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Abstract

We study a two band superconducting, assuming that we have two tight binding bands, ε2(~k) = ε
(0)
2 −

t2 [cos(kx) + cos(ky) + s2 cos(kz)] − µ and ε3(~k) = ε
(0)
3 − t3 [cos(kx) + cos(ky) + s3 cos(kz)] − µ. We solve the

two gap equations at T = Tc and calculate Tc × n and µ × n for various values of pairing interaction, V , and

Debye frequency, ωD. Also, from an expression developed in a previous paper by two of the present authors (J.

J. Rodŕıguez-Núñez and A. A. Schmidt, Phys. Rev. B 68, 224512 (2003)), we calculate α × n, where n is the

number of carriers per site per band and α is the isotope exponent. We take only interband scattering, V , as a

first approach. We find that in order to have superconductivity (Tc 6= 0), large values of V are necessary. Also,

for V/ωD > 1, we obtain α > 1.00 and for V/ωD < 1.00, the isotope exponent becomes less than 1.
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I. INTRODUCTION

The high superconducting critical temperature, Tc = 40 K, in the simple binary compound MgB2 [1] has

been a nice present of nature to the superconductivity community. After a few years of huge experimental and

theoretical research the key features of the superconducting phase of this material appear to be well understood

as due to the electron–phonon mechanism with different strengths of the electronic σ and π–bands [2–5], which

allow to distinct superconducting gaps but a single superconducting critical temperature, Tc.

Superconductivity in this compound has revived much interest in diboride systems due to the simplicity of

this compound. It has AlB2–type crystal structure where the boron atoms form graphite–like sheets separated

by hexagonal layers of Mg atoms.

Two band superconductivity is not a new subject. It was studied theoretically by Suhl, Matthias, and

Walker [6] who suggested a model of two band superconductivity, just after the formulation of superconductivity

by BCS. This two band model of superconductivity was solved using mean field theory.

MgB2 is the first system for which multi–band superconductivity has independently been verified by several

experimental techniques: heat capacity, tunneling spectroscopy, Raman spectroscopy, penetration depth mea-

surements, ARPES and the analysis of critical fields. The Fermi surface of this material consists of four sheets:

two cylindrical sheets which correspond to quasi two–dimensional σ–bands and two tubular networks which are

three–dimensional π–bands.

In this material, the interband impurity scattering between the σ– and π–bands is exceptional small [7], so

that the superconducting state keeps the two gaps even in dirty samples with a considerable reduced Tc.

S. Tsuda and co-workers [8] have found definite experimental evidence for two–band superconductivity in

MgB2, using high–resolution angle–resolved photoemission spectroscopy (ARPES). They say that both gaps

close at the bulk transition temperature, providing definitive evidence for the two–band superconductivity with

strong interband pairing interaction in this compound.

In a recent paper, Kortus et al. [9] have argued, based on band structure calculations, that the observed

decrease of Tc of Al and C doped MgB2 samples can be understood mainly in terms of a band filling effect due

to the electron doping. Further, they also explain the long standing question of the experimental observation of a

nearly constant π gap as function of doping by compensation of the effect of band filling and interband scattering.

Also, J. Geerk et al. [10] have carried out tunneling experiments using thin film tunnel junctions. Here

they have determined electron–phonon spectra showing that superconductivity in MgB2 is phonon mediated.

Additionally, using first principles calculations, the strongest feature in these spectra could be traced back to the

quantity of two–band superconductivity, the interband pairing interaction. For phonons, this interaction turns

out to be quite selective. It involves mainly low–energy optical phonons, where boron atoms move perpendicular

to the boron planes.

Due to the previous considerations, we adopt the point of view that the interband scattering term is indeed

very important to explain several experimental data. So, as a minimum model for the compound MgB2, we keep

the interband pairing V .

This paper is organized as follows. Section I is devoted to an introduction to the subject of two band
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superconductivity and to the justification of the free band chosen. In Section II we present the two self–consistent

equations to be solved, namely, Tc × n and µ × n, for different values of our parameters, V and ωD. In Section

III we present our numerical results and finally we conclude in Section IV.

II. THE EFFECTIVE HAMILTONIAN AND THE BCS EQUATIONS

The model we use is the following

H =
X

~k,σ

ε2(~k)a†

~k,σ
a~k,σ +

X

~k,σ

ε3(~k) b†~k,σ
b~k,σ − V

X

~k,~k′

h

a†

~k,↑
a†

−~k,↓
b~k′,↑

b
−~k′,↓

+ h.c.
i

(1)

where

ε2(~k) = ε02 − t2 [cos(kx) + cos(ky) + s2 cos(kz)] − µ (2)

ε3(~k) = ε03 − t3 [cos(kx) + cos(ky) + s3 cos(kz)] − µ (3)

are the three–dimensional tight–binding bands of the σ– (ε2(~k)) and π– (ε3(~k)) bands and ε(~k) = ε(~k). The

Hamiltonian given in Eq. (1) is the same used in Ref. [11], with the difference that center of the two bands are

at the same point in Ref. [11]. The parameters of the band structures in Eqs. (2-3) are t2 = 0.6 eV, s2 = 0.167,

ε02 = 0.0 eV, t3 = 0.9 eV, s3 = 1.00, ε03 = 2.9 eV.

