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We review our recent study of atomic muonium (u+e~ or Mu, a light isotope 
of the hydrogen atom) diffusion in the simplest solids — Van der Waals cryocrys-
tals. We give experimental evidence of the quantum-mechanical nature of the Mu 
diffusion in these solids. The results are compared with the current theories of 
quantum diffusion in insulators. The predicted T*7 power-law temperature depen
dence of the Mu hop rate is observed directly for the first time in solid nitrogen 
(s-Nj) and is taken as confirmation of a two-phonon scattering mechanism. In solid 
xenon and krypton, by contrast, the one-phonon interaction is dominant in the 
whole temperature range under investigation due to the extremely low values of the 
Debye temperatures in those solids. Particular attention is devoted to processes 
of inhomogeneous quantum diffusion and Mu localization. It is shown that at low 
temperatures static crystal disorder results in an inhomogeneity of the Mu quantum 
diffusion which turns out to be inconsistent with diffusion models using a single cor
relation time r c. Conventional trapping mechanisms are shown to be ineffective at 
low temperatures in insulators. Muonium localization effects are studied in detail 
in solid Kr. In all the cryocrystals studied, muonium atoms turn out to be localized 
at the lowest temperatures. 

1. Int roduct ion 

Many phenomena in solids at low temperatures are determined by tun
neling motion of particles whose masses are large with respect to that of an 
electron. These phenomena take place in classical and quan tum crystals, 
metals and insulators, semiconductors and superconductors, etc. The basic 
concept introduced in order to describe such effects is tha t of band motion 
(coherent tunneling) of a particle with a bandwidth A determined by the 
amplitude of particle's resonance transition [1,2]. Particle dynamics in a 
perfect crystal at T = 0 represents the simplest case of b a n d motion. 

At T ^ 0, however, tunneling occurs on a background of coupling with 
the excitations of the medium. Since A is small, this coupling is always 

relatively strong. Therefore the tunneling kinetics in a solid is a problem 
of motion in a system with weak quantum correlations and a strong dy
namic interaction with medium excitations [3]. The basic characteristic 
of the particle interactions with t h e medium excitations is the frequency 
H of phase correlation damping a t neighboring equivalent positions of the 
.particle. Even at low temperatures fl can be as laige as A; Taising the 
temperature results in an exponential decrease of the coherent tunneling 
transition [3]. 

The value of ft, being determined by relative fluctuations of the particle 
interaction with the medium only a t neighbouring sites, is independent of 
the amplitude of the resonant t ransi t ion and thus also independent of the 
value of A. Therefore, the transit ion temperature from band motion to 
incoherent tunneling (which involves, for example, absorption or emission 
of phonons) is crucially dependent on the particle's mass. 

The problem of the tunneling motion of a heavy (with respect to the 
electron) particle in crystal almost always can be reduced to an underbar-
rier motion between two nearest wells. Therefore particle dynamics can be 
described in\terms of motion in a two-well potential in the presence of an 
arbitrary interaction with medium excitations. This picture is characterized 
by two well-separated time scales: the lifetime T of a particle in a well and 
a barrier penetration time n/vo, w h e r e j / 0 is the vibrational frequency of the 
particle in the well. For a heavy particle VQT » 1 [3] — i.e. the particle 
spends a long time in a given well and passes through the barrier in a short 
time. 

The pseudo-isotope of hydrogen known as muonium (Mu = fi+ + e~) is 
the ideal choice for a diffusing par t ic le , both by virtue of its light mass — 
almost an order of magnitude smaller than that of hydrogen (protium) itself 
— and by virtue of the ease with which its mobility can be measured via 
the muon spin relaxation (fiSR) techniques [4]. The importance of (ftSR.) 
techniques to experimental studies of quantum diffusion is illustrated by 
wide variety of crystals, from me ta l s [5] to insulators [6-9], in which both 
the positive muon (fi+) and muonium atom show tunneling effects. 

Since A is small with respect t o all other energy parameters in a solid, 
quantum diffusion is extremely sensitive to crystal imperfections. Therefore, 
localization of the particle often t akes place at a relatively low defect con
centration, in which case the interaction with excitations enables quantum 
diffusion of the particle, measurement of which can thus provide information 
on crystal disorder. 

Until very recently studies of M u diffusion have focussed on nearly per
fect crystals, in which bandlike mot ion of Mu persists at low temperatures. 
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Crystalline defects have been treated mainly as local traps [10] with trap
ping radii on the order of the lattice constant a. The justification for such 
an approach was that the characteristic energy of the crystalline distortion, 
U(a), is usually much less than the characteristic energy of lattice vibra
tions, 0. Unfortunately, since it does not take the particle bandwidth A 
into consideration, this comparison turns out to be irrelevant to the problem 
of particle dynamics, for which the crucial consideration is that A is usually 
several orders of magnitude less than U(a). For example, a typical Mu 
bandwidth in insulators is on the order of A ~ 0.01-0.1 K [8,11], whereas 
in insulators U(a) could be as large as 10 K. In metals the mismatch is 
even more drastic: typical values [U(a) ~ 103 K vs. A ~ 10~4 K] differ by 
about seven orders of magnitude. Under these circumstances, the influence 
of crystalline defects extends over distances much larger than a. If the 
"disturbed" regions around defects overlap sufficiently, complete particle 
localization can result. An understanding of the possible mechanisms of 
particle localization and derealization in crystals due to interactions with 
crystalline defects and lattice excitations is very important in the context 
of quantum diffusion phenomena. 

In this paper we review our recent results on Mu quantum diffusion in 
cryocrystals. We would concentrate mostly on Mu localization and dereal
ization phenomena at low temperatures. The wide variety of other problems 
in muonium quantum diffusion could be found in [9]. 

