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ABSTRACT 

Over the past thirty years numerical modelling has emerged as an interdisciplinary 
scientific discipline which has a significant impact in engineering and design. In the field of 
numerical modelling of transport phenomena in porous media, many commercial codes exist, 
based on different numerical methods. Some of them are widely used for performance 
assessment and safety analysis of radioactive waste repositories and groundwater modelling. 
Although they proved to be an accurate and reliable tool, they have certain limitations and 
drawbacks. Realistic problems often involve complex geometry which is difficult and time 
consuming to discretize. In recent years, meshless methods have attracted much attention due 
to their flexibility in solving engineering and scientific problems. In meshless methods the 
cumbersome polygonization of calculation domain is not necessary. By this the discretization 
time is reduced. In addition, the simulation is not as discretization density dependent as in 
traditional methods because of the lack of polygon interfaces. In this work fully meshless 
Diffuse Approximate Method (DAM) is used for calculation of radionuclide transport. Two 
cases are considered; First 1D comparison of 226Ra transport and decay solved by the 
commercial Finite Volume Method (FVM) and Finite Element Method (FEM) based 
packages and DAM. This case shows the level of discretization density dependence. And 
second realistic 2D case of near-field modelling of radionuclide transport from the radioactive 
waste repository. Comparison is made again between FVM based code and DAM simulation 
for two radionuclides: Long-lived 14C and short-lived 3H. Comparisons indicate great 
capability of meshless methods to simulate complex transport problems and show that they 
should be seriously considered in future commercial simulation tools. 

1 INTRODUCTION 

Numerical simulations of convective diffusive transport partial differential equations are 
widely used for the solution of many engineering and scientific problems. Traditional 
numerical methods i.e. Finite Difference Method (FDM), FVM, FEM are well accepted and 
tested on numerous problems. Nowadays a new branch of Meshless Numerical Methods 
(MSM) is in fast theoretical development and is also progressively used for the solution of 
practical engineering problems. 

Numerical modelling is essential in particular for the prediction of long-term processes 
such as for example toxic releases in the environment. Long time-frames involved in the 
movement of substances especially in the ground are caused by the slow movement of the 
groundwater. Slow and long-term processes are not an easy task to solve numerically. The 
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problems are usually related to the accumulation of the numerical errors when the simulation 
progresses. The sources of numerical errors are mostly due to the truncation and due to the 
numerical diffusion.  It was shown, that DAM is characterized by high numerical accuracy 
and low numerical diffusion as the traditional methods [1].  

The use of numerical tools is essential in performance assessment and safety analysis 
(PA/SA) of a radioactive waste repository. An accurate and reliable tool is therefore a key in 
accurate and reliable PA/SA. 

2 SOLUTION PROCEDURE 

Consider a domain Ω with boundary Γ both containing N calculation nodes. The 
representation of the field variables in the problem domain is made via construction of the 
shape function, which for the local approximation meshless methods is formed from I 
neighbouring nodes in data sites pi on the n'th subdomain n Ω ∈Ω + Γ . The neighbouring 
nodes are chosen based on the total number of nearest neighbouring nodes I. In this work we 
focus on the DAM developed by [2] which is based on the moving least squares local 
approximation technique using polynomials as basis functions and Gaussian weight function. 
This is a very promising meshless numerical method due to its simplicity and ability to solve 
complicated large-scale problems [1], [3], [4]. In DAM, the function value and the 
corresponding derivatives of a variable f in the reference node pn are calculated from K basis 
functions φk as  
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Functions jk are chosen as polynomials j1 =1; j2 = (x-xn); j3 =(y-yn); j4 =(x-xn)2; j5 =(x-
xn)(y-yn); j6=(y-yn)2, i.e. K=6. In case of least squares approximation, coefficients αk are 
obtained from the solution of the system of equations 

 
⋅A α = b ,  (4) 

 
where the matrix A and the vector b are obtained through the minimization of the functional 
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and n−p p  is the Euclidian distance between nodes p and pn where p=ixx+ iyy is introduced 
in the Cartesian coordinate system with base vectors ix and iy. This leads to the system of 

 equations for the calculation of the unknown coefficients α at each node p in the 
subdomain 
K K×

nΩ. The number of nodes in the domain of influence I should be larger or equal to 
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K, thus I¥K and is in our case fixed to 9. The influence of the neighbouring nodes to the 
reference node is expressed in terms of weight function . The left-hand side matrix A and 
right-hand side vector b are written in explicit form for n'th subdomain as 

Ŵ
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Gaussian weight function is defined as 
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where s denotes the radius of the domain of influence (the largest Euclidian distance between 
p and pn). PDE is solved by inserting the partial derivatives obtained from the calculated 
coefficients α  and multiplied by the appropriate derivatives of the basis functions ϕκ, as 
given in Eq. (2) and Eq. (3). 