Going through the same technical steps followed in Ref. [11] we obtain the following self–consistent equations

1

V 2
= F2(Tc, µ) × F3(Tc, µ) (4)

1 − n = F̃2(Tc, µ) + F̃3(Tc, µ) (5)

where

Fi(Tc, µ) =

Z

d~k
Ni(~k)

2

χi(~k)

εi(~k)
tanh

"

εi(~k)

2kBTc

#

(6)

F̃i(Tc, µ) =

Z

d~k
Ni(~k)

2
tanh

"

εi(~k)

2kBTc

#

(7)

where kB is the Boltzmann constant and χi(~k) = 1 if εi(~k) ≤ ωD and zero otherwise, i = 2, 3 and ωD is the Debye

frequency. Details of the numerical solution of the self-consistent Eqs. (4-7) are given in Appendix A and the

results are presented in Section III.

III. NUMERICAL RESULTS

Before we present our results, let us present in Fig. 1 the two density of states which come from Eqs. (2-3)

(see Eq. A3).

In Fig. (2) we present Tc × µ (upper panel) and ρ × µ (lower panel, thick line) for ωD = 0.35 eV and several

values of V , namely, V = 6.5, 7.5, 8.5 and 9.5 eV. In the lower panel of this figure, we have also plotted α × µ

(right scale). As we can see from this figure, α has values greater than 1.
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FIG. 1: N2(µ) and N3(µ) density of states functions, i.e., the σ– and π–bands, respectively (see Eq. A3).

In Fig. 3 we present Tc × µ (upper panel) and ρ × µ (lower panel, thick line) for ωD = 4.00 eV and V = 2.00

eV. In the lower panel of this figure, we have also plotted α × µ (right scale). We see that α can have values less

than 1.00.

If we compare the results shown in Figs. (2) and (3), we observe that in order to obtain α < 1, we have to

take ωD/V > 1. In Section IV we present our conclusion and our outlook.

IV. CONCLUSIONS AND OUTLOOK

Our conclusions have to be drawn from Figs. (2–3). In the first place, once more, we have used inter–band

scattering only, namely, V . We have given some arguments why this term is important. The inclusion of other

terms, like Vπ,π 6= 0 and Vσ,σ 6= 0 has to be taken in the future. We leave those out for the moment.

It is necessary to discuss the inclusion of the term, ε(0) 6= 0 for the almost two dimensional band, ε2(~k). This

term is a shift of the center of this band. This will produce a density of states (Fig. 1) which is displaced with

respect to the band ε3(~k). This mutual displacement produces a joint density of states that is lower that the case

when the two bands are not displaced in ~k–space. Because of this, to obtain Tc 6= 0, we have to give higher values

of V , compared with the case when ε(0) = 0.

In order to prove further this assumption, we present in Fig. 4 Tc × µ (upper panel) and ρ × µ (lower panel,
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FIG. 2: Tc × µ (upper panel) and ρ × µ (lower panel, thick line) for ωD = 0.35 eV and several values of

V , namely, V = 6.5, 7.5, 8.5 and 9.5 eV. In the lower panel we have also shown α × µ (right scale).

thick line) for ωD = 3.50, 4.00, 4.50 and 5.00 eV and V = 1.50 eV. In the lower panel of this figure, we have also

plotted α × µ (right scale). As foreseen, the values of α(µ) can be less than 1. However, the values of ωD and V

are quite large.

We should end by saying that our model Hamiltonian is really a phenomenological one because we assume

that the term V is the essential ingredient to obtain superconductivity. We should emphasize here that other

terms like intra–band terms are also necessary. In addition, we do not know the origin of V . We know that it has

to come from the electron–phonon interaction, since this material is of BCS–type. A paper by Acquarone and

Romanò [12] discusses the origin of a model Hamiltonian for MgB2 which takes into account its unusual phononic

features. They use as a starting point the results of LDA calculations, which show that in MgB2 the phonons have

a strong quartic unharmonicity and that the bond–stretching electron–phonon interaction has both a linear and

a large quadratic component. Additionally, Alexandrov [13] claims that in the magnesium diboride the carriers

strongly coupled with high–frequency phonons mainly reside in the boron. Therefore, these superconductors form

what is essentially non–adiabatic “metallic” boron. Kasinathan, Lee and Pickett [14] say that the conventional

electron–phonon (Migdal–Eliashberg) theory is not applicable as the Fermi energy decreases and approaches the

bond–stretching mode energy (65 meV). In this paper, we have used a single parameter model for our pairing

interaction. More elaborated calculations with the approach of Ref. [12–14] is left out for future studies.

We would like to perform calculations with the off–diagonal pairing terms, like Vπ,π and Vσ,σ, due to the fact

that they are small.
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FIG. 3: Same as Fig. 2 for ωD = 4.00 eV and V = 2.00 eV.

Acknowledgments

The authors wish to thank kindly the following supporting Venezuelan agencies: FONACIT (Project S1

2002000448) and CDCH–UC (Projects 2001–013 and 2004–014) (JJRN), and the Brazilian agencies CNPq and

FAPERGS (AAS). Numerical calculations were performed at LANA (UFSM, Brazil) and SUPERCOMP (UC,
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Scientific Program (P.P.I.–IV ).

6



FIG. 4: Same as Fig. 2 for ωD = 3.50, 4.00, 4.50 and 5.00 eV and V = 1.50 eV.

APPENDIX A

The set of equations (6–7) can be given more explicitly for Tc and µ as

Fi(Tc, µ) =

Z bi

ai

dx
Ni(x)

2

tanh
ˆ

(x + ε0i − µ)/2 T ∗
c

˜

(x + ε0i − µ)
(A1)

F̃i(Tc, µ) =

Z di

ci

dx
Ni(x)

2
tanh

»

x + ε0i − µ

2 T ∗
c

–

(A2)

where T ∗
c is kB Tc and

ai = max{µ − ωD, min[εi(~k)]} ci = min[εi(~k)]

bi = min{µ + ωD, max[εi(~k)]} di = max[εi(~k)]

Ni(x) is the density of states for the σ (i = 2) and π (i = 3) bands:

Ni(x) =
1

2π3ti

Z Li(x)

li(x)

F
hπ

2
, Ki(x, y)

i

dy (A3)

where F [π
2
, x] is the elliptic integral of the first kind and

li(x) = cos−1{min[+1, (wi(x) + 2)/si]}

Li(x) = cos−1{max[−1, (wi(x) − 2)/si]}

Ki(x, y) =

»

1 −
[wi(x) − si cos(y)]2

4

–
1

2

wi(x) =
x − ε0i
2 ti

.
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The self-consistent Eqs. (4-5) can be re-written in a linear iteration form as

T ∗
c j+1 = (V/4)

ˆ

F ∗
2 (T ∗

cj , µj) × F ∗
3 (T ∗

cj , µj)
˜ 1

2 (A4)

µj+1 =
4(n−1)T ∗

cj + [F̃ ∗
2α(T ∗

cj , µj)+F̃ ∗
3α(T ∗

cj , µj)]

F̃ ∗
2β(T ∗

cj , µj) + F̃ ∗
3β(T ∗

cj , µj)
(A5)

where F ∗
2 , F ∗

3 , F̃ ∗
2α,β and F̃ ∗

3α,β are obtained from Eqs. (A1– A2) as

F ∗
i (T ∗

c , µ) =

Z bi

ai

Ni(x) fi(x, µ, T ∗
c ) dx (A6)

F̃ ∗
iα(T ∗

c , µ) =

Z di

ci

Ni(x) [x + ε0i ] fi(x, µ, T ∗
c ) dx (A7)

F̃ ∗
iβ(T ∗

c , µ) =

Z di

ci

Ni(x) fi(x, µ, T ∗
c ) dx (A8)

where

fi(x, µ, T ∗
c ) =

tanh[Xi(x, µ, T ∗
c )]

Xi(x, µ, T ∗
c )

Xi(x, µ, T ∗
c ) =

x + ε0i − µ

2 T ∗
c

The numerical solution of Eqs. (4– 5) are obtained, for a given pair of fixed values (V, n), by iterating the

system of Eqs. (A4–A5) from proper initial values (T ∗
c0, µ0) until desired absolute and relative tolerances are

achieved:

|T ∗
c i+1 − T ∗

c i| , |µi+1 − µi| ≤ 10−7

˛

˛

˛

˛

T ∗
c i+1 − T ∗

c i

T ∗
c i

˛

˛

˛

˛

,

˛

˛

˛

˛

µi+1 − µi

µi

˛

˛

˛

˛

≤ 10−5

A set of solutions, i.e., a line in the Tc ×µ or ρ×µ planes is obtained by fixating a value for V and varying the

value of n (n = 2ρ) by small steps and using the solution values (T ∗
c , µ) obtained from a previous nj−1 quantity

as initial values for the next nj quantity.
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