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ABSTRACT 

During the last years, many attempts have been made to extend turbulent heat transfer at 
low Prandtl numbers to high Prandtl numbers in the channel based on a very accurate pseudo-
spectral code of direct numerical simulation (DNS). DNS describes all the length and time 
scales for velocity and temperature fields, which are different when Prandtl number is not 
equal to 1. DNS can be used at low Reynolds (Re<30000) and low Prandtl numbers (Pr<20) 
due to the processors and memory limitations. 

On the basis of findings and experiences obtained at low Prandtl number simulations 
(Bergant, Tiselj, 2005, [1]), Pr=5.4, numerical simulations at two orders of magnitude higher 
Prandtl number were performed and at friction Reynolds number Reτ=150. Very similar 
approach as for Pr=5.4 was done for numerical simulations at Pr=100 and Pr=200. 
Comparison was made with results of temperature fields performed on 9-times finer 
numerical grid, however without damping of the highest Fourier coefficients. The results of 
mean temperature profiles show no differences larger than statistical uncertainties (~1%), 
while slightly larger differences are seen for temperature fluctuations. 

1 INTRODUCTION 

A Direct Numerical Simulation (DNS) means precise solving of Navier-Stoke’s 
equations without any extra turbulent models. In 1987, Kim et al. [2] performed first DNS of 
velocity field at low Reynolds number (Re=5700). The scope of their DNS study was 
investigating velocity field and observing turbulent structures in the channel. Later, they [3] 
also added energy equation to the equations of velocity field for the heat transfer calculations 
and assumed uniform volumetric heat generation was assumed, where the walls represented a 
heat sink. Kasagi et al. [4] also researched the temperature field, but in this case the top and 
bottom walls of the channel heated the fluid. All these simulations were performed at low 
Reynolds and Prandtl numbers. Later, Kawamura et al. [5], Na et al. [6] raised the limit of 
Prandtl number to ten, while Kawamura et al. [7] studied the influence of Reynolds numbers 
(up to Re = 14000) and Prandtl numbers (up to Pr = 5). They found a weak influence of the 
Reynolds number and stronger influence of the Prandtl number near the wall for turbulent 
heat transfer (velocity profiles, velocity fluctuations, turbulent heat fluxes). 

Theoretically, the grid spacing for DNS of heat transfer based on Eulerian method at 
Prandtl numbers higher than one should be inversely proportional to the square root of the 
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Prandtl number (Tennekes, Lumley, 1972, [8]). This requirement was taken into account in 
the DNS studies of Kawamura et al. [5] and Tiselj et al. [9], [10]. However, as shown by Na 
et al. [6] and Bergant et al. [11] this requirement is too stringent. 

Mitrovic et al. [12] performed the DNS of turbulent channel flow for Prandtl or Schmidt 
numbers that span five orders of magnitude (up to 50000). They described temperature or 
concentration fields without increasing the resolution of the numerical grid. This is possible 
due to Lagrangian method whose idea is based on the system of reference that moves with 
heat or mass markers. In other words, heat markers, which are released from the infinitesimal 
source on the wall, are monitored in space and time as they move in the hydrodynamic field 
created by DNS. 
 Nowadays, large eddy simulation (LES) is becoming the state of art for high Reynolds 
and high Prandtl number simulations. The beginning of LES goes back in 1960s in the field of 
the meteorology and atmospheric boundary layers when Smagorinsky [13] introduced eddy-
viscosity model. Kraichnan in 1976 [14] and Chasnov in 1991 [15] analyzed the model and 
found out that it behaves reasonably well for isotropic turbulence but is unfortunately too 
dissipative close to the wall; particularly it does not work for transition in a boundary layer. 

The present paper represents a contribution in the field of heat and mass transfers at low 
Reynolds and high Prandtl or Schmidt numbers, which are often met in practice (e.g. heavy 
oils, lubrications, electrochemical fluids). The advantages of DNS and LES methods are 
combined in order to obtain more accurate solution. High Prandtl number flows are still out of 
the range of the current DNS studies, while the accuracy of the available “pure” LES 
approach introduces unnecessary approximations. A realization of this idea is implemented in 
the present paper: DNS of the velocity field at low Reynolds number flow is coupled with 
Eulerian “LES-like” approach for the temperature field. Numerical simulations were 
performed at Re=2280 and at Pr=100 and Pr=200. These simulations were obtained with 
modification of the pseudo-spectral numerical code, which has been used in various DNS 
works at low Reynolds and low Prandtl numbers (Tiselj et al., 2001, [9], Tiselj et al., 2001 
[10]). When talking about coarser grid, we have in mind filtering of the highest wave numbers 
in the energy equation, which means that all temperature scales smaller than filter width are 
neglected. Such unresolved scales have the strongest effect on the remaining smallest 
resolved scales that are just larger than the filter width. Therefore, a damping of the remaining 
smallest scales is implemented in the energy equation in order to avoid “incorrect” energy 
transfer of the turbulent diffusion into the internal energy. The damping method is similar to 
the idea of the spectral turbulent diffusivity applied in some of the spectral LES approaches, 
e.g. Chollet, 1984, [16] and Metais and Lesieur, 1992, [17]. 

