
Available at: http://www.ictp.it/~pub−off IC/2005/098

United Nations Educational Scientific and Cultural Organization
and

International Atomic Energy Agency

THE ABDUS SALAM INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

ON THE POPULATION DYNAMICS

OF THE MALARIA VECTOR

Gideon A. Ngwa
The Department of Mathematics, University of Buea,

P.O. Box 63, Buea, Cameroon
and

The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy.

Abstract

A deterministic differential equation model for the population dynamics of the human malaria

vector is derived and studied. Conditions for the existence and stability of a non-zero steady state

vector population density are derived. These reveal that a threshold parameter, the vectorial

basic reproduction number, exist and the vector can establish itself in the community if and

only if this parameter exceeds unity. When a non-zero steady state population density exists, it

can be stable but it can also be driven to instability via a Hopf Bifurcation to periodic solutions,

as a parameter is varied in parameter space. By considering a special case, an asymptotic

perturbation analysis is used to derive the amplitude of the oscillating solutions for the full non-

linear system. The present modelling exercise and results show that it is possible to study the

population dynamics of disease vectors, and hence oscillatory behaviour as it is often observed in

most indirectly transmitted infectious diseases of humans, without recourse to external seasonal

forcing.
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1 Introduction

For many centuries, vector-borne diseases, among all infectious diseases of humans, have consti-

tuted a major cause of human mortality and morbidity. Even with the recent advances in the

biomedical sciences, vector-borne diseases still seriously threaten world health. For example,

about 1.5 to 3 million people, mostly children, die of malaria every year WHO (2005). It is

well known that the malaria parasite is transmitted from human to human by the Anopheles

sp. mosquito, and that the transmission cycle is essentially driven by the human biting habit of

the mosquito. Now, the female Anopheles mosquito bites a human being for the sole purpose

of harvesting blood that she needs for the development of her eggs. The malaria parasite has

exploited the mosquito’s life style by adapting its life cycle so that part of it is in the human

being and the other part in the mosquito. This way, the mosquito can then propagate the par-

asite, from human to human, as it forages for blood meals within the human population. Most

indirectly transmitted diseases of humans follow the same pattern: the vector, in most cases an

insect, interacts with a human being, and depending on the disease status of both organisms,

will either infect or be infected. In the process of this interaction, the vector may loose its life.

However, it can be assumed that after each successful interaction the payoff, in terms of the

reproductive gain, to the vector is significant when compared with the loss, in terms of volume

of blood, endured by the human. Given the wide range of ecological conditions under which

blood sucking arthropods search for host, however, a general theory of disease vector behaviour

from the perspective of mathematical modelling and behavioural ecology is important to make

epidemiology a more predictive science.

For a mosquito to feed on a human, it must actively seek the human host. Some disease

vectors live, feed and breed entirely on the organism they parasitize. In the case of the mosquito,

the vector responsible for the transmission of several human diseases, including malaria, only the

adult female needs blood meals. This mosquito can systematically target and identify human

beings (Giles and Warrel (1993), McCall and Kelly (2002)) and once attracted, it may seek and

bite humans as many times as possible until it takes a blood meal. Some species of the mosquito

prefer human blood (“anthropophilic”) while others prefer animal blood (“zoophilic”). Some

prefer to bite indoors (“endophagic”), and others prefer to bite outdoors (“exophagic”). Some

species prefer to rest within the habitat of the human from which they take their blood meal

(“endophilic”) while others prefer to rest outdoors (“exophilic”). Once a good blood meal has

been taken, the vector searches for, and moves to, a convenient breeding site: usually a swamp

or humid area. Such breeding sites may host several species of mosquitoes, Jae and Bernard

(1997). The vector’s preference for a particular swamp depends on the distance from a human

settlement and perhaps also on safety from predators (Yuval et al. (1993), Wrona and Dixon

(1991)).

The Anopheles sp. mosquito, like several other insect vectors, goes through several separate
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and distinct stages of development (metamorphosis). The eggs are laid on water and after about

two to three days, they hatch into larva. In about four to ten days, the larva change into pupa.

The pupa then changes into the adult mosquito in about two to four days. The duration of

the whole cycle, from egg laying to an adult mosquito eclosion varies between 7 to 20 days,

depending on the ambient temperature of the swamp and the mosquito species involved, Giles

and Warrel (1993). However, eggs can remain unhatched in hibernation mode for longer periods

of time.

It is well known in ecology and biology that maintaining an appropriate seasonality is a basic

ecological requirement for all organisms. That is, critical life history events must occur at the

appropriate time to optimize the chances of survival of the species. Thus oscillations, includ-

ing time periodicity, in the population numbers of an insect species, are naturally measurable

features of the insect’s population dynamics. Powell and Logan (2005) review the mathemati-

cal relationship between environmental temperatures and development timing. They show that

it is possible to study the population dynamics of an insect by viewing the events as circle

maps which are timed to be completed in exactly one breeding season. Takahashi et al. (2005)

study mathematical models for Aedes aegypti population dispersal by wing and wind. Their

models take into account the vital aspects of spatial dispersal of the mosquito, and through

partial differential equation modelling they derive traveling wave solutions for their differential

equations. However, in their attempt at simplifying, they consider only two sub-populations

of the mosquito: the winged form (matured females) and the aquatic forms (the eggs, larvae

and pupae). Raffy and Tran (2005) study the dynamics of flying insects populations and also

derive conditions under which a diffusion equation can be useful in modelling the dynamics of

such insect populations. Porphyre et al. (2005) develop and study a model that assesses and

characterizes the abundance of vectors that can be produced in one breeding site as a function

of the variation of the environmental conditions at the breeding site. Castañera et al. (2003),

on the other hand, present a stage-structured model for the population dynamics of Triatoma

infestans, the main vector of Chagas disease. Their model includes one egg stage, five instar

stages and one adult stage. However there is no distinction between the reproducing and non

reproducing vectors. Other attempts at counting insect populations range from discrete deter-

ministic models as in Costantino et al. (1998) through continuous data smoothing methods as

in Yandell and Hogg (1988) to statistical models as in Moon (1976). Here we derive and study

a simple model for the dynamics of the human malaria vector based on the simple idea that the

mosquito has a human biting habit. In effect, we shall be assuming that the mosquitoes and

humans are confined in a particular geographic area small enough that every human being can

be visited by any mosquito. Since it is the mosquito that actively seeks and bites human beings,

this assumption, which has been used successfully to model the dynamics of malaria transmis-

sion (Ngwa (2004), Ngwa et al. (2001), Ngwa and Shu (2000)) may be seen as a restricted form

of homogeneous mixing based on the idea that the mosquito has a human biting habit.
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The distribution of disease vectors in different regions of the world depends on the prevailing

local climatic and environmental conditions. Given the recent trends in global warming, different

disease vectors can colonize areas where they had hitherto been unable to survive because of low

temperatures. Also, increased global travel means that several indirectly transmitted diseases,

including malaria, can be re-introduced into regions where they are formerly absent, Martens et

al. (1999). To better understand the dynamics of indirectly transmitted human disease, we deem

it necessary to also understand the dynamics of populations of those disease vectors themselves

by carefully analyzing the dynamics of the human-vector interaction and how this interaction

drives the population dynamics of the vector. We therefore propose herein a demographics

model for mosquito populations. Our model captures oscillatory behaviour, which is known to

exist in insect population dynamics, in its own right. Knowledge about the nature and cause of

the oscillations can be essential in the fight to control disease vectors.

There are basically two major ways that disease vectors can be controlled: chemically or bi-

ologically. Biological control could be achieved by introducing a known predator at the breeding

site of the vector while chemical control could involve spraying with residual insecticides, Smyth

(1996). For any of these control mechanism to be effective, it is important to understand the

dynamics of the populations of the vectors under consideration. In this paper, we derive and

study a deterministic differential equation model for the population dynamics of the malaria vec-

tor. Our model captures the biology of the Anopheles sp. mosquito from a behavioural ecology

perspective. The model parameters are based on simplified assumptions that can apply to most

insect vectors with a similar life style. As such, our model can be used as a basis for studying

both the population dynamics of different disease vectors and consequently the diseases they

carry. Our general objective is to derive and study a mathematical model for the population

dynamics of an organism, here called a vector, that feeds on human blood but breeds outside the

human at a distinct spatial location; the vector breeding site, away from the human residence;

the human habitat. A second objective is to ascertain whether it is possible to capture the

oscillatory dynamics known to exist in the dynamics of mosquito populations and other human

disease vectors without recourse to external seasonal forcing1. The essential ideal here is the

following: given that the dynamics of indirectly transmitted infectious diseases of humans is

driven, in the most part, by the human biting rate of the vector, understanding the population

dynamics of the disease vector is vital in determining the disease transmission parameters.

