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Abstract

We study the dependence of the pulsation frequencies of axial quasi-normal

modes of a nonrotating neutron star upon the equation of state describing the

star interior. The complex frequencies corresponding to a set of equations

of state based on di�erent physical assumptions have been computed. The

numerical results, which appear to depend primarily on the sti�ness of the

equation of state, show that axial gravitational waves carry relevant infor-

mation on both the structure of neutron star matter and the nature of the

hadronic interactions.
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1 Introduction

Among the astrophysical processes associated with emission of gravitational waves,
the gravitational collapse and the coalescence of compact bodies are likely to be
the most eÆcient sources. Both processes leave behind a compact object, either a
neutron star or a black hole, which is expected to radiate the mechanical energy
residual of its violent birth through gravitational waves, emitted at frequencies and
with damping times characteristic of the quasi-normal modes of the source.

The complex frequencies of the quasi-normal modes carry information on the
internal structure of the emitting source. For black holes, it has been shown that
they only depend on the parameters identifying the spacetime geometry: mass,
charge and angular momentum. For stars, the situation is far less simple, since
the eigenfrequencies of the quasi-normal modes depend upon the equation of state
(EOS) prevailing in the star interior, on which not much is known. It is therefore
interesting to compute these frequencies for di�erent EOS proposed to describe
matter at supernuclear densities, and explore the possibility of extracting from
them information on the internal structure of the star.

The quasi-normal mode frequencies can be obtained studying the source-free,
adiabatic perturbations of an equilibrium con�guration with an assigned EOS, and
solving the linearized Einstein equations, coupled to the equations of hydrodynam-
ics, with suitably posed boundary conditions.

If the unperturbed star is assumed to be static and non rotating, it is convenient
to expand all perturbed tensors in tensorial spherical harmonics. As these harmonics
have a di�erent behaviour under the angular transformation � ! � � �, ' !

� + ', the separated equations split into two decoupled sets: polar or even, with
parity (�1)`, and axial or odd, with parity (�1)(`+1). The polar equations are
the relativistic generalization of the tidal perturbations of Newtonian theory, and
couple the perturbations of the gravitational �eld to the perturbations of the uid
composing the star. In addition to the standard modes of newtonian theory, in
general relativity there exists a new family of modes that are essentially spacetime
modes, the corresponding motion of the uid being negligible [1]. They are called
w-modes, and are characterized by higher frequencies and much shorter damping
times, i.e. these modes are strongly damped.

Unlike polar perturbations, axial perturbations are not coupled with uid mo-
tion. They do not have a newtonian counterpart, and their radial evolution is de-
scribed by a Schr�odinger-like equation with a potential barrier that depends upon
the distribution of energy and pressure in the interior of the star in the equilibrium
con�guration [2]. Thus, the EOS of the uid has the sole role of determining the
shape of the potential inside the star.

The axial quasi-normal modes can be further classi�ed in two categories: the
strongly damped w-modes, similar to the polar w-modes, and the slowly damped s-
modes [3]. The latter appear if the star is extremely compact, so that the potential
well in the interior becomes deep enough to allow for the existence of one or more
quasi-stationary states, i.e. of quasi normal modes.
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In this paper we calculate the frequencies of the axial quasi-normal modes for
a set of EOS based on di�erent physical assumptions and obtained using di�erent
theoretical approaches.

Although the slowly damped s-modes have been shown to exist for homogeneous
stars with high enough compactness, it turns out that none of the EOS we have
considered leads to a potential well deep enough to allow for the appearance of
s-modes. Hence, we have focussed on the imprint that di�erent EOS leave on the
strongly damped axial w-modes.

The equations governing the axial perturbations of a non rotating star are given
in section 2, whereas section 3 is devoted to a short description of the EOS used in
the calculations. Finally, the results are presented in section 4 and briey discussed
in section 5.

