (18) 

where ( r = and — O.l^s,-]. 
Here too, we expect a power law energy distribution, dNe/d-fe oc 7<rp 

for 7e > 7m, with p ~ 2. Since the radiative cooling time of electrons in 
the reverse shock is long compared to the ejecta expansion time, the specific 
luminosity extends in this case to energy e7 > < ••.,,, as Le — I/m(&y/&ym)_lj''2, 
up to photon energy e7C. Here eJC is the characteristic synchrotron fre-
quency of electrons for which the synchrotron cooling time, 67rmec/crT7eB

2, 
is comparable to the ejecta (rest frame) expansion time, ~ rt!-.T. At energy 

« . » O . ^ - ^ ' V ^ V , (19) 

the spectrum steepens to Le cc e"1. 
The shock driven into the ISM continuously heats new gas, and produces 

relativistic electrons that may produce the delayed afterglow radiation ob-
served on time scales t T, typically of order days to months. As the 
shock-wave decelerates, the emission shifts to lower frequency with time. 
Since we are interested in proton acceleration to high energy and in the pro-
duction of high energy neutrinos, which take place primarily in the internal 
and reverse shocks (see §4, §6), we do not discuss in detail the theory of 
late-time afterglow emission. 
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3 Some implications of afterglow observations 

Afterglow observations lead to the confirmation, as mentioned in the Intro-
duction, of the cosmological origin of GRBs [61], and confirmed [106, 116] 
standard model predictions [82, 54, 72, 100] of afterglow that results from 
synchrotron em 1 s si on of electrons accelerated to high energy in the highly 
relativistic shock driven by the fireball into its surrounding gas. Since we are 
interested mainly in the earlier, internal collision phase of fireball evolution, 
we do not discuss afterglow observations in detail. We note, however, sev-
eral implications of afterglow observations which are of importance for the 
discussion of UHECR production. 

The following point should be clarified in the context of afterglow obser-
vations. The distribution of GRB durations is bimodal, with broad peaks 
a t t g r b = 0.2 s and ï g r b = 20 s [32], The majority of bursts belong to 
the long duration, ï g r b 20 s, class. The detection of afterglow emission 
was made possible thanks to the accurate GRB positions provided on hour 
time scale by the BeppoSAX satellite [24]. Since the detectors on board this 
satellite trigger only on long bursts, afterglow observations are not available 
for the sub-population of short, ï g r b ~ 0.2 s, bursts. Thus, while the dis-
cussion of the fireball model presented in §2, based on 7-ray observations 
and on simple phenomenological arguments, applies to both long and short 
duration bursts, the discussion below of afterglow observations applies to 
long duration bursts only. It should therefore be kept in mind that short du-
ration bursts may constitute a different class of GRBs, which, for example, 
may be produced by a different class of progenitors and may have a d iffe j? en t 
redshift distribution than the long duration bursts. 

Prior to the detection of afterglows, it was commonly assumed that the 
farthest observed GRBs lie at redshift % 1. Following the detection of 
afterglows and the determination of GRB redshifts, it is now clear that most 
GRB sources lie will tin the red shift range £ ~ 0.5 to 2 ~ 2, with some bursts 
observed at £ > 3, For the average GRB 7-ray fluence, 1.2 x 10 r>erg/cm2 

in the 20 keV to 2 MeV band, this implies characteristic isotropic 7-ray 
energy and luminosity E-.. 10 erg and T. - ^ 10 erg j s (in the 20 keV to 
2 MeV band), about an order of magnitude higher than the values assumed 
prior to afterglow detection (Here, and throughout the paper we assume 
a flat universe with O = 0.3, A = 0.7, and HQ = 65km/sMpc). These 
estimates are consistent with more detailed analyses of the GRB luminosity 
function and redshift distribution. Mao & Mo, e.g., find, for the cosmological 
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parameters we use, a median GRB energy of ft) 0.6 x 10o3erg in the 50keV to 
300keV band [68], corresponding to a median GRB energy of % 2 x 1053erg 
in the 20 keV to 2 MeV band. 

The determination of GRB redshifts also lead to a modification of GRB 
rate estimates. Since most observed GRB sources lie within the redshift 
range a ~ 0.5 to z ~ 2, observations essentially determine the GRB rate 
per unit volume at z ~ 1. The observed rate of 103/yr implies üEgrbO® 
1) 3/Gpc3yr. The present, z — 0, rate is less well constrained, since 
available data are consistent with both no evolution of GRB rate with red-
shift, and with strong evolution (following, e.g., star formation rate), in 
which B g r b (z = 1 | / ^ g r b (z — 0) ~ 10 [60, 53], Detailed analyses, assum-
ing i ? g r r proportional to star formation rate, lead to A / ; rb( - = 0) ~ 
0.5/Gpc3yr [61]. The implied local (z m 0) 7-ray energy generation rate by 
GRBs in the 20 keV to 2 MeV band is therefore 

= 0) = lO^C erg/Mpc3yr, (20) 

with ( in the range of ~ 10~0'° to ~ 100*5. Note, that ë7 is independent of 
the fireball geometry. If fireballs are conical jets of solid angle AO, then the 
total energy released by each burst is smaller by a foctor A O / 4 t t than the 
isotropic energy, and the GRB rate is larger by the same factor. 

Due to present technical limitations of the experiments, afterglow radi-
ation is observed in most cases only on time scale > > 10 s. At this stage, 
radiation is produced by the external shock driven into the surrounding gas, 
and afterglow observations therefore do not provide direct constraints on 
plasma parameters at the internal and reverse shocks, where protons are 
accelerated to ultra-high energy. In one case, however, that of GRB 990123, 
optica] emission has been detected on ~ 10 s time scale [2], The most natural 
explanation of the observed optical radiation is synchrotron emission from 
electrons accelerated to high energy in the reverse shocks driven into fire-
ball ejecta at the onset of interaction with the surrounding medium [73, 89], 
as explained in §2.7. This observation provides therefore direct constraints 
on the fireball ejecta plasma. First, it provides strong support for one of 
the underlying assumptions of the dissipative fireball scenario described in 
§2.2, that the energy is carried from the underlying source in the form of 
proton kinetic energy. This is due to the fact that the observed radiation is 
well accounted for in a model where a shock propagates into fireball plasma 
composed of protons and electrons (rather than, e.g., pair plasma). Second, 
comparison of the observed flux with model predictions, Eqs. (17) and (18), 



High Energy Particles from ^y-ray Bursts 327 

implies ~ f j ( ~ 1Q_1. 
Afterglow observations imply that a significant fraction of the energy 

initially carried by the fireball is converted into 7-rays. i.e. that the observed 
7-ray energy provides a rough estimate of the total fireball energy. This has 
been demonstrated for one case, that of GRB970508, by a comparison of 
the total fireball energy derived from long term radio observations with the 
energy emitted in 7-rays [114, 34], and for a large number of bursts by a 
comparison of observed 7-ray energy with the total fireball energy estimate 
based on X-ray afterglow data [35]. In the context of the fireball model 
described in §2, the inferred high radiative efficiency implies that a significant 
fraction of the wind kinetic energy must be converted to internal energy in 
internal shocks, and that electrons must cany a significant fraction of the 
Internal energy, i.e. that should be close to unity. We have already shown, 
see §2.6, that q, values not far below unity are required to account for the 
observed 7-ray emission. Conversion In Internal shocks of a large fraction of 
fireball kinetic energy to internal energy is possibly provided the variance In 
the Lorentz factors of fireball shells is large [44]. 