The rest of the paper is organized as follows: in Section 2, we briefly outline the derivation

of the model. In Section 3, we investigate the existence and linear stability of steady states.

There we derive conditions for stability of the zero and nonzero steady states and show that the

1The technique of seasonal forcing is standard practice in indirectly transmitted infectious disease modelling
whereby an oscillatory time periodic term is artificially added in the model to mimic the seasons of high insect
populations, which in the context of the disease transmission also coincides with the season of high transmission.
These external periodic seasonal forcing terms are added in the model in order to capture oscillations in observed
data.
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nonzero steady state, when it exists, can be stable but can also be driven to instability via a

Hopf bifurcation as a parameter is varied. In Section 4, we carry out a full nonlinear stability

analysis around the nonzero steady state for a simplified form of the model. There we derive

the form of the amplitude function that defines the periodic solutions arising from the Hopf

bifurcation under certain special restrictions on the model parameters that are well stated. We

round up the paper with a discussion in Section 5.

2 The Deterministic model

The mosquito population is divided into classes or states containing fed and reproducing, hungry

and questing and hungry individuals. At time t, there are V hungry vectors, W hungry and

questing vectors and U fed and reproducing vectors. It is assumed that only fully fed vectors

reproduce and that all newly emerge adult vectors together with all vectors that have just

laid their eggs are hungry. The Human population, on which the vectors feed is regarded as

a parameter in the present formulation. The total vector population density at any time t

is denoted by Nv = V + U + W . The per capita birth rate per reproducing vector is λ(U)

where λ is assumed to be a strictly monotone decreasing, continuously differentiable function

of its argument. The breeding ground for the vector, which has been arbitrarily called a vector

breeding site, is assumed to be distinct2 from the resting place of the human which has been

arbitrarily labelled human habitat site. In a general setting, it is natural to consider several

vector breeding sites and several human habitat sites and study the much more general problem

of interaction between vectors from the different sites with humans in the several habitat sites.

For the present, it is assumed that all the possible vector breeding sites are equally accessible

from all possible human habitats and consider a uniform model based on mass action contact.

Adult vectors of all categories die naturally at the per capita death rate µ which is assumed

constant for all times. Vectors, of type V , from the breeding site can make visits to humans at

human habitat site to search for a blood meal at rate b > 0 per resting vector. Once a vector

of type V arrives the human habitat site, it becomes a vector of type W . It is assumed here

that the decision to visit a particular human is influenced solely by the presence of a human

at the human habitat site. At the human habitat, vectors of type W interact with humans

according to standard mass action, with a constant contact parameter τ . This interaction can

be successful with probability p ∈ [0, 1] and a blood meal is taken, else it is unsuccessful with

probability 1 − p, and the vector is assumed killed. Vectors of this class, experience additional

death at rate (1 − p)τH per questing vector where H is the population density of the human

beings at the breeding site. However, it is assumed that humans do not suffer any deaths which

can be directly associated with their interaction with the vectors. Questing vectors successfully

obtain blood meals and become vectors of type U at rate pτH per questing vector. From the

2It is assumed that swarming and mating takes place at the vector breeding sites.
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human habitat, vectors of type U return to the vector breeding site at rate a > 0 per fed vector.

It is assumed that these fed vectors are attracted to the breeding site, and the decision by such

a vector to get to a particular breeding site depends on how far the breeding site is from the

human habitat. This assumptions however has been relaxed in what follows by assuming that

all vector breeding sites are equally safe and accessible from all human habitats. At the breeding

site, fed and reproducing vectors lay eggs that hatch into larvae, then the larvae mature to pupa

which in turn produce adult vectors. So there is a time delay from oviposition to adult mosquito

eclosion. It is assumed that there are no sources of death for eggs, larvae and pupa other than

natural death at rate µe > 0 per individual. µe is assumed the same for eggs, larvae an pupa.

If fed vectors lay eggs at rate λ(U) per fed vector, then the density of eggs laid by returning

vectors per unit time at the breeding site is aλ(U(t))U(t). We use the following procedure (cf

Cook et al. (1999)) to derive the rate of adult mosquito eclosion. Let Eπ(t), be the density of

eggs initially present at the breeding site at time π that are still present at time t ≥ π. In the

absence of any new eggs laid by fed vectors, and in the absence of any other sources of death for

eggs, the dynamics of eggs present at initial time π is given by Eπ(t) = Eπ(π)e−µe(t−π), where

µe is the constant natural death rate of eggs at the breeding site per unit time. Therefore,

e−µe(t−π) is the proportion of eggs initially present at the breeding site at time π that are still

present at time t ≥ π and (t − π) is the duration of time the eggs have survived, up to present

time t. Let q(t) be the probability that eggs at the breeding site will remain unhatched t time

units after they were laid, then the density of eggs at the breeding site initially present at time π

that remain unhatched at time t ≥ π is Eπ(t) = Eπ(π)q(t− π)e−µe(t−π). Thus q(t− π)e−µe(t−π)

is the surviving probability of eggs in the time interval [π, t] (cf Hethcote and van den Driessche

(2000)). Next suppose that a fed vector arriving at the breeding site laid its eggs at time

ν ∈ [π, t], then the expected density of eggs at the breeding site, E(t), (initial eggs plus new

eggs laid by fed vectors just returning to breeding site) at time t is

E(t) = Eπ(t) +

∫ t

π

aλ(U(ν))U(ν)q(t − ν)e−µe(t−ν)dν, (1)

where the integral is taken over all eggs laid at time ν ∈ [π, t] that have survived and are present,

still as eggs, at time t. For simplicity set π = 0 and assume that there is a constant maturation

period, Te, for the eggs. Then for t ≥ Te, (1) can be expanded as follows:

E(t) = E0(t) +

∫ t−Te

0
aλ(U(ν))U(ν)q(t − ν)e−µe(t−ν)dν

+

∫ t

t−Te

aλ(U(ν))U(ν)q(t − ν)e−µe(t−ν)dν. (2)

But, E0(t) = 0, for t ≥ Te and

q(t) =

{
1, t ∈ [0, Te]
0, t ∈ (Te,∞)

⇒ q(t − ν) =

{
1, ν ∈ [t − Te, t]
0, ν ∈ [0, t − Te).

(3)
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Hence, from (2)

E(t) =

∫ t

t−Te

aλ(U(ν))U(ν)e−µe(t−ν)dν. (4)

By differentiating (4) with respect to t, we have

dE

dt
= aλ(U(t))U(t)

︸ ︷︷ ︸

unhatched eggs

− aλ(U(t − Te))U(t − Te)e
−µeTe

︸ ︷︷ ︸

hatched eggs

− µeE(t)
︸ ︷︷ ︸

dead eggs

(5)

from which we deduce the density of larvae that would have hatched, at time t, from eggs laid

Te units of time earlier by fed vectors from the human habitat as

New larvae at breeding site = aλ(U(t − Te)U(t − Te)e
−µeTe (6)

where Te is the maturation period of eggs. Continuing in this way for each stage of the vector’s

life cycle, we derive the density, χ, of new vectors emerging as an expression of the form:

χ(U) = aλ(U(t − T ))U(t − T )e−µeT , (7)

where T = Te +Tl +Tp, with Ti, i = e, l, p being the respective maturation times of the organism

at the respective life stages of egg, larva and pupa and µe is the constant natural death rate

of the organism in these earlier life stages. Thus at the breeding site, new vectors emerge

at rate χ where χ is given by (7). These new vectors, after resting and swarming, are then

capable of visiting humans at human habitats in their quest for a blood meal3. Applying all

the assumptions, the time rate of change for the equations governing the population density of

vectors of type V may be written in the form

dV

dt
= aλ(U(t − T ))U(t − T )e−µeT − b

H

H + K
V + aU − µV, (8)

where the term H/(H+K) models the proportion of vectors that prefer human blood as opposed

to those that feed on other animals, K is a positive constant representing a constant alternative

food source for the mosquitoes, a, b, T and µe are positive constants. Therefore, from the

breeding site, the vectors are actually attracted to humans at rate bH/(K + H).

