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ABSTRACT

A general detailed analysis for the nonlinear generation of localized
fields due to the existence of a strong pump field inside the non-uniform
plasma has been considered. We have taken into account the effects of
relativistic and non-local nonlinearities on the structure of plasma
resonance region. The nonlinear Schrodinger equation described the
localized fields are investigated. Besides, the generalized dispersion
relation is obtained to study the modulational instabilities in different
cases.
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INTRODUCTION

The nonlinear evolution of the modulational instability associated with certain
normal modes in plasmas is of practical interest in the study of laboratory as well as
astrophysical plasmas. The phenomena of modulational instabilities have been
considered as a basis in explaining the theory of Langmuir turbulence, understanding
the deposition of laser energy into the pellet in laser-pellet interaction and in the
interaction of pulsar radiation with the ambient magnetosphere. In fact, linear theory
shows that electron plasma waves and electromagnetic waves in unmagnetized as well
as magnetized plasmas can propagate in overdense region because of the nonlinear
effects such as the relativistic electron-mass variation and the ponderomotive force
which downshifts the local electron plasma frequency. Accordingly, attention has
been focused on comprehensive studies of nonlinear modulation instability by many
authors [1,2].

The dynamical equations for the nonlinear evaluation of the modulational
instability of Langmuir waves were first derived by Zakharov [3]. The so-called
Zakharov set of equation is comprised of a Schrodinger-like equation for the complex
amplitude of the high-frequency ion waves, which is driven by the ponderomotive
force due to the high-frequency field. Besides, Rao et al. [4] have discussed the
existence of symmetric and antisymmetric stationary localized solutions for nonlinear
amplitude-modulated Langmuir waves in unmagnetized plasmas.

In the present paper we will consider a general detailed analysis for the
nonlinear generation of localized fields in non-uniform plasma due to the effects of
the relativistic and non-local nonlinearities in the resonance region.
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2. MATHEMATICAL FORMULATION

The basic equations relevant to our discussion are the relativistic equations of
the conservation of mass and momentum of the individual fluids supplemented by
Poisson's equation:

(1)

n a

Vp (2)

(3)

where, na, Va and p a denote, respectively, the number density, the fluid velocity and

the fluid pressure (the subscript a indicates to i (ions) and e (electrons)) and

Pa = maVal^\-V2 Ic2 denotes the relativistic momentum and c is the velocity of

light; mao is the rest mass of the particles.

In the presence of a high frequency electrostatic field, the values have to
contain both slow time dependence and fast dependence with the characterisitic time
r « co~x. So, let us consider that

V. =V.

where na and Va are the density and the velocity perturbations associated with the

particles a, respectively; (na) and (Va \ are the average density and velocity of the

plasma particles in equilibrium state. We restrict ourselves to the case when the fast

ion motion can be neglected and (na) = n0+8n (n0 is the unperturbed electron

density, while Sn is the low frequency perturbation of the electron density due to the

action of the average HF potential on LF motion (no»Sn)). Also,

Ep = Eo cos(o)0 t)\s the pump electric field and E is the perturbation of the field of

the upper-hybrid wave. So we can obtain the following equations:

dt
(4)

E
dt mt

E n0 dx 2c2 dt

where, VT
2 =— .

m.
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We have considered that the equilibrium plasma density varies along thex-
axis, which is the same direction of the uniform pump electric field Ep and by using

the continuity equation -An en.- — IE - E ) We can obtain:
dx '

dF . dG d2E
A n e =

dx dt dt2

Where,

<o2 =

It is convenient to use a modulational representation

A = Aexp(-icoot) + i4, exp(-2/<y0f) + C.C.to describe the rapidly varying values with

| i4 |» |4, | and Ep =E0cos(o)0t).