In accordance with the implications of afterglow observations, we assume 
in the discussion below of UHECR and neutrino production in GRB fireballs, 
that the fraction of fireball energy converted to Internal energy carried by 
elec trons, and hence to 7-rays, Is large. For discussion of UHECR, produc tion 
under the assumption that only a negligible fraction, ~ mefmp, of the fireball 
energy is converted to radiation see ref. [98]. 

4 U H E C R s f rom G R B fireballs 

4.1 Fermi acceleration in GRBs 

In the fireball model, the observed radiation Is produced, both during the 
GRB and the afterglow, by synchrotron emission of shock accelerated elec-
trons. In the region where electrons are accelerated, protons are also ex-
pected to be shock accelerated. This Is similar to what is thought to occur 
in supernovae remnant shocks, where synchrotron radiation of accelerated 
elec trons is the likely source of non-thermal X-rays (recent AS CA observa-
tions give evidence for acceleration of electrons in the remnant of SN1006 to 
1014eV [56]), and where shock acceleration of protons is believed to produce 
cosmic rays with energy extending to ~ 10 laeV (see, e.g., [14] for review). 
Thus, it is likely that protons, as well as electrons, are accelerated to high 
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energy within ORB fireballs, bet ns consider the constraints that should be 
satisfied by the fireball parameters in order to allow acceleration of protons 
to - 1020 eV. 

We consider proton Fermi acceleration ir i fireball internal shocks, which 
take place as the fireball expands over a range of radii, r ~ F2ro to r ~ 
F 2 CTG R B , and at the reverse shocks driven into fireball ejecta due to interac-
tion with surrounding medium at r ~ F2cT ~ F 2 CTGRB (see § 2 . 2 , § 2 . 4 ) . Both 
internal and reverse shocks are, in the wind rest-frame, mildly relativistic, 
i.e. characterized by Lorentz factors Fj — 1 1. Moreover, since reverse 
shocks do not cause strong deceleration of fireball plasma, see §2.4, the ex-
pansion Lorentz factor Ftr. of fireball plasma, shocked by reverse shocks is 
similar to the fiireball Lorcntz foctor I"* prior to interaction with the surround-
ing medium. Thus, plasma parameters, e.g. energy and number density, in 
the reverse shocks are similar to those obtained in internal shocks due to 
variability on time scale Ai — T. Results obtained below for internal shocks 
are therefore valid also for reverse shocks, provided Ai is replaced with T. 

Since the shocks we are interested in are mildly relativistic, we expect 
results related to particle acceleration in sub-relativistic shocks (see [14] for 
review) to be valid for our scenario. The predicted energy distribution of 
accelerated protons is therefore dnp/dep oc [4, 10, 16], similar to the 
predicted electron energy spectrum, which is consistent with the observed 
photon spectrum (see §2.6). 

The most restrictive requirement, which rules out the possibility of accel-
erating particles to energy — 1020 eV in most astrophysical objects, is that 
the particle Larmor radius R[, should be smaller than the system size [52]. 
In our scenario we must apply a more stringent requirement, namely that 
/?/. should be smaller than the largest scale I over which the magnetic field 
fluctuates, since otherwise Fermi acceleration may not be efficient. We may 
estimate I as follows. The comoving time, i.e. the time measured in the 
wind rest frame, IS i ™™ y* jÎ o» hus ̂  regions separated by a comoving dis-
tance larger than r/F are causally disconnected, and the wind properties 
fluctuate over comoving length scales up to I «* r/F. We must therefore 
require RL < r/F. A somewhat mor e stringent ireĉ uiirement is related to 
the wind expansion. Due to expansion the internal energy is decreasing and 
therefore available for proton acceleration (as well as for 7-rav production) 
only over a comoving time t r/Tc. The typical Fermi acceleration time 
is ta — f R-i/cß2 [52, 14], where ßc is the Alfvén velocity and / ^ 1 [62]. 
In our scenario ß ~ 1 leading to the requirement JRL, < r/F. This con-
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dition seta a lower limit to the required comoving magnetic field strength. 
Using the relations R,l = c'JeB = cp/TeB, where e'p = tP/T is the proton 
energy measured in the fireball frame, and !i-Kr2cI*2B2 = ^B^j/^e, the 
constraint /R.j < rfT may be written as [104], 

ZBIU > 0 .02/ a ri . 5 4 s o L-L 2 , (21) 

where e„ ,20 eV is the accelerated proton energy. Note, that this 
constraint is independent of r, the internal collision radius. 

The accelerated proton energy is also limited by energy loss due to syn-
chrotron radiation and interaction with fireball photons. As discussed in 
§8, the dominant energy loss process is synchrotron cooling. The condition 
that the synchrotron loss time, tsy = {^irm^f? / œrm2)^ lB~2, should be 
smaller than the acceleration time sets an upper limit to the magnetic field 
strength. Since the equipartition field decreases with radius, Be,p_ oc r _ s , 
the upper limit on the magnetic field may be satisfied simultaneously with 
(21) provided that the internal collisions occur at large enough radius [104], 

r > 1 0 l s / S r 2 i e ^ 0 c m . (2 2) 

Since collisions occur at radius r w T2cAf, the condition (22) is equivalent 
to a lower limit on F 

r > M F ^ J ^ A T ^ 4 . (23) 

From Eqs. (21) and (23), we infer that a dissipative ultra-relativistic 
wind, with luminosity and variability time implied by GRB observations, 
satisfies the constraints necessary to allow the acceleration of protons to 
energy > 10so eV, provided that the wind bulk Lorentz factor is large enough, 
T > 100, and that the magnetic field is close to equipartition with electrons. 
The former constraint, F > 100, is remarkably similar to that inferred based 
on the 7-ray spectrum, and T ~ 300 is the "canonical" value assumed in the 
fireball model. The latter constraint, magnetic field close to equipartition, 
must be satisfied to account for both 7-ray emission (see §2.6) and afterglow 
observations (see §3). 

