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Abstract

Generic and non-generic features of billiards and nuclei which show up in certain spectral properties
are discussed by way of selected examples. First, the short and long range correlations of levels belonging
to the magnetic dipole Scissors Mode in heavy deformed nuclei at an excitation energy of about 3 MeV
prove that this mode is indeed caused by an ordered or regular collective motion. Second, the fine
structure distribution of the so called electric Pygmy Dipole Resonance around 6 to 7 MeV excitation
energy seems to indicate a situation where the spectral properties are governed by mixed dynamics,
i.e. by regular and chaotic features. However, in nuclei quantitative conclusions are always severely
hampered by missing levels due to limited experimental resolution and detector efficiency. Third, it is
shown that this situation can be largely overcome by studying spectral properties in superconducting
microwave billiards considered as nuclear analogs. As an example resonance strength distributions in
billiards of mixed and fully chaotic dynamics are considered. Finally it is demonstrated how symmetry
breaking effects in nuclei - e.g. isospin symmetry breaking - can be studied through those resonance
strength distributions by modelling the nuclear problem with coupled billiards.
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1 Introduction

In this final talk of a conference on Finite Fermionic Systems to commemorate the birth of the Nilsson Model

fifty years ago I will speak on something Sven-Gösta Nilsson - in the spirit Ben Mottelson remarked in his

introductory talk - did not work on and in fact could not have worked on, namely on some similarities and

differences in spectral properties of billiards and nuclei. At the time of Sven-Gösta little has been known

about what is now termed Quantum Chaos (for a recent excellent overview, see [1]), and this is the subject

of this talk. First I will speak on so called generic and non-generic features of some microwave billiards

studied experimentally at Darmstadt and relate those to spectral properties of the magnetic dipole Scissors

Mode and the electric Pygmy Dipole Resonance (PDR) mode in nuclei. The latter shows features of a

system with mixed dynamics but the physical conclusions one can draw are severely limited by the sample

size of nuclear levels that are excited on one hand and on the other are experimentally detectable above

a certain threshold. In the second part of the talk I will therefore discuss how this limitation might be

overcome by modelling the nuclear case in an analog experiment with superconducting microwave billiards

of mixed dynamics in which resonance strengths are determined. Finally, I will represent general spectral

properties and resonance strengths for a system of two coupled microwave billiards and demonstrate how

within Random Matrix Theory (RMT) isospin symmetry breaking in nuclei can be investigated.

The three topics have been illustrated much more extensively in the oral presentation of the talk than it

is possible in the very limited space allocated for its write up. For a detailed discussion the interested reader

is thus either referred to the listed published work or to the available ppt presentation [2].

2 Generic and non-generic features of billiards and nuclei

2.1 Spectra

To illustrate the universal behaviour of spectra of certain billiards and nuclei I show in the upper part

of Fig. 1 on the l.h.s. an eigenmode spectrum of the superconducting microwave cavity with the shape

of a three-dimensional generalized Bunimovich stadium billiard [3] shown on the r.h.s. Microwave power,

produced by an rf source, has been coupled into the cavity by a tiny dipole antenna. The power transmitted

to a second antenna was coupled out and fed into a network analyzer leading to the transmission spectrum

plotted in the figure. The observed resonances in two different frequency ranges are very well resolved due

to the high quality factor (up to 107) of the superconducting niobium resonator operated at a temperature

of 4.2K (for details of our experiments with billiards, see e.g. [4]).

In the lower part of Fig. 1 resonances in the total cross section of neutrons scattered from the deformed

heavy nucleus 232Th just above the n-threshold [5] are shown. The similarities of those resonances to the ones

of the billiard cavity in the upper part of the figure is striking, pointing to a universal or generic behaviour

of the two systems. Expressed somewhat differently: the particularly shaped billiard cavity and the nuclear

system n + 232Th exhibit similar properties associated with - as pointed out also later on in this talk -

classical chaotic motion. The latter has in fact been the basis of Bohr’s model [6] of the compound nucleus

(later strongly linked with RMT of Wigner, see e.g. [7]).
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Transmission spectrum of a 3D-stadium billiard

Spectrum of neutron resonance in Th + n
232

Figure 1: Upper part: Microwave transmission spectrum (outcoupled over incoupled power) of the super-
conducting 3D-stadium billiard shown [3]. The two frequency ranges between 3 and 3.25 and 13 and 13.25
GHz exhibit regions of low and high eigenmode densities, respectively. Lower part: Resonances in the cross
section of neutron scattering on 232Th in the energy range between 1950 and 2850 eV (from [5]). Note the
great similarities between the billiard and the nuclear spectrum pointing to universal properties of the two
vastly different systems.

