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Abstract

The recently discovered Extrasolar Planetary Systems (EPS's) are poten-

tially interesting sources of gravitational waves, since they are very close to

Earth (at distances � 10 pc), and their orbital features and positions in the

sky are quite well known. As a �rst estimate, we compute the orbital emis-

sion of these systems using the quadrupole formula. Then we show that, in

principle, the orbiting planet could resonantly excite the quasi-normal modes

of the central star. We use the general-relativistic theory of stellar pulsations

to estimate the e�ects of such a resonance on the gravitational-wave emission

of the system. We also consider radiation-reaction e�ects on the orbital evo-

lution, and give upper limits on the timescales required for a planet to get

o�-resonance.
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1 Introduction

The �rst EPS was discovered in 1992 [1]; since then, the development of experimen-
tal techniques has led to a steady increase in the number of known EPS's [2]. Here
we give estimates on the gravitational wave emission of these systems. There are
at least two reasons why EPS's are potentially interesting sources of gravitational
waves: �rst of all, they are very close to Earth (the discovered EPS's are at dis-
tances of the order of 10 pc); secondly, their orbital features and their positions in
the sky are quite well known [3].

In section 2 we discuss the gravitational signal emitted by these systems due to
the orbital motion, using the quadrupole formalism. As a re�nement, we include
the e�ects due to the structure of the central star, considering the emission of
gravitational waves associated with the resonant excitation of the quasi-normal
modes of the star. This resonant emission process has been studied by Kojima [4],
who showed that a small mass in circular orbit around a compact star can excite the
fundamental mode of the star if the mode frequency is twice the orbital frequency,
and that the characteristic wave amplitude emitted at that frequency can be up
to 100 times larger than that evaluated by the quadrupole formula. Motivated by
observations, which have shown that a surprisingly large fraction of the observed
planets are in very close orbits, we have considered the possibility for a planet to
get suÆciently close to a solar-type star to excite the lowest order g-modes, and
possibly the fundamental one, without being disrupted by tidal forces. In section 3
we show that for solar type stars the resonant excitation of the low-order g-modes
may, in principle, be possible. In section 4 we integrate the perturbed Einstein
equations showing that, when the planet is close enough to a resonance, the energy
lost by the system in gravitational waves can be large. Due to this energy loss,
the orbit shrinks more rapidly. In section 5 we consider the e�ects of gravitational
radiation reaction on the evolution of the planetary orbit: in this way, we obtain
typical timescales for a planet to get o�-resonance.

In the summary we show the main conclusions of our analysis.

2 Gravitational wave emission due to the orbital

motion

In this section we evaluate the amount of gravitational radiation that each couple
star-planet emits because of the orbital motion. Since we are not interested in
the detailed form of the signal, the quadrupole formalism is suÆcient to derive the
required information [5]. We shall consider the planet and the star as two pointlike
masses,Mp andM?. Revolving around their common center of mass, the two bodies
will emit gravitational energy because of their time varying quadrupole moment.
We shall denote by �k the keplerian orbital frequency, �k = 2�=P =

p
GM=a3,

by M = M? +Mp the total mass of the system, and by e the orbital eccentricity.
Using the standard quadrupole formalism we can evaluate the explicit expressions
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of the gravitational wave amplitudes in the two polarizations, h+ and h�, which
are given in [6]. It is well known that, if the orbit is circular (e = 0), the radiation
is emitted at twice the orbital frequency (�GW = 2�k). On the other hand, if
the orbit is eccentric, waves will be emitted at frequencies multiple of �k , and the
number of equally spaced spectral lines contributing to the signal will increase with
the eccentricity.

