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Abstract

A second order non-linear differential equation obtained from Mori’s integro-differential equa-

tion is shown to transform to another form which provides algebraic decay to a time correlation

function. Involved parameters in algebraic formula are related to exact properties of the cor-

responding correlation function. The model has been used to study a sol-gel system which is

known, experimentally, to exhibit a power law decay to stress auto-correlation function. The

expression obtained for the viscosity shows a logarithmic divergence at some critical value of the

parameter. Some features of the model have also been tested using available information about

Lennard-Jones fluids.
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1 INTRODUCTION

One of the important aspects in the study of micro dynamics of a system is the nature of

relaxation process. Depending on details of interaction among atoms/molecules and on den-

sity/concentration of the system, dynamical variables are known to relax differently. Few exam-

ples known in wide class of systems for the study of dynamics are simple exponential, stretched

exponential and algebraic decay. There exist theories which predict a simple exponential decay

of time correlation function, χ(t). For example, a time correlation function (TCF) for a dilute

hard sphere fluid [1] in binary collision approximation follows a simple exponential decay. On the

other hand, in a system in which correlations become stronger, deviations from simple exponen-

tial [2] are observed. For example, in supercooled liquids a TCF follows stretched exponential

decay [3] as a result of which a slow dynamics is observed, specially at long time. Such a relaxing

behaviour is well supported by mode-coupling theory [4]. However, there also exists systems

where the correlation function is known to decay in algebraic fashion and even at intermediate

times χ(t) goes as t−∆; ∆ has different values for different systems. For example, at critical

concentration corresponding to gelation transition of sol-gel system, stress correlation function

decays algebraically [5,6,7] which results in logarithmic divergence of viscosity. Even for hard

sphere liquids, the time correlation function of velocity of a tagged particle shows [8] t−d/2 (d is

dimension) behaviour at long time, known as long time tail. The algebraic relaxation of differ-

ent dynamical variables has been observed in systems like spin glasses [9], chaotic systems [10]

and hierarchical Ising model [11] etc. In the present work, we are interested to understand the

conditions under which a time correlation function of stress, transforms from a simple decaying

function to power law decay leading to logarithmic divergence of viscosity.

One of the theoretical methods to study time development of a TCF is by making use of the

Mori-Zwanzig equation [12,13] of motion which includes memory effects. This method reduces

the problem of evaluating time evolution of a TCF to the calculation of an appropriate memory

function. Owing to the presence of projection operator and the requirement of knowing the

time dependence of dynamical variable involved, the microscopic calculation of memory function

becomes a complicated task for real physical systems. However, memory function involved is

also known to follow Mori’s equation, leading to hierarchy of equations introducing higher order

memory functions. Various truncation schemes to break the hierarchy of these sets of equations

have been suggested [14-18], a few of which express higher order memory function in terms of

lower order memory function. This has resulted in a class of memory function and/or time

correlation functions. Following a similar procedure in the present work, we use Mori’s equation

to derive a new form of the time correlation function which decays algebraically, resulting in

power law behaviour of the correlation function. This kind of behaviour is different from the

description of critical slowing down which is characterized by a large relaxation time τ , say, in

stretched exponential exp(−(t/τ)ν , observed as second order phase transition. In fact, we found
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that a second order non-linear differential equation with a hyperbolically decaying solution, at

some critical value of parameter, transforms to another differential equation whose solution is

algebraic in time. Such a transformation is seen in sol-gel transition. Therefore, after studying

a few features of the algebraic correlation function with the help of information available for the

Lennard-Jones system, we will apply our model to the study of sol-gel system.

The layout of the paper is as follows. In section 2, we develop the involved theory. In section

3, we present results and discussion. Section 4 contains summary and conclusion.

2 Theory

Transport coefficients can be written as time integrals of an appropriate time correlation function

with the help of the Green Kubo relation given as

κ = K

∫

∞

0

χ(t)dt, (1)

where κ represents a transport coefficient, χ(t) is an appropriate TCF and K is some thermody-

namic quantity. In particular, κ would represent shear viscosity if χ(t) is the transverse stress

auto correlation function. Mori’s equation of motion, which determines the time evolution of a

time correlation function, χ(t), is given as

dχ(t)

dt
+

∫ t

0

M1(t − τ)χ(τ)dτ = 0 , (2)

where M1(t) is the first order memory function which is known to satisfy an equation similar to

Eq.(2) i.e.,
dM1(t)

dt
+

∫ t

0

M2(t − τ)M1(τ)dτ = 0 . (3)

Combining Eq.(2) and Eq.(3) we get

d2χ(t)

dt2
+ δ1χ(t) +

∫ t

0

M2(t − τ)
dχ(τ)

dτ
dτ = 0 , (4)

with δ1 = M1(0). Now we make use of an approximation to write M2(t− τ) as a product of two

functions of t and τ .