Although we are formally talking about heat transfer, it is worth mentioning the 
similarity of the heat and mass transfers. Physically, these are not the same problems. 
However, it is shown that with assumption of small concentration of additive substance, 
which does not influence the density and viscosity of the fluid, similar system of equations is 
used as in case of the heat transfer. Instead of the temperature, the concentration of the 
particles in the fluid is taken in interest, while Prandtl number is replaced by Schmidt number. 
In the field of nuclear technology, a transport of small and light particles and gases in 
atmosphere is particular interesting, for example sublimation of iodine in the air. 
 

2 NUMERICAL SCHEME 

Turbulent heat transfer was studied in the channel (Fig. 1), which is bounded by top and 
bottom walls, both heated by a constant heat source, while the pressure gradient drives the 
fluid flow between them. The flow in the channel is assumed to be fully developed. The 
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dimensionless Navier-Stokes equations normalized by the channel half height h, the friction 
velocity ρττ /wu = , and the friction temperature ( )pffw cuqT ρττ =  were used, where τw stands 
for the wall shear stress defined as ww dydu )/(µτ −= . Such scaling and dimensionless equations 
can be found in the papers of Kasagi et al. [4] or Kawamura et al. [5]: 
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Figure 1: Flow geometry of the channel 
 

Terms  (unit vector in the streamwise direction) and xl
++
Bx uu  appear in Eqs. (2) and (3) 

due to the nature of the spectral numerical scheme, which requires periodic boundary 
conditions in the streamwise and spanwise directions [4[5]. Reτ is the friction Reynolds 
number and is defined as 
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τ

τ
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where h is channel half height. The friction Reynolds number Reτ should not be confused with 
the “standard” Reynolds number, which is defined as ν/Re huB ⋅= . The Reynolds number in 
the channel can be obtained from the friction Reynolds number multiplied by the bulk 
velocity uB. Friction Reynolds number Reτ=150 corresponds to the Reynolds number 
Re=4560. The Prandtl number is defined as 

 

α
ν

=Pr               (5) 
 

where α is the thermal diffusivity. 
Dimensionless wall units denoted with superscript + are based on the friction Reynolds 

number. By definition, the height of the channel in wall units is equal to two times the friction 
Reynolds number. The dimensionless wall temperature difference is defined as 
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The dimensionless velocity components at the wall-fluid interface are set to zero (no-
slip boundary condition) as well as the dimensionless temperature: 

 

0)()()( ====== wzwywx yyuyyuyyu          (7) 
( ) 0==+

wyyθ .             (8) 
 

As can be seen from Eqs. (1-3), the temperature is assumed to be a passive scalar. This 
assumption introduces two approximations: 1) neglected buoyancy, 2) neglected temperature 
dependence of the material properties - especially viscosity and heat conductivity. It should be 
emphasized that the same approximations are used in a large number of DNS studies 
performed by different researchers: Kasagi et al. [4], Kawamura et al. [5], Na et al. [6], and 
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Tiselj et al. [9]. The numerical procedure and the code of Gavrilakis et al. [18] modified by 
Lam et al. [19] are used to solve the continuity and momentum equations. The code was later 
upgraded with an energy equation [5] and improved to solve several energy equations with 
various boundary conditions and Prandtl numbers parallel with a single velocity field [10]. 
 

Table 1: Computational conditions at different dimensions of the grids for temperature fields 
calculations 

Coefficient Comp. 
run 

Pr Case 
No. 

