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Abstract

The instability of r-mode oscillations in rapidly rotating neutron stars has

attracted attention as a potential mechanism for producing high frequency,

almost periodic gravitational waves. The analyses carried out so far have

shown the existence of the instability and have considered damping by shear

and bulk viscosity, as well as the interaction with a solid star crust. However,

the magnetohydrodynamic coupling of the modes with a stellar magnetic �eld,

which is likely to be present, has not been fully investigated yet. Here we

discuss the relevance of a magnetic �eld, its modi�cations under the action of

the r-mode instability, and how the interaction between r-mode oscillations

and a magnetic �eld might limit the onset and duration of the instability.
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1 Introduction

The basic properties of r-mode oscillations in Newtonian rotating stars were in-
vestigated in 1978 by Papaloizou and Pringle [1] in the attempt of explaining the
short-period oscillations seen in cataclysmic variables in terms of non-radial oscilla-
tions of rotating white dwarfs. Almost twenty years later, r-mode oscillations have
been the focus of renewed attention when shown to be unstable to the emission of
gravitational radiation. The �rst calculations in this sense were carried out by An-
dersson [2] and con�rmed by Friedman & Morsink [3]. Since then, the literature on
the subject has been rapidly growing (see [4] for a recent review and an updated list
of references). Numerous authors [5, 6, 7] have calculated the coupling of r-mode
oscillations to the emission of gravitational waves and have shown that this takes
place primarily through a time-varying mass-current quadrupole. In hot, rapidly
rotating neutron stars, this coupling can be suÆciently strong to be una�ected by
viscous dissipations or the interaction with a solid crust [8] (see Lindblom's contri-
bution in this volume). The instability of r-mode oscillations is due to the loss of
energy and angular momentum via gravitational radiation, and is a manifestation
of the generic Chandrasekhar-Friedman-Schutz instability.

A signi�cant di�erence from previously investigated mode-instabilities (such as
the f -mode instability), is that the onset of the r-mode instability does not depend
on a speci�c rate of rotation and, for perfect uid stars, sets in for arbitrary angular
velocities. This property widens the astrophysical impact of the r-mode instability
which might be relevant in setting up limits to the angular velocities of neutron
stars accreting material in a low mass binary system [9, 10].

Because of the diÆculties of dealing with a problem which is highly nonlinear
and involves complicated radiation-reaction e�ects, all investigations to date have
been based on some approximation. While these approaches have set-up our basic
understanding of the r-mode instability, much still needs to be clari�ed, for instance,
on the details of the nonlinear saturation of the mode's amplitude. A feature of
almost all the above investigations is that they do not take into account the fact that
the best candidate for an r-mode instability, i.e. a hot newly born neutron star, is
also likely to be threaded with intense magnetic �elds in the range 1011�1013 G. A
�rst exception to this is the work of Spruit [11], who has investigated the generation
of a toroidal magnetic �eld through a di�erential rotation in the radial direction,
with the latter being the result of gravitational wave emission. The huge magnetic
�elds produced in this way and the buoyancy instability associated with them have
then been used for the production of a gamma-ray burst model. A second exception
is the work of Ho and Lai [12], who have introduced magnetic braking due to
magnetic dipole radiation in the spin evolution of an unstable neutron star and
estimated the growth rate of the instability as a result of fast magnetosonic and
Alfv�en wave emission in the star's magnetosphere.

In the following we approach the nonlinear development of the instability, and its
magnetohydrodynamical (MHD) e�ects, from a somewhat phenomenological point
of view. Nonlinear physical phenomena analogous to the r-mode oscillations and
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occurring either in Earth's atmosphere or uid-dynamics laboratories, will be our
guides. Using them to deduce nonlinear e�ects, we investigate the interaction of
the r-mode oscillations with a magnetic �eld present on the rotating star and the
modi�cations introduced to the onset and evolution of the instability. In partic-
ular, we will show that the dynamics of the r-mode oscillations in a rotating hot
neutron star inevitably couples to any pre-existent magnetic �eld and results in a
net ampli�cation of the latter. This generation of magnetic �eld is accompanied by
a conversion of the energy of the mode into magnetic energy and might therefore
impede the onset or growth of the r-modes instability.