Finally, two points should be clarified. First, it has recently been claimed 
that ultra-high energy protons would lose most of their energy adiabatically, 
i.e. due to expansion, before they escape the fireball [85]. This claim is based 
on the assumptions that internal shocks, and therefore proton acceleration, 
occur at r ~ r2r0 only, and that subsequently the fireball expands adiabat-
ically. Under these assumptions, protons would lose most their energy by 
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the time they escape. However, as emphasized both in this section and in 
§2.2, internal shocks are expected to occur over a wide range of radii, and 
in particular at r <w Y2dF during the transition to self-similar expansion. 
Thus, proton acceleration to ultra-high energy is expected to operate over a 
wide range of radii, from r ~ Y2TQ up to r ~ r 2 cT, where ultra-high energy 
particles escape. 

Second, it has recently been claimed in [40] that the conditions at the 
external shock driven by the fireball into the ambient gas are not likely to 
allow proton acceleration to ultra-high energy. Regardless of the validity 
of this claim, it is irrelevant for the acceleration in internal shocks, the 
scenario considered for UHECR production in (jFIBs in both j 104] and 199]. 
Moreover, it is not at all clear that 1.11 EC Ks cannot be produced at the 
external shock, since the magnetic field may be amplified ahead of the shock 
by the streaming of high energy particles. For discussion of high energy 
proton production in the external shock and its possible implications see 
ref. [29]. 

4.2 U H E C R flux and spectrum 

Fly's Eye [12, 13] and AGASA 148, 119, 95] results confirm the flattening of 
the cosmic-ray spectrum at (V 1019 eV, evidence for which existed in previous 
experiments with weaker statistics [102]. Fly's Eye data is well fitted in the 
energy range 10 l7i> eV to 10 9 eV by a sum of two power laws: A steeper 
component, with differential number spectrum J oc E 3-50, dominating at 
lower energy, and a shallower component, J oc E~~'2A>1, dominating at higher 
energy, E > 1019 eV. The flattening of the spectrum, combined with the lack 
of anisotropy and the evidence for a change in composition from heavy nuclei 
at low energy to light nuclei (protons) at high energy [ 
suggest that a Galactic component of heavy nuclei, J oc E 3 ,50 , dominates 
the cosmic-ray flux at low energy, while an extra-Galactic component of 
protons, J oc E~~"'2A>1, dominates the flux at high energy, > 1019 eV. 

The GRB energy observed in 7-rays reflects the fireball energy in acceler-
ated electrons. If accelerated electrons and protons carry similar energy, as 
indicated by afterglow observations [35] (see §3), then the GRB cosmic-ray 
production rate is [see Eq. (20)] 

Adnpfd€p)z~Q 1044erg/Mpc'Vr. (24) 
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Figure 1: The UHECR flux expected in a cosinological model, where high-energy protons 
are produced at a rate {fpdnp/dep)s=o = 0.8 x 1044erg/Mpc3yr as predicted by the GRB 
model [Eq. (24)], solid line, compared to the Fly's Eye [13], Yakutsk [30] and AGASA [49] 
data. 1er flux error bars are shown. The highest energy points are derived assuming the 
detected events represent a uniform flnx over the energy range 1020 eV-3 x 1020 eV. The 
dashed line is the snin of the GRB model flnx and the Fly's Eye fit to the Galactic heavy 
nuclei component, J on f~ 3 , s [13] (with normalization increased by 25%). 

In Fig. 1 we compare the UHECR spectrum, reported by the Fly's 
Eye [13], the Yakutsk [30], and the AGASA experiments [49], with that ex-
pected from a homogeneous cosmological distribution of sources, each gener-
ating a power law differential spectrum of high energy protons dnjdtp oc . 
The absolute flux measured at 3 x 1018 eV differs between the various ex-
periments, corresponding to a systematic ~ 10% 20%) over-estimate of 
event energies in the AGASA (Yakutsk) experiment compared to the Fly's 
Eye experiment (see also [119]). In Fig. 1, the Yakutsk energy normaliza-
tion Is used. For the model calculation, a flat universe, Û = 0.3, A = 0.7 
and Tir, = 65km/Mpc s were assumed. The calculation is similar to that 
described In [105]. The generation rate of cosmic-rays (per unit comoving 
volume) was assumed to evolve rapidly with redshift following the luminosity 
density evolution of QSOs [17], which is also similar to that describing the 
evolution of star formation rate [64, 67]: hcR,{z) oc (1 + z)Q with n 3 [51] 
at low redshift, z < 1.9, n-cR.{z) = Const, for 1.9 < z < 2.7, and an expo-
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nential decay at a > 2,7 [90], The cosmic-ray spectrum at energy > 1019 eV 
is little affected by modifications of the cosmological parameters or of the 
redshift evolution of cosmic-ray generation rate. This is due to the fact that 
cosmic-rays at this energy originate from distances shorter than several hun-
dred Mpc. The spectrum and flux at > 1019 eV is mainly determined by 
the present (z — 0) generation rate and spectrum, which in the model shown 
in Fig. 1 is ej(dnp / de) = 0.8 x 10^erg/Mpc3yr. 

The suppression of model flux above 1010'7 eV is due to energy loss of 
high energy protons in interaction with the microwave background, i.e. to 
the "GZK cutoff" [4.3, 120]. The available data do not allow to determine the 
existence (or absence) of the "cutoff" with high confidence. The AGASA 
results show an excess (at a ~ 2.5er confidence level) of events compared 
to model predictions above 1020eV. This excess is not confirmed, however, 
by the other experiments. Moreover, since the 1020eV flux is dominated 
by sources at distances < 100 Mpc, over which the distribution of known 
astrophysical systems (e.g. galaxies, clusters of galaxies) is inhomogeneous, 
significant deviations from model predictions presented in Fig. 1 for a uni-
form source distribution are expected at this energy [105]. Clustering of 
cosmic-ray sources leads to a standard deviation, cr, in the expected num-
ber, N, of events above 1020 eV, given by a / N = 0.9(do/10Mpc)0,9 [7], where 
dç, is the unknown scale length of the source correlation function and do ^ 10 
Mpc for field galaxies. 