Grid 
(NxxNzxNy ) 

Non-damped 
Nx x Nz

Damping 
equation 

a b 

1 128x64x97 128x64 / / / 
2 128x64x97 64x32 linear 1.0 1.0 1 100 
3 128x64x97 64x32 exponent 17 12 

2 100 4 256x144x197 256x144 / / / 
5 128x64x97 128x64 / / / 

3 200 6 128x64x97 64x32 exponent 13 11 
4 200 7 256x144x197 256x144 / / / 

 
Eqs. (1-3) are solved with a pseudo-spectral scheme using Fourier series in streamwise 

x and spanwise z directions and Chebyshev polynomials in the wall-normal y direction: 
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where f represents the velocity components ui or the temperature θ, and  represents the 
Chebyshev polynomial of the order n

( )yTn2

2. Numbers N1, N3 and N2 are the numbers of the Fourier 
terms and the number of the Chebyshev polynomials used in the simulation (see Table 1), and 

 stands for Fourier coefficients and ( 31 ,kka ) ( )2na  for Chebyshev coefficients. The numbers 
of Fourier coefficients for temperature θ in the streamwise and spanwise directions were 
different as shown in Table 1. Numerical simulations were performed on two different 
numerical grids: on finer 256x144x193 [20] and on approximately 9-times coarser 128x64x97 
numerical grids. Both numerical grids allow description of the velocity field with DNS 
accuracy, while none of them satisfies criteria for DNS of the temperature field. The models 
of turbulent spectral diffusivity were tested on a coarser grid. 

Since our computational grids are able to describe low Reynolds number flows with 
DNS accuracy, there is no need for the turbulent viscosity model. For that reason, only 
spectral turbulent diffusivity is implemented in our spectral computer code in such way that 
the total thermal diffusivity is increased at higher Fourier wave numbers: 
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Variables Lx and Lz represent the lengths of computational domain in the streamwise and 
spanwise directions, while kDx and kDz represent the largest non-damped wave numbers in the 
streamwise and spanwise direction, respectively. Two different damping functions were used. 
First damping function – linear damping function (10) was the same as at low Prandtl 
numbers (Pr=1 and Pr=5.4) published by Bergant and Tiselj [1]. Since at high Prandtl 
numbers (Pr=100 and Pr=200) linear damping function did not sufficiently damp the smallest 
temperature scales, the exponential damping was chosen as better one (Eq. 11). The 
numerators of the Eqs. (10 and 11) are parts of the PrRe1 τ  term that appears in the 
dimensionless energy equation (Eq. 3) and are expressions for the thermal diffusivity α. If 
damping is not used, the thermal diffusivity is PrRe1 τ  and remains constant for all Fourier 
and Chebyshev coefficients. When damping is considered, the PrRe1 τ  term changes to 
expressions (10) or (11) and then acts as a variable in the range of the highest Fourier 
coefficients (>kDx and >kDz), where the numerator is larger than 1. Our approach is similar to 
one performed in the late 1980s and the beginning of 1990s by Domaradzki et al. ([22], [21]), 
who simulated decaying homogenous turbulence of the velocity field. He compared DNS 
results to the under-resolved DNS results obtained by different cut-off filters and he found out 
similar behaviour when the cut-off filter took place in the dissipation range. In contrast to 
Domaradzky, who described only velocity field, we performed the turbulent heat transfer 
calculations in the channel, which mean that only longitudinal and transverse directions are 
homogeneous. In our research, we increased thermal diffusivity only as a function of the 
streamwise and spanwise wave numbers, while a constant value of the turbulent diffusivity is 
kept in the wall-normal direction for each pair of wave numbers (kx, kz - streamwise and 
spanwise wave numbers, respectively). The thermal diffusivity is increased only in a range of 
high wave numbers that describe the smallest temperature scales. 

Before numerical simulations at high Prandtl numbers, the numerical simulations at low 
friction Reynolds numbers, i.e. Reτ = 171 and at low Prandtl numbers, i.e. Pr = 1 and Pr = 5.4 
were performed in order to study the models for description of the unresolved smallest 
temperature scales that were not captured in the simulations. The results of this study are not 
shown in the paper, however they are published in Heat and Mass Transfer (Bergant, Tiselj, 
2005, [1]). Selected Prandtl numbers allowed DNSs of the temperature fields, which enabled 
comparisons of the filtered and damped fields with the exact DNSs ones. We analyzed 
different cut-off filters and damping of the highest remaining Fourier coefficients. 
Comparisons with the DNS results show that, when filtering was performed in the viscous-
diffusive range, no differences could be seen for the main turbulent statistics. The differences 
became slightly larger, when we applied filtering in the viscous-convective and inertial-
convective ranges, however it did not disturb the macro behaviour of the turbulent heat 
transfer. Due to the unresolved temperature scales, damping of the remaining Fourier 
coefficients with an appropriate turbulent diffusivity was found to improve the results. The 
goal of the damping performed with spectral diffusivity was to avoid pile-up phenomenon 
seen in the scalar spectra of the under-resolved DNS simulations without damping. Applied 
spectral diffusivity model was not very accurate, however, it successfully performed the 
expected task – dissipated the thermal kinetic energy of larger wave numbers. 