This universal behaviour can be proved quantitatively by investigating certain properties of spectral fluc-

tuations. In Fig. 2 on the l.h.s. the nearest neighbour spacing distribution (NNSD) of the 18764 resonance

frequencies of the 3 D-microwave resonator (Fig. 1) is shown. It can be compared directly with the NNSD for

the so called Nuclear Data Ensemble (NDE) constructed from 1726 highly excited nuclear states of the same

spin and parity [8]. The experimental data (plotted in form of a histogram) prove that the probability to

find degenerate levels is compatible with zero. The levels in the billiard repel each other as the nuclear levels
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Figure 2: Comparison of the nearest neighbour spacing distribution (NNSD) from an ensemble of 18764
resonance frequencies of the 3D-microwave resonators shown in Fig. 1 with the one from 1726 highly excited
nuclear states comprised in the Nuclear Data Ensemble [8]. Note that both NNSDs are described very well
by the universal GOE curve.

do and we have anticipated universal (generic) behaviour of the two systems. Generally it is accepted that

quantum systems are chaotic if they are described by a Hamiltonian of the so called Gaussian Orthogonal

Ensemble (GOE), the standard stochastic model for time reversal invariant systems with classically chaotic
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dynamics. And in fact both data sets in Fig. 2 , the one from the chaotic microwave resonator being governed

by one-body chaos and the one from highly excited nuclei by many-body chaos, are described very well by

the universal GOE prediction. If the levels of the respective systems were independent of each other and

hence not correlated they would be Poisson-distributed.

Scissors Mode
in deformed nuclei
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Figure 3: Comparison of the nearest neighbour spacing distribution (NNSD) and the ∆3 statistics from
an ensemble of 152 Jπ = 1+ Scissors Mode states in heavy deformed nuclei [9] with the same statistical
measures from a regular (integrable) 2D-elliptic microwave resonator [12] demonstrating the same universal
but non-generic behaviour.

An example of such a Poisson-type, i.e. an exponential NNSD of nuclear levels, belonging to Scissors

Mode states in heavy deformed nuclei [9], is presented on the r.h.s. of Fig. 3. This energetically low-lying

isovector magnetic orbital dipole mode was discovered in electron scattering experiments at Darmstadt in

the 1980’s [10] and has since been subject of intense experimental and theoretical investigations (for a recent

summary on this topic, see [11]). An unprecedented data set is available now from extensive nuclear resonance

fluorescence experiments, and a NDE of 152 Jπ = 1+ states at excitation energies between 2.5 and 4 MeV

in 13 heavy deformed nuclei could be constructed. As Fig. 3 clearly shows, both the NNSD and another

statistical test, the ∆3 or Dyson-Metha statistics which measures long-range correlations of eigenvalues in the

spectrum (i.e. its ”stiffness”), display Poissonian behaviour as it is characteristic for a regular (integrable)

billiard. This is illustrated on the l.h.s. by the NNSD and the ∆3 statistics from an ensemble of 300 measured

resonance frequencies of a superconducting 2D-elliptic billiard [12]. Hence integrable microwave resonators

and the low-lying nuclear Scissors Mode exhibit the same universal but non-generic behaviour. Thus, the

levels of the Scissors Mode form a set of states excited by a common mechanism. This provides independent

evidence for the collective nature of the mode which can be pictured macroscopically as an isovector scissors

like vibration of deformed neutron and proton bodies against each other [13, 14].

Are there indications for a similar behaviour of other low-lying dipole excitations? In order to find an

answer to this question we have recently investigated properties of spectral fluctuations of the so called

electric Pygmy Dipole Resonance (PDR) in some heavy, nearly spherical nuclei. From a macroscopic view

this resonance is a soft electric dipole mode close to the particle threshold resulting from surface density
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Figure 4: The same as in Fig. 3, but for an ensemble of 154 Jπ = 1− states belonging to the PDR in
some spherical heavy nuclei [15, 16] and for 800 resonance frequencies from a superconducting 2D-Limaçon
microwave billiard of mixed dynamics [17]. Note that the short and long range level-level correlations lie
between Poisson (regular) and GOE (chaotic) behaviour.

