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A non-linear Schwinger-Dyson (SD) equation for the gauge boson prop-
agator of massless QED in 2 + 1 dimensions is studied. It is shown that
the nonperturbative solution leads to a non-trivia] renormalization-group
infrared fixed point quantitatively close to the one found in the lead-
ing order of the 1/N expansion, with N the number of ferrnion flavors.

Quantum electrodynamics in 2 + 1 dimensions (QED3) has attracted much in-
terest over recent years. Its version with N flavors of massless four-component
Dirac fermions shares a number of features, such as confinement and chiral sym-
metry breaking, with four-dimensional quantum chromodynamics (QCD). The
loop expansion of a massless theory suffers from severe infrared divergencies.
However, in the 1/N expansion, the theory becomes infrared finite [1], with the
effective dimensionless coupling

giving rise to the renormalization-group ^-function:

^ = -*(!-£*). (2)
In Eq. (1) e is the dimensionful gauge coupling and II (p) is the polarization
operator. At large momenta (p ;» a = e2N/8) the effective coupling (1) ap-
proaches zero (asymptotic freedom) while for small momenta (p ««: a) it runs
to the infrared (IR) fixed point S/N. Here, the dimensionful parameter or plays
a role similar to the KQCD scale. Since QED3 is a super-renormalizable theory,
the running of the coupling should be understood as a Wilsonian rather than
Gell-Mann-Low type, and it is not associated with ultraviolet divergencies.

By studying the Schwinger-Dyson (SD) equation for the fermion self-energy
in leading order of the 1/N expansion, it was found in Ref. [2] that a phase
transition occurs when the coupling at the IR fixed point exceeds some critical
value (8/N > ir2/A). This means the existence of a critical number of fermions
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Na {Na = 32/ir2 ~ 3.24) below which dynamical mass generation takes place
and above which the fermions remain massless. This is similar to what happens
in quenched QED4 [3], where the gauge coupling must exceed a critical value for
chiral symmetry breaking to occur. The appearance of a dimensionless critical
coupling can be traced to scale invariant behavior of both theories. The scale
invariance of QED3 is associated with the IR fixed point, since in the limit p < a
the dimensional parameter e drops out of the running coupling (as well as from
SD equations for the Green's functions). Related to this is the fact that the
chiral symmetry breaking phase transition in both theories belongs to a special
universality class called conformal phase transition (CPT) introduced in Ref. [4].
It is characterized by a scaling function having an essential singularity at the
transition point, and by abrupt change of the spectrum of light excitations as
the critical point is crossed (for details about the CPT in QED3 see Ref. [5]).

The presence of a critical Na in QED3 is intriguing especially because of
possible existence of an analogous critical fermion number Nf = Nc, in (3 +1)-
dimenaional SU{NC) gauge theories [6,4]. Also, a non-trivial IR fixed point in
QED3 may be related to nonperturbative dynamics in condensed matter, in
particular, dynamics of non-Fermi liquid behavior [7].

The fact that the value of the IR fixed point determines the critical Na, and
this critical value is found to be of order 3, provides motivation for searches
beyond the l/N expansion. Besides, some authors argue that the generation of
a fermion mass occurs at all values of N [8] what might mean the absence of the
IR fixed point for the running coupling.* Despite studies of 1/iV2 corrections
to the gap equation showed the increase of the critical value (Na = 128/3-n2 ^
4.32) [9,10], the situation is far from being conclusive. What we need is some
kind of self-consistent equation for the running coupling which is to be solved
nonperturbatively.

In this my talk which is based on a recent paper [11] I study such a non-
linear equation for the running coupling which is the analogue of the ladder
approximation for the fermion propagator. ' Similar to the gap equation, the
kernel is taken in the l/N approximation, where it is nothing else as the one-

*This would happen, for example, if one finds more soft behavior of the polarization operator
in the infrared, like II(p) ~ ( a / p ) \ with 7 < 1
•Recently, in Ref [12) another nonlinear equation for the running coupling was proposed in

order to study non-trivial infrared structure of the theory. However, their definition of the
running coupling deviates considerably from the standard one used in present work and we will
not attempt to compare both approaches
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loop photon-photon scattering amplitude with zero momentum transfer. We
then study our equation both analytically and numerically.

In a parity invariant formulation of QED3, we consider N flavors of fermions
described by four-component spinors. It is known that for each four-component
spinor there is a global U{2) symmetry with generators / , ^T 3 , 75, and ^[y3, y5],
and the full symmetry is then U(2N). In what follows we shall restrict ourselves
to the symmetric phase of the model, i.e., massless fermions.