2. Muonium Spin Dynamics 

The effective spin Hamiltonian of muonium in cryocrystals is taken to be 
of the form [8] 

H = hASc-g^ - gepB3.-B - g^J»-8 + hJ2SSe-Sn - '£gnitn§n-B , 

where A is the muonium hyperfine (HF) frequency, H is the external mag
netic field and the 5, g and y. terms are respectively the spins, (/-factors 
and magnetic moments of the various particles. The summations are over 
all nearby nuclei. The nuclear hyperfine interaction (NHI) between the 
muonium electron and neighbouring nuclear dipoles is characterised by the 
frequency S. The NHI term is represented as isotropic in Eq. (1) and so 
may represent either an average magnetic dipole interaction, in a local field 
approximation, or a contact interaction, in the event that the muonium 

3 

electron's wavefunction overlaps with the surrounding nuclei. If muonium 
and hydrogen occupy equivalent lattice sites, the NHI frequency for nuclei 
adjacent to muonium is expected to be only slightly different (due to zero 
point motion) from the value for those adjacent to interstitial hydrogen 
(protium) itself, which has been measured by ESR (see, for example [12]). 
It is this interaction which sets the timescale for muon spin relaxation. 

Qualitatively, modulation of the nuclear hyperfine interactions results in 
relaxation of the muonium electron spin, which in turn leads to depolariza
tion of the muon spin via the muonium hyperfine interaction. 

In transverse field, the relaxation rate Tj - 1 of the muonium precession 
signal has a simple form in two limits: if muonium "hops" from site to site 
at a rate T~1 which is much larger than the NHI frequency S (fast hopping 
limit), then the transverse relaxation rate is given by T 2

- 1 « 62TC, which 
is proportional to the effective width of the local field distribution due to 
nuclear hyperfine interactions, motionally averaged (hence "narrowed") by 
fast muonium diffusion with T" 1 >• S. For very slow diffusion (T" 1 ~ S) 
muon spin relaxation takes place on a time scale shorter than r c and Tj - 1 « 
S. (For this reason, the parameter 6 is sometimes referred to as the "static 
width" due to NHI.) Slow muonium dynamics cannot, therefore, be studied 
by transverse field measurements. 

The interpretation of longitudinal field (LF) measurements of the muo
nium spin relaxation rate (Tf1) is based on the notion that the nuclear 
hyperfine interactions may be treated as an effective magnetic field acting 
on the muonium electron. Muonium diffusion causes fluctuations of this 
effective field which induce transitions between the coupled spin states of 
the electron and muon. The resultant muon depolarization is revealed in 
the forward-backward asymmetry of the muon decay. Such measurements 
allow values of T " 1 and S to be determined independently [13]. A general 
expression involves various transitions between the coupled spin states [14] 
but a reasonable approximation is obtained by assuming dominance of the 
lowest frequency transition (within the muonium triplet spin states), leading 
to the expression 

ir* 2 ^ c (2) 

T l "i+^rr ( 2 ) 

where U>MU = iMuH is the muonium intra-triplet transition frequency in 
the magnetic field (7M U /2;T = 1.4012 MHz/G). This approach is restricted 
to the limit of relatively high longitudinal fields, however, since the effective 
magnetic field approximation is valid only if feH » 6, where 7„ is the elec
tron gyromagnetic ratio. Moreover, in the limit of slow muonium hopping 
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and high magnetic field, Tf1 is generally too low [see Eq. (2)] to be mea
sured by the standard pSR technique. Thus high LF measurements, which 
are very sensitive to muonium dynamics in the fast fluctuation regime, are 
rather ineffective for the study of very slow dynamics. 

Zero field (ZF) and weak longitudinal field (wLF) measurements turn 
out to be much more sensitive to slow muonium dynamics, at least in the 
case where the spin response is determined by dipolar interactions with 
neighbouring nuclei. This is due primarily to the fact that these techniques 
involve the full dipolar Hamiltonian rather than just the secular part (as 
is adequate for the transverse field technique; see, for example, [15]). A 
classical treatment [16] gives an analytical expression for the time evolution 
of the muon polarization function in zero field, known as the Kubo-Toyabe 
function: for a Gaussian distribution of static local fields, with second mo
ment oc A 2, 

P(0 = | + | ( l - A V ) e x p ( - | A V ) . (3) 

An important feature of Eq. (3) is the "1/3 tail" which, roughly stated, 
reflects the fact that 1/3 of the muon polarization is, on average, aligned 
parallel to the local field while 2/3 is transverse to the local field and thus 
precesses. Although this function [16] was first adopted and experimentally 
confirmed for p+ spin relaxation [17], it is equally applicable for the triplet 
state of muonium, which can be treated in low magnetic field as one particle 
with spin 5 = 1. Very slow diffusion, in which the muonium atom jumps 
between sites with uncorrelated arrangements of neighbouring nuclear spins, 
is manifest in an observable relaxation of this "1/3 tail" [16,17]. A "strong-
collision" treatment [17,18] gives a relaxation function in this regime which 
may be written (for times t > A - 1 ) as 

P W 4 e x P ( - f l ) . (4) 

This expression for P(t), being independent of A, may be used for direct 
measurements of very slow muonium hop rates. 

In weak longitudinal field the "tail" of the relaxation function which is 
sensitive to slow dynamics is shifted to earlier times and has an amplitude 
several times higher than the "1/3 tail" of the zero field function [19]. This 
makes the wLF technique even more sensitive than ZF for measurements of 
extremely slow muonium hop rates. 
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3. Muonium Diffusion in Solid Nitrogen 
3.1. Two-Phonon Quantum Diffusion 

Studies of the diffusion of hydrogen atoms [20] and (i+ [19] in metals, 
as well as Mu diffusion in insulators [7,21,22], have convincingly shown 
the quantum mechanical character of the phenomenon, most clearly seen at 
low temperatures where the particle hop rate T" 1 increases with decreasing 
temperature T according to the power law T" 1 oc T~a, thus manifesting the 
onset of the coherent process. In metals, coupling to conduction electrons 
is the dominant scattering mechanism [23] and causes a < 1. In insulators, 
where phonon scattering processes prevail, a is predicted [1,3] to be 7 or 9 at 
low temperatures where the absorption of single phonons shifts the energy 
of the diffusing particle too much for tunneling to occur and so two-phonon 
diagrams (which can leave the energy almost unchanged) are expected to 
dominate. Surprisingly, the experimental results on Mu diffusion in ionic 
insulators [7,21] indicate that a is generally close to 3; this "universal" 
power-law behaviour with a « 3 prompted the authors of Ref. [24] to con
clude that muonium diffusion is governed by one-phonon scattering. On 
the other hand, in Ref. [11] it was shown that ttw3 can also be obtained 
from two-phonon scattering processes if the actual phonon spectrum of the 
ionic crystal is taken into account; unfortunately, that procedure requires 
introduction of adjustable parameters. The phonon spectrum of solid nitro
gen is consistent with the Debye approximation assumed in more ab initio 
theories, which may thus be tested more directly by experiment. 

