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Abstract 

  
The numerical solution of linear multi-energy-group neutron transport equation is 

required in several analyses in nuclear reactor physics and allied areas. Computer codes based 
on the Discrete ordinates (Sn) method are commonly used for this purpose. These codes solve 
external source problem and K-eigenvalue problem. The overall solution technique involves 
solution of source problem in each energy group as intermediate procedures. Such a single-
group source problem is solved by the so-called Source Iteration (SI) method. As is well-
known, the SI-method converges very slowly for optically thick and highly scattering 
regions, leading to large CPU times. Over last three decades, many schemes have been tried 
to accelerate the SI; the most prominent being the Diffusion Synthetic Acceleration (DSA) 
scheme. The DSA scheme, however, often fails and is also rather difficult to implement. In 
view of this, in 1997, Ramone and others have developed a new acceleration scheme called 
Transport Synthetic Acceleration (TSA) which is much more robust and easy to implement. 
This scheme has been recently incorporated in 2-D and 3-D in-house codes at BARC. This 
report presents studies on the utility of TSA scheme for fairly general test problems involving 
many energy groups and anisotropic scattering. The scheme is found to be useful for 
problems in Cartesian as well as Cylindrical geometry. 
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Transport Synthetic Acceleration Scheme for 

Multi-Dimensional Neutron Transport Problems 

 

 

1. Introduction 
 

The numerical solution of linear multi-energy-group neutron transport equation is 

required in several analyses in nuclear reactor physics and allied areas.  The most common 

method used for this purpose is the Discrete Ordinates (Sn) method. Several computer codes 

have been developed using this method. As is the common practice in most transport codes 

(Lewis and Miller, 1984), multi-group problems are solved by solving many within-group 

source problems as intermediate procedures. Each within-group source problem in turn is 

solved by employing the so-called “Source Iterations”. In case of K-eigenvalue problem, 

additional outer iterations (power iterations) are carried out in which the fission source 

distribution and K-eigenvalue are updated. The outer iterations are also needed in external 

(fixed) source problems with up-scattering. In any case, the Source Iterations form the main 

computational task in a transport code.  

 

It is well-known that for optically thick and highly scattering regions, the convergence of 

Source Iterations (SI) is very slow ( Carlson and Lathrop, 1968; Lewis and Miller, 1984) 

leading to large CPU times. Two major schemes  have been suggested to accelerate these 

iterations: the Coarse Mesh Rebalancing (CMR) and the Diffusion Synthetic Acceleration 

(DSA). It was found that the CMR scheme does not always work. The DSA scheme was 

considered particularly attractive and considerable studies have been done (Adams and 

Larsen, 2002 ) on it. In DSA scheme, after an SI, a “corrective equation” is formed. This 

equation is approximated by the diffusion equation to obtain a fast, though approximate, 

solution. In many cases, DSA provides substantial acceleration. However, as remarked by 

Ramone et al (1997), after 25 years of research and development, the DSA has still not 

proved to be of practical use in some classes of transport problems.  
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In view of the above situation, Ramone et al (1997) proposed a new acceleration scheme 

called “Transport Synthetic Acceleration” (TSA) to accelerate the Source Iterations. This 

scheme is more robust and easier to implement than the DSA scheme. In TSA scheme, after 

few SI’s, a “corrective equation” is formed. It is approximated by a transport equation with 

lower quadrature order and strictly isotropic scattering; rather than a diffusion equation.  This 

makes it easier to solve. For a faster solution of this low order equation, a Krylov Sub-Space 

method called Conjugate Gradient (CG) method is used (see Appendix). As is well-known, 

the Krylov methods are currently emerging ( Saad, 1996 ) as efficient schemes to solve large 

sparse set of linear equations usually denoted by Ax = b, where A is coefficient matrix, x is 

unknown vector and b is a known vector. Such equations arise when the differential 

equations are discretised to obtain numerical solution. There are several types of Krylov 

methods. The CG method is superior to other methods in terms of speed and memory 

requirements but it needs the coefficient matrix to be symmetric positive definite (SPD).  

 

Whenever a new computational scheme is proposed, it is analysed in a wide range of 

situations arising in different areas of application to determine its robustness and efficiency. 

In his initial paper, Ramone (1997) has analysed the TSA scheme for a variety of external 

source problems in one energy group and 2-D XY geometry with isotropic scattering.  He has 

considered variations in mesh size, scattering properties, aspect ratio and certain parameters 

present in the formulation of TSA and found it quite effective. For this analysis, he has 

considered  two types of spatial discretisation schemes: the step characteristics method and 

the bi-linear discontinuous finite element method. Later, Zika and Adams (2000) applied it to 

fuel sub-assemblies with reflective boundaries. Subsequently, Chang and Adams (2003) have 

analysed the TSA scheme for some highly heterogeneous problems where it was not found 

useful. Hanshaw et al (2003) have proposed a “stretched and filtered TSA method” for 

heterogeneous media and tested it for 1-D problems with isotropic scattering. The use of TSA 

scheme in case of the well-known Diamond Difference (DD) discretisation scheme was 

studied by Gupta and Modak (2002) for isotropic scattering. The DD scheme, although 

popular and easy to implement, is prone to generate unphysical negative fluxes. To avoid 

them, the zero flux fix-up was used in higher order sweeps while it was abandoned in the 

sweeps for low order equation.  
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Some of the important areas where the TSA scheme needs to be studied are cases with 

anisotropic scattering and for cases involving non-symmetric operators. The work presented 

here includes analysis of some such cases as described below.   