The organization of this paper is the following one: in Sect. 2, we take a closer
look at the kinematic properties of r-mode oscillations and point out the presence of
secular e�ects. In Sect. 3 we outline the physical picture of the interaction between
r-mode oscillations secular e�ects and magnetic �elds. There, we also show how
simple approximate calculations suggest that the result of this coupling can indeed
produce very large toroidal magnetic �elds. These expectations are then con�rmed
in Sect. 4 where we discuss numerical calculations of the magnetic �elds generated
in the course of the instability. Sect. 5 is devoted to determine the strength of the
magnetic �elds which would either prevent the onset of the instability, or secularly
suppress its evolution. Our conclusions are �nally presented in Sect. 6.

2 Kinematic Properties of r-mode Oscillations

A careful look at the kinematic features of r-mode oscillations is important in under-
standing their behaviour when coupled to a magnetic �eld and how the very nature
of r-mode oscillations must change as a result of this interaction. Let's therefore
consider the motion of �ducial uid elements on the surface of an unmagnetized,
inviscid and rotating star experiencing r-mode oscillations. We recall that r-modes
of rotating Newtonian stars are solutions of the perturbed hydrodynamic equations
having Eulerian velocity perturbations of \axial type". Such perturbations in an
orthonormal basis may be written as

Æv(r; �; �; t) = �
R
� r
R

�`
Y

B
`me

i�t ; (1)

where R and 
 are the radius and angular velocity of the unperturbed star, � is
a dimensionless coeÆcient that describes the amplitude of the perturbation, and
� is the frequency of the mode in the inertial frame. In equation (1), YB

`m is the
magnetic-type vector spherical harmonic. The angular frequency of an r-mode in
the inertial frame � can be related to its angular frequency ! in the corotating
frame and the stellar angular velocity. At the lowest order in 
, this relation is
given by [2] � = ! � `
 = �(`� 1)(`+ 2)
=(`+ 1):

Numerical integrations of the equations of motion (1) on the northern hemi-
sphere of the rotating star are shown in Figure 1. In particular, we show the
projected (�; �) trajectories over one period of �ducial uid elements subject to an
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r-mode oscillation with ` = 2 (the coordinates are those of a reference frame coro-
tating with the star). All the uid elements are initially positioned on the �0 = 0
meridian, but have di�erent latitudes and are indicated with stars (because of the
polar dependence of equations [1], it is suÆcient to study them in the northern
hemisphere only). The continuous lines show the simultaneous positions of uid
elements at di�erent times (some of these positions are indicated with circles), and
the dashed lines are used to trace the trajectories of representative uid elements.
In solving equations (1) we have assumed � = 0:1 and that the star is rotating at
the \break-up limit" 


B
� (2=3)

p
�G��, with �� = 3M=(4�R3) being the average

density.

Several interesting properties can be deduced from Figure 1: a) the trajectories
over one period !=2� are not closed; b) while the excursions in the � and � direc-
tions are comparable, the net displacement �� in longitude after one cycle is much
larger than the net displacement �� in latitude; c) both �� and �� are (linearly)
proportional to �; d) the motions have a simple dependence on latitude. The small
inset shows the position of the uid elements at the beginning of the oscillation
(dashed line) and after one cycle (continuous line). The secular drifts in longitude
that are associated with r-mode oscillations are at the basis of the interaction be-
tween these modes and any magnetic �eld that is initially present in the rotating
neutron star; the following Section will sketch the outlines of this interaction.

3 The Physical Picture

The generation of magnetic �eld is a generic feature of shearing ows perpendicu-
lar to magnetic �eld lines in a highly conducting plasma, such as hot neutron star
matter. This reects the fact that, in such conditions, the magnetic �eld is predom-
inantly advected with the uid; when the electrical conductivity is in�nite (the ideal
MHD limit), magnetic �eld lines are \frozen" in the uid and move entirely with
it. In what follows we �rst show how to calculate such magnetic �elds in general
and pass then to consider the magnetic �elds produced during the instability.