oscillations of the neutron skin relative to an approximately isospin-saturated core. As Fig. 4 shows on

the r.h.s., both the NNSD and the ∆3 statistics calculated from an ensemble of 154 Jπ = 1− states in

three semimagic (N = 82) nuclei 138Ba, 140Ce and 144Sm [15] and in one magic (Z = 82, N = 126) nucleus
208Pb [16] at excitation energies between 5 and 8 MeV exhibit an intermediate behaviour between Poisson

(regular) and GOE (chaotic) predictions, very much like as observed on the l.h.s. of Fig. 4 with an ensemble

of 800 resonance frequencies in a superconducting 2D-Limaçon billiard of mixed dynamics [17]. Do we really

understand this phenomenon in nuclei? This question will be addressed below in more detail.

2.2 Some definitions

Hitherto now I have used several times the expressions generic and non-generic and it is now time to try to

define those. The 2nd Concise Edition of Webster’s New World Dictionary of the American language (from

1975) defines generic as ’referring to a whole kind, class or group’ or ’something inclusive or general’.

But I have also asked three respected colleagues and friends in the field about their own definition.

Oriol Bohigas associates generic with something being ’opposite of specific’, ’non-particular’ or ’common

to all members of a large class’. All of this is embodied in what is known as Bohigas’ conjecture [18]:

’A classical chaotic system after being quantized results in a quantum system which can be described by

Random Matrix Theory. All systems for which this is true are called generic, the behaviour of the rest

is called non-generic’. Thomas Seligman characterizes a generic system as one that is ’structurally stable

against small perturbations’ and Hanns Ludwig Harney finally associates such a system ’with a minimal

number of symmetries’.

To see the implications of this last definition somewhat clearer let us consider the following example to be

returned to in more detail in the last part of the talk. (i) An ensemble of nuclear levels with given isospin is

generic. (ii) An ensemble of levels without taking notice of the isospin quantum number is non-generic. (iii)

An ensemble of levels with broken isospin is non-generic too, and the deviation from the generic behaviour
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yields the isospin breaking matrix element.

All quoted definitions of generic and non-generic behaviour are reflected in the spectral properties I

have just discussed in the context of Figs. 1 to 4. We have on one end fully chaotic behaviour in billiards

and highly excited (hot) nuclei, seen e.g. in the level repulsion for small spacings in agreement with GOE,

and on the other end regular behaviour in integrable billiard systems which has its counterpart in (cold)

nuclei at low excitation energy. There the excited nuclear levels are mainly due to simple nuclear collective

excitations, i.e. rotational and vibrational motion which is an ordered motion depending on the geometry

of the particular nucleus, and one has thus Poissonian behaviour of certain level statistics. Other examples

besides the ones I have given can be found in the literature (see e.g. [19, 20, 21, 22]). In passing I note that

those experimental findings in nuclei are also corroborated by theoretical model calculations. Various models

(e.g. the interacting boson model [23] and the shell model [24] but also models with random interactions [25],

to name a few) were used for this purpose, and in most instances it has become evident that the predicted

non-generic and generic properties, respectively, reflect directly the properties of the underlying interaction

Hamiltonian.

3 Spectral statistics of the electric Pygmy Dipole Resonance

As remarked at the end of section 2.1 I return now to a brief discussion of the statistical properties of the

PDR which we have studied recently [26] in four different isotones with neutron number N = 82. These

nuclei are 138
56Ba, 140

58Ce, 142
60Nd and 144

62Sm. I will rely heavily on the experimental material and the arguing

put forward in the extensive work of [26].

The data set in the four nuclei comprises 184 levels with spin and parity Jπ = 1− and their ground state

B(E1) transition strengths (l.h.s. of Fig. 5). Nuclear structure calculations in terms of the Quasiparticle

Phonon Model (QPM) [27] were also performed (r.h.s. of Fig. 5) in order to compare the experimental

and theoretical data side by side with RMT predictions. An important feature, however, of the excitation

process should be emphasized: the one-body operator of an external electromagnetic field leads from the

ground state, which is a phonon vacuum, to an excited state exclusively via the one-phonon components of

the wave functions. The matrix elements for direct excitation of two-phonon components from the ground

state are about two orders of magnitude smaller as compared to the excitation of one-phonon components

and can thus be neglected in the presence of one-phonon configurations. (The only exception is the lowest

1−1 state which is of almost pure two-phonon nature [2+
1 ⊗ 3−1 ]1− and has been omitted from the analyses of

experimental data.)