 

Recently, the TSA scheme has been used in the 3-D Cartesian XYZ geometry neutron 

transport code “ATES3” ( Gupta and Modak, 2004 ) developed in BARC. This code is based 

on Diamond Differencing and it can solve K-eigenvalue problem and external source 

problem. It can take care of anisotropic scattering. The TSA scheme has also been introduced 

( Modak, Vinod Kumar, Menon and Gupta, 2005 ) in an in-house 2-D neutron transport code 

ATRAN20 (Vinod Kumar, Menon and Paranjape, 2003) which is also based on the Diamond 

Difference scheme.  It solves multi-group neutron transport equation with isotropic or 

anisotropic scattering in 2-D Cartesian (XY) and 2-D cylindrical (RZ) geometry. In the 

present studies, use of TSA scheme is studied using the above two codes for some multi-

group anisotropic scattering cases. 

 

 The present report presents a brief description of the Transport Synthetic Acceleration 

scheme as introduced in the above two codes. Subsequently, some studies on utility of TSA 

scheme are presented based on the above two codes. Fairly general test cases having many 

energy groups and anisotropic scattering are considered for these studies. The effectiveness 

of TSA is found to depend on energy group and order of scattering anisotropy. It is found that 

TSA is useful in cylindrical RZ geometry also. This is an interesting result because the 

relevant coefficient matrix is slightly non-symmetric and hence the CG-method is not 

rigorously applicable. 

 

The overall plan of this report is as follows. In section 2, the TSA scheme as used here is 

briefly explained along with relevant equations. The complication arising in case of 

cylindrical geometry is explained in section 3. In section 4, the performance of the TSA 

scheme is discussed for some external source type test problems with anisotropic scattering in 

2-D XY, 2-D RZ and 3-D XYZ geometries. Section 5 presents use of TSA for a simple K-

eigenvalue problem. Section 6 gives the overall conclusions and discussion. 
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2. The TSA Scheme  
 

Let us consider an external (fixed) source problem in which a specified constant source of 

neutrons is placed in a system and the problem is to evaluate the resultant steady neutron 

fluxes everywhere. This problem can be expressed using the multi-group integro-differential 

form of Neutron Transport equation as: 

 

Ext
g

F
g

S
gggg QQQ),r(),r( ++=ΩΨσ+ΩΨ∇⋅Ω       (1) 

 

where Q’s denote the scattering, fission and external sources. ψg( r, Ω) is the angular flux in 

group g at point r and in direction Ω. There are total G energy groups and Eq.(1) is written 

for all groups. The notation is fairly standard. Thus, σg is the total macroscopic cross-section 

for group g. The scattering source Qs
g contains two parts: Self scattering source QS

S and 

sources coming from other groups g' shown as QS
g'. Thus Qs

g  can be written as: 
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Substituting Eq.(2) in Eq.(1), we get: 

( ) ( ) tot
ggggggg Qd,r),r(),r( +Ω′Ω′ΨΩ→Ω′σ=ΩΨσ+ΩΨ∇⋅Ω ∫ →          (3) 

where Qtot denotes the sum of all sources except the self scattering source. 

 

We are concerned with numerical solution of Eq.(1) by Sn-method. This is obtained by 

starting with some guess fluxes and solving Eq.(3) over each group with appropriate group-

to-group scattering source term computed using fluxes in other groups. The procedure to 

solve Eq.(3) is as follows. The directions are discretised. We will use subscript ‘m’ to denote 

the discrete neutron directions, where m =1,2,….M. The differential scattering cross section ( 

whether group-to-group or within-group) is expanded in terms of the Legendre Polynomials 
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PL (Ω'⋅Ω) up to certain order L0 depending on the degree of anisotropic scattering. The 

expansion contains moments of scattering cross sections which are identified by superscript 

L. By using addition theorem, the scattering source can be expressed in terms of these 

moments of scattering cross-section and Spherical Harmonic moments of angular flux. Let 

‘NM’ denotes the total number of Spherical Harmonics (and flux moments) required for 

Legendre expansion up to order L0. Then, for a given direction m, Eq.(3) can be written as: 

( ) ( ) ( ) tot
gmngmn

L
gg

NM

1n
gmggmm QrR1L2)r()r( +ΦΩσ+=Ψσ+Ψ∇⋅Ω →

=
∑         (4) 

The Rn(Ω) are the Spherical Harmonics and Φng(r) are the corresponding moments of angular 

flux. It may be mentioned that in case of isotropic scattering, the n =1 term alone survives in 

the summation in Eq.(4) and in that case L = 0. 