M2(t − τ) → M2(t)f(χ(τ))

= M2(t)
χα(τ)

χα(0)
(5)

This approximation is exact for τ = 0 and provides a correction to Markovian approximation

for τ < t. Writing M2(t − τ) as a product of two functions implies that for a function even

in time, coupling between t and τ is ignored, Using Eq.(4) and Eq.(5) we obtain the following

differential equation

d2χ(t)

dt2
+ δ1χ(t) + M2(t)

(χα+1(t) − χα+1(0))

(α + 1)χα(0)
= 0 . (6)
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We further assume the following form for M2(t)

M2(t) = A
χα+2(t)

χα+2(0)
+ B

χ(t)

χ(0)
. (7)

This approximation is similar to ideas used in super cooled liquids and glass transition theory

based on feedback phenomenon [19]. From Eqs.(6) and (7) we obtain

d2χ(t)

dt2
+ (δ1 −

B

α + 1
)χ(t) +

(B − A)

(α + 1)

χα+2(t)

χα+1(0)
+

Aχ2α+3(t)

(α + 1)χ2α+2(0)
= 0. (8)

One of the solutions of this equation is given by

χ(t) =
χ(0)(1 + γ)

1

α+1

(1 + γ cosh(kt))
1

α+1

, (9)

which is true for α not equal to -1. In the above expression

k = [(α + 1)(B − δ1(α + 1))]
1

2 ,

γ =
δ1

B − δ1(α + 2)
,

and B =
δ1(α + 2)(α + 3) − δ2

(α + 1)
.

δn are related to sum-rules of the corresponding TCF through the following relations

δ1 =
χ2

χ0

and δ2 =
χ4

χ2

−
χ2

χ0

,

where χ0, χ2 and χ4 are zeroth, second and fourth sum rules of TCF.

For γ = 1, Eq. (9) reduces to the following expression

M1(t) = δ1sech
ν(

√

δ2

ν
t), (10)

with ν = 2/(α + 1). Equations (9) and (10) both satisfy sum-rules exactly upto fourth order.

Equation (9) has an additional parameter α and this does not affect the short time properties

of the TCF. These forms (Eq.(9) and Eq.(10)) of MF were derived earlier by us [15,16] which

decay without showing any sign of slow dynamics being observed at long times in highly viscous

liquids or glasses.

On the other hand, if we set B = Bc = (α + 1)δ1, we obtain from Eq.(8) another non-linear

differential equation given as

d2χ(t)

dt2
−

2b(β + 2)

β2
χβ+1(t) +

4ab(β + 1)χ2β+1(t)

β2
= 0. (11)

where

β = α + 1,
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a = χ−β
0 ,

b = 2δ1

β(β + 1)

A
.

Here, it may be recalled that parameter B determines the strength of coefficient of the linear

term in Eq.(7). It is found that, one of the solutions of Eq.(11) is

χ(t) =
1

(a + bt2)1/β
, (12)

which makes χ(t) to decay algebraically with long time behaviour as t−2/β. Thus, it is important

to note that by choosing different strength of parameter B, χ(t) transforms from exponential

like behaviour to algebraic behaviour with long time tail. Substituting Eq.(12) into Eq.(1) we

obtain the following expression for transport coefficient

κ = K

∫

∞

0

1

(a + bt2)1/β
dt =

K

2a1/β
(
a

b
)1/2G(β), (13)

where

G(β) =
Γ(1

2
)Γ( 1

β − 1
2
)

Γ( 1
β )

. (14)

Comparing exact short time expansion of χ(t) with that given by Eq.(12) we obtain

b

a
=

1

6
(
χ4

χ2

− 3
χ2

χ0

), (15)

and

β =
(χ4χ0 − 3χ2

2)

3χ2
2

. (16)

It can be seen that for β = 2, χ(t) decays as t−1 and κ diverges logarithmically. For β = 2 it

is noted that χ4χ0 = 9χ2
2. Expression (13) for shear viscosity η, with K = 1

V kBT and χ(t) as

stress correlation function reduces to

η =
n

kBT

χ0
√

2βδ1

G(β), (17)

where, n,T , and kB , represent number density, temperature of the system and Boltzmann con-

stant, respectively. We apply these formulation to study viscosity of the system which undergoes

gelation transition. To know what our model predicts, firstly, we apply the model to the Lennard-

Jones system where we have the advantage of knowing the expressions and numerical results for

the sum rules of the stress correlation function.
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3 Results and Discussion