If the calculation is performed within a sufficiently large configuration space, the density of complex

configurations is much higher than the one-phonon ones. Accordingly, most of the excited states carry only

a small fraction of one-phonon components in their excitation strength. In other words, the coupling to the

complex configurations leads to the fragmentation of the electromagnetic strength of the QRPA calculation

over many excited states.

In many cases it is sufficient to only work within the boson picture of the phonons, neglecting their

internal fermion structure. This implies that the interactions between two- and two-, three- and three-, etc.
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Figure 5: Left side: Experimental strengths versus energy for the four N = 82 nuclei studied (data are from
[15, 28]). Right side: QPM predictions (from [26]).

phonon configurations are neglected since they arise from Pauli principle corrections. Such an approximation

cannot be applied in our particular case, since it leads to large degeneracies which totally spoil the level

statistics. For the two- and two-phonon interaction we are able to account for such matrix elements and we

therefore restrict the model space to one- and two-phonon states and diagonalize the Hamiltonian in this

space.

In the actual calculations of the dipole strength distribution below the threshold in N = 82 isotones, we

have included in our model space phonons with multipolarity and parity ranging from 1± to 9±. A typical

size of the configuration space up to 8.0 MeV is then about 300 states. The neglect of three and more phonon

states implies that the results do not reflect the statistical properties of all possible excited states available

in the examined energy interval. For the reasons given above, the electromagnetic spectrum is, however, well

accounted for in the truncated model space, and we therefore expect the resulting levels to have statistical

properties close to those observed in the experimental (γ, γ′) studies.

We immediately can draw the following conclusions from Fig. 5: (i) The experimental number of levels

per nucleus (less than about 50) is always smaller than the number of levels in the QPM (about 300). (ii)

The same holds for the transition strengths, i.e. B(E1)exp < B(E1)QPM . We are hence confronted with the

problem of missing levels and missing strengths. Rather than discussing this problem using individual data

sets of each of the four nuclei in terms of RMT, in what follows I will argue on the basis of the nuclear data

ensemble containing 180 spacings originating from four spectra with 184 levels and 184 transition strengths.

The full QPM data ensemble comprises about 1200 levels and strengths. If the PDR is a truly collective

mode one may see this - similarly as in the case of the magnetic dipole Scissors Mode [9] - in the spectral

properties.

The NNSDs show similar behaviour for experiment and QPM as displayed in Fig. 6 on the l.h.s.. Both
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Figure 6: Left side: Spacing distributions for the data ensemble constructed from all four nuclei. Experiment
and QPM show a behaviour that is close to Poisson (with some remnants of level repulsion in the first bin).
Right side: Strength distributions for the data ensemble. The QPM distribution reveals Porter-Thomas
statistics, while the experiment deviates from it due to missing (undetected) strengths (from [26]).

distributions are close to Poisson, with some remnants of level repulsion in the experiment and the full QPM.

These remnants are, however, mainly limited to a lowered probability in the first bin. RMT predicts in case

of GOE correlations that the wave function components or, equivalently, their squares follow a Gaussian or

Porter-Thomas (PT) distribution, respectively. The transition strength distribution is PT for the QPM and

significantly deviates from PT in the experiment, as seen on the r.h.s. of Fig. 6. This is a very clear sign of

the missing (undetected) strength effect. We have also tried to model this effect by obtaining a subset of the

states calculated within the QPM by cutting away the weakest transitions below the experimental detection

threshold of about 1× 10−3e2fm2. Nothing much changes for the NNSDs, i.e. they remain close to Poisson,

but the truncated (down to the same number of levels seen in experiment, i.e. 184) QPM results deviate

from PT statistics in a similar way as in the experiment. So, if the large fraction of missing levels (about

30% in the QPM and about 90% in the experiment) is taken into account the deviation from PT statistics

can be explained qualitatively by including into the PT distribution an appropriate threshold function for

detection. [26].

Finally, to shed some more light on the missing strengths problem I show in Fig. 7 that in all four

nuclei the overall distribution of QPM matrix elements (calculated for 2p2h-2p2h and 1p1h-2p2h phonon

interactions) is not a Gaussian. A few large matrix elements indicative of collective configurations lie in the

tails of the distribution. In addition there are many extremely small non-collective matrix elements from

almost pure 2p2h phonon states which do not interact with each other and which cannot be easily excited

electromagnetically, and those are missed in the experiment. Given this salient fact of the incompleteness

of nuclear data sets and its impact on the results discussed, a consistent picture nevertheless emerged which

yields an improved understanding of the statistical properties of the PDR [26].