 

Source Iteration Method: 

Eq.(4) is usually solved iteratively by starting with guess for source in group g. If ‘j’ 

denotes the iteration number, the simple Source Iteration (SI) procedure can be described as: 

 

( ) ( ) ( ) tot
gm

j
ngmn

L
gg

NM

1n

1j
gmg

1j
gmm QrR1L2)r()r( +ΦΩσ+=Ψσ+Ψ∇⋅Ω →

=

++ ∑         (5) 

 

A single iteration involves a sweep through all meshes and directions based on principle 

of directional evaluation. As was mentioned earlier, in case of optically thick and highly 

scattering media these iterations converge very slowly. Substantial work has been done over 

last three decades on the use of Diffusion Synthetic Acceleration (DSA) scheme to accelerate 

these iterations. Recently, Ramone et. al. (1997) have proposed a Transport Synthetic 

Acceleration (TSA) scheme which is the topic of discussion here.  

 

In both TSA and DSA schemes, Eq.(4) is basically solved by the Source Iterations only; 

but intermittently certain “corrective equations” are set up and solved. The corrective 

equation is obtained by subtracting Eq.(5) from the exact equation namely Eq.(4). The 
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unknown variable in the corrective equation is the difference of exact flux ψg and the latest 

value obtained by SI, namely ψg
j+1. If the corrective equation can be solved very efficiently 

(though not very accurately), the solution can be added to the latest iterate ψg
j+1 to get an 

improved guess. In general, the corrective equation is almost as difficult to solve as Eq.(4). 

Hence, some approximations are made while solving the corrective equation. The DSA and 

TSA schemes differ in the nature of approximations made to solve the corrective equation. 

 

The Corrective Equation:  

By subtracting Eq.(5) from Eq.(4) and neglecting all terms in the scattering source except 

that with n = 1 (which corresponds to isotropic scattering), one gets: 
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In the above equation, φg is the total flux and σs is the scattering cross section. Moreover, 
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gg
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Eq.(7a) gives difference between exact angular flux ψgm and its latest value obtained in 

(j+1)th iteration. Similarly, Eq.(7b) gives difference between exact total flux  φg and its value 

obtained in (j+1)th iteration. If this difference is found by solving Eq.(6), it can be used to 

update the scattering source term in Eq.(5). This is expected to accelerate the SI’s. The Eq.(6) 

is similar to the Eq.(4) except that it involves only isotropic scattering. In Eq.(6), the last term 

is explicitly known because total flux values before and after a Source Iteration are known. 

This term acts as an inhomogeneous external source term. Eq.(6) is often referred to as 

“corrective equation”. The solution of Eq.(6) by Source Iterations can be quite time-
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consuming. A useful speed-up can be obtained if Eq.(6) can be solved rapidly (though 

approximately) by some alternative method. The methods used in DSA and TSA schemes are 

explained further. 

 

Diffusion Synthetic Acceleration: 

In the well-known Diffusion Synthetic Acceleration (DSA) scheme, the SI iterations are 

carried out as shown by Eq.(5). After each SI, the fixed source term in Eq.(6) ( last term in 

Eq.(6) ) is computed. Then Eq.(6) is approximated by a Diffusion Equation and is solved to 

compute F. The computed F is used to improve the latest guess of total flux and improve the 

isotropic scattering source in Eq.(5). Since Eq.(6) is approximated by a diffusion equation, 

the number of unknowns is reduced and it can be solved rapidly. Hence, the overall scheme 

often converges much faster than simple SI scheme. However, it is found that, in many 

practical cases with strong spatial heterogeneity the DSA scheme fails. This is attributed to 

the fact that differencing schemes for the transport and diffusion cases are not consistent. The 

consistent schemes can be complicated and difficult to implement. Another trouble with DSA 

is that, its implementation in a transport code requires significant additional coding effort 

because solution techniques for diffusion equation are also needed.  

 

Transport Synthetic Acceleration: 

Ramone et. al. (1997) proposed the TSA scheme which overcomes the above problems. 

In this scheme, the problem is primarily solved by SI scheme. However, after a few SI 

iterations, the corrective Eq.(6) is set up and solved by using a lower order (say S2) angular 

quadrature set rather than approximating it by a diffusion equation. This immediately avoids 

the issues related to consistent differencing ( which  arise in case of DSA ) because the 

corrective equation is also a transport equation like the original equation. The use of lower 

order quadrature enables to solve Eq.(6) rapidly. In addition, the Conjugate Gradient (CG) 

method is used to solve Eq.(6) even faster. All this leads to a more robust acceleration 

scheme. The additional programming effort to implement TSA is also not much because the 

routines from original transport code can be used with appropriate changes to work for a 

lower order quadrature set, say S2 .  
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Ramone et al have applied the TSA scheme to two types of spatial discretisation: the step 

characteristics method and the Bilinear Discontinuous (finite element) method. The utility of 

TSA was demonstrated for many test cases in 2-D XY geometry with one energy-group and 

isotropic scattering. In the present work, we have applied the TSA scheme to the well-known 

finite difference discretisation along with Diamond difference scheme. Unlike the step 

characteristic and Bilinear Discontinuous schemes, the Diamond scheme is prone to 

occurrence of negative fluxes. The strategy followed is as follows: In high order SI, the 

negative flux fix-up procedure is retained. In the sweeps needed to solve corrective equation, 

the flux fix-up is abandoned. With this strategy, TSA scheme has been found to work well. 

