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Abstract

The numerical simulation of hydrodynamic processes in general relativ-

ity is a highly complex problem. In order to reduce the complexity of the

gravitational �eld equations, Wilson and coworkers have proposed an approx-

imation scheme, where the 3-metric ij is chosen to be conformally at. In

this approximation the Einstein equations reduce to a set of 5 coupled elliptic

equations.

In this paper we present an axisymmetric general relativistic hydrody-

namic code which utilizes this approach together with high-resolution shock-

capturing schemes to solve the hydrodynamic equations. We report on tests

and preliminary applications of the code to rotating neutron stars and su-

pernova core collapse in axisymmetry. The code promises good applicability

to handle a variety of relativistic astrophysical situations, and is prepared to

provide information about gravitational radiation from rotating gravitational

collapse.
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1 Introduction

In numerical relativity there has been a variety of approaches over the last decades
to simulate the dynamics of the collapse of a stellar core to nuclear density, the
formation of the neutron star during the bounce phase, and the propagation of
the shock front, which ejects the outer layers of the stellar progenitor. As high
densities and velocities together with strong gravitational �elds are involved, this
is a very challenging problem for general relativistic hydrodynamic simulations.
Furthermore, rotating core collapse is a promising source of gravitational radiation,
which connects this area of theoretical research to observations in the years to
come [18].

Since the pioneering work of May and White [9] in 1966, who numerically solved
the Einstein equations in spherical symmetry and applied them to simulate core
collapse of an ideal uid, further progress in core collapse simulations continued
along di�erent lines: Some approaches focussed on the inclusion of more sophisti-
cated microphysics like neutrino transport (especially after it was realized that the
prompt shock scenario does not produce suÆcient energy for the shock to prevent
it from stalling) [12] or looked at rotating core collapse [24] of a variety of initial
models, while treating gravity at the Newtonian level.

On the other hand, in numerical relativity, up to now microphysics is kept
simple (ideal uid approximation), whereas the full Einstein equations for a curved
spacetime are included. With these general relativistic codes several astrophysical
scenarios like core collapse to a neutron star or black hole in spherical or rotational
symmetry have been investigated [20, 11, 15, 13, 14]. For a more complete historical
review of the �eld, we refer to [4].

As the numerical solution of the full Einstein equations is a complicated task and
the resulting codes are often unstable, several approximate schemes have been pro-
posed to reduce the complexity of the problem: The parametrized post-Newtonian
expansion (PPN) [2] is the method of choice for simulating the evolution of neutron
star or black hole binaries in the pre-merger phase. More recently, a constrained
system of metric equations has been proposed [22, 8], which reduces the number of
degrees of freedom of the metric while keeping many properties of the full system.

Here we present an axisymmetric code which is intended to simulate rotational
core collapse to a neutron star and the dynamics of the shock front propagating
through the stellar core. For that purpose we solve the general relativistic hydrody-
namic equations formulated as a �rst-order ux-conservative hyperbolic system of
conservation laws [1], and follow the ideas of Wilson and collaborators [22] (WMM
hereafter) by approximating the spacetime by an ADM metric with a conformally
at 3-metric. In our code we have implemented a modern high-resolution shock-
capturing (HRSC) method with third-order PPM reconstruction [3]. This choice
provides a highly accurate description of the hydrodynamics and, in particular,
good resolution of the shock front.

The paper is structured as follows: In Section 2 we motivate our calculations
by introducing the astrophysical scenario, and we present the physical model and
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assumptions. In Section 3 the relativistic hydrodynamic equations and the confor-
mally at metric equations are stated. The numerical schemes for solving those two
sets of equations are explained in Section 4. In Section 5 we present test calculations
and preliminary results of our simulations, and in Section 6 a summary and outlook
to future work is given.

2 Physical Model

According to current models of core collapse supernova explosions, massive stars
with M >� 9 M

�
develop an iron core of about 1:3 M

�
at the end of their life [10].

