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Abstract

We investigate properties of binary neutron stars around innermost or-

bits, assuming that the binary is equal mass and in quasiequilibrium. The

quasiequilibrium con�gurations are numerically computed assuming the exis-

tence of a helicoidal Killing vector, conformal atness for spatial components

of the metric, and irrotational velocity �eld for the neutron stars. The compu-

tation is performed for the polytropic equation of state with a wide range of

the polytropic index n (= 0:5; 0:66667; 0:8; 1; 1:25), and compactness of neu-

tron stars (M=R)1 (= 0:03�0:3). Quasiequilibrium sequences of constant rest

mass are appropriate models for the �nal evolution phase of binary neutron

stars. It is found that these sequences are always terminated at the innermost

orbit where a cusp (inner Lagrange point) appears at the inner edges of the

stellar surface. We apply a turning point method to determine the stability of

the innermost orbits and found that the innermost stable circular orbit (ISCO)

exists for sti� equations of state (n = 0:5 with any (M=R)1 and n = 0:66667

with (M=R)1 >
�

0:17). The ISCO for n = 0:5 is carefully analyzed. It is

clari�ed that the ISCO are mainly determined by a hydrodynamic instabil-

ity for realistic compactness of the neutron stars as 0:14 <
�

(M=R)1 <
�

0:2.

These con�gurations at the innermost orbits can be used as initial conditions

for fully general relativistic simulation for the binary neutron star merger.
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1 Introduction

The observations of binary neutron star systems such as Hulse Taylor pulser PSR1913

+16 [1] have revealed the existence of neutron star binary systems which will merge

as a result of gravitational wave radiation reaction in the cosmological time � 1010

yr. The last few minutes (� 10000 cycles) of inspiraling phase, in which the char-

acteristic orbital separation a is still much larger than the neutron star radius R

(a=R � 1) and the orbital velocity v is much smaller than the speed of light c

(v=c � 1), is a promising source of ground based laser interferometric detectors

such as LIGO/VIRGO [2]. This phase can be treated by an analytic method us-

ing a post Newtonian approximation and equations of motion for point particles,

resulting in recent successful developments ([3] see also, Will in this volume).

Great attention has been paid for subsequent merger phase of binary neutron

stars. As a result of the merger, a black hole or a rapidly rotating supramassive

neutron star will be formed. At this phase, the gravitational wave burst occurs

on the merger process and quasi-periodic waves due to the ring down of the black

hole quasi-normal mode or the oscillation of rapidly rotating supramassive neutron

star will be emitted subsequently. These gravitational waves may be detectable by

future narrow band gravitational wave detectors [4]. Also, the coalescence may be a

source of high energy astrophysics phenomena, such as -ray burst [5] or r-process

nuclei [6]. Numerical simulation of binary neutron star coalescence is the only way

to investigate this phase. Therefore, intense e�ort has been made recently (see, for

example, [7] and references therein).

In the intermediate phase between the inspiraling and the coalescing phase, the

binary neutron stars still evolve in the adiabatic manner but a=R is the order of unity

(� 2� 5) that the e�ect of tidal deformation of neutron stars becomes important.

In this phase, the binary neutron stars have to be treated numerically taking into

account e�ects of the �nite size, tidal deformation and hydrodynamic interaction.

However, since the evolutional timescale is still longer than the dynamical timescale,

we may assume quasiequilibrium circular orbits for the binaries. We focus on the

intermediate phase in this article.

At the end of the intermediate phase, the binary neutron stars start coalescence

from an innermost circular orbit. At this orbit, the gravitational wave signal could

change abruptly from quasi-periodic waveform to burst waveform. In the frequency

domain, such a change will be recognized as a clear cli� [8]. The characteristic

frequency at the edge of the cli� may be used for extracting information about

the nature of the equations of state (or the compactness) of high density neutron

star matter, because the location of the innermost orbit depends sensitively on the

equations of state of the neutron stars (see below). One of the main purposes of our

calculation is to investigate the expected frequency for the innermost orbit, fGW,

and to clarify the physical mechanism which determines the innermost orbits.
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It is also important to locate the innermost orbit to prepare initial conditions