 

Use of Conjugate Gradient Method:  

The procedure to solve Eq.(6) by Conjugate Gradient method can be explained as 

follows. Eq.(6) can be schematically written as: 

                    T f  =  γ L f  + q                                                                      (8) 

In the above, operators T, γ and L have appropriate meaning. T is streaming plus collision 

operator. γ denotes the effect of multiplying by self-scattering cross-section. Lf equals F. Pre-

multiplying both sides of the above equation by LT-1, we get: 

                       L f = L T −1 γ L f   + L T −1 q                                                       (9) 

Replacing Lf by F we get 

                     F    =  L T −1 γ F   + L T −1 q                                               (10)                                                        

which can be written as: 

              ( I -  LT −1γ ) F  =  L T −1 q                                                        (11)                                                           

The above equation is in the standard form Ax = b, which represents a set of linear equations 

in which the coefficient matrix A and vector b are known and x is unknown. The unknown 

vector F contains total flux values in all meshes.  
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The standard conjugate gradient algorithm (Hestens and Steifel, 1952; Saad, 1996) to 

solve Ax = b is given in Appendix. It can be seen from the algorithm that to implement the 

CG algorithm, one should be able to evaluate the product of coefficient matrix A with any 

given vector. If the algorithm is applied to Eq.(11), one should be able to find the effect of 

operator  (I - LT-1γ ) on any given vector. This can be done because the effect of T-1 can be 

found by sweeping through all meshes and directions using the principle of directional 

evaluation (Lewis and Miller, 1984). It should be noted, however, that while sweeping, the 

negative flux fix-up is not to be used. This is because, the fixed source term ( = last term in 

Eq.(6) ) in the corrective equation, can contain negative elements. In the CG-algorithm also, 

negative sources can arise. Hence, negative fluxes can legitimately arise due to negative 

sources and should not be eliminated by fix-up. Of course, the final solution of Eq.(5) will be 

positive since negative flux fix-up is used in the basic Source Iterations. Further details on 

use of CG method to solve Eq.(11) can be found elsewhere (Gupta and Modak, 2002). 

 

It should be mentioned that the various scalar products shown in the CG-algorithm are 

actually weighted scalar products, the weighting being done by the mesh-wise scattering 

cross-section and volume of the mesh.  As mentioned by Ramone et al (1997), the coefficient 

matrix in Eq.(11) is symmetric with respect to such a weighted scalar product.  

 

It may also be mentioned that in the TSA scheme as proposed by Ramone et. al. (1997), 

the self-scattering cross section was artificially reduced by a certain factor while solving the 

lower-order problem. We have not considered this in the present studies. 

 

The K-eigenvalue problem: 

All the discussion so far in this section was concerned with application of TSA to multi-

group external source problem. In case of K-eigenvalue problem also, solution of within-

group source problems is required as intermediate procedure. The TSA scheme can be 

applied to accelerate the solution of this within-group source problem as already explained. 

This, in turn, provides a faster solution of K-eigenvalue problem. 
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3. Issues in Curvilinear Geometry 
      

One of the key factors in the TSA description in section 2, which gives speed-up, is  the 

use of CG method to solve Eq.(11). If a curvilinear coordinate system (such as cylindrical R-

Z coordinates or spherical coordinates ) is used, the coefficient matrix in Eq.(11) becomes 

non-symmetric and the use of CG method becomes invalid. The problem can be best 

explained in terms of Reciprocity Relations. 

 

 The reciprocity relation between isotropic source and total flux in case of one-group 

problems is well-known (Bell and Glasstone, 1970) and can be derived analytically 

irrespective of geometry. In case of numerical solution, one expects a discrete form of this 

relation to be valid. Thus, the flux in jth mesh due to a unit source in ith mesh should be equal 

to the flux in ith mesh due to a unit source in jth mesh. The numerical solution by Sn-method, 

however, does not reproduce this relation in case of curved geometries (Modak et al, 1995; 

Carlson and Lathrop, 1968). This can be checked by performing the relevant fixed source 

calculations using Sn codes. The discrepancy (or mismatch) in computed fluxes is large when 

meshes close to centre are considered and reduces as one moves away from centre.  