Once a vector leaves the breeding site and arrives at the human habitat it becomes a questing

vector of type W . At the human habitat, the questing vector interacts with humans by mass

action contact, during which contact it can either survive to reproduce or gets killed. Thus the

equation for the population density of questing vectors at the human habitat, may be written

in the form

dW

dt
= b

H

H + K
V − τHW − µW, (9)

3We note that in the case of the Anopheles mosquito, only the adult female mosquito goes for blood meals
since she requires the protein in the blood for proper maturation of her eggs. Hence, our model may be regarded
as accounting only for the female mosquitoes.
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where τ > 0 is a constant mass action contact parameter. Vectors that feed successfully become

vectors of type U . These can return to the breeding site at rate a per fed vector. The equation

for the time rate of change for vectors of type U takes the form:

dU

dt
= pτHW − aU − µU, (10)

where p is the probability that the mosquito will succeed in taking a blood meal. The system to

study is therefore the set of equations comprising (8), (9) and (10) which we now list together

in the form

dU

dt
= pτHW − (a + µ)U, (11)

dV

dt
= aλ(U(t − T ))U(t − T )e−µeT + aU −

(

µ +
bH

H + K

)

V, (12)

dW

dt
=

(
bH

H + K

)

V − (µ + τH)W, (13)

where b, H, K, p, τ , a, T , µ and µe are positive constants. H is a parameter representing the

density of humans at the human habitat. The initial conditions, because of the delay, can be

written in the form

(U(t), V (t),W (t)) = (u0(t), v0(t), w0(t)) t ∈ [−T, 0] (14)

where u0(t), v0(t) and w0(t) are continuously differentiable functions on the interval [−T, 0]. We

can then write down the equations for the total vector population just by summing up equations

in (11)-(13). This shows that Nv(t) satisfies the equation

dNv

dt
= aλ(U(t − T ))U(t − T )e−µeT − (1 − p)τHW − µNv. (15)

Equation (15) clearly shows the dependence of the total vector population on the reproducing

vectors. It also shows how the interactions between the humans and the vectors can affect the

final size of the vector’s population.

From a mathematical and physical standpoint, all we wish to know is if there exists a solution

for the model comprising system (11) -(13) satisfying initial condition (14) which is stable for

all time t ≥ 0. It can be shown that the initial condition (14) can be extended continuously

into the future for t ≥ 0 with the extended function being a solution for the system (11)-(13).

Hence, the system is well posed from a mathematical and physical stand point.

3 Existence and linear stability of steady states

In this section we present some results on the existence and linear stability of the steady state

or constant solutions for system (11)-(13). To do this, we introduce the following parameter

groupings:

τ∗ = τH, b∗ = bH
H+K

, K1 = a + µ, K2 = b∗ + µ, K3 = τ∗ + µ,

A = ab∗pτ∗, Q = K1 + K2 + K3, R = K1K2 + K2K3 + K1K3,
C = K1K2K3, Ψ(U) = λ(U) + λ′(U)U, S(T ) = Ψ(U(T )),
P = C − A, B(T ) = S(T )e−µeT .







(16)
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If (U, V,W ) = (U ∗, V ∗,W ∗) is a steady state solution of system (11)-(13) then it must satisfy:

pτ∗W ∗ − K1U
∗ = 0,

a(λ(U∗)U∗e−µeT + U∗) − K2V
∗ = 0

b∗V ∗ − K3W
∗ = 0,






(17)

where all parameters are positive and T is the delay parameter.

Theorem 3.1 Let λ : [0,∞) → R be a continuously differentiable monotonic decreasing function

with λ(0) > 0. Then ∀T ≥ 0, and considering the parameter groupings given in (16), the system

(17) has at least two solutions: One trivial solution E(0,0,0) = (0, 0, 0) which always exists and

at least one non-trivial solution E(U∗,V ∗,W ∗) = (U∗, V ∗,W ∗) with

U∗ = λ−1

((
C

A
− 1

)

eµeT

)

(18)

W ∗(U∗) = ab∗
K1

A
U∗, V ∗(U∗) = a

K1K3

A
U∗, (19)

which exists if

λ(∞) <

[
C

A
− 1

]

eµeT < λ(0). (20)

Proof: Let (U ∗, V ∗,W ∗) be the steady state solution. Then, from (17)

W ∗ =
K1U

∗

pτ∗
and V ∗ =

K1K3U
∗

b∗pτ∗
.

This thus establishes the two expressions in (19). Substituting the expression for V ∗ into the

second equation in (17) yields

U∗ = 0 or λ(U ∗) =

(
C

A
− 1

)

eµeT , for U∗ 6= 0. (21)

The solution U ∗ = 0 gives the trivial steady state (U ∗, V ∗,W ∗) = (0, 0, 0) which always exist

since its value is independent of λ. The nontrivial steady state is given by the nontrivial solution

of U∗ from (21) if it exists. Since λ is continuous and monotonic decreasing on [0,∞), λ(0) =

λ(0+) > λ(∞), and a solution U ∗ 6= 0 of (21) exists if, by the intermediate value theorem

for continuous functions, the inequality (20) holds. When such a solution exists, given the

monotonicity of λ, its value4 is uniquely determined by (18). �

To investigate the linear stability of the steady states we write V (t) = V ∗ + v̂(t), W (t) =

W ∗ + ŵ(t), and U(t) = U ∗ + û(t), where |v̂(t)| � 1, |û(t)| � 1 and |ŵ(t)| � 1. Substitute these

into the right-hand side of (11)-(13), expand in a Taylor series about (U ∗, V ∗,W ∗) and retain

only first order terms in û(t), v̂(t) and ŵ(t) to obtain the linear approximation

dû(t)
dt

= pτ∗ŵ(t) − K1û(t),
dv̂(t)

dt
= aΨ(U∗)e−µeT û(t − T ) + aû(t) − K2v̂(t),

dŵ(t)
dt

= b∗v̂(t) − K3ŵ(t),







(22)

4The value for total vector population density at equilibrium is given by using the corresponding values of U
∗,

V
∗ and W

∗ in the right-hand side of (15) when Ṅv = 0, or simply by setting N
∗

v = U
∗ + V

∗ + W
∗ as calculated

by the theorem.
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where the parameters τ ∗, b∗, K1, K2, K3 and Ψ(U ∗) are as in (16). Next, seek solutions for

system (22) of the form

v̂(t) = cve
βt, ŵ(t) = cweβt, û(t) = cueβt, (23)

where cv, cw, cu are constants which determine the eigenvectors that span the null space of the

linearized system and β is the eigenvalue that measures the time evolutionary growth of a linear

solution of the form (23). Substituting (23) into (22) shows that for nontrivial solutions we must

have
∣
∣
∣
∣
∣
∣

−(β + K1) 0 pτ∗

aΨ(U∗)e−(µe+β)T + a −(β + K2) 0
0 b∗ −(β + K3)

∣
∣
∣
∣
∣
∣

= 0, (24)

from which we have the characteristic equation

(β + K1)(β + K2)(β + K3) − (Ψ(U ∗)e−(µe+β)T + 1)A = 0. (25)

This may be written in expanded form as

β3 + Qβ2 + Rβ + P = S(T )Ae−(µe+β)T (26)

where

S(T ) =

{
P
A

eµeT + λ′(U∗(T ))U∗(T ); U∗(T ) 6= 0
λ(0); U ∗(T ) = 0,

(27)

and the other parameters are as in (16). By writing S = S(T ), we have tacitly recognized the

fact that from (18), U ∗ = U∗(T ).