Thus, GRB fireballs would produce CHECH flux and spectrum consistent 
with that observed, provided the efficiency with which the wind kinetic en-
ergy is converted to 7-rays, and therefore to electron energy, is similar to the 
efficiency with which it is converted to proton energy, i.e. to UHEC !Rs [104]. 
There is, however, one additional point which requires consideration [104], 
The energy of the most energetic cosmic ray detected by the Fly's Eye ex-
periment is in excess of 2 x 102GeV, and that of the most energetic AGASA 
event is ~ 2 x 1020eV, On a cosmological scale, the distance traveled by such 
energetic particles is small: < lOOMpc (SOMpc) for the AGASA (Fly's Eye) 
event (e.g., [1]), Thus, the detection of these events over a ~ 5yr period 
can be reconciled with the rate of nearby GRBs, ~ 1 per 100 yr to ^ 1 per 
1000 yr out to lOOMpc, only if there is a large dispersion, > lOOyr, in the ar-
rival time of protons produced in a single burst (This implies that if a direct 
correlation between high energy CR events and GRBs, as suggested in [75], 
is observed on a ~ lOyr time scale, it would be strong evidence against a 
cosmological GRB origin of UHECRs). 
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The required dispersion is likely to occur due to the combined effects 
of deflection by random in a^ riöt ic fi öl. cl s tili d. energy dispersion of the parti-
cles [104], Consider a proton of energy tp propagating through a magnetic 
field of strength B and correlation length A. As it travels a distance A, the 
proton is typically deflected by an angle a ~ A(RL, where RL = epfeB is 
the Larrnor radius. The typical deflection angle for propagation over a dis-
tance I) is 0S « (2D/9A)1/2A/JRi. This deflection results in a time delay, 
compared to propagation along a straight line, 

E) ft 0S D/4c ft 101 f(J j i DD y yr, (25) 

where D = lOODiooMpc, A = 1 A m p c Mpc and B = 10~8B_gi G, Here, 
we have chosen numerical values corresponding to the current upper bound 
on the inter-galactic magnetic field, BX1!2 < 10~8G Mpc1^2 [59, 58]. The 
upper bound on the (systematic 111 c ï <ï=s with redshift of the) Faraday ro-
tation measure of distant, 3 < 2.5, radio sources, RM < 5rad/m , implies 
an upper bound B < 10~n (ft/0.75) (SV^2)""1 G on an inter-galactic field 
coherent over cosmological scales [58], Here, h is the Hubble constant in 
units of lOOkm/sMpc and is the baryon density in units of the clo-
sure density. For a magnetic field coherent on scales ~ A, this implies 
BX\ß < i0""8(/i/0.65)1/2(üt,ft

2/0.04)^1G Mpc1/2. 

The random energy loss UHECRs suffer as they propagate, owing to the 
production of pions, implies that at any distance from the observer there is 
some finite spread in the 

ôiiôrgics of UHEORs that are observed with a given 
fixed energy. For protons with energies > 102°eV the fractional RMS energy 
spread is of order unity over propagation distances in the range 10 — lOOMpc 
(e.g. [1]). Since the time delay is sensitive to the particle energy, this implies 
that the spread 

in. arrival time of UÏÏEOK..S witli given observed energy is 
comparable to the average time delay at that energy r(ep .i,̂  j '̂X'lji.is rcsulti 
has been confirmed by numerical calculations in [112]). Thus, the required 
time spread, r > 100 yr, is consistent with the upper bound, r < 10' yr, 
implied by the present upper bound to the inter-galactic magnetic field. 
5 G R B model predict ions for U H E C R exper iments 

TCliĉ  uoxfjer and of I^nglit feoutroes 

The initial proton energy, necessary to have an observed energy ep, increases 
with source distance due to propagation energy losses. The rapid increase of 
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the initial energy after it exceeds, due to electron-positron production, the 
threshold for pion production effectively introduces a cutoff distance, Dc(ep), 
beyond which sources do not contribute to the flux above ep. The function 
DC(EP) is shown in Fig. 3 (adapted from [78]). Since DC(EP) is a decreasing 
function of ep, for a given number density of sources there is a critical energy 
ec, above which only one source (on average) contributes to the flux. In the 
GRB model EC depends on the product of the burst rate RGRB &nd the time 
delay. The number of sources contributing, on average, to the flux at energy 

[76] 
4tt o 

N(ep) = — RGRBDc(epfT [ep,Dc(ep)] , (26) 
t) 

and the average intensity resulting from all sources is 

J{ep) = ^RGRj^Dc(ep) , (27) 

where dnp/dep is the number per unit energy of protons produced on average 
by a single burst (this is the formal definition of DC(EP)). The critical energy 
ec is given by 

—RGlwDc(£cfT [ec, Dc(ec)] = 1 . (28) 
t) 

ec, the energy beyond which a single source contributes on average to the 
flux, depends on the unknown properties of the inter-galactic magnetic field, 
r oc B2A, However, the rapid decrease of DC(EP) with energy near 1020eV 
implies that ec is only weakly dependent on the value of B2X, as shown 
in Fig, 2, In The GRB model, the product RQHBT(D = lOOMpc, EP = 
1020eV) 

is approximately limited to the range 10 6 Mpc 3 to 10 2 Mpc 3 

[The lower limit is set by the requirement that at least a few GRB sources 
be present at D < 100 Mpc, and the upper limit by the Faraday rotation 
bound B\1'2 < 10"8G Mpc1/2 [58], see Eq. (25), and RAW < 1/ Gpc3yr], 
The corresponding range of values of ec is 

1020eV < ec < 4 x 1020eV. 
Fig. 3 presents the flux obtained in one realization of a Monte-Carlo sim-

ulation described by Miralda-Escudé & Waxman [78] of the total number of 
UHECRs received from GRBs at some fixed time. For each realization the 
positions (distances from Earth) and times at which cosmological GRBs oc-
curred were randomly drawn, assuming an intrinsic proton generation spec-
trum dnp/dep oc ep

2, and ec = 1.4 x 102t)eV. Most of the realizations gave 
an overall spectrum similar to that obtained in the realization of Fig. 3 
when the brightest source of this realization (dominating at 1020eV) is not 
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Figure 2: EC. the energy beyond which a single GRB contributes on average to the 
UHECR flux, as a function of the product of GRB rate, ä g r b ~ 1/Gpc3 , and the time 
delay of a 1020 eV proton originating at 100 Mpc distance. The time delay depends on the 
unknown inter-galactic field, r ex B2X. Dashed lines show the allowed rang e of B2X: The 
lower limit is set by the requirement that at least a few GRB sources be present at D < 
100 Mpc, and the upper limit by the Faraday rotation bound BX1 / 3 < 10""®G Mpc1/2 [58], 
see Eq. (25) and the discussion the follows it. 

included. At tp < ec, the number of sources contributing to the flux is very 
large, and the overall UHECR flux received at any given time is near the 
average (the average flux is that obtained when the UHECR emissivity is 
spatially uniform and time independent). At tp > efi, the flux will generally 
be much lower than the average, because there will be no burst within a 
distance D,.(EP) having taken place sufficiently recently. There is, however, 
a significant probability to observe one source with a flux higher than the 
average. A source similar to the brightest one in Fig. 3 appears ~ 5% of the 
time. 