Transverse field measurements in solid nitrogen [22] revealed a strong 
nonmonotonic temperature dependence of T 2

_ 1 . Below about 10 K Mu T^"1 

levelled off as it is expected for very slow diffusion (T~* ~ S) regime giving 
value of NHI frequency 6 = 7|f'. Therefore, Tf 1 measurements were done 
to study slow Mu hop rates regime (see above). In longitudinal fields the 
observed relaxation is attributed entirely to the muonium fraction, as the 
diamagnetic complex in solid nitrogen is known [25] to be the static N 2 / J+ 
ion, whose relaxation rate is about 0.1 xlO 6 s"1 [26] — far slower than was 
observed in experiment. Other possible relaxation mechanisms were also 
ruled out [8]. 

Figure 1 shows the temperature dependence of T£l in transverse field 
and Tf1 for several values of longitudinal field for Mu in solid nitrogen. At 
temperatures above 15 K, where w 0 r c «C 1, Tf1 becomes independent of 
field and equal to Tf1. From Eq. (2) we get the well-known [15] relation for 
fast diffusion (6re < 1) and low field (w0Te < 1): 
Tf1 = 2S2rc = T?. (5) 
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Fig. 1: Muonium relaxation rates in ultra high purity solid N2 in weak 
transverse field [circles, triangles, diamonds and inverted triangles cor
respond to different samples] and several longitudinal fields [stars: 12 G; 
squares: 8 G; crosses: 4 G]. 

The T j - 1 -maximum effect (in NMR known as 7i-minimum effect [15]) is 
clearly seen around 10-11 K for all longitudinal fields. For lower longitu
dinal field the T{x maximum is shifted to lower temperature where TC is 
correspondingly shorter. The r, _ 1-maximum condition at u>oTc = 1 

r r , ( m a x ) = ^ / w 0 . (6) 

allows unambiguous determination of NFI frequency and produces-an abso
lute calibration of the M u hop rate. Equation (6) allowed us to determine 
the parameter 6 independently for each longitudinal field; all three values 
are consistent with the combined result, 6=14.9(0.8) MHz, which in turn is 
within 7% of the value obtained from transverse field measurements [22] at 
lowT. 

Figure 2 presents the temperature dependence of the muonium hop rate 
T C

- 1 in solid nitrogen derived from Eq. (2) and complemented by the trans
verse field data for T > 12 K, where motional narrowing leads to Eq. (5). 

For temperatures T < 0 (the Debye temperature) quantum diffusion is 
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Fig. 2: Temperature dependence of the muonium hop rate in ultra high 
purity solid Nj. Stars correspond to the combined longitudinal field 
measurements; circles, triangles, diamonds and inverted triangles corre
spond to transverse field measurements in different samples. 

believed [3] to be governed by two-phonon processes, for which r " 1 is given 
by 

4Z Agn(r) 
3 W(T) + ?' (7) 

where Z is the number of the equivalent wells in the nearest coordination 
sphere and Ao is the renormalized bandwidth for Mu diffusion. The main 
feature of Eq. (7) is the minimum of TC(T) at f ~ fl(T). 

When £ < ft, r» « • — -ft(T)' 

but if $ » ft, then r e

_ 1 oc - i . . Agft(r) 
? 

(8) 

(9) 

giving the opposite temperature dependence so that Mu atoms are localized 
a s T - » 0 . 
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The only effect of the one-phonon interaction at low temperatures is 
believed to be an exponential renormalization of the tunneling amplitude [3]. 
The two-phonon width ft(!T) is determined by the phonon spectrum of the 
lattice. In the T —»• 0 limit only acoustic phonons are important and 

fi(r) a T7<+2>. (10) 

The two additional powers of T appear only in the case of muonium tun
neling between absolutely equivalent sites. 

In the temperature range 30 < T < 50 K, the measured Mu hop rate 
exhibits an empirical temperature dependence r " 1 oc T~a with a = 7.3(2); 
since, from Eq. (8), r " 1 oc ft-1 (IT), we have (l(T) oc T7 as expected 
[Eq. (10)]. This is the first experimental confirmation of the T ~ 7 depen
dence of T" 1 predicted by the two-phonon theory of quantum diffusion [3]. 

Below about 30 K the Mu hop rate levels off, presumably due to band 
motion with an estimated [11] renormalized bandwidth of A 0 ~ 1 0 - 2 K, in 
agreement with the value deduced from the high-temperature data where 
one-phonon interactions lead to an enhanced fluctuational preparation of 
the barrier (FPB) effect [22]. Alternative explanations are given in [8]. 

This value for the Mu bandwidth in solid nitrogen should be compared 
with the bandwidth scale A ~ 10~4 K obtained for the quantum diffusion 
of 3He atoms in 4He crystals [27]. Although the former is much larger, 
the qualitative similarity of these results suggests a common dynamical be
haviour for light particles in insulators, as opposed to metals, where different 
scattering mechanisms lead to quite different impurity dynamics. 

Muonium motion slows down again below about 18 K, probably due to 
the orientational ordering of N2 molecules. For T < 18 K the data in Fig. 2 
obey 

with 0 = 83 K (the Debye temperature of nitrogen) [28], T 0

- 1 = 3.6(8) x 
10" s"1 and a = 6.7(1).' 