for numerical simulations of merging binary neutron stars in full general relativity

as well as to predict possible outcomes in simulations starting from such initial

data sets. Several groups have been developing numerical codes for such simula-

tion [9, 10, 11], and it is now feasible to perform the simulation stably and fairly

accurately (see, [11] and Shibata in this volume). As indicated in [11], outcomes of

the merger depend sensitively on the initial velocity �eld and compactness of the

neutron stars. To obtain reliable results, we need to prepare the initial conditions as

realistic as possible. The quasiequilibrium solutions of irrotational binary neutron

stars near the innermost orbit provide appropriate initial conditions for the merger

simulations.

Recently, we have computed solution sequences for binary neutron stars in

quasiequilibrium from a distant con�guration to an innermost con�guration [12].

To approximate realistic sti� equations of state for the neutron stars, we adopt a

polytropic equation of state in the form

P = ��1+1=n (1)

where P , �, n and � are the pressure, rest mass density, polytropic index, and poly-

tropic constant, respectively. We can assume that the evolution in the intermediate

phase is adiabatic (i.e., � is a constant), because the timescale for heating and cool-

ing inside the neutron stars is much longer than the time spent in the intermediate

phase. Since realistic equations of state for the neutron star matter are not yet

clear [13], we choose a wide range for n between n = 0:5 and 1.25 to model various

moderately sti� equations of state. We also survey a wide range of the compact-

ness parameter (M=R)1 from (M=R)1 = 0:03 to 0:3 where (M=R)1 denotes the

compactness of spherical neutron stars in isolation. With these parameter sets, we

will be able to explore the e�ects of various realistic equations of state.

This article is organized as follows. We briey review the formulation and nu-

merical method in section 2, then we present numerical results and analyze the

properties of irrotational binary neutron stars at the innermost orbits in section 3.

We summarize the results in section 4. The geometrical unit G = 1 = c are used

throughout this paper. Greek indices run from 0 to 3 and Latin indices run from 1

to 3.

2 Formulation and solving method

The ratio of the radiation reaction timescale �GW to the orbital period �rot is eval-

uated using quadrupole formula and Newtonian expression of the energy as [14]

�GW

�rot
�

5

128�

�
a

MADM

�5=2

' 1:1

�
a

6MADM

�5=2

; (2)
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where MADM is the ADM mass. This implies that even just before the merger at

a >� 6MADM, the reaction timescale is still longer than the orbital period and that

the binary is approximately in a quasi stationary state. In this situation, we may

assume the existence of a helicoidal Killing vector

`� =

�
@

@t

��

+


�
@

@'

��

: (3)

We also assume that the velocity �eld of the neutron stars is irrotational. Vis-

cosity inside the neutron stars is considered to be too weak to transport orbital

angular momentum to spin on the emission timescale for gravitational waves [15].

If the spin period of the neutron stars is initially much longer than the �nal orbital

period, the e�ect of the spin just before the merger is negligible. Therefore, the ir-

rotational velocity �eld can be achieved. In this case, the relativistic Euler equation

is integrated once [16]. Consequently, the procedure for obtaining a solution of the

hydrodynamic equations is considerably simpli�ed.

Assuming the spatial part ij to be conformally at [17, 18, 19], we write the

metric in the 3+1 form,

ds2 = g��dx
�dx� = �(�2 � �i�

i)dt2 + 2�idx
idt+	4fijdx

idxj ; (4)

where �, �i, 	 and fij are the lapse function, shift vector, conformal factor, and

at spatial metric, respectively. The elliptic-type equations for �, �i and 	 are de-

rived from the Hamiltonian constraint, momentum constraint and slicing condition

Kij
ij = 0 with the assumption ij = 	4fij as

r2	 = �
1

8
	�7 eKij

eKij � 2�	5�H ; (5)

r2�i +
1

3
rirj�

j = �2rj

�
�	�6

� eKij � 16��	4ji; (6)

r2 (�	) = �	

�
7

8
	�8 eKij

eKij + 2�	4(�H + 2S)

�
; (7)

where ri is the derivative with respect to the at metric fij and Kij is the extrinsic

curvature. eKij is de�ned as eKij = 	10Kij ; (8)

eKij = �
	6

�

�
1

2

�
ri�j +rj�i

�
�
1

3
f ijrk�

k

�
: (9)

The indices of eKij are lowered by the at metric fij as eKij = fikfjl eKkl. Fluid

source terms in Eqs. (5), (6) and (7) are de�ned as

�H = n�n�T�� ; (10)
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ji = �i �n�T�� ; (11)

S = ijTij ; (12)

where n� is a unit normal of 3D spatial hypersurface. Note that �� = g�� +n�n� .