This core collapses due to electron capture and photodisintegration on a time scale
of several ten milliseconds and bounces at neutron star densities. In the post-bounce
phase a shock front forms which ejects the stellar envelope. It is believed that energy
deposition behind the shock front by neutrino emission from the nascent neutron
star plays a crucial role in driving the shock [21, 12].

As observed massive stars and neutron stars have signi�cant surface rotation
speeds [24], rotation may play an important role during core collapse. Furthermore,
the dynamics of the collapse and the formation of the neutron star requires a general
relativistic treatment of the problem.

Up to now, there have been no numerical simulations which combine both micro-
physics and gravity using state of the art methods. In order to reduce the complexity
of the problem, we also have to introduce some simpli�cations:

Equation of state: Our matter model obeys an ideal gas equation of state with a
density dependent adiabatic exponent (�):

P = ��( � 1): (1)

Here P is the pressure, � the rest mass density, and � the speci�c internal energy.
The local sound speed then becomes:

c2s =
1

h

�
�+ �

P

�2

�
=

P

�h
; (2)

where h = 1 + �+ P=� is the speci�c enthalpy, � = @P=@�j� and � = @P=@�j�. We
neglect any other microphysics like electron capture, neutrino transport, etc.

Initial model: As initial con�guration we set up a rotating relativistic stellar core
in equilibrium (see [6, 7, 16]). The collapse is initiated by lowering  (and thus
reducing the pressure). The initial data obey a polytropic density pro�le:

P = K� : (3)

We have constructed both uniformly and di�erentially rotating polytropes.
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Metric equations: The spacetime geometry is approximated by adopting the con-
formal atness condition (CFC) for the 3-metric ij . This results in a constrained
system of elliptic metric equations. In this approximate spacetime the full set of
general relativistic hydrodynamic equations is solved. However, due to the confor-
mally at 3-metric, no gravitational waves are present in the system.

Symmetry: We assume both axisymmetry with respect to the rotation axis and
equatorial plane symmetry.

3 Equations

We introduce general coordinates x� = x0 = t; xi, where as usual Greek (Latin)
indices run from 0 to 3 (1 to 3). Let @t and @i be the partial derivative with respect
to time and the spatial coordinate xi, respectively. Then @t; @i is the coordinate
basis of 4-vectors tangent to the corresponding coordinate curves. We adopt the
f3 + 1g formalism, in which the line element reads:

ds2 = �(�2 � �i�
i)dt2 + 2�idx

idt+ ijdx
idxj (4)

with the lapse function �, the shift vector �i and the 3-metric ij . Throughout the
paper we adopt geometrized units (c = G = 1).

3.1 Hydrodynamics

The hydrodynamic evolution of a relativistic uid with the rest mass current J�

and energy-momentum tensor T ��

J� = �u�; T�� = �hu�u� + Pg�� (5)

is determined by a system of local conservation equations, which read:

r�J
� = 0; r�T

�� = 0: (6)

Here r� is the covariant derivative with respect to 4-dimensional metric g�� and
u� the 4-velocity of the uid. The 3-velocity of the uid measured by an Eulerian
observer at rest in constant time spacelike hypersurfaces � is

vi =
ui

�ut
+
�i

�
: (7)

The Lorentz factor W = �ut also satis�es W = 1=
p
1� vivi with vi = ijv

j . We
also de�ne the projection operator ?i

� = gi� + nin� with n� = f1=�;��i=�g being
the normal vector to the hypersurface �.
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Following [1] we now introduce a set of conserved variablesD (rest mass density),
Si (momentum density) and E = � + D (total energy density) in terms of the
primitive variables (�; vi; �):

D = J�n� = �W; (8)

Si = �?i
�T

��n� = �hW 2vi; (9)

� = T��n�n� � J�n� = �hW 2 � P �D: (10)

Then the local conservation laws (6) can be written as a system of �rst-order ux-
conservative hyperbolic conservation laws [1]:

1p�g

"
@
p
F 0

@x0
+
@
p�gF i

@xi

#
= S; (11)

with the conserved quantities, uxes and sources

F 0 = (D;Sj ; �); (12)

F i =

�
D

�
vi � �i

�

�
; Sj

�
vi � �i

�

�
+ ÆijP; �

�
vi � �i

�

�
+ Pvi

�
; (13)

S =

�
0; T��

�
@g�j

@x�
� � Æ

��gÆj

�
; �

�
T�0 @ ln�

@x�
� T��� 0

��

��
; (14)

where g = det(g��),
p�g = �

p
,  = det(ij) and � Æ

�� are the 4-dimensional
Christo�el symbols.

3.2 Metric

3.2.1 ADM Metric Equations

In the ADM f3+1g formalism, the Einstein equations for the metric g�� are usually
written as a system of evolution and constraint equations [23]:

@tij =� 2�Kij +ri�j +rj�i; 3-metric evolution; (15)

@tKij =�rirj�+ �(Rij +KKij � 2KimK
m
j ) + �mrmKij+

+Kimrj�
m +Kjmri�

m � 8�Tij ; extrinsic curvature evolution;

(16)

0 =R+K2 �KijK
ij � 16��2T 00; Hamiltonian constraint; (17)

0 =ri(K
ij � ijK)� 8�Sj : momentum constraint; (18)

where ri denotes the covariant derivative with respect to the 3-metric, Rij is the
Ricci curvature tensor, and Kij is the extrinsic curvature (Lie derivative of the
3-metric).
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Within this system, we can still exploit the gauge invariance of the Einstein
equations to �x 4 degrees of freedom. In numerical simulations, � and �i are often
determined by algebraic equations, and the Hamiltonian and momentum constraints
are used to monitor the accuracy of the evolution equations for the 3-metric and
extrinsic curvature.

3.2.2 Conformally Flat Metric Formalism

In some astrophysical situations it is not feasible or neccessary to solve the full
general relativistic equations, as adequate approximations will often yield equally
good results. As we primarily want to investigate rotating core collapse, where
the matter density distribution does not depart too much from spherical symme-
try (contrary to e.g. neutron star binaries), following WMM we approximate the
spacetime geometry by assuming a conformally at 3-metric

ij = �4̂ij ; (19)

with a conformal factor � depending on the coordinates x�, and ̂ij being the at
3-metric (Æij in Cartesian coordinates).

As we want the o�-diagonal elements of ij to vanish at all times, the trace-free
part of the evolution equation must be zero: 1=3@t(

�1=3ij) = 0. Together with
the maximal slicing condition, K = trKij = 0, the CFC determines the extrinsic
curvature:

@tij = �2�Kij +ri�j +rj�i
CFC����! Kij =

1

2�

�
ri�j +rj�i � 2

3
ijrk�

k

�
:

(20)
In this approximation, the f3 + 1g metric equations transform into a system of

5 coupled nonlinear elliptic equation for the metric coeÆcients �, � and �i:

�̂� = �2��5
�
�W 2 + ��W

�
W �  � 1

W

�
+

�2K2

192��2

�
; (21)

�̂�� = 2���4
�
�W (3W 2 � 2) + ��W (3(W 2 + 1)� 5)

W
+

7�2K2

192��

�
; (22)

�̂�i = 16���3Si + 2Kijr̂j

�
�

�7

�
� 1

3
r̂ir̂k�

k ; (23)

with �̂ and r̂ being the at space Laplace and Nabla operator, respectively. (Note
that in general coordinates �̂�i = r̂j(r̂j�i) 6= (�̂�)i!)

The CFC reduces the complexity of solving the full Einstein evolution and con-
straint equations to solving 5 not explicitly time-dependent equations (i.e. the met-
ric is solely determined by the instantaneous hydrodynamic con�guration). Note
that this scheme is identical to the Einstein equations in spherical symmetry (and
even with no symmetry restrictions up to the �rst post-Newtonian approximation).
However, as we have discarded the o�-diagonal elements of ij , we have also re-
moved the gravitational wave content of the spacetime (the transverse part of the
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Einstein equations). A system with a conformally at spacetime will not radiate
away gravitational waves.