Since the signal emitted by our system is periodic, it can be expanded in a
Fourier series of the form:

h(t) =

+1X
n=�1

Hne
�2n�it=P : (1)

We can de�ne a characteristic gravitational wave amplitude, according to formula
(50) in reference [7], as:

hc(n�k ; r) =

r
2

3

h
h~h(n)+ i2 + h~h(n)� i2

i1=2
: (2)

Here the factor
p
2=3 takes into account an average over orientation, and we have

de�ned

h~h(n)+ i2 � 1

4�

Z
d

��H+

n

��2 ; h~h(n)� i2 � 1

4�

Z
d

��H�n ��2 : (3)

In the special case of a system in circular orbit (e = 0) the average over the solid
angle can easily be performed, and formula (2) yields

hQ =
4
p
2p
15

G

c4
Mp

r
(�kR0)

2; (4)

where R0 is the radius of the orbit, and r is the distance of the source from Earth.
In [6] we have evaluated, according to eq. (2), the characteristic wave amplitude

hc impinging on Earth emitted by a set of observed EPS's, for which all data required
to compute the wave amplitudes were available. For comparison, we also computed
the quadrupole amplitudes for the binary system PSR 1913+16 ([8]).

As an example, in �gure 1 we plot hc as a function of the harmonic index n for
PSR 1913+16 and for a highly eccentric system, HD 89707.

It should be reminded that PSR 1913+16 is composed of two neutron stars
revolving around their center of mass in a quite eccentric orbit (e = 0:617139),
with keplerian frequency �k = 3:583 � 10�5 Hz. The binary system is at a distance
D = 5 kpc from Earth. A system such as HD 283750 (e = 0:02), in which the
planet moves in a nearly circular orbit around the central star, has a gravitational
emission concentrated at twice the keplerian frequency, with amplitude comparable
to the maximum wave amplitude reached by PSR 1913+16. However, the frequency
is about ten times lower than that of the binary pulsar. For EPS's with high
eccentricity, such as HD 89707 (e = 0:93) the gravitational emission is spread over
a larger set of frequencies, all multiple of �k; as for PSR 1913+16.
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Figure 1: The characteristic amplitude computed from equation (2) is plotted versus the har-
monic index n for the binary system PSR 1913+16 and for an EPS with high eccentricity, HD
89707 (e = 0:93). The number of spectral lines (at frequencies multiple of �k) contributing to the
signal increases with e.

Table 1: The maximum characteristic amplitude of the waves emitted by some EPS's and by the
binary system PSR 1913+16, due to their orbital motion.

Star �k (Hz) hc max �max (Hz)

HD 89707 3:9 � 10�8 8:4 � 10�25 3:9 � 10�8
HD 217580 2:5 � 10�8 8:5 � 10�25 7:6 � 10�8
Gl 86 7:3 � 10�7 1:6 � 10�24 1:5 � 10�6
HD 112758 1:1 � 10�7 3:0 � 10�24 2:2 � 10�7
� Boo 3:5 � 10�6 6:6 � 10�24 7:0 � 10�6
HD 283750 6:5 � 10�6 3:7 � 10�23 1:3 � 10�5
PSR 1913+16 3:6 � 10�5 1:0 � 10�23 1:4 � 10�4

In [6] we have computed the keplerian frequency, the maximum characteristic
amplitude on Earth, and the frequency corresponding to that maximum, for various
EPS's and for PSR 1913+16. Some interesting results are listed in table 1. For most
systems the maximum emission frequency appears to be extremely low, in general
smaller than 10�6 Hz. An exception is HD 283750, for which �max = 1:3 � 10�5 Hz.

3 Roche lobe analysis

The maximum emission frequencies of known EPS's, which we have computed in
[6], are typically quite low. A comparison with typical oscillation frequencies of
low-order g�modes (computed assuming, for simplicity, a polytropic model for the
central star) shows that resonance conditions are unlikely to be satis�ed in the
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EPS's observed until now. However, according to recent theories on the evolution
of planetary systems [9], planets could move on orbits even closer to the central
star than the ones already observed. In view of this possibility, it is interesting to
understand whether a planet can approach a star at such a short distance that its
angular velocity is high enough to excite the f -mode or the lowest-order g-modes,
without being disrupted by tidal forces. We must also impose that the star does
not accrete matter onto the planet. These conditions are equivalent to imposing
that neither the planet nor the star overow their Roche lobe.

We shall assume, for simplicity, that the planet ies on a circular orbit with
keplerian angular velocity �k; and consequently emits radiation at the frequency
�GW = 2�k:

The theory of stellar pulsations predicts that the oscillation mode frequencies
scale with the square root of the mean stellar density [10]. This means that we
can de�ne \universal" dimensionless frequencies for each mode, kmode, given by

kmode = �mode

�
GM?

R3
?