The energy momentum tensor T�� for a perfect uid can be written as

T�� = �

�
1 + "+

P

�

�
u�u� + Pg�� ; (13)

where " and u� are the speci�c internal energy and the 4-velocity, respectively. We

assume the polytropic equation of state as Eq. (1) and de�ne the relativistic speci�c

enthalpy h as

h = 1 + "+
P

�
= 1 + � (n+ 1) �1=n; (14)

where we use " = nP=�.

Equations for the uid are the �rst integral of Euler equation and the equation

of rest mass conservation. For spatially conformal at metric Eq. (4), they are

written as follows.
h

u0
+ huk

�
uk

u0
�
�k

�
= constant; (15)

ri

�
��	2h�1ri�

�
= ri

�
��	6h�1(!i +
�i)

�
; (16)

where, � is the velocity potential hui = ri�, and �
i is a generator of rotation, �� =

(0;�x2; x1; 0) in the Cartesian coordinates. The surface of the star is determined

from

P = 0: (17)

The boundary condition for the elliptic equation (16) is�
uk

u0
�
�k

�
ri�

����
surf

= 0: (18)

Eqs. (16) and (18) form a system of elliptic type PDE with Neumann boundary

condition.

We apply a second order �nite di�erence scheme for the above equations. Those

discretized equations are solved consistently by iteration. Numerical method and

convergence tests are described in [19] in detail. We use spherical coordinates

(rg ; �g ; 'g) to solve equations for the gravity Eqs.(5), (6) and (7), whose origin

is at the center of mass of a binary system, and the surface �tted spherical coor-

dinates (rf ; �f ; 'f ) are used to solve equations for the uid Eqs. (15) { (18). The

typical number of coordinate grid points is listed in Table 1. We perform the Leg-

endre expansion as Eq. (69) and Eq. (78) in the paper [19] and take the number of

expansion up to nmax = 32 and lmax = 10 or 12, typically. We have checked the

convergence of the numerical scheme and the e�ect of the truncation due to the

Legendre expansion in [19]. These typical numbers for the grid points, nmax and

lmax have been shown to give results with numerical errors being less than 0:5%.
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Rg;mid=R0 Rg;max=R0 Nr
g;mid Nr

g;max N�
g N'

g Nr
f N�

f N
'
f

5 100 80 20 40 60 16 16 32

Table 1: Parameters for the computational domains and the numbers of grid points in each
coordinate system are listed. For rg 2 [0; Rg;mid], rg coordinate grid is equidistant. For rg 2

[Rg;mid; Rg;max], rg coordinate grid is non-equidistant (logarithmic).

3 Result

3.1 Constructing solution sequences

We de�ne the total rest mass M0;tot, ADM mass MADM and total angular momen-

tum Jtot as

M0;tot =

Z
��u0	6dV; (19)

MADM =

Z �
�h(�u0)2 � P +

1

16�
KijK

ij

�
	5dV; (20)

Jtot =

Z
�h�u0u'	

6dV; (21)

The integral is carried out over the whole three space. We also de�ne the rest

mass, gravitational mass and angular momentum per single neutron star as M0 =

M0;tot=2, M =MADM=2 and J = Jtot=2.

We de�ne the coordinate length of the semi-major axis R0 and half of orbital

separation d as

R0 = (Rout �Rin)=2; (22)

d = (Rout +Rin)=2; (23)

where Rin and Rout denote distances from the center of mass of the system to the

inner and outer edges of the star along the major axis, respectively. From these

variables, we also de�ne bd = d=R0. In the following, we adopt bd to specify a model

along a quasiequilibrium sequence.