 

     As a specific example, consider the 1-group Iron-water test problem layout shown in Fig.1 

in cylindrical RZ geometry. Let S4 quadrature set be used and scattering be assumed to be 

isotropic. As shown in Fig.1, 88 meshes are used in R and Z directions. Consider the bottom 

row of meshes. Consider the first and second meshes (from left) in this row. By performing 

source calculations with source placed in one of these meshes, the equality of fluxes 

necessary to reproduce reciprocity relation can be checked. The flux mismatch is seen to be 

about 12 %. If one examines reciprocity between 8th and 20th mesh in the same row, the 

discrepancy is less than 0.2 %. Even if one chooses two meshes having same radial 

coordinate but different Z-coordinate, some violation of reciprocity is observed. On the 

contrary, in case of Cartesian XY-geometry, the reciprocity relation is exactly obeyed by 

numerical results. 
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     In Eq.(11), the R.H.S. vector contains isotropic sources in various meshes while the 

unknown vector F contains total fluxes in various meshes. Hence, the coefficient matrix in 

Eq.(11) would be symmetric only if the above mentioned reciprocity relation holds 

numerically. Since the reciprocity relation is not exactly reproduced, it is evident that the 

matrix is not symmetric. Hence, strictly speaking, the CG method cannot be used to solve 

Eq.(11). Thus, it appears that the CG-based TSA scheme cannot be used for cylindrical 

geometry. However, it is seen that the matrix is not too non-symmetric. A large number of 

matrix elements corresponding to meshes away from centre are almost symmetric. Moreover, 

we need only approximate solution of the corrective equation Eq.(11). Hence, in the present 

work, the CG method was tried even for cylindrical geometry. As will be seen later in section 

4, the strategy was successful and a good speed-up was obtained. 

 

 

 

4. Results for External Source Problem  
 

All the results in this report are based on the TSA scheme implemented in the following 

two in-house codes at BARC: 

 

1) ATRAN20 (Vinod Kumar et al, 2002) : It is a 2-D Cartesian (XY) and Cylindrical(RZ) 

geometry code. The formalism is similar to the well-known code TWOTRAN (Lathrop & 

Brinkley, 1970). The code imposes a neutron balance over all space and directions  

(CMR) in each group as an acceleration scheme. This has to be abandoned while applying 

TSA because it has been found that simultaneous presence of the two acceleration 

procedures (TSA and neutron balancing) can create problems in convergence.  

  

2) ATES3 (Gupta and Modak, 2004): This is a 3-D Cartesian (XYZ) geometry code which 

can take care of anisotropic scattering. For source problem the code has TSA as the only 

acceleration scheme. 
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In order to study utility of TSA, apart from the well-known 2-D Iron-Water benchmark, three 

more complicated test-cases are constructed as follows: 

 

Test Case 1 

The classical one-group iron-water (XY) benchmark: 

The well-known 1-group Iron-Water 2-D (XY geometry) Benchmark problem (Wareing 

et. al., 1994) has been used by many researchers. This is a problem with isotropic scattering. 

The geometry and cross-sections are given in Fig.1 There is water in a square region of side 

length 15 cm surrounded by iron and water. An isotropic source of neutrons of unit density is 

kept in central square region of side length 12 cm. The one-group cross-sections of iron and 

water are given. The neutron flux at all points is to be found out. Here, we used 88 meshes in 

both X and Y direction. The fixed source of neutrons is present in a square region covered by 

mesh no. 1 to 40. Three more realistic test-cases have been designed making use of geometry 

of the above benchmark as described below. 

 

Test Case 2 

A  multi-group iron-water 2-D (XY) test-case: 

The earlier simple benchmark represents a shielding type configuration. In practice, 

however, shielding problems are usually analysed using a fine energy group structure and a 

high order quadrature set. The effects of anisotropic scattering are also significant. It is 

important to check the utility of TSA for such realistic cases. For this purpose, a new test 

problem was considered which has the same geometry and material distribution as the earlier 

problem (Fig.1). The new problem, however, is based on the 42-energy group coupled 

neutron-gamma cross-sections for Fe-56 and  H2O with scattering anisotropy up to Legendre 

polynomial P3. The first 30 groups are for neutrons and the remaining 12 are for gamma 

photons. There is no upscattering. The first group corresponds to the highest energy while 

group 30 is for thermal neutrons. The fixed source emits only neutrons isotropically with 

energy distribution as per fission spectrum. The fully symmetric S16 quadrature set was used. 

The spatial region was discretised using 88 meshes in the X and Y direction as shown in 
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Figure-1. Both isotropic scattering as well as anisotropic scattering up to 3rd order (P3) were 

considered.  

 

Test Case 3 

A  multi-group iron-water 2-D RZ test-case: 

This case is same as in Fig. 1 except that X and Y axes are replaced by radial (R) and 

axial (Z) directions of cylindrical geometry. The mesh sizes and material distribution are the 

same as in the XY case.  

 

Test Case 4 

A  multi-group iron-water 3-D XYZ test-case: 

This case similar to the 2-D XY case described in Fig.1. The material distribution does 

not change as one moves in Z direction. In Z-direction, the thickness is 30 cm and is covered 

by 15 meshes. Since 3-D problems need more computer memory and CPU, the mesh size in 

X and Y direction is double than that in the XY case and a smaller quadrature order is taken. 

Thus, one has 44 X 44 X 15 mesh case with S8 quadrature set. The bottom XY plane (z = 0) 

has reflective boundary while top XY plane (z = 30 cm) has vacuum boundary. 