3.1 A Lagrangian Formalism for the Induction Equation

The evolution of the magnetic �eld can be more easily followed through a Lagrangian
formulation of the induction equation. For doing this we start by combining the
equation of mass conservation

d�

dt
= �� (r � v) ; (2)

where d=dt � (@=@t+ v � r), with the induction equation

@B

@t
= r� (v �B) ; (3)
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Figure 1: Projected trajectories �(t) sin �(t) cos�(t), and �(t) sin �(t) cos �(t) of �ducial uid
elements as seen in the corotating frame. The trajectories refer to one period of �ducial uid
elements subject to an r-mode oscillation with ` = 2, � = 0:1, and 
 = 


B
. All the uid elements

are initially positioned on the �0 = 0 meridian and have di�erent latitudes (indicated with stars).
Continuous lines show the simultaneous positions of the uid elements and di�erent lines refer to
di�erent times. The trajectories of a few uid elements are shown with circles. The small inset
presents the initial (dashed line) and �nal (continuous line) position of the di�erent uid elements.

one obtains
D

Dt

�
B

�

�
=

�
B

�
� r
�
Æv ; (4)

where we have decomposed the velocity v into v = v0+Æv, where v0 � 
�r is the
stellar uniform rotation velocity and Æv the r-mode (axial) velocity perturbations.
Here D=Dt � (@=@t+ v � r �
�) is the Lagrangian derivative of a uid element
moving at velocity v as seen in the corotating frame. Equation (4) can be readily
integrated to obtain

Bj

�
(~x; t) =

Bk

�
(x; t0)

@~xj(t)

@xk(t0)
=

Bk

�
(x; t0)

�
Æ
j
k +

@�~xj(t)

@xk(t0)

�
; (5)

where �~xj(t) = ~xj(t) � ~xj(t0) = ~xj(t) � xj(t0). Equation (5) shows that the
magnetic �eld at time t and position ~x can be computed from the magnetic �eld
at time t0 and position x, using the tensorial coordinate strain @~xj(t)=@xk(t0) that
develops between t0 and t. The problem of the magnetic �eld evolution is therefore
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transformed into the problem of determining the time evolution of the strain tensor.
The advection of magnetic �eld lines is an obvious consequence of equation (5).

The integral form (5) of the induction equation is particularly advantageous for
studying the coupling between the r-modes and a magnetic �eld, but needs to be
averaged over many oscillation periods for secular e�ects to become evident. For
example, if we want to consider the �-component of equation (5) in a spherical
coordinate basis (r; �; �), the orbit average would yield1

hB�(~x; t)i�t = Br(x; t0)
@h~x�i�t

@r
+B�(x; t0)

@h~x�i�t

@�
+B�(x; t0)

@h~x�i�t

@�
; (6)

where the brackets h: : :i�t denote a quantity averaged over �t� P , with P being
the oscillation period (Hereafter we will always refer to orbit average quantities
but omit the bracket notation.) The coordinate h~x�i�t in (6) traces therefore the
azimuthal drift of the guiding centers around which the r-mode oscillations take
place and an analytic expression for it will be discussed in the following Sect.

3.2 Secular Kinematic E�ects

As discussed in Sect. 2, we expect the trajectories of uid elements generated by
r-mode oscillations to be not closed and to generate secular drifts of the unper-
turbed equilibrium locations [13] (see also Fig. 1). An analytical expression for the
drift velocity of a given uid element can be obtained by expanding the equation of
motion for �ducial uid elements subject to an r-mode oscillation in powers of �,
averaging over a gyration, and retaining only the lowest-order non-vanishing term.
Note that is not equivalent to considering nonlinear e�ects in the uid equations.
However, analogous calculations carried out for shallow water waves show the exis-
tence of a net drift and that the drift obtained by using the linear velocity �eld to
compute the motion of an element of uid is correct to second order in the wave's
amplitude. At second-order in �, the total displacement in � from the onset of the
oscillation at t0 to time t is then found to be

�~x�(r; t) =

Z t

t0

Æv�(t0)dt0 =
2

`+ 1

� r
R

�`�1
�`(�)

Z t

t0

�2(t0)
(t0)dt0 : (7)

with t � �t. The matching coeÆcient �`(�) is introduced to relate instantaneous
and secular velocities and is dependent on the mode number ` and on the � position
on the star. For the ` = m = 2 mode, �2(�) � (1=2)7(5!=�)(sin2 � � 2 cos2 �)
and hence the net displacement in the azimuthal direction after an oscillation is
approximately 2�� times the radius of gyration.