We also de�ne half of the separation dG in another way as

dG =
1

M0;tot

Z
jxj��u0	6dV; (24)

where x denotes a coordinate along the major axis. Hereafter, we often refer to dG
as the half of the orbital separation.

A quasiequilibrium sequence of irrotational binary neutron stars of the constant

M0 and � with decreasing the orbital separation (or increasing 
) can be identi�ed

as an evolutionary sequence of binary neutron stars as a result of gravitational
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wave emission. Each sequence is computed gradually decreasing bd from 3 to 1.

It is found that the sequences are always terminated at an innermost orbit withbd > 1 and dG = dR where the neutron stars have cusps at the inner edges of the

stellar surfaces. This property is found irrespective of n and (M=R)1. The cusps

correspond to the inner Lagrange (L1) points.

To determine the dynamical stability of the binary orbits, we search for the

minima of J and M as functions of the orbital separation (or the angular velocity)

along each sequence. These minima of J and M should appear simultaneously

at the same separation because the following identity likely holds for irrotational

sequences in exact equilibrium with constant rest mass M0;

dMADM = 
dJtot: (25)

In our numerical computation, this identity is satis�ed typically to <� 10% except

near to turning points where M and J are almost constant and consequently the

di�erence between the neighborhoods is not accurately computed. Also, we checked

that the minima of J and M appear simultaneously at the same dG whenever they

appear on a solution sequence. In view of this, we identify the location of the

simultaneous minima of J and M as the ISCO.

In Fig. 1(a) and (b), we plot J(dG) for n = 0:5 and 0:66667, respectively, with

(M=R)1 = 0:19. At the smallest separation in each panel, a cusp appears at the

inner edge of the star. For n = 0:5, the minimum appears at dG > dR as shown

in Fig. 1(a), implying that the ISCO exist on the sequence. For n = 0:66667,

the con�guration at dG = dR is almost marginally stable as shown in 1(b). We

computed for n = 0:5; 0:66667; 0:8; 1:0; 1:25 with (M=R)1 <� 0:19. It is found

that the ISCO exists for n = 0:5 with any (M=R)1 and for n = 0:66667 with

(M=R)1 >� 0:17. On the other hand, for n = 0:8; 1:0 and 1:25 with (M=R)1 <� 0:19,

J(dG) does not have a minimum. Therefore, the innermost orbit, with a cusp at

inner edge, is dynamically stable for these cases. At this innermost orbit, mass

overow likely starts prior to the onset of orbital instability.

The frequency of gravitational waves fGW at the innermost orbit (which is the

ISCO for n = 0:5, and 0:66667 with (M=R)1 >� 0:17, and is that of dG = dR for

the other cases) can be summarized as follows :

fGW '

8>>>>>>>><
>>>>>>>>:

0:8

�
1:5M�

M0

�
kHz for (M=R)1 = 0:14;

1:1� 1:15

�
1:5M�

M0

�
kHz for (M=R)1 = 0:17;

1:35� 1:4

�
1:5M�

M0

�
kHz for (M=R)1 = 0:19:

(26)

fGW does not depend strongly on n but on (M=R)1. For a spherical neutron star

with M0 ' 1:5M� and M0 ' 1:4M� in isolation, the radius will be in the range
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Figure 1: ��nJ is plotted as a function of ��n=2dG for (a) n = 0:5 and (b) n = 0:66667 with

(M=R)1 = 0:19. The points of smallest dG along the curves correspond to the con�gurations

where the neutron stars have cusps at the inner edges of the stellar surfaces.

between 10 and 15km. This implies that (M=R)1 is between 0:14 <� (M=R)1 <�
0:2. The present result suggests that if the radius of neutron stars is fairly large,

i.e., � 15km, the frequency of gravitational waves at the ISCO will be less than

1kHz which is in the sensitive frequency band of the laser interferometers such as

LIGO/VIRGO. However, if the radius of neutron stars is � 10 km, the frequency

at the ISCO is larger than 1kHz. The narrow band gravitational wave detector

with a dual recycling technique or the resonant-mass detectors are required for the

detection of the gravitational waves at the ISCO with (M=R)1 >� 0:17 [4].