 

General features  

While using TSA scheme, after every 3 SI-iterations, the “corrective equation” was 

solved by the CG-method using a lower order S2 quadrature set. The number of CG-iterations 

for solving the corrective equation was restricted to 5. A Pentium processor P4 with 256 MB  

RAM was used in all cases. All computations were done in double precision. Fully symmetric 

quadrature sets were employed. 

 

Procedure of testing TSA 

Starting from the first group, the fluxes are found in each group iteratively. A point-wise 

relative convergence criterion of 1.0E-4 in successive iterations ( called ε ) was employed for 

total flux in each energy group: 
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In above expression, i denotes mesh, g denotes group while j denotes iteration number. 

 

 Computations are carried out both with and without the TSA scheme till above 

convergence criterion is satisfied. The CPU’s are compared to assess the speed-up obtained 

by TSA. This is a standard procedure commonly used to compare the efficiency of different 

schemes. However, it should be noted that for the same criterion for “relative convergence”, 

the absolute convergence obtained by TSA scheme is usually better than unaccelerated SI 

scheme. Thus, the speed-up estimates presented here should be conservative. In what follows, 

this point is elaborated with the help of actual numerical results for test case 1.  

 

On the Relative and Absolute Convergences 

The 1 group 2-D XY case (test case 1) is considered. Table 1 gives the computed fluxes 

with S4 quadrature at three locations having mesh numbers in X and Y direction as: (1,1), 

(1,88) and (88,88). (see Fig.1). The flux is maximum at (1,1) which is at the corner in which 

external source is placed. The location (88,88) is farthest from the source ( at opposite corner) 

where flux is minimum. The computed fluxes are given with and without TSA scheme. The 

fluxes agree well despite spatial variation by about 9 orders of magnitude. 

 

For the S4 case, with the same relative convergence ε, the speed-up by TSA is 7.3 as seen 

from first and last columns of Table 1.  

 

Additional results for the non-TSA case are presented in second and third column for 

tighter convergence ε. It is seen that, as ε is tightened, non-TSA fluxes move closer to those 

for the TSA case. The fluxes predicted by non-TSA calculation with ε = 10–5 are same as 

those of TSA calculation with ε  = 10–4. Thus, the speed-up obtained by TSA in terms of 

absolute convergence is 65/7 = 9.3, which is larger than the figure 7.3 based on same relative 

convergence. However, all the speed-ups in this report are based on relative convergence. 



 15 

Results for 2-D Geometries: 

Following five situations were considered in 2-D XY as well as 2-D RZ geometry: 

Case 1) One-group, isotropic scattering, S4 quadrature set 

Case 2) One-group, isotropic scattering, S16 quadrature set 

Case 3) 42-group, isotropic scattering, S16 quadrature set 

Case 4) 42-group, Anisotropic scattering up to P1, S16 quadrature set 

Case 5) 42-group, Anisotropic scattering up to P3, S16 quadrature set 

The results for all the above cases are listed in Table 2. 

 

It is observed that the speed-up is larger for S16 quadrature than S4. This is because the 

additional work needed for TSA iterations using S2 quadrature is relatively less for S16 case. 

 

The overall speed-up is smaller in the 42-group case than the one-group case. This is 

because for high energy groups with smaller widths, the removal of neutrons to other groups 

by slowing down is high and the scattering ratio (c = σs / σt) is low. Hence, usual SI-method 

itself converges quite well and the advantages of TSA are less.  

 

The speed-up for anisotropic scattering is smaller than for isotropic scattering. This is 

because the “corrective equation”, which considers only isotropic scattering, is not exact. 

 

The speed-up is often smaller for RZ geometry than the XY geometry. This may be 

because the coefficient matrix relevant to use of Conjugate Gradient method is slightly non-

symmetric for RZ geometry. Hence, CG provides a less accurate solution. It was found that, 

in RZ geometry, it is a good idea to limit use of TSA up to certain maximum number of SI, 

say 50. Otherwise occasionally it may not be possible to achieve a fine degree of flux 

convergence. 

 

Figures-3 & 4 illustrate the effectiveness of TSA in reducing number of iterations for 

each of the 42 groups. As can be seen, TSA is very effective in low energy neutron groups, 

where SI needs large number of iterations. 
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Results for 3-D XYZ geometry: 

In Table-3, results are given for the following cases: 

 

Case 1) One-group, isotropic scattering, S8 quadrature set 

Case 2) 42-group, isotropic scattering, S8 quadrature set 

Case 3) 42-group, Anisotropic scattering up to P1, S8 quadrature set 

Case 4) 42-group, Anisotropic scattering up to P3, S8 quadrature set 

 

As in the 2-D problems, the speed-up for 42 group problem is smaller than one group 

problem and the speed-up for anisotropic problem is smaller that the isotropic one. As can be 

seen from figure-5, the speed-up for (thermal) group 30 is over 6-7 times but as the speed-up 

for other groups is negligible, the speed-up averaged over all groups is smaller. On the whole, 

the speed-ups are smaller than that for the 2-D problems. 