Once the expression for the secular displacement is know [i.e. eq. (7)], the
secular the drift velocity is readily calculated through its time derivative. Using,
for convenience, an orthonormal basis, this gives [13]

vd(r; �; t) =
2

3
�2(�)�

2(t)
(t)R
� r
R

�2
e�̂ ; (8)

1To the lowest order in 
 the star is therefore incompressible and we can set �(~x; t) = �(x; t0).
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where e�̂ is the unit vector in the � direction. It is worth underlying that the

di�erential rotation shown by expression (8) both in the radial and in the polar
directions, has recently been con�rmed both in analytical simpli�ed models [14]
and, at least qualitatively, through nonlinear numerical simulations both in the
general relativistic Cowling approximation [15] and in Newtonian simulations [16]
implementing postNewtonian radiation-reaction forces [17].

3.3 A Back-of-the-Envelope Calculation

Equation (6) allows us to determine the newly generated toroidal magnetic �eld
once the secular toroidal drift (7) is known. However, expression (7) also depends
on the integral value of the mode amplitude and of the stellar angular velocity. As a
result, in order to estimate the average magnetic �eld produced at any time during
the course of the instability we need to model the background evolution of �(t) and
of 
(t). Phenomenological expressions for these variables have been derived in the
literature and can be summarized according to [6]


(t) =

(

0 if t � tsat


0

�
1 + C1


2`+2
0 (t� tsat)

��1=(2`+2)
if t > tsat ;

(9)

�(t) =

�
�0 exp(t=j�GW j) if t � tsat
�sat if t > tsat ;

(10)

where j�
GW
j is the timescale for the onset of the instability and tsat is the time

at which the saturation is reached. Here 
0 and �0 are the star's initial angular
velocity and the mode's amplitude at the onset of the instability. C1 and Q are
dimensionless quantities accounting for the internal structure of the star [18]. Using
(9) and (10), eq. (7) can be rewritten as

�~x�(r; t) =
r

R
�2(�)

�

0

Z tsat

t0

�2(t0)dt0 + �2sat

Z t

tsat


(t0)dt0
�
: (11)

We consider now a \standard" neutron star as one with a mass M = 1:4M�, a
radius R = 12:5 km, and initial break-up angular velocity 
0 = 


B
. As equation

of state we use P = K��, with � = 2. The timescale for the onset of a ` = m = 2
unstable mode is then j�

GW
j ' 37 s. If the initial perturbation has amplitude �0 =

10�6, the mode will saturate after a time tsat ' 430 s according to equation (10).
Using the approximation @=@x� � 2=�, the star's volume-averaged (V�) toroidal
magnetic �elds at saturation and after one year are estimated to be

h�B�̂(t = tsat)i '
Z
V�

�
Br̂
0 +

2

�
B�̂
0

�
~x�̂ d3x � 3:9� 102 hBp̂

0 i G ; (12)

h�B�̂(t = 1yr)i � 1:2� 108 hBp̂
0i G ; (13)
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where h(Bp̂
0 )

2i � h(Br̂
0)

2 + (B�̂
0)

2i is the initial poloidal �eld averaged over the
stellar volume V� and we have indicated with hats the components of the magnetic
�eld in an orthonormal basis. Expressions (12)-(13) clearly show that in the short
time necessary for the instability to reach saturation, the toroidal magnetic �eld is
wrapped around the star suÆciently to have become about two orders of magnitude
larger that the generating poloidal �eld; the magnetic �eld is ampli�ed by seven
orders of magnitude on a timescale of one year. A more precise calculation of the
toroidal magnetic �elds produced will be presented in Sect. 4.

Expression (13) also provide the value of the initial magnetic �eld B
p̂
0 which

would produce, after one year, an equipartition toroidal magnetic �eld, i.e. a
toroidal magnetic �eld whose energy is comparable with the rotational energy of
the star. Estimating the equipartition magnetic �eld to be � 1015 G, we readily
obtain B

p̂
0 � 108 G. It is therefore natural to expect that an initial magnetic �eld

exceeding 108 G, (much below the measured magnetic �eld in young pulsars) should
cause signi�cant modi�cations to the evolution of the instability.