2 A Schr�odinger-like equation for axial perturba-

tions

After separating the variables, the equations for the axial perturbations of a non
rotating star can be considerably simpli�ed introducing a function Z`(r), ` being
the harmonic index, constructed from the radial part of the axial metric components
[2]. Z`(r) satis�es the equation

d2Z`

dr2
�

+
�
!2
� V`(r)

�
Z` = 0 ; (1)

where

V`(r) =
e2�

r3
[l(l + 1)r + r3(�� p)� 6m(r)] (2)

and

r� =

Z r

0

e��+�2dr : (3)

In eq.(2), � and p denote the energy-density and pressure of the perfect uid
composing the star, while the function �(r) can be obtained from the di�erential
equation

�;r = �
p;r

�+ p
(4)

imposing the boundary condition that at the surface of the star the metric reduces
to the Schwarzschild metric, i.e. that e2�(R) = 1� 2M=R, where M = m(R) is the
mass of the star. Outside the star both � and p vanish, and eq.(1) reduces to the
well-known Regge-Wheeler equation:

d2Z`

dr2
�

+ [!2
� V`(r)]Z` = 0 ; (5)

where

V`(r) =
e2�

r3
[l(l+ 1)r � 6M ] (6)
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and

e2� = 1�
2M

r
: (7)

The above equations show that the axial perturbations of a star are fully de-
scribed by a Schr�odinger-like equation with a potential barrier that depends upon
the distribution of energy-density and pressure inside the star in its equilibrium
con�guration.

The quasi-normal modes are de�ned to be solutions of eq.(1) satisfying the
condition of being regular at r = 0 and behaving as purely outgoing waves at radial
in�nity, i.e. such that

lim
r�!1

Z` � e�i!r� : (8)

3 Models of the neutron star matter equation of

state

The calculations described in the present paper have been carried out using six
di�erent models of the neutron star matter EOS at supernuclear density (� > 2:8�
1014 g/cm3). The low density regime has been described using the results of refs.[4,
5, 6] and [7]. However, it has to be stressed that the details of the EOS at subnuclear
density have negligible inuence on both neutron star properties and the calculated
pulsation frequencies. The main features of the EOS at supernuclear density are
described below. Whenever possible, we label the di�erent EOS according to the
classi�cation scheme introduced in ref.[8].

� Pandharipande, model A [9]. The star is described in terms of pure neutron
matter, the dynamics being dictated by a nonrelativistic hamiltonian con-
taining a semi-phenomenological neutron-neutron potential �tted to deuteron
properties and nucleon-nucleon scattering data. The calculation of the bind-
ing energy per particle as a function of density, needed to obtain the EOS, is
carried out including only the contributions of two-neutron clusters.

� Pandharipande, model B [10]. A generalization of model A that allows both
the occurrence of neutrin �-decay, leading to the appearance of protons,
electrons and muons, and the appearance of heavier baryons (hyperons and
nucleon resonances) at suÆciently high densities. The nucleon-nucleon in-
teraction is described by the same potential employed in model A, whereas
the hyperon-nucleon interaction is obtained rescaling the attractive nucleon-
nucleon force. Due to the low hyperon density, the hyperon-hyperon interac-
tion is disregarded.

� Wiringa, Fiks and Fabrocini, model WFF [11]. Neutron star matter is treated
as a mixture of neutrons, protons, electrons and muons in �-equilibrium. In
addition to the two-nucleon potential, the nonrelativistic nuclear hamiltonian
includes a three-body potential, needed to account for the observed properties
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of the three-nucleon bound states. Compared to models A and B, the ground
state energy of neutron star matter is computed using a more sophisticated
and accurate technique, that takes into account the contributions of a large
number of many-body clusters.

� Akmal, Pandharipande and Ravenhall, model APR1 [12]. Similar to model
WFF, but uses state of the art parametrizations of both the two- and three-
body potentials. The two-body potential models developed over the past few
years, as the Argonne v18 potential [13] employed in model APR1 and APR2,
represent a signi�cant improvement upon the previously available ones. They
are �tted to a larger and more complete database of nucleon-nucleon scattering
data and explicitly include the e�ect of charge-symmetry-breaking terms in
the scattering amplitude. The results of ref.[12] show that using a two-body
potential of the last generation leads to qualitative changes in the density
dependence of nuclear and neutron matter energy in the high density region,
suggesting the possibility of a transition from the standard uniform phase to
a spin-isospin ordered phase associated with condensation of neutral pions
[14, 15].

� Akmal, Pandharipande and Ravenhall, model APR2 [12]. An improved ver-
sion of model APR1, intended to gauge the relevance of relativistic corrections
to the standard nuclear many-body approach. The nucleon-nucleon interac-
tion is modi�ed including boost corrections of order (v=c)2, v being the veloc-
ity of the center of mass of the interacting nucleon pair. The phenomenological
three-nucleon interaction is also modi�ed to preserve the agreement between
theory and the three-nucleon data.

