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ABSTRACT

Starting from 1989, a new technique known as wavelet transforms (WT) has
been applied successfully for analysis of different types of spectra. WT offers
certain advantages over Fourier transforms for analysis of signals. A review of
using this technique through different fields of elemental analysis is presented.
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INTRODUCTION

The wavelet transform WT has attracted recent interest in applied mathematics for signal
and image processing [1], This new mathematical technique has been demonstrated to be fast
in computation with localization and quick decay properties in contrast to existing popular
methods, especially, the fast Fourier transform FFT. Theory of the WT was developed
extensively in 1980s [2]. It may be viewed as a synthesis of ideas originating from
engineering sub-band coding), physics (coherent states and renormalization group).

WT became a tool widely used for signal analysis. From 1989 onwards, the WT has been
applied for signal processing in spectral studies owing to its efficiency, large number of basis
functions available, and high speed in data treatment. One of the main features of WT is that
it may decompose a signal directly according to the frequency and represent it in the
frequency domain distribution state in the time domain. In the transformation, both time and
frequency information of the signal are retained. Another important thing, the time domain
can be replaced by other domains such as energies or channel numbers. With proper
identification of the scales with frequency, higher frequency signals can be separated from the
lower one, in the sense that it has zoom-in and zoom-out capability at any frequency. Since
WT can focus on any small part of a signal, it has been called a mathematical microscope [3].
Another feature of WT is that the development of signals in the frequency domain can be
constituted with a flexible choice of waveforms rather than with only trigonometric ones as a
basis. For instance, in FFT, only the sine and cosine functions can be chosen as the basis.

hi contrast, a lot of such functions can be selected in WT. Therefore, WT is a more
powerful method to depict relationships among different variables.

Applications of WT can be found in the following areas: flow injection analysis FIA, high
performance liquid chromatography HPLC, infrared spectrometry IR, mass spectrometry MS,
nuclear magnetic resonance NMR spectrometry, ultraviolet-visible UV-VIS spectrometry
and voltammetry. Besides, WT has also been employed in studying quantum chemistry and
chemical physics.
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V
Many wavelet functions have been proposed by various workers. The simplest one, the

Haar wavelet, which is also the first member of the family of Daubechies wavelets [2], has
been known for more than 80 years in various mathematical fields. In addition, there are
many other wavelet families such as the Meyer wavelet, Coiflet wavelet, spline wavelet,
orthogonal wavelet and local cosine basis and others [2, 12].

Readers who are interested in learning more general theory of wavelets might consult
Refs. [12-16]. A number of public domain wavelet transforms software, which can be
downloaded from the Internet, are available for non-commercial, research and educational
users. Readers can find more information on this software via the Internet or Refs. [17-22].

Beside the Daubechies wavelet, the spline wavelet is another type of wavelet function that
has been used chemical studies [23-29].

Coifman and Wickerhauser [5] introduced the concept of the wavelet packet transform
WPT for signal processing to generalize the time-frequency analysis of WT [30].

hi the discrete wavelet transform DWT treatment, only outputs from the low-pass filter are
processed by WT. However, in the WPT treatment, both outputs from the low-pass and high-
pass filters are manipulated by WT [16], The wavelet packet is a family of basis functions
which allow one to select different orthogonal bases for a given signal vector with finite
energies. The standard wavelet basis is an orthogonal basis among the family and each basis
is called a wavelet packet basis. Different effectiveness of concentrating energy of a given
signal may be attained with different distinct wavelet packet bases chosen.

Coifman et al. [31] proposed a selection scheme for the best wavelet packet basis with
certain selection criteria such as the Shannon-Weaver entropy measure function.

In a recent, paper Walczak and Massart [32] developed a new method, which is based on
the variance spectrum, for best-basis selection with WPT of a set of signals. They explained
that the existing best-basis selection methods such as the Shannon-Weaver entropy method
are only good for compression and de-noising of individual signals but not for a set of signals.
By adopting their method, a single best basis will be chosen for the whole set of data rather
than different best-base for an individual signal in a data set.