This implies (the term d2E/dt2 has been neglected as the characteristic of

modulational representation at resonance region (<o0 tva)p)):

V dE 2d
2E 3e2

 E.,F| <?«„ e2 ^Ef
+ 3rn — - + — , , , E\E\ E + —z—rE—-±- = En (6)

a,, dt D- dx2 Zmya), ' ' «0 4w>^ dx2 " W

V2

where, r2
t = - ^ - ,

which is the nonlinear Schrodinger equation in nonuniform plasma. It describes the
evolution of the electric field fluctuations. The last three terms refer to the relativistic,
strictional and non-local nonlinearities contributions, respectively.

To close our equations we need an equation for Sn. So, we add the slow-time
component of force equation (2) for the electrons and ions:

dt Idx^ ' ' m.n, dx dt m,n0 dx
Besides, to lowest order on the fast time-scale with sufficient accuracy, we have
dV e ~
— - « - — E . Thus we can obtain:
dt m

a2(5n)

at 2
-Ci

dx
(8)

Where, C s = yj(Jc +Tj)/mj is the ion sound speed. It's noticed that the nonlinear

coupling between Equations constitutes the mathematical definition of our present
physical problem. For sake of simplicity, we can neglect the spatial variation of n0
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because we are interested, in this problem, in changes occurring in the neighborhood
of the resonance point with sufficient accuracy. This yields:

2 S 2 ( 5 n )

167cm, dx

d\E\

dx
(9)

which is the ion-acoustic wave equation with the self-consistent ponderomotive force
on the R.H.S. as a source term.

3. MODULATTONAL INSTABILITIES

It is useful to obtain an analytic description of an initial equilibrium state
satisfying the set of equations (6), (9). As such a state we consider that the equilibrium
values of Sn and E are independent of x,t and £ (0) = £0

(0)
 e-""**" (the index (0)

indicates the stationary equilibrium values). Then we find:

\67tTe

• + •

which means that a monochromatic wave is, indeed, an exact solution of the non-
linear equations provided we take into account that the non-linear frequency shift is

equal to (-K2 CO

We now prove that this exact solution is unstable. We linearize the Eqns. (6),
(9) with respect to the deviation from the stationary solution and by means of standard
techniques, the following dispersion relation can be obtained:

-klW.\
(10)

2 m, (a>2-k2Vs
2)

Where, We = \Ea\ /\6jun0Te. Now we are going to study this equation in some cases:

(1) When co »

2 _ 9 ,

4 &

(for high frequency) and We«\, we have

-\^f\ W. 3 m.

2 m,
01)

Besides, the contribution of the relativistic effect (the third term) is so small, and
Zakharov's equation and growth rate could be obtained [3].
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(2) When k « k0 and Wt«\, we have

(co7 -k*Vj
(12)

This is the same equation of Shukla, P.K., et al. [5], where the only pondermotive and
relativistic nonlinearities are considered.

(3) When (VTt/c)2 » k2r^ and Wt « 1 , equation (10) is replaced by:

74 2.

V / 3
JEf W m V

Which will give the growth rate lm(Sco) = ±— — kVTe in the case of long

4 1 V D . W, J
wavelength « (m, //w,)1/2.

CONCLUSIONS

An investigation has been considered for the nonlinear generation of the
localized fields in non-uniform plasma due to the effects of the relativistic and non-
local nonlinearities in the resonance region. We have derived the nonlinear
Schrodinger equation (equation (6)) which describes the evolution of the electric field
fluctuations and the dispersion relation (equation (10)) for the modulation instability.
We try to study this relation in different cases.

For high frequency waves and by considering that the contribution of the
relativistic effect is so small, case (1), we have obtained the same equation of
Zakharov.V.E. [3]. Also, the same equation of Shukla, P.K. [5] could be obtained in
the case (2) with only the pondermotive and relativistic nonlinearities effects. Besides,
we have obtained the growth rate of the dispersion relation (equation(lO)) in another
case for long wavelength "ik^r^ « (me /m,)" 2 . It was found that our growth rate is

the same order of the growth rate obtained by Shukla, P.K.[5].
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