� Pandharipande & Smith 1975, model L [16]. Neutrons are assumed to interact
through the exchange of two vector mesons, the !� and ��mesons, and one
scalar meson, the ��meson. While the exchange of heavy particles (! and �)
is described in terms of nonrelativistic potentials, the e�ect of the ��meson is
taken into account using relativistic �eld theory and the mean-�eld approxi-
mation. It has to be pointed out that the physical assumptions underlying this
somewhat hybrid approach are di�erent from those of the previous models.

It has to be mentioned that all models based on nonrelativistic many-body
theory (like models A, B, WFF, APR1 and APR2) lead to a violation of causality,
in that they predict a speed of sound exceeding the speed of light at very high
density. However, this pathology only occurs at densities much greater than those
relevant to the study of neutron star structure.

The supernuclear density behaviour of the EOS employed in this work is shown
in �g. 1. It appears that the EOS can be classi�ed according to their sti�ness,
providing a measure of the incompressibility of neutron star matter. For example,
comparison between models A and B shows that the appearance of heavy baryons
leads to a signi�cant softening of the EOS at high density.
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Figure 1: Double logarithm plot of pressure (in units of dyne/cm2) versus energy-density (in

units of g/cm3) for the EOS considered in this paper. The range of energy-density is limited to

the relevant region, corresponding to supernuclear densities.

In the case of neutron matter, either pure or in �-equilibrium, the sti�ness of
the EOS is mainly determined by the nuclear hamiltonian. The EOS of models
A, WFF, APR1 and APR2, in which the two-nucleon interaction reproduces the
nucleon-nucleon scattering data, are rather close to each other. On the other hand,
using a dynamics that is not constrained by nucleon-nucleon data, as in model L,
may result in a signi�cant di�erence in sti�ness.

The EOS employed in this paper can be ordered according to increasing sti�ness
as follows: B, A, WFF, APR2, APR1, L.

In �g. 2 we plot the mass-radius relation for the above mentioned EOS in the
range of stability against radial perturbations.

The EOS denoted by A, B, L and WFF have been widely used in the past to
study equilibrium con�gurations of neutron stars [8, 11, 17] and, more recently, to
compute their pulsation frequencies associated with emission of gravitational waves
[18]. On the other hand, the models denoted APR1 and APR2 have been developed
within the last few years and have never before been employed to study nonstatic
neutron star properties.

4 Numerical results

As stated in section 1, the axial quasi-normal modes of a pulsating star are solutions
of eq.(1) satisfying the boundary conditions imposed by physical requirements: Z`

must be regular at the origin and behave as a purely outgoing wave at in�nity. To
compute the mode frequencies one has to �nd the (complex) values, ! = !0 + i!i,
for which these boundary conditions are satis�ed.

The numerical determination of the quasi-normal mode frequencies is non-trivial,
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Figure 2: Mass-radius relation for the EOS considered in this paper in the range of stability. M

is given in units of solar mass, while R is in km.

especially for modes with large imaginary parts (strongly damped modes). Solutions
of eq.(1) representing outgoing and ingoing waves at in�nity have the r� ! 1

asymptotic behaviour

Zout

`
� er�=� ; Zin

`
� e�r�=� ; (9)

where � = 1=!i is the damping time. Therefore, identifying by numerical integration
the purely outgoing solutions (that is, those solutions for which Zin

`
is zero) becomes

increasingly diÆcult as the damping of the mode increases.
This problem, also occurring in the case of quasi-normal modes of black holes,

was solved in the eighties by Leaver [19, 20], who was able to write a continued
fraction relation that can be regarded as an implicit equation identifying the quasi-
normal frequencies. The same method was subsequently reformulated and applied
to the polar oscillations of a star in ref.[21].

We have employed the continued fraction method to �nd the frequency and
damping time of the �rst axial w-mode, denoted by �w0

and �w0
, respectively, for

models of stars with the EOS discussed in section 3. The details of the calculatoins
can be found in ref.[22].