3 NUMERICAL EXAMPLES 

3.1 1D radionuclide transport 

The case under consideration is the transport of decaying species, taken from [5]. 
Consider one-dimensional vertical transport of a sorbing species through a water-saturated 
concrete bunker. The length of the problem domain is 2.7 m. At 0.5 m from the top of the 
bunker, a 0.5 m high waste zone exists as shown in Figure 1. 

 

 
Figure 1: Radionuclide transport problem definition. 

 
In the waste zone, the total amount of 226Ra present is 0.0877 moles with initial activity of 
7.25⋅1011 Bq. The half-life t1/2 of 226Ra is 1600 y. We assume the waste is uniformly 
distributed in the waste zone, which has a unit length in horizontal directions x and z. The 
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constant water flux q through the bunker is 4.53⋅10-4 m/y. Consider a porosity ε=0.37, the 
pore water velocity v=q/ε =1.224⋅10-3 m/y. The sorption of radium onto the solid phase is 
described by the equilibrium distribution coefficient Kd, which is set to 0.653 m3/kg. Bulk 
density ρb=1660 kg/m3, the retardation coefficient R is calculated from relation  

 
3 31660 kg/m 0.653 m /kg1 1 2930
0.37

b dKR ρ
ε

⋅
= + = + =  (9) 

 
In partitioning the radium between solid and liquid phase, the volumetric activity in liquid 
phase is determined from 
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where V is a volume of 1D waste region. Molecular diffusivity Dp is set to 0.0023 m2/y, while 
longitudinal dispersion coefficient αL=0.1 m. The problem of decaying species is 
characterized by the species conservation equation 
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Since this simulation is made in 1D, the diffusion tensor D is simplified to scalar value D, 
defined as p LD D vα= + , where Dp, αL, and v are molecular diffusion, dispersion coefficient 
and pore water velocity (presented as scalar value in 1D), respectively. The volumetric 
activity is observed at the point positioned at 1.55 m from the top boundary. The comparative 
solution is obtained by the FVM-based commercial package Porflow [6] and the FEM-based 
commercial package Hydrus [7]. The results are calculated on four discretization densities 
with spacing ∆y=5 cm, 1.25 cm, 1 cm, and 0.5 cm and compared against the analytical 
solution given in [8]. The calculations are performed using three different numerical methods 
using all chosen discretization. The behaviour of different methods in terms of accuracy is 
shown in Figure 2. The results shown for DAM are calculated by explicit Euler time scheme 
and time step ∆t =50 y, 9 nodes in the domain of influence and weight function free parameter 
c=15. 

Comparison shows that the DAM and FVM solutions are increasingly accurate with 
finer discretization with overestimation of the results on coarser node distributions. In 
addition, the level of convergence with DAM is better than the one of FVM. Results obtained 
by FEM are less dependent on grid density. In the case of coarser grids, however, the solution 
is largely underestimated, which is problematic from the confidence point of view. It is 
important that the radionuclide volumetric activity or flux obtained from the numerical 
calculations must reflect in larger or equal results to those in reality and not lower. The exact 
peak volumetric activity at y=1.55 m resulting from the analytical solution is 575 Bq/m3 at 
15000 y.  CPU consumption of DAM is very similar to the one of FEM and approximately 
twice as FVM calculations. However, considering better accuracy at coarser discretization the 
difference in calculation time between DAM and FVM diminishes.   
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Figure 2: Volumetric activity at y=1.55 m.  

 
3.2 2D water flow and radionuclide transport 

This is a more realistic example of radioactive waste release from the proposed 
repository, described in details in [9] and [10]. The procedure used in this example is typical 
for the direct calculations made for performance assessment and safety analysis of the 
radioactive waste repository [11].  

The repository consists of a multi-barrier system in a vault-type repository, where the 
following barriers prevent the waste from interacting with the environment: the waste 
packages, concrete fill (inside and outside the package), concrete structure (vault) and the 
geosphere (soil). 