The change in the temperature dependence of the Mu hop rate from a 
T7 to a T~7 law reflects a crossover from Eq. (8) to Eq. (9). At tempera
tures below about 18 K gradual Mu localization takes place which reflects a 
suppression of band motion by static disorder in an imperfect crystal. Sub
sequent reduction of temperature below 10 K leads to an inhomogeneous 
quantum diffusion phenomena. 
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3.2. Inhomogeneous Quantum Diffusion 

Most previous experiments on muon diffusion have focussed on normal 
metals, where coupling of the ft+ to conduction electrons causes very strong 
damping, or on very pure insulators, where any effects of crystal imperfec
tions are difficult to observe. Experimental evidence for Mu localization 
in an imperfect crystal due to suppression of band motion by static dis
order was first observed in a solid nitrogen (s-N2) crystal [8]; however, in 
that experiment Mu diffusion measurements were restricted to the compar
atively high temperature regime governed by pure homogeneous quantum 
diffusion. At temperatures well below To [where 2o is determined by the in
terplay between the particle's energy level broadening Q(T), due to coupling 
with phonons, and the typical difference £ between energy levels at adjacent 
tunneling sites, due to static disorder] the observed average transverse field 
relaxation rate T 2

- 1 of muonium should characterize mainly quasi-localized 
Mu atoms in the vicinity of defects. Another fraction of Mu atoms ini
tially located far from impurities or defects should move more rapidly and 
therefore its muon spin polarization should relax more slowly in transverse 
field due to motional narrowing. At low temperatures, inelastic scattering 
by phonons is strongly suppressed [29] and these two Mu fractions remain 
distinct. 

The formation of two independent ensembles of particles is determined 
by the initial conditions, t'.e. the locations of Mu atoms with respect to 
defects just after thermalization. Thus the form of the muon polarization 
function P(t) at low temperatures will be critically dependent [29] upon the 
particle bandwidth A and the defect concentration n. A distinctive two-
component composition of P(t) is a direct manifestation of the crystal's 
spatial inhomogeneity and must be a universal feature of particle diffusion 
in imperfect crystals whenever static level shifts £ exceed fi(T). 

It should be emphasized that a description of the relaxation function in 
terms of Eq. (2) [a "single TC" approximation] is not possible when crystal 
inhomogeneity causes a spatial distribution of r c which we will characterize 
as Te(R) [where R is the distance to the nearest defect]. This fact was 
unambiguously experimentally confirmed for Mu diffusion in solid nitrogen 
[30,31]. 

Typical /iSR time spectra in longitudinal magnetic field H = 8 G in s-N2 

at low temperatures are shown in Fig. 3. At temperatures above about 
10 K, excellent fits to the data were obtained using expression (2), which 
assumes that aJJ Mu atoms diffuse at the same rate for their entire lifetimes. 
However, below 10 K it was impossible to fit experimental spectra using a 
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Fig. 3: Muon spin relaxation spectra for muonium in solid nitrogen in a 
longitudinal field of H = 8 Oe at T = 10 K (diamonds), 8 K (triangles) 
and 6 K (circles). Note the presence of two components in the relaxation 
function at low temperatures. 

single exponential relaxation function (2). Figure 3 clearly shows that at 
low temperatures the polarization function consists of at least two exponen
tial terms. At temperatures below about 8 K a large, almost non-relaxing 
component (on the / J S R time scale) was observed. This component corre
sponds t o an almost static part of the Mu ensemble. A multi-component 
P(t) is clear evidence for the spatial inhomogeneity of the crystal; muon 
diffusion experiments in superconducting Al with impurities also show a 
multi-component P(t), probably due to inhomogeneous diffusion [32]. 

Experimental time .spectra were compared with the simplest possible 
two-component expression 

A(i) = AF e x p ( - r f ; i ) + As exp(-Tr 5

1<), (12) 

where AF and As are the asymmetries (amplitudes) of the fast- and slow-
relaxing components and Tf* and T{£ are their respective relaxation rates. 
Figure 4 shows the temperature dependences of these asymmetries (a) and 
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Fig. 4: Temperature dependence of slow-relaxing (circles) and fast-
relaxing (stars) muonium signals in solid nitrogen: (a) slow (As) and 
fast (AF) muonium asymmetries (amplitudes); (6) slow (T,"1) and fast 
( r iV) longitudinal relaxation rates; (c) slow (r e- 1) and fast (r~r

l) Muon 
spin relaxation spectra for muonium in solid nitrogen in a longitudinal 
field of H = 8 Oe at T = 10 K (diamonds), 8 K (triangles) and 6 K 
(circles). Note the presence of two components in the relaxation function 
at low temperatures. 
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relaxation rates (b) obtained by fitting expression (12) to the data. Above 
10 K there is no measurable fast-relaxing component; the entire Mu polar
ization can be attributed to the slow-relaxing part of the Mu ensemble. As 
the temperature is reduced below 10 K, As decreases and the fast-relaxing 
component correspondingly increases, clearly indicating the onset of inhc-
mogeneous Mu diffusion. At lower temperatures both As and Ap level off, 
accounting for about 70% and 30% of the Mu polarization, respectively. 

The temperature dependence of Tj"1 at low temperatures indicates that 
the slow component undergoes gradual localization as the temperature is 
reduced, while the fast-relaxing component has a temperature-independent 
relaxation rate. At T = 6 K, T{~* exceeds T{£ by more than two orders of 
magnitude. 

Figure 4(c) displays the temperature dependences of the Mu hop rates for 
the fast and slow components derived from expression (2) with a fixed value 
of S = 14.9(0.8) MHz obtained from Tf'-maximum conditions [8]. Above 
about 9 K, Mu exhibits quantum tunneling with a characteristic T" 1 oc T7 

temperature dependence [8]. Below this temperature the slow component 
displays strong localization while the fast component shows temperature-
independent Mu motion with about two jumps per muon lifetime. 

The muonium hop rate is predicted [3] to have the form (7). It should 
be noted that static level shifts ( = £ (J?). At low temperatures the phonon 
width is reduced [f > fi(T)] and T" 1 OC Ajj [Sl(T)/t2(R)]. In this case 
inhomogeneity of the crystal results in static level shifts ((R) causing a 
spatial distribution of T~1(iZ) and thus, through Eq. (2), a distribution of 
Tr\R). 