Next I discuss how the problem of missing levels and missing strength - a general problem inherent in all

nuclear spectra - can be overcome by modelling the nuclear case with microwave resonators.
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Figure 7: Overall distribution of QPM coupling matrix elements. Note that the distribution is not a Gaussian.
For an explanation see the main text (from [29]).

4 Resonance strengths in microwave billiards

As we have seen in Sect. 2.1 above, highly excited nuclei (governed by many-body chaos) and chaotic mi-

crowave resonators (one-body chaos) exhibit universal (generic) behaviour in their spectral properties. In

this part of the talk I extend the discussion by considering the properties of resonance widths in supercon-

ducting quantum billiards which have recently investigated at Darmstadt [30]. The resonance widths are

related to the wave functions, and their statistical distributions provide information on the system which is

complementary to that on spectral fluctuations.

The Helmholtz equation for the electric field in cylindric resonators is for wavelength longer than twice the

height of the resonator [31, 32] equivalent to the Schrödinger equation of a quantum billiard of corresponding

shape. Hence, the eigenvalues and the wavefunctions of a quantum billiard can be determined experimentally

by measuring the resonance frequencies and the electric field strengths in a flat cylindric microwave resonator.

This analogy has been successfully used for more than a decade for the study of quantum chaotic phenomena

in two-dimensional billiards, e.g. [33, 34]. The experiments have been performed with normal conducting,

e.g. [35, 36], as well as with superconducting resonators, e.g. [37, 38]. While normal conducting devices

allow an experimental mapping of eigenfunctions at room temperature, e.g. [36, 39, 40] superconducting

resonators due to their high quality factors, are a prerequisite for obtaining essentially complete sequences of

eigenvalues [34]. Wavefunction measurements have so far not been possible in superconducting resonators.

Nevertheless, information about the wavefunctions of a billiard can be obtained from the widths and the

amplitudes of the measured resonances. Namely, the partial widths related to the emitting and the receiving

antennae in the measurement of a spectrum are proportional to the electric field intensity at the positions

of the corresponding antennae.

In order to extract the resonance parameters we consider the microwave cavity as a scattering system.
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Figure 8: Part of the transmission spectrum of a fully chaotic superconducting Limaçon microwave billiard
[17]. The upper part shows magnifications of the transmission spectrum in the vicinity of two singlets (a)
und (c) and a doublet (b). For all three cases the resonance formulae of [41] have been fitted to the measured
spectrum (from [30]).

As already explained in connection with Fig. 1 we measure the relative power transmitted from antenna a

through the cavity to antenna b. Part of such a power spectrum of a fully chaotic billiard belonging to a

family of Limaçon [17] shapes is shown in Fig. 8 together with three enlargements of the spectrum in the

vicinity of two singlets and a doublet. The transmitted power

Pout,b

Pin,a
∝ |Sab|2 a 6= b, (1)

is proportional to the absolute square of the matrix element Sab of the scattering matrix (S-matrix). It

relates the amplitudes of the electromagnetic waves entering channel a to those of the waves exciting via

channel b. Close to the frequency fµ of the µ-th resonance, the matrix element Sab can be written as

Sab = δab − i

√
ΓµaΓµb

f − fµ + i
2Γµ

. (2)

The quantities Γµa and Γµb are the partial widths related to the antennae a and b, Γµ is the total width of

the resonance [38]. It is given as the sum of the partial widths Γµc, c = 1, 2, 3, 4, of the four antennae used

plus a term which takes into account dissipation in the walls of the superconducting cavity.

For each resonance µ, the transmission measurements provide the product ΓµaΓµb of the partial widths

corresponding to the ”channels” a and b. For lack of a better term, we call this product the strength of the

resonance µ with respect to the transmission between the channels a and b. (Note, that often the partial

width itself is called ”strength”). Why have we decided to measure the product of two partial widths ΓµaΓµb

instead of determining a single partial width directly from a reflection measurement of |Saa|2? There are two

reasons. First, in a reflection measurement any additional reflections occurring at the interconnections in the

signal paths between the network analyzer and the resonator (e.g. resulting from the microwave feedthroughs

of the helium cryostat) make a reliable extraction of the resonance parameters impossible. Second, in a
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reflection measurement the detected microwave signal results from a fully reflective condition below and