��1=2
. In [6] we have shown that the condition that the planet

lies inside its Roche lobe, Rp < RRL; is equivalent to a constraint on its density,

�p > �RL, where �RL =Mp

�
4

3
�R3

RL

��1
is the critical density corresponding to

the Roche-lobe radius RRL. If we now introduce a dimensionless quantity RRL =
RRL=a, we �nd

�RL

�?
= k2mode �

Mp=M?

4 (1 +Mp=M?)R
3

RL

; (5)

where �? is the mean density of the central star. Thus, a planet can excite a mode
of the star corresponding to an assigned kmode; without overowing its Roche lobe,
if the ratio between its mean density and that of the central star exceeds the critical
ratio (5).

Table 2: Critical density ratios �RL=��, for di�erent oscillation modes of a polytropic star with
n = 3 and for mass ratios: �Earth = MEarth=M� = 3:0 � 10�6, �J = MJ=M� = 9:6 � 10�4

�BD = MBD=M� = 3:8 � 10�2. In boldface, the models whose excitation is allowed by the
Roche-lobe analysis.

f g1 g2 g3 g4 g5 g6 g7 g8 g9 g10
�Earth 20.8 12.5 7.21 4.64 3.24 2.38 1.83 1.45 1.17 0.97 0.82

�BD - - - - 3.68 2.71 2.08 1.65 1.34 1.11 0.93

�J 21.7 13.0 7.49 4.82 3.37 2.48 1.90 1.51 1.22 1.01 0.85

We have �xed the solar model to be a polytrope with n = 3, and we have
chosen a central density such that the star has the same mass and radius as the
sun. We have carried out the Roche-lobe analysis for three orbiting bodies: two
planets with the same mass and radius as the Earth and Jupiter, and a brown dwarf
with mass MBD = 40MJ . The corresponding critical density ratios are shown for
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Table 3: We tabulate the minimum radius of the circular orbit, amin, the quadrupole emission
frequency, �GW , and the characteristic amplitude of the corresponding wave emitted by four
planets orbiting around a star with mass M� and radius R�. We assume that the planets have
mass and density equal to those of Mercury, Earth and Jupiter. The last planet has 13 times
the mass of Jupiter and the same density. The case of a brown dwarf of 40 jovian masses is also
included. These data are obtained by imposing that the planets and the central stars lie inside
their Roche lobe, and that the system is located at D = 10 pc from Earth.

Type of planet amin (cm) �GW = 2�k hc
Mercury 9:6 � 1010 1:2 � 10�4 1:8 � 10�27
Earth 9:6 � 1010 1:2 � 10�4 3:2 � 10�26
Jupiter 1:6 � 1011 5:9 � 10�5 6:2 � 10�24
13�Jupiter 1:6 � 1011 5:7 � 10�5 7:9 � 10�23
Brown Dwarf 1:0 � 1011 1:1 � 10�4 3:8 � 10�22

each oscillation mode of our stellar model in table 2. We have marked in boldface
the modes for which the excitation is not excluded by the Roche-lobe analysis. We
have also checked whether the star overows its Roche lobe and accretes matter
onto the planet, and excluded from table 2 the corresponding cases. The table
shows that an Earth-like planet (having �Earth=�� = 3:9) could excite g�modes
of order greater than 3. The same is true for a brown dwarf: an evolved brown
dwarf of 40 jovian masses, according to the models in [11], would have a radius
R = 5:9 � 109 cm, and a value of �=�� = 64, but it would accrete matter from the
central star before exciting the mode g3. A Jupiter-like planet (�J=�� = 0:9), on
the other hand, could only excite g�modes of order greater than 9, without being
disrupted by tidal interactions. By the Roche-lobe analysis we can also deduce
another interesting information. Suppose that a planetary system made of a star
with the mass of the Sun and a planet in circular orbit is located at a �ducial
distance D = 10 pc. We do not make any assumption on the internal structure of
the star, but assign the values of the mass and of the mean density of the planet. In
particular, we consider �ve orbiting bodies: three of them have masses and densities
equal to those of Mercury, the Earth, and Jupiter. The fourth has a mass equal to
13 times the mass of Jupiter (the deuterium burning limit; see, e.g., [13]) and the
same density as Jupiter; the fourth is a brown dwarf of 40 jovian masses. We want to
know the minimum radius of the orbit, together with the corresponding quadrupole
emission frequency �GW = 2�k and amplitude on Earth hc, allowed by the condition
of tidal disruption. The answer is in table 3, where the required data are given for
the four planets and the brown dwarf. Note that the minimum radius of the orbit,
in the brown dwarf case, is determined by the condition of mass transfer from the
central star: being the brown dwarf quite dense [11], mass accretion from the central
star occurs before tidal disruption of the brown dwarf. From table 3 we see that
some planets could emit quadrupole radiation at a frequency in the bandwidth of
space interferometers, and with an amplitude which could be ten times bigger than
that emitted by the binary pulsar PSR 1913+16. In addition, if the quadrupole
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Table 4: Frequencies of gravitational wave emission (in �Hz) for di�erent oscillation modes of
a solar-mass polytropic star with n = 3, and corresponding quadrupole amplitudes at D = 10 pc
for a planet like the Earth, a planet like Jupiter and a brown dwarf of 40 jovian masses. Only the
modes g4 and g10 are shown.