Reduction of the Mu diffusion rate in S-N2 at low temperatures has been 
explained [8] in terms of orientational ordering of Nj molecules in S-N2 
below Tap « 36 K. Heat capacity, thermal expansion and NMR data in 
s-Nj all show peculiarities at low temperatures which are attributed to 
"orientational defects" caused by an anisotropic interaction between N2 
molecules [28]. This is a peculiar intrinsic property of crystalline nitro
gen, which can be considered as homogeneous at high temperature but 
has the properties of a translationally disordered lattice below Tap. Thus 
different interstitial lattice sites for the Mu atom which are energetically 
degenerate at high temperatures become separated by static level shifts 
((R) at low temperatures due to defects in the molecular orientational or
dering; this produces "crystal disorder" for Mu diffusion so that Mu has 
to overcome energy shifts £(R) and the hop rate is decreased according to 
Eq. (7). This picture is consistent with the behaviour of the slow-relaxing 
component, while the fast-relaxing component probably represents those Mu 
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atoms (about 30%) undergoing coherent tunneling which scatter elastically 
off distorted regions near defects. 

3.3. Trapping Phenomena in an Insulators 
At low temperatures even weak interactions with defects may be stronger 

than the inelastic interaction with the environment, leading to effective traps 
for diffusing particles. As a result, for many years / i + and Mu quantum 
diffusion in crystals was discussed in terms of trapping effects regardless of 
the temperature range or the nature of the crystal (see, for example, [10] and 
references therein). In this section we present strong experimental evidence 
that such trapping effects, which may be dominant in metals [33], can be 
rather ineffective in insulators at low temperatures. 

The trapping rate K in an imperfect crystal is usually expressed as 

K = 4TTcnRTD(RT), (13) 

where c is a numerical coefficient on the order of unity, n is the impurity 
concentration, RT is trapping radius defined by the condition 

U(RT) = T (14) 

and D(RT) is the diffusion coefficient [34]. From Eq. (14) one could im
mediately note that defect potential has rather Jong-ranged character with 
RT 3> a. In "dirty" insulators (and superconductors [35]) at low tem
peratures the temperature dependence of D(RT) is opposite to that in a 
perfect crystal [see Eq. (7)]. Thus the trapping rate decreases rapidly with 
temperature, making the trapping mechanism essentially ineffective. 

Figure 5 shows the temperature dependence of the transverse relaxation 
rate T 2

- 1 of muonium in pure s-N2 (a) and in s-N2 with 10~3 CO impurities 
(b). When Mu hops rapidly in s-Nj (causing low values of T 2

- 1 due to 
dynamical "narrowing"), the Mu atom finds a CO impurity in the N2+CO 
crystal and reacts chemically (probably to form the MuCO- radical [36]), 
which explains the fact that the maximum T£l value for Mu in a-Nj+CO 
significantly exceeds that for static Mu in pure nitrogen where it is deter
mined by the interaction of localized Mu with the nuclear magnetic moments 
of neighboring Nj molecules. This chemical reaction is manifest in an expo
nential relaxation of the Mu polarization, the rate of which is determined 
by the time required for Mu to approach the CO impurity within a distance 
a, after which the reaction occurs immediately. This description in terms of 
chemical reaction controlled by Mu diffusion is almost perfectly analogous 
to the phenomenology of trapping. 
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Fig. 5: Temperature dependence of the transverse relaxation rate (Tf1) 
of muonium 
(a) in pure nitrogen crystals (triangles, two different samples) and 
(b) in a crystal of N2 + 10~3 CO. 

At high temperatures the clear maximum in Tj""1 for Mu in s-N2-f-CO 
marks the crossover from fast to slow Mu diffusion near CO impurities, 
which in turn reflects the interplay between fl(T) and f in the denominator 
of Eq. (7). In this temperature range the strong coupling to phonons allows 
Mu to overcome the defect potential and move to react with CO. However, 
the energy shift £ which the particle has to overcome is much larger close 
to the defect than far from it, making the Mu hop rate strongly dependent 
on the distance from the defect. 

At low temperatures the suppression of inelastic interactions with the 
lattice changes Mu diffusion drastically. There is no longer an energy bath 
from which Mu can gain the energy needed to overcome site energy differ
ences close to CO impurities. Therefore, Mu atoms are stuck (or "frozen") 
far from impurities, causing a strong reduction of the reaction rate (Mu 
relaxation rate). Muonium atoms are then effectively excluded from the 
volumes around the impurities and T 2

- 1 is the same for pure N2 and N 2+CO 
crystals, as clearly seen in the experiment (Fig. 5). 

Thus the trapping mechanism is shown to be essentially ineffective at low 
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temperatures in insulators, as demonstrated by our experiment in N2+CO. 
It should be noted, however, that in normal metals strong coupling to con
duction electrons produces il(T) oc T [23]. Thus for £ < T the diffusion 
process in normal metals is rather homogeneous (for £ > T the particle 
might be considered as already trapped). 

4. Muonium One-Phonon Quantum Diffusion and Localization 
in Heavy Rare Gas Solids 

The tunneling motion of a particle in a solid is often governed by two 
channels of the interaction with the medium. First channel gives rise to the-
effect of fluctuation^ preparation of the barrier (FPB) [37] and characterises 
the interaction of a particle with barrier fluctuations during the passage 
through the barrier region. Second channel is due to intrawell interaction 
and manifests the appearance of the polaron effect (PE) [38]. 

As long as the diffusing particle is much lighter than the atoms com
posing the medium, the former will vibrate at a characteristic frequency u0 

much higher than the typical vibrational frequency of the latter, which is of 
the order of the crystal's Debye temperature 6 in this case a light intersti
tial atom will respond almost adiabatically to lattice vibrations, including 
the quantum zero-point motion (ZPM) of nearby lattice atoms, resulting 
in an enhanced tunneling probability when the surrounding atoms happen 
to assume a configuration in which the barrier along the optimal particle 
path separating the current interstitial site from a neighbouring one is in
stantaneously lower and/or narrower than on average. This version of FPB 
applies even at zero temperature and increases the rigid-lattice tunneling 
bandwidth A 0 of the particle to an effective T = 0 bandwidth A = A 0 e G 

in the absence of other effects (see below). The FPB exponent G is pro
portional to the mean square fluctuations of the quasiclassical tunneling 
action and can be expressed conveniently as G ~ (SUB/^U0)2, where 6UB is 
a typical fluctuation of the barrier height. 