We did not put attention to the sensibility analysis of the coefficients a and b in the Eqs. 
(10) and (11). Our criterion of choosing the coefficients a and b was temperature spectra at 
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the largest resolved wave numbers, which could not show signs of pile-up effects. We chose 
first integer number for a and b that just fulfilled above criterion. 

The computational domain of all simulations was 2356 x 589 x 300 wall units in x, z 
and y directions. Results were averaged after the fully developed turbulent flow was achieved, 
which means that the flow did not change from statistical point of view. Statistical quantities 
were sampled at every fourth step and averaged for about 8540 dimensionless time wall units. 
 

3 RESULTS 

Figure 2a shows dimensionless mean temperatures for Pr=100 and Pr=200. No 
differences larger than statistical uncertainties (~1%) are seen among our cases. Since no 
results of the Eulerian DNS of the temperature fields at Pr=100 and Pr=200 exist, four other 
mean temperature profiles are added for comparison. The first one is Mitrovic’s temperature 
profile [12], which used Lagrangian approach for the passive scalar field, the second one is 
obtained by Calmet and Magnaudet [23] with LES approach, the third one is again obtained 
with LES by Wang and Lu [24], while the fourth one is Kader’s correlation [25] based on 
various experimental data. Wang and Lu did not performed numerical simulations at Pr=200, 
therefore only results at Pr=100 are presented. It should be stressed that their simulations were 
performed in an open channel with bottom wall and free surface at the top, with heating and 
cooling, respectively. In the proximity of the wall (conductivity sublayer), all temperature 
profiles match very well with our profiles, whereas they slightly underestimate (~6% and 
~8% for Pr=100 and Pr=200, respectively) the maximal temperatures in the middle of the 
channel (turbulent sublayer), compared to our results. As seen in Fig. 2, it is obvious that a 
finer numerical grid (256x144x197) does not bring different results, compared to the mean 
temperature profiles at a coarser numerical grid (128x64x97). Therefore it seems that even a 
numerical grid which would be able to describe all temperature scales would not give 
different results, at least not for the mean temperature profiles. For this reason, we estimate 
that our results show better prediction than predictions of other authors. 
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Figure 2: a) Profiles of dimensionless mean temperature at Pr=100, b) Profiles of 

dimensionless mean temperature at Pr=200 

 
Figure 3 shows temperature fluctuations (second order statistic) for Pr=100 and Pr=200 

where expectedly larger differences can be seen than in the diagram of temperature profiles 
(first order statistic). We managed to find only LES results of Wang and Lu [24] for 
temperature fluctuations at Pr=100. Their fluctuations are much lower at peak values (y+=3), 
while they cannot be compared in the middle of the channel and at the top of the open channel 
respectively, due to the cooling at the free surface. Compared to the temperature fluctuations 
obtained on finer numerical grid (256x144x193), the peak value of non-damping temperature 
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field seemed to be too high. On the other hand, both damping functions show lower peaks, 
around θ’=55 and θ’=87, similar to the case of finer numerical grid. The temperature 
fluctuations of the damped temperature fields in the turbulent sublayer are also closer to the 
case of finer numerical grid. This shows that damped temperature fluctuations are described 
more accurate than non-damped temperature fluctuations. We can infer from the results of 
temperature fluctuations that the highest wave numbers or the smallest temperature scales, 
which are most damped, have the largest influence in the buffer layer and turbulent sublayer. 
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Figure 3: Dimensionless temperature fluctuations at: a) Pr=100 and b) Pr=200 