�GW hQ;Earth hQ;BD hQ;J
g4 112.5 3:0 � 10�26 3:9 � 10�22 -
g10 56.7 1:9 � 10�26 2:4 � 10�22 6:1 � 10�24

radiation resonates with a mode of the star, the amount of emitted energy could be
larger. We will now turn to quantitative estimates, based on the direct integration
of the Einstein equations, of the enhancement in gravitational wave emission due
to resonant e�ects.

4 Excitation of the oscillation modes of a star

Perturbative calculations in the framework of general relativity made by Kojima [4]
have shown that, when a small mass moves in a circular orbit with orbital frequency
�k around a compact star, the fundamental mode is excited if its frequency is �f =
2�k: In this case, a sharp resonance occurs, and the characteristic wave amplitude
can be considerably larger than that evaluated by the quadrupole formula. Similar
calculations have never been done for solar type stars. In this section we will show
that the resonant excitation of a mode may enhance the gravitational emission also
for non compact stars, and that the mechanism works for all modes, not only for
the fundamental one, thus justifying a posteriori our treatment of the resonance
conditions in the Roche-lobe analysis of section 3.

In the following we shall adopt geometric units (G = c = 1). We shall write
the Einstein equations in the form Gij = 2Tij , and de�ne the Riemann tensor as in
[12]. For the integrations we have chosen the same stellar model considered in [15].
It is a simple polytropic model (the equation of state has the form p = K�1+1=n)
but it is quite well suited to reproduce the properties of a solar-type star. The
model is non-barotropic (as it should be, since the temperature in a normal star
is not constant), and the adiabatic coeÆcient is assumed to be  = 5=3. The
ratio between central density and pressure is �0 = �0=p0 = 5:53 � 105, close to the
corresponding value for the sun, and the polytropic index n = 3. Fixing the central
density to be 76 g�cm�3, our polytropic stellar model has a mass M = M� and
a radius R = R�. We consider the same orbiting bodies as in table 2 and, for
some oscillation modes allowed by the Roche-lobe analysis, we give in table 4 the
gravitational wave frequencies and the amplitudes of the wave emitted according to
the quadrupole formalism at a �ducial distance D = 10 pc.

In the quadrupole approximation, both the star and the planet were considered
as pointlike masses. Now we want to improve on the quadrupole approximation,
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considering the inuence of the stellar structure on the gravitational emission of
the system. How much do resonant e�ects between the orbital motion and the
stellar pulsations enhance the gravitational emission with respect to the pointlike
approximation? This question can be answered in the framework of the general-
relativistic theory of stellar oscillations [14]. We have integrated the perturbed
Einstein equations given in [15]. These equations reduce, in the vacuum that prevails
outside the star, to the well-known Zerilli equation [16]:�

d2

dr2?
+ �2 � V`

�
Z`m = S`m: (6)

The source term S`m, whose explicit expression is given in [17], is due to the stress-
energy tensor of the planet, with massMp �M , which orbits the star. Since we are
interested in the emission of gravitational waves, we want a solution to the Zerilli
equation (6) satisfying not only the conditions of continuity of the metric at the
border of the star, but also a purely-outgoing wave condition at in�nity:

Z`m(r !1) � Zout
`m e�i�r? (7)

The amplitude of the Zerilli function at in�nity, Zout
`m , can be obtained by the

Green's functions method as described in [17]. The two components of the gravita-
tional wave at radial in�nity are related to Zout

`m by:

h+(�) + ih�(�) =
X
`m

2
p
n(n+ 1)

e�i�r?

r
Zout
`m 2Y`m (8)

where 2Y`m is the s = 2 spin-weighted spherical harmonic, and n � (`�1)(`+2)=2.
If we consider only the ` = 2 part of the metric perturbation, we can de�ne the

\relativistic" amplitude of gravitational waves at radial in�nity, computed in the
perturbative approach, as:

hRÆ(� �m�k) �
r

2

3

s
1

4�

Z
d

h
jh+j2 + jh�j2

i

=
2
p
n(n+ 1)Mp

�� �Zout
22 (2�k)

��
p
3�r

Æ(� �m�k) (9)

Here we have de�ned
�� �Zout

22

�� � ��� ~Zout
22

��� =Mp and, in summing over m, we have used

the symmetry property
��� ~Zout

22

���2 = ��� ~Zout
2;�2

���2. To compare the perturbative approach

with the quadrupole approximation we compute the ratio

hR

hQ
=

2
p
5n(n+ 1)p

2�

�� �Zout
22 (�)

��
(�R0)2

(10)

where � = 2�k is the gravitational wave frequency. In this ratio, hQ takes into
account only the orbital motion, while hR is due both to the orbital motion and to
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the gravitational emission of the star. We have computed the ratio (10) for di�erent
values of the orbital radius (i.e., for di�erent values of the gravitational wave emis-
sion frequency �). Let us consider a planet orbiting at a radius R0 = Rres +�R,
close to the radius Rres corresponding to a resonance. A typical behaviour of the
ratio hR=hQ as a function of �R is shown in �gure 2.
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Figure 2: The power-law behaviour of hR=hQ as a function of �R (in km) close to the resonance
corresponding to a g4�, g7� and g10�mode, for a star of mass M =M�.

The �gure shows that, for example, close to the resonance corresponding to the
g4�mode one can reach values of hR=hQ greater than 10 for �R of the order of a
few kilometers, 100 for �R of the order of hundreds of meters, and 1000 for �R
of the order of some meters. The almost-perfect power law in hR=hQ as a function
of �R is expected. We are basically dealing with a system that can be modelled
as a damped oscillator with a forcing term, and a power-law behaviour is typical of
forced oscillators close to a resonance [4]. We can �t the computed behaviors with
a linear function, of the form:

(loghR=hQ) = agn + bgn(log�R) (11)

and for the low-order g�modes we get bgn = �0:914, while agn depends on the
order n of the mode we exciting.

Since the resonance is so sharp, we can expect a system close enough to the
resonance to loose a lot of energy in gravitational waves, until the emission is stopped
by some viscous mechanism and the planet goes o� resonance. How long can a
planet emit with a ratio hR=hQ greater than some �xed amount? We will answer
this question in the next section.
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5 Gravitational radiation reaction

In any binary system, as the system emits energy in gravitational waves, the loss
of energy causes the orbit to shrink. This means that a planet in an EPS will
not hover around in a circular orbit forever, but it will eventually spiral down the
central star, and the inspiral will be faster and faster as we get closer and closer
to a resonance corresponding to a quasi-normal mode of the star, since there the
gravitational emission is stronger.

How much time will the planet spend in a region corresponding to a value of
hR=hQ greater than some �xed amount, before reaching the peak corresponding
to the quasi-normal mode? The corresponding time-scale can be seen as an upper
limit on the time the system can spend emitting waves of amplitude greater than
that �xed amount. To compute this time-scale we must take into account e�ects of
gravitational-radiation reaction on the evolution of the planetary orbit. We shall
assume that the adiabatic approximation holds, i.e., that the time-scale � over which
the orbital radius evolves is much longer than the orbital period, � � P = 2�=�k.
Under this assumption, the (circular) orbit shrinks due to the energy emitted in
gravitational waves, according to the law:

Mp

�
d�

dt

�
+

�
dE

dt

�
GW

= 0; (12)

where � is the planet's orbital energy per unit mass. Here and in the following, by
h::i we shall mean an average over many orbital periods. The idea is that, since the
orbit evolves slowly with respect to the orbital period, the planet will go through
a series of \quasi-geodesic" states; in each of these states, the usual, \geodesic"
formalism can be used to �nd the energy emitted in gravitational waves, and hence
the evolution of the orbit.