Theorem 3.2 Let λ be as in Theorem 3.1. Let T = 0. Suppose that inequality (20) with

T = 0 is satisfied. Then the trivial steady state E(0,0,0) = (0, 0, 0) is linearly unstable to small

perturbations. Furthermore, the non-zero equilibrium solution E(V ∗,W ∗,U∗) is linearly stable to

small perturbations whenever

−λ′(U∗)U∗A < QR. (28)

Proof: When T = 0 and U ∗(T ) = 0, (26) using (27) becomes

β3 + Qβ2 + Rβ + P − λ(0)A = 0. (29)

The necessary and sufficient conditions for all the zeros of the polynomial (29) to have negative

real parts are the Routh-Hurwitz conditions namely Q > 0, R > 0, P − λ(0)A > 0 and

QR − P + λ(0)A > 0. Now, since Q, R, P and QR − P are all positive, the only way one

can violate any of these conditions (in order to have linear instability of the trivial steady state

solution) is if

P − λ(0)A < 0 ⇒ λ(0) = λ(0+) >
C

A
− 1.
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This is simply the right-hand side of condition (20) when T = 0.

When T = 0 and condition (20) holds, U ∗(T = 0) 6= 0 exists and takes the form (18), the

characteristic polynomial (26) with (27) then takes the form

β3 + Qβ2 + Rβ − λ′(U∗)U∗A = 0 (30)

where we have simply written U ∗ in place of U ∗(0). Again the necessary and sufficient condi-

tions on the parameters for linear stability of the steady state E(V ∗,W ∗,U∗) are Q > 0, R > 0,

−λ′(U∗)U∗A > 0 and QR + λ′(U∗)U∗A > 0. But λ is a monotone decreasing function and so

we only require condition (28). �

Hence whenever T = 0 and there is a nonzero steady state solution, it’s value is uniquely

determined and it is globally and asymptotically stable to small perturbations whenever QR +

λ′(U∗)U∗A > 0. However inequality (28) suggests that there are choices of the function λ, and

hence different parameter regimes, for which that inequality will no longer hold, in which case,

the stability properties will change. The next result shows that there exists a parameter regime

for which the system admits a Hopf bifurcation. That is a bifurcation from stationary to periodic

solutions as a parameter is varied in parameter space.

Theorem 3.3 Let λ : [0,∞) → R be a continuously differentiable monotone decreasing function

on [0,∞) whose value at 0 satisfies λ(0) > C
A
− 1. Let U ∗ be the steady state (18) when T = 0,

postulated by Theorem 3.1. Define

ξ = −λ′(U∗)U∗A

QR
> 0, (31)

where Q, R, C, A are the positive parameters defined by (16). Then the steady state solution U ∗

is stable to small perturbations whenever 0 < ξ < 1. Moreover, at ξ = ξc = 1, the characteristic

equation (26) has a purely imaginary solution pair β(ξc) = ±i
√

R in addition to a real negative

root, β(ξc) = −Q. As ξ is further increased through ξc, the stable stationary solution bifurcates

to periodic solutions whose initial period and amplitude can be determined as a function of the

perturbation of ξ from ξc.

Proof: With ξ, inequality (28) takes the form QR(ξ − 1) < 0. Theorem 3.2 then simply says

that if 0 < ξ < 1, the non-zero steady state U ∗ is table to small perturbations and for ξ > 1 it is

linearly unstable to small perturbation. To further understand the nature of the instability, we

assume that the zeros of the characteristic polynomial depend continuously on the parameter ξ

and write β = β(ξ) where

β3 + Qβ2 + Rβ + ξQR = 0. (32)

It is easy to verify that at ξ = ξc = 1, (32) takes the form

(β + Q)(β2 + R) = 0 ⇒ β(ξc) = β̄(ξc) = i
√

R. (33)
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Now, allow ξ → ξc + ε2ν where |ε| � 1 and ν = ±1. Then

β(ξ) → β(ξc + ε) = β(ξc) + β′(ξc)ε
2ν + O(ε4). (34)

If the perturbation ε is small enough, then β(ξ) can be approximated with the expression

in (34) provided one can calculate the value of the derivative β ′(ξc). Substituting the linear

approximation (34) into (32), and noting that β(ξc) is a solution of (32) when ξ = ξc, expanding

and retaining only first order terms in ε2 yields

β′(ξc) ≈
−QR

(3β(ξc)2 + 2Qβ(ξc) + R
=

QR

2(R + Q2)
± Q2

√
R

2(R + Q2)
i. (35)

Therefore,

β(ξc + ε2ν) ≈ β(ξc) + β′(ξc)ε
2ν

=

(
QR

2(R + Q2)

)

ε2ν ±
√

R

(

1 +

(
Q2

2(R + Q2)

)

ε2ν

)

i. (36)

Thus referring to (23), we conclude that as ξ passes through ξc = 1, the character of the stable

stationary equilibrium solution changes in such a way that oscillatory solutions whose respective

initial amplitude and period of the oscillations are approximately

exp

(
QRε2νt

2(R + Q2)

)

and
2π√

R(1 + Q2ε2ν
2(R+Q2)

)
, ε =

√

|ξ − ξc|
|ν| , (37)

can be observed. We have just described a Hopf bifurcation. �

For a statement and proof of the Hopf bifurcation theorem, see for example, Hassard et al.

(1981). It is easily verified that all the conditions necessary for a Hopf bifurcation are satisfied

for the problem as outlined above.

When T > 0, the stability property of the steady state U ∗(T ) looses its clear character as

the equation (25) is then a transcendental equation which involves the variables β and T in an

essentially nonlinear way. However, from a stability point of view, all we wish to establish is

whether there exist a solution β = βT , say, with positive real part which will indicate unbounded

perturbations of the form (23). Assume for a start that β is real and write (25) in the form:

f(β, T ) = g(β). (38)

with

f(β, T ) = A(B(T )e−βT + 1), g(β) = (β + K1)(β + K2)(β + K3)

where the parameter groupings A, B(T ), K1,K2,K3 are given in (16). Then, the sought after

solution, βT , is the point in the plane where the graph of f meets that of g. Notice that f(β, T )

is a monotonic decreasing function of β whenever B(T ) > 0 ∀T . Also notice that f(β, T ) → A

as β → ∞, and f(0, T ) = A(B(T ) + 1). Since f is monotone as a function of β, the sign of the

12



root βT is determined by the relative sizes of f(0, T ) and g(0). If the positive numbers K1, K2,

K3 are ordered so that −K1 < −K2 < −K3, then different possibilities for the intersection of

the graphs of f and g as functions of β for a fixed T are shown respectively in Figures 1 and 2.

These graphs also show that when a non-zero real solution, βT , exits, it is unique. To determine

A(B+1)

C

-K1 -K2
-K3

A f( )b,T

g( )b

bT b

Figure 1: Diagram showing a theoretical prediction of the existence of a unique positive real
solution of (25) when B(T ) > 0 and the parameters are such that A(B(T ) + 1) > C. In this
case, the unique solution βT is positive and real.

A(B+1)

C

-K1 -K2
-K3

A f( )b,T

g( )b

bT b

Figure 2: Diagram showing a theoretical prediction of the existence of a unique negative real
solution of (25) when B(T ) > 0 and the parameters are such that A(B(T )+1) < C. The unique
solution βT is real and negative.

which of the scenarios shown in Figures 1 and 2 actually occurs, the sign of A(B(T ) + 1) − C

must be determined in each case. We have the following

Theorem 3.4 Let λ : [0,∞] → R be as in Theorem 3.1 and T > 0. If βT , as a zero of (25), is

real, then if U ∗(T ) = 0, equation (25) has at least one positive solution whenever

λ(0) = λ(0+) >

(
C

A
− 1

)

eµeT . (39)
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On the other hand, when U ∗(T ) 6= 0 exists, equation (25) with U ∗ = U∗(T ) has no positive real

solutions.

Proof: From (16) and (27), it is easily verified that when U ∗ = 0,

A(B(T ) + 1) − C = A(λ(0)e−µeT + 1) − C > 0 whenever λ(0) > (
C

A
− 1)eµeT .