above the resonance frequency and is reduced (depending on the coupling strength) across the resonance,

whereas in a transmission measurement the detected signal below and above the resonance frequency is the

noise floor and a transmitted signal across the resonance exceeding the noise level is easily detected. The

resonance strengths are determined by fitting the resonance shape formula given in [41] to the transmission

spectra (Eq. (31) in [30]). This formula is slightly more complicated than the so-called Breit-Wigner formula

deduced from Eq. (2). Its derivation starts from electromagnetic field conditions of microwave cavities and

is based on R-matrix theory [42, 43]. It is interesting to note that, while R-matrix theory is a standard

theory in nuclear and atomic physics, one of the earliest papers on R-matrix theory [44] uses the object of

our investigation - i.e. an electromagnetic resonator - as a prime example.

In Fig. 9 the total widths and, for comparison, the square root of the strengths of the resonances are

plotted for one antenna combination of the fully chaotic Limaçon billiard versus the resonance frequency.

They show strong fluctuations around a slow secular variation (due to rf losses in the cavity walls and to

the frequency dependence of the coupling of the antennae to the cavity) which is removed before the data

are further analyzed by fitting a polynomial of 5th order to the total widths and scaling all widths with this

polynomial as in [38]. Measurements for altogether 6 antennae combinations allowed the determination of

about 5000 strengths and hence a data set of high statistical significance.

Figure 9: The total widths (upper part) and the square root of the strengths (lower part) versus the resonance
frequency of a fully chaotic Limaçon billiard for one antennae combination. The solid line is the polynomial
of 5th order obtained from a fit to the total widths. All strengths are rescaled with this polynomial in order
to remove their secular dependence on the frequency (from [30]).

We have investigated [30] three Limaçon billiards whose boundaries are defined as a quadratic conformal

map w = z + λz2 of the unit disk in the complex plane onto the complex plane. The parameter λ ∈
[0, 1/2] controls the degree of chaoticity of the billiard. The three billiards were characterized by parameter
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values λ = 0.124, 0.150 and 0.300, respectively. From a study of the Poincaré surfaces of section of the

corresponding classical dynamics, the fractions of the chaotic phase space were determined to 0.55, 0.66

and 1.00, respectively. In the seminal experiment of [38] the partial widths of the resonances in a chaotic

stadium billiard were shown to obey a Porter-Thomas distribution. In the present work [30] we have thus

extended these investigations with the measurement of resonance strengths into the regime of mixed classical

dynamics.

As remarked already above, according to the Bohigas-Giannoni-Schmit conjecture [18] the statistical

properties of a quantum billiard, whose classical dynamics is fully chaotic, coincide with those of random

matrices from the GOE. This implies that the components of the eigenvectors - with respect to any basis -

have a Gaussian distribution centered at zero [45]. Thus the partial widths have a χ2-distribution with one

degree of freedom which - in the present context - is usually called a Porter-Thomas distribution [45, 46] . As

just outlined in this section of the talk, transmission measurements provide a direct access to the products

of two partial widths, that is, the strength of a resonance. If the partial widths Γµa and Γµb both follow

a PT distribution it can be shown [30] that their product has a so-called K0-distribution with K0 being a

Bessel function of imaginary argument [47] .

Figure 10: Distribution of the resonance strengths of the three Limaçon billiards. For each histogram the
strength distributions of all six transmission spectra have been superimposed. While expected deviations
from the GOE behaviour (full line) are clearly visible for the billiards showing mixed dynamics (λ = 0.125
and λ = 0.150), the agreement between the RMT prediction, i.e. a K0-distribution and the measured
strength distribution is good for the fully chaotic billiard (λ = 0.300) over more than six orders of magnitude
(from [30]).

For each Limaçon billiard the histogram shown in Fig. 10 was obtained by superimposing the measured

distributions of all six combinations of antennae. The strength distributions of the two billiards with a mixed
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classical dynamics deviates from GOE behavior, while we find good agreement with the K0-distribution for

die chaotic billiard. We have also (not shown here) determined the corresponding NNSD of the eigenvalues

obtained by evaluating for each billiard the spectra of all antenna combinations. For λ = 0.125, 0.150 the

NNSD clearly deviates from the NNSD for random matrices from the GOE, that is, the so-called Wigner

distribution, whereas for λ = 0.300 the agreement is very good. Hence, we observe exactly the same

behaviour as for the strength distributions. However, there is one important difference, namely, while the

spectral properties of regular systems universally have a Poissonian statistics, and there exist interpolating

formulae for the mixed systems, there yet is no general theory for the properties of the wavefunctions of such

systems.