4 Fully Numerical Results

We now present results from the fully numerical evolution of the magnetic �eld as
obtained through the Lagrangian method of Sect. 3.12. The computations have
been performed for a number of di�erent values of the saturation amplitudes, mode
numbers, and initial dipolar magnetic �elds B0. The use of a dipolar magnetic
�eld allows one to consider the star initially in a magnetohydrostatic equilibrium.
Moreover, because a misalignment between the magnetic �eld and the rotation axis
will only introduce geometrical corrections O(1), we expect that all the features of
the generation and evolution discussed below will not change signi�cantly when a
more generic initial con�guration is considered.

The numerical strategy is based on the solution of the equations of motion (1)
for a number of �ducial uid elements suitably distributed on the surface of the
star and calculated for several di�erent mode numbers. The new positions after
each oscillation are used to reconstruct the strain tensor @~xj(t)=@xk(t0) from which
the new magnetic �eld components are computed. In Figure 2 we show the time
evolution of the total secular magnetic �eld h�Bi scaled to the initial magnetic
�eld and over a timescale of one year. The left panel, which shows results for
three di�erent saturation amplitudes, also presents a comparison between the fully
numerical Lagrangian solution and the analytical one based on equations (7){(10).
The agreement is remarkably good even for �sat ' 1, for which we know the analytic
procedure to be less accurate.

Most of the generation of the toroidal magnetic �eld takes place during the ex-
ponential growth of the mode and then settles onto a power law growth shortly
thereafter. During this phase, any arbitrarily small toroidal magnetic �eld is am-
pli�ed by the wrapping of the poloidal magnetic �eld produced by the (mostly)

2Note that other non-Lagrangian numerical methods have been used for the calculation of the
evolution of the magnetic �elds. Details on these can be found in [19].
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Figure 2: The left panel shows the long-time evolution of the total secular magnetic �eld h�Bi

scaled to the initial �eld for an ` = 2 mode and di�erent saturation amplitudes. The star is set
to have 
0 = 


B
. The right panel is the same as the left one but shows the di�erent evolutions

resulting from values of the initial angular velocity 
0 = 1

4


B
; 
0 = 1

2


B
; 
0 = 3

4


B
; 
0 = 


B
.

toroidal secular velocity �eld. The ampli�cation is so large that it soon becomes
comparable and larger than the seed poloidal �eld. Clearly, larger values of the sat-
uration amplitude produce proportionally larger ampli�cations and the latter can
be so dramatic in the case of �sat = 1, that the newly generated magnetic �eld at
mode saturation has become four orders of magnitude larger than any pre-existing
magnetic �eld. The right panel of Figure 2 is the same as the left one but also
shows the e�ect of a smaller initial angular velocity on the overall generation of
the magnetic �eld. For stars rotating at slower angular velocities, the instability
and the �eld growth set in at progressively later times. However, for any given
saturation amplitude, the �nal magnetic �eld produced is rather insensitive of the
rotation rate. Note that the poloidal components of the secular magnetic �eld do
not show a signi�cant growth and oscillate around their initial values.

5 Critical Magnetic Fields

In the previous Sections we have described how r-mode oscillations can produce
secular drift velocity �elds which, in a highly conducting plasma such as neutron
star matter, can interact with pre-existing magnetic �elds. We have also illustrated
the details of this interaction and computed the magnitude of the newly generated
magnetic �elds which are produced as a result of this interaction. We have not
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yet discussed the impact of these �elds on the existence or growth of the r-mode
oscillations. A fully self-consistent treatment is beyond the scope of this paper.
However, some important conclusions can still be drawn by considering the r-mode
instability and the generation of magnetic �elds as distinct processes, evolving inde-
pendently. This is equivalent to assuming that the nature of the r-mode oscillations
is una�ected by the generation of large magnetic �elds and can, at any time, be
described by the perturbative expressions (1).