 

 

5. Results for K-Eigenvalue Problem  
 

As mentioned at the end of Section 2, the solution of K-eigenvalue problem for nuclear 

reactors involves repeated solution of external source problem in each energy group. It is 

obvious that since the TSA scheme expedites solution of these source problems, it will help 

to solve the full K-eigenvalue problem more efficiently. Nevertheless, the use of TSA for a 

simple 2-group K-eigenvalue test problem is presented here. Some more examples can be 

found elsewhere (Gupta and Modak, 2004).  

 

A CANDU Reactor XY geometry Test-case 

McDonnell et al (1977) have designed a kinetics benchmark problem which simulates a 

CANDU Pressurised Heavy Water Reactor. It is a simple two-zone model with two-energy 

groups. The initial configuration in this reference (at time t = 0) is considered here as a test 

case. Although the problem is primarily designed for diffusion calculation, here it is used 
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merely to study the TSA scheme. The reactor is modeled (see Figure-2) by a 400 cm×400 cm 

square region in XY geometry with reflective boundary on left and bottom surface and 

vacuum boundary condition on the other two faces. The square region is divided into two 

zones of same size by a vertical line through centre. The two-group homogenized lattice 

cross-sections for the two zones are supplied. Central zone has smaller value of νσf (thermal) 

than the side zone. This is done to flatten the flux in X-direction. Total 40 uniform meshes 

are used in X and Y direction. There are two energy groups: fast and thermal. The K-

eigenvalue calculation was performed with and without TSA. The successive K-eigenvalue 

convergence criterion was 10–7 while the point wise flux convergence criterion for within-

group iterations was 10–5. S16 quadrature set was used. Three CG iterations were carried out 

after every 3 SI’s. 

 

Table 4 gives results for the CANDU-PHWR test case described above. The TSA scheme 

is seen to provide a speed-up by more than 10 times. It may be mentioned that if the same 

case (Figure-2) is modeled in RZ geometry, similar speed-up is obtained. 

 

 

6. Conclusion and Discussion 

The recently known Transport Synthetic Acceleration (TSA) scheme has been 

implemented in 2-D and 3-D in-house neutron (as well as gamma) transport codes. The utility 

of the scheme was studied using fairly general test cases with many energy groups and 

anisotropic scattering. The variation of speed-up with various factors like anisotropic 

scattering and group structure was studied. Physical reasons for this variation have been 

discussed.  

 

An interesting result obtained in the present studies is the usefulness of the TSA scheme 

for the cylindrical RZ geometry. This was not quite expected because the CG-method is 

being applied to slightly non-symmetric matrices while actually it is rigorously applicable 

only for Symmetric Positive Definite (SPD) matrices. The essential point is that only an 
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approximate solution of corrective equation is needed for acceleration and the CG-method 

provides such a solution even for slightly non-symmetric matrix. 

 

In case of RZ geometry, it is possible to try methods other than CG (say, BiCG) which 

work for non-symmetric matrices. But, such methods usually need more computational effort 

and memory than CG and hence may not provide overall speed-up.  

 

It may be mentioned that some convergence problems do occasionally occur while using 

the Sn-method. In the computations for P3 anisotropic scattering case in RZ geometry, it was 

found that for the second energy group, the point flux convergence does not become smaller 

than 2.0×10-3, a value reached in about 20 iterations. This happens irrespective of whether 

TSA is used or not. This may be due to various reasons. The effects of  negative flux fix-up 

procedure are difficult to assess.  Another possible reason is that a finite expansion of 

scattering source can produce unphysical negative source contribution in a particular 

direction.  

 

The utility of TSA scheme is shown in this report for some representative realistic 

problems. Further work using various types of mesh, group structures, geometry, materials 

and source distributions is needed to decide the robustness of the scheme. On the whole, 

however, the TSA scheme is easy to implement and useful in many cases. 
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Appendix 

The Conjugate Gradient Method 
 

The Conjugate Gradient (CG) method is one of the most elegant methods to solve a set of 

simultaneous linear equations. Such a set of equations can be written in a compact form as 

        A x  =  b     (A.1) 

If there are n equations in n unknowns, A is a square matrix of order n. x is the vector of 

unknown variables and b is a known vector. Such an equation arises when differential or 

integro-differential equations describing various physical phenomena are discretised to obtain 

a numerical solution. The CG method can be used if A is Symmetric Positive Definite (SPD), 

its eigenvalues are all real positive. 

 

There are various ways to solve Eq. (A.1). Two distinct types are: deterministic and 

iterative. The optimum choice depends on nature of matrix A. The most straightforward way 

to solve Eq. (A.1) is by Gauss Elimination, which is a deterministic method. However, if the 

order of matrix A is large and it is not banded, it requires prohibitively large computer 

memory for storage. The matrices obtained from differential equations are usually sparse i.e. 

they have very few non-zero elements. In such a case, iterative methods are very efficient. 

This is because the iterative methods need matrix vector multiplications which are 

inexpensive due to sparsity. Some such methods are Jacobi and Gauss-Seidel methods 

accelerated by techniques like over-relaxation. 