In this case, the two curves defined by (38) as functions of β intersect at the unique point βT > 0

as shown in Figure 1. βT is a positive solution of (38). When U ∗(T ) 6= 0, we have from (16)

with (27) that

A(B(T ) + 1) − C = A

(
P

A
eµeT + λ′(U∗(T ))U∗(T )

)

e−µeT + A − C

= λ′(U∗(T ))U∗(T )Ae−µeT < 0

since λ is monotonic decreasing as a function of U ∗. This corresponds to the scenario shown

on Figure 2 which then shows that equation (38) with U ∗(T ) 6= 0 does not have real positive

solutions and also completes the proof. �

Theorem 3.4 asserts that when the steady state solution U ∗(T ), for T 6= 0 exists, any

instabilities that can arise from it as a result of fluctuations in the parameters are oscillatory

instabilities. One form of these oscillatory instabilities has been characterized in Theorem 3.3.

To illustrate how we can begin to study the oscillatory instabilities when T 6= 0, we assume that

β is in general complex and set

β = γ + iω (40)

where i2 = −1. Substitute this form of β into (26) expand and equate real and imaginary parts

to have

γ3 − 3ω2γ + Q(γ2 − ω2) + Rγ + P = S(T )Ae−(µe+γ)T cos(ωT ) (41)

3γ2ω − ω3 + 2γωQ + Rω = −S(T )Ae−(µe+γ)T sin(ωT ). (42)

It is straight forward to see that if ω = 0, the the two equations reduce to the real case studied

above. Also notice that if ω > 0 is a solution for this pair of equations, then so also is −ω. Thus

without loss of generality, we assume that ω > 0.

Theorem 3.5 Let the conditions of Theorem 3.1 continue to apply. Let U ∗(T ) be the non-zero

steady state solution for system (17). Then there exist a critical solution pair (ωc, Tc) at which

the eigenvalues of the polynomial (26) are purely imaginary, such that for T > Tc, the steady

state solution is linearly unstable to small perturbation and for T < Tc it is stable. Moreover,

the instability for T > Tc is by growing oscillations whose initial period is approximately 2π/ωc.
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Proof: If such a limiting solution pair exists, then γ = γc = 0, ω = ωc and T = Tc with ωc and

Tc being solutions of

P − Qω2
c = S(Tc)Ae−µeTc cos(ωcTc) (43)

Rωc − ω3
c = −S(Tc)Ae−µeTc sin(ωcTc). (44)

This may be rearranged to give

AS(Tc)e
−µeTc =

√

(P − Qω2
c )

2 + (Rωc − ω3
c )

2

Tc = 1
ωc

tan−1
(

ωc(ω2
c−R)

P−Qω2
c

)

, ωcTc ∈ [3π
2 , 2π].

}

(45)

Suppose we have computed the pair (ωc, Tc) associated with the critical value γc = 0. We

investigate the behaviour of the system as T → Tc + ε2ν where |ε| � 1, ν = ±1 by assuming

that such a perturbation will also lead to the corresponding perturbations γ → γc + δ and

ω → ωc + θ where |δ| � 1, |θ| � 1. We thus expand (41) and (42) in a Taylor series about

(γc, ωc, Tc) and retain only linear terms in δ, θ and ε2. After some algebraic manipulation, we

are led to the linear approximation

L1δ + L2θ = −M1ε
2ν

L2δ − L1θ = M2ε
2ν,

}

(46)

where

L1 = R + PTc − (3 + QTc)ω
2
c , L2 = Tcω

3
c − (2Q + RTc)ωc,

M1 = ωc(ω
3
c − Rωc), M2 = ωc(P − Qω2

c )

}

(47)

The solution of the system (46) yields

δ(ε) =
M2L2 − M1L1

l21 + L2
2

ε2ν, θ(ε) = −M1L2 + M2L1

l21 + L2
2

ε2ν. (48)

It is now a trivial matter to verify using (16) with (47) that, in (48), sgn(δ) = sgn(ν) so that if

ν > 0, the solution to system (22) near T = Tc + ε2ν is grows with initial amplitude and phase

respectively given

exp(δ(ε)t),
2π

ωc + θ(ε)
, ε =

√

|T − Tc|
|ν| � 1.

It is assumed that if there are nonlinearities in the system under consideration, they will bound

the growing oscillations and limit cycle oscillations can be observed for moderate perturba-

tions. �

We note that approximation (48) is obtained with the assumption that we have solved for

the solution pair (ωc, Tc) from (43) and (44). Now, (ωc, Tc) satisfies the equation

tan(ωcTc) =
ωc(ω

2
c − R)

P − Qω2
c

. (49)

Observe that ωc =
√

R is not an acceptable solution since such a solution would require that

ωcTc = nπ, n ∈ Z. Though this solution satisfies (44), it cannot satisfy (43) for all possible
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parameters. Observe also that the right-hand side of (49), as a function of ωc, has zeros at

ωc = 0,±
√

R and essential singularities are ωc = ±
√

P/Q. From (16) it is easy to show that
√

R >
√

(P/Q). So, for −
√

P/Q < ωc <
√

P/Q, there is no realizable solution for (49) with

ωc > 0. Thus the solution proposed by Theorem 3.5 precludes the values ωc = 0, ωc = ±
√

R and

ωc = ±
√

(P/Q). This discussion suggests that a careful analysis, starting with the solution of

the two equations (41) and (42), is required to completely understand the solutions of the system

when T 6= 0. The discussion also suggest that inclusion of delay in the model increases complexity

and allows for a wider range of possibilities. We do not pursue oscillatory instabilities arising as

a result of perturbation of T about Tc further in the present write up. We have indicated their

existence here as a useful basis for further work.

3.1 An Illustrative Example

In this subsection we illustrate the foregoing linear analysis with an example. For this purpose,

consider the function λ : [0,∞) → R defined by

λ(U) = λ(0)

(

1 − U

L

)

, (50)

where λ(0) > 0 and L > 0 are constants. L can be very large and may be identified with

the carrying capacity of the environment. We then easily verify using equation (18) that the

non-zero steady state takes the form

U∗ =
L

λ(0)

(

λ(0) − (
C

A
− 1)eµeT

)

, (51)

which exists if condition (20) holds. In this case, by considering the case T = 0, we can combine

inequality (20) with condition (28) to deduce results concerning the stability of the steady states.

These are summarized in Table 1.

condition steady states local stability remarks

I λ(∞) < λ(0) ≤ P
A

trivial stable node

II P
A

< λ(0) < QR
A

+ P
A

trivial unstable node
nontrivial stable spiral

III λ(0) = QR
A

+ P
A

trivial unstable node
nontrivial centre Hopf point

λ(0) > QR
A

+ P
A

trivial unstable node
nontrivial unstable Possible limit cycle

Table 1: Table summarizing the results for the linear stability analysis when the function λ
takes the form (50) with T = 0. The parameters P,Q,R,A are those given in (16). We note
that these results do not depend on the size of the parameter L in the definition of λ(U) though
the value of L determines the size of the final steady state for the system.

We note that the stability properties of the system are defined here in terms of the parameter

λ(0). λ(0) may be regarded as the limiting rate at which fed vectors would lay eggs if the

population of fed vectors should become very small. It will therefore make sense to identify λ(0)
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Figure 3: Diagram showing the behaviour of the maximum real part of the complex zeros of
(26) when T = 0 for different values of the the parameter τ ∗ as a function of λ(0). For a fixed
value of the modified contact parameter τ ∗, stability of the steady states is for those values of
λ(0) for which <(β) < 0. When the real part of the maximum eigenvalue crosses the zero axis,
we have a Hopf bifurcation. As τ is increased, larger values of λ(0) are required to drive the
system to growing oscillations. The other parameters are a = 1, b∗ = 0.8, µ = 0.042, p = 0.86.

with a measure of the average number of eggs that a single fed vector would lay per unit time

during its entire reproductive period and define the threshold parameter

R0(T ) = λ(0)
A

P
e−µeT (52)

where the P and A are defined by (16), to represent the average number of new adult mosquitoes

(offsprings) that will be produced by one reproductive mosquito during its entire reproductive

period. R0(T ) is the vectorial basic reproduction number associated with the model. It is an

important threshold parameter for the model in the sense that its value is uniquely determined

by the value of λ(0). The value of R0 depends on the quantity, e−µeT , which measures the

chances of the mosquito surviving through all the intermediate developmental stages (prior to

adulthood) of total time length T . The concept of the existence of a vectorial basic reproduction

number in a study of the population dynamics of mosquito vectors has also been addressed by

Porphyre et al. (2005). In our formulation, R0 depends on the mass action contact rate τ ∗ = τH

as well as on the probability of obtaining a successful blood meal p in the sense that R0 → 0

when ever p → 0 or τ ∗ → 0 and saturates to a positive non-zero value when p → 1 and τ ∗ → ∞.