The exact SD equations are given in Fig. 1. For clarity we have extracted

FIG. 1. Exact SD equations for the gauge boson propagator, the fermion propagator and the
vertex.

the explicit factors of N coming from the one-fermion loop. Since in pure QED3

we have only one dimensionful parameter, e, this enables us to choose our scale
such that Ne2 remains fixed. This means that every photon propagator (times
e2) contributes one factor of 1/N.

To make a 1/JV expansion of Fig. 1, we first need to expand the two-fermion,
one-photon irreducible fermion-fermion scattering kernel. One can convince

+ O UW

FIG. 2. SD equation for fermion propagator and vertex up to order 1/N7.
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oneself that only a diagram with one photon exchange in the kernel contributes
in the leading order in 1/JV expansion. Inserting it into the SD equations for the
fermion propagator and the vertex, we obtain a closed set of integral equations,
see Pig. 2. When we solve the equations by iteration, we find that for the
fermion and the vertex SD equations further iterations give contributions of
higher order in 1/JV.

For the SD equation for the photon propagator, the situation is somewhat
different. First we insert the expansion for the fermion and the vertex, the result
is given in Fig. 3. Simple iteration of the photon propagator is not correct,
since every insertion of a fermion loop gives a contribution of order one. We
could of course iterate with the one-fermion loop correction included to obtain
a perturbative I/AT expansion. Instead we choose to solve the integral equation
given by Fig. 3 as it is. This way we might get a hint of any non-analytic
behavior in 1/iV which would be lost otherwise.

-N~~{ m \ ~ - J V - N ^ P ^ ^ N ^ - - J V ' v ~L-»-V x '

+ oG»
FIG. 3. Closed SD equation for the gauge boson propagator in next-to-leadiqg X/N expan-

sion.

In 2 +1 dimensions, the SD equation for the vacuum polarization tensor of the
gauge field reads

n""(p) = i JVe2 jM ^ Tr [f"S(r + p)V(r + p, r)S(r)], (3)

where the vacuum polarization tensor is defined via

* # (P) = [-JW2 + (1 ~ l/o)P*P*l + M P ) , (4)

with Dfu,{p) the full gauge boson propagator and a is a covariant gauge pa-
rameter. Because of the gauge symmetry the vacuum polarization tensor is
transverse:
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n"1'(p) = (-<rp2+pV)n(p). (5)

Therefore, we have

n / \ ( „ , PpP*\ ! 1 PuPv t(!\
v p z / p : ' [ i + n(p)j p4

Moreover, one can write

11(J>) = ~"Z~£ \9iui ~ c l 5~ I vP)i \ '7

where the constant c\ can be chosen arbitrarily.
The vacuum polarization II(p) governs the running of the dimensionless

gauge coupling. Now we study the integral equation based on Fig. 3, this gives

(8)

where II]U/{p) is the one-loop vacuum polarization,

FIST(P) = iNe* jM ^ Tr [-fS(r + p)-fS(r)], (9)

and

4 / ^ , (10)

where B'tl""'(p,k) is the one-loop "photon-photon" scattering amphtude, with
zero momentum transfer, i.e.,

+ i jM ^ 3 Tr [y5(r + p)7"5(r)7p5(r + tJ-y-^W], (11)

and 5 is the bare fermion propagator, S(jp) = 1/p. A graphical representation
of the "box" diagram (11) in terms of Feynman diagrams is given in Fig. 4 For
the scattering amplitude B"^" there exists a Ward-Takahashi identity (WTI)
which states the transversality of the amplitude with respect to external photon
momenta,
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FIG 4. The box diagram

o, k, q, r) = 0, k" B^vfia(p, k, q, r) = 0, etc. (12)

Since the one-loop vacuum polarization is naively linearly divergent, we make
use of a special projector which explicitly eliminates non-transversal contribu-
tions to Iiy" which occur as artifacts of a hard-cutoff regularization. Such a
projector, which eliminates the g^ tensor, is

= (9n» ~ (13)

t.e., we choose the constant c\ in (7) to be c\ = 3. This projection is not
necessary for Tiff*' defined in Eq. (10) containing Bw""r, since the transversality
is guaranteed by the WTI (12). Hence we contract the tensor 11^ with Eq. (13)
and the tensor IIj" with g^. In this way, we obtain

(14)

with

4iNe2

iNe4

where

In Euclidean formulation the above expressions can be written as

2Ne2
 tk „ r<Kl \k2 - 2k • p - 3(* • p)2 /

(15)

(16)

(17)

(18)

(19)
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where

K(p,fc) = / ^ B ( - P
2 , - f c 2 , - p - f c ) . (20)

Performing the integration the one-loop diagram Eq. (18) reduces to

Prom Figs. 3 and 4, one can see that the first term in Eq. (11) corresponds to
a vertex correction and the last two terms are fermion self-energy corrections.
The sum of these diagrams has symmetries which provide a consistency check
on the final result. From the graphical representation it is obvious that the
quantity B{j^, h?,p- k) should be invariant under p <-> k and under p -+ — p or
p • k -»• — p • k.