3.2 Origin of the ISCO

The orbit of binary neutron stars can be destabilized either by the hydrodynamic

(tidal) e�ect or by the general relativistic e�ect. To clarify which e�ect determines

the ISCO for n = 0:5, we derive �tting formulas for (M=R)1 < 0:2 to see the

dependence of M0
 and M
 at the ISCOs on (M=R)1. In the Newtonian limit

(M=R)1 ! 0, M0
(M=R)
�3=2
1 and M
(M=R)

�3=2
1 converge to an identical con-

stant because they are non-dimensional and M0 and M are identical in Newtonian

gravity. The ISCO should be determined by the hydrodynamic e�ect in Newtonian

limit as well as in the small but �nite (M=R)1 regime. Consequently, all of the

general relativistic corrections should appear in the power series of (M=R)1 from

the viewpoint of the post Newtonian approximation. In view of these, we �x the

functions of M0
 and M
 in the form

M0
(M=R)�3=21 = a+ b(M=R)1 + c(M=R)21; (27)

M
(M=R)�3=21 = a0 + b0(M=R)1 + c0(M=R)21: (28)

These coeÆcients are calculated by the least square �tting. We use the data set for

n = 0:5 with 0:03 � (M=R)1 � 0:17 (or 0:19) for the �tting.
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Figure 2: The plots of the angular velocity 
 at the ISCO as a function of compactness (M=R)1

for n = 0:5 case. (a) The plot of M0
(M=R)
�3=2
1 (�lled circles) and M
(M=R)

�3=2
1 (�lled

triangles). The solid and dotted lines are the result of �tting formulas. The data sets with

0:03 � (M=R)1 � 0:17 (solid lines) and 0:03 � (M=R)1 � 0:19 (dotted lines) are used for each

case. (b) MADM
 is plotted as a function of (M=R)1.

In Fig. 2(a), M0
(M=R)
�3=2
1 and MADM
(M=R)

�3=2
1 at the ISCO are plotted

as a function of (M=R)1 together with the results from the �tting formulas derived

above. The �gure indicates that the numerical results are �tted fairly accurately

in the form of Eqs. (27) and (28) for (M=R)1 <� 0:2, which means that the post

Newtonian expansion is appropriate in this regime.

The results of the �tting shows that the frequency of the ISCO depends strongly

and systematically on (M=R)1. Taking into account that the ISCO in the New-

tonian limit is determined by the hydrodynamic instability, we may naturally infer

that the ISCO for small (M=R)1 <� 0:2 is still determined by the hydrodynamic

instability with general relativistic corrections. Since the compactness of a real-

istic neutron star is likely to be in the range between 0:14 <� (M=R)1 <� 0:2,

the ISCO of the realistic binary neutron stars is determined by the hydrodynamic

instability but not by the general relativistic instability. On the other hand, for

0:2 < (M=R)1 � 0:3, the �tting formulas do not agree with the numerical results,

implying that the angular velocity at the ISCOs seems to be a�ected by strong non-

linear e�ects of general relativity. In this regime, the hydrodynamic e�ects seem to

be less important.

In Fig. 2(b), we plot MADM
 at ISCOs as a function of (M=R)1. It shows that

MADM
 at the ISCOs increases with increasing (M=R)1. As discussed above, the

ISCO is determined by the hydrodynamic instability for (M=R)1 <� 0:2. On the

other hand, in the limit (M=R)1 ! 1=2, the hydrodynamic e�ects should become

unimportant so that the general relativistic orbital instability can determine the

ISCO. Cook [20] and recently Baumgarte [21] have investigated the ISCO for binary

black holes using the conformal at approximation for ij as we did here. According

to their results,M
 at the ISCO is 0.17{0.18. (M is the sum of the gravitational

masses of the two black holes, and is slightly di�erent from MADM although the
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di�erence is not important here.) As shown in Fig. 2(b), MADM
 ' 0:11 at the

ISCO even at (M=R)1 = 0:3 and it is still monotonically increasing. This tendency

does not contradict their results. We may expect that the ISCO of binary neutron

stars is eventually determined by the general relativistic orbital instability for a

suÆciently large (M=R)1 > 0:3 andMADM
 converges to a constant � 0:17�0:18,

although such a large compactness is unrealistic for neutron stars.