 
In a study of the velocity and temperature scales in the turbulent flow the spectra are 

usually used to see how different length scales are presented. It is well known that a turbulent 
flow consists of vortices of the different dimensions. The largest vortices are defined by the 
flow geometry, while the smallest ones are defined by the viscous forces. High dissipation of 
the turbulent kinetic energy into heat is typical for the smallest vortices. Viscous shear stress 
makes deformation work which transforms turbulent kinetic energy into internal energy of the 
fluid. In other words, larger vortices represented by lower wave number modes diffuse into 
smaller vortices represented by higher wave number modes in the spectrum diagrams. The 
energy of the smaller vortices is smaller than the energy of the larger vortices, therefore 
spectra are decreasing with increasing wave number modes. 
 Exact spectra of temperature fluctuations is not known, thus the spectra plotted in 
Figure 4 can be treated as a qualitative results only and are useful for comparison of various 
simulations. Figure 4 shows spectra at three different distances from the wall: y+=2.9, y+=11.4 
and y+=150 in the streamwise direction. When spectra at different heights were analysed, it 
was found out that the strongest pile-up appears in the proximity of the maximal velocity 
fluctuations (y+≈11) rather than in the proximity of the maximal temperature fluctuations 
(y+≈2). As already mentioned, linear damping as suggested for Pr=1 and Pr=5.4 did not 
suitably satisfy the highest Fourier coefficients at this height. Hence exponential damping 
function was used (Eq. 10). Exponential damping effectively improved spectra decay rate for 
the last Fourier coefficients at y+=11.4 as it is very well seen in Fig. 4b (see yellow curve vs. 
green curve). Two spectra at 256x144x193 numerical grid are also added in Fig.4, although 
they are calculated as a different computational run. Both spectra are obtained without 
damping of the highest Fourier coefficients. The first one is calculated at y+=5.8, which is 
approximately in the middle of y+=2.9 and y+=11.4 spectra performed without damping. 
Consequently, the behaviour is similar to one between them, except that the curve is longer, 
due to the higher number of resolved wave numbers. The second spectrum is calculated in the 
middle of the channel (y+=150), whereas decay rate is slightly larger than 0, compared to the 
case of the temperature field performed without damping with decay rate almost 0 in the 

Proceedings of the International Conference “Nuclear Energy for New Europe 2005” 



018.8 

streamwise direction. There is a small pile-up seen for all spectra performed on 256x144x193 
numerical grid. 
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Figure 4: Spectra of temperature fluctuations at y+=2.9, y+=11.4 and y+ =150 wall units 

from the heated wall for three different temperature fields at Pr=100 (left side) and Pr=200 
(right side) in the streamwise direction 

 

4 CONCLUSIONS 

The numerical simulations of turbulent heat transfer in the channel at friction Reynolds 
number Reτ=150 and at high Prandtl numbers, i.e. Pr=100 and Pr=200 were performed. 
Compared to the lower Prandtl number simulations (Bergant, Tiselj, 2005, [1]), an 
exponential damping function was used instead of a linear damping function. It is not possible 
to compare the results of our numerical simulations to the results of very accurate numerical 
simulations (DNS), at least when based on Eulerian approach, because no results exist at such 
high Prandtl numbers. Nevertheless, we compared our mean temperature profiles with ones 
obtained by Kader’s empirical correlation, with results obtained by Lagrangian approach 
(Mitrovic) and results obtained by LES (Calmet, Magnaudet [23] and Wang, Lu [24]); they 
showed approximately 5% to 8% lower heat transfer rates than ours. Since the comparison of 
the low numerical grid results and the results obtained at approximately 9-times finer 
numerical grid performed by us showed no differences, at least not for the first order 
statistics, we believe that results of other authors are slightly underestimated. The most 
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probably reason is statistically steady-state, which can be problematic in the numerical 
simulations as well as in the experiments. 

Damping of the highest resolved temperature wave numbers can be seen in the 
temperature fluctuations. Damping has the largest impact in the buffer layer and in the 
turbulent sublayer where the non-damped and damped temperature fields differ the most. This 
means that the majority of the highest wave numbers or the smallest temperature scales can be 
met in the buffer layer and in the turbulent sublayer. Two findings can be stated: first, the 
peak values of the non-damped temperature fields are to high, and second, the temperature 
fluctuations of the non-damped temperature fields in the middle of the channel are also too 
high.  

 

NOMENCLATURE 

a, b damping coefficients u, w, v velocity components in x, y and z directions 
EE spectrum uB bulk velocity 
h channel half height τ

 u dissipative velocity 
1x  unit vector in x direction (1,0,0) α thermal diffusivity 

k wave number θ dimensionless temperature difference 
L1, L3 streamwise and spanwise length of box λ thermal conductivity 
p pressure γ kinematic viscosity 
Pr Prandtl number ( αν=Pr ) ρ density 
Re Reynolds number ()f fluid 

Reτ friction Reynolds number (
ν
τ

τ
hu

=Re ) 
()w wall 

T temperature ()τ dissipation 
T time ()+ normalized by , , τu τT ν  
x, y, z streamwise, spanwise, wall normal 

distance 
()' (fluctuations) 
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