At any fixed time a given burst is observed in UHECRs only over a 
narrow range of energy, because if a burst is currently observed at some 
energy ep then UHECRs of much lower energy from this burst have not yet 
arrived, while higher energy UHECRs reached us mostly in the past. As 
mentioned above, for energies above the pion production threshold, ep ~ 
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E [eV] 

Figure 3: Results of a Monte-Carlo realization of the bursting sources model, with 
ec = 1-4 x lO20 eV: Thick solid line- overall spectrum in the realization; Thin solid line-
average spectrum, this curve also gives Dc(ep); Dotted lines- spectra of brightest sources 
at different energies. 

5 x 10 lseV, the dispersion In arrival times of UHECRs with fixed observed 
energy is comparable to the average delay at that energy. This implies 
that the spectral width Aep of the source at a given time is of order the 
average observed energy, Atp ~ tp. Thus, bursting UHECR sources should 
have narrowly peaked energy spectra, and the brightest sources should be 
different at different energies. For steady state sources, on the other hand, 
the brightest source at high energies should also be the brightest one at 
low energies, its fractional contribution to the overall flux decreasing to low 
energy only as Dc [tp)^1. A detailed numerical analysis of the time dependent 
energy spectrum of bursting sources is given in [92, 63]. 
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5.2 Spectra of Sources at ep < 4 x 1019eV 

The detection of UHECRs above 1020eV imply that the brightest sources 
must lie at distances smaller than lOOMpc, UHECRs with ep < 4 x 1019eV 
from such bright sources will suffer energy loss only by pair production, be-
cause at tp < 5 x 1019 eV the mean-free-pat h for pion production interaction 
(in which the fractional energy loss is ~ 10%) is • ItU* ger than ICpc, Further-
more, the energy loss due to pair production over lOOMpc propagation is 
only ~ 5/';. 

In the case where the typical displacement of the UHECRs due to deflec-
tions by inter-galactic magnetic fields is > iimcli sniällcr than the corrcl^tion 
length, À D0s(D, ep) ~ D(D/\yP\/RL, all t he UHECRs t hat arrive at 
the observer are essentially deflected by the same magnetic field structures, 
and the absence of random energy loss during propagation implies that all 
rays with a fixed observed energy would reach the observer with exactly 
the same direction and time delay. At a fixed time, therefore, the source 
would appear mono-energetic and point-like. In reality, energy loss due to 
pair production results in a finite but small spectral and angular width, 
&ep/tp ~ se/0g < 1% [115], 

In the case where the typical displacement of the UHECRs is much larger 
than the correlation length, À «C D0S(D, ep), the deflection of different UHE-
CRs arriving at the observer are essentially independent. Even in the absence 
of any energy loss there are many paths from the source to the observer for 
UHECRs of fixed energy ep that are emitted from the source at an angle 
9 < 0S relative to the source-observer line of sight. Along each of the paths, 
UHECRs are deflected by independent magnetic field structures. Thus, the 
source angular size would be of order 0S and the spread in arm al times 
would be comparable to the characteristic delay r, leading to Aep/ep ~ 1 
even when there are no random energy losses. The observed spectral shape 
of a nearby (D < lOOMpc) bursting source of UHECRs at ep < 4 x 1019eV 
was derived for the case A <C D0s(D,£p) in [115], and is given by 

x Y j . l)" ' 1 / / 2 exp 
P n=l 

2n27r2e2 

e2
Q(t,D) 

(29) 

where < ait. D) = Dc(2772A/3c/.)1-2. For this spectrum, the ratio of the RMS 
UHECR energy spread to the average energy is 30% 

Fig. 4 shows the line 0SD = À in the B A plane, for a source at a distance 
D = 30Mpc observed at energy tp ~ 1019eV, Since the 0SD = A line divides 
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Figure 4: The line &SD = À for a source at 30Mpc distance observed at energy 
£P ~ 1019eV (dot-dash line), shown with the Faraday rotation upper limit BX1/2 < 
1Ü""8G Mpc1/2 (solid line), and with the lower liinit BX1^2 > 10~'°G Mpc1''2 required 
in the GRB model [see Eq. (25)]. 

the allowed region in the plane at A ~ IMpc, measuring the spectral width 
of bright sources would allow to determine if the field correlation length is 
much larger, much smaller, or comparable to IMpc. 

6 High energy Neut r inos 

6.1 Internal shock (GRB) neutrinos 

6.1.1 Neutrinos at energies ~ 1014 eV 

Protons accelerated in the fireball to high energy lose energy through photo-
meson interaction with fireball photons. The decay of charged pions pro 
duced in this interaction, 7T+ ß+ + —> e + + ve + vfl + i/ ,̂ results in 
the production of high energy neutrinos. The key relation is between the 
observed photon energy, e7, and the accelerated proton's energy, ep, at the 
threshold of the A-resonance. In the observer frame, 

e7 ep = 0.2 GeV2 T2 . (30) 
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For T « 300 and e7 = 1 MeV, we see that characteristic proton energies 
~ 1016 eV are required to produce pions. Since neutrinos produced by pion 
decay typically carry 5% of the proton energy (see below), production of 
~ 1014 eV neutrinos is expected [109, 110]. 

The fractional energy loss rate of a proton with energy e'p = ep/r mea-
sured in the wind rest frame due to pion production is 

4 d t 

f d n 
c deav(e)£(e)e / dx aT2—--(e7 = x) , (31) 

ha ht 2F„ G&v 

where 7P = ëpjmp{?, ovfe) is the cross section for pion production for a 
photon with energy e in the proton rest frame, £(e) is the average fraction of 
energy lost to the pion, eo = O.lSGeV is the threshold energy, and dra7/de7 

is the photon density per unit photon energy in the wind rest frame. In 
deriving Eq. (31) we have assumed that the photon distribution in the 
wind rest frame is isotropic. The GRB photon spectrum Is well fitted In 
the BATSE detector range, 20 keV to 2 MeV, by a combination of two 
power-laws, dn7/cfe7 oc with ß ~ 1 at e7 < e7&, ß ~ 2 at e7 > and 
tyb ~ IMeV [8]. Thus, the second Integral in (31) may be approximated by 

(l+ß) 
(32) 

where f/7 is the photon energy density (in the range corresponding to the 
observed BATSE range) In the wind rest-frame, ß = 1 for t < e^ and ß = 2 
for e > e'yb. e'yh is the break energy measured in the wind frame, e'yh = e7&/r. 
The main contribution to the first Integral In (31) Is from photon energies 
e ~ £peak = 0.3GeV, where the cross section peaks due to the A resonance. 
Approximating the integral by the contribution from the resonance we obtain 

JJ Ae 
Ç (e'p) - ^y-co-peakCpeak min(l, 2jpe'yb/epeuk). (33) 

"tyb p̂eak 

Here, <jpeak ~ 5 x 10^28cm2 and Çpeak — 0.2 are the values of a and Ç at 
e = epeak, and Ae 0.2GeV is the peak width. 