In numerical relativity, the CFC is used to construct initial data for evolution
codes. In a semi-dynamical context the above equations were used for the �rst time
by WMM when they constructed sequences of orbiting neutron stars by relaxing
initial data to quasi-equilibrium con�gurations. In contrast to that work we solve
these equations in a fully dynamical situation, where the matter is evolved according
to Equation (11), and the spacetime is determined by Equations (21{23).

4 Numerical Schemes

4.1 High-Resolution Shock-Capturing Methods

In order to exploit the hyperbolic and conservative character of the hydrodynamic
evolution equations we have implemented a modern ux-conservative scheme based
upon the solution of approximate Riemann problems. On each time slice, the hy-
drodynamic data are represented by cell averages of the conserved quantities D, Si
and � . These are then propagated to the next time level by a conservative time-
update algorithm (based upon successive Runge-Kutta substeps), which involves
the numerical uxes and sources:

@u

@t
+
@f(u)

@x
= s �! un+1

j = un
j �

4t

4x
(f̂ j+1=2 � f̂ j�1=2) + sn+1j : (24)

The above scheme is valid for one spatial dimension; generalization to multi-dimen-
sions is straightforward and in our code this is done through the method of lines. The
calculation of the numerical uxes involves the solution of local Riemann problems
by means of either exact or linearized Riemann solvers. Such solvers make use of
the characteristic structure of the Jacobian matrices of the conservation equations.

For explicit expressions for the characteristic speeds and �elds of the relativistic
hydrodynamic equations we refer to [4, 5]. Details on the theory and implementation
of a variety of HRSC schemes for general hyperbolic systems of conservation laws
can e.g. be found in [19].

4.2 Metric Solver

The metric equations (21{23) are discretized on a 2-dimensional grid with a 9-point
stencil. A Newton-Raphson scheme is used to iterate towards convergence of the
solution for the 5 metric functions. For each metric computation, a linear system
of equations involving the (sparse) Jacobi matrix of the discretized equations has
to be solved. On a large grid this can be very time consuming, and therefore the
metric is normally not computed at every timeslice.

The code, and especially the metric computation, has been optimized for the
use on vector supercomputers. The calculations presented in the next section have
mostly been done on a NEC SX-5 vector computer.
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5 Results

In this section we present preliminary results from test runs with this new code.
With these runs we validate our code by comparing our results with those obtained
by other hydro codes, or by proving its accuracy and stability.

5.1 Shock Tube Tests

We have done a number of shock tube tests in Minkowski spacetime with both
Cartesian and polar coordinates and equidistant and logarithmic grids. We evolved
mildly and highly relativistic shocks. Our data exhibit excellent agreement with
analytic solutions of the special relativistic Riemann problem. We also compared
reconstruction schemes of di�erent order. As expected, the higher-order methods
show superior resolution of shock fronts and contact discontinuities.

5.2 Rotating Neutron Stars

To test the ability of the code to handle stationary matter con�gurations we have
dynamically evolved uniformly and di�erentially rotating neutron star models from
equilibrium initial data.

a) b) c)

0.0 1.0 2.0 3.0
t [ms]

5.70e−14

5.80e−14

5.90e−14

6.00e−14

6.10e−14

6.20e−14

ρ_c

ideal gas, full evolution
ideal gas, Cowling
polytropic, Cowling

0.0 1.0 2.0 3.0
t [ms]

−5.0e−03

0.0e+00

5.0e−03

v_r

0.0 500000.0 1000000.0 1500000.0
R [cm]

v_phi

Figure 1: Rotating neutron stars: Time evolution of the central density (a) and radial velocity

at a �xed radius (b); pro�les of the rotation velocity along the equator at di�erent times (c). The

rotation period of the star is � 1 ms.