 

 There exists one more class of methods called Krylov Sub-space methods. These methods 

are based on the fact that A-1 can be expressed in terms of a finite polynomial of A of order 

An-1. Thus solution vector x (= A-1 b) can be expressed as a linear combination of vectors A, 

Ab, A2b … and so on. Thus, the method needs product of matrix with vector repeatedly and 

this can be done efficiently if A is sparse. Further, if A is SPD, CG method can be used which 

is superior to all other Krylov methods in terms of speed and memory requirements. The CG 

method can be shown to give exact answer in n iterations if there are no rounding errors. In 



 22 

practical problems, n is very large – in thousands or millions and the usefulness of method 

arises from the fact that it often gives very accurate answer in few iterations. Thus, although 

the method is deterministic, it is used as an iterative method. If A is non-symmetric, other 

Krylov methods such as GMRES or BiCGSTAB have to be used. 

 

There is yet another interesting way to understand the CG method. If A is SPD, the 

solution of Eq.(A.1) can be looked upon as minimisation of following quadratic expression: 

F(x) = ½ xT A x  -  bT x                                            (A.2) 

The above expression represents paraboloid in n-dimensional space. In the well-known 

steepest descent method to obtain minimum of F(x), to update current value of x, one moves 

in the direction of negative gradient of F(x). The CG method is a further refinement.  The 

current value of x is updated in such a way that new residual (b-Ax) is orthogonal to all 

earlier residuals. 

 

The convergence of CG method depends on condition number of A; a ratio of its largest 

to smallest eigenvalue. More precisely, it depends on the distribution of eigenvalues. The 

convergence is fast for closely spaced or clustered eigenvalue distribution. The most 

commonly used CG algorithm is listed below.   

 

The standard CG Algorithm to Solve  Ax = b 

1. Compute r0 := b – Ax0, p0 := r0. 

2. For j = 0,1,……,until convergence, Do: 

3. αj := (rj, rj) / (Apj, pj) 

4. xj+1:= xj + αjpj 

5. rj+1 := rj -αjApj 

6. βj := (rj+1, rj+1) / (rj, rj)  

7. pj+1 := rj+1 + βjpj 

8. End Do 
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Table 1 

 
Studies on relative and absolute convergence for test-case 1 

(One-group Iron-Water Benchmark, S4 quadrature) 
 

         SI                   SI                  SI                     TSA 

            Rel.Convergence ε      1.0E-4         5.0E-5       1.0E-5         1.0E-4 
             

Flux at (1,88)             0 .7334E-4       0.7337E-4        0 .7339E-4      0.7340E-4 
Flux at (88,88)           0 .5565E-7       0.5598E-7        0 .5623E-7     0.5624E-7 
Flux at (1,1)               0.5026E+2       0 .5026E+2      0 .5026E+2     0.5026E+2 

 
Iterations                         994               1080               1272                   80 
 
CPU time (sec)      51             57             65                 7               

 
 
 
 
 
 
 

 
Table  2 

 
CPU times and Speed-ups due to TSA Scheme in 2-D Iron-Water problem 

(Test-cases 1,2,3) 
     

                                                       XY Geometry                                   RZ Geometry 

    SI      TSA     Speedup                    SI      TSA     Speedup 
QUAD  GR      SCAT           (sec)     (sec)                                       (sec)     (sec) 

   S4    1 Isotropic   51   7             7.3                   56   7             8.0     
 
 S16     1 Isotropic          396   31         12.8                         475  40           11.9  
 
 S16   42 Isotropic      627  179          3.5                         736 216           3.4 
 
 S16  42     P1               1338  513          2.6                         1398 650           2.2 
 
 S16   42      P3                3589 1501         2.4                         3635 1791         2.0 
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Table  3 
 

CPU times and Speed-ups due to TSA Scheme in 3-D XYZ Iron-Water Test-Case 
  

      SI      TSA       Speedup                     
  QUAD  GR      SCAT           (sec)     (sec)                                          

S8  1 Isotropic     243     71       3.42 
 

S8  42 Isotropic     374         191         1.96 
 

S8 42   P1             2664      2142        1.24 
 

S8  42    P3               8689      6724        1.29 
 
 

 
 
 
 
 
 

 
 

 
Table  4 

 
CANDU Reactor Test-case for K-eigenvalue problem 

S16 quadrature set, 2-group, isotropic scattering, 2-D XY geometry 
 
 

 CASE                K-eff         Thermal Flux     Thermal Flux     Iterations     CPU (sec)  
                                                         at  A*                 at  B* 

    SI                     1.0074758        0.2586E+1         0.4014E-2             22372            1835 
 
   TSA                 1.0075144        0.2616E+1         0.3958E-2              1475              125 
 

   *See figure-2 
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Figure-1 

The 2-D Iron Water Test Case 
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Figure-2 

CANDU K-eigenvalue Test Case 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
    Two group macroscopic cross sections 

 
Type  Inner Lattice  Outer Lattice 
  σa1      0.001       0.001 
  σa2      0.004       0.004 
  νσf1      0.0            0.0 
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  σ2→2      0.36637     0.36637 
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Figure-3 
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Figure-4 
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Figure-5 
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