The energy loss of protons due to pion production is small during the 
acceleration process. Once accelerated, the time available for proton energy 
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loss by pion production is comparable to the wind expansion time as mea-
sured in the wind rest frame, tco ~ r/Tc. Thus, the fraction of energy lost 
by protons to pions is /„• ~ r/Tct~. The energy density in the BATSE range, 
Uy, is related to the luminosity Ly by Ly = 4?rrsrsc[/7. Using this relation 
in (33), and r = 2T2cAt, f* is given by [109] 

M b ) * O"1 (34) e7i1Mevrl5At_2 I otherwise. v 

The proton break energy is 

e p f c f t s l O ^ s f ^ M e v J ^ e V . (35) 

The value of Eq. (34), is strongly dependent on F. It has recently 
been pointed out [47] that if the Lorentz factor T varies significantly between 
bursts, with burst to burst variations A r / r ~ 1, then the resulting neutrino 
flux will be dominated by a few neutrino bright bursts, and may significantly 
exceed the flux implied by Eq. (34), derived for typical burst parameters. 
This may strongly enhance the detectability of GRB neutrinos by planned 
neutrino telescopes [3]. However, as explained in §2.6, the Lorentz factors 
of fireballs producing observed GRBs cannot differ significantly from the 
minimum value allowed by Eq. (5), F ~ 250, for which the fireball pair 
production optical depth, Eq. (4), is « 1 for e7 = 100 MeV: Lower Lorentz 
factors lead to optically thick fireballs, while higher Lorentz factors lead 
to low luminosity X-ray bursts (which may have already been identified). 
Thus, for Lorentz factors consistent with observed GRB spectra, for which 
r77(e7 = lOOMeV) « 1), we find 

M e p ) * X 1 1 / ^ otherwist ^ 

A detailed analysis, using Monte-Carlo simulations of the internal shock 
model, confirms that for fireball parameter range consistent with observed 
GRB characteristics, /„• at tp > epb is limited to the range of ~ 10% to 
30% [45]. 

Thus, for parameters typical of a GRB producing wind, a significant 
fraction of the energy of protons accelerated to energies larger than the break 
energy, ~ 1016eV, would be lost to pion production. Roughly half of the 
energy lost by protons goes into 7 R ° ' S and the other half to ?r+ 's. Neutrinos 
are produced by the decay of T T + ' S , 7 R + / I + + v^ —> e + + i>e + v^ + v^ 
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[the large optical depth for high energy 7'» from tt° decay, Eq. (4), would 
not allow these photons to escape the wind]. The mean pion energy is 20% 
of the energy of the proton producing the pion. This energy is roughly 
evenly distributed between the tt+ decay products. Thus, approximately 
half the energy lost by protons of energy f,P is converted to neutrinos with 
energy ~ 0.05ep. Eq. (34) then implies that the spectrum of neutrinos above 
f-vb = 0.05ePj, follows the proton spectrum, and is harder (by one power of 
the energy) at lower energy. 

If GRBs are the sources of UHECRS, then using Eq. (24) the expected 
GRB neutrino flux is [110] 

RS 1.5 x 10"9 min{l, ev/evb}GeV c n r V s r ^ 1 , (37) 
U 

where /.// 10JO yr is the Hubble time. The factor of 1/8 is due to the 
fact that charged pions and neutral pious are produced with roughly equal 
probabilities (and each neutrino carries -- I/ I of the pion energy). 

The GRB neutrino flux can also be estimated directly from the observed 
gamma-ray fluence. The BATSE detectors measure the GRB fluence Flf 
over two decades of photon energy, ~ 0.02MeV to ~ 2MeV, corresponding 
to a decade of radiating electron energy (the electron synchrotron frequency 
is proportional to the square of the electron Lorentz factor). If electrons 
carry a fraction of the energy carried by protons, then the muon neutrino 
fluence of a single burst is e2dNv/de.v 0.25(/;r/£e).F.y/ln(10). The average 
neutrino flux per unit time and solid angle is obtained by multiplying the 
single burst fluence with the GRB rate per solid angle, « 10''' bursts per year 
over 4tt sr. Using the average burst fluence F.!y = 10 -5erg/cm2, we obtain a 
muon neutrino flux r ;;'!>,. sa 3x 10^9(/^-/Ç«)GeV/cm2s sr. Thus, the neutrino 
flux estimated directly from the gamma-ray fluence agrees with the estimate 
(37) based on the cosmic-ray production rate. 

8.1.2 Neutrinos at energy > 1016 eV 

The neutrino spectrum (37) is modified at high energy, where neutrinos are 
produced by the decay of muons and pions whose life time r ^ exceeds 
the characteristic time for energy loss due to adiabatic expansion and syn-
chrotron emission [109, 86, 110]. The synchrotron loss time is determined 
by the energy density of the magnetic field in the wind rest frame. For the 
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characteristic parameters of a GRB wind, the muon energy for which the 
adiabatic energy loss time equals the muon life time, eft, is comparable to 
the energy e® at which the life time equals the synchrotron loss time, r^. For 
pions, et. > eî. This, and the fact that the adiabatic loss time is independent 
of energy and the synchrotron loss time is inversely proportional to energy, 
imply that synchrotron losses are the dominant effect suppressing the flux 
at high energy. The energy above which synchrotron losses suppress the 
neutrino flux is 

The efficiency of neutrino production in internal collisions decreases with 
At, fw oc At"~~l [see Eq. (34)], since the radiation energy density is lower at 
larger collision radii. However, at larger radii synchrotron losses cut off the 
spectrum at higher energy, ». slAi.) oc At [see Eq. (38)]. Collisions at large 
radii therefore result in extension of the neutrino spectrum of Eq. (37) to 
higher energy, beyond the cutoff energy Eq. (38), 

6.1.3 Comparison with other authors 

We note, that the results presented above were derived using the A-approxi-
mat ion, i.e. assumin g that photo-meson interactions are dominated by the 
contribution of the A-resonance. It has recently been shown [77], that for 
photon spectra harder than dn7/de7 ex e t h e contribution of non-resonant 
interactions may be important. Since in order to interact with the hard part 
of the photon spectrum, e7 < e7&, the proton energy must exceed the energy 
at which neutrinos of energy evb are produced, significant modification of the 
A-approximation results is expected only for tv tv\„ where the neutrino 
flux is strongly suppressed by synchrotron losses. 