To examine the utility of the memory function derived above, we first study the behaviour of

parameter β. In order to calculate parameter β from Eq.(15), we require sum rules of stress

auto correlation function up to fourth order. Expressions for sum rules and their numerical

results are available [20] for Lennard-Jones systems and therefore we calculate β for various

densities n∗ = nσ3 at T ∗ = kBT/ε = 1.06, where ε and σ are well depth and position of first

zero of LJ potential. The results obtained are shown as the full line in figure 1. The dotted

line is an extension to β = 2, a point of divergence of viscosity. From Fig. 1, it can be seen

that β becomes equal to 2 at density n∗ ≈ 1.00. Here it may be noted that LJ system at this

temperature is in liquid state [21] at n∗ ≈ 0.94. β = 2 represents an ideal transition point which

leads to logarithmic divergence of viscosity. In fact, viscosity rises to many orders of magnitude

just below the transition point. In order to show this explicitly, we plot G(β) as a function of β

in Fig. 2. From Fig. 2 it can be seen that G(β) rises by 2 order of magnitude as one goes from

β = 1.2 to β = 1.97. The value of β at triple point is found to be 1.44 which implies that χ(t) goes

as t−1.39, which is to be compared with t−d/2 for d = 3. We have also found that β decreases with

increase in temperature and with the decrease in density as evident from Fig.1. For example,

at T ∗ = 1.06 and n∗ = 0.5, the value of β is 0.95 and it shows that χ(t) at long times goes as

t−2.1. The value of shear viscosity calculated from Eq.(17) at this density and temperature is

within 15 percent from the computer simulation results. The behaviour of β and G(β) shown

here is only for illustration purposes and in no way implies that the stress correlation function

in the Lennard Jones system follows the power law behaviour. Nevertheless, it is found that our

model does not predict any divergence of viscosity for thermodynamical states corresponding to

liquid/dense fluids. Rather, it is able to provide some reasonable results for the viscosity and

it is also able to give estimates about the density and temperatures which may correspond to

glass/amorphous phase. A better system where, we shall apply our model is a sol-gel system

where power law behaviour has been observed experimentally. The time scale relevance to such

a system is of the order of µ sec. We first of all plot χ(t) versus t(sec) in Fig. 3 and compare it

with that observed by Martin and Wilcoxon [5] by performing quasi-elastic light scattering. In

fig. 3, we set β = 0.135, so as to assign t−0.27 behavior for long times, observed experimentally.

It is found that our results, then, are quite similar to the experimental results [5] over the whole

of the time domain. It was pointed out by Martin and Wilcoxon [5] that at short times of the

order of µ sec, the correlation function has decayed exponentially. But our study suggests that

it may actually be the algebraic function which also shows faster decay at small times. In fact,

the expression derived here can be made to satisfy short time properties through parameters a

and b. Here, it can also be seen that after a few µ sec the correlation in logarithmic scale decays

linearly up to many decades, implying power law decay of the correlation function.

Next, we attempt to fit the values of viscosity in sol-gel system obtained through following
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relation [7]

η(c, L) = Lk/ν−η[(c − ccrit)L
1/ν (18)

which is similar to finite size scaling relations for the percolation transition. Here
−

η is a universal

function and ν is the exponent describing the divergence of correlation length. The values of

k and ν are 0.75 and 0.88, respectively. We transform linearly, β to (c − 0.7464)L1.14 and

adjust the prefactor in Eq.(17). The results obtained are shown as the solid line in Fig. 4 for

L= 20, the results given by Broderix et al. [7] are also shown as solid circles. It can be seen

that our expression for viscosity can be used to fit the values of viscosity obtained from scaling

relation(Eq.(18)).

4 Summary and Conclusion

In this work, a non-linear differential equation derived from Mori’s equation using two plausible

approximations has been transformed into another differential equation, which makes the time

correlation function to decay in an algebraic fashion. The algebraic relaxation of stress cor-

relation function leads to logarithmic divergence of viscosity. The parameters of the algebraic

function have been determined through sum rules of the correlation function, thus relating short

time properties to the long time effects. The algebraic relaxation model has been used to study

viscosity in sol-gel systems which shows logarithmic divergence. The relevance of the model has

also been checked for Lennard Jones system where parameters of the algebraic function could be

determined from microscopic expressions. It is found that model could provide reasonably good

results for sol-gel system whereas, for Lennard Jones system it does not provide any unphysical

results, even if one assumes an algebraic decay of the correlation function.
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Figure 1: Variation of parameter β with density n∗ at T ∗ = 1.06. The solid line is obtained
from the numerical results of the sum rules of LJ system. The dotted line is an extrapolation
to β = 2.
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Figure 2: Variation of G(β) with β. Divergence of G(β) leads to divergence of viscosity.
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Figure 3: Variation of χ(t) with t(sec) plotted logarithmically. The power decay after few µ sec
becomes evident.
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Figure 4: Plot of viscosity η(c) versus (c − 0.7464) for L=20 for three dimension. The solid line
represents results obtained from Eq.(17) whereas squares represent results taken from the work
of Broderix et al. [7].
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