Solid radioactive wastes are packed in 200 l or 320 l (over-pack) steel drums, steel 
canisters 2×2×2.8 m, and further in 864 l tube-type containers (TTC). Wastes within the 
packages are sealed with concrete. The TTCs are placed inside a concrete disposal container - 
concrete block, of dimensions 2.5×2.5×3.2 m. After emplacement of the TTC, the concrete 
block is filled with poured concrete and covered with a prefabricated concrete lid. The drums 
are sealed in blocks of 8×8×3 m. All concrete blocks are disposed in 10 vaults, with 
dimensions 20×20×10 m, with a 0.6 m thick bottom plate and 0.4 m thick walls. Gaps 
between blocks are backfilled with a mixture of native sand or bentonite clay and the whole 
vault is covered with a reinforced concrete plate. The whole repository structure consisting of 
10 vaults is 135 m long, 43 m wide and 10 m high. 

In reality the problem is, of course, defined in three dimensions. From the numerical 
point of view, 3D problems are usually too cumbersome, especially if the time frames 
considered are large. Therefore, the level of dimensionality is decreased by at least one 
dimension. Further reduction of the calculation domain can be made then by taking only a 
half of one vault as depicted in Figure 3. 

Proceedings of the International Conference “Nuclear Energy for New Europe 2005” 



136.6 

 
Figure 3: Schematic representation of the calculation domain. 

 
Discretization of the domain is uniform with ∆x=∆y=10 cm spacing in both directions for 
easier comparison with the commercial package Porflow. Materials considered are soil, 
concrete walls, backfill and concrete containers, marked in Figure 3 by numbers 1, 2, 3 and 4, 
respectively. The material properties of steel drums, TTC and concrete container are 
averaged. All together are considered as a fine concrete with low permeability, which is a 
conservative approach. The physical parameters are set as realistically as possible (see Table 
1 and Table 2). 
 
Flow calculation 

 
In reality, the first engineered barrier for a surface repository is a cover which prevents 

the majority of the rainfall water being infiltrated into the repository itself. In this work, 
however, the water flux that enters the calculation domain is assumed to be equal to the 
infiltration. Considering a rainfall of 1000 mm/y, 300 mm/y evapotranspiration and 100 mm/y 
runoff gives us 1000 mm/y-300 mm/y-100 mm/y=600 mm/y (0.6 m/y) infiltration. This water 
infiltrates at the top. Therefore the top velocity boundary condition is of Dirichlet type with 
prescribed water flux. The velocity boundary conditions on the left and the right side are 
Neumann boundary conditions, because of the symmetry. The bottom boundary is 
characterized by free flow boundary condition with Neumann velocity and Dirichlet pressure 
boundary condition. Assuming saturated conditions, the saturated hydraulic conductivities, 
porosities and bulk densities for each material are as listed in Table 1. 

 

Table 1: Parameters for flow calculation. 

Material Hydraulic cond.[m/s] Porosity[-] Bulk density [kg/m3] 
1 10 0.42 1540 
2 10-8 0.16 2230 
3 10-7 0.36 1700 
4 10-9 0.16 2230 
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Radionuclide transport calculation 
 
Two radionuclides are considered for the comparison, short-lived 3H with half-life 

t1/2=12.3 y and long-lived 14C with half-life t1/2=5700 y with hypothetical initial total activity 
of 104 Bq for 3H and 109 Bq for 14C. Assuming the homogeneous distribution of each 
radionuclide over the whole repository, the corresponding volume per unit depth and half 
repository is V=67.2 m3. Tritium transport is not retarded while the transport of carbon is 
much slower due to retardation. The retardation factors are calculated from Eq. (9), with the 
values 1 and 27826 for 3H and 14C, respectively. The volumetric activities can be calculated 
as in Eq. (10) from known retardation factors. The corresponding volumetric activities are 93 
Bq/m3 and 3342 Bq/m3 for 3H and 14C, respectively. It should be emphasized here, that 
volumetric activity can be used only in cases of single decaying species. However, if a multi-
species decay-chain is considered, the amount or mass per unit volume of radionuclides have 
to be used. Physical properties for transport are listed in Table 2. 

 

Table 2: Physical parameters for radionuclide transport calculations. 

Dispersion [m] Material Diffusion 
[m2/y] Longitudinal Transversal 

Distribution 
coefficient 

[m3/kg] 
3H 
1 2.14ÿ10-4 0.01 0.001 0
2-4 2.14ÿ10-4 0.001 0.001 0
14C 
1 4.42ÿ10-4 0.01 0.001 0.02
2-4 4.42ÿ10-4 0.001 0.001 2

 
Boundary conditions for radionuclide transport are of Dirichlet type at the top and left 

boundaries with value C=0 Bq/m3, i.e. no radionuclides enter the domain. Bottom and right 
boundary conditions are of Neumann type due to the symmetry on the right side and due to 
free discharge of the radionuclides on the bottom. 

