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1. ABSTRACT

The present work is devoted to study the phase structure of CPN1 model with 9 -term in two
dimensions and to calculate the topological charge distribution P(Q) by using the characteristic
function. P(Q) shows a Gaussian behavior. Information concerning the phase structure is obtained
through the analysis of the behavior of the characteristic function for various coupling constants p.
For N = 2, 4 it is shown that the model has a decofining phase transition in 8. The critical value of 9
approaches zero as (3 tends to infinity. This suggests that 9 goes to zero in the continuum limit.
These results may resolve the strong CP problem.
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2. INTRODUCTION

Recently, the subject of topology on the lattice has been of considerable interest. The
existence of the topological term (8-term)leads to new physical situations which are absent
in the system without it'l-51. Indeed, 9-term leads to the strong CP problem in QCD[6]. and
deconfinement phase transition at 0 = re in 2-dimensional massive Schwinger model[7]. It is
therefore of great interest to study the consequences of 0-term in the non-perturbative
context of gauge theories, spin models and lattice field theory. It is important to understand
how 0-term affects the phase structures. This was motivated by the hope that the strong CP
problem can be solved. CP1 model with 8-term, or equivalently 0(3) o model, in 1 + 1
dimensions is seen as a prototype for (3 + 1) Yang-Mills theory[3]. Important common
properties are, exhibiting asymptotic freedom, confinement of non gauge-invariant states,
have instanton for all N > 2 and topological excitations. Despite these common features, two
dimensional CPN ' ' are much easier than QCD to handle both analytically and numerically.
There are various methods to study the CPN"' system with 0-term: strong coupling
expansions[8-10], Monte Carlo simulations[l 1-18] and the analysis in the 1/N expansion[19-
20].

Analytically the situation goes as follows: In weak coupling expansion, i. e. large p, the
dependence of many physical quantities on 0 cannot be seen. For this reason most of
calculations turn to a strong-coupling expansion. Since most of qualitative effects that the
model are expected to exhibit in the continuum can be obtained. This method is applicable to
any two-dimensional nonlinear field theory, where the topological term can be written in
terms of a dummy U(l) gauge field. The results for the free energy obtained from stiong-
coupling expansion, in zeros order in p, is given by[9]

F(0,/? = O)=-ln[fsinf] (1)

i.e. for -7i < 0 < n the free energy is independent on 0 , otherwise F(0,p = 0) is a periodic
function due to the periodic boundary conditions, i. e. F(0, P = 0) = F(0+27tK, p = 0). When p
is nonzero but small, standard strong-coupling techniques can be used. Following Seiberg,
since he treats the dynamics exactly and he expands only in p. The free energy in this case is
given by
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(2)

the result in equation (1) is identical to those obtained for the Grassmanian a model on the
lattice[21]. For small p, higher order terms do not significantly change the result in equation
(3). Odd terms are cancel each others. However, strong-coupling series (very small R) are
best organized in character expansions[ll]. The free energy to tenth order, which is four
terms more than in equation(3), is obtained. Result in equation (3) agrees with those
obtained from character expansion analysis.

Monte Carlo approach to the system with G-term suffers from the difficulty that the action
is not real And cannot be adopted as the probability weight directly. In order to perform
numerical simulation, special technical improvement is necessary [22]. The other problem
arising in Monte Carlo simulations is related to the fact that the 0-term is of topological
nature [23]. However, results for the free energy were interesting and unexpected. For any p
a dramatic change in the free energy behavior occurred at a critical value 0C of 0. The free
energy per unit volume was represented by

2 e<ecec
= c(P) 9>6C (3)

i.e. for 9y$c, the free energy is independent on 9. The string tension can be calculated
from[24], a(e,0)=F(0+27te)-F(0). Hence, for 9 >- 0C the string tension vanishes for particles
of sufficient small charge, i. e. confinements lost. Monte- Carlo simulation in reference^]
choose that 0C goes to zero
in the continuum limit in which the coupling constant p—> co.