Still, even for the chaotic billiard we observe small deviations (Fig. 10) between the measured strength

distribution and the K0-distribution at z-values smaller than z ' −3. These are due to the experimental

threshold of detection for narrow resonances and resonances with small strengths. It is taken into account in

the theoretical description by normalizing the PT distribution to unity in the range of observable data. This

procedure is equivalent to introducing a sharp cut-off into the PT distribution as lately discussed in [48].

We will return to the question of missing strength below a certain experimental threshold of detection in a

discussion of chaotic systems with one broken symmetry in the last part of the talk. In closing this section

I would like to emphasize, however, again that measured strength distributions in billiards provide another

stringent test for the connection between statistical properties of systems with classical chaotic dynamics

and RMT. The agreement of the experimental data with the RMT prediction in the case of the fully chaotic

billiard extends over more than six orders of magnitude (Fig. 2) while in nuclei such a comparison over only

about 2 to 3 orders of magnitude is possible (Fig. 6).

5 Coupled billiards as a model for symmetry breaking - the case
of isospin

I will end this talk with an example of how resonance strength distributions discussed in the foregoing section

can be used for an experimental study of the effect of partial symmetry breaking on the distribution of wave

function components with two coupled superconducting chaotic microwave billiards. We have investigated

the spectral properties of this system already earlier [49].

Symmetry breaking in chaotic systems has been intensively studied in the past, both theoretically and

experimentally. I list here e.g. the breaking of atomic and molecular symmetries [50, 51], parity violation in

heavy nuclei [52] and isospin violation in nuclei [53, 54, 55, 56] . A disadvantage in atomic, molecular and

nuclear systems is, however, that the symmetry breaking can neither be controlled nor tuned. This has only

become possible recently in measurements of elastomechanical resonances in quartz crystals by gradually

breaking crystal symmetries [57], and in the above mentioned study of two microwave cavities with tunable

coupling [49]. The statistical properties of both systems are totally equivalent to those of a quantum system.

Furthermore, also widths distributions for different types of resonances in elastic aluminium plates for a

varying coupling strength between those resonances were investigated [58].

Since special properties of the odd-odd N = Z nucleus 26Al (and later on also of 30P) have inspired us
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Figure 11: Part of three transmission spectra of two coupled superconducting chaotic microwave billiards
taken at different couplings. The arrows are intended to help recognize the shifts of a few resonances induced
by the coupling (from [49]).

to perform an analogue study of isospin symmetry breaking in coupled chaotic billiards let us recall a few

of those observations. In [54] the complete spectrum of the nucleus 26Al at low excitation energies has been

established. The analysis of this spectrum in terms of RMT showed that the level statistics is intermediate

between 2-GOE and a 1-GOE behaviour [55]. By this we refer to the following model (see also [49]).

H =

(
GOE 0

0 GOE

)
+ α

(
0 V

V + 0

)
(3)

The off-diagonal matrix couples the classes. The random elements in the GOEs and in V , all have the

same rms value v so that α = 1 makes H as a whole to be a GOE matrix. The resulting spectrum displays

1-GOE behaviour. For the observables studied below, the 1-GOE behaviour is actually reached already if

α v/D is ≈ 1. Here, D is the mean level distance of the eigenvalues of H. For simplicity, we set v = 1 in the

sequel. This makes D dimensionless and the parameter governing the level statistics is then α/D. - In the

example of 26Al, this parameter was determined from the level statistics; whence the mean square Coulomb

matrix element that breaks isospin was derived. The billiard experiment tests the model (3) with a large

number of levels and very clean spectra in a situation, where the parameter α/D controlling the symmetry

breaking can be varied. In the actual experiment each of the two symmetry classes consists of the eigenstates

of a (quarter of a) stadium billiard.

A small frequency range of spectra at various couplings is shown in Fig. 11. One recognizes that the

resonances are shifted by statistically varying amounts. The largest measured shifts are about 5 MHz. The

mean level spacing is D = 10.7 MHz. The resonance widths are of the order of 1 to 100 kHz. The high Q
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of 105 - 106 together with excellent signal to noise ratio of up to 50 dB of the superconducting setup was

obviously necessary to detect the partly small shifts and thus the dependence of the level statistics on the

coupling.