Recently, Walczak and Massart [33] published a tutorial on the introduction of WPT for
noise suppression and signal compression. They also published another paper on the
introduction of WT in analytical chemistry [34]. The basic principles of WPT calculation and
best-basis selection were introduced in their paper.

In addition, Alsberg et al. [35] presented another tutorial on the introduction of WT to
chemometricians. The basic principles and the properties of continuous and discrete wavelet
transforms and WPT were mentioned in their tutorial. These workers pointed out five major
applications of WT in chemistry including signal de-noising, baseline removal, zero crossing,
signal compression and wavelet regression.

Wang et al. [36] also published a paper on the introduction of WT and its applications in
chemistry in China. They pointed out another five major applications of WT that include
spectral data compression, modification of the quality of chemical signals de-noising,
quantum chemistry calculation, chemical dynamic analysis, and chemical fractals.
Depczynski et al. [37] published a paper that introduced the mathematical background of the
fast wavelet transform FWT on compact intervals. They emphasized on the problem of
periodization of a general signal that leads to instabilities near the boundary of the interval.
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BRIEF DESCRIPTION OF WAVELET TRANSFORM

A wavelet transform involves the decomposition of a signal f(x) at different scales and

positions. In a WT treatment, all basis functions are ¥„,,(*) derived from a mother wavelet

4-'(.v) through the following dilation and translation processes [2]:

(1)

Where a and b are, respectively, the scale and position parameters, with a>0 and b having
arbitrary values. The continuous wavelet transform of a signal/(x) is given by:

1
(2)

where C ^ is the normalization constant.
In practical computation, since the spectrum to be analyzed is often discrete sampling data,

the discrete form of Eq. (2) is necessarily used, which can be expressed as:

N a k=\
(3)

The formula (3) does not contain integrals and this fact allows one to apply WT method for
analyzing spectrum.

The mother wavelet ^(x) is chosen to serve as a prototype for all basis function in the
process. All basis function that used are the dilated (or compressed) and shifted versions of
the mother wavelet. There are a number of functions that are used for this purpose. Typical
examples of mother wavelets are[2]:
(a) Haar Wavelet,

1,

~ 1)

o < t < - ,
2

0 Elsewhere;

(4)

(b) Mexican hat Wavelet,

(5)
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(c) Stetson hat wavelet,

6/-I,

-6t + S,

2t-3

— < t
2

2'J

(6)

(d) Morlet Wavelet,

(7)

In the analysis to the gamma ray spectra, it is recommended to use Mexican hat wavelet
transform for the following reasons: (i) it's commonly used, (ii) it's simple and (iii) it looks
like a wave. This wavelet is constructed from the second derivative of a Gaussian function as
a search function. These wavelets are illustrated in Figure 1.
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Figure 1. Examples of wavelets: (a) the Haar wavelet; (b) the Stetson wavelet;
(c) the Mexican hat wavelet; (d) the Morlet wavelet.
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The wavelet function ^(x), must satisfy certain mathematical criteria. These are:

(1) A wavelet must have finite energy,

CO

(2) If T (co) is the Fourier transform of ^ (x), i.e.,

nx)e-ia"dx (9)

and the following condition must hold:

— </©<<» (10)
o (0

Equation (10) is known as the admissibility condition and Cg is called the admissibility
constant. The value of Cg depends on the chosen wavelet.

(3) Finally, similar to the Fourier transform, the original signal may be reconstructed using
an inverse transform:

-3D0

WAVELET TRANSFORM IN GAMMA SPECTROMETRY

A few publications have been related to the application of WT in the analysis of gamma
spectra. WT methods for smoothing the spectrum by removing the high frequency
components in the transform and thereby aiding in finding peaks were discussed by A.N.
Thakur [38].

The gamma spectrum can be described in the usual energy representation ("Energy
domain") by directly samples values of the quantity h (counts) as a function of energy E, e.g.
h(E) in energy units (or equivalent channel number). The same data can also be represented
as a function of frequency F, i.e. H (F). The "energy domain" and "frequency domain"
representations are related by FT.

Press et al. [39] used to analyze spectral data to obtain information of particular y-rays to
the continuum in the energy spectrum. Because the continuum is characterized by a broad
spread of energies even through the original y-ray energy was well defined, the transform to
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frequency space concentrates this contribution from the continuum that spread over many
channels and hard to differentiate from noise in the energy spectrum.