T̂ lie neutrino flux froni tiîvOs is small above 1019eV, and a neut rmo flux 
comparable to the 7-ray flux is expected only below ~ 1017eV, ir t agreement 
with the results of ref. [86]. Our result is not in agreement, however, with 
that of ref. [101], where a much higher flux at ~ 1019eV is obtained based 
on the equations of ref. [109], which are the same equations as used here1. 

1 I'll'.' parameters chosen, in [101] axe L^ — 105Oerg/s, At = 10s, and F = 100. Using 
equation (4) of ref. [109], which is the same as Eq. (34) of the present paper, we obtain 
for these parameters /,- = 1.6 x 10~4, while the author of [101] obtains, using the same 
equation, fw — 0.03. 

.8 1/2 

(39) 
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8.2 Reverse shock (afterglow) neutrinos, ^ 101S eV 

Let us now consider neutrino emission from photo-meson interactions of pro 
tons accelerated to high energies in the reverse shocks driven into the fireball 
ejecta at the initial stage of Interaction of the fireball with Its surrounding 
gas, which occurs on time scale T ~ 10 s, comparable to the duration of 
the GRB itself (see §2.4). Optical UV photons are radiated by electrons 
accelerated In shocks propagating backward into the ejecta (see §2.7), and 
may interact with accelerated protons. The interaction of these low energy, 
10 eV-1 keV, photons and high energy protons produces a burst of duration 
~ T of ultra-high energy, 1017-1019 eV, neutrinos [as indicated by Eq. (30)] 
via photo-meson interactions [111]. 

Afterglows have been detected in several cases; reverse shock emission 
has only been identified for GRB 990123 [2]. Both the detections and the 
non-detect ions are consistent with shocks occurring with typical model pa-
rameters [113, 89, 73], suggesting that reverse shock emission may be com-
mon. The predicted neutrino emission depends, however, upon parameters 
of the surrounding medium that can only be estimated once more observa-
tions of the prompt optical afterglow emission are available. We first consider 
the case where the density of gas surrounding the fireball Is ft ~ lcm - 3 , a 
value typical to the inter-stellar medium and consistent with GRB 990123 
observations. 

The photon density in Eq. (31) is related to the observed specific lu-
minosity by dny/cky(x) = Lf{Tx)/(A'Kr1cTx). For proton Lorentz factor 
eo/2e!j.c jp < eo/2e!jTO, where primed energies denote rest frame energies 
(e.g. e'ym = e-ym/Ftr.)) photo-meson production Is dominated by interaction 

j il} 
with photons in the energy range e7 m < e7 <C e7C, where Lr oc e7 (see 
§2.7). For this photon spectrum, the contribution to the first Integral of Eq. 
(31) from photons at the A-resonance is comparable to that of photons of 
higher energy, and we obtain 

r t r . is the expansion Lorentz factor of plasma shocked by the reverse shocks, 
given by Eq. (14). The time available for proton energy loss by pion pro 
duct ion is comparable to the expansion time as measured in the wind rest 

(40) 
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frame, ~ r / r t r .c . Thus, the fraction of energy lost by protons to pions is 

/*(<*) « o-1 ( i ^ r ) ( § i ) T r ' x ( (41) 

Eq. (41) is valid for protons in the energy range 

4X10 1 8 ^ ) 2 ( e 7 C i k e v ) - 1 e V < e p < 4 x l 0 2 1 ( e ^ y ^ e Y . (42) 

Such protons interact with photons in the energy range e7m to e7C, where 

the photon spectrum Lf: oc e7c
2 and the number of photons above interaction 

1/2 
threshold is oc tp . At lower energy, protons interact with photons of energy 
e7 > e7C, where Lf oc e"""1 rather then Lf oc g^1/2. At these energies therefore 
f— OC £p. 

Since approximately half the energy lost by protons of energy ep is con-
verted to neutrinos with energy ~ 0.05ep, Eq. (42) implies that the spectrum 
of neutrinos below ss 1017(rtr./250)2(e7C,kev)^1eV is harder by one power 
of the energy then the proton spectrum, and by half a power of the energy at 
higher energy. For a power law differential spectrum of accelerated protons 
dnp/dep oc €p2, the differential neutrino spectrum is dnvjdav oc with 
a — 1 below the break and a — 3/2 above the break. Assuming that GRBs 
are indeed the sources of ultra-high energy cosmic rays, then Eqs. (41,42) 
and (24) imply that the expected neutrino intensity is 

! *!tb„ ss e2#,~, sa e2#„ 

/I19! / V4 

^ 1 0-io.^__ / j G e V c m - ^ - ^ r - 1 , (43) 

where /I19] = / ^ . a o = 2) and ß = 1/2 for e„ > 1017eV and ß = 1 for 
€v < 1017eV. 

Some GRBs may result from the collapse of a massive star, in which case 
the fireball is expected to expand into a pre-existing wind (e.g. [22, 118]). 
For typical wind parameters, the transition to self-similar behavior takes 
place at a radius where the wind density is n m 104cm^3 lcm^3. The 
higher density implies a lower Lorenz factor of the expanding plasma during 
the transition stage, and a larger fraction of proton energy lost to pion 
production. Protons of energy ep > 1018 eV lose all their energy to pion 
production in this case. If most GRBs result from the collapse of massive 
stars, then the predicted neutrino flux is [111, 28] 

« 1(T8 min{l, Cyb'/1017eV}GeV cra - 2 s - 1 sr - 1 . (44) 
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The neutrino flux is expected to be strongly suppressed at energy ey > 
1019 eV, since protons are not expected to be accelerated to energy tp > 
1020 eV, If protons are accelerated to much higher energy, the Vp (Pm v,.) 

flux may extend to ~ 1()2I«U ' eV 1020«o eV). At higher 
energy, synchrotron losses of pions (muons) will suppress the neutrino flux. 

6.3 Inelastic p-n collisions 

The acceleration, 7 oc r, of fireball plasma emitted from the source of radius 
ro (see §2.2) is driven by radiation pressure. Fireball protons are accelerated 
through their coupling to the electrons, which are coupled to fireball photons. 
Fireball neutrons, which are expected to exist in most progenitor scenarios, 
are coupled to protons by nuclear scattering as long as the comoving p-n 
scattering time is shorter than the comoving wind expansion time r/yc = 
TQ/C. As the fireball plasma expands and accelerates, the proton density 
decreases, np oc r ~ 2 a n d neutrons may become decoupled. For rj > rjpn, 
where 

7ip 1 j. 4t<0£-52 t'Q , (45) 

neutrons decouple from the accelerating plasma prior to saturation, 7 = rj, 
at F = Xfonif1^ [28, 6], In this case, relativistic relative velocities between 
protons and neutrons arise, which lead to pion production through inelastic 
nuclear collisions. Since decoupling occurs at a radius where the collision 
time is similar to wind expansion time, each n leads on average to one 
pair of vv. The typical comoving neutrino energy, 50 MeV, implies an 
observed energy ~ 10 GeV. A typical burst, E — 105-1 erg at z = 1, with 
significant neutron to proton ratio and q > 400 will therefore produce a 
fluence F(i>, 4- ï>e) ~ 0.5F(i/p + Pß) ~ 10 'cut 2 of <v 10 GeV neutrinos. 