With this re-parameterization, (51) becomes

U∗ = L

(
R0(T ) − 1

R0(T )

)

(53)

from which we immediately deduce that if R0 > 1, the steady state U ∗ exists and when R0 < 1 it

does not. Thus to maintain a non-zero steady state vector population, each reproducing vector
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λ(0) = C
A
− 1

λ(0) = QR
A

+ C
A
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Figure 4: Bifurcation Diagram showing the different regions in parameter space where solutions
of different type exists as the parameters λ(0) and τ ∗ are varied. λ(0) is the constant term
in the definition of λ(U) with one form of λ(U) given by (50). In region I, the system can
only have the trivial steady state solution which it is also stable. In region II, the non-zero
equilibrium exists and is stable to small perturbations. As the parameters are further increased
into region III, oscillatory instabilities can be observed. A Hopf bifurcation occurs on the line
λ(0) = QR

A
+ C

A
− 1. The other parameters are a = 1, b∗ = 0.8, µ = 0.042, p = 0.86

must leave behind at least one offspring during its entire reproductive life period. The proposed

eradication strategy is therefore to ensure that R0 ≤ 1. Since this quantity depends indirectly on

the average quality of the blood meals that each vector would take during its entire reproductive

period, we conclude that the mass action contact parameter τ ∗ = τH is an important parameter

for the system. Figure 3 shows how the maximum real part of the complex eigenvalues of the

linearized system, when T = 0, behaves for different values of τ ∗. Figure 4 shows the dependence

of the system on the parameters when the function λ takes the form given in (50) with T = 0.

We notice that the (λ(0), τ ∗)−plane can be divided into three regions within which the system

has different stability properties as shown in Table 1.

We can therefore explore different possibilities. To achieve this, a program was written in

Fortran to integrate system (11)-(13) and the output was comprehensively verified using out put

from a number if runs. The parameters used were realistically chosen based on the assumptions

of the model. The parameter µ is the natural death rate for the mosquito and we assume that

1/µ is the approximate life span of the vector to get 1/µ ≈ 24 days. All fed Vectors are assumed

to return to the breeding site. Thus a = 1 in which case b∗ = bH/(H + K) ≤ 1. An arbitrarily

high success probability p = 0.86 is used. The system is studied for the case T = 0. Figure 4

suggests that, for a large enough but fixed λ(0), as τ ∗ is increased from zero, the (λ(0), τ ∗)−plane

will be traversed in the order Region I → II → III → II. We have here an instability window
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Figure 5: Diagram showing the long term solution for the the number of fed vectors U ∗ = U(∞)
as a function of the mass action contact parameter τ ∗ for a fixed value of the parameter λ(0).
As τ∗ is increased from zero for a fixed value of λ(0), the (λ(0), τ ∗)-plane is traversed (referring
to Figure 4) from region I → II → III → II. In each of these regions the system has different
qualitative behaviour, as explained in the text. The other parameters are λ(0) = 13, a = 1,
b∗ = 0.8, µ = 0.042, p = 0.86.

whose size is delimited by the bifurcation curve separating regions II and III, and offers the

possibility of the system going from stable constant solutions through limit cycles and back to

stable constant solutions. This is the situation shown in Figure 5. On the other hand, for a

fixed non-zero value of τ ∗, as λ(0) is increased from zero, the (λ(0), τ ∗)−plane will be traversed

in the order Region I → II → III. In this case, we have a possibility of the system going from

zero through constant non-zero to oscillatory solutions. This is the situation shown in Figure

6. Further increase of λ(0) for the situation shown in Figure 6 leads to oscillations with large

amplitudes. However, the presence of oscillation in the model suggests a possible mechanism for

extinction in the sense that the large swings in population numbers include the possibility of a

crash to zero.

4 A Perturbation Analysis

In this Section, we present a full nonlinear analysis of system (11)-(13) for the special case where

T = 0 and λ : [0,∞] → R is given by (50). From above, we know that when T = 0, the nontrivial

steady state of the system, when it exists, can be driven to periodic oscillating solutions via a

Hopf bifurcation. The Linear analysis shows that near the bifurcation point, the solution can

be growing exponentially with time and the initial growth function is given by the first of (37).

We can calculate vital local information, including the form and nature, on the bifurcating Hopf
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Figure 6: Diagram showing the long term solution for the the number of fed vectors U ∗ = U(∞)
as a function of the parameter λ(0) for a fixed value of the steady mass action contact parameter
τ∗ = τH. As λ(0) is increased from zero for a fixed value of τ ∗, the (λ(0), τ ∗)-plane is traversed
(referring to Figure 4) from region I through region II to region III wherein the system has
different qualitative behaviour, as explained in the text. The other parameters are τ ∗ = 4,
a = 1, b∗ = 0.8, µ = 0.042, p = 0.86.

solutions, by applying standard techniques as outlined, for example, in the books by Hassard et

al. (1981), Guckenheimer and Holmes (1983) and Marsden and McCracken (1976). Here we use

an asymptotic perturbation method with multiple time scaling technique (cf Ngwa and Maini

(1995)) to carry out a nonlinear stability analysis of the full system. The objective is to derive

the amplitude function that defines and characterizes the envelop of the oscillating solutions in

the nonlinear regime.

Now, from (37) we deduce that for values of t larger than O(1/ε2) the predicted exponential

growth from the linear theory may no longer be acceptable. Here, we construct a non-local

solution structure for the system, restricting our selves, in the transition region between regions

II and III of Figure 4 wherein R0 is distinctly larger than unity. That is, we construct an ap-

proximate solutions of the full nonlinear system near the Hopf bifurcation point. For notational

convenience, we scale the state variables by their respective steady states values and also scale

time t by setting

u(t) =
U(t)

U∗
, v(t) =

V (t)

V ∗
, w(t) =

W (t)

W ∗
, t̃ = (a + µ)t (54)

where U ∗, V ∗ and W ∗, are the non-zero steady state solutions when T = 0 and λ(U) given by

(50). Substitute these in equations (11)-(13) when T = 0 to have the system

u̇ = w − u,
v̇ = αu(1 − u) − ρ(v − u),
ẇ = γ(v − w),






(55)
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where the dots represent differentiation with respect to t̃ and

α =
R0(0)PaU ∗2

ALK1V ∗
, ρ =

K2

K1
, γ =

K3

K1
, U∗ =

L

R0(0)
(R0(0) − 1). (56)

Here, the parameters K1, K2, K3 A and P are given in (16), V ∗ is related to U ∗ as is in (19)

and U∗ is given by (53) with T = 0. We then note that the transformed system (55) has steady

states (u, v, w) = (0, 0, 0) and (u, v, w) = (1, 1, 1). We also observe that from the definition of the

the parameters α > 0, 0 ≤ ρ ≤ 1, and γ > 0. This parameterization is meaningful and captures

the system in the vicinity of the non-zero steady state (U ∗, V ∗,W ∗) provided we reinterpret the

terms accordingly. For example, the quantities Q and R defined in (16) now become Q = ρ+γ+1

and R = ργ + γ + ρ. The Hopf bifurcation then occurs at the point in parameter space where

α = αc = QR/γ, at which point we have the eigenvalues β(αc) = ±i
√

R,−Q.

At the bifurcation point, the solution of the linearized system of equations may be written

in the form

(u(t̃), v(t̃), w(t̃)) = (au exp(i
√

Rt̃) + av exp(−i
√

Rt̃) + aw exp(−Qt̃) (57)

where au, av, w3 are generalized proportionality functions. Our objective here is to study the

long term behaviour of the solution (57), when the bifurcation parameter α is perturbed from

αc, of system (55) near the Hopf Bifurcation point.