5.1 Prevention of the Instability

The secular di�erential rotation produced by the r-mode oscillations will produce a
distortion of the magnetic �eld lines. For magnetic �elds that are suÆciently intense,
however, magnetic tension forces will tend to contrast these motions and modify
the character of the oscillations. We will here refer to the critical magnetic �eld

for the prevention of the instability as to that magnetic �eld for which the velocity
perturbations can no longer be described by equation (1). Because the magnetic
�eld varies in space throughout the star, it may prevent unstable oscillations in one
region but not in others. As a result, in order for standard r-mode oscillations to
occur, the magnetic �eld must be suÆciently weak everywhere in the star.

To calculate such a critical magnetic �eld we consider the di�erent energies in
play as they can account for the global properties of the modes and of the magnetic
�eld. During a uid oscillation, the energy in the magnetic �eld will also oscillate;
if there is not enough energy in the mode to supply the maximum magnetic energy
increase required to complete an oscillation, a \full" r-mode oscillation will not
occur (some other, smaller scale vibration might still occur). In other words, if the
magnetic �eld exceeds a critical value, Bcrit;P, the magnetic stresses that build up
during an oscillation will be so large that they will halt the uid motion involved
in the oscillation, i.e. the uid momentum density will be brought to zero. The
condition that de�nes Bcrit;P is therefore ÆE

M
= eE, where eE the energy in the mode

as measured in the corotating frame of the equilibrium star

eE =
1

2

�2
2

R2

Z R

0

� r6dr ' 8:2� 10�3�2M
2R2 ; (14)

and ÆE
M
� (1=8�)

R
V1

ÆB2 d3x is the change in magnetic energy density, with

ÆB2 = (ÆBp̂)2 + (ÆB�̂)2. Note that the fractional change in the mode energy pro-
duced by gravitational wave emission during a single oscillation period is 4�=!j�

GW
j.

This is always � 1 and therefore can be neglected in this comparison. The expres-
sion for ÆE

M
varies according to whether the neutron star core is made of a normal

neutron uid or it is superconducting, although hereafter we will refer to the �rst
case only (see [18] for the superconducting case).

The induction equation can be integrated in time to estimate the variations in
the magnetic �eld produced by the perturbation velocity �eld as

ÆB�̂ ' B
�̂
0

Z
_�(t0)dt0 ' B

�̂
0

Z
Æv(t0)

r
dt0 ' ÆBp̂ ; (15)
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ÆB�̂ ' B�̂
0

Z
_�(t0)dt0 ' B�̂

0

Z
Æv(t0)

r
dt0 ; (16)

where we have set _� ' _� ' Æv=r. Because of the periodic variation of the mag-
netic energy during an oscillation, the expression for the energy density should be
averaged over half of an oscillation period, so that the magnetic energy produced is

ÆE
M
=

�
9�

32

�
1


2

Z
V�

�
B0

Æv

r

�2
d3x ; (17)

In deriving (17) we have not included contributions to ÆE
M

from changes in the
magnetic �eld outside the star which are prevented by the high electric conductiv-
ity of the crust. Also, we have used the time average of the velocity perturbation

as
R P=2
0

Æv(t0)dt0 ' (3�
) = (2Æv). Note that both energies (14) and (17) depend
quadratically on the velocity perturbation Æv, thus making the critical �elds not
sensitive to the amplitude development of the mode. Because of the variable sep-
arability of the velocity perturbation, the volume integral in (17) can be easily
performed to give

ÆE
M
=

�
3�(1� p)

32p

�
��2B2

SR
3 ; (18)

where p � R=R
IN

and all of the angular dependence is contained in � which is
O(1).

Using (18) with p = 0:5 we can now write the condition for mode prevention in
terms of a critical �eld given by

Bcrit;P ' 2:5� 1016
�






B

�
(M1:4)

1=2
(R12:5)

�1=2
G (19)

where M1:4 �M=1:4M� and R12:5 � R=12:5 km.

5.2 Suppression of the Instability

When the r-mode instability is not prevented by the initial magnetic �eld, it might
be suppressed later on as a result of the newly produced magnetic �eld. In or-
der to evaluate the critical magnetic �eld for the suppression of the instability we
should ask whether the energy required to continue the oscillation in the next time
interval �t exceeds the energy that can be pumped into the mode by the emis-
sion of gravitational radiation. A critical point in the balance between the en-
ergy spent in producing magnetic �eld and the energy in the mode provided by
the emission of gravitational waves is reached when the two rates are equal: i.e.

dE
M
=dt =

�
d eE=dt�

GW

, where

 
d ~E

dt

!
GW

= �32�G

c7

�
4

3(5)!!