In table 1 we summarize the characteristics of the considered stellar models. For
each EOS, we choose the upper value of the central density (column 2) as that of
the last radially stable con�guration. The lower value is chosen as in [18] for EOS
A, B, WFF and L, whereas for APR1 and APR2, that have never been used before
to compute the oscillation modes of a star, it is chosen to give a value of M=R

comparable with that of the other models. In column 3 we give the ratio M=R

corresponding to the selected endpoints of �c, the radius and mass of the star are
given in columns 4 and 5, respectively, and the values of �w0

and �w0
are in columns

6 and 7.
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EOS �c � 1015 M=R R M � �

B 1:995 0:165 8:7 0:97 11:2 20:2
5:91 0:296 7:1 1:42 10:6 71:7

A 1:259 0:157 9:9 1:05 9:76 21:6
4:11 0:291 8:4 1:65 9:11 72:4

WFF 0:8 0:118 11:1 0:89 9:20 18:6
2:6 0:274 9:8 1:83 8:11 62:3

APR2 0:75 0:116 11:8 0:93 8:82 19:4
2:75 0:325 10:0 2:20 6:69 165:3

APR1 0:65 0:116 12:4 0:97 8:35 20:4
2:36 0:326 10:8 2:38 6:19 177:0

L 0:398 0:120 14:9 1:21 6:70 25:5
1:42 0:288 13:6 2:66 5:62 76:7

Table 1: For each EOS, the above table gives the minimum and maximum values of the central

density (g/cm3), chosen as explained in the text. In correspondence of these endpoints, columns

3-7 give the ratio M=R in geometrical units (column 3), the radius (km) and mass (M�) of the

star and the values of �w0 (kHz) and �w0 (�s) of the �rst axial w-mode.

Fig. 3 shows the frequency of the �rst axial w-mode, �w0
, as a function of the

star compactness, M=R, for the EOS' and centrale density ranges listed in table 1.
The corresponding damping times, �w0

are plotted in �g. 4.

Our results clearly show that the frequencies of the axial gravitational waves
emitted by neutron stars oscillating in their w-modes are mainly driven by the sti�-
ness of the EOS, which is, in turn, dictated by the physical assumptions underlying
the model describing the star interior. As a consequence, models WFF, APR1 and
APR2, based on very similar assumptions (�-stable matter with hadronic interac-
tions constrained by nucleon-nucleon scattering data) yield frequency ranges that
signi�cantly overlap with each other. On the other hand, from table 1 and �g. 3 it
appears that the frequencies of the lower axial w-mode for the remaining EOS', i.e.
B, A and L range within intervals that are well separated from one another.

5 Conclusions

As axial perturbations of non rotating stars are described by a Schr�odinger-like
equation with a potential barrier shaped by the manner in which pressure and
density are distributed inside the star, the frequencies of the axial quasi-normal
modes are expected to depend on the equation of state. This was also shown to be
the case for the polar w-modes [18] that are coupled to negligible uid motion. In
particular, both the axial and polar w-modes appear to depend essentially on the
sti�ness of the equation of state. However, while for each selected EOS the frequency
of the polar w-modes is a rather steeply decreasing function ofM=R [18], in the case
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Figure 3: Frequency of the �rst axial w-mode as a function of the compactness of the star.

of the axial ones the dependence of �w0
on the star compactness turns out to be weak.

As a consequence of this behaviour, illustrated in �g. 5, the axial w-modes provide
more direct and explicit information, compared to the polar ones, on which equation
of state prevails inside the star, regardless of its mass and radius. We emphasize
that our results show that EOS based on di�erent assumptions correspond to non
overlapping frequency ranges, providing further constraints on the existing models,
with regard to both the composition of neutron star matter and the description of
the hadronic interactions.

The real problem is whether we will ever be able to detect an axial gravitational
wave impinging on earth from a ringing star. Only detailed simulations of astro-
physical processes, like gravitational collapse or the coalescence of compact bodies,
will tell us to what extent the w-modes can be excited and be signi�cant from the
point of view of detection. If they would be signi�cant, since these modes have fre-
quencies higher than those detectable by current experiments, new high frequency
detectors will need to be planned.
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Figure 4: Damping time of the �rst axial w-mode as a function of the compactness of the star.

Figure 5: Frequency of the �rst polar (dashed line) and axial (continuous line) w-modes, plotted

as a function of the compactness of the star for EOS A, B, WFF, L.
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