The observed value for the bandwidth is also renormalized because of the 
PE which inevitably occurs in any non-rigid lattice: the interstitial atom 
causes the surrounding lattice to relax slightly, "digging a hole" for itself 
and lowering its energy in the current site by EP relative to that which one 
would calculate for a perfectly rigid lattice. The combination of self-trapped 
interstitial and accompanying lattice distortion are commonly referred to as 
a quasiparticle known as a small polaron. The effect of the PE energy shift 
Bp is to decrease the probability of resonance between the energy of the 
light atom in its current interstitial site and the energy it would have in an 
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adjacent site prior to reconfiguration of the lattice distortion. In effect, this 
narrows the tunneling bandwidth, giving A = A0e~*eG at T = 0, where 
<j> is another dimensionless parameter describing the reduction of resonant 
tunneling opportunities due to the PE energy shift. Actually the particle has 
to wait for the lattice fluctuation which brings the distorted configuration 
around the initial particle site into the symmetric configuration allowing 
resonant transition between the sites. Such a fluctuation is very rare if 
adjacent atoms' displacements Su are large compared with the root mean 
square ZPM amplitude V(u2)o- One can estimate the polaron factor in the 
exponent as <j> ~ £u 2 /(u 2 ) 0 ~ Ep/Q. 

The parameters ^ and G are related to the displacements of different 
groups of atoms, so that one might easily imagine cases when SUB ~> Ep 
— for instance, if the interaction between the particle and a lattice atom is 
a strong function of the distance between them and the tunneling process 
leads to their approach. To be more precise, PE and FPB are not completely 
independent — the PE lattice distortion also alters the average shape and 
height of the barrier so that, even in the absence of latice ZPM, there 
would be a PE-induced renormalization of the tunneling bandwidth which 
we may characterize by a separate temperature-independent dimensionless 
parameter B, giving a final expression for the tunneling bandwidth [37] 

A = ( A 0 e B ) e - V . (15) 

Obviously one can at best measure A itself, so it is only through theo
retical estimates that one can form opinions about the relative importance 
of <f>, which decreases^ the tunneling rate, G, which increases it, and B, 
which could do either. At present we are not aware of any first-principles 
calculations of Ao which are precise enough even to determine the overall-
sign of (A - A 0)/A. 

At finite temperatures, real phonons begin to affect the tunneling process. 
However, in the temperature range T < 0 , where the average amplitude 
of lattice vibrations is hardly changed compared to that due to ZPM, one 
can describe the particle dynamics in the framework of standard kinetic 
equations assuming a constant value for the tunneling matrix element [1]. 
The remarkable phenomenon of crossover from coherent band motion to 
incoherent hopping [3,8] takes place in this temperature range where A 
is essentially unchanged. Only at very high temperatures T ~ 0 do the 
effective vibrational amplitudes of individual lattice atoms begin to have 
rms values significantly larger than those attributable to ZPM, at which 
point the effects due to FPB acquire temperature dependences. 
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The PE, which is likely to have a larger effect on the coherent band
width at T = 0, should become less important at high T (see below), 
whereas FPB effects increase and become dominant for T > 0. The mean 
square vibration amplitude increases linearly with, T at high temperature 
((u2) w (u 2) 0 T/0) and so does the mean square fluctuation of the bar
rier height. Clearly, as the temperature increases so does the probability of 
"easy" tunneling opportunities as lattice atoms fluctuate away from the par
ticle trajectory connecting adjacent sites. Thus we find G{T) « G(0) T/Q. 
On the other hand, large amplitude vibrations simply wash out the effect 
of lattice distortion around the particle because all lattice configurations 
are equally accessible at high T. Substituting (u 2)o -» (ws) in the earlier 
expression for the polaron exponent, we arrive at the well known result that 
"polaron narrowing" disappears as exp(-Ep/4T) [38]. 

The full expression (including all PE and FPB effects) for the tunneling 
hop rate T" 1 is thus [3,11] 

"-£ + £ m _ | ( 1 6 ) 

T + EB 16(£ + 7 )J * U ° J 

where the "activation" energy E is directly related to the polaron shift 
(E = Ep/4) and EB can be approximated by EB ~ 0/(7(0). The last 
term in the exponent describes a mixing of the two effects because, as men
tioned above, in the presence of lattice distortions the average barrier does 
not correspond to the rigid lattice value. The last two terms in Eq. (16) 
have exactly the same linear temperature dependence and are therefore ex
perimentally indistinguishable; nevertheless, specific choice of the medium 
under investigation may allow one to separate FPB and PE using Eq. (16). 

The PE is sure to be much weaker in insulators than the electronic version 
in metals [23], which can lead to complete localization of the tunneling 
particle in a crystal despite translational symmetry. The FPB effect, on the 
other hand, may become dominant for the case of phonon-coupled neutral 
atoms in insulators, whereas FPB is less significant for electron-coupled 
charged particles in metals [3]. 

The conditions under which one can experimentally separate the effects 
of FPB from PE are therefore rather specific: One should study a light neu
tral atom diffusing in a "soft" insulating crystal composed of heavy atoms, 
ensuring u0 » 0 and minimizing any competing PE. One should study 
the temperature dependence of the tunneling rate T " 1 at high temperatures 
T > 0 , where the thermal FPB effect is strongest. One must not, however, 
approach the temperature T' ~ u0 at which classical over-barrier hopping 

r, = 
2(A0eg)2y<SF 
JiE + iYT 

exp 
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Fig. 6: Temperature dependence of the Mu hop rate r" 1 in natural s-Xe. 

sets in [39]. The region 0 < T < T' is most sensitive to one-phonon 
quantum diffusion [3] and will be most likely to reveal FPB effects. This 
emphasizes the need for a medium with a low Debye temperature, e.g. a 
Van der Waals crystal such as solid xenon and krypton, the heaviest solids 
in which the ideal light interstitial atom for such a study — muonium — 
has ever been observed [9,40-42]. 

4.1. Muonium Diffusion in Solid Xenon 
As natural Xe possesses of about 45% of isotopes with the nonzero nuclear 

magnetic moments, muonium T 2

- 1 turned out to be too high to 'extract Mu 
hop rate temperature dependence [41]. Therefore, high longitudinal field 
technique was applied for this purpose [9]. Measurements in natural Xe 
and 1 3 8Xe clearly showed that below about 115 K Mu relaxation Tf1 is due 
to Mu dynamics in Xe lattice. Above this temperature Mu relaxation is 
believed to be due to some other reason. 