Since the flow field is not affected by the concentration field, it can be calculated 
separately. A steady-state flow field is achieved after a few years or after a few tens of years, 
whereas the time frames for peak concentrations can be measured even in several hundred 
thousand years. For this reason the first flow field is determined and after that this flow field 
is applied or superimposed to the radionuclide transport calculations. The problem of 
unconfined flow through the Darcy porous media is defined by Darcy momentum 
conservation equation 

 

P
K
µ

∇ = − v   (12) 

 
The solution is obtained with the parameters provided in Table 3. 

 

Table 3: Simulation parameters for flow calculation. 

Parameter Label Value 
Number of nodes NxµNy 120µ124
Node spacing Dx=Dy 10 cm
Time step Dt 0.001 y
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Internal convergence criteria hint 0.000001 m/y
Total convergence criteria hcon 0.00001 m/y

 
The problem of decaying species is characterized by the species conservation described in Eq. 
(11) and calculated by explicit time stepping procedure. 

 
Numerical results 

 
Numerical results are given for both the flow field and radionuclide annual discharge. 

Comparison, however, is made only on the final results, that is, for radionuclide discharge 
through the bottom boundary. 
Four materials are considered in the presented problem. Each is characterized by different 
saturated hydraulic conductivities. The first material (soil) has the largest hydraulic 
conductivity. When water “hits” the concrete walls of the repository, the concrete walls, 
characterized by lower hydraulic conductivity, offer much more resistance to flow. Inside the 
repository there are containers with even lower hydraulic conductivities, but the backfill 
around them is more permeable. Therefore the majority of the flow flows in these thin gaps 
between the containers. The described flow structure is shown in Figure 4(a). Because the 
water flux inside the containers is considerably smaller than outside repository, the velocity 
profile is better seen in Figure 4(b). The velocity profile is made across the middle of the 
repository height. Here we can clearly observe the behaviour of the water flow. As described 
earlier, the water flux is naturally higher around the repository and lower inside. In the gaps, 
the water flux is higher towards the middle of the repository length. 
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Figure 4: Flow structure inside the repository (left) and the flow fluxes at the middle of 
the repository (right). 

 
Radionuclide transport is characterized by several mechanisms, in general by diffusion, 

advection and retardation. Molecular diffusion is characteristic of each species, the host 
medium, which is water in this case and of the type of porous media through tortuosity. Often 
the data about the tortuosity for different porous media is not known therefore we assume that 
molecular diffusion is constant for all materials. Dispersion, on the other hand is characterized 
by the movement of the species and from the type of porous media. The level of retardation is 
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a function of material and the transported species. So the number of involved parameters that 
effect the time of the peak and the peak value is relatively high. In addition the results are 
very sensitive to the initial position of the wastes. When the repository geometry is 
discretized, special care has to be taken on the waste placement due to large sensitivity of the 
results on the waste position. For this reason the node distribution is performed in the same 
way in FVM and DAM calculations. Calculation results are given in terms of output annual 
discharge from the bottom (exit) boundary and are given in Figure 5. 

 
Figure 5: Discharge from the bottom boundary of the repository. 

 

4 CONCLUSIONS 

In this work we show that the meshless numerical method (DAM) is well applicable for 
the calculations of transport phenomena. Two test cases are presented. From the first test we 
see that discretization density dependence of MSM is much lower than the one in FVM or 
FEM.   
The goal of the whole development of numerical methods, however, is its application to real 
problems. Real problems, in general, involve complex geometries, non-homogeneous and 
anisotropic physical properties. An example of a more realistic problem is shown in the 
second case and deals with the groundwater flow and radionuclide transport through a 
radioactive waste repository. The physical properties are still simplified due to the lack of 
measured data, but they are as realistic as possible. The repository geometry is also realistic. 
The comparison of radionuclide fluxes transported to groundwater show excellent agreement 
with the commercial package. Although the DAM calculations took some more CPU time 
than the calculations made by the commercial package, the results are very promising 
especially since meshless methods are well applicable for computer parallelization. This case 
shows the ability of DAM to cope with the step-function initial conditions (initial 
concentration field) and good calculation accuracy which is necessary for such calculations 
where the difference between input values and output values can be 20 orders of magnitude or 
even more. 
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