Writing formally

α = αc + ε2ν, ε � 1, ν = ±1, (58)

(55) is modified appropriately and the linear growth rate β changes as in (34). Thus exp(β(α) t̃) →
exp(β(αc + ε2ν)t̃) ≈ a.(ε

2 t̃) exp(β(αc)t̃) where a.(ε
2 t̃) ∝ exp(β ′(αc)ε

2t), and the approximation

to the derivative of β at αc is given in (36). The foregoing discussion shows that the amplitude

a.(ε
2 t̃) has an initial growth rate (positive) and phase given by the real and imaginary parts of

the expression in (36) and also indicates that the solution to the perturbed problem of the form

(57) will have a. as generalized functions of ε2 t̃. Therefore, we introduce a new variable ς = ε2 t̃

and consider two time regimes t̃ and ς which may now be regarded as independent variables.

Hence,
d

dt̃
→ ∂

∂t̃
+ ε2 ∂

∂ς
. (59)

We further assume that u, v and w are functions of t, ς and ε and thus can be represented as a

regular expansion in ε such that when ε = 0, the system is at the steady state, that is

x = x0 +

∞∑

n=1

εnxn (60)

where x = (u, v, w)T , x0 = (1, 1, 1)T and xn = (un, vn, wn)T . Substituting (60) into the per-

turbed system and equating coefficients of like powers of ε, reduces it to a hierarchy of linear
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equations for xn of the form ẋn−Axn = fn where fn, n ≥ 2 are functions of xn−1,xn−2, · · · ,x1.

In particular,

A =





−1 0 1
ρ − αc −ρ 0

0 γ −γ



 , f1 = 0, f2 =





0
−αcu

2
1

0



 (61)

f3 = −dx1

dς
+





0
−νu1 − 2αcu1u2

0



 , (62)

...

f i = −dxi−2

dς
+





0
−gi(ui−1, ui−2, · · · , u1)

0



 , i ≥ 2, (63)

for some function gi. Note that at O(ε) we simply have the linearized system ẋ1 − Ax1 = 0.

Substituting (57) into this linear system, we soon realise that the vectors au, av and aw are

proportionality constants that may be written in the form au = r1a1(T ), av= r2a2(ς) and

aw= r3a3(ς) where r1, r2 and r3 are the eigenvectors that span the null space of the linearized

system. These are

r1 =







1
ρ − αc

ρ + i
√

R
1 + i

√
R







, r2 =







1
ρ − αc

ρ − i
√

R
1 − i

√
R







, r3 =






1
ρ − αc

ρ − Q
1 − Q




 . (64)

Thus the solution at O(ε) is

x1(t̃, ς) = r1a1(ς) exp(i
√

Rt̃) + r2a2(ς) exp(−i
√

Rt̃) + r3a3(ς) exp(−Qt̃) (65)

where the generalized functions a.(ς) remain to be determined.

At O(ε2) we have the system ẋ2 − Ax2 = f2. Substituting the O(ε) solution into f 2

yields a non-homogeneous system of equations. Closer observation shows that terms of the form

exp(±i
√

Rt̃) and exp(−Qt̃), which are in fact solutions of ẋ2 − Ax2 = 0, that will introduce

unbounded perturbations in the solution do not appear in f 2. Hence the solution at O(ε2) takes

the form x2 = x2
h + x

p
2 where x2

h and x
p
2 are such that

ẋh
2 − Axh

2 = 0 and ẋ
p
2 − Ax

p
2 = f2 (66)

Hence, xh
2(t̃, ς) = r1b1(ς) exp(i

√
Rt̃) + r2b2(ς) exp(−i

√
Rt̃) + r3b3(ς) exp(−Qt̃) where the func-

tions b. can be determined by a higher order calculation in the analysis. Using the method of

undetermined coefficients, we obtain a solution for x
p
2 in the form

x
p
2 = S1a1(ς)

2 exp(2i
√

Rt̃) + S2a2(ς)
2 exp(−2i

√
Rt̃) + S3a3(ς)

2 exp(−2Qt̃)

+S4a1(ς)a3(ς) exp(i
√

Rt̃ − Qt̃) + S5a2a3(ς) exp(−i
√

Rt̃ − Qt̃)

+S6a1(ς)a2(ς). (67)
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Here, using the second of (66), we can immediately calculate the vectors Sj , j = 1, . . . , 6 by

evaluating expressions of the form Sj = (yjI − A)−1fyj
for appropriately chosen yj and fyj

.

This completely determines the solution at O(ε2).

At O(ε3), ẋ3 − Ax3 = f3. At this stage, terms of the form exp (±i
√

Rt̃) and exp(−Qt̃),

which are secular terms, appear in f 3. These will introduce unbounded perturbations in the

solution and must be suppressed. Isolating these, we write f 3 as

f3 = (X0
a1

dς
+ X1νa1 + X2a2a

2
1) exp(i

√
Rt̃)

+(Y0
a2

dς
+ Y1νa2 + Y2a1a

2
2) exp(−i

√
Rt̃)

+(Z0
a3

dς
+ Z1νa3 + Z2a1a2a3) exp(−Qt̃)

+ terms involving different powers of the terms listed. (68)

where Xi, Yi and Zi, i = 0, 1, 2 are the coefficients of the terms in f 3 of the form shown in (68).

By the Fredholm Alternative, a bounded solution of the non-homogeneous problem ẋ3 −
Ax3 = f3 exists if and only if f 3 is orthogonal to the bounded solutions of the associated adjoint

homogeneous problem. We then note that if r1 is an eigenvector associated, with the eigenvalue

i
√

R, then Ar1 = i
√

Rr1 and Ar̄1 = −i
√

Rr̄1. Then we can formulate a solvability condition

as follows: Define r∗

1 as the adjoint eigenvector having the property that AT r∗

1 = −i
√

Rr∗

1

and Ar̄∗

1 = i
√

Rr̄∗

1. The vectors r1 and r∗

1 may be normalized such that < r1, r
∗

1 >= 1 and

< r̄1, r
∗

1 >= 0 where < r, r∗ >=
∑3

i r̄ir
∗

i is the standard scalar product in C
3. Here AT denotes

the transpose of the matrix A. Secular terms in the right-hand side of the system at O(ε3) are

only those terms that represent solutions that are normal to the associated adjoint homogeneous

equations. Now the solution of the adjoint homogeneous problem at (αc) takes the form

x∗

3 = r∗

1a
∗

1(ς) exp(−i
√

Rt̃) + r∗

2a2(ςT ) exp(i
√

Rt̃) + r∗

3a3(ς) exp(Qt̃) (69)

where the superscript ∗ indicates adjoint variables . The solvability condition yields three

equations for the amplitudes a1, a2 and a3 of the form

r∗

2 · (X0
a1

dς
+ X1a1ν + X2a2a

2
1 = 0,

r∗

1 · (Y0
a2

dς
+ Y1a2ν + Y2a1a

2
2 = 0,

r∗

3 · (Z0
a3

dς
+ Z1a3ν + Z2a1a2a3 = 0.