Observation of T{~* maxima in different magnetic fields clearly showed 
that Mu atom undergoes gradual localization with lowering temperature in 
solid Xe. Figure 6 presents the temperature dependence of the Mu hop rate 
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in natural xenon. 
Several arguments arose against a classical over-barrier hopping model. 

First, it gave a poor fit to the experimental r'^T) data, which show an 
apparent change in the effective activation energy near T = 0; this cannot 
be attributed to classical hopping "taking over" from quantum tunneling 
above 0 , because the slope of the T-dependence decreases above T « 0, 
whether one plots the data as in Fig. 6 or as an Arrhenius plot. Second, the 
apparent pre-exponential factor is at least two orders of magnitude smaller 
than i/0. Finally, a simple estimate of the temperature T* at which quantum 
diffusion is expected to give way to classical diffusion gives T* ~ 200 K » 0. 

Analysis of the experimental data using PE or FPB efTects separately and 
using full expression (16) showed that addition of FPB effect into fitting pro
gram improve x2 parameter slightly. Measurements of muonium tunneling 
kinetics in solid xenon [9] revealed that both effects could be important 
at temperatures comparable with the Debye temperature of the crystal, 
0. However, additional experiments, especially at low temperatures, are 
required to determine precise temperature regions were FPB or PE prevail. 

An unprecedented variation of the muonium hop rate over 4 decades in 
solid Xe clearly demonstrated the tendency of muonium atoms to become 
localized at low temperatures. However, interpretation of the longitudinal 
field data at low temperatures in solid Xe (i.e. the regime of muonium 
localization) is hampered by a rather complicated multiexponential form 
of the muonium spin relaxation function. A strong hyperfine interaction 
between the muonium electron and the xenon nuclei (almost half of which 
have non-zero magnetic moments) hinders transverse field [41] and zero field 
pSR measurements at low temperatures. In consequence, muonium local
ization and slow tunneling have not previously been studied experimentally 
in rare gas solids. 

4.2. Muonium Localization in Solid Krypton 
In this section we describe the first experimental study of muonium lo

calization at low temperature in a rare gas crystal, presenting data for solid 
krypton [42]. This study is made possible by the low natural abundance of 
the sole isotope ("Kr) to carry a magnetic moment: distinctive zero field 
and weak longitudinal field pSR spectra characterise the extremely slow 
muonium dynamics in the Kr lattice. We present the first observation of 
Kubo-Toyabe relaxation for a paramagnetic atom. The use of both zero 
field and weak longitudinal field techniques allows the determination of Mu 
hop rates two orders of magnitude slower than the inverse ft+ lifetime, in a 
regime previously inaccessible. 
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Fig. 7: Temperature dependence of the muoiuum relaxation rate Tfl in 
solid Kr in a transverse magnetic field H = 2 G. 

Figure 7 presents the temperature dependence of the muonium transverse 
relaxation rate Ijf * in condensed krypton, extracted from the data by fitting 
single-exponential relaxation functions. The main mechanism of muonium 
relaxation in solid Kr undoubtedly involves dipolar or hyperfine interactions 
between the Mu spin and M K r nuclei (natural abundance 11.55%). The in
crease in Tf l upon lowering the temperature from 100 K to 40 K may be 
explained by a slowing down of the muonium diffusion in solid Kr, It would 
be tempting to explain the characteristic maximum and abrupt drop in T^1 

at about 40 K in terms of motional averaging of these interactions due to 
fast muonium diffusion, which would imply a rather abrupt onset of quan
tum tunneling at low temperatures. This drop, however, is accompanied 
by a drop in the amplitude of the TF precession signal from 0.0671(5) to 
0.0395(5), corresponding to a reduction of the apparent muonium fraction 
to 58.9% of its value at higher temperatures. This behaviour cannot be 
explained by the onset of a fast diffusion regime. It can, on the other hand, 
be explained in terms of the isotopic composition of krypton and the con
sequent fact that not all crystallographically equivalent sites have equiv
alent local nuclear magnetism. Those muonium atoms which localize at 
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sites having nearest neighbour M K r nuclei experience strong nuclear hyper-
fine interactions and are rapidly and completely depolarized, whereas those 
which localize at sites with spinless nearest neighbours (experiencing much 
smaller, and predominantly dipolar, local fields from remote M K r nuclei) 
exhibit a relatively slowly damped precession signal. An abrupt decrease of 
T2~ with decreasing temperature, accompanied by a simultaneous reduction 
in the precession amplitude, can therefore be explained by localization of 
the whole muonium fraction in solid Kr at low temperatures. Above about 
35 K, the muonium atoms become delocalized and the entire Mu ensemble 
experiences close-range interactions with M K r nuclei in the course of dif
fusion through the lattice, leading to the stepwise increase in T a

_ 1 ( r ) . If 
this explanation is correct, the nature of the muonium localization site in 
the Kr lattice can be determined by comparison of the muonium fraction 
which remains observable at low temperature (58.9%) with the probability 
of finding sites of different symmetry having spinless nearest neighbours. 
Assuming a uniform random distribution of M Kr, the probability that a 
tetrahedral site should have all four near nighbours spinless is 61.2%, while 
the probability that an octahedral site should have all six nearest neighbours 
spinless is 47.9%. It seems most likely, therefore, that muonium occupies 
the tetrahedral interstitial position in the Kr lattice. A substitutional posi
tion can reasonably be discounted, in view of the very low probability that 
all twelve nearest neighbours should be spinless. (This contrasts with the 
situation for co-deposited hydrogen atoms, which do apparently take up the 
substitutional position [12] — the NHI frequencies in the vicinity of muo
nium and hydrogen atoms in solid krypton could therefore be considerably 
different, as our longitudinal field measurements reveal; see below.) 