Next, we compare the present results with those computed by the other meth-

ods. Kidder, Will and Wiseman [22], Damour, Iyer and Sathyaprakash [23], and

Buonanno and Damour [24] have determined the ISCO using approximate relativis-

tic equations of motion for two point particles in which some general relativistic

corrections have been taken into account. They have derived the orbital angular

velocity at the ISCO as M
 ' 0:0605, 0:08850 and 0:07340, respectively. Since

equations of motion for point particles have been used in their methods, the ISCO

has been determined solely by the general relativistic orbital instability andM
 is

independent of (M=R)1.

Their results suggest that the point particle approximation can not be applied

for binary neutron stars of (M=R)1 <� 0:2. As we indicated above, the ISCO for

(M=R)1 <� 0:2 is likely to be determined by the hydrodynamic instability. In this

range of (M=R)1, MADM
 <� 0:06, which is smaller than their results. Namely, the

orbits become unstable because of the hydrodynamic instability before the general

relativistic e�ects between two stars become important. Since realistic neutron stars

have 0:14 <� (M=R)1 <� 0:2, the point particles approximation is not appropriate

for investigating the ISCO of the binary neutron stars.

Our present results suggest that the ISCO may be determined by the hydrody-

namic instability even for 0:2 < (M=R)1 � 0:3 (0:065 � MADM
 � 0:11), since

MADM
 still depend on (M=R)1 systematically. According to the point particle

approximation, however, the general relativistic orbital instability should be impor-

tant for MADM
 > 0:06 � 0:09 implying that our results contradict theirs in this

regime. The reason for this contradiction is not clear. The works of ourselves, Cook

and Baumgarte are based on the conformal atness approximation which may fail to

include some important general relativistic e�ects that play an important role in de-

termining the ISCO for the regime (M=R)1 > 0:2. To pin down the uncertainty for

the high compactness regime, we need to carry out computations including higher

general relativistic corrections.

4 Summary

We have investigated properties of innermost orbits of irrotational binary neutron

star in quasiequilibrium assuming the polytropic equation of state. The quasiequi-

librium sequences are calculated for wide parameter ranges of polytropic index

n = 0:5� 1:25 and the compactness (M=R)1 = 0:03� 0:3.
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The quasiequilibrium sequences for n = 0:5 with any (M=R)1 and for n =

0:66667 with (M=R)1 >� 0:17 have a turning point which can be identi�ed as the

ISCO. For other parameters, (n = 0:66667 with (M=R)1 <� 0:17 and n � 0:8),

the sequences do not have the turning point even at the innermost con�guration

with a cusp (inner Lagrange points). For the former case, the binary orbit becomes

unstable to start merging there. For the latter case, the mass overow likely happens

before the orbital instability sets in. The frequency of gravitational waves at these

innermost orbits is between about 800 and 1500 Hz for (M=R)1 ' 0:14 � 0:2

depending on the compactness. For a binary of less massive (i.e., less compact)

neutron stars, the frequency is less than 1000 Hz. Therefore, the characteristic

signal of gravitational waves emitted around the innermost orbit may be detected

by laser interferometric detectors such as LIGO/VIRGO.

We investigate the physical origin the ISCO for n = 0:5 using �tting formulas.

The results indicate that the ISCO is determined not by the general relativistic

instability, but by the hydrodynamic instability for the parameter range of realistic

binary neutron stars, 0:14 <� (M=R)1 <� 0:2. This implies that point particle

approximations are not appropriate for determining the ISCO of binary neutron

stars as long as the neutron stars are not extremely compact (M=R)1 � 0:2.

In our formulation, the Hamiltonian and momentum constraints are solved con-

sistently, and hence these quasiequilibrium states of irrotational binary neutron

stars at the innermost orbits can be used as initial conditions for the fully general

relativistic simulations of binary merger. Such simulations have recently been per-

formed in [11] (see also Shibata in this volume) and further detailed analysis for the

initial con�gurations at the innermost orbits as we discussed in this article will be

found in another paper [12].
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