A detailed computation of the "box" function B is presented in Ref. [11],
and the final expression for B is given by

m j e v t\ 1 \ 1 k'p i kp

B( P K p K) + + 4kp\k+p\
(2fe + 5fcV + 2p4)

4(fcp)fcp|fcp| ' ( '
One can verify that Eq. (22) has the symmetries we mentioned above. Finally,
we perform the angular integration to obtain K(p, k),

lPl ; ~ W 47r[/fc"p
I I ibp
Jt+p+6max(fe»,p3)

P i ,
47r[/fc"p 2fcp|Jfc-p| *p|*-Pl- 2(Jfc-p)Jfcp|Jfc-p|J

-I I ibp 2Jb2 + kp + 2p2 2k* + 5)bV + 2p4 . t min(p,k)

" J t + + 6 m a x ( f e » , p 3 ) Jkpmax(fc,p) + 2k2p2Vi>rTkn2 max(p,A;)'
(23)

Thus, we arrive at the following nonlinear equation for the vacuum polarization
(A = oo):

_ . . Ne2 Ne* /•» K{p,k) . . . .
n ^ = l p - i ^ / o dkpliTWTr (24)

Apparently, this equation is gauge invariant. We can rewrite it also as the
equation for the running coupling a(p) = e2/p(l + n(p)) which must be self-
consistently determined from it:
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^(P) = &rl(l») - £^]dkkK(p,k)a(k), (25)

where ai(p) is the one-loop running coupling (see, Eq. (1)).
Eq. (25) is the simplest nonlinear equation for the running coupling (or the

photon propagator) which is derived at the lowest order in the 1/N truncation
of the SD equations. In fact, it should be considered as an analogue of the ladder
approximation for the fermion propagator. The effects of a constant fermion
mass can be incorporated at one's wiBh by computing the box diagrams with
massive fermions.

Now we proceed by solving Eqs. (24) and (25) both analytically and nu-
merically. Approximating, as usual, the expression (23) for the kernel by its
asymptotics at p >• fc and p <C k

df (26)

one can reduce the integral equations (24) and (25) to differential ones in or-
der to study the asymptotical behavior of II(p) and d(p) in the ultraviolet
and infrared regions. However, in the present case we can find corresponding
asymptotics directly from the integral equations.

First of all, we can immediately see that the solution of Eq. (25) for the
running coupling possesses a non-trivial IR fixed point. Indeed, by making a
change of variables, A; ->• kp, in the integral and assuming that d(0) / O w e
come to the quadratic equation for a(0):

fi-'(O) = aj^O) - -^JdkkK(l,k)&{0), (27)

where we have made use of the fact that pK(p,kp) = K(l,k), see Eq. (23).
The last integral can be evaluated exactly and we obtain

(28)

This result illustrates that the 1/N expansion is reliable even for a rather low
number of flavors, e.g. N = 2, because of the smallness of the numerical
coefficient in front of the 1/N term.

The next term in the expansion of a(j>) at small p can also be calculated
exactly, as well as its asymptotics at large momenta but we focus on finding the
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asymptotics of the vacuum polarization operator itself. For it we seek a power
solution (~ (p/a)7) in both asymptotic regions, (p <g; a) and (p > a). We find
that the power exponent can only be 7 = —1 in both cases. Thus we get

n(p) = C - , for p «: a, U(p) = - , for p » a.
P P

(29)

with the constant C defined in Eq. (28) (we recall that a = e2N/8). Hence, for
the running coupling we have

e2 8 e2
a(p) = ~Ti—^ ; x « 7777. P<ot, a(p) = -7—— j-r , p » a. (30)

p(l + Ca /p) CN p(l + a/p)

The numerical solution of Eq. (24) is presented in Fig. 5. From this figure it
is clear that the IR behavior (i.e., p <£ a) of pTI(p) is indeed constant and in
agreement with the analytic analysis.

10"" 10*

PIG. 5. Numerical solutions of Eq. (24).

In conclusion, we have shown that the vacuum polarization operator, ob-
tained through the nonperturbative solution of a nonlinear equation, has
the same infrared asymptotics as the one-loop expression: H(p) ^ Ca/p,
C m 1 + 1/14N. This means that a nontrivial IR fixed point persists in the
nonperturbative solution for the running gauge coupling. Moreover, the cor-
rection to the one-loop result (C = 1) is small even at TV = 1 due to smallness
of the numerical coefficient before l/N, that explains why the leading order in
the l/N expansion (the one-loop approximation) for the vacuum polarization
works so well.
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