Both evolution on a �xed background spacetime (Cowling approximation) and
fully dynamical evolution of the coupled Einstein-matter system show that the
initial equilibrium pro�les are stable over many dynamical timescales. Due to nu-
merical truncation error and mapping of the initial data, the star slightly oscillates
radially. These oscillations are small and are almost undamped, which proves that
our scheme has no excessive numerical viscosity. We have also replaced the ideal gas
equation of state by a polytropic relation, where the energy density is not evolved.
In Figure 1 we present plots of some of these tests.

5.3 Core Collapse

The primary goal of our studies is to apply the code to simulate rotational supernova
core collapse to a neutron star. We have started by comparing the evolution of
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spherically symmetric (i.e. nonrotating) initial data to results from an independent
�nite-di�erence code in Lagrangian coordinates, which uses arti�cial viscosity to
handle shocks. We construct initial data by solving the TOV equation for a static
spherical matter distribution. The gravitational collapse is initiated by reducing the
 in the equation of state, which e�ectively reduces the pressure throughout the star.
During the evolution, we set  = 0+log(�=�nuc) (where �nuc = 2:5�1014 gm cm�3).

90.0 91.0 92.0 93.0 94.0 95.0
t [ms]

0.00e+00

2.00e−14

4.00e−14

6.00e−14

8.00e−14

1.00e−13

ρ

0.0 1.0 2.0 3.0
log (r / 10e5 cm)

−4.00e−01

−3.00e−01

−2.00e−01

−1.00e−01

0.00e+00

1.00e−01

v_r

a)

b)

c)

Figure 2: Spherical core collapse: Time evolution of the central density on a grid of 100 (a) and

500 (b) radial points compared to a Lagrangian code with 500 grid points (c) (left); pro�les of the

radial velocity as a function of the radius t di�erent evolution times (right).

The comparison of the central density evolution plots with results from the
Lagrangian code exhibits good agreement, as shown in the left graph of Figure 2.
As the axisymmetric code uses Eulerian coordinates, a logarithmic grid is needed
to have suÆcient resolution of the neutron star in the interior part of the grid. The
radial oscillations of the neutron star are of small amplitude, and the shock front is
resolved within 2 { 4 grid points, which can be seen in the radial velocity pro�les
in the right graph of Figure 2.

The next step will be to apply the code to simulate the collapse of a (uniformly or
di�erentially) rotating iron core model to a neutron star, and extract gravitational
waves which are emitted during the evolution. Simulations of this problem are
currently on the way.

6 Summary and Outlook

We have presented a new general relativistic hydrodynamics code which is based
upon an approximation of the spacetime geometry using the conformally atness
condition. The code incorporates a high-resolution shock-capturing algorithm with
an approximate Riemann solver, and high-order polynomial reconstruction proce-
dures.

We have shown results of a variety of tests which demonstrate the ability of the
code to correctly model the propagation of shocks, and to keep the rotational pro�le



Rotational Core Collapse in Axisymmetry 57

of a rapidly rotating neutron star model in equilibrium for several rotation periods.
The preliminary results from spherically symmetric and axisymmetric core col-

lapse promise that we will be able to investigate these astrophysical scenarios in
detail. The density pro�le of the collapse, bounce and shock phase are in fair agree-
ment with a one-dimensional Lagrangian arti�cial viscosity code, while the shock
front is very well resolved.

While our code is not designed to evolve black hole spacetimes, as it lacks
singularity avoiding features, it is very likely to be an appropriate tool to investigate
supernova core collapse to a neutron star in axisymmetry. Further developments will
include gravitational wave extraction via the use of the quadrupole formula [17, 24].
We also envisage to add more sophisticated microphysics in the form of a realistic
equation of state for better modelling of supernova physics.
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thank G. Sch�afer for introducing us to Wilson's CFC approximation. We appreciate
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