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Abstract

The operator method has been used to solve the fractional Fokker-
Planck equation which was recently formulated as a model for the
anomalous transport process. Two classes of special interest of frac-
tional F-P equations coming from plasma physics and charged parti-
cle transport problem has been considered. It is shown that the mean
square-displacement < x2(t) > satisfy the universal power law charac-
terized the anomalous time evolution e,i. < x2(t) > ~ t~t, 0 < 7 < L
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1 Introduction

The linear time-dependent Fokker-Planck equation (PPE) for the probability
function p(x,t) is of the form,

m =Lfpp{x,t) (1)

with Ljp is given by,
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where D(x) and V(x) are referred to as the diffusion and drift coefficients.
Equ.(l) is currently one of the most important equation in the study of
dynamical process of nonequilibrium systems where the explicit forms of D(x)
and V(x) vary considerably and depend on the particular application^1"3).
Usually, the FPE can be derived following the Langiven approach, that is
starting from the stochastic equation of motion for the dynamical variable
whose probability distribution is of interest. The basic properties of Equ.
(1) are exponential decay of the single modes in time,

Tn{t) = exp(-An|1i) (3)

with Xn,i is the eigenvalue of the operator L/p. Also Equ.(l) has the
following formal solution,

p{x}t) = cxp(tLfp) 5(x — x0) (4)

where 6(x — XQ) is the initial distribution function. In the absence of drift
term i. e. V(x) = 0, the equation describes a Gaussian evolution as may
be anticipated based on the central limit theorem. Also, the mean square
displacement < x2(t) > is proportional to time t,

<x2(t) > ~Kxt . ' (5)

where K\ is constant related to the diffusion coefficient. Finally the sta-
tionary solution,

pst(x) = Limt-toopixit) (6)

is given by the Gibbs-Boltzmann distribution.

pH(x)~exp(V(x)/kBT) (7)

with {ksT)'1 denotes the Boltzmann factor.

2 Fractional Fokker-Planck Equation (FFPE)
In recent years some interest has been focused on non-standard diffusion
mechanism taking place in system with fractal rather than Euclidean geom-
etry. Indeed, there is some evidence that many experimental data can be
fitted and interpreted much better within the context of fractal rather than
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Euclidean geometry'4). Some typical examples of transport in Fractured^,
phase-space motion in chaotic dynamics^6), and transport in heterogenous
media such as porous materials or gels'7'8) are some of the main instances
where anomalous diffusion underlies transport process. Anomalous diffusion
is characterized through the power form'9),

< x*(t) > ~K^, 0 < r < 1 (8)

In analogy to the description of normal diffusion-drift equation, one may
expect to introduce FPE involving with a fractional differential operator of
time i.e. d?p(x, t) .where 7 is the anomalous diffusion exponent, of the system
under consideration,

0D7p(x,t) = L}pp(x,t) (9)

with,

D*(x) and V*(x) are the diffusion coefficient and the external potential
related to the disordered system under consideration respectively. The oper-
ator QD] is so-called the Liouville-Rieman fractional operator and is denned

t) = jtODrlp(x,t) (11)

and,

0D] p(x, t) = ^ f f r - ^ (12)

where T(~/) is the Gamma function. Equation (9) is called the fractional
Fokkcr-Planck equation and it has been recently derived and investigated
in( l l-I4)) and it is easy to see from Eq.(ll) that 7 = 1 , Eq. (9) reduces to the
standard PPE (1). One can obtain the formal solution of Eq.(9) by taking
it into Laplace domain yielding,

p(x,u) = u'-1(ui--L}p)-
1p{x,O) (13)

where,
/•oo

p(x, u) = L{p(x,t),u] = / exp(—ut)p(x,i)dt (14)
Ja

and p(x, 0) is the initial condition. A direct transition to time domain
(i.e.. inverting the Laplace transform) does not seem to be feasible. This
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difficulty is circumvented by passing through the intermediate step of the
Mellin transform,

p{x,s) = I™ ts-lp{x,t)dt (15)
Ja

and the cnnection between Laplace and Mellin transforms given by,

p{x,s) = f^Z^)M {L\p(x,t)](v)> 1 - s} (16)