�2
�2
4!4

R2

 Z R

0

� r6dr

!2

; (20)
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is the rate of energy transferred to an ` = 2 mode [6]. After the equality is reached,

dE
M
=dt > (d eE=dt)

GW
. The reason for this is that the toroidal magnetic �eld,

and hence dE
M
=dt, will continue to grow whereas (d eE=dt)

GW
remains the same or

decreases signi�cantly as gravitational radiation and viscous coupling to the star
cause the star to spin down.

Figure 3: Time evolution of the ratio g(t). The calculation refers to our \standard" neutron
star initially rotating at the break-up limit 


B
. The left and right panels show the evolution for

increasing values of the saturation amplitude and of the initial magnetic �eld hB0i. Nearby thick
and thin lines of the same type are used to compare the magnetic �eld evolution produced by the
secular velocity (8) and a velocity �eld which is just a tenth of it.

A measure of the relative importance of the two energy rates can be obtained

through the time evolution of their ratio g(t) � (dE
M
=dt)

�
d eE=dt��1

GW

, where

dE
M
(t)

dt
=

�
(1� p)

�p

�
B2
S
R3�0�2(t)
(t)

Z t

0

�2(t0)
(t0)dt0 ; (21)

with again �0 containing the angular dependence and being O(1). Figure 3 shows
the numerical computation of g(t) for a \standard" neutron star initially rotating
at 


B
and four di�erent values of the initial magnetic �eld hB0i. The two panels

refer to �sat = 10�1 and 1 respectively. Note in each curve the phase of exponential
growth of the magnetic �eld and the subsequent phase of power-law growth. Note
also how di�erent values of hB0i have the only e�ect of moving the curves in the
vertical direction: the smaller the initial �eld, the longer it will take to reach a
suÆciently strong magnetic �eld necessary for suppression. Nearby thick and thin
lines of the same type refer to a drift velocity given by (8) and to a tenth of it,
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respectively. Finally, when read in terms of the times at which the suppression of
the oscillations begins, Figure 3 indicates that for an initial magnetic �eld hB0i =
1010� 1014 G, the instability can be suppressed after a time between four days and
seven minutes for a saturation amplitude �sat = 1.

6 Conclusion

We have investigated the onset and growth of the r-mode instability in rotating
magnetized neutron stars. Because of the high conductivity of the hot neutron
star matter and the large scale mass currents produced by the instability, it is
not possible to ignore the presence of the strong magnetic �elds that are expected
to accompany newly born neutron stars. We have here focussed our attention on
the nature of the velocity �eld associated with the r-mode oscillations. Starting
from linear expressions and working perturbatively on the mode's amplitude we
have derived the expression for a toroidal secular velocity drift, which is second-
order in the mode's amplitude. This secular drift velocity �eld is often encountered
in uid-dynamical analogues of r-modes and the di�erential rotation it produces
has been qualitatively con�rmed both in simpli�ed models [14] and in nonlinear
simulations [15, 16].

The coupling of this drift velocity with the pre-existing magnetic �eld is at
the base of the generation of a toroidal magnetic �eld which can rapidly become
many orders of magnitude larger than any seed magnetic �eld. The newly generated
magnetic �elds can inuence the r-mode instability either preventing its onset (when
suÆciently strong) or suppressing its saturated development (when they become the
seed to generate very intense �elds).

It is likely that most newly born neutron stars will have an initial magnetic �eld
suÆciently weak so as to trigger, at least for some time after their birth, the r-mode
instability. We have in fact estimated that the critical initial magnetic �eld which
would suppress even the �rst r-mode oscillation is (B0)crit � 1016 G, a couple of
orders of magnitude larger than the one usually associated with hot, young neutron
stars. On the basis of our results, however, it also appears clear that the lifetime of
such instability could e�ectively be very small if the initial dipolar magnetic �eld is
larger than B0 � 1010 G.
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