In the large 1/N expansions the situation is different. As N—» co , the CPN'' model
becomes a system of N free particles and N free antiparticles and there no 9 dependence. The
first 1/N correction leads to a linear potential between particles and antiparticles. This
situation mean that the system is in confinement. The free energy F(0) per unit volume is
given by

F(e,p) = ~e2 (4)

where C is constant, Schierholz pointed out that C = Vi i^V 0 .When higher-order 1/N

corrections are considered the CPN'' system exhibit super-confinement (particles and
antiparticles never separated) [10]. Dramatic change in behavior in going from leading order to
next-to-leading order are indicative of the singular nature of the 1/N expansion in the CPN''
models. The main purposes of this paper are the following: (i) comparing the analytical results,
strong coupling and 1/N expansions for this model, (ii) analyzing the phase structure of the
CP model, (i) By using the analytical formula for the free energy(partition function) the
Probability Distribution Function (PDF) of the topological charge distribution can be
calculated and an analytical formula for it can be obtained. Many times PDF cannot calculated
directly. In this case, PDF may be expressed in terms of the Characteristic Function (CF),
which itself is calculated from the connected moments or cumulants. Thus one would calculate
the cumulants for the distribution first. From these cumulants the CF is calculated. The desired
PDF can be calculated from CF.

3. CPNia MODEL IN TWO DIMENSION

Let us start with a general analysis of a system with 0 -term. The local topological charge
density is defined as: vp= (\/2n) In Up, where Up is the oriented product of U(l) link phases
around the plaquette. The total topological charge Q is given by Q = £p vp. Naively, Q = £p

vp =0, because the link angles cancel in pairs, but from the branch ambiguity in product of
U(l) link phases around the plaquette and its mod 2TC definition the sum of [vp] does no;, Q =
£P vp = integer. The action of the CPN"' model is defined as follows; the dynamical variables
are N-component complex unit vectors z,, obtained on the vertices and compact gauge field
U(l) on the links. The complete lattice action with 0 is
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so = - / W X [ z X ^ + c . c . ] - i 0 5 > , (5)

PN"!where z,, is the CPN"! variable at site n and Un,n is an element of U( l ) on a link n, u and p is
the coupling constant. By convention G will be chosen to lie in the interval [0,2n].

The partition function as a function of the real coupling constant |3 and imaginary coupling
constant 9 is calculated according to the used method. Analytically the used formula is

Z(0,fi) = e^ ' -» =-L [j\dUn,Me-s° (6)

If a free-boundary conditions (Q not need to be integer in this case) are adopted in the
strong-coupling limit ( P = 0), by picking an axial gauge and integrate link after link from the
boundary, the partition function can be evaluated exactly. For small p and not equal zero, the
standard strong coupling techniques can be used. Schierholz treated the 0 dynamics exactly
and he expand only in P[9] . The results for the free energy are given in equations (1) and
(2).

Numerically, for a fixed volume V , if P(Q) be the probability of having a configuration
with topological charge Q in the system the partition function is calculated from the equation

Z{9)^e-vno'li)=Yje
iOQP(Q) (7)
Q

from equation (7) the moments, an, of the topological charge distribution per unit volume
can be calculated[9], it is given by

^ (8)

Equation (8) gives the connected moments of the topological charge distribution in
terms of the obtained free energy F(0). Many parameters from it may be calculated. In
particular, the topological charge density per unit volume is given by vi = a, and the
variance, which gives the square of the width of PDF, is given by v2 = 012 - a 1 2 . Also any
odd moment about the mean is a measure of the skew-ness of the topological charge
distribution function. In general the central moments which gives the moments of the
distribution about the mean are given by

^ W withao =
Now the knowledge of all the central moments or connected moments of the topological

charge distribution, P(Q), is sufficient to specify P(Q) itself. If all the moments are known, it
is easy to calculate the central moments or cumulants and then the CF for the distribution
can be obtained . The CF can be inverted to obtain the corresponding probability distribution
function.