(70)

Here, it is easy to very that the solution of the form 57 is real if and only if a2 = ā1. Therefore,

one of these equations in (70) is redundant and we only need to consider two. However we rewrite

(70) in the form

da1

dς
+ B1a1ν + B2a

2
1a2 = 0,

da2

dς
+ B̄1a2ν + B̄2a

2
2a1 = 0 (71)

for the complex conjugate pair of equations and

da3

dς
+ C1a3ν + C2a1a2a3 = 0 (72)
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for the third real equation. The coefficients appearing in these equations are

B1 =
r∗

2 ·X1

r∗

2 ·X0
, B2 =

r∗

2 ·X2

r∗

2 ·X0
, C1 =

r∗

3 · Z1

r∗

2 · Z0
, C2 =

r∗

3 · Z2

r∗

3 · Z0
, (73)

Since a1(ς) is complex with a1(ς) = ā2(ς) , we set a1(ς) = ζ(ς) exp(iθ(ς)), where ζ is the

magnitude of a1 and θ the phase. Also put φ(ς) = a1(ς)a2(ς) = ζ(ς)2. Using the two equations

in (71) we have two equations for φ(ς) and θ(ς)of the form

dφ

dς
+ δ1νφ + δ2φ

2 = 0,
dθ

dς
= η1ν + η2φ = 0 (74)

where δ1 = B1 + B̄1, δ2 = B2 + B̄2, 2η1 = −i(B̄1 − B1) and 2η2 = −i(B̄2 − B2). After some

algebra, we have

δ1 =
−γ

Q2 + R
, δ2 =

2QR(Q2 + 8R)

(Q2 + R)(Q2 + 4R)
(75)

η1 =
Qγ

2
√

R(Q2 + R)
, η2 =

−Q2
√

R(5Q2 + 26R)

3(Q2 + R)(Q2 + 4R)
(76)

C1 =
(Q − β) (Q − γ) γ

(1 + R) (Q2 + R)
, C2 =

4QR
(
Q2 + 8R

)
(Q − β) (−Q + γ)

(1 + R) (Q2 + R) (Q2 + 4R)
, (77)

where Q = γ + ρ + 1 and R = γρ + γ + ρ. This rendition of the coefficients completely specifies

the amplitude equations in terms of the parameters (56) of the scaled model (55). The equations

for θ and a3 decouple and can therefore be computed once φ is obtained. The essential equation

here is that of the amplitude function φ = ζ2. We easily deduce that for any given arbitrary

constant κ, φ(ς) has solution

φ(ς) =
κδ1ν exp(−δ1νς)

1 − κδ2 exp(−δ1νς)
(78)

from which we have the limiting solution

lim
ς→∞

φ(ς) =







0, if δ1ν > 0

−δ1ν

δ2
if δ1ν < 0.

(79)

From (75)-(77) and from (78), we deduce that for δ1ν < 0, the Hopf Bifurcation is supercritical

since δ2 > 0. Hence, the second of (74) gives θ(ς) and we deduce that as ς → ∞, the amplitude

function oscillates with a finite amplitude ζ(∞) an variable phase θ(∞) both given by

ζ2(ς∞) = φ(ς∞) =
−δ1ν

δ2
, θ(ς∞) =

(η1δ2 − η2δ1)νς∞
δ2

+ a constant. (80)

It is now an easy matter to see that a3(ε
2 t̃) exp(−Qt̃) → 0, as t̃ → ∞. The dominant solution

modes are those with amplitude a1 = ā2 as has been derived above. The determine the behaviour

of the solution on the centre manifold of the Hopf solutions.

Hence, the leading order behaviour of the solution in the t-scale is




u(t̃)
v(t̃)
w(t̃)



 =





1 + εu1(t̃) + O(ε2)
1 + εv1(t̃) + O(ε2)
1 + εw1(t̃) + O(ε2)



 (81)
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where

u1(t̃) = 2ζ(ε2 t̃) cos(
√

Rt̃ + θ(ε2t̃)) + a3(ε
2 t̃) exp(−Qt̃)

v1(t̃) = 2|z1|ζ(ε2 t̃) cos(
√

Rt̃ + θ(ε2t̃) + arg(z1))) +
ρ − αc

ρ − Q
a3(ε

2 t̃) exp(−Qt̃)

w1(t̃) = 2|z2|ζ(ε2 t̃) cos(
√

Rt̃ + θ(ε2t̃) + arg(z2))) + (1 − Q)a3(ε
2 t̃) exp(−Qt̃)

z1 =
ρ − αc

ρ + i
√

R
, z2 = 1 + i

√
R, ε =

√

(α − αc).

These solutions oscillate in time with frequency 2π/(
√

R + O(ε2)) in agreement with the linear

prediction.

5 Discussion

We set out to derive a mathematical model for the population dynamics of the malaria vector,

a mosquito of the Anopheles gambiae complex. The model we developed had a realistic non-

zero steady state solution which is globally stable for certain parameter regimes and can be

driven to instability to stable limit cycle solutions in another parameter regime. The oscillatory

phenomena observed is an important feature of our model as it captures the fact that population

densities of mosquitoes fluctuate in time according to the seasons of the year. The leading

order term for the period of oscillations is 2π/
√

R. Hence, the frequency, in terms of the

original variables of the model as shown in (16), is an increasing function of the the mass action

contact term τ ∗ = τH. The fact that the model can exhibit oscillatory behaviour from the

simple assumptions made is an important behaviour that needs further studies. Our model and

results have demonstrated that it is possible to study the dynamics of mosquito populations and

consequently the diseases they transmit, without recourse to external seasonal forcing.

Exploiting the degree to which mosquitoes actively seek, ingest and utilize blood from hu-

mans; that is, the rate of conversion of mosquito vectors of type V to type W through U and

back to V could conceivably influence the understanding of most aspects of vector behaviour.

Most importantly, in the case of disease vectors, it could greatly influence our understanding of

parasite transmission in that, an elevated probability of successfully taking blood meals from

potentially infected human beings would increase the vector population densities as well as the

basic reproduction ratio of the disease. In malaria, where sexual reproduction takes place in the

mosquito, a severe reduction in the probability of a successful blood meal from an individual

human, by for example, forcing the mosquito to take a blood meal from an alternative source,

would reduce the potential for the mosquito to ingest gametocytes with different genotypes. This

in turn would reduce the selection pressure for parasite virulence, but, according to Hastings and

D’Alessandro (2000), would perhaps increase the rate at which drug resistance evolves. In the

prevention of human vector-borne diseases, zooprophylaxis would benefit only if we completely

understand the behaviour of the disease transmission vector in the context of the interactions

that the blood sucking insect vector has with the host. The model we have analysed in this
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paper sets the stage for enquiry into the population dynamics of disease vectors. Knowing the

human biting habit of the mosquito will provide estimates for the contact parameter τ .

Since there is no vaccine for malaria in the near future, any feasible strategy for the epi-

demiological dynamics of malaria must concentrate effort on the the Anopheles Sp. mosquito

populations, especially in regions where malaria is endemic. Efficient and practical measures

for the containment of Anopheles sp. populations are classically chemical attack against the

adult mosquito or its larval forms by spraying with residual insecticides. However, to achieve an

appreciable result, it is necessary to apply and maintain a high concentration of the chemicals,

some of which are highly toxic to humans, over the entire vector infested region, which most

of the time, also coincide with human habitats. These conditions make chemical control very

difficult from a practical and public health point of view. A second and probably the best kind

of strategy for the containment of Anopheles sp. mosquito populations in urban duelings is

the sanitation campaigns often launched by the Ministry of Health. Since the Anopheles sp.

mosquito requires clear and undisturbed standing water for the maturation of its larvae, this

preventive strategy will require the elimination of all unattended stagnant artificial water reser-

voirs such as old tyres, empty cans, empty bottles, and even natural ones such as orchids and

other plants that can trap standing water in its cavities, around human duelings. Human made

environmental conditions appear, therefore, to be the main reasons for the Anopheles sp. infes-

tation in Urban duelings in developing countries. The most efficient control measure, therefore,

should be civic attitude by permanent human residents in a particular geographic locality in

avoiding the creation of breeding sites for the Anopheles sp. mosquito. Since, unfortunately,

community awareness develops slowly and fades away quickly, we have presented here a frame-

work for studying the dynamics of the mosquito populations by directly interpreting its global

life style.

The model we described in this paper captured the essential behavioural pattern of the

Anopheles sp. mosquito by including each of the steps of blood feeding, egg laying, larval

development and adult mosquito eclosion in the analysis. The present analysis has yielded the

existence of a threshold parameter R0 which is seen to be directly proportional to the human-

mosquito contact rate τ . R0 has been identified as a basic reproduction number for the mosquito

in the sense that if R0 > 1 there is a stable non-zero population mosquito population density

and if R0 ≤ 1, the mosquito population dies out. Therefore blocking the contact between the

humans and mosquitos is sufficient to eventually run down the mosquito population in the event

where there are no alternative sources for blood meals for the vector in the urban area. An

efficient and sustainable method of blocking the human-mosquito contact remains the use of

mosquito bed nets and net-like screens on windows and doors to prevent foraging mosquitoes

from invading the human habitats.

A complete analysis of the delay model together with an extension of the model assumptions

to include environmental aspects of the mosquito development as well as the spatial/patchy
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characteristic of the mosquito breading sites will be presented separately.
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