Relativistic relative p-n velocities, leading to neutrino production through 
i. nc lets tic col 1.1 s i.oxi s n also result from diffusion of neutrons between regions 
of the fireball wind with large difference in F [74], If, for example, plasma 
expanding with very high Lorenta factor, F > 100, is confined to a narrow jet 
surrounded by a slower, F ^ 10 wind, internal collisions within the slower 
wind can heat neutrons to relativistic temperature, leading to significant 
diffusion of neutrons from the slower wind into the faster jet. Such process 
may operate for winds with rj < 400 as well as for rj > 400, and may lead, 
for certain (reasonable) wind parameter values, to ~ 10 GeV neutrino flux 
similar to that due to p-n decoupling in a r/ > 400 wind. 
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8.4 Implications 

The high energy neutrinos predicted in the dissipative wind model of GRBs 
may be observed by detecting the Cerenkov light emitted by high energy 
muons produced by neutrino interactions below a detector on the surface 
of the Earth (see [39] for a recent review). The probability that a 
neutrino would produce a high energy muon in the detector is approximately 
given by the ratio of the high energy muon range to the neutrino mean 
free path. For the neutrinos produced in internal shocks < 1014 eV, 
PVjl ~ 1.3 x l [ r 6 ( e y / lTeV) [39]. Using (37), the expected flux of neutrino 
induced muons is 

J(i « io^^km-2yr-1 • (46) 

The rate is almost independent of e^, due to the increase of P„lx with energy. 
The rate (46) is comparable to the background expected due to atmospheric 
neutrinos [39], However, neutrino bursts should be easily detected above the 
background, since the neutrinos would be correlated, both in time and angle, 
with the GRB 7-rays. A km2 neutrino detector should detect each year ~ 10 
neutrinos correlated with GRBs. Note, that at the high energies considered, 
knowledge of burst direction and time will allow to discriminate the neutrino 
signal from the background by looking not only for upward moving neut rmo 
induced muons, but also by looking for down-going muons. 

The predicted flux of ~ 1017 eV neutrinos, produced by photo-meson 
interactions during the onset of fireball interaction with its surrounding 
medium, Eqs. (43,44), may be more difficult to detect. For the energy 
range of afterglow neutrinos, the probability PUjL that a neutrino would pro-
duce a high energy muon with the currently required long path within the 
detector is Pe>l sa 3 x 10^3(ey/1017eV)1''2 [39, 41]. This implies, using (43), 
an expected detection rate of muon neutrinos of ~ 0.06/kmL'yr (over 2tt sr), 
assuming fireballs explode in and expand into typical inter-stellar medium 
gas. If, on the other hand, most GRB progenitors are massive stars and 
fireballs expand into a pre-existing stellar wind, Eq. (44) implies a detection 
of several muon induced neutrinos per year in a 1km3 detector. We note, 
that GRB neutrino detection rates 

may be significantly higher than derived 
based on the above simple arguments, because the knowledge of neutrino 
direction and arrival time may relax the requirement for long muon path 
within the detector. Air-showers could be used to detect ultra-high energy neutrinos. The 
neutrino acceptance of the planned Auger detector, ~ lO'km'W [19], se cm s 
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too low. The effective area of proposed space detectors [85, 94] may exceed 
~ 106km2 at €v > 2x 1019 eV, detecting several tens of GRB correlated events 
per year, provided that the neutrino flux extends to > 2 x K)1" eV. Since, 
however, the GRB neutrino flux is not expected to extend well above tv ^ 
1019 eV, and since the acceptance of space detectors decrease rapidly below 
~ 1019 eV, the detection rate of space detectors would depend sensitively on 
their low energy threshold. 

Detection of high energy neutrinos will test the shock acceleration mech-
anism and the suggestion that GRBs are the sources of ultra-high energy 
protons, since > 1Û1'1 eV (> 101S eV) neutrino production requires protons 
of energy > 10lfs eV (> lO'9 eV). The dependence of -- 1017 eV neutrino flux 
on fireball environment imply that the detection of high energy neutrinos will 
also provide constraints on GRB progenitors. 

Inelastic p-n collisions may produce ~ 10 GeV neutrinos with a flueuce 
of ~ lO^'Tm"2 per burst, due to either p-n decoupling in a wind with high 
neutron fraction and high, > 400, Lorentz factor [28, 6], or to neutron diffu-
sion in a wind with, e.g., strong deviation from spherical symmetry [74]. The 
predicted number of events in a 1km3 neutrino telescope is ~ 10yr_1. Such 
events may be detectable in a suitably densely spaced detector. Detection of 
<-v 10 GeV neutrinos will constrain the fireball neutron fraction, and hence 
the GRB progenitor. 

Detection of neutrinos from GRBs could be used to test the simultaneity 
of neutrino and photon arrival to an accuracy of ~ 1 s 1 ms for short 
bursts), checking the assumption of special relativity that photons and neu-
trinos have the same limiting speed. These observations would also test the 
weak equivalence principle, according to which photons and neutrinos should 
suffer the same time delay as they pass through a gravitational potential. 
With 1 s accuracy, a burst at 100 Mpc would reveal a fractional difference 
in limiting speed of 10~lfi, and a fractional difference in gravitational time 
delay of order 10~6 (considering the Galactic potential alone). Previous 
applications of these ideas to supernova 1987A (see [5] for review), where 
simultaneity could be checked only to an accuracy of order several hours, 
yielded much weaker upper limits: of order 10 - s and 10 - 2 for fractional 
differences in the limiting speed and time delay respectively. 

The model discussed above predicts the production of high energy muon 
and electron neutrinos. However, if the atmospheric neutrino anomaly has 
the explanation it is usually given, oscillation to vT

 5s with mass ~ 0.1 eV [21, 
37, 33], then one should detect equal numbers of i/^'s and vT's. Up-going 
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r-s, rather than p \ would he a distinctive signature of such oscillations. 
Since i v s are not expected to be produced in the fireball, looking for r's 
would be an "appearance experiment." To allow flavor change, the difference 
in squared neutrino masses, Am2, should exceed a minimum value propor-
tional to the ratio of source distance and neutrino energy [5]. A burst at 
100 Mpc producing 1014eV neutrinos can test for Am2 > 10 16eV2, 5 orders 
of magnitude more sensitive than solar neutrinos. 
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