4. CHARACTERISTIC FUNCTION AND PROBABILITY DISTRIBUTION
FUNCTION

The CF for any distribution is given by

(10)
often it is useful, and several of its properties follow reference[25]. The probability
distribution function P(Q) is given by

\dte
2?£

""> (11)
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where Cn = K,,/n!, Kn are the cumulants of the distribution, it is related to the connected
moments by the relation

K = V K = V K = V / C = V 3 / C

:2, K6 = v6 -\5KAK2 -IO/C3 -\5K2

The general formula for K,, can be determined as follows: any formula for Kn contains vn

minus all terms of the form (KJ, ) A * (Kb )B * (Kc ) C where a* A + b*B+ c*C = n with A, B,
C, ....> 1 and 1 < a, b, c, < n-2. The coefficients for a general term is

In the case of — expansion, since F(0) a 0 , Cn =0, the integration in equation (11) gives

1 ~r-(.Q-K\)1

(12)
\2ux1

lCn 2C Arl

i. e. P(Q) has a Gaussian distribution with *-,— 1—e,K2=—-^j-e2 and Kn = 0 for n > 3.

In the case of strong coupling expansion the situation is different, from equations (2)
and (11), one have

0

and

A
-1604 2091 GSCK

Ad } ^[e p \An2-e2)2 (47r2-e2y 2
and K,, ^ 0 for any n. Rewriting equation (11) in the form

the first term in the bracket gives Gaussian distribution, i. e. the same result is like the 1/N
expansion with different K) and K2. Keeping the 2nd term with n = 3 leads to the first order
correction. The corrected Gaussian distribution is given by

( g y ) 2 ^ (13)

the other terms are very small and do not gives significante contribution. Equations (12) and
(13) show that the strong coupling expansion and 1/N expansion are commuting. In the two
cases the probability distribution function have Gaussian distribution. Properties and results
concerning P(Q) will be considered in a future work.
In order to analyze the phase structure of the CPN"' model, the CF with 0-term can be used.

<p(9) = e -'
In the next section properties of the CF with p and 9 play as a parameter and variable

respectively, will be used to study CPN'" model.

5. RESULTS AND DISCUSSION

For suitable values of (3 the characteristic function, <D(p,0), is calculated for CP1, CP3. The
values of p are in the region from = 0.0 to 2.0. The values of f) are chosen in the region
where scaling behavior appears clearly. In Fig. (1) the relation between <D(P,9) and 0 In for
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Figure(l) : The characteristic function q>(9,P) as a function of 0, P which plays as a parameter
for the CP1 model. It shows clearly that 0C decreases as p increases. The model has a phase

transition for 9C which are equal to n, 0.93 n, and 0.65 n ' for P = 0.0, 0.5, and 1.0
respectively.
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Figure(2): The characteristic function cp(6,p) as a function of 0, p which plays as a
parameter for the CP3 model. This model have the same behavior like CP1 but for 0C

which are equal to n, 0.91 it, and 0.53 it <• for p = 0.0, 0.5, and 1.0 respectively.
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Figure(3): The critical value 0C a function of p for different values of N. As p increases 0C

decreases towardszero. This behavior shows that the continuum limit value of 0C is zero.
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different values of (3 are shown. In the strong coupling limit, (3 = 0, O(P,G) has a peak at 8 =
7t (this value of 0 will be denoted by 9C). It is evident that the model has a phase transition at
this value of 9 . While 0C =n in the strong coupling region, 0C decreases in the direction of
zero as increases. For 0 < 0C, the characteristic function ®(p\9) increase monotically until it
reaches a maximum value, and then falls off rapidly toward zero when 6 > 9C. The results
for CP1 and CP3 have the same behavior. These results are shown in Fig. (2). From the two
figures it is clear that as N increases, the values of 0C decreases for the same value of p. This
behavior is summarized in Fig.(3). The values of 9C versus are plotted for N = 2, 4, 6, 8 and
10. The trend is evident: 0C depends strongly on p , and 0C decreases toward zero as the
continuum limit is approached. Then 0C = 0 is.the only point at which the continuum limit
can be taken. This would resolve the strong CP problem. The topological charge distribution
P(Q) is calculated analytically by using two different results for the free energy calculated
from strong coupling expansion and the 1/N expansion. P(Q) shows a Gaussian behavior in
the two cases which indicates a first order phase transition at 0 = TC.
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