The energy emitted in gravitational waves can be determined from the gravita-
tional wave amplitude (8). The average emission rate is given by:�

dE

dt

�
GW

=
X
`m

(`� 1)`(`+ 1)(`+ 2)

32�
(m�k)

2
��� ~Zout

`m (�)
���2 (13)

Introducing � � Mp=M?, de�ning a quantity _E(R0) � ��2


dE
dt

�
GW

and using the
relation between � and the orbital radius R0 we can write the evolution equation
for the orbital radius as�

dR0

dt

�
= ��2R

2
0

M2
?

(1� 3M?=R0)
3=2

(1� 6M?=R0)
_E(R0): (14)

Solving this evolution equation by separation of variables we get the time required

for the planetary orbit to shrink from a radius R
(2)
0 to a radius R

(1)
0 due to radiation-

reaction e�ects:

�T (R
(2)
0 > R

(1)
0 ! R

(1)
0 ) = �M2

?

2�

Z R
(1)

0

R
(2)

0

(1� 6M?=R0)

(1� 3M?=R0)3=2R2
0

dR0

_E(R0)
(15)
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Table 5: For the modes g4 and g10 we give, at �xed ratio hR=hQ, the value of the radial \�ne-
tuning" �R, the radiation-reaction timescales for an Earth-like planet (TEarth), for a brown dwarf
of 40 jovian masses (TBD) and for a Jupiter-like planet (TJ ).

Mode hR=hQ �R(m) TEarth(yrs) TBD(yrs) TJ(yrs)

g4 10 8740 8:7 � 106 6:9 � 102 -
50 1326 4:7 � 104 3:7 -

g10 10 42 1:7 � 105 13 5:2 � 102
50 6 9:2 � 102 7:2 � 10�2 2:9

Using formula (15) and considering only the dominant, ` = 2 emission, we have
computed the timescales required for a planet to go from a radius corresponding to
a �xed value of hR=hQ (10 or 50) to the resonant radius. Some of these timescales
are given in table 5.

From the data in table 5 and the quadrupole amplitudes in table 4 we see that,
for example, a brown dwarf exciting the mode g4 could reach amplitudes � 2 �10�20
for � 4 years, and � 4 � 10�21 for � 700 years; on the other hand, a planet like
Jupiter resonant with the mode g10 could reach amplitudes � 3 �10�22 for � 3 years,
and � 6 � 10�23 for � 500 years.

6 Summary

The main results we have obtained on the gravitational wave emission by EPS's can
be summarized as follows:

� Up to now, the most \energetic" among the discovered EPS's is HD283750,
which emits waves with a maximum amplitude hc � 4 � 10�23 and a corre-
sponding frequency � � 1:3 � 10�5 Hz.

� The Roche-lobe analysis shows that an EPS composed of a star and a brown
dwarf, even if we ignore resonant e�ects and consider both masses as pointlike,
could emit, due to the orbital motion, waves of frequency as high as �max �
10�4 Hz and amplitude as large as hmax

c � 10�22 (at a �ducial distanceD = 10
pc). Furthermore, some planets could be close enough to excite the low-order
g�modes of the central star without being disrupted by tidal interactions.

� The integration of the perturbed Einstein equations shows that, when a planet
excites the low-order g�modes of the central star, the gravitational wave
amplitude can be much higher than the corresponding amplitude computed
using the quadrupole formula. According to our radiation reaction analysis,
for the stellar model we have chosen, a brown dwarf exciting the mode g4
could reach amplitudes � 2 � 10�20 for � 4 years, and � 4 � 10�21 for � 700
years; on the other hand, a planet like Jupiter resonant with the mode g10
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could reach amplitudes � 3 � 10�22 for � 3 years, and � 6 � 10�23 for � 500
years.
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