The analysis of the spectra based on the ansatz (3) and an analytical expression of the Σ2 statistics [49]

has provided the coupling parameter α/D controlling the symmetry breaking. It has been determined for

six different coupling strengths.

But besides spectral properties, reduced transition probability distributions for 26Al and 30P have recently

also become available [58, 59]. Those distributions show considerable deviations from a Porter-Thomas

distribution which are attributed to isospin symmetry breaking like for the spectral properties. We thus

measured also, first, the resonance strength distributions (as I have discussed in the previous section of the

talk) for different coupling strengths and, second, by applying and extending the model of [46] obtain the

strength of the symmetry breaking as the only parameter from the data. Details of this procedure can be

found in a forthcoming article [60].

K -distribution0

experimental threshold

l = 0.3

l = 0.13

l = 0.04

Figure 12: Resonance strength distributions derived within RMT for a small (λ = 0.04), intermediate
(λ = 0.13) and strong (λ = 0.3) coupling of the two billiards. Note that for the strongest coupling, i.e. com-
plete symmetry breaking, a K0-distribution is obtained. Furthermore, although resonances with strengths
below an experimental threshold cannot be detected, the symmetry breaking is still determined reliably in
comparison with experiment since it depends almost entirely on the position of the central maximum of the
distribution.

A theoretical expression for the strength distribution can be derived within a random matrix model from

that of the partial widths [30] and from an approximate analytic expression for the region of weak coupling

0 < λ ¿ D−1 as proposed in [46]. In Fig. 12 the resulting calculated strength distribution is shown for

coupling parameter values λ = 0.04, 0.13 and 0.3 between the two cavities. We see that the K0-distribution,

i.e. the strength distribution of a single chaotic microwave billiard [30] , describes the limit of complete

coupling. The value of the K0-distribution is already close to zero for values z ≤ −3 where, from the results

in [30], the experimental threshold of detection lies. For partial symmetry breaking, i.e. λ = 0.04 and 0.13
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in the figure, a sizable amount of resonance strength is expected to lie below this threshold (which can be

modelled). It is important to note, however, that the position of the central maxima only depends on the

respective coupling strength, i.e. on the amount of symmetry breaking.

l = 0.064

l = 0.121 l = 0.170

l = 0.099

Figure 13: Comparison of measured resonance strength distributions (histograms) for a particular antennae
combination but various couplings. The dashed line is the result of a fit of an expression derived from
RMT and the indicated coupling (symmetry breaking) parameters λ are determined by the position of the
respective maxima in the distributions (from [60]).

In Fig. 13 measured strength distributions (histograms) for a particular antennae combination [49] but

four different couplings are compared with the expression derived within RMT. The deduced coupling pa-

rameters range from λ = 0.064 to λ = 0.170. Finally if the so determined values for all six antennae

combinations are averaged the following set of four mean coupling strengths are obtained from resonance

strength distributions:

λ̄ = { 0.067± 0.003; 0.108± 0.002; 0.119± 0.004; 0.175± 0.004 }

They compare well with the corresponding values extracted earlier [49] from spectral correlations:

λ̄ = { ≤ 0.029; 0.105± 0.008; 0.130± 0.007; 0.180± 0.006 }

In summary, the dependence of the spectral statistics and of the resonance strengths on the coupling

between levels belonging to different symmetry classes has been demonstrated for a billiard system that

simulates quantum chaos. Even subtle changes of the level statistics and resonance strengths induced by

small coupling parameters could be detected. The present experiment of coupled billiards models mixing of

any two symmetry classes.
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To bridge at the very end of this talk the gap once again to nuclear physics we should remember that

universal fluctuations have to be measured on the scale of the mean level spacing D and that the parameter

characteristic for the symmetry breaking is λ = α/D. The strongest coupling (λ = 0.18) realized in the

billiard system causes, however, still a relatively weak symmetry breaking of about the same size as the

isospin symmetry breaking in 26Al. The spreading width [53], defined as Γ↓/D = 2π(α/D)2 = 2πλ2, which

is a measure of how much the states of the two symmetry classes are mixed into each other and hence also

a measure for the deviation from generic behaviour is Γ↓/D = 0.20 for λ = 0.18. One sees therefore that a

state of class 1 carries about 20% admixture of class 2 and vice versa. This is also the reason for the level

shifts observed for different couplings (Fig. 11). So, as several other nuclear properties symmetry breaking

can be very effectively modelled through billiards.
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