In order to confirm the hypothesis of muonium localization at low tem
peratures, we undertook zero field measurements at T = 20.3 K. Figure 
8 presents the time evolution of the muon polarization (circles) and shows 
that it exhibits a relaxation function of the Kubo-Toyabe type [see equation 
(3)]. This can only be attributed to essentially static interstitial muonium. 
The line drawn through the experimental points represents a best fit to a 
"dynamicized" version [19,43] of Eq. (3), taking into account both sites 
with nearest neighbour M K r nuclear spins and those without. The former 
contribute a Kubo-Toyabe function with its characteristic minimum shifted 
to very early times (invisible in the dead time of the fiSJl spectrometer); 
the "1/3 tail" of this component constitutes a baseline to the Kubo-Toyabe 
function actually observed, which is characteristic of the local field distri
bution from more distant dipolar nuclei at the latter type of sites whose 
immediate neighbours are spinless. The rather long correlation time r c is 
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Fig. 8: Time dependence of the muonium polarization in solid Kr in 
zero magnetic field (circles) and in a weak longitudinal magnetic field 
J? = 5 G (stars). Note the Kubo-Toyabe form of the muon polarization 
function in zero magnetic field. 

assumed to be the same for both types of sites, since they are electrostati
cally identical. For comparison, Fig. 8 also shows the muonium polarization 
function in solid Kr for a longitudinal field of 5 G (stars). 

Very slow muonium diffusion rates were measured both in zero field and 
in a very weak longitudinal field (0.2 G). Both the hop rate T" 1 and the 
NHI frequency S„„„ (with next nearest neighbours) were determined by 
simultaneously fitting zero field and weak longitudinal field data to cor
responding dynamical gaussian Kubo-Toyabe relaxation functions [19,43] 
with A = 6nnn [recall Eq. (3)]. At temperatures above about 30 K, the high 
longitudinal field technique was applied to measure the faster hop rates. 
The temperature dependence of Tf1 in different values of applied field is 
shown in Fig. 9. Between about 30 K and 55 K, the T, - 1 (r) data can 
safely be interpreted in terms of muonium diffusion, as the variation of Tf 1 

with magnetic field is consistent with a diffusion model [13]. Above about 
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in solid Kr in several longitudinal magnetic fields: 40 G (stars), 60 G 
(circles), 120 G (triangles) and 180 G (diamonds). Note the 2\ minima 
(Tf1 maxima) around 50 K. 

55 K, it appears that the relaxation is no longer governed by local nuclear 
hyperfine interactions;, a similar change of regime has also been observed in 
solid natural xenon and solid 1 3 6Xe [9]. 

Clear 2T"1 maxima are seen around 55 K. For lower LF the T\ minima 
are shifted to lower temperatures, indicating a gradual decrease of muonium 
mobility with decreasing temperature, which is consistent with the increas
ing localization seen in zero and weak longitudinal fields data. The motional 
correlation time re and NHI frequency 6nn (with nearest neighbours) were 
determined by simultaneous fitting of the LF-fiSR. spectra taken at several 
fields to a general expression [13]. The positions of the T\ minima for several 
fields provided an absolute calibration for both parameters [15]. 

Muonium NHI frequencies with nearest and next-nearest neighbours were 
determined to be 6nn = 55(5) MHz (from longitudinal field data) and S„nn 

= 0.67(6) MHz (from zero and weak longitudinal fields data), respectively. 
This difference of almost two orders of magnitude between nearest and next-
nearest neighbour interactions with M K r nuclear moments suggests that 
these interactions are, respectively, contact and dipolar in character. The 



100 

1 10 

V 1 
01 

•6 
&• 0.1 a o 
x 0.01 r A 

»* °= 
-*° 

o © 

25 30 35 40 45 5 0 
Temperature [K ] 

Fig. 10: Temperature dependence of the muonium hop rate derived from 
simultaneous fits to zero and weak longitudinal fields data (triangles, 
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large value for the nearest neighbours is at the upper limit of values encoun
tered for purely dipolar interactions; we therefore suspect that the muonium 
wavefunction actually overlaps onto neighbouring krypton nuclei to give a 
contact term. Apart from this somewhat surprising result, treatment of the 
zero field data with the Kubo-Toyabe relaxation function is almost certainly 
justified, since A = Snnn surely has a dipolar origin. 

The temperature dependence of the muonium hop rate in solid Kr derived 
from simultaneous fits to zero and weak longitudinal fields data (triangles) 
and high longitudinal fields data (circles, measured at ISIS, and stars, mea
sured at TRIUMF) are shown on the Fig. 10. The hop rate values obtained 
show very good agreement between high longitudinal field data and zero 
and weak longitudinal fields data around 30 K. The low-temperature results 
represent the slowest interstitial hop rates ever measured by fiSR., either for 
/t+ or for neutral muonium. Below about 25 K, the muonium TC is some 
two orders of magnitude longer than the muon lifetime, Above 25 K, the 
muonium hop rate shows an increase of almost 4 orders of magnitude with 
rising temperature. 

25 

It is known that one-phonon quantum diffusion [9] takes over from the 
low-temperature two-phonon quantum diffusion [8] above a few tenths of the 
Debye temperature [3]. As the Debye temperature for solid Kr is 0 = 72 K 
[28], muonium diffusion in the above-mentioned temperature range in solid 
Kr is expected to be governed by the one-phonon quantum mechanism. The 
alternative possibility of classical over-barrier hopping, with the Arrhenius 
dependence 

r (r 1 = 7f , exp(-.E/r) (17) 

requires the pre-exponential factor T^1 to be comparable with I/Q. Fitting 
the experimental T~l{T) dependence for 25 K< T <55 K to Eq. (17) gave a 
pre-exponential factor TJ*1 = 1.6(3) x 10 u s - 1 , which is at least two orders 
of magnitude less than ua. Classical diffusion may therefore be eliminated 
as a possible mechanism of muonium diffusion in solid Kr at temperatures 
below 55 K. Analysis of the diffusion rate in this region showed that both the 
PE and FPB effects should be taken into account in this material. Precise 
determination of the parameters for one-phonon muonium diffusion in solid 
krypton, however, requires more detailed measurements in high longitudinal 
fields. 

5. Summary 

Studies of muonium diffusion in cryocrystals have supported basic points 
of current quantum diffusion theory [3,29]. Our experiments reveal strong 
particle localization at low temperatures in all studied cryocrystals. This 
result is fundamentally different from Mu diffusion in pure ionic crystals 
and compound semiconductors [7,21]. The nature of this difference is not 
yet understood. Further studies, especially in cryocrystals with deliberately 
inserted impurities, would probably solve this intriguing problem. 
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