The gamma spectrum of a source usually consists of discrete lines of very small width.
Ideally, a full-energy peak can be represented quite accurately by a Gaussian function [40-
41]:

(12)
2a2 '

Where A is the amplitude, x0 is the centroid, and a is the half-width.
A doublet of two overlapping peaks, as shown in Figure 2, can be approximated as:

f(x;A,x1;B,x2) = A -) + 5.exp(--
2a

(13)

c
o
O
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Figure 2. Schematic diagram of two overlapped peaks.

According to the Gaussian-like shape of peaks, it is natural to choose, as basic wavelets,
the family of Vanishing Momentum Wavelets (VMW), since they are generated by Gaussian
distribution function,

n > 0 . (14)

Two of VMW families are known:

(15)

(the first one is Gauss and the second one is also known as "the Mexican hat").
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Nevertheless, we found that the power of the wavelet analysis could be really extended, if
we would use the higher order, in particular,

The first four of VMWs are shown in Figure 3.

W = (6x2-x4-3)e-x- x - I 2 (16)

i2
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Figure3. First four of VMWs.

It is a remarkable fact that the wavelet transformation of Gauss representation for peaks
looks as the corresponding wavelets. Wavelet transform, under certain dilation, can
straightforwardly carry out qualitative analysis because the position of the maximum of
Wf(a)(b) (peak position) is the same as the peak position of original signal (f (x)).

Wavelet transform can also be employed to perform quantitative analysis for peak
parameters by using the feature of wavelet coefficients. The general expression for the nth
wavelet coefficients has the following form [40]:

A era n + l / 2 ,b-xn (17)

Where we denote.v =
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Thus all -mentioned VMW features are valid also for the Gaussian wavelet-transform.
In particular, at the central point x=xO coefficients of odd VMWs, Wgi (a, xo)g and Wg3 (a,
xo)g equal to zero, while coefficients of even, symmetrical wavelets Wg2 (a, Xo)g and Wg4 (a,
xo)g obtain at this point their maximum (absolute) values,

• 5 9 /i

i3

For two overlapped peaks, the wavelet coefficients are obtained by:

^—±) + Bg.fi^-) (19)

For the single peak, we can calculate the wavelet transform in a few points and solve the
system of corresponding equations. However, applying the ratio of different wavelets we can

eliminate the exponent e'(b*x° )l2{a'+a') and obtain the peak position explicitly. For instance,
the ratio Wg3(a,b)g/Wg,(a,b)g gives:

The true sign in Equation (20) is easy to choose when one would calculate the
coefficients Wg3 (a, b)gAVg, (a, b)g in a point, which is far enough from the supposed signal

position. The amplitude value can be evaluated via the value of the half-width of the peak a
(if known) and one of expressions of Equation (18) But in the case when the value of a is
unknown it can be also evaluated using Wg,(a, x ^ / W g ^ a , xo)g,

(21)
2Wg4(a,xo)g

Again, the point in which the ratio Wg,(a, b)g/Wg4(a, b)g is calculated must be chosen as
close to the signal centre as possible

For overlapped of two peaks we can use either:
Four first wavelets calculated in one point (method WTS-Wavelet Transform
System);
Or one of those wavelets (we choose g2) calculated in four different points (method g2-
WTS).

The corresponding systems of equations are:
For WTS: Fn=Wn(a, b)G-Wn(a, b)h = 0, n=l, 2, 3, 4;
ForWTS:Fn=W2(a,b)G-W2(a,b)h=0, n=l ,2 ,3 ,4;
Where the nth wavelet coefficient of a histogram h,
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CONCLUSION

Applications of wavelet transform and wavelet packet transform in various fields were
reviewed. In most cases, the performance of the WT treatment is much better than the Fourier
transform. Up to now, one patent, two tutorial papers and more than 70 papers on the
application of WT to spectral analysis have been published. Signal processing of spectral data
via wavelet transform is still under development and the mathematical technique is expected
to be one of the most popular methods in the future.
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