Applying the formula (16) to Eq.(13) leads to,

^r^(*, 0) (17)

Comparing the inverse of Mellin transform (15) with the definition of
H-function(25'26) which has the following form,

•Ljmnir7\_ rrmn
pq pq {jij)j1^ ) (18J

one gets,
p(x, t) = (l/7)/7» ((LJp)1^ \$\ffm)) P(x, 0) (19)

where the H-function represented by following contour integration,

- f 1 A(S)B(S) J -

where

A(s) =
3=1

B{s) = ft r(l - aj - ajS)
. 7 = 1

(21)

j=l+m

D(s) = f[ r(aj-ajS)
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H-function is closely related to the class of Mittag-Leffler function^26),
therefore the series representation of (18) gives,

( oo { T * \viryT "\

or
p(x,t) = E7tl(L*fpti)p(x,0) (23)

where £?7ii denotes the Mittag-Leffler function and has the following form,

Evidently the solution (22) represent very slow non-exponential dynamics
approaching time decay in the long limit. It is easy to show that this non-
exponential decay reduces to the formal solution (4) for 7 = 1. Also the
basic properties of FFPE are the monotonically decreasing Mittag-Leffler of
the single modes in time,

Tn(t) = EljX(-Xntlf) (25)

comparing with exponential decay of Equ.(3) which is monotonically de-
caying and interpolates between the initial stretched exponential behavior
and the final inverse power-law pattern. Thus, one can show that Equ.(25)
represents as an exact relaxation function for underlying fractal time walk
process, and that function leads to the Cole-Cole behavior for the complex
susceptibility, which widely used to describe the experimental results. It
is worth mentioning that fractional kinetic equation have been extensively
shown to be a well-suited tool for the description of anomalous relaxation
and diffusion process in complex systems, see for instance^10'11). Since, there
are no solution of Eq.(9), there is some motivation here to introduce the
operator method for solving the corresponding fractional moment equation
of FFPE. The operator method has been successively used to solve the mo-
ment equation of FPE^L5l using the definition of the shift operator and the
technique of the exponential operator decomposition^16"18).

The purpose of this paper is to extend the analysis of the operator method
introduced by EL-Wakil et al.[19] to solve the fractional moment equation of
FFPE. Two different examples are chosen for the interesting nature of the
solution, but they are by no means claimed to be unique, there may be other
similar examples perhaps more interesting ones.
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3 Example (1)
The first example come from plasma physics in terms of quite complicated
integrals^20). The governing equation is taking as^21),

dp(x,t) 1 d2 . z 1 - 2 6 . ,. d . a r 2 e . ..

with € ^ —1/2, Eq.(26) can be written in the fractional form as follows,

02 .x1-^ . .. 0 ,ar26 , ,,
{—pM) ~ Tx{—pM) (27)

Making use of the replacemen

p{x,t) -

t = r (28)

2e

Eq.(27) reduces to the fractional FFP for the linear Brownian motion as,

d^wjy, r) = ld2w(y,r) _ d My,r)
dr-r 2 dy2 dy[ 2y ' ^ '

Assume that the above equation subject to the following boundary con-
ditions,

Limy^±QOyKw(y. r) = 0 (30)

and initial condition,

w ( y , 0 ) = 6[y - y 0 ) , 0 < y 0 < l (31)

Multiplying Equ.(29) by yK and integrating over y 6 [—00,00], the mo-
ment equation becomes,

<PM (T)
KV ± = ( 1 / 2 ) [ K M K _ 3 ( T ) + K(K - l)M«_2(r)] (32)

where ^
M«(r)= I yKw{y,T)dy (33)

J —no
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Eq. (32) can be rewritten in the operator form,

™ ; ( T ) =C MK(r) (34)

with,

where E±n is the translation operator defined by(23),

E±nMK(r) = MK±n(r) (36)

Using the Laplace-Mellin technique introduced in [24] to solve Eq.(34),
one can obtain the solution in a closed form of H-fuiiction as,

/ - 1/7 \

MK,(r) r-. {lh)H\l U-C) r Igi/^^o,!) I M«(°) (37)

Equation (37) in series expansion becomes,

MK(T) = I f ) p P ^ y I .^(0) (38)
v )

with,

{C)rMK{0) = (l/2)r[rt + K{K - l)]rMK_2r(0) (39)
The advantage of applying the operator method is to obtain a closed form

for the different order of the moments which can be directly evaluated via
Eq.(38). For example, when K = 1,2, then first two moments are readily
found to be,

It is obvious that the moments increase sub-linearly in time which is very
similar to the power law that describes the mean-square displacement in
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anomalous diffusion founded in Equ.(8). For 7 = l,eq.(38) reduces to the
familiar results as shown,

MK(r) = exp(r C) MK(0) (42)

which in series form take the form,

MK(T) = MK_2r(0) + f ) ^r(l/2Y(K + K(K - l))rMie_2r(0) (43)
r = l

4 Example (2)

A second instructive example describes the FP equation for charged particles
transport introduced by Molinari et al. [27-29]. The problem of fast charged
particles slowing down in a medium through coulomb interactions can be
appropriately study in the framework of FP equation. We will consider the
slowing down of a charged particle emitted with velocity t>oby a collimated
source. If y. is the cosine of the angle between the direction of the test particle
and wo, The FP equation for the probability density f(v, /i, t) can be written
in the following form

(44)
with the initial condition,

f{v, n, 0) = N06{v - vo)S{fi - l)S(t) (45)

Here f(v,/j.,t) is the probability density that depends on velocity, angle
and time. The expression of the coefficients a( the dynamical friction coeffi-
cient), ft and A (the coefficients of the diffusion velocity tensor) for coulomb
interaction as follows,

a = nmS[l - M(l - ^ ) ] , (46)

(47)
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A = nM2O(l - -r—r)/2, (48)

„ e VlnA

^ - , (50)

and,

1

?ny being the field particle mass, mt the last particle mass and Hm;n
the lower limit of the direction angle E in the center of mass system of
two colliding particles. Now, the corresponding fractional Molinari equation
which can be used to describe the transport of a charged particle through
a hypothetical fractal structure has an anomalous diffusion exponent ( 0 <
7 < 1) is given by,

(52)
To solve Equ.(52), expand the probability density /(u,/i, i) in terms of

Legendre polynomials pn{lA as,

(53)
7!-=0

with
f1fn{v,t)= f(v,ii,t)pn{^)dn (54)

J — 1

Then Equ.(52) takes the form,

d1 °° d a °°
OZ n=Q OV V n=0

A
n=0 v n=0
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where,
2n+l

Multiplying Eq.(55) by pn{p') and integrating over JJ, € [—1,1] and using
the orthogonal relation, one gets,

UM £ [ £ A ( M ) 1 + [ f M ] ^[n(n+1)/M] (56)

The function fn(v, t) is defined by Equ.(54), can be expanded in Legendre
polynomials by Fllippone [30],

fn(v, i) = E -^—Xnm(t)pm(v/vQ), v < v0 (57)

with,
Hnm(t)= [V fn(v,t)Pm(v/Va)dv (58)

Using the exjwession of the Legendre polynomials pm{v/vo) in the form,

m

pm{vlvti)=Y,^i^y (59)
p'=0

where â 1 is the Legendre coefficient. Then Eq.(58) takes the form,

HUt) = t s"%^ (60)
p'=0 ^0

where
Mp,,n{t)= I r/fn(vtt)dv (61)

Multiplying Eq.(56) by vk and integrating over v € [—00,00] and using
Eq.(61), the moment equation takes the form

By using the definition of the two shift operators Ei, E2 defined by
Ronald[23]

l
 ll(t) (63)
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Therefore, Eq.(62) can be rewritten in the operator form,

£ J * e & - A j i 4 , ( O , » > o (64)

Applying Laplace-Mellin technique to solve Eq.(64), we obtain the solu-
tion in a closed form in terms of H-function,

^ ( > ) AfM(o) (65)

using the series expansion for Fox-function

Its obvious that the solution (66) represents a closed form of moments
which increase sub-linearly in time that may characterize the transport of a
charged particle through a hypothetical complex medium. Here, the change
of diffusion character is caused by two reasons: strong tortuous (twiatness)
of percolation ways and presence of impasses (dead ends on current ways
at least). Therefore, the result (66) describes the generalized solution for
nbnstationary macroscopic observable whose macroscopic time evolution is

governed by A- In regular domain i.e. 7 = 1, formula (66) reduces to the
familiar result,

A4,n(0) + E {-^r- ^4,n(0) (67)

with,

A M*,n(0) = [Bk{k\-1) • • ak • • Xn(n -I l )] r A4_3)n(0) (68)

Equ.(67) leads to,

Mkin{t) - <Mk,n(0) + £ -APk(k + l)-ak- \n(n + l))r) Mfc_3r,n(0)
I r=() T- )

(69)
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In order to complete the formulation of the problem we impose the bound-
ary condition of the probability density at t = 0 in the form,

f(v, i>, 0) = N06{v - vo)S(fi - l)S(t), v < v0 (70)

where No is the number of the test particle per cm3. By means of Eqs.(70)
and (61) we have,

f(v,0) = N0S(v-v0) (71)

Mkin(0) = N0v
k
0, k > \ (72)

Hence Eq.(69) becomes,

Mk.n(t) = Âo (vo + £ -,(PHk + l)-ak- \n(n -h l))r) vk
0~

Sr (73)

Thus, we obtain the probability density /(t;,//,i) in the form,

00 Or, _L 1 °°

n=0 ^ m=0 Z p'_0
(74)

with,
c0 = (Pk{k + 1) - afc - \n(n + 1)) (75)

Now, with the knowledge of the probability density eq.(74) some physical
macroscopic quantities such as average velocity can be directly evaluated.
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5 Conclusion
It is worth noting that, if the stochastic process is markovian (7 = 1), the
Fokker-Planck equation associated with this process and its solution can be
found in standard textbooks of non-equilibrium statistical physics. On the
other side, for the generalization the order of time evolution operator ( change
of noise of the physical system from white i.e.(7 = l)to grey i.e. ( 0 < 7 < 1)
where 7 may be considered as the grayness parameter, there is no simple FP
equation. In this paper, the fractional FP equation which contains fractional
time operator (we are dealing witli the so-called Liouvell-Rieman differential
operators) can be introduced within the framework of fractional calculus
represent a promising tool for studying anomalous transport process through
complex system characterized by power law mean square displacement <
x2(t) > ~'K^. ' .

Here, we introduce a technique , widely used to solve the FP E, namely,
the operator method to solve the fractional FPE associated with two exam-
ples, one coming from plasma physics and the other coming from slowing
down of charged particle through a fractal structure with coulomb interac-
tion.

Using the Laplace-Mellin technique to solve, the fractional moment eqxia-
tion, we can derive the recursion relation for the moments in a closed form
of H-function which interpolates between initial stretched exponential form
and inverse long-time behavior.

This means that, the fractional calculus technique offers some physical in-
sight into the origin of fractional dynamics for systems which exhibit multiple
trapping such as the charged carrier transport in amorphous semiconductor.

Finally, it can be concluded that, the operator method represents one of
the most powerful technique for solving the